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ABSTRACT: We perform three dimensional lattice simulation of the electroweak symmetry
breaking process through two-step vacuum-like phase transitions with one step being
first-order. Our results show that: 1) when the electroweak symmetry breaking is driven
by the beyond Standard Model theories through the Higgs-portal, the gravitational wave
spectra produced from the phase transitions are of broken power-law shape; 2) when the
electroweak symmetry breaking is induced by a first-order phase transition of a high-scale
theory respecting the global U(1) symmetry, cosmic strings can form and then decay through
particle radiation. The two scenarios can be distinguished through probing the stochastic
gravitational wave backgrounds. Our study suggests that the stochastic gravitational wave
backgrounds provide an alternative way to probe the beyond Standard Model theories
relevant to the electroweak symmetry breaking in the early Universe.
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1 Introduction

While the phase transition (PT) pattern in the Standard Model (SM) of particle physics
is cross-over [1], a first-order PT is a general prediction in many new physics models
beyond the SM [2, 3]. The first-order PTs can produce stochastic gravitational wave (GW)
backgrounds, which are detectable by LIGO and Virgo [4], Laser Interferometer Space
Antenna (LISA) [5], Taiji [6], TianQin [7], Big Bang Observer (BBO) [8], and DECi-hertz
Interferometer Gravitational wave Observatory (DECIGO) [9], etc. Recently, the constraints
on new physics admitting low-scale and high-scale first-order PTs are placed by PPTA [10]
(and NANOGraV [11]) and LIGO-Virgo [12, 13]. Therefore, the stochastic GW background
searches open a new astronomy window to probe new physics beyond the SM [2, 14, 15].
The Early Universe may settle down to the electroweak vacuum through multi-step
phase transitions which is in general motivated by dark matter, electroweak baryogenesis,
and gauge hierarchy problem and can be classified as three models. Firstly, the electroweak
symmetry breaking (EWSB) process can occur through two-step electroweak PTs with one
or two steps being first-order (dubbed as type-a PT), where the Baryon Asymmetry of the
Universe can be generated through electroweak baryogenesis [16-26], and the dark matter
can be accommodated together with strong GW signals detectable by LISA and other GW
detectors [25, 27-31]. Secondly, the EWSB may occur through dimensional transmutation
after hidden sectors undergo first-order PT (dubbed as type-b PT) with detectable GWs [32—
41], as in many classically conformal theories (CCT) motivated for the gauge hierarchy
problem [42-52]. Therein, the hidden sectors may keep in thermal equilibrium with the
SM in the early Universe. Thirdly, when the beyond SM theories that trigger the EWSB
obey a global U(1) symmetry (dubbed as type-c PT), cosmic strings can form during the
spontaneous symmetry breaking of the U(1) symmetry [53, 54]. When the global U(1)
symmetry is the Peccei-Quinn (PQ) symmetry [55-58], the global strings can intimately
connected with strong CP problem [59-66] and the axion dark matter physics [3, 67-71]. It



was proposed that axion-like models can be probed by LIGO when the PQ symmetry is
broken down by a first-order PT associated with GWs production [12, 55-58].

Previous lattice simulations of the GWs produced during the first-order PT process
usually adopt a single scalar field to study one-step PT [72-79]. In this paper, we numerically
study the dynamical EWSB driven by the above three classes of two-step PTs in the early
Universe, and investigate the feature of associated stochastic GW backgrounds. For this
purpose, we perform three-dimensional lattice simulation of first-order PT considering
dynamics of Higgs and a beyond SM scalar. To the best of our knowledge, the three-
dimensional lattice simulation of first-order PT with two scalars haven’t been studied before.
We study the produced GW spectra of three types of two-step phase transitions with the
first- or second-step being first-order PT. We also investigate the formation and evolution
of cosmic strings during the first-order PT within a global U(1) theory.

2 Phase transition models

We first introduce three classes of PT models for the study of dynamical EWSB and GWs
production. For the type-a PT model, we consider the first-step being a second-order (“2nd”)
PT and the second-step being a first-order (“1st”) one. Since the first-step second-order
PT is known to yield null GWs,! we focus on the second step first-order PT. The barrier
triggering this kind of PT is dominated by the tree-level potential [81], we therefore adopt
the thermal effective potential as

Vald,h,T) = 5053+ caTF + 5hghs” + Thoo’

- %(—u% + e THh? + ikhh‘* : (2.1)
with Cp = )\¢/4+ )\h¢/3 ,Ch = (2777,12/1/ +m22 + 2m?)/(4v2) +An/2+ )\h¢/12 . Here, my, 7z are
masses of W (Z) bosons and top quark, respectively, v (Ay) is VEV (quartic coupling) of the
SM Higgs and are all fixed by the SM precision measurement. In this model, we consider the
dark sector can keep in thermal equilibrium with the SM through a moderate Higgs coupling
Ahe ~ O(1071) which is constrained by the requirement of the PT pattern [28, 81, 82]:
the type-a PT occurs with the vacuum transiting from the dark vacuum ((0, (¢))) to the
electroweak vacuum (((h),0)) (the left plot of figure 1). The finial vacuum structure of
(((h) = v,(¢) = 0)) ensures that there is no mixing between the SM Higgs and the ¢, and
is therefore denoted as “nightmare” scenario for colliders in literatures [81, 83].

For the type-b PT, the barrier driving the first-order PT mostly comes from the

Coleman-Weinberg potential, the thermal effective potential contribution from CCT can
take the form [84],>

Veet(9, T) = A¢' (log||¢] /vg] — 1/4) + BT?|9|?, (2.2)

'Recently, ref. [80] studied the possibility that the domain wall formed in the first-step second-order PT
would affect the second-step first-order PT and the produced GW.
2The potential barriers that drive the first-order phase transition come from the tree-level potential (loop-

level potential) for type-a PT (type-b and type-c PTs). For the potential barrier coming from the thermal
corrections, though our idea still applies, one needs to systematically incorporate thermal contributions to
the thermal effective potential [85-90].
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Figure 1. PT patterns for type-a (left), type-b and type-c classes (right).

and the relevant thermal potential for dynamical dimensional transmutation process is
L, 00 1 4 Ahgo o
Vat (¢, h, T) = 5T h* + Z)\hh - Th ®”, (2.3)

with ¢}, = (2m2, + m% + 2m?)/(4v?) + Ay /2 + Ane/24 . After the first-step first-order PT
occurs in the CCT ((0,0) — (0, (¢))) with the production of GWs, the vacuum transits
from the symmetric phase to CCT’s vacuum, the last term of eq. (2.3) triggers the EWSB
through the dimensional transmutation process. More exactly, in the second-step PT we have
((0,(8)) — (h), (6))) where (k) = /(Augn? — 2¢,7%)/(20n)) when Aygn?—2¢, T2 > 0. The
parameters A, B characterize the contribution of underlying theories, and the Higgs-portal

coupling Ay controls the splitting between the electroweak scale and the high-scale CCT.

We consider the PT pattern of the type-c to be similar as type-b, with the vacuum
transiting from the symmetric phase to the U(1) vacuum, and then to the electroweak
vacuum as shown in the right plot of figure 1.2 We study the GWs associated with the
formation and decay of global strings during this PT. Here, we take the same thermal
potential form as in egs. (2.2), (2.3) with the real scalar ¢ replaced by a complex scalar
(@) persevering a global U(1) symmetry, i.e., it is the field content of the theory which
distinguishes the type-b PT from the type-c PT.

In the simulations of all three types of PTs, we perform the study with (and without)
the cosmic expansion effect. The equations of motion for the real scalar fields are taken as:

dv
Y —V2¢; + 2Ho, + a® o = 0, (2.4)

for the case with cosmic expansion, Here, H = a’/a is the conformal Hubble parameter and
is related with the usual Hubble parameter as H = aH. And, one have

av
dpi

when the cosmic expansion effect is discarded as in the literatures. The thermal potential

! - V30 +

0, (2.5)

V being given above and the H is the conformal Hubble parameter. ¢; = h, ¢ for type-a

3Global cosmic strings might be formed [53] during the process. For early studies on the cosmic defects
that might be formed due to “geodesic rule” when vacuum bubbles collide with each other, see refs. [91-100].



and type-b PTs, for type-c PT we include also the equation of motion for the Higgs field
except for that of the complex scalar ® with ¢; = h,¢12. At the beginning, we have
the initial conditions ¢; = ¢; = 0. When the PT happens, we consider that bubbles
simultaneously nucleate in the symmetric phase. The evolution of radiation energy density
is considered by following refs. [101, 102] for the case with cosmic expansion, where the
energy transfer from vacuum energy to the radiation energy occurs as the PT proceeds. We
have vacuum bubbles nucleated with the bubble profile being determined through bounce
solutions conducted by Anybubble [103] and FindBounce [104]. The initial bubble radius
(Ro) and the thickness of the critical bubble wall (L,,) can be obtained after match the
bubble profile obtained through the bounce solutions with the bubble profiles described by
the thin-wall approximation. The thin-wall approximation applies well when the potential
barrier is much larger than the vacuum energy, or the true vacuum and the false vacuum
are almost degenerate.

For type-a PT, the bubble profiles for the second-step first-order PT in the thin-wall
approximation are [105, 106],

h(t = 0,7) = 1/2 {1—tanh (7" Zfo)] , (2.6)
Bt =0,7) = 1,/2 [1 + tanh (r;foﬂ . (2.7)

Here, 4 are vacuum expectation values (VEVs) of dark vacuum and electroweak vacuum
when PT occurs. For the type-b PT, the bubble profiles in the thin-wall approximation admit
the form of ¢(t = 0,7) = ng/2[1 — tanh(r — Ry)/ L] with 14 being the VEV of ¢ when the
CCT vacuum bubbles nucleate, and (h) = \/ (Apn? —2¢,T?)/(2\) inside these bubbles. For
type-c PT, we take the two real scalar fields of U(1), ® = (¢1,¢2), ¢1 = ¢(t = 0,71) cos /2
and ¢2 = ¢(t = 0,7)sinf/2 where the phase 0 is uniformly distributed in the range of

[0, 27] with 6 being the random phase of the nucleated CCT’s vacuum bubbles.

3 GWs production

We calculate GWs by including all scalar contributions involved in PTs and the evolution
process of cosmic strings, including bubble collisions and scalar oscillations during the
dynamical EWSB process.? The equation of motion of tensor perturbations h;; reads [110]

hij — V?hij = 167GT;; " (3.1)
for the case without considering the cosmic expansion. And, we have

Wy — OhOkhiy + 2HAL; — 2021+ H2)hiy = 167GT] " (3:2)

in the conformal time when the cosmic expansion is considered. Here, the superscript TT
denotes the transverse-traceless projection. We include both two scalar field contributions

“Here we mention that the conventional adopted envelope approximation is still under debate, see
refs. [52, 77, 78, 107-109].



in the energy-momentum tensor
1
T;w = u¢iay¢i - guu§(8¢i)2a (33)
for type-a and type-b PTs, and
1 )
Ty = 0,979, — gMV§Re[(81<I>T81<I>)] : (3.4)

for type-c PT. When the spontaneous symmetry breaking scale of the global U(1) theory is
close to the electroweak scale, one needs to include the contributions to metric perturbations
from the Higgs field. And the Higgs gradients would be much smaller and whose contribution
is negligible for the case under study where the two scales are separated far away from
each other. We evolve equation of motions in egs. (2.4), (2.5) and tensor perturbations in
egs. (3.1), (3.2) with a code based on pystella [111].> The energy spectrum of GWs is the
GW energy density fraction per logarithmic frequency interval,

1 dpaw (k) 1

Qaw = k)= ——

hiih¥). (3.5)

4 Numerical results

Our simulations are performed on a cubic lattice with the resolution L? = 2563Az, the
lattice volume is chosen as LH = 8 with H being the Hubble parameter. The time
spacing is chosen to be At = Az/5 for type-a(and b) PTs, and At = Axz/10 for type-c PT
considering better resolution of cosmic strings. The mean bubble separation is obtained
as R, = (L?/Ny)Y/?® with N, being the number of the generated bubbles during the PT
processes, which determines the Lorentz factor for bubbles as v, = R,/(2Ryp), and the wall
width as L}, = Ly /7. when bubbles collide with each other.

We first study how the EWSB occurs through the three types of two-step PTs. For type-
a PT, we consider “nightmare” scenario of the future colliders [83] by adopting Ayg = 0.7
(and mg = 170 GeV), Ay = 1 for the benchmark point (BP-1). For type-b PT and type-c
PT as illustrated in the right plot of figure 1, we simulate the different phase transition
strength of supercooling cases by taking model parameters as: A = 0.125, B = 0.0095 (BP-2
and BP-3),% with the coupling of Ane will be specified later. The bubble parameters (initial
bubble radius and initial bubble wall thickness), PT parameters (the PT strengths and the
bubble nucleation rates) for the three types of PTs under study are specified in table 1.
The bubble nucleation rates are directly connected with the mean bubble separation, see
refs. [73, 77, 78, 112]. Here, we use w/o to specify the cases with/without cosmic expansion.
The values on the left (right) of each column, i.e., before(after) the slash, indicate that
cases with (without) cosmic expansion. For the case with cosmic expansion, we perform
simulations with comoving (conformal) time and space lattices. Since all the parameters
of R.(Ro), L, (Ly) are in units of Az, we observe the values of R,/Ax and L} /Ax are

Shttps://github.com/zachjweiner /pystella.
SFor the PQ symmetry breaking through first-order PT, these parameters can be obtained with proper
parameter choice as in refs. [55, 58].
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Benchmark points | BP-1 w/o expansion | BP-2 w/o expansion | BP-3 w/o expansion
Ro/Ax 13 12 12
Ly /Az 6 7 7
R,/Ax 47.06/46.77 46.12/46.67 47.06/45.59
Ly /Ax 3.31/3.33 3.64/3.59 3.57 /3.68
N, 161,/164 171/175 161/177
PT strength (a) 13.47 98.52 34.67

Table 1. Bubble parameters, and PT strength for three BPs with/without cosmic expansion.
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Figure 2. This figure represents the scale factor (left), Hubble parameter (middle), and equation of
state (right) for the scenarios of the type-a and type-b PTs with cosmic expansion. The upper plots
indicate the scenario of the type-a PT, and the lower plots present the case of type-b PT which is
the same as the type-c PT.

similar for both the cases of with and without cosmic expansion. The bubble wall width
Ly, /Az (when then bubbles are collided with each other) ensures that we have enough
lattice spacing resolution.

For the cases with cosmic expansion, we present the corresponding evolution of the
normalized scale factor, Hubble parameter, and the equation of state (EoS) for type-a and
type-b PTs in figure 2, the type-c PT occurs in the same background as type-b PT. Our
simulation indicate that all the three types PT under study occurs in a vacuum-like Universe
with EoS being w ~ —0.7. With the proceeding of the PTs, the evolution of the scale factor
finally admit a radiation-dominated FLRW universe with w ~ 1/3. The rapid changes of
the Hubble parameter and FoS reflect the process of the vacuum bubbles collision.

As shown in the figure 3, during the type-a PT process, the decrease of ¢ and the
accompanying increase of h indicate that the EWSB occurs with the vacuum transition
as (0,(¢)) = ((h),0) (see the left plot of figure 1). The EWSB process occurs through
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Figure 3. This figure represents a comparison of the mean field values with and without cosmic
expansion for the type-a PT. The left plot indicates the scenario of the type-a PT without considering
the cosmic expansion, which occurs with the decrease of ¢ and increase of h accompanied with large
oscillations of the scalar fields; and the right plot indicates the first-order PT of type-a with cosmic

expansion.
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Figure 4. This figure presents the mean field evolutions during the PT processes for type-b PT
without (left panel) and with cosmic expansion(right panel). The left (right) panels show that
after the ¢ grows to around ¢/ng ~ 0.9(1) through a first-order PT the type-b PT complete with
h/ng ~ 0.04(0.09).

electroweak bubble expansions and merging with each other when the dark vacuum continues
to shrink, see figure 8 in appendix A for illustration. When the expansion of the Universe
are included, the magnitude of the scalar fields’ oscillation appears much smaller.

In the left and right plots of figure 4, we take Apy = 0.002 to show the dynamical
EWSB triggered by TeV scale theories through type-b PT. The feature is the same for
much smaller A4 where the scale of the beyond SM theories is much higher. The two
plots show that the field ¢ quickly gets VEV when the CCT’s vacuum bubbles expand and
merge with each other. Then, the vacuum transits from the symmetric phase to the CCT’s
vacuum since the first-step PT is of first-order. Meanwhile, the second-step PT starts as the
h gradually increases during the first step PT, where the space distributions of the Higgs
field values inherit the same shape as CCT’s vacuum bubbles (see top panels of figure 9 in
the appendix A). After the first-order PT in CCT, the second step PT process continues
and completes, which is slightly slow in comparison with first-order PT. In this way, the
EWSB occurs through dimensional transmutation process. During the whole PT process,
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Figure 5. This figure presents the mean field evolutions during the PT processes for type-c PT
without (left panel) and with cosmic expansion(right panel). Both the two comments of the complex
scalar get VEVs during the PT, and the Higgs field get VEV gradually.
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Figure 6. Normalized GWs spectra for three type PTs, with upper(and lower) panels present the
scenarios without (and with) expansion of the Universe. The left two plots are the case of type-a
PT, the middle and right two plots are the cases of type-b and type-c PTs. For the type-c PT,
the GWs from energy-momentum tensor of real and imaginary fields are depicted by dash-dot and
dotted curves, and the solid curves indicate the sum of the two contributions. The positions of R,
and L,, are marked with green and grey dash-dot vertical lines.

the dynamics of the inherited bubbles is totally different from the one of the CCT’s vacuum
bubbles. In the figure 5, we present the type-c PT scenario. Both the two components
of the complex scalar ® (¢; and ¢2) get VEV during CCT’s vacuum bubbles nucleation,
expansion, and percolation process. The behavior of |¢| = /@7 + ¢3 is almost the same
as ¢ in the type-b PT as shown in figure 4. During the PT process, EWSB occurs when
the Higgs field gets VEV through dimensional transmutation as type-b. We find that the
cosmic strings form after the CCT’s bubbles collide and disappear with the proceeds of the
phase transition (see figure 10 and figure 11 in appendix A for details).

We now turn to study the property of the GWs spectra generated from the PT processes
of the three types. In figure 6, the GWs spectra at five different moments during these P'Ts



are plotted for illustration. Here, Qyvac = Ap/p. with Ap being the latent heat released by
the PT and H, is the Hubble parameter at the end time of our simulations. The results
show that GW spectra for all three PTs are all of broken power-law shape. For the scenario
of type-a PT, the contributions from h and ¢ are comparable, and the top-left plot shows
two peak frequencies located roughly corresponding to the mean bubble separation R, and
the wall width L,,, respectively. In the high-frequency range, the scalar oscillations in the
true vacuum yield the second peak of the GW spectrum. When the two peak frequencies are
separated clearly as shown in the benchmark, the numerical simulation results suggest that
we can have two peak frequencies rather than one as previous found in refs. [113, 114]. When
the PT’s scale is close to the Planck scale, the contribution from the high-frequency range
(the second peak) should be taken into account. The contribution from the CCT’s bubble
dynamics dominates the GWs production in the type-b and type-c¢ PTs, the contribution
from the Higgs field is negligible since the EWSB proceeds through a second-order PT.
Note that the poor resolution in the IR region with kR, < 10 is due to the limitation of the
lattice volume, which is supposed to approach to the causality limit [115]. We numerically
confirmed that the GW spectra in the high-frequency range depends on the lattice spacing,
which is consistent with observations obtained in refs. [77, 78]. We note that, the simulations
resemble vacuum transitions rather than the thermal transitions one might expect from a
transition in the electroweak sector. Here, the Higgs field is expected to couple to other
light fields, creating friction and heating the primordial plasma. Meanwhile, we include
the energy evolution from the false vacuum to the radiation for the case with the cosmic
expansion. For the current study, due to the limitation of computational resources, we focus
on the study of the GW spectra around the peak frequency corresponding to R, generated
by the bubbles collision and discard the UV region on the right hand side of L,, which
suffer from numerical artifacts.

With these simulation results at hand, we can fit the GW spectra for the case with
cosmic expansion that is absent in literatures. We take the following function,

(a + b)kbk
(bkéa-i-b)/c + ak(d+b)/c>c >

Qe = Q) (4.1)
for the low-frequency peak broken power-law spectra predicted by the tree type PTs. Here,
Q(kp1) o (o) (1 + @))?(H,/B)? is the amplitude of the GW spectrum at the peak frequency
(k = 27/R,) corresponding to the mean bubble separation (R, = (87)/3v,,/3). The fitted
parameters are shown in table 2. These parameters of a, b, c are fitted by averaged the
magnitudes of the GW spectra in the low-frequency range. These results lead to different
GW spectrum between type-a and type-b PTs for the same 5, @ and T,. We further note
that, with the bulk flow approximation, the GW spectrum can be much shallower (steeper)
in the IR region (and UV region) [107]. For the simultaneous nucleation, ref. [78] shows
that the power-law in the UV region can depend on the specific potential shape. The
contribution to GWs from the dynamics of the Higgs during the PT is negligible for both
type-b and type-c PTs under study.

Now, we are going to investigate the detectable PTs with the PT scales far smaller
than the Planck scale, where we do not consider the GW contributions locating at high



Benchmark points | BP-1 | BP-2 | BP-3
a 2.35 | 1.71 | 0.58

0.97 | 1.58 | 1.16

¢ 0.08 | 1.08 | 0.01

Table 2. Fitted parameters of GW spectra for six benchmark points.

CCT
S _ CCT-u(1) ‘
10"5  0.001  0.100 10 1000 105
f(Hz)

Figure 7. The spectra of GWs of type-a (2stepEW, cyan curve) with o = 0.24, 8/H, = 20, T, =
100 GeV, type-b (CCT, red curve) and type-c (CCT-U (1), magenta curve) PTs with o = 11, 8/H, =
50, T, = 106 GeV.

frequency’s peak. For the spectrum of the GWs production in type-a and type-b PTs, we
parameterize the GW spectrum as the form in ref. [77]

(a+b)°fpfe

2 — 120
R=Q(f) = h=Q(fp) (bf;ga+b)/c+af(a+b)/c)c )

(4.2)

with the low frequency peak locating at f, = 1.6 x 107°/(8R,)(8/H.)(Tx/100)(g,/100)/6
Hz (with R, = (87)'/3v,/B), and the magnitude of the GW spectrum being Q(f,) =
1.67 x 107°(100/ g4 (T:))3(a /(1 + a))?(H,/B)? at present. With the a, b, ¢ in the eq. (4.2)
being obtained above, we can obtain the GW spectra for the PT’s parameter: 3, a, Ty
being predicted by beyond SM theories. For the type-c PT, the GW spectrum is of a more
gradual shape, and we have cosmic strings formation and decay during the PT process (see
figure 11 of appendix A for cosmic strings evolution). In figure 7, we show the spectra of
GW’s in the type-a PT, type-b and type-c PTs with A\ps ~ O(107%).

5 Conclusions and discussions

In this paper, we study three types of two-step EWSB generally predicted by some beyond
SM theories. Our observations show that GW observations can help to differentiate different
classes of beyond SM physics. We find that, when the underlying theory with (without)
a global U(1) symmetry inducing the EWSB through a first-order PT, the produced GW
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spectrum is of broken power-law shape. The GWs produced during the type-a PT can be
probed by LISA, TianQin, and Taiji since the PT is triggered by the beyond SM sector of
electroweak scale. The GWs produced during PeV scale type-b and type-c PTs fall into the
sensitivity regions of LIGO-Virgo, and the additional global U(1) symmetry makes the GW
spectrum from the type-c PT distinguishable from the case of type-b PT. Therefore, this
study indicates that GW is complementary to colliders for searching new physics relevant
to dark matter and baryogenesis at electroweak scale, and the GW detection provides an
alternative approach to probe the new physics at PeV scale which is unaccessible by colliders.

Notice that the previous studies in the literature on GWs from two-step phase transition
with one step being first-order (e.g., ref. [26]) are based on the GW spectrum obtained by the
lattice simulation of first-order phase transition utilizing a single scalar [73, 75, 76, 113, 116].
Here, our study are based on the lattice simulation of two-step phase transitions with two
scalar fields, the cosmic expansion effects are included also.
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A  Numerical details

We present three time slices during the expansion and collision of the nucleated bubbles for
the type-a phase transition in figure 8. These plots represent the bubble dynamics when
the first-order PT of type-a occurs (see the left plot of the figure 1). We firstly have the
electroweak vacuum inside the bubbles which is the false vacuum of ¢, and region outside
vacuum bubbles is the dark vacuum rather than the electroweak vacuum. Latter, bubbles
start to collide and merge with each other, where Higgs gets VEV through the electroweak
vacuum eating the dark vacuum, With the proceeding of the PT, we further present a later
time to show that the transition from the dark vacuum to the electroweak vacuum will
complete, and that in most places the normalized value of h (and ¢) approaches 1 (and 0)
(see the right plots). In this way, the EWSB occurs.

In figure 9, the bubble dynamics for the type-b PT are presented. These plots show
that when the bubbles of CCT’s vacuum nucleate, the distribution of Higgs field value also
shares the same bubble shape at the early stage since the Higgs gets VEV through the
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Figure 8. For illustration, we plot the 2d slices for bubble dynamics of ¢ (top plots) and h (bottom
plots) at different times during the second-step first-order PT for the type-a PT (with cosmic
expansion). The color bar represents the normalized magnitude of h and ¢ at each lattice point.
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Figure 9. The 2d slices for bubbles dynamic of ¢ (top panels) and Higgs field h (bottom panels) at
different time during the type-b PT (with cosmic expansion). Here, the color bar is the same as
figure 8.
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Figure 10. An illustration for the bubble dynamics and phase distribution at different time for
the type-c PT without cosmic expansion. The color bar here is to represent the magnitude of the
complex field at each lattice point, and the arrows represent the phases at each place.

dimensional transmutation after ¢ gets VEV. In the right plots, one can find that after
the vacuum start to fall into the CCT’s vacuum (i.e., after the merge of CCT’s vacuum
bubbles), the EWSB finishes later as can also be found in mean field value evolution shown
in the figure 4.

For the first-step of type-c PTs, during the first-order PT process, we find that cosmic
strings form after the U(1) vacuum bubbles collide with each other at ¢/R, > 1. We present
the 2d slices of bubble dynamics and phase variations in figure 10. As shown in the these
plots, before the bubbles collide with each other, the phase in each bubble is the same.
After the bubbles start to collide with each other, the phases start to redistribute as can be
found in the top-right plot. Some time later after ¢/R, > 1, we find that the vortex and
anti-vortex pairs are formed, where the false vacua are trapped inside the true vacua (see
bottom three plots). Here, we present the case without considering cosmic expansion for
illustration, and for the case with cosmic expansion we have much quicker formation and
disappear of these vortex and anti-vortex feature, and therefore a much quicker evolution
of the cosmic strings, this is because that the PT of this case proceeds much faster when
the cosmic expansion is considered.

Following the convention of [117], the energy density stored in the cosmic string is
given by

1 1
E = [0 + SV + Vear (P, T) (A1)

Here, ® = p exp(if)) with p = \/#? + ¢3 and 6 = arcsin [ ¢q;1+¢>2]' We then obtain
1 2

:

E = E, + Ey, (A.2)
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Figure 11. An illustration for the cosmic strings during the type-c PT without cosmic expansion.
Left: string length evolutions; middle: the corresponding evolutions of mean string separation; right:
the string energy density of E,(solid lines) and Ey (dash-dot lines).

where the energy density of massive modes (p) is
1 2 1 2
Ep = g(atp) + E(V,O) + Vcct(p), (A3)

and that of the Goldstone modes (0) is defined as

Ey= ”22 [(@9)2 + (ve)ﬂ . (A.4)

Please note that here this # is not the phase associated with the nucleated CCT’s bubbles.

As shown in figure 11, our simulations indicate that cosmic strings start to form
after vacuum bubbles collide with each other, i.e., t/R, > 1, and disappear depending
on the number of bubble and bubble velocities. Here, we take |®|/ne < 0.1 to identify
cosmic strings. See the string animation for details of the dynamical process. Figure 11
demonstrates that the cosmic string length (L) decreases (left panel), and the mean string
separation (top-middle panel) exponentially increases until cosmic strings disappear. The
mean string separation here is defined as V/Ls and its minimum is around R, when cosmic
strings are formed at the beginning. To illustrate the relation between the bubble dynamics
and the radiation mode of cosmic strings, we present the energy density of comic strings
(including massive mode and goldstone mode) in the right panel of figure 11. Here, we find
that these global strings formed in first-order phase transitions mostly decay to particles,
with the energy density of the massive modes is slightly larger than that of the goldstone
modes. For the study on particle radiations after a second order phase transition of some
U(1) theories, we refer to refs. [117, 118].
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