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1 Introduction

Conformal field theories (CFTs) are ubiquitous in modern physics. They play a very
special role in the space of all quantum field theories as they represent fixed points of
renormalization group flows. They also describe second-order phase transitions in condensed
matter systems and furnish a useful handle on black hole physics and quantum gravity
through the AdS/CFT correspondence. In recent years, much remarkable progress has
been made in understanding the space of CFTs and their dynamics by use of the conformal
bootstrap, following [1–4]. The conformal bootstrap is a non-perturbative method for
solving CFTs by applying the implications of conformal symmetry and imposing consistency
conditions. In this context, to solve a conformal field theory means to determine the
spectrum of scaling dimensions of primary operators and their three-point functions, which
are fixed by conformal symmetry up to a finite number of constants, also known as the
operator product expansion (OPE) coefficients.

So far, the conformal bootstrap has mostly been applied to four-point correlation
functions with external scalar operators (see [5–13] for some exceptions). Therefore, most of
the known OPE coefficients involve two scalars and one spinning operator. OPE coefficients
involving multiple spinning operators are typically not known. One way to obtain these OPE
coefficients is to consider four-point correlation functions with external spinning operators,
but this approach is technically challenging. Another way is to impose consistency conditions
on higher-point correlation functions with external scalar operators. Here the difficulty is
that the higher-point conformal blocks are generally not available in an explicit form.

One notable exception is the conformal block for exchanged scalar operators in five-point
correlation functions, which was computed in [14]. The higher-point conformal blocks for
exchanged scalar operators were also computed using holographic methods in [15–18] and
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by means of dimensional reduction in [19]. A relation between higher-point conformal
blocks and solutions of a Lauricella system was established in [20], while a connection to
Gaudin models was made in [21–24]. General representations of higher-point conformal
blocks were obtained using the operator product expansion in embedding space in [25–30].
Beyond scalar exchange, five-point conformal blocks for exchanged spinning operators (with
identical external scalars) were computed in [31]. However, explicit evaluation of these
blocks is technically cumbersome as the expressions involve summing over 9 variables, with
coefficients that must be determined recursively by solving the Casimir differential equations.
Explorations of the conformal bootstrap for higher-point correlation functions have been
initiated in [32–36].

Recently, recursion relations that relate the five-point conformal blocks for exchanged
operators of different spin were explicitly derived in [37]. By solving these recursion relations
one can express the five-point conformal block for the exchanged operators of arbitrary spin
as a linear combination of five-point conformal blocks for exchanged scalar operators with
shifted conformal dimensions. The five-point conformal blocks for the exchanged scalar
operators can be evaluated using [14, 16, 27]. Therefore, following this approach, it is
straightforward to compute five-point conformal block for any spin of exchanged operators.
While this approach works, it is fairly cumbersome at higher spins, due to the large number
of terms generated by the recursion relation.

In this paper we first present an alternate method for computing the five-point con-
formal blocks with arbitrary spins exchanged by introducing a generalization of the radial
coordinates developed for four-point conformal blocks in [38]. We then write down a general
series expansion for the conformal blocks in these coordinates and compute the coefficients
in this expansion by solving the two quadratic Casimir differential equations satisfied by
these objects. This approach is similar in spirit to the strategy employed in [31], but the
resulting structure is greatly simplified due to our choice of coordinates. As a demonstration
of its utility, we compute the OPE coefficients in mean-field theory (MFT) involving two
spinning operators by expanding the MFT five-point function in terms of our conformal
blocks found using this technique.

We then use these conformal blocks to numerically impose consistency conditions on
five-point correlation functions in the 3d free scalar theory and the critical 3d Ising model. In
this work, our goal is to compute the OPE coefficients of the latter involving one scalar and
two spinning operators. These OPE coefficients are for example inputs for the Hamiltonian
truncation technique, which is another non-perturbative method for studying the dynamics
of the strongly coupled quantum field theories, see e.g. [39]. Unlike in the usual four-point
case, there is no positivity in the expansion of the five-point correlation function (so that
convex optimization methods cannot be easily used); instead, these coefficients can be
approximately computed by truncating the OPEs and minimizing a cost function which
measures how close the crossing relations are to being satisfied.

The OPE coefficients of one scalar and two spinning operators in the critical Ising
model that we compute with reasonable accuracy are given by

λ0
T ϵT ≈ 0.81(5),

λ0
T ϵC ≈ 0.30(6),

λ4
CϵC ≈ −0.3(1),

(1.1)
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where ϵ is the Z2-even scalar with the lowest conformal dimension, T is the spin-2 stress
tensor, and C is the spin-4, Z2-even operator with the lowest conformal dimension. Super-
scripts in the OPE coefficients denote tensor structures of the corresponding three-point
function. We use the standard box basis of the conformally invariant tensor structures in
the three-point functions, defined in [40]. These results are not yet very precise and come
from a fairly severe truncation (just up to spin 4), but our takeaway message is that the
five-point bootstrap works and can likely be improved by including more operators into
the system.

This paper is organized as follows. In section 2, we demonstrate the new method for
computing the five-point conformal blocks for arbitrary spin of the exchanged operators
by constructing an appropriate ansatz in the radial coordinates and solving two quadratic
Casimir differential equations. We then expand the mean-field theory five-point correlator
⟨ϕϕ[ϕ, ϕ]0,0ϕϕ⟩ in terms of five-point conformal blocks and compute OPE coefficients for
all exchanged operators in this five-point function. In section 3, we truncate the OPEs
in the five-point correlators of three-dimensional free theory and the critical Ising model
by including just a finite number of exchanged operators of conformal dimension below a
certain cutoff ∆ ⩽ ∆cutoff . We then demand that the truncated correlators approximately
satisfy the crossing relation in order to numerically compute OPE coefficients of one scalar
and two spinning operators. We discuss our results in section 4.

2 Five-point conformal blocks

In this section we review five-point functions in d > 2 dimensions and present a new method
for computing the conformal blocks of exchanged operators with arbitrary spin. We then
study the five-point correlator ⟨ϕϕ[ϕ, ϕ]0,0ϕϕ⟩ in mean-field theory in arbitrary dimension
d. In particular, we expand this correlator in terms of the five-point conformal blocks and
compute the OPE coefficients of all contributions.

To begin, let us consider a general five-point correlator with external scalar operators

⟨ϕ1(x1)ϕ2(x2)ϕ3(x3)ϕ4(x4)ϕ5(x5)⟩. (2.1)

Using the operator product expansion in the (12) and (45) channels, the correlator can be
expanded as

⟨ϕ1(x1)ϕ2(x2)ϕ3(x3)ϕ4(x4)ϕ5(x5)⟩ =

∑
(O∆,l,O′

∆′,l′ )

min(l,l′)∑
nIJ =0

λϕ1ϕ2O∆,l
λϕ4ϕ5O′

∆′,l′
λnIJ
O∆,lϕ3O′

∆′,l′
P (xi)G(nIJ )

(∆,l,∆′,l′)(u
′
1, v′1, u′

2, v′2, w′).

(2.2)

The conformal blocks G
(nIJ )
(∆,l,∆′,l′) encode the contributions to the five-point correlator of a

pair of primary operators (O∆,l,O′
∆′,l′) and their descendants that appear in the ϕ1×ϕ2 and

ϕ4 × ϕ5 operator product expansions, respectively. They are completely fixed by conformal
symmetry. The sums over O∆,l and O′

∆′,l′ run over all primary operators in the spectrum.
The superscript nIJ labels the independent conformally-invariant tensor structures of the
three-point function ⟨O∆,lϕ3O′

∆′,l′⟩, with nIJ = 0, 1, . . . , min(l, l′).
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Here we follow the conventions of [14]. The pre-factor function P (xi) (often referred to
as the external leg factor) and the conformal cross-ratios are given by

P (xi) = 1
x∆1+∆2

12 x∆3
34 x∆4+∆5

45

(
x23
x13

)∆12 (x24
x23

)∆3 (x35
x34

)∆45

, xij = xi−xj ,

u′
1 = x2

12x2
34

x2
13x2

24
, v′1 = x2

14x2
23

x2
13x2

24
, u′

2 = x2
23x2

45
x2

24x2
35

, v′2 = x2
25x2

34
x2

24x2
35

, w′ = x2
15x2

23x2
34

x2
24x2

13x2
35

,

(2.3)

where ∆i are conformal dimensions of ϕi and ∆ij = ∆i − ∆j .
The conformal blocks for exchanged scalar operators (l = l′ = nIJ = 0) were computed

in [14, 16, 27]. One can then obtain the conformal blocks for the exchanged spinning
operators in terms of the scalar exchange blocks by using recursion relations that were
derived in [37]. In particular, the recursion relations allow one to express the conformal
block for exchanged spinning operators as a linear combination of the conformal blocks
for the exchanged scalar operators with shifted conformal dimensions of both external and
exchanged operators.

Here, we describe an alternative way to compute the five-point conformal blocks by
solving two quadratic Casimir equations, which is similar to the approach of [31]. As
shown by Dolan and Osborn, the conformal blocks are eigenfunctions of the differential
Casimir operators of the conformal group [41, 42]. We use the cross-ratios defined in [22, 24],
given by

u′
1 = z1z̄1, v′1 = (1 − z1)(1 − z̄1),

u′
2 = z2z̄2, v′2 = (1 − z2)(1 − z̄2),

w′ = w(z1 − z̄1)(z2 − z̄2) + (1 − z1 − z2)(1 − z̄1 − z̄2).

(2.4)

As explained in [24] (see figure 4), these cross-ratios have a simple geometric interpretation
in the following conformal frame. Using conformal transformations, the points x2, x4, and
x3 can be placed on a single line at positions 0, 1, and ∞, respectively. Next, rotations
transverse to this line can be used to put x1 on a plane. Using the remaining rotations
transverse to this plane we can then place x5 within a three-dimensional subspace. In this
subspace, there are two planes x1x2x3x4 and x2x3x4x5 that intersect along the line where
the points x2, x4, and x3 are placed. The cross-ratios z1, z̄1 define the position of x1 on the
plane x1x2x3x4, while z2, z̄2 define the position of x5 on the plane x2x3x4x5. The angle ϕ

between the planes is related to w by w = sin2 ϕ
2 .

Next we introduce an analog of the radial coordinates [38, 43] used for four-point
conformal blocks (r1, η1, r2, η2, ŵ):

zi = 4ρi

(1 + ρi)2 , ρi = rie
iθi , ηi = cos θi, i = 1, 2,

ŵ =
(1

2 − w

)√
(1 − η2

1)(1 − η2
2).

(2.5)

– 4 –



J
H
E
P
1
0
(
2
0
2
3
)
1
5
3

In these coordinates, five-point conformal blocks can be written as an expansion

G
(nIJ )
(∆,l,∆′,l′)(r1, η1, r2, η2, ŵ) =
∞∑

m1,m2=0
r∆+m1

1 r∆′+m2
2

∑
j1,j2

min(j1,j2)∑
k=0

c(m1, m2, j1, j2, k)ŵkC
(ν)
j1−k (η1) C

(ν)
j2−k (η2) ,

(2.6)

where ν = d
2−1 and C

(ν)
n (x) is Gegenbauer polynomial. The parameters j1, j2 take the values

j1 ∈ [m1 + l, m1 + l − 2, m1 + l − 4, . . . , Mod(m1 + l, 2)],
j2 ∈ [m2 + l′, m2 + l′ − 2, m2 + l′ − 4, . . . , Mod(m2 + l′, 2)].

There are two apparent advantages of these coordinates as compared to other represen-
tations of the blocks, namely 1) the simplicity of the angular functions and 2) the fact that
this expansion only involves two infinite sums over the powers of ri.

In these coordinates, the two quadratic Casimir equations have the schematic form(∑
i

Ri(r1, η1, r2, η2, ŵ, ∆12, ∆3, ∆45, ∆, ∆′, l, l′, d)∂p⩽2
i

)
G

(nIJ )
(∆,l,∆′,l′) = 0, (2.7)

where ∂p⩽2
i denotes partial derivatives with respect to the cross-ratios (r1, η1, r2, η2, ŵ) whose

order is less than or equal to two. The functions Ri are rational functions of their variables.
Now, we can solve the two quadratic Casimir equations order by order in r1 and r2 to

compute all of the coefficients c(m1, m2, j1, j2, k). These coefficients are rational functions
of the conformal dimensions ∆12, ∆3, ∆45, ∆, ∆′, the spins l and l′, and the spacetime
dimension d. We attach a Mathematica notebook with the quadratic Casimir equations
where the computation of the coefficients c(m1, m2, j1, j2, k) is explicitly implemented. We
have verified that for small spins the resulting blocks agree with the corresponding ones
computed using the recursion relations of [37].

We observe that at order zero (m1 = m2 = 0) there are exactly 1 + min(l, l′) linearly
independent functions of the angular coordinates η1, η2, and ŵ that satisfy both quadratic
Casimir equations. Each of these functions is multiplied by a coefficient c(0, 0, l, l′, k), where
k = 0, 1, . . . min(l, l′). Other coefficients, namely c(0, 0, j1, j2, k) for j1 < l and j2 < l′, are
expressed in terms of c(0, 0, l, l′, k) after solving the Casimir equations at order zero. The
choice of conformally-invariant tensor structure in the three-point function ⟨O∆,lϕ3O′

∆′,l′⟩
then uniquely fixes the coefficients c(0, 0, l, l′, k). The quantum number nIJ thus enters the
expression on the r.h.s. of eq. (2.6) through the coefficients c(0, 0, l, l′, k). In the standard
box basis, defined in [40], these coefficients are given by

c(0, 0, l, l′, k) = (−1)nIJ

(
−1

2

)k+l+l′

4∆+∆′+2k

(
nIJ

k

)
(1)l−k(1)l′−k

(ν)l−k(ν)l′−k
. (2.8)

In this way, we arrive at a unified way to treat all five-point conformal blocks, independent
of the spin of the exchanged operators. More importantly, to fix the coefficients of the
ansatz (2.6), we do not need to solve quartic Casimir differential equations and the differential
equation obtained from the vertex operator as discussed in [21]; instead, it is sufficient
to just solve two quadratic Casimir differential equations along with the appropriate
boundary conditions.
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2.1 Mean-field theory

As an explicit example, let us consider the five-point correlator ⟨ϕ(x1)ϕ(x2)[ϕ, ϕ]0,0(x3)ϕ(x4)ϕ(x5)⟩
in mean-field theory in d > 2 dimensions. We denote the conformal dimension of the field
ϕ by ∆. The unit-normalized double-twist operators [ϕ, ϕ]n,l can be schematically repre-
sented as

[ϕ, ϕ]n,l ∼
1√
2

: ϕ∂µ1 . . . ∂µl
∂2nϕ : . (2.9)

Their conformal dimensions are given by ∆n,l = 2∆ + 2n + l, and their spins by sn,l = l.
The five-point correlator takes the form

⟨ϕ(x1)ϕ(x2)[ϕ, ϕ]0,0(x3)ϕ(x4)ϕ(x5)⟩ =(
x24

x12x23x34x45

)2∆ √
2
(

(u′
1)∆ + (u′

2)∆ + (u′
1u′

2)∆ +
(

u′
1u′

2
v′1

)∆
+
(

u′
1u′

2
v′2

)∆
+
(

u′
1u′

2
w′

)∆)
.

(2.10)

From eq. (2.6) it follows that at each order in r1 and r2 in the expansion of the five-point
correlator there is just a finite number of operators that contribute. Then we can proceed
to expand (2.10) in powers of r1 and r2 to compute the mean-field theory OPE coefficients.

We denote the products of OPE coefficients that appear in the expansion of the
correlator (2.10) by P nIJ

n,l,n′,l′ :

P nIJ
n,l,n′,l′ ≡ λϕϕ[ϕ,ϕ]n,l

λϕϕ[ϕ,ϕ]n′,l′
λnIJ

[ϕ,ϕ]n,l[ϕ,ϕ]0,0[ϕ,ϕ]n′,l′
. (2.11)

The OPE coefficients P nIJ
n,l,n′,l′ for the operators with leading twist1 (n = n′ = 0) were found

in [33] and are given by

P nIJ
0,l,0,l′ =

(−1)nIJ 2
5
2−nIJ (∆) l

2
(∆)l(∆) l′

2
(∆)l′ (l − nIJ + 1)nIJ

(l′ − nIJ + 1)nIJ

l!l′!nIJ !
(

l−1
2 + ∆

)
l
2

(
l′−1

2 + ∆
)

l′
2

(∆)nIJ

. (2.12)

We can expand the correlator (2.10) in powers of r1 and r2 (in practice we have gone to
order r2∆+m1

1 r2∆+m2
2 , with m1 + m2 ⩽ 6) and compute the OPE coefficients of all the

operators that contribute at this order. The OPE coefficients of operators with leading
twist match those given by eq. (2.12). We list here the OPE coefficients of the operators
with higher twist that contribute at this order which have not been found from four-point

1The twist τ of the operator is defined as the difference between the conformal dimension and the spin,
τ = ∆ − s. The operators (2.9) have twist τn,l = 2∆ + 2n, so that the lowest twist corresponds to n = 0.
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correlators of ϕ or [ϕ, ϕ]0,0:

P 0
1,0,0,2 = 2

√
2∆3(∆ + 1)(∆ + 2)(∆ − ν)
(2∆ + 1)(ν + 1)(2∆ − ν) ,

P 0
1,0,1,0 =

√
2∆3(∆ + 1)(∆ − ν)(∆ − ν + 1)

(ν + 1)2(ν − 2∆)2 ,

P 2
0,2,1,2 =

√
2∆3(∆ + 1)2(∆ + 2)(∆ − ν)

(4∆(∆ + 2) + 3)(ν + 3)(2∆ − ν + 2) ,

P 1
0,2,1,2 = − 4

√
2∆3(∆ + 1)2(∆ + 2)2(∆ − ν)

(4∆(∆ + 2) + 3)(ν + 3)(2∆ − ν + 2) ,

P 0
0,2,1,2 = 2

√
2∆3(∆ + 1)3(∆ + 2)2(∆ − ν)

(4∆(∆ + 2) + 3)(ν + 3)(2∆ − ν + 2) ,

(2.13)

P 0
1,0,1,2 =

√
2∆3(∆ + 1)2(∆ + 2)(∆ + 3)(∆ − ν)(∆ − ν + 1)
(2∆ + 3)(ν + 1)(ν + 3)(2∆ − ν)(2∆ − ν + 2) ,

P 0
1,0,2,0 = ∆3(∆ + 1)2(∆ + 2)(∆ − ν)2(∆ − ν + 1)(∆ − ν + 2)√

2(ν + 1)2(ν + 2)(2∆ − 2ν + 1)(2∆ − ν)(2∆ − ν + 1)(2∆ − ν + 2)
.

(2.14)

These OPE coefficients can be obtained from the following generalization of eq. (2.12):

P nIJ
n,l,n′,l′ =

(−1)nIJ 2
5
2−nIJ (l − nIJ + 1)nIJ (l′ − nIJ + 1)nIJ (∆) l

2 +n(∆) l′
2 +n′

l!l′!n!n′!nIJ !(l + ν + 1)(l′ + ν + 1)(l + ν + 2)n−1(l′ + ν + 2)n′−1

× (∆ − ν)n(∆ − ν)n′(∆ − ν)n+n′(
l−1

2 + n + ∆
)

l
2

(
l′−1

2 + n′ + ∆
)

l′
2

(n + 2∆ − 2ν − 1)n(n′ + 2∆ − 2ν − 1)n′

× (∆)l+n+n′(∆)l′+n+n′

(l + n + 2∆ − ν − 1)n(l′ + n′ + 2∆ − ν − 1)n′(∆)n+n′+nIJ

.

(2.15)

We conjecture that this is the correct formula for all n, n′, l, l′, nIJ .

3 OPE truncation in five-point correlators

In this section we apply our knowledge of the five-point conformal blocks to both the free
theory and the critical Ising model in d = 3 to approximately compute OPE coefficients
involving one scalar and two spinning operators. We truncate the OPEs in the five-point
correlators by including just a finite set of exchanged operators with conformal dimensions
below a certain cutoff ∆ ⩽ ∆cutoff . We then determine the OPE coefficients by demanding
that the truncated correlators approximately satisfy the crossing relation.

We consider five-point correlation functions of scalar operators ⟨ϕ1(x1)ϕ1(x2)ϕ2(x3)ϕ1(x4)ϕ1(x5)⟩.
The correlator can be expanded in terms of conformal blocks as

⟨ϕ1(x1)ϕ1(x2)ϕ2(x3)ϕ1(x4)ϕ1(x5)⟩ =

∑
(O∆,l,O′

∆′,l′ )

min(l,l′)∑
nIJ =0

λϕ1ϕ1O∆,l
λϕ1ϕ1O′

∆′,l′
λnIJ
O∆,lϕ2O′

∆′,l′
P (xi)G(nIJ )

(∆,l,∆′,l′)(u
′
1, v′1, u′

2, v′2, w′),

(3.1)

– 7 –
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where ∆1 and ∆2 are conformal dimensions of ϕ1 and ϕ2, respectively. Here, we use
the standard box basis for the independent conformally-invariant tensor structures in the
three-point functions ⟨O∆,lϕ3O∆′,l′⟩, as in [37].

The same five-point correlation function can be written in a different channel by
considering the operator product expansions ϕ1(x1) × ϕ1(x4) and ϕ1(x2) × ϕ1(x5). This
corresponds to exchanging x2 ↔ x4 in eq. (3.1). It is easy to check that under this exchange,
the cross-ratios behave as

u′
1 ↔ v′1,

u′
2 ↔ v′2.

(3.2)

Now, the five-point correlation function is given by

⟨ϕ1(x1)ϕ1(x2)ϕ2(x3)ϕ1(x4)ϕ1(x5)⟩ =

∑
(O∆,l,O′

∆′,l′ )

min(l,l′)∑
nIJ =0

λϕ1ϕ1O∆,l
λϕ1ϕ1O′

∆′,l′
λnIJ
O∆,lϕ2O′

∆′,l′
P̃ (xi)G(nIJ )

(∆,l,∆′,l′)(v
′
1, u′

1, v′2, u′
2, w′),

(3.3)

where
P̃ (xi) = 1

x2∆1
14 x∆2

23 x2∆1
25

(
x24
x34

)∆2

. (3.4)

We will expand around the following configuration of operators:

x3 →∞, x2
12 = 1, x2

14 = 1, x2
24 = 1, x2

25 = 1, x2
45 = 1, x2

15 = 3
2 .

(3.5)
In terms of cross-ratios, this choice corresponds to

u′
1 = v′1 = u′

2 = v′2 = 1, w′ = 3
2 , (3.6)

or in terms of the radial coordinates to

r1 = r2 = 2 −
√

3, η1 = η2 = ŵ = 0. (3.7)

This configuration is convenient as it is symmetric with respect to u′
i ↔ v′i exchange;

moreover, it is particularly easy to numerically compute conformal blocks here since they
converge quickly in this region.

The associativity of the operator product expansion requires that eq. (3.1) is equal to
eq. (3.3), and by matching these we get

∑
(O∆,l,O′

∆′,l′ )

min(l,l′)∑
nIJ =0

λϕ1ϕ1O∆,l
λϕ1ϕ1O′

∆′,l′
λnIJ
O∆,lϕ2O′

∆′,l′
×

(
(v′1v′2)∆1G

(nIJ )
(∆,l,∆′,l′)(u

′
1, v′1, u′

2, v′2, w′) − (u′
1u′

2)∆1G
(nIJ )
(∆,l,∆′,l′)(v

′
1, u′

1, v′2, u′
2, w′)

)
= 0.

(3.8)

Next, we separate the identity operator that appears in the two pairs of contributions:
(1̂, ϕ2) and (ϕ2, 1̂). The corresponding five-point conformal blocks are given by

G
(0)
(0,0,∆2,0)(u

′
1, v′1, u′

2, v′2, w′) = u′
2

∆2/2
,

G
(0)
(∆2,0,0,0)(u

′
1, v′1, u′

2, v′2, w′) = u′
1

∆2/2
.

(3.9)
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With this, we write eq. (3.8) as

∑
O∆,l ̸=1̂

∑
O′

∆′,l′ ̸=1̂

min(l,l′)∑
nIJ =0

λϕ1ϕ1O∆,l
λϕ1ϕ1O′

∆′,l′
λnIJ
O∆,lϕ2O′

∆′,l′

λϕ1ϕ1ϕ2

FnIJ
∆,l,∆′,l′(u

′
1, v′1, u′

2, v′2, w′) − 1 = 0,

(3.10)
where

FnIJ
∆,l,∆′,l′(u

′
1, v′1, u′

2, v′2, w′) =(v′1v′2)∆1G
(nIJ )
(∆,l,∆′,l′)(u

′
1, v′1, u′

2, v′2, w′) − (u′
1u′

2)∆1G
(nIJ )
(∆,l,∆′,l′)(v

′
1, u′

1, v′2, u′
2, w′)

(u′
1u′

2)∆1(v′1
∆2/2 + v′2

∆2/2) − (v′1v′2)∆1(u′
1

∆2/2 + u′
2

∆2/2)

 .
(3.11)

We assume λϕ1ϕ1ϕ2 ̸= 0, which implies that the contribution of the exchanged identity opera-
tor is non-vanishing. If this was not the case, one could still run the same algorithm without
including the identity contribution. For convenience, we use the following parametrization
of the cross-ratios:

u′
1 =1

4
(
(a− + a+)2 − b− − b+

)
,

v′1 =1
4
(
(a− + a+ − 2)2 − b− − b+

)
,

u′
2 =1

4
(
(a+ − a−)2 + b− − b+

)
,

v′2 =1
4
(
(a+ − a− − 2)2 + b− − b+

)
,

w′ =1
4
(
(a− + a+)2 + 2(a+ − a− − 2)(a− + a+) + (a+ − a− − 4)(a+ − a−)

+ 2(2w − 1)
√

b+ − b−
√

b− + b+ − 2b+ + 4
)
.

(3.12)

In these coordinates, the configuration (3.6) is given by

a+ = 1, b+ = −3, a− = b− = 0, w = 1
2 . (3.13)

We next apply a modification of the method developed in [44–46] to solve eq. (3.10). Namely,
we include a finite number of contributions O∆,l and O′

∆′,l′ in the OPEs, thus truncating
the operator product expansions. In our calculation, we input all previously determined
CFT data from the theory of interest, with the exception of ∆1. Ordinarily, this data
is obtained from the conformal bootstrap of four-point correlators. One reason that it
is advantageous to input all other conformal dimensions is the fact that the five-point
conformal blocks are very cumbersome in their generic form, which makes the evaluation of
the generic blocks and the computation of the spectrum of the theory difficult. However, we
can easily keep ∆1 generic since the conformal blocks do not depend on it and it serves as a
sanity check for our calculation. We compare the value we obtain for ∆1 by our method to
the values obtained by the conformal bootstrap of four-point correlators.

Now, in order to generate more independent equations for the unknown OPE coefficients
and conformal dimension ∆1, we take derivatives of the truncated eq. (3.10) with respect
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to the coordinates (a±, b±, w). Crucially, we generate more independent equations than the
number of unknown OPE coefficients plus one (one is for ∆1, which we also treat as an
unknown). Then, we obtain an over-determined system of equations that is not possible
to solve exactly. Instead, we sum up the squares of each of these equations and find the
minimum of the resulting cost function.2

The equations obtained by taking the derivatives of eq. (3.10) are denoted by ei(∆1, λ)

ei(∆1, λ) =

Di

 trunc.∑
O∆,l,O′

∆′,l′

min(l,l′)∑
nIJ =0

λϕ1ϕ1O∆,l
λϕ1ϕ1O′

∆′,l′
λnIJ
O∆,lϕ2O′

∆′,l′

λϕ1ϕ1ϕ2

FnIJ
∆,l,∆′,l′(a

±, b±, w) − 1

 ∣∣∣∣∣
(3.13)

,

(3.14)

where i ⩾ 1 and Di represent a choice of derivatives, a subset of all derivatives up to third
order, which we select such that the value of ∆1 that we find in this bootstrap algorithm
lies closest to the actual value known from the bootstrap of the four-point correlators. The
label e0 represents the equation that we obtained by not taking any derivatives of eq. (3.10),
D0 ≡ 1. Lastly, λ represents all unknown OPE coefficients.

Let us now define the cost functions

f{ri}(∆1, λ) =
dimD∑
i=0

ri

(
ei(∆1, λ)
ei(∆1, 0)

)2
, (3.15)

where ri are (pseudo-)randomly generated real numbers, ri ∈ [0, 1], which assign random
weights to each term. We proceed as follows. For each set of randomly generated numbers ri,
we find the minimum of the function f{ri}(∆1, λ) in order to compute ∆1 and the unknown
OPE coefficients λ. We then repeat this procedure for different choices of dimD. For each
choice of dimD we choose the set of derivatives of the equations ei(∆1, λ) such that ∆1
lies closest to the exact value with the minimal standard deviation. Finally, we combine
the data obtained with different values of dimD into a single set. Subsequently, we take
the average of the values for ∆1 and unknown OPE coefficients and use their standard
deviations as a rough estimate of the error bars.

3.1 Five-point correlator ⟨ϕϕϕ2ϕϕ⟩ in the free theory

As a testing ground, we first consider the five-point function ⟨ϕ(x1)ϕ(x2)ϕ2(x3)ϕ(x4)ϕ(x5)⟩
in the free scalar theory in d = 3. We truncate the OPEs and include in eq. (3.10) all
exchanges containing the operators 1̂, ϕ2 ≡ [ϕ, ϕ]0,0, [ϕ, ϕ]0,2, and [ϕ, ϕ]0,4. The operator
[ϕ, ϕ]0,2 is the stress tensor of the free theory [ϕ, ϕ]0,2 ≡ Tµν and [ϕ, ϕ]0,4 is the spin-4
conserved current [ϕ, ϕ]0,4 ≡ Cµνρσ.

2Let us remark that truncation approaches to the four-point bootstrap which minimize a cost function
using stochastic methods have been developed recently in [47–50]. It would be interesting to explore the use
of stochastic optimizers in the five-point bootstrap, but we defer this to future work.
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truncation exact
∆ϕ 0.5000(3) 0.500000
λ0

T ϕ2T 0.52(1) 0.530330
λ0

T ϕ2C 0.21(2) 0.226428
λ4

Cϕ2C 0.03(2) 0.022097
λ3

Cϕ2C -1.0(3) -0.618718
λ2

Cϕ2C 5.1(9) 2.320194
λ1

Cϕ2C 2(2) -1.546796
λ0

Cϕ2C 1.2(5) 0.096675

Table 1. ∆ϕ and OPE coefficients that we treat as unknown in the free theory found by minimizing
the cost functions and averaging over the obtained values for different sets of randomly generated
numbers ri and different choices of dimD. The right column shows the exact results in the free
theory, computed in [33]. In appendix A we give the exact expressions for these OPE coefficients.
The OPE coefficients in the bottom part of the table have standard deviations significantly larger
than the OPE coefficients in the top part of the table. We are not able to compute these accurately
using this truncation.

We take ∆ϕ to be the conformal dimension of the field ϕ(x) and treat it as an unknown
as well as the OPE coefficients λ0

T ϕ2T , λ0
T ϕ2C , and λnIJ

Cϕ2C .3 The rest of the conformal
dimensions and OPE coefficients are fixed to their exact values:

∆[ϕ,ϕ]0,l
= 1 + 2l,

λϕϕ[ϕ,ϕ]0,l
= (1 + (−1)l)


(

1
2

)
l
2

(
1
2

)
l

2l!
(

l
2

)
l
2


1
2

, λϕ2ϕ2[ϕ,ϕ]0,l
= (1 + (−1)l)

2
(

1
2

)
l
2

(
1
2

)
l

l!
(

l
2

)
l
2


1
2

.

(3.16)

We remark that the cutoff conformal dimension in this case is ∆cutoff = 5. We scan over
all choices of equations ei obtained by taking up to three derivatives of the eq. (3.10) and
for each value of dimD we pick the set {ei|i = 0, 1, 2, . . . dimD} that gives the value of ∆ϕ

closest to 1/2 with the minimal standard deviation. The sets of derivatives that we use are
given by eq. (B.2). Upon taking the average of the data obtained for different values of
dimD, we ultimately arrive at the results given in table 1.

From the table, we readily see that the truncated five-point conformal bootstrap is
quite successful at computing the OPE coefficients. We note that although we are able to
determine most of the error bars accurately, a few of them are underestimated. This suggests
that the given method for error estimation is not rigorous. To estimate the error bars
more precisely one would need to better approximate the truncated part of the correlator.
We also note that the error bars of the OPE coefficients λnIJ

Cϕ2C , nIJ = 0, 1, 2, 3, in table 1

3The conservation of the stress tensor allows us to write λ2
T ϕ2T and λ1

T ϕ2T in terms of λ0
T ϕ2T . See, for

example, eq. (4.123) in [37]. The same is true for a general spinning operator like [ϕ, ϕ]0,l: λ1
T ϕ2[ϕ,ϕ]0,l

and
λ2

T ϕ2[ϕ,ϕ]0,l
can be written in terms of λ0

T ϕ2[ϕ,ϕ]0,l
. See eqs. (B.4) and (B.5) in [51].
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truncation exact
∆ϕ 0.4999(6) 0.500000
λ0

T ϕ2T 0.513(9) 0.530330
λ0

T ϕ2C 0.21(2) 0.226428
λ4

Cϕ2C 0.02(2) 0.022097

Table 2. ∆ϕ and OPE coefficients that we treat as unknown in the free theory found by minimizing
the cost functions and averaging over the obtained values for different sets of randomly generated
numbers ri and different values of dimD. The third column shows exact results in the free theory,
computed in [33]. The OPE coefficients λnIJ

Cϕ2C , for nIJ = 0, 1, 2, 3, are related to λ4
Cϕ2C through

the Ward identities given by eq. (3.17).

are significantly larger then those for the OPE coefficients λ0
T ϕ2T , λ0

T ϕ2C and λ4
Cϕ2C . The

reason for this is the fact that these operators and structures contribute to the crossing
relation at the same order of magnitude as the truncated part of the correlator; hence, it is
not surprising that we are not able to reliably determine their OPE coefficients.

We can also exploit the fact that the spin-4 operator is a conserved current in the
free theory. Therefore, there are Ward identities relating the OPE coefficients λnIJ

Cϕ2C . In
particular, these Ward identity relations are given by

λ3
Cϕ2C = −28λ4

Cϕ2C , λ2
Cϕ2C = 105λ4

Cϕ2C , λ1
Cϕ2C = −70λ4

Cϕ2C , λ0
Cϕ2C = 35

8 λ4
Cϕ2C .

(3.17)
Now, we can minimize the cost functions to compute λ0

T ϕ2T , λ0
T ϕ2C , and λ4

Cϕ2C . The set
of derivatives that we use is given by eq. (B.1). Again, these sets are chosen such that
∆ϕ is closest to the exact value with the minimal standard deviation. Here, we scan over
the set of equations (3.14) obtained by taking three or fewer derivatives with respect to
the cross-ratios (a±, b±, w). The results are given in table 2. It is evident that λ4

Cϕ2C is
now closer to its exact value, with a smaller error. On the other hand, λT ϕ2T is now a
little farther away. In all cases the exact values are still within two standard deviations as
estimated by our error bars, lending some reassurance that this method of error estimation
can be used for other theories for which exact solutions are not known.

3.2 Five-point correlator ⟨σσϵσσ⟩ in the critical 3d Ising model

Next we consider the five-point correlation function ⟨σ(x1)σ(x2)ϵ(x3)σ(x4)σ(x5)⟩ in the
critical 3d Ising model. We choose to truncate the σ×σ OPEs and include the operators 1̂, ϵ,
ϵ′, Tµν , and Cµνρσ. In particular, in eq. (3.10) we include all possible pairs of these operators.

The unknown OPE coefficients in eq. (3.10) consist of the set {λ0
T ϵT , λ0

T ϵC , λϵ′ϵC , λϵ′ϵϵ′ ,
λnIJ

CϵC}. All other OPE coefficients that appear in eq. (3.10), when it is truncated to include
only the given operators, have been previously computed in [52].4 In our study we fix the

4Our normalization of conformal blocks differs from the one in [52] by the factor 2l/2. Our OPE
coefficients λ are given by λσσO∆,l

= 2l/2fσσO∆,l
and λϵϵO∆,l

= 2l/2fϵϵO∆,l
, where the label f denotes the

OPE coefficients in [52].
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Figure 1. ∆ϕ and the unknown OPE coefficients in the 3d free scalar theory computed by minimizing
the cost functions f{ri}(∆ϕ, λ) defined for different choices of dimD. For each choice of dimD, the
set of derivatives that we use is chosen such that ∆ϕ is closest to 1/2 with the minimal standard
deviation after averaging over data obtained by randomly selecting the weights ri in the cost function.
Horizontal red lines represent the exact data of the free theory. Horizontal blue lines are the mean
values of the OPE coefficients given in table 1 and the blue strips are the error bars. One can
observe that the standard deviations of ∆ϕ increase as we increase dimD. Also, it is obvious that
the OPE coefficients we obtain have a systematic error due to the truncation of the OPE. Still, the
systematic errors in the coefficients λ0

T ϕ2T , λ0
T ϕ2C , and λ4

Cϕ2C are relatively small and are accurately
estimated within the standard deviations. Other OPE coefficients have larger systematic errors. We
conclude that we are unable to accurately compute them using this truncation.
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truncation
∆σ 0.518(2)
λ0

T ϵT 0.81(5)
λ0

T ϵC 0.30(6)
λ4

CϵC -0.3(1)
λ3

CϵC -2(2)
λ2

CϵC 2(5)
λ1

CϵC -5(11)
λ0

CϵC -3(11)
λϵ′ϵϵ′ 1(3)
λϵ′ϵC 0(2)

Table 3. ∆σ and the unknown OPE coefficients in the 3d Ising CFT found by minimizing f{ri}(∆σ, λ)
and averaging over the obtained values for different values of the randomly generated numbers ri and
different choices of dimD. The OPE coefficients in the bottom part of the table have significantly
larger standard deviations than the OPE coefficients in the top part, indicating that we are not able
to compute these very accurately using this truncation.

following conformal dimensions and OPE coefficients:

∆ϵ = 1.412625, ∆ϵ′ = 3.82968, ∆C = 5.022665,

λσσϵ = 1.0518537, λϵϵϵ = 1.532435, λσσϵ′ = 0.053012, λϵϵϵ′ = 1.5360,

λσσT = 0.65227552, λϵϵT = 1.7782942, λσσC = 0.276304, λϵϵC = 0.99168.

(3.18)

We already know from the ε-expansion and the four-point bootstrap that the above
operators are not degenerate (see e.g. [53]), but in case they were, our method would be
sensitive only to the sums of the OPE coefficients of any degenerate operators. In our case,
the cutoff conformal dimension is given by ∆cutoff ≈ 5.023. To increase the cutoff value,
one would have to also include contributions of the spin-6 operator, which we have not yet
pursued due to the long conformal block computation time in our current implementation.
Again, for each value of dimD, we select a set of equations {ei(∆σ, λ)|i = 0, 1, . . . , dimD}
that gives ∆σ closest to the exact value with the minimal standard deviation. The sets of
derivatives that we now use are given by eq. (C.1).

The average values of ∆σ and our determinations of the unknown OPE coefficients λ

and their standard deviations are given in table 3 and shown in figure 2 and figure 3.
All error bars in table 3 are again estimated using the standard deviation of our

averaging procedure, in the same way as in the free theory; hence, it is expected that some
of them could be underestimated. Presumably, the reason why some OPE coefficients again
have significantly larger error bars than others is the fact that the contributions of these
operators are of the same order of magnitude as the truncated part of the correlator.

We remark that the bound for the OPE coefficient λ0
T ϵT given in [54] assumes the

following form in our normalization:5

|λ0
T ϵT | ⩽ 0.9810. (3.19)

It is reassuring to observe that the value we find indeed satisfies this bound.
5The OPE coefficients of the stress tensor in this paper are for the unit-normalized stress tensor.
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truncation eq. (3.20)
∆σ 0.518(1) λ3

CϵC -0.43(2)
λ0

T ϵT 0.83(8) λ2
CϵC 5.7(2)

λ0
T ϵC 0.44(7) λ1

CϵC -4.8(2)
λ4

CϵC -0.44(2) λ0
CϵC 0.34(2)

λϵ′ϵϵ′ 3(4)

Table 4. The left table shows ∆σ and the unknown OPE coefficients in the 3d critical Ising
CFT found by minimizing f{ri}(∆σ, λ) and averaging over the values obtained for different sets
of randomly generated numbers ri and different choices of dimD. These computations impose
the Ward identity constraint (3.20), which is not exact but may be approximately satisfied in the
theory. The λϵ′ϵϵ′ OPE coefficient has a large standard deviation and we are not able to compute
this coefficient accurately. The table on the right shows the values of the OPE coefficients λnIJ

CϵC

for nIJ = 0, 1, 2, 3 computed using the Ward identity (3.20) and the value of λ4
CϵC given in the

left table.

We can now see what happens if we treat the spin-4 operator of dimension ∆C =
5.022665 approximately as a conserved current, which may be a reasonable approximation
due to its small anomalous dimension. In this approximation, we relate the OPE coefficients
λnIJ

CϵC for nIJ = 0, 1, 2, 3 to λ4
CϵC using the Ward identities. These Ward identities in d = 3

are given by:

λ3
CϵC = 4∆ϵ (∆ϵ ((∆ϵ − 16) ∆ϵ + 72) − 78)

(∆ϵ − 10) ∆ϵ ((∆ϵ − 10) ∆ϵ + 32) + 210λ4
CϵC ,

λ2
CϵC = ∆ϵ (∆ϵ + 2) (∆ϵ (5∆ϵ − 62) + 162)

(∆ϵ − 10) ∆ϵ ((∆ϵ − 10) ∆ϵ + 32) + 210λ4
CϵC ,

λ1
CϵC = 2 (∆ϵ − 8) ∆ϵ (∆ϵ + 2) (∆ϵ + 4)

(∆ϵ − 10) ∆ϵ ((∆ϵ − 10) ∆ϵ + 32) + 210λ4
CϵC ,

λ0
CϵC = ∆ϵ (∆ϵ + 2) (∆ϵ + 4) (∆ϵ + 6)

8 ((∆ϵ − 10) ∆ϵ ((∆ϵ − 10) ∆ϵ + 32) + 210)λ4
CϵC ,

λϵ′ϵC = 0.

(3.20)

Again, the sets of derivatives are chosen such that ∆σ is closest to the exact value with
the minimal standard deviation. Here we scan over the set of the equations (3.14) obtained
by taking three or fewer derivatives with respect to the cross-ratios (a±, b±, w). The sets of
derivatives that we use are given by eq. (C.2). We present the results in table 4.

Recently, the OPE coefficient λT ϵT was computed in [55], using the fuzzy sphere
regularization developed in [55, 56]. The value they obtained is λT ϵT ≈ 0.8658(69). To
directly compare their results with ours, one must first ensure that they are written in the
same basis of 3-point tensor structures. The relation between this OPE coefficient and the
λnIJ

T ϵT coefficients in the standard box basis is given by

λT ϵT = 2
21
√

5

(
4λ0

T ϵT − 7λ1
T ϵT

)
. (3.21)

Using the Ward identities for the λnIJ
T ϵT coefficients (see e.g. eq. (4.123) in [37]) one finds

λT ϵT = 16(5 − ∆ϵ)
7
√

5(2 + ∆ϵ)
λ0

T ϵT ≈ 0.87(6), (3.22)

where we use λ0
T ϵT ≈ 0.81(5). This confirms that our result is consistent with the one in [55].
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Figure 2. ∆σ and the unknown OPE coefficients in the critical 3d Ising CFT computed by
minimizing the cost functions f{ri}(∆ϕ, λ) defined with different choices of dimD. For each choice of
dimD, the set of derivatives that we use is chosen such that ∆σ is closest to the exact value with the
minimal standard deviation after averaging over data obtained by randomly selecting the weights ri

in the cost function. The horizontal red line represents the exact value of ∆σ. The horizontal blue
lines are the mean values of the data and the blue strips represent the error bars given in table 3.
One can observe that the standard deviations increase as we increase dimD. Here one can notice
that the values of OPE coefficients λ0

T ϵT , λ0
T ϵC , and λ4

CϵC are not very sensitive to the choice of
derivatives in the cost function and consequently the standard deviations for these coefficients after
averaging the data for all values of dimD shown in the plots are small.

4 Discussion

In this paper we studied five-point correlation functions of scalar operators in conformal field
theories. We developed a new method for computing the five-point conformal blocks by using
an appropriate ansatz in radial coordinates and solving two quadratic Casimir differential
equations perturbatively. The ansatz that we write down works for arbitrary spin of the
exchanged operators and for arbitrary intermediate conformally-invariant tensor structures.
It is also applicable in an arbitrary number of spatial dimensions d > 2. We believe that this
ansatz can be straightforwardly generalized to six-point conformal blocks in the snowflake
channel. An open question for future research is whether an analogous ansatz can be
constructed for conformal blocks in the comb channel of six- and higher-point correlators.

In principle, we could directly derive recursion relations for the coefficients
c(m1, m2, j1, j2, k), similar to the recursion relations derived for c-coefficients in the radial
expansion of the four-point conformal blocks [43]. The recursion relations could be obtained
by demanding that the ansatz (2.6) satisfy the quadratic Casimir equations at arbitrary
order in r1 and r2. However, such recursion relations would contain a couple thousand
terms, so that solving them would not be significantly easier than solving the Casimir
differential equations perturbatively.
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Figure 3. Same as figure 2. These OPE coefficients are more sensitive to the choice of derivatives
in the cost function and therefore we are not able to accurately determine them.

In this work we also computed the OPE coefficients of all operators (including subleading
twists) that contribute to ⟨ϕϕ[ϕ, ϕ]0,0ϕϕ⟩ in mean-field theories. A possible straightforward
generalization would be to consider the mean-field theory correlator ⟨ϕ1ϕ2[ϕ2, ϕ2]0,0ϕ2ϕ1⟩
or some of its variations. One can also use the lightcone bootstrap (or perhaps an inver-
sion formula) to compute corrections to the subleading OPE coefficients at large spin in
interacting theories, generalizing the approach of [33].

Using our result, we first performed a numerical study of five-point correlators in
the free scalar theory (as a testing ground) and then of the critical 3d Ising model. In
particular, we truncated the OPEs in the five-point correlators and demanded that the
truncated correlators approximately satisfy the crossing relation in order to compute the
OPE coefficients between one scalar and two spinning operators. An advantage of this
approach to the conformal bootstrap is that it does not require positivity. Hence, it is
possible to apply it to five-point correlators, which do not exhibit a positivity property,
unlike four-point functions. The main disadvantage is the fact that it is difficult to accurately
estimate the error bars of the results, as this in general requires us to accurately parameterize
the truncated part of the correlator, which is difficult. However, our overall conclusion is
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that the five-point bootstrap works and can be used to determine OPE coefficients which
may be more difficult to study using spinning four-point correlators.

The success of our study provides motivation to add more contributions to the truncated
correlators, or in other words, to increase the value of ∆cutoff . In the free theory we attempted
to add some of the contributions of the spin-6 operator, specifically, ([ϕ, ϕ]0,0, [ϕ, ϕ]0,6) and
([ϕ, ϕ]0,2, [ϕ, ϕ]0,6). We observed that these contributions do not push ei(∆ϕ = 1/2, λ) closer
to zero when it is evaluated using the known free theory OPE coefficients λ, given by
eq. (2.12). Therefore, we concluded that it is not consistent to include just these spin-6
contributions without also adding ([ϕ, ϕ]0,4, [ϕ, ϕ]0,6) and ([ϕ, ϕ]0,6, [ϕ, ϕ]0,6). However, in
our initial attempts we found that computing all of the spin-6 contributions was fairly
time-consuming, providing some motivation for improving the block computation algorithm.
Namely, one needs a more efficient algorithm for computing the five-point conformal blocks
and their derivatives for the exchanged operators of spin six and higher. Another idea
potentially worth exploring in the future is to approximate the truncated operators in the
OPEs using their mean-field theory counterparts with MFT conformal dimensions and OPE
coefficients. One could also explore the use of stochastic approaches to minimizing the cost
function [47–50], which may become particularly useful as ∆cutoff is increased.

It could also be fruitful to extend our study to other OPEs in the critical 3d Ising model.
For example, by examining the five-point correlator ⟨σϵϵϵσ⟩ in the same OPE channels as
considered in this paper, one would find OPE coefficients of one scalar operator (ϵ) and
two spinning, Z2-odd operators. Moreover, one could obtain additional constraints from
the ⟨σσϵσσ⟩ correlator by considering the σ × ϵ OPE in one of the channels. This relation
to the Z2-odd spectrum might improve some of the OPE coefficient predictions given in
this paper.
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A Exact OPE coefficients in the free theory

Here, we give the exact expressions for the OPE coefficients λ0
T ϕ2T , λ0

T ϕ2C , and λnIJ

Cϕ2C in
the free theory, as calculated in [33]:

λ0
T ϕ2T = 3

4
√

2
, λ0

T ϕ2C = 1
32

√
105
2 , λ4

Cϕ2C = 1
32
√

2
,

λ3
Cϕ2C = − 7

8
√

2
, λ2

Cϕ2C = 105
32
√

2
, λ1

Cϕ2C = − 35
16
√

2
, λ0

Cϕ2C = 35
256

√
2

.

(A.1)
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B Sets of derivatives in the free theory

Here we give the sets of derivatives that we use when computing the OPE coefficients in
the free theory:

D = {∂w, ∂b+ , ∂w∂b+ , ∂2
w∂b+ , ∂2

b+ , ∂w∂2
b+ , ∂2

a+ , ∂2
b−},

D = {∂w, ∂2
w, ∂3

w, ∂b+ , ∂w∂b+ , ∂2
a+ , ∂2

b+ , ∂3
b+ , ∂2

b−∂b+},

D = {∂w, ∂2
w, ∂3

w, ∂b+ , ∂w∂b+ , ∂2
w∂b+ , ∂2

b+ , ∂3
b+ , ∂2

a+ , ∂2
b−∂w},

D = {∂w, ∂2
w, ∂3

w, ∂b+ , ∂w∂b+ , ∂2
w∂b+ , ∂2

b+ , ∂3
b+ , ∂2

a+ , ∂2
b−∂w, ∂2

b−∂b+},

D = {∂w, ∂2
w, ∂3

w, ∂b+ , ∂w∂b+ , ∂2
w∂b+ , ∂2

b+ , ∂3
b+ , ∂2

a+ , ∂2
a+∂w, ∂2

b−∂w, ∂2
b−∂b+},

D = {∂w, ∂2
w, ∂3

w, ∂b+ , ∂w∂b+ , ∂2
w∂b+ , ∂2

b+ , ∂2
b+∂w, ∂3

b+ , ∂2
a+ , ∂2

a+∂w, ∂2
b−∂w, ∂2

b−∂b+},

D = {∂w, ∂2
w, ∂b+ , ∂w∂b+ , ∂2

w∂b+ , ∂2
b+ , ∂2

b+∂w, ∂3
b+ , ∂2

a+ , ∂2
a+∂w, ∂2

b−∂w, ∂2
b− , ∂2

b−∂b+ , ∂2
a−∂w}.

(B.1)

The sets of derivatives that we use when we impose the Ward identity for the spin-4
OPE coefficients are given by:

D = {∂w, ∂w∂2
b− , ∂w∂2

a− , ∂2
a+},

D = {∂w, ∂w∂b+ , ∂2
w∂b+ , ∂w∂2

b+ , ∂w∂2
a−},

D = {∂w, ∂w∂b+ , ∂2
w∂b+ , ∂w∂2

b+ , ∂w∂2
a− , ∂w∂2

b−}.

(B.2)

C Sets of derivatives in the critical 3d Ising model

Here, we give the sets of derivatives that we use when computing the OPE coefficients in
the critical Ising model:

D= {∂w,∂2
w,∂3

w,∂b+ ,∂b+∂w,∂b+∂2
w,∂2

a+ ,∂2
a+∂w,∂2

b+ ,∂b+∂2
b−},

D= {∂w,∂2
w,∂3

w,∂b+ ,∂b+∂w,∂b+∂2
w,∂2

a+∂w,∂2
b+ ,∂3

b+ ,∂b+∂2
b− ,∂2

b−},

D= {∂w,∂2
w,∂3

w,∂b+ ,∂b+∂w,∂b+∂2
w,∂2

a+ ,∂2
a+∂w,∂2

b+∂w,∂2
a+∂b+ ,∂3

b+ ,∂2
b−},

D= {∂w,∂2
w,∂3

w,∂b+ ,∂b+∂w,∂b+∂2
w,∂2

a+ ,∂2
a+∂w,∂2

b+ ,∂2
b+∂w,∂2

a+∂b+ ,∂3
b+ ,∂2

b−},

D= {∂w,∂2
w,∂3

w,∂b+ ,∂b+∂w,∂2
a+ ,∂2

a+∂w,∂2
b+ ,∂2

b+∂w,∂2
a+∂b+ ,∂3

b+ ,∂2
b− ,∂2

b−∂w,∂2
a−∂w},

D= {∂w,∂2
w,∂3

w,∂b+ ,∂b+∂w,∂2
a+ ,∂2

a+∂w,∂2
b+ ,∂2

b+∂w,∂2
a+∂b+ ,∂3

b+ ,∂2
b−∂b+ ,∂2

b− ,∂2
b−∂w,∂2

a−∂w},

D= {∂w,∂2
w,∂3

w,∂b+ ,∂b+∂w,∂b+∂2
w,∂2

a+ ,∂2
a+∂w,∂2

b+ ,∂2
b+∂w,∂2

a+∂b+ ,∂3
b+ ,

∂2
b−∂b+ ,∂2

b− ,∂2
b−∂w,∂2

a−∂w}.

(C.1)

The sets of derivatives that we use when we impose the Ward identity for the spin-4 OPE
coefficients are given by:

D = {∂w, ∂w∂2
a− , ∂b+ , ∂2

b+ , ∂2
b−},

D = {∂w, ∂2
w, ∂2

a+ , ∂2
a+∂w, ∂2

b−∂w, ∂2
a+∂b+},

D = {∂w, ∂2
w, ∂3

w, ∂2
a+ , ∂2

a+∂w, ∂2
b−∂w, ∂2

a+∂b+}.

(C.2)
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