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1 Introduction

Recently, we have proposed a new method to reduce the quantum field theory (QFT) in
Minkowski spacetime to its future/past null infinity (Z*/Z7) [1, 2]. In this method, we
start with a massless bulk QFT whose fundamental fields are collected as Fy,,jx and expand
the bulk fields near ZT schematically as

F(u,Q) N i F(k)(u, Q)

- (1.1)

Foux =
k=2

where (u,r,2) are the retarded coordinates of Minkowski spacetime. The field F'(u, () and
higher order fields F® (u,Q), F®) (u,Q), - -- become boundary fields of ZT, and the bulk
equation of motion (EOM) imposes constraints among the fields

c(F,F®) =o. (1.2)

The radiative modes of the bulk theory are encoded in the leading fall-off term F'(u, ).
After reducing the symplectic form to Z*, the field F(u,Q) and its time derivative F'(u, Q)
are conjugate variables and obey non-trivial commutation relations in the quantized theory.
It is shown that the energy and momentum fluxes are completely determined by an energy
flux density operator T'(u,Q) which is quadratic in F

T(u,Q) ~ F2, (1.3)
The smeared operator constructed from the energy flux density operator
T = / dudQf (u, )T (u, Q) (1.4)

could form a higher dimensional Virasoro algebra with a divergent central charge. The
central charge is proportional to the number of propagating degrees of freedom of the bulk
theory. When the test function f(u,€?) is independent of the retarded time, the smeared
operator 7y could be regarded as the generator of supertranslation.

Similarly, the angular momentum and center-of-mass fluxes are determined by a flux
density operator M4 (u, Q) which is quadratic in F' and F

My (u, Q) ~ EVAF — FV 4F. (1.5)
From the angular momentum flux density, one can define a smeared operator

My = / dudQY A (u, Q) Ma(u, Q). (1.6)



When the test vector function YA(u7 Q) is independent of the retarded time, the smeared
operator My could be regarded as the generator of superrotation [3-8].

In the scalar theory [1], the smeared operators 7y and My form a closed Lie algebra
when f(u, Q) is time dependent and Y4(Q) is not. The closed Lie algebra is a direct
generalization of the famous Bondi-Metzner-Sachs (BMS) group [9-11] at future null infinity
(Z1) in asymptotically flat spacetime. When the central charge is zero, the closed Lie
group could be regarded as a representation of the Carrollian diffeomorphism [12, 13] in
the context of Carrollian manifold [14-19]. In the electromagnetic theory [2], one should
introduce a new smeared operator which generates the generalized electromagnetic duality
(EM duality) transformation to form an enlarged closed algebra. The new operator could
be interpreted as a helicity flux density operator.

Our method may provide new insight to flat space holography [20-32] and to con-
structing more physically interesting Carrollian field theories [33—49]. In this work, we
will explore the boundary theory for Einstein gravity. We obtain a tensor field theory by
projecting the linearized gravity to Z*. The gravitational field has only two independent
propagating degrees of freedom which are encoded in the symmetric traceless shear tensor
Cap(u, ). We find the energy and angular momentum flux density operators and define
the supertranslation and superrotation generators, respectively. In order to make the
definition of the superrotation generators sensible, one should generalize the Lie derivative
variation to a covariant variation which is compatible with the metric at ZT similar to
what has been done in the electromagnetic theory. We also need to introduce a duality
transformation operator to close the Lie algebra. The algebra turns out to be isomorphic
to the one in the electromagnetic theory. The flux operators are shown to be equivalent to
the Hamiltonians defined using the symplectic form of the boundary theory. We will also
compare our construction of the flux operators with the BMS fluxes in the literature.

The layout of this paper is as follows. In section 2, we will introduce the general
framework and explain the terminology used in this paper. In section 3, we introduce the
energy and angular momentum flux density operator in the linearized gravity theory. We
also quantize the theory at Z* and find the supertranslation and superrotation generators. A
closed Lie algebra is found by including a duality transformation operator O,. We compare
the smeared operators with the BMS fluxes in the following section. We will summarize the
results and discuss some further open questions in section 5. Technical details are relegated

to six appendices.

2 Preliminaries

In this section, we will introduce the general framework to obtain the boundary theory in
Minkowski spacetime at future null infinity Z+.

2.1 Boundary spacetime

In this work, the Minkowski spacetime R'3 can be described in Cartesian coordinates
N ()
ds* = —dt* + da'dz" = n,dztdz”, (2.1)



where = 0,1, 2,3 denotes the components of spacetime coordinates and ¢ = 1,2, 3 labels
the components of space coordinates. We also use the retarded coordinate system (u,r, 0, ¢)
and write the Minkowski spacetime as

ds®> = —du® — 2dudr + r’yapd02de®, A,B=1,2. (2.2)
The future null infinity Z* is a three dimensional Carrollian manifold
It =R x §? (2.3)

with a degenerate metric
ds2, =~ = vapdb”doP. (2.4)

The spherical coordinates #4 = (4, ¢) are used to describe the unit sphere whose metric

1 0
YAB = (0 sin29> . (2.5)

We will also use the notation Q = (6, ¢) to denote the spherical coordinates in the context.

reads explicitly as

The covariant derivative V 4 is adapted to the metric y4p5, while the covariant derivative
V. is adapted to the Minkowski metric in Cartesian frame. The integral measure on Z is
abbreviated as

/dudQE/ du [ do, (2.6)
—00 52

where the integral measure on S? is

/dQ /SZdQ /smede dé. 2.7)

Besides the metric (2.4), there is also a distinguished null vector
X = 0Ou (2.8)

which is to generate the retarded time direction.
To obtain the metric of the Carrollian manifold (2.4) from bulk metric, one may choose
a cutoff
r=~R (2.9)

such that the induced metric on the hypersurface
Hr = {p e RY}| p = (u,r,0,¢) with r = R} (2.10)
is
ds? = —du® + R*v,pd0"d6P = R* ( ‘22 + VABdGAdGB> (2.11)

The constant r slices H, are shown in figure 1. We use a Weyl scaling to remove the
conformal factor and take the limit
R — (2.12)



{ r increase, u finite ‘

l

‘ const. r slices H.-
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Figure 1. A series of constant r hypersurfaces H,. As r — oo while keeping u finite, the slices
approach to future null infinity Z+. As r — oo while keeping v finite, the slices approach to past
null infinity Z—.

while keeping the retarded time u finite such that (2.11) becomes the metric of the Carrollian
manifold Z*. We define the limit

lim, = lim (2.13)

r—o00, u finite

to send the quantities on H,. to Z*. Similarly, taking the limit below

lim_ = lim (2.14)

r—o00, v finite

sends the quantities on H, to Z~ where v is the advanced time v =1t + r.

2.2 Boundary theory

Consider a system which is described by a covariant Lagrangian £[F'] in Minkowski spacetime
RY3. with the bulk field written as F(¢,x). The Lagrangian 4-form is defined as

L[F] = L[F](d*z), (2.15)

where (d*z) is the volume form of R%3. A variation of the bulk field F' leads to

oL
SL[F] = E(SF — dO(F;0F). (2.16)
The first term on the right hand side is the equation of motion
oL
— =0 2.17
(SF ) < )



which gives constraints on the bulk field. To solve the equation of motion, one should
impose fall-off conditions for the field F near Z+

F(u,Q) & F®)(u,Q)
Pt = . 2.18
o)==+ (2.18)
We have used the abbreviation
FO(u,Q) = F(u,Q) (2.19)

in the leading term of the fall-off conditions. The coefficients F*)(u, Q), k > 1 are called
boundary fields corresponding to the bulk field F' since they are defined on the boundary
manifold ZT. By solving the bulk equation of motion asymptotically, one may obtain the
solution space which is determined by the relations between the boundary fields F*) (v, Q)

C(F™) = 0. (2.20)

The second term on the right hand side of (2.16) is exterior derivative of the presymplectic
potential 3-form @(F;0F). We have added a minus sign before this term by using the
convention in [50] that the exterior derivative is anticommutative with the field variation, i.e.,

dd = —dd. (2.21)
The presymplectic form is defined as the variation of the presymplectic potential
w(0F;0F) = 0O(F;F). (2.22)

The presymplectic form could be regarded as a 3-form in the spacetime and a 2-form in the
phase space. The symplectic form of the theory is obtained by integrating the presymplectic
form on a three dimensional hypersurface H

H(SF; = | w(dF; = 32), wh(OF; . .
QM (5F: 6F) = /H (6F;6F) /H (d*2), W (6F; 6F) (2.23)

To find the symplectic form of the boundary theory at Z*, we use the fall-off condition (2.18)
and choose a series of hypersurfaces H,. By taking the limit » — oo while keeping the
retarded time u finite, we find the symplectic form for the boundary theory

Q(6F;6F) = lim Q" (6F; 6 F). (2.24)

The solution space together with the symplectic form (2.24) defines the classical theory
on the Carrollian manifold Z*. Interestingly, for the massless scalar theory and the
electromagnetic theory, the symplectic form for the corresponding boundary theory can be

written as
Q(6F; 6F) = / dudQSF A SF. (2.25)

To quantize the boundary theory, one may define the Poisson brackets using the symplectic
form and transform them into commutators. In order to get fundamental commutators,



one can also use the mode expansion of the quantized field F' in the bulk and project it
into the boundary in a suitable way. These two methods lead to the same commutators

(Fr(u, Q), Fy(ul, )] = %p] Ja(u— ) — ), (2.26)
Fr(u, Q), Ey (o, )] = %Pm(u _u)s(Q — ), (2.27)
Fr(u, Q), By (o, )] = %p] 6 (= )5 — Q) (2.28)

at ZT which have been checked in the scalar and vector theory. The function a(u — u') is
defined through

a(u — ) = %[9(1/ ) — O(u— )] (2.29)

with 6(x) being the Heaviside step function, and the Dirac function on the sphere can be

read out explicitly as

59— Q) = ﬁa(e —0)5(6— o). (2.30)

We add a subscript in the field F' to represent its possible tensor structure. The tensor Prj
is symmetric under the exchange of I and J

Pry="Pyr. (2.31)
It turns out to be 1 for the scalar field and y4p for the vector field.

2.3 Leaky fluxes

For any massless field theory, there could be bulk particles radiated to Z*. Correspondingly,
the Poincaré charges are sent to the boundary. These are called the leaky fluxes from bulk
to boundary. The Poincaré current can be written concisely as

JH=THE, (2.32)

where T is the stress tensor of the bulk theory and &* is a Killing vector of Minkowski
spacetime

0 + 0,6, = 0. (2.33)

There are ten independent Killing vectors solving the Killing equation. For any global
spacetime translation, the Killing vector may be written as a superposition

& =¢€L0,, & =cr (2.34)

where ¢” is any constant vector. Similarly, the Killing vector for any Lorentz rotation may
be written as
& =&00,, &0 = wh(x,,00 — :Ul,dﬁ), (2.35)

where w*” is any constant antisymmetric tensor. The flux across a hypersurface H is
defined as

Q" = /H (d®z),J", (2.36)



where J# is any conserved current satisfying d,J* = 0. To obtain the Poincaré fluxes which
are leaked to ZT, we set J* = TH ¢, and choose a series of slices H, to get

Qe = /H T(dsw)uT"“”Ey- (2.37)
The normal covector of H, is
dr in retarded coordinates = n;dz’ in Cartesian coordinates, (2.38)
where .
n' = I?Z = (sin 0 cos ¢, sin O sin ¢, cos §) (2.39)

is the normal vector of S2. We may define two null vectors in Cartesian coordinates
nt = (1,n"),  a*=(-1,n). (2.40)
It is easy to show that
n? = nntn” =0, n? = nntn" =0, n-n=nuntn’ =2. (2.41)
Therefore, the normal vector of H, can be written as
%(n“—%ﬁﬂ)@u, (2.42)
and hence the flux (2.37) across H, becomes

1
Q?:§/7%wmw+mm@g. (2.43)

r

The integration measure on S? is defined through
dY = sin Odfde. (2.44)

Taking the limit (2.13), we find the charge radiated to Z*

1
Q& = hm+ 5/ TQdUdQ(n“ + ’FL“)TMVSU. (245)

T

In the following, we will show that the fluxes Q¢ defined above are exactly those in [1, 2].
1. For a massless scalar theory with action
S = /d% [—;aﬂaﬂ@ —-V(®)], (2.46)
the stress tensor takes the form
Ty = 0uP0, P + 1, L(D). (2.47)

The scalar field can be expanded asymptotically as

O(t,x) = E(im iy E“”:;‘Q) (2.48)
k=2



In [1], we have defined two smeared operators
T, = / dudf (u, Q) : 52 2, (2.49)

My = ;/dudQYA(u, Q)(: BV — VLD ). (2.50)
e When & = 0;, we find
Qo, = lim, / dudS r*n'Tyy = — lim, / dud) 72n; T, (2.51)
This matches with the smeared operator (2.49) with f = —1.
e When & = 0;, we find
Qo, = lim, / dud$) r*n;T7", (2.52)

which is consistent with (2.49) when f = —n’.

e When § = 7;0; — x;0;, we find
Quit, 9, = limy / dudS r2ng,(TH 2t — THa9). (2.53)

This is exactly the smeared operator (2.50) with Y4 = Ylf The tensor Y;f,
antisymmetric under exchanging 7, j, denotes three Killing vectors on S2, seeing
appendix A for more details.

e When £ = t0; + x;0;, we find
Qto,+2,0, = lim+/dudQ g (TFt — Tz, (2.54)

One recovers the smeared operator Ty + My with Y4 = Vi and f = 2uV YA,
where the tensor Y;A denotes three strictly conformal Killing vectors on S2,
defined in appendix A.

2. For the electromagnetic theory, the fall-off conditions are

an(t, z) = A“(:f’m +0 (7}2) , (2.55)
0
aalt,x) = Aa(u, Q) + AAS}"Q) e (:2) (2.56)

for the vector potential a, in the radial gauge a, = 0. One can also reproduce the
smeared operators defined in [2] similarly. Note that there is an additional conserved
current jguahty which is related to the electromagnetic duality transformation for free
Maxwell theory. Therefore, one may choose the EM duality current in (2.36) and find

1 .
Qduality = limy 5 /H r2dudQ(n® + 1) ji ity = / dudQA® AP epc (2.57)

which may be weighted by a parameter ¢g(£2). Thus, after taking normal order,
the operator

Oy = /dung(Q) : ACAB :epe (2.58)

is exactly the generalized EM duality operator we have found.



2.4 Hamiltonians from boundary theory

In this subsection, we will define the Hamiltonians using the symplectic form of boundary
theory defined on the Carrollian manifold ZT. One may define an infinitesimal Carrollian
diffeomorphism generated by a vector & through [1]

Lex = X, (2.59)
where L¢ is the Lie-derivative along the direction of £ The general solution of (2.59) is
=YD+ f(u, Q). (2.60)

Note that the vector field Y4(Q) is time independent in Carrollian diffeomorphism. When
Y4 is time dependent, it violates the definition (2.59) and breaks the null structure of Z.
It has been shown that the Carrollian diffeomorphism is a physical transformation which
corresponds to the radiation flux from bulk to boundary [1]. Therefore, we may define a
Hamiltonian H [51-53] whose infinitesimal variation is

dHe = i¢QUOF;0F) (2.61)
where ¢ is the interior product in the phase space. More explicitly, we have
iE = 5£F7 = Z'g(SF = 5EF‘ (2.62)

Substituting the symplectic form (2.25) into (2.61), we find the variation of the Hamiltonian
H¢ corresponding to the vector field &

§He =2 / dudQ0 FoE. (2.63)

We will explore this formula for scalar theory and electromagnetic theory in the following.

Scalar theory. For the previous scalar theory, we have F' = 3. The Carrollian diffeomor-
phism may be split into two parts

£=¢&5+ &y, (2.64)
where
& = f(u, )0y, & =Y (Q)da (2.65)
and the scalar transforms as’
6% = fu, D)%, (2.66)
1 . 1
SyX = §uVAYA(Q)Z +YA(Q)VAE + 5VAYA(Q)E. (2.67)
For £ = &y, we find
SH; =2 / dudQf (u, Q)55 = 6 / dudQYf (u, Q)S2. (2.68)

!'As a matter of fact, the transformation law d7,y % is induced from the bulk BMS transformation. We
believe there is an intrinsic way to derive this law at boundary which will be our future interest.



Therefore, there is a natural integrable flux in the boundary theory
Hy = / dudQ.f (u, Q)52 (2.69)
This is exactly the smeared operator 7y. When £ = £y, we find
§Hy = Q/dudszaz (YAVAE - %VAYAE + ;uVAYA2>
_ 5/dud92 (YAVAE + %VAYAE + ;uVAYAZ> . (2.70)

We have used integration by parts at the second step. Therefore, we find the Hamiltonian
corresponding to &y

. 1 1 )
Hy = /dudQE <YAVAE + §VAYAE + 2uVAYAE>
Once subtracting the second part, it becomes the smeared operator My .

Electromagnetic theory. In the electromagnetic theory, we have F' = A4 and the
fundamental field is A4 whose variation under &7 reads

0pAA = fu,Q)A4. (2.72)
Now it is straightforward to find
SHy =6 / dudf (u,0) A A4 = Hy=T; (2.73)

When & = &y, as has been shown in [2], we may replace the variation dy A4 to covariant
variation fy A4

JyAq = %UVAYAAA +YOVoAq+ AcVAY Y — %@AC(Y)AC (2.74)
where the symmetric traceless tensor © 45(Y) is
Oap(Y) =VaYp +VpYs —yapVeY©. (2.75)
In this case, we may modify the equation (2.62) to
i = ﬁgF(%aF =  gdF = §¢F. (2.76)
Now it is straightforward to find
SHy = 6 ( / dudQAA;SyAA> . (2.77)
Therefore, we get the corresponding flux

Hy — / dudQUANy Ay = My +Tp_s 0y (2.78)

~10 -



There is a new operator corresponding to electromagnetic duality transformation in
the free electromagnetic theory [2]. We could not find a vector field in spacetime for this
transformation. However, we can find the field variation due to the generalized EM duality
transformations with parameter g(2)

0,44 = —g(Veap AP (u, Q). (2.79)
The infinitesimal variation of the corresponding Hamiltonian reads
SH, = — / dudQg(Q)(SA%eap AP — 5A e apAB)
— 5 / dudg(Q) Adep 4 AP, (2.80)
Therefore, the Hamiltonian takes form
H, = /dung(Q)AAeBAAB = 0,. (2.81)
This duality flux generates the generalized EM duality transformations, i.e.,
dgAA = i[Oy, A4l (2.82)

Now we can define our terminology about various transformations which extends the
one in the vector theory. For geometric transformations, we have the following four kinds

Special supertranslation (SST) < f =0, (2.83)
General supertranslation (GST) < f # 0, (2.84)
Special superrotation (SSR) < Y4 =0, (2.85)
General superrotation (GSR) < Y4 # 0. (2.86)

Especially, a spacetime translation is a SST when f obeys the equation 2V 4V g f—vapV2f =
0 whose solution is f = a,n", with a, constants. Similarly, a Lorentz transformation is a
SSR when Y satisfies the conformal Killing equation on S?

O4(Y) =0, (2.87)

where we have used the symmetric traceless tensor © 4p(Y’) defined in (2.75). The equa-
tion (2.87) is solved when Y is a CKV. It is clear that the transformations combining GSTs
and SSRs are just Carrollian diffeomorphisms.

Moreover, we have three kinds of duality transformations for electromagnetic theory
and the gravitational theory (defined in the next section)

Duality transformation (DT) < g = const., (2.88)
Special super-duality transformation (SSDT) < g =0, (2.89)
General super-duality transformation (GSDT) < ¢ # 0. (2.90)

It is worth noting that there are non-local terms when considering the variations of the
vector field under GSDTs. This is similar to the case of GSRs. Therefore, we considered
the algebra generated by GSTs, SSRs and SSDTs in the vector theory [2]. The same is true
for the gravitational theory, as we will show in the next section.

- 11 -



3 Linearized gravity

In Einstein gravity, there is no suitable definition of local stress tensor. Therefore, we will
first work in the linearized gravity and regard the gravitational theory as a spin 2 tensor
field theory in Minkowski background.

3.1 Fluxes

We may expand the metric around the Minkowski spacetime

G = Nuw + - (3.1)

Then Einstein-Hilbert action becomes the Pauli-Fierz (PF) action

Spr = —m/d 2[0phasd" B — 8,hO h + 20,h* 9,k — 20,h" 9,00 (3.2)

The PF action may be written as

Ser = _m/d4$Lulu2 ueamhuzmawhuo#aa (3-3)

where the tensor LF1H2H6 ig

LHIH2 16 — %(77#1#477,“2#577#3#6 + n#l#4nﬂ2ﬂ6nﬂ3#5) _ n#l#477ﬂ2/1437]#5ﬂ6

+ %(nﬂll@ 77#3,“477H5I~L6 + 77#1#37’#2#417#5H6 + 17#4#5 77#6/»‘1 nH2N3 + 77#4#6;,«,/»‘5#1 7’]”2“3)

_ l(nmmnmusnmus - P pH2HE pHAKS L IR pHBIS pHARG | HLIS H2IS HAG )

2
(3.4)

Properties of this tensor can be found in appendix B.1. The action is invariant under the
linearized coordinate transformation

h,uu — h;w + augu + aug,u- (35)

There are various ways to obtain the stress tensor for the linearized theory. We will
accommodate the Landau-Lifshitz pseudotensor [54]

1 1
()T = 155 |00" 0x8™ — 020" 08" + 50" 9000708
- g“/\gmaagwamm - gVAgHTaaguTa)\gﬁa + g)\ngﬂjaﬂ'gu)\aogm{

UA Vo uv Ao

1
+ (29" "7 — 9" 9*7)(291rGcs — GrcGrs)Ong™ Org™ (3.6)

A

which is widely used in Post-Newtonian theory of gravitational theory [55]. In this framework,
the main variable is the so-called “gothic” inverse metric

" =" (37

- 12 —



From the metric expansion (3.1) in linearized theory, the “gothic” inverse metric is
174 17 v 1 14
g =0 =B 4 onh (3:8)

up to the quadratic order of h,,. The indices are raised using Minkowski spacetime metric
n* and h is the trace of the tensor h,

h = hunt. (3.9)

Therefore, the stress tensor corresponds to the PF action is

1
- 327G

TH PR B Oy s (3.10)

with the rank 8 tensor PH#YH1Hé defined as

PHVIL 6 2nu2“np3unu1u5nu4u6 _ 377M1u4nu#2nl/#3nu5,u6 _ 27]“1%77“2“77“4“677#5”
+ 277M1 #477#2% nuus nl’us + n#ulnmuzln'/#s n#s/ua + nVuln/uM nuus nusﬂﬁ
+ intlunltzuz’,nuws nMGV + 277#11177@#37]#4#577#6# _ 2nu1unu2usnuau4nuav
_ 277#11/77#2#5 nuslmnmsﬂ _ Qnmunuzusnuwnusue + nuwnuz%nﬂsue nMV
_ QannulusnM2M3nM4M6 + gn/t'/nuwzinuwsnusuﬁ _ %anananmnMs%
A S 2 s (3.11)

In Cartesian coordinates, the gravitational field h,, may have the following fall-off

behaviour

2)
H,, H 1
T = == +7~é+0(7s>= pv=0,1,2,3. (3.12)

r

Due to the diffeomorphism invariance of Einstein theory, we could choose Bondi gauge
in this work. The first few orders of the metric are [3]

2GM X 1

P = T+702+O<T3>, (3.13)
X 1

hur = 5+ 0 <r3> , (3.14)
1_p 1 1

hya= V7Cap+-Ja+0 5], (3.15)
2 T r

1
hap=rCap+ Zap + O (r) (3.16)

where M is the Bondi mass aspect and Jy is related to the angular momentum aspect. In
those expansions, we have introduced the fields X, X, Z4p whose explicit forms are not
important in this work, though we can write out

S CABCAB

1
X Zap = ~vapCcpCCP. (3.17)

16 7 4

~13 -



The symmetric and traceless tensor C4p
Cas = Cha, yABCyup =0 (3.18)
is called shear tensor whose time derivative is referred to as news tensor

Nap = Cap = diCAB. (3.19)
U
All the quantities M, X, Cap, Ja are fields defined at Z. As we will show later, we do not
need the explicit form of X and J4 in this work.
To transform the components of the metric in Bondi coordinates to Cartesian coordi-
nates, we use the transformation law of the metric

ox'® 9P
G = Foi g o (3.20)
where o, = u,r,0,¢ are indices for the retarded frame and u,v = 0,1,2,3 denote

the Cartesian coordinates. We may relate the Cartesian coordinates to the retarded
coordinates by

1 1
xt = i(n“ — ) (u+r)+ i(n“ +nf)r = g(n“ — ") + rnf. (3.21)

The partial derivatives of retarded coordinates are
1 _ A 1,4
Opu = —ny, Our = §<”u +ny), 00" = —-Y, (3.22)

where
VA=-V,,  u=01,23. (3.23)

As mentioned above, YiA is the strictly conformal Killing vector on the unit sphere, and the
vector Yy vanishes. We may use the vector n* and Y} to construct the antisymmetric tensor

Vi =Y n, Y, n,. (3.24)

This antisymmetric tensor corresponds to the six conformal Killing vectors on the unit
sphere. Some properties of the vectors n*, n*, YMA and the antisymmetric tensor YM’;‘/ are
collected in appendix A. The transformation law (3.20) can be written down explicitly in
Bondi gauge

1, _
Guv = n,unu(guu - gur) - i(n,unu + nzxn,u)gur
1 A A L a
+ =Y 4 Y gua + 5V YBgas. (3.25)
Now we can find the leading and subleading order of A,
1
H,, = 2GMn,n, + i(n“YVA +n, Y, YVPCup +Y,'V,PCup, (3.26)

HY = (X — 5() ey — X + (Zap + Xvap)Y2Y,2 + (Y + YV Ja. (327
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Interestingly, H,,, is orthogonal to the null vector n# and traceless
Hyn" =0, H,n" =0. (3.28)

Some useful properties for these two tensors are collected in appendix B.3. Using the chain
rule, we find

Jp

0 1 1
5o = o0t §(np + 1) O — ;YpAaA, p=0,1,2,3. (3.29)
Then the partial derivative of the field h,,, is

i, n 2P + Lny +ng)H,, + YAVAH
8ﬂhVP:_nur S il r;) et Lo (3.30)

The asymptotic expansion of the stress tensor is

1 [t |
T = — 4 =4 3.31
327G [ 2 T r3 + (3.31)
where

tl(;/) = Pwmmuﬁnm”M4Hmu3HM5u6a (3.32)
tg) = PHRITHSS - (3.33)

Here, we have defined a rank 6 tensor

1 .

Spir-wps = nulnm(HuzusH/ﬁ)uG HMQMGH/(J,Q);Lg)—*—ian (s 1000 ) s Hpis g (3.34)

1 _
+§nu4 (”m +nu1)Huoumeu3 "‘”mY MzMJVAHMS,Ue +nu4Y M5MGVAH,U2M3
After lengthy calculation, we find

tly = ntn’CapChP, (3.35)

1 : :
ts) = (n“n” 5 (it + i) + 77“”) H® Hop + (n"Y +n"Y{)H VA H
— 2 YL HOPY A H Y + VY HOPY A H )

+ nu’ﬁ,a(Ha/gHBV — HaﬂHﬁy) + nl/ﬁa(HaﬁHﬁu — HagH’B“). (3.36)

Now it is time to calculate the fluxes for linearized gravity theory. The energy and
momentum charges radiated to Z* are

Cy 1 N
9nC /dudQQ(n,} + nl,)t@)

= - / dudnC pCAB. (3.37)

1
Qg = 1im+§ / ridudQ(n + )T, € = —

T
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The angular momentum and center-of-mass charges radiated to Z* are

1
Qe, = lim+§/ r2dudQ(n* + )T, €Y

r

_ Wur u uvC / ~YAB Wy / uvA *
o / AudQ VY CCapCAT + 2 [ dudQy A HA(C,C)  (338)

where the co-vector H4(C,C) with explicit expression
. 1 . . . .
HA(C, C) = §(CBchCBC — CBCVACBc) + VB(CBCCAC — CBCCAc), (3.39)

is the hard Lorentz operator [56]. We have used the identities in appendix B.3 in the
derivation. In addition, we have discarded the total derivative terms

d 1
Y'UVA% (CBCVBCAC — 2CBCVACBc) (3.40)

through integration by parts.
We now construct two flux density operators from the fluxes

— * ~YAB
T(u, Q) = 327TGCABC , (3.41)
1 .
Ma(u, Q) = 55—~ Ha(C.C) (3.42)

similar to the scalar and vector theories. We use the flux density operators T'(u,2) and
M4 (u, ) to construct the following smeared operators

Ty = /dudﬂf(uvﬁ)T(u, ), (3.43)
My = / dud Y (u, Q) Ma(u, ). (3.44)

3.2 Quantization

The smeared operators (3.43) and (3.44) are defined on the Carrollian manifold Z*. The
symplectic form [53, 57] at a hypersurface H from the bulk theory is

1 1%
QM (39;59) = /H (d32),QHP7 6 gy AV o8 g (3.45)
with
UVPOAK U\ VK _po 1 no U pK 1 wy ,po AR 1 U\ _vp oK 1 no  Up AR
Q 2999—5999—5999—§ggg+§ggg-(3~46)
For the expansion (3.12) we find the finite symplectic form at Z

Q(6,C,6,C; C) = lim, Q™" (6g,8g; 9) = ﬁ / dud) 6Cap A SCAB. (3.47)
™
It follows that the standard commutators are [58-60]
[Cap(u,Q),Cop(u, Q)] = 8rGiPacppa(u —u')s(Q — ), (3.48)
[Cap(u,Q),Cop(, Q)] = 87GiPacppd(u — u')5(Q — ), (3.49)
[Cap(u, ), Cop(u', )] = 87GiPacppd (u—u')6(Q — Q) (3.50)
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where the rank 4 tensor P4pcp have been defined in the vector theory [2]

Papcp = vaBYCD + YACYBD — YADYBC- (3.51)

The time dependent function a(u — u) has also appeared in the scalar and vector theory,
and its definition was given previously in (2.29), i.e.

ot — ) = %[9(1/ — ) — O — ). (3.52)

In the appendix D.2, we obtain the same commutators (3.48)-(3.50) using mode expansion
of the quantized field. In the free vacuum, the corresponding correlators are

(0|CaB(u, ) Cep(u',)|0) = 167G Pacppf(u —u')5(Q — Q), (3.53)
* 1o _ 1 O
(01C.as(w, 2)Cop (W, )[0) = 167G Pacos e —r—50(@ — ), (3.54)
- / / _ ; _ /
OICB (1w, D)Cep(u,2)|0) = ~167GPacps 500 = 2, (3.55)
. . 1
(0|Cap(u, Q) Con (', )|0) = —167GPacpp 5( — Q). (3.56)

A (u — u' — i€)?

In order to get quantum operators, we need impose normal order for flux densities (3.41)
and (3.42)

— 1 - ( YAB .
T(u,) = 39C CapC™” 1, (3.57)
1 .

Then we could construct smeared operators with these quantized densities as in (3.43)
and (3.44).
Now it is straightforward to find the following commutators

[T7,Carp (W, Q)] =—if (', Q) Cap (', ), (3.59)
[My,C’A/B/(u',Q’)]:—iAA/B/(Y;C;u’,Q')—{-%/dua(u—u’)AA/B/(Y;C;u,Q’) (3.60)

where
AEF(Y; C; u, Q) = QYAVDCBCPABCDEF + VDYACBCPABCDEF. (3.61)

The rank 6 tensor Papcprr takes the following form

1
PspcpEr = Z(”)’ABPCEFD +v4cPBEFD + YADPBEFC — YAEPFBCD — YAFPEBCD

—vBcPagrp +vEFPaABCD), (3.62)

and the tensor papcprr is constructed from Papoprr by

1
PABCDEF = §(PABCDEF + PAprpBC) = Z'YADPBEF(} (3.63)
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3.3 Supertranslation and superrotation generators

To interpret the operators 7; and My, we should compute the transformation of the shear
tensor induced by supertranslation and superrotation. The result could be found in [3]

6;Cap = fCap +7a8VVef —2VaVp], (3.64)
1 : 1
SyCap = 5uv YCup + §uVC VeV - Yyap —uVaVeV Y +YOVeCup
1
+Va4YYCpe 4+ VY Cac — §CABV Y. (3.65)

Unfortunately, the variation induced by diffeomorphism does not match with the commuta-
tors (3.59) and (3.60). The mismatching problem has been noticed in the electromagnetic
theory [2], where we have introduced the so-called covariant variation to solve this problem.
The covariant variation of any tensor field on ZT is denoted as

Briv(--) (3.66)

The --- in parenthesis is any well defined field on Z*. The subscript f (or Y) refers
to supertranslation (or superrotation). We use a slash to distinguish it from the original
variation induced by Lie derivative. They are called covariant due to the following conditions.

o Linearity. For any scalar fields f and g, any vector fields Y4 and Z4 and any constants
c1,ca, we have

Perfreag( o) = c1fp(-o) +c2fy(--), (3.67)
Perytesz(c0) = cfy () +eapz(-- ). (3.68)

Also, for any two fields F; and Fy of the same type, the covariant variation preserves

the linearity of the tensor fields
Pry (F1+ Fo) = p)y B+ fpyy Fo. (3.69)

o Leibniz rule. For any two fields 7 and F5 on ZT, their tensor product should obey
the Leibniz rule

Bryy (F1F2) = Fafypy By + Fifg vy Fo. (3.70)

e Metric compatibility. The covariant variation of the metric should be zero
$r/yvaB = 0. (3.71)
e For the scalar field 3, the variation is the variation induced by bulk Lie derivative
Pr/vE =05 v2. (3.72)

In the vector theory, the supertranslation variation induced by Lie derivative agrees
with covariant variation, though the same is not true for superrotations. However, in
the gravitational theory, even the variation (3.64) is not a covariant variation due to the
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inhomogeneous terms without shear tensor. Therefore, we subtract the inhomogeneous

terms and define the covariant variation of the shear tensor under supertranslation as?

§:Cap = 6;Cap — inhomogeneous terms = fCap. (3.73)

Then we find what we need

i[Ty,Capl = $sCap, (3.74)

and could identify the operator 7; with the supertranslation generators. It is worth noting
that the inhomogeneous terms in (3.64) vanishes for translations, namely f = a,n*, with
a,, constants. The same is true for (3.65) whose inhomogeneous terms vanish for Lorentz
transformations, i.e. Y4 = w’“’YM‘i with w” constants.

Now we will focus on the superrotation. We not only should subtract the inhomogeneous
terms in (3.65), but also need add terms from connections

FyCap = 0yCap —T £ (Y)Cop — T'¥ (Y)Cac — inhomogeneous terms. (3.75)
The connection I'y5(Y) can be chosen as a symmetric tensor which has been found in [2]
Pap(Y) = %@AB(Y)- (3.76)

Therefore, we get

1 . 1
pyCap = §chYCCAB + YCVcCAB + V[CYA}CBC + V[CYB]CAC + ECABVCYC.
(3.77)

Now we observe

1 )
Pi—tuveyeCap = uVeY “Cap, (3.78)
and notice that (3.61) can be rewritten as
c c c, 1 c
AAB(Y;C; u, Q) =Y*VcCyup —I—V[CYA}CB —I—V[CYB]CA + §CABVCY . (3.79)
Hence, we find
ﬁYCAB :i[My,CAB]+i [E:%UVCYC’CAB (3.80)

for Y = 0. The second term has been identified as the contribution of a general supertrans-
lation, so we will say that My generates superrotations.

2As a matter of fact, the inhomogeneous terms correspond to the soft part of the BMS fluxes in the
context of full Einstein gravity. We will discuss this issue in section 4 where we compare our fluxes at the
linear level with the ones at the full level.
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3.4 Commutation relations

Since 7y and My are generators of supertranslation and superrotation, we may compute

the following commutators®

(Tr, Tl = Cr(frs f2) + T4 g o (3.81a)
[T7, My] = =iTyag g+ iMpy +iOpagspe,, + igﬁmw i (3.81b)
[T7, Og] = iOyy, (3.81c)
My, Mz]=Cu(Y,Z) +iMpy.z + 20,2 + Nu(Y, Z), (3.81d)
My, O] = Crio(Y, 9) +iOyay g + Naro(Y, 9), (3.81e)
(01, Og,] = Colg1,92) + No(d1, g2)- (3.81f)

We find two new smeared operators on the right hand side of the commutators. The first
operator Qp, is constructed from the square of the shear tensor

1
327G

Q) = / dudh(u, Q) : CapCAB ;. (3.82)
Similar operator has also appeared in the scalar and vector theory. We can not find a
physical interpretation for it, since its commutators with C'4p is totally non-local. Therefore,
we do not care the commutators between Qj and other operators here. Another smeared

operator is

1 .
=— Qg(u, Q) : CABC,f
o 327TG/dUd g(u, Q) : C*2Cx :eca

1 .
= / dudQg(u, Q) : CapCon : QABCD. (3.83)
We have defined a rank 4 tensor
1
QABCD — Z(,}/BCGDA + WACEDB + "}/BDECA + ’}/ADECB) (384)

at the second step. This operator is parity odd on the sphere and there is a similar operator
in the electromagnetic theory. Its commutator with the shear tensor is

[097 CA’B’ (ul7Q/)] = _iAA’B’ (g; C;UI7Q/)+%/dua(u_u/)AA’B’ (ga C;U7Q/)a (385)

where
Aup(g; Csu, Q) = g(u, 2)QapcnCP (u, Q). (3.86)

We will discuss its physical meaning later. Here we have included its commutators with
supertranslation and superrotation operators as well as itself.

3The details can be found in the appendix E.
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There are three non-local terms appearing in (3.81) which read
i
647G
Nyo(Y,g) = ﬁ/dudu’dﬁa(u' —uw)Agr (g C;u, AT (Y. C: i, Q), (3.87b)

T

Ny(Y,Z) = /dudu’an(u' —uw) AR (Y; Ciu/, Q)AB(Z; Cyu, Q), (3.87a)

i

e / dududQo(u’ — u)Acp(ga; Cu, QAP (g1;CLul, Q). (3.87¢)
T

NO(.{]LQQ) =

Moreover, the related central terms are listed below

ic

Cr(f1, f2) —mzfl o fo i (3.88a)
Cu(Y, Z) = / dudi! ALY A (u, )28 (!, VYA, (Q — QYg(u —u'),  (3.88D)
Cno(Y,g) = —4c/dudu’dQYA(u, QOVBg(u', Q)eapn(u —u'), (3.88¢)
Colgrgn) = e [ dudu'dQun(u — g1 (u, a0, ), (3.884)

where

Ag;{/(g, Q/) _ PABCDEFPH’I’J’K’L’M’ [PBI/J,CPEL,Mle(Q _ Q/)vaK’(S(Q _ Q/)
_ pEIIFpBUMCGD () — 0"\WK §(0 — )], (3.89)

Besides, we use ¢ to denote the Dirac function on sphere with argument equalling to zero,
i.e., ¢ = 6@ (0). The central charge C7(f1, f2) is exactly twice as much as the one in real
scalar case, as one expects. This is due to the fact that the number of the propagating
degrees of freedom for linearized gravity is 2. The same phenomenon appears in the vector
theory.

Notice that the (3.81a) is actually a higher dimensional Virasoro algebra. One can

perform Fourier transformation for f

f(ua Q) = Z/ dwcw,é,mfw,f,m (390)
Lm VT

where f,, 0m = e‘iwui@m(Q). The modes of T become
Tootom = / dudQe™"™"Yy 1, ()T (u, Q). (3.91)

Therefore, (3.81a) implies*

(Tarms T 0] =
040 L w3
(w/ - w) Z Z cﬁ,m;é’,m’;L,M%—‘rw’,L,M - 7(_1)m5(2) (0)5(0‘] + W/)5€€’6m,—m’a
L=|¢—¢'| M=—L 6

(3.92)

“We have corrected the corresponding central term of higher dimensional Virasoro algebra in our previous
papers [1, 2] by inserting a (—1)™ and replacing ,, ' t0 0y, — /-
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where ¢g .0 .1, are related to Clebsch-Gordan coefficients. They can be explicitly given
by Wigner 3j-Symbols as follows

(20, +1)(20y +1)(2L + 1) (Zl ly L) (zl by L

Cty,myila,mo; LM — (_1)M\/ g 000 - —M) . (3.93)

Truncations. The above algebra is not closed due to the non-local terms. We need to
eliminate them. It is easy to find that when
Y=Z=g=g=0, (3.94)

all the non-local terms vanish. Moreover, three of the central terms Cys, Cyr0,Co, and
the physically meaningless operator Qp all disappear. In this case, we obtain a closed
Lie algebra

(Th, Tps) = Cr(frs f2) + T g (3.95a)
[Tr, My] = —iTyav ,f; (3.95b)
[Ty, Og] = 0, (3.95¢)
My, Mz] = iMy,z) + 2iO4(y,2), (3.95d)
My, Og] = iOyay 4, (3.95¢)
[Og1, Og,] = 0. (3.95f)

This Lie algebra is our main result whose structure is almost the same as the one in the
electromagnetic theory, except the factor 2 before the operator O in (3.95d). After rescaling
the operator O — %C’), the algebra is isomorphic to the one in the electromagnetic theory.
However, we will not try to rescale the operator, since the original commutators (3.81a)—
(3.81f) are not isomorphic to the one in the electromagnetic theory even with this rescaling.

Actually, it is possible to write the closed Lie algebra with an arbitrary parameter s

(Th. Tpl = Cr(fr f2) +iTp gy (3.96a)
[Ty, My| = —iTyay, (3.96b)
[T5,Oq] = 0, (3.96¢)
My, Mz] =iMy 71 +isO(y,z), (3.96d)
My, Og] = iOyay 4, (3.96¢)
[Ogy, Og,] = 0. (3.96f)

For s = 0,1, 2, the Lie algebra corresponds to the complex scalar, electromagnetic and
gravitational theory, respectively. It may be correct for the theory of arbitrary spin.

3.5 Duality operator

Duality invariance of Maxwell equation leads to the introduction of magnetic monopole and
the quantization of electric charge [61]. It has been elaborated in non-Abelian gauge theories
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by [62]. In the context of linearized gravity, the duality symmetry has been discussed in [63].
In de Sitter spacetime and anti-de Sitter spacetime, the duality symmetry of linearized
gravity is discussed in [64, 65]. Now we are going to derive the flux operator corresponding
to duality transformations in the linearized gravity.

Similar to what has been done in the electromagnetic theory, we introduce the dual
Riemann tensor

1
Ryvpo = — §€uuaﬁRaﬁpm (3.97)

where the linearized Riemann tensor reads
Rusr = 5@l — Db — 0ol + 0sDyy) (3.98)
As a consequence of the Bianchi identity
Ryjvpo) = 0, (3.99)

the dual Ricci tensor is zero
R,, =0. (3.100)

A gravitational duality is a SO(2) transformation which rotates the Riemann tensor and
its dual

R,/uypa = CO8 QORMVPU + sin QOR;W/JJ, (3.101)
E;ﬂ/ﬂo‘ = —sin (pR,quo + cos @E#ypcr, (3102)

where ¢ is a constant rotation angle. One can show that the linearized equation of motion
is invariant under the dual transformation

Ry, = cos Ry, + sinpR),, =0, (3.103)
R, = —sin Ry, + cos Ry, = 0. (3.104)

The next step is to introduce a dual gravitational field 7LW such that
Rywpo = %(apayﬁw — 0p0uhvo — OsOyhyp + O Ouhuyp). (3.105)
Then the dual transformation may be written as a SO(2) rotation between hy, and 7LW
h;w = cos phy,, + sin cpﬁw,, E;W = —sin phy, + cos goﬁw,. (3.106)

The dual Riemann tensor is invariant under the dual coordinate transformation
5ghp,u == M£V + az/fy- (3107)

We may expand the dual gravitational field near Z+

- H 1
huy - b + @ (2) ) o,V = 07 17 25 3 (3108)
r r
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where
- — 1 - -
H,, = 2GMn,n, + §(nMYVA +n, Y, VECup + Y,V P Cup. (3.109)

We will call M the dual Bondi mass aspect and C 4 the dual shear tensor which have been
extensively studied in the literature [66-72].

Combining the expansion (3.108) with the duality relation (3.97), we find the following
relation at the leading order near Z*

i 1 .
~YAYECp = QEWQBY;};YPECAB. (3.110)

Considering the identity (A.11), the relation (3.110) is satisfied by imposing the duality
condition

CaB :QABCDCCD. (3.111)
As a consequence of the duality invariance, we may construct the conserved current®

LHPoRatsHG (hpcramhu&s% - hpo@lmh%%)' (3'112)

0 _
]duality - 641G
Using the fall-off conditions, we find the helicity flux leaking to Z at time u

1

332G Jeo dQCAPQ 45cpCCP. (3.113)

.1 2 .
hm+§ /S2 dQr=(n,, + nﬂ)]guality =
We may read out the helicity flux density operator (after quantization)

1 .
O, 0) = 55— CAPQ apcpCeP -, (3.114)

from which we can define the smeared operator
0, = / dudQg(u, )O(u, Q). (3.115)
From now on, we will call O,4 the duality operator.

3.6 Hamiltonians related to Carrollian diffeomorphisms and duality
transformations

In this subsection, we will use the boundary symplectic form (3.47) and the relation (2.61)
in covariant phase space formalism to compute the Hamiltonians corresponding to the
Carrollian diffeomorphisms and gravitational duality transformations. The interior product
in (2.61) should be modified to (2.76) similar to electromagnetic theory. We emphasize that
our computation of Hamiltonians is in the boundary Carrollian field theory.

5The conserved current may be derived similar to the electromagnetic duality current. The conserved
charge is the difference of the numbers of gravitons with positive and negative helicity. One can find more
details on the derivation in appendix F.

— 24 —



1. For Carrollian diffeomorphism generated by & = &5 = f(u, )0y,

1 :
OHy =gy oo / dudQWCap A SCAE

1 L d .
_ / AudQ{ f(u, 2)CapdCA% = 6Cap[f(u, Q)CAP]}
0 0 AB
- /dud Flu, Q)CapdC
= Gd/dude w, Q)CapCAB. (3.116)
Therefore, we find an integrable flux
Hy= o= /dude(u, Q)CapCAP =T;. (3.117)

2. For Carrollian diffeomorphism generated by &€ = &y = Y4(Q)04,

0Hy = 6H{_1,vy = ity 25 o / dudQ5C ap A 5CAB
= .- YAB AB /v /.
- 327TG /d“dQ [Aap(Y;Cu, Q)6CH — 6CAp AP (Y Cru, Q)]
QCATAAB(Y; Cu,Q 11
327rG5/d AQC P A4p(Y; C5u, Q). (3.118)

The integrable flux reads out as

Hy —Hy_ 1,9y = /d dQCABA 45(Y; Ciu, Q) = My. (3.119)

321G
When Y4 is time dependent, there is an additional term
1 AB
5Hy —6H_tygy = () = 55— / dudQSCap AN (Y Cyu, Q). (3.120)

In this expression, the (---) denotes the integrable flux (3.118). The additional term
is not integrable.

3. For the gravitational SSDT generated by a smooth function g(2) on S2,

3,C a5 = g(Q)QapcpCP = Aup(g;C;u, Q), (3.121)
we find
5H, = 277 . / dudQA 45(g; O 1, 2)6CAE — 6C 458 (g5 Cu, Q)]
32FG6/dUdQCABAAB<g,C u, Q). (3.122)
The integrable flux is
Hy= o / dudQCAB A 4p(g; Ciu, Q) = O, (3.123)

When g is time dependent, the corresponding variation dH, is not integrable.
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We have shown that the corresponding Hamiltonians for Carrollian diffeomorphisms and
gravitational duality transformations match with the ones derived from radiation fluxes.
More interestingly, the following formula

He = / dudQCAB§:Cap (3.124)

are exactly (3.117), (3.119) and (3.123) for ¢ = f(u, ), Y4(Q) and g(f), respectively. The
formula may be extended to

He = / dudQF§: F (3.125)

for general Carrollian field theories.

4 Relation to BMS fluxes in nonlinear Einstein gravity

The previous fluxes were first derived at the linear level from the bulk Landau-Lifshitz
pseudotensor. The energy and momentum fluxes are quadratic in news tensor, while the
angular momentum and center-of-mass fluxes happen to be the hard Lorentz operator after
discarding total time derivatives, which all take the same form as fluxes in the scalar and
vector theory [1, 2]. Moreover, we use the formula (2.61) to re-derive the aforementioned
fluxes, or called Hamiltonians in the sense of generating boundary transformations. In this
section, we will discuss the relation between our flux operators and the BMS fluxes defined
in the context of Einstein gravity [6, 70, 73-83].

4.1 Backgrounds

An asymptotically flat spacetime in general relativity is a solution of Einstein equation with
an external source

G = 8nG1T),, (4.1)

where G, is the Einstein tensor and T}, is the stress tensor for matters. The stress tensor
is assumed to satisfy the fall-off conditions near Z+

tuu(u, €2) 1

LU (r3> , (4.2)
tur (u, ©2) 1

Tur - ’1“4 + O (705) ) (43)
bua(, O 1

T =202 10 (1), (4.4)
trr(u, Q) 1

7, = %R o (Tg)) , (4.5)
boa(u, O 1

1= 20 o5, (4.6)
Ean(u, 0 1

An asymptotically flat metric may be written in Bondi gauge as

ds® = dsyy + 0gdatds” (4.8)
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with dslz\/[ denoting line element for Minkowski spacetime, and the components of dg,,, reading

2GM 1
OGuu = " +0 <r2) ; (4.9)
S Gur = (10 CAB 4 onGit > Lo <1> (4.10)
Gur = 16 AB T r2 ) .
OGup = %VBCAB + 2%4 %NA — ;VA(CBCc'BC)} + O (7412> , (4.11)
1 cD 1
0gap =1Cap + (4’)’,4300[)0 + DAB) + O (T) . (4.12)

The symmetric traceless tensor D4p is conserved
Dap = 0. (4.13)
The conservation of the stress tensor V#T),,, = 0 implies
. 1 .
tra = §VA(VBCtBo), brr = —7*Ptap. (4.14)

The Bondi mass aspect M (u,$2) and Bondi angular momentum aspect N4 are constrained
by the following equations

M = —Amtyy — — AB 4 AB 4.1
7t SGCABC + 4GVAVBC , ( 5)
- 1 1
Ny = —-8m (tuA + SVA(’yBCtgc)> + VM + EVB(VAVCCBC — VBVCCAc)
1 “~BC 1 “BC
+ 4GVB(C Cac) + 2GVBC Cac. (4.16)

The Bondi mass aspect and the Bondi angular momentum aspect may be used to define
the BMS charges [77]

1

Pf_ﬂ g dQf(Q)M, (4.17)
1

= — | dQYA(Q)N 4.1

Ry =5/, ()N, (4.18)

where N, is related to N by

_ 1 1
Ny =Ny —uVaM — —CapVcCPC — — V4 (CpcCPO)

4G 16G
+ %DVCCAC - %VBVAVCCBC. (4.19)

We have changed the notation 7 to P to denote the supertranslation charge. The surface
charge Py associated with f(2) is called supermomenta. At the same time, we have written
the superrotation charge as Ry.® The Bondi mass aspect is time dependent, we may
use (4.15) to find the supermomenta

Pr(ui,up) = 1 /uf du ., dQUF(Q)M (u, Q) (4.20)

A Ju,

5Tn [77], the BMS charge with Y4 = 448950 is called superboost charge. We will only use the concept
of superrotation, without distinguishing superrotation and superboost charges.
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where we have chosen an initial time u; and a final time uy. This is the supermomenta
radiated to Z during the time duration u; < u < uy. The supermomentum may be
rewritten as an integral on the Carrollian manifold ZT

1 .
Pi(us,uyp) = o /dudQQ(Uf —u)f(u —u;) f(Q)M(u, Q). (4.21)
7r
This may be generalized slightly to the following smeared operator
_ 1 .
Tr=—1 / dud 2 (u, Q)M (u, Q), (4.22)
™

where we have extended the function 0(uy —u)6(u —u;) f(Q2) to any smooth function f(u,2)
on Zt which depends on the retarded time u. We have changed the notation from Pj
to ’7} to compare with our definition of flux operators 7;. We add a minus sign in the
definition since M is non-positive due to the radiation. Moreover, we add a bar in ’7} since
the quantity M in the BMS charge is from Einstein equation. It is not necessary to have
the same form as the energy flux density operator T'(u, (2) defined in the previous sections.

Similarly, the superrotation charge (4.18) may be written explicitly as
Ry (ui, uyp) = % /_O:o du /S2 dQ O(uy — u)0(u — u;) Y H(Q)Na(u, Q) (4.23)
and generalized to
My = —8% / dudQY (1, DN, Q) ~ Ty_y0 v (4.24)

We have also changed the notation from Ry to My to compare with our definition of flux
operators My . The operator 7_}:%V 4v4 always appears on the right hand side, and we
may subtract it in the definition. We add a bar in My to distinguish with the flux operator
My. There is no guarantee that the N4 is proportional to the angular momentum flux
operator M (u, ).

Formally, the supertranslation and superrotation generators constructed from the
flux operators are rather similar to the extended BMS charge operators (4.22) and (4.24).
However, the Bondi mass and angular momentum aspects are ambiguous since we may
add total time derivative terms in their definitions. In the following, we will show that
by adding suitable counterterms at Z*, one may relate the smeared operators defined in
previous sections to the extended BMS charge operators in [77].

4.2 Scalar theory

For a real massless scalar field coupled to gravity with fall-off condition (2.48), we find the
leading order terms of stress tensor

tuu = 22, tua = V4T, tap = — ALY (4.25)
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from the expression (2.47). To find the BMS charge in the flat space limit, we turn off the
gravitational field. Then the constraint equations (4.15) and (4.16) become

M = —Amty, = —4wY2, (4.26)
Na= 87 <tuA + é’YBCvAtBC) + 4A7uV Aty
— 8 (2%2 - iwm - ;‘vAz?) : (4.27)
Substituting these into the generalized BMS charges, we find
T = [ dudeuf(u, )57, (4.28)
My = / dudQY A (u, Q)Y 43 — iv A(5D)]. (4.29)

Interestingly, the flux ’7} is exactly the supertranslation flux 7; defined in [1]. The flux
My is related to the flux operator My by

- 1
My = My + §QVAYA. (4.30)
The operator Qp, has also been defined in [1] as
Q) = / dudh(u, Q)%2. (4.31)

When Y = 0, the operator Q is absent and then we find

My = My. (4.32)
We note that the term V 4(XX) in (4.27) is actually a total time derivative,
Vi(2Y) = Ldg s (4.33)
A T 2du 4T '
One may modify the definition of N4 by a further shift
N = Na+ N§*, (4.34)
where
N§* = 8maXVaX. (4.35)

The coefficient « is not fixed so far. We may justify this counterterm in another way. We
assume the counterterm NG* to be local, and thus it can only depend on the field ¥ and its
various derivatives. From dimensional analysis, the dimensions of various local operators are

[M]=1, [N4]=0, [X]=0, [X]=1, [VaX]=0. (4.36)
A candidate counterterm should be
N§* = 8maXVaX. (4.37)

There may be other terms such as X2V 4%, XV 4V 5VBY from dimensional analysis. How-
ever, these terms are messy. We will impose two conditions to the counterterms
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1. The number of the field ¥ in the counterterm should be no more than 2
#(X) <2. (4.38)
The number of the field in 2V 4¥ is 3, therefore we do not use it.
2. The number of the derivatives V 4 should be no more than 2
#(Va) <2. (4.39)
This condition rules out the terms like XV 4V 5VEY.

Therefore, we find a one-parameter family of the Bondi angular momentum and

1+4o

N =—8n [ZVAE — Va(EY) — gvA22 : (4.40)

The corresponding superrotation charge is
- 1 . _
() = — / dudY A (u, QN ~ Tp_t,5,ya = My () (4.41)

where My (\) has been defined in [1] as

My () = /dudQYA(u, DAEVAT — (1 - MEVAD). (4.42)
The relation between \ and « is 5

In [1], A = % is singled out by the orthogonality condition
(TiMy) = 0. (4.44)

It is equivalent to adding a counterterm with o = %. The lesson from the scalar theory is
that one may add total time derivative terms to both (4.15) and (4.16). This is equivalent
to modifying the Bondi mass aspect and Bondi angular momentum aspect by counterterms.

4.3 Electromagnetic theory

For a vector field a,, coupled to gravity, one imposes the following fall-off condition”

o= M) (1Y s
ag=As(u, Q)+ 0O <71n> . (4.46)

The stress tensor of free electromagnetic theory is

1
T,uzz = fppf,/p - Zg,uufpafpaa (4'47)

"We choose the radial gauge a, = 0 for convenience.
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where the antisymmetric tensor f,, reads
Juv = Ouay — Opay,.
We find the following leading terms of stress tensor
tuw = v BANAR,  tua = AyAa+ AY(VaAc —VeAs),  tap=0
and thus

M = —4n A A4,
NA = —8mtya — UVAM.

Now it is easy to check
T ="Tr.

The superrotation flux is

My = / dudQY At 4 = / dudQY A[AyAa + AC(VaAc — Vo).

From the equation of motion, one can determine A,
A, =V A4 = A, = VA +0(Q).
Therefore, we find

B 1 d
My — My = 5/dudQYA

L [ABVC AP Pypop) + / dudQY A Aup(Q).

We may add local counterterms
NG' = 8x BABVCADPABCD + AM(Q)}
to the Bondi angular momentum aspect and get
Nif = Ns+ N§*.

The corresponding superrotation flux becomes

A3 = —8% /dudQYAN“‘ ~ Tr1uv,ya = My.
More generally, we may add the counterterm below

N§*(a) = 87p(Q) A4 + 81aAPVE AP Popep.
As a consequence, the superrotation flux becomes

M (a) = My (M), A=1-oq.

~ 31—

(4.48)

(4.49)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)



4.4 Gravitational theory

For pure Einstein gravity, the constraint equations are

. 1 . . 1 .
M = —@CABCAB + EVAVBCAB, (461)
= 1
Np=VaM + EVB(VAVCCBC — VBVCCAC')
1 . 1 .
+ EvB(cBCcAc) + ﬁVBCBCCAC. (4.62)

On the right hand side of the first equation, the second term which is linear in the shear
tensor relates to the memory effect. We find the supermomentum charge

1

Tr=T1 % Tonc

/ dudS2f (u, Q)V 4V 5CAP. (4.63)
We may add a local counterterm to modify the Bondi mass aspect

1
M™ =M+ M®*, M = —EVAVBCAB. (4.64)

With this modification, the corresponding supermomentum charge is exactly the super-
translation generator defined in previous section

- _i re __ 1 : ~YAB __
Ti=-1 /dude(u, QM = — /dudﬂf(u, Q)CapCAB = T;. (4.65)

Now we turn to the Bondi angular momentum aspect. With the definition (4.19), we
find [77]
Np = LV A(CpoaCBOY + L (0.0
8G 4G ’

— L= VAVEYOCPC + VRV aVal™C — VPV v el (4.66)

Then the extended superrotation flux is
My = My + linear terms in the news. (4.67)

My is quadratic in the news or shear, while the terms linear in the news are soft part
which corresponds to the memory effect. The linear terms may be canceled by adding a
counterterm

1

NIt =1a

[VAVBVeCBY +VpVAVeCBY — VBV EVOCac] (4.68)

with "
Cap(u,Q) = / Q' Cag(u, Q) (4.69)
Unlike the scalar and vector theory, the counterterm is non-local. However, we note that

the operator C4p is associated to the spin memory effect. This is similar to the one in (4.64)
where the counterterm is associated with the displacement memory effect.
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4.5 Further comparisons

As a matter of fact, in the above comparison with [77] we turn off all the gravitational
fields for the scalar and vector theories, and it turns out that only superrotation flux needs
to be renormalized since we single out a particular flux by virtue of the orthogonality
condition (4.44) at quantum level from the family of classically equivalent fluxes. For
gravitational theory, we turn on gravitational fields and turn off matter fields. To agree with
our previous results, we remove the soft parts through counterterms in both supermomentum
and superrotation fluxes.

However, as shown in [75, 81, 83|, one can make a separation of hard and soft variables
in phase space. Boundary terms can be added into the Einstein-Hilbert action, and the
renormalized boundary symplectic structure could be divided into hard and soft parts.
They give hard and soft surface charges on a spatial section of ZT, and also hard and soft
fluxes on Z7.

Such a separation of hard and soft parts has been justified through leading soft graviton
theorem (for supermomentum flux) and subleading soft graviton theorem (for superrotation
flux) [75]. Moreover, it has been shown that the total charges form a charge algebra under
modified Lie bracket (see (5.68) in [75]), while in [83], the authors have shown that the
fluxes of hard and soft parts can generate the transformations on the phase space, and form
a representation of extended BMS algebra (see (3.24) in [83] or (5.10) in [81]), respectively.

We have further compared our fluxes with the ones in [83]. When f and Y are time
independent, our fluxes 7; and My agree with the hard parts of (3.15) and (3.16) in [83]
whose authors renormalize the phase space by separating the hard/soft variables and adding
boundary terms to the action, and gain integrable fluxes through the formula dH¢ = i¢Q2.
We have also used this equation to check our fluxes in section 3.6. To make the hard part
integrable, we use the notion of covariant variation §y-C4p which has been proposed in [2] to
make the superrotation variation for electromagnetic field compatible with boundary metric
vap and make the corresponding superrotation fluxes integrable. We should emphasize
that although our processing (modifying the variation) is different from renormalizing the
symplectic form, these two methods give the same hard fluxes.

There is an important property about the integrability of the BMS charge. As stated
in [53, 78, 84], when using [¢2 ke to construct the surface charge Q¢ on a spatial section
of ZT, the non-integrable part is the flux of the integrable charge. In the last comment of
section 2 in [78], the authors take a particular symmetry generator 9, in the charge algebra
such that the time derivative of integrable charge %Qg[qﬁ] is exactly represented by the
non-integrable part as —Ep, [0¢¢; ¢]. If integrating %Qg [¢] with respect to time, then one
will get the (integrated) flux on ZT which is also the integration of —Zp,[6¢¢; #]. These
integrated fluxes also agree with our results.

In summary, there are mature treatments in the literature for these issues and we refer
the interested readers to [70, 75-81, 83] and the references therein.

5 Conclusion and discussion

In this paper, we have reduced the linearized gravity theory in Minkowski spacetime to future
null infinity Z+. The boundary tensor theory is characterized by the shear tensor C'4p with
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a non-trivial symplectic form. The ten Poincaré fluxes are totally determined by the shear
tensor. We have defined the flux operators and interpreted them as supertranslation and
superrotation generators. As in the electromagnetic theory, one should define a covariant
variation to identify the superrotation generators. The flux operators do not form a closed
algebra in general. There is a truncated Lie algebra (3.81a)—(3.81f), if a gravitational duality
operator O, is included, and the parameters satisfy Y = ¢ = 0. The infinite dimensional
algebra is isomorphic to the one in the electromagnetic theory. We provide three different
ways to understand the flux operators 7;, My and the duality operator O,, which will be
compared in the following.

o Physical approach. This is also the main method used in our previous paper [1, 2].
In this way, we find the Poincaré fluxes as well as the helicity flux corresponding to
gravitational duality transformation from the conserved currents in the bulk, and thus
read out the flux density operators. To preserve the time and angular dependence
information in the flux density operators, one may try to transform the flux density
operators to its (generalized) Fourier space and define the corresponding smeared
operators Ty, My and O,. The test functions f,Y, g are assumed to be time and
angular dependent. After calculating the lengthy commutators among these operators,
one finds that it is necessary to require the following conditions

f:f(u7Q)a YA:YA(Q)v g:g(Q)v (5'1)

if we want a closed Lie algebra. In this approach, the physical meaning of the operators
are clear.

e Hamiltonians from boundary theory. The flux operators can also be realized as
Hamiltonians from the boundary Carrollian field theory. In this approach, the
boundary theory is determined by a solution space which should satisfy the boundary
constraints. The solution space is equipped with a symplectic form which could be
used to obtain the Hamiltonian through the formula (2.61). The operators 7; and
My are identified with the Hamiltonians corresponding to Carrollian diffeomorphisms.
At the same time, the operator Oy is identified with the Hamiltonian of the extended
gravitational duality transformation at Z*. In this approach, the condition (5.1)
is found automatically by requiring the Hamiltonian to be integrable. We could
also obtain a general formula (3.124) which may be valid for general Carrollian
field theories.

e BMS charges from bulk theory. Though the flux operators 7;, My and O, are
obtained in linearized gravity, we could find their relations to the BMS charges in
fully nonlinear Einstein gravity. The identification is not straightforward, and one
need add counterterms to the Bondi mass and angular momentum aspects. The
counterterms are local for the scalar and vector theory, while they could be non-local
for the gravitational theory. It is not clear whether one can find a unique way to add
the counterterms at this moment.

There are various open questions that deserve further study.
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e Boundary theory in asymptotically flat spacetime. The starting point of our work
is to embed the boundary theory at Z* to four dimensional spacetime in which the
field theory is well known. However, there should be an intrinsic way to define the
boundary theory from the Carrollian diffeomorphism of Z+.

e Hamiltonians. We could define the Hamiltonians from the symplectic form of the
boundary theory. The Hamiltonians are integrable for GSTs and SSRs as well as
SSDTs which could form a closed Lie algebra. On the other hand, they fail to
be integrable for GSRs and GSDTs. This is consistent with the fact that the flux
operators corresponding to GSRs and GSDTs would lead to non-local terms in the
commutators. There may be deep connections between the non-integrability and
non-local terms.

e Subleading terms and interactions. Our work mainly focuses on the leading terms
in the fall-off conditions and they are related to radiative modes in the bulk. The
radiative modes are free from EOM in the boundary theory which is universal for
general bulk theories. Namely, the boundary theories could be the same at the leading
order for different bulk theories. Therefore, to distinguish different bulk theories, one
may delve into the subleading terms in the fall-off conditions. These terms are related
to the radiative modes and the coupling constants through the constraint equations.

e Fall-off conditions. We derive the flux densities corresponding to the Killing symmetry,
and then use these densities to construct flux operators related to the Carrollian
diffeomorphism. However, it remains a problem how to extend the Carrollian dif-
feomorphism to the bulk and how this extension will affect the fall-offs and the
solution space.
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A Properties of the vectors n*, n*, Y}
The null vectors n* and n* are defined as
nt = (1,n%), nt = (—1,n%). (A.1)

The vectors Y are defined as

A A A=
Y, =-Vin,=-Vin, (A.2)
The Greek indices u, v, --- are raised by n** while the Latin indices A, B, --- are raised by
fyAB. We may use n* and Y} to define the conformal Killing vectors of the unit sphere

YE = Yhn¥ — Yint. (A.3)
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YMAV is antisymmetric
A A
Yo, =-Y,. (A.4)

Its 0¢ components are exactly the strictly conformal Killing vectors

Yi =vA (A.5)

)

and ¢j components are the conformal Killing vectors YZ;‘ which are defined in [1]. We list
the properties in the following.

1. Orthogonality

n*n, = ntn, =0, n“YﬂA = ﬁ“Yf =0, nfn,=2, YfYVBn“V =~18 (A6)

2. Completeness

1 _ _
§(n”nl, +n,n,) + YMAYVBVAB = M- (A.7)
3. The identities involve covariant derivatives of Yf

VAV =n, + 7y, nvaYB = 5%, (A.8)
YBVAYS =0, VaYh — VYl =0. (A.9)

4. The covariant derivative of Ylﬁ takes the form

Y —ntnHt = —V YA, (A.10)
5. The identity involves two CKVs

1
PV BY D +Y Y5+

1
YA YB QABCD 4= g%a

C C
po Ly 86'U’V aﬁ(Ya,Byue—i_Ya%Yuy) =0.

(A.11)

6. The normal vector n’ may be lifted to a four-vector (0,n?) which is the average of the

null vectors n* and n* 1
(0,n?) = E(n“ + nt). (A.12)

Similarly, we can express the four-vector (1,0) as the difference between two null vectors

(1,0) = %(nu — M. (A.13)

There are more identities involving more than one normal vector n* and Y#A. To
simplify notation, we define the following three tensors

Ny = npny, (A.14)
1

U;?l/ - i(nHYVA + nVYMA)7 (A15)
1

Vil = (Y F + YY), (A.16)
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They are symmetric under the interchange of the indices u and v

_ A _ 17A AB _ y;AB
N/,Ll/ - Nl/,u,a Uw/ - Uyu? V;U/ - Vl/u )

and are transverse to the vector n*
Nn” =0, Uan” =0,  ViPn=o.

Moreover, one can find the following trace

Nt =0,  Upn™ =0,  ViPp =445

o _
VHﬁBWAB = N — §(nun,, +n,ny).

We can also compute their squares
v A rrBuv
N, NH =0, U, U=t =0,
1
V;ll/BVC’D,uV — 7(7AC’YBD + ’YAD’}/BC)‘
These tensors are orthogonal to each other
A AB A BC
NWUL, = NFVED = U, VIYP2 = 0.
Their products with the vector YMA read
1
N, Y4 =0, U/ﬁ,Y”B = —y4Bn,,
1
VHI?/BYVC — *(’}/BCY‘QA _i_,YACYuB)'
We can also find the following products

NN = NU = N, VoAl = o,

AraB _ 1 aB
U/lOéUa v = 57 Nuny,

4
1
UfavaBCV _ Z(nuYVC’YAB + nuYVB,YAC),
1
V/féleaCDy _ Z(VBCY/?YVD + /VBDY/V?YUC + ,YACYMBYVD + ,YADYMBYVC)'
For the derivatives of the symmetric tensors N, U lﬁ, and VH“Z‘,B, we find

NMN ANy = NV UL = NV 4VEC = UM VRN, =0,
UmAV gUS, = VABY N, = Vv ABY v DE = 0,

y 1
UWAVBVWCD = _VgDVBU[?u = 5(’YéVBD + ’YS’YBC)-
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(A.18)

(A.19)
(A.20)

(A.21)
(A.22)

(A.23)

(A.24)

(A.25)

(A.26)
(A.27)

(A.28)

(A.29)

(A.30)
(A.31)
(A.32)



When they are contracted with n, or Y!f‘, one can find

n?V 4Ng,, = 0,
1
'V aUg, = 574,
1
n/gvAvﬁiC - i(q/fyuc + fng,uB)v

YAV AN, = —vapny,

1
YPVAUS, = —5(7ADYMB +75Yua);

1
YAVAVEC = S(/BVaYC +15VaY,P).

2

More identities are listed as follows

NHAV 4Ny, =0,
1
NV 4l = 3740 1,
1 1
NM&VAVQB;C - §7£nMYVC+ ipygnMYVB7

1
UFAN g N, = —ifygn“ny,

1
ULy gUl, = 1(—7§”“YVC—7ACHHYVB +Gn, YHA),

1
UreAV gV, = (Y Y, Y Y 4y iV Y, PtV Y,

4

1
VIO 0 Noy = =5 (18Y " +9EY "oy ),

1
VIABT ol = = (EY MY 19 PPV Y, 0 GY YD 4 APY 1EY o),

(A.33)
(A.34)

(A.35)
(A.36)
(A.37)

(A.38)

(A.39)
(A.40)

(AA1)
(A.42)
(A.43)
(A.44)
(A.45)

(A.46)

1
V;/,aAB VCV£E _ = <7BDYMAVCYVE +’YADYMBVCYVE +7BEYNAVCYVD +7AE}//LB VCYVD) )

4

The above equations lead to the following

VANV g Noy, = 0,
VANV, US, =0,
VANV AVEC =0,
Y,PU 4V g Ny = 0,

1
Y, Ure AV pUg, = 7,

1
YoURAV VIl = S (vAY.0 +4PYS),
YHCV/LQABVCNOW — —’}/ABTlV,

1
YAl UL, = —

1Y PPV AP,

1
Y/FVM(XABVCVQ?/E — Z(’YBDVAYVE + ’)/ADVBYVE + ’)/BEVAYVD + ”)/AEVBYVD).

— 38 —

(A.47)



B Higher rank tensors in Minkowski spacetime

B.1 Properties of the tensor LH1H2He

The tensor LH1#2#6 defined in Minkowski spacetime has the following properties.

1. Symmetries. The tensor LH1#2H6 ig invariant under interchange of the second index
and the third

LM1M2M3M4M5M6 — LN1N3M2M4M5M6' (B.l)
It is also invariant under the interchange of the fifth index and the sixth

LM1M2M3M4M5M6 — LN1N2M3N/4M6M5' (B.Q)

The tensor LH1#2 6 ig invariant under the interchange of the first three indices and
the last three indices

[HUH2H3ARs 6 [ HAMSHGH1 213 (B.3)

2. Identities involving normal vector n* and conformal Killing vectors Y;‘. The following
identities can be checked straightforwardly.

Lu1u2#3#4u5M6NM2M3NM4M5 =0, (B 4)
L“1“2“3“4“5“6n#4NH2u3V,jéfe =0, (B.5)
LMb2bspabistion N o U;Lt% =0, (B.6)
[Fkaksnasicy U;f‘zm Ulfsliﬁ =0, (B.7)
LmuzusuwwenMUiugvucsf‘s =0. (B.8)

We may also need the following identity

1 - AB D 1 A BD AD_B AB D
§(nm +nm)L”’1“2“3“4“5“6nu4 VN2u3 V}g% — 5(7 C,y +~4APy C) — 'YC )

(B.9)
B.2 Traces of the tensor S, ,,...u6
We use the notation that
(27)(Kl) = Spyopgnt™intert 4,5 k1 =1,2,--- ,6. (B.10)

To find the radiation fluxes, we need the various traces of the tensor S. The following traces
vanish which have been used in the context.

(15)(46) = (14)(56) = (13)(46) = (24)(56) = (23)(45) = (23)(56) = (15)(23) = (14)(23) =0.



We also need the following nonvanishing traces.

d
(14)(26) = %(HugHa%)’ (B-ll)
. 1 .
(25)(34) = HyyoH,\ + 5nmfn“d (HM“SH“MQ()_ — HuzusH%ﬁ)
+ nulyuéHM3u5vAHﬂ5u6'7 (B12)
. - (2 1 B B .
(25)(36) = 2”#1"#4-’{&51{&[3 + | g + 5(”#1”#4 + sy, HaﬁHa,B
+ (N Y 4 1, Y,V HOOV g Hy g, (B.13)
d
(14)(25) = %(H,USO&H/J,g)v (B14)
d
(15)(24) = —- (HusaH s )- (B.15)

B.3 Various combinations of H,, and Hﬁ)

To find the radiation fluxes, we may need the following identities

n"H,, =0, (B.16)
" H,, = n,(4GM) + Y AVPCyp, (B.17)
H,n" =0, (B.18)
H =P Zap - 2X, (B.19)
H,, H" = CapC*E, (B.20)
n“Hl(i) = —Xn,, (B.21)
ntn'HZ) =0, (B.22)
AHE =2(X — X)n, — Xny, + Y, (B.23)
1 1
H'HY' = 0" VECapVOCG + S (Y +n"YHO) OV P Cap
+Y*YYBC CCep, (B.24)
. 1 . 1 :
H'*H) = Zn“nVVBCABVCCAC + in“YVCCACVBCAB
1 . .
+ 5n'wacACvBCAB + YHCYYPCA4.Cup, (B.25)
H*H,5 = CapCP, (B.26)
1
VAHY = 5n”ch*‘C + Y4 CAC, (B.27)
H"H?) = Z,3C48 =0, (B.28)
HOPY gHop = (CacVpCBY — CacVpCPC) + CpeV 4CBC. (B.29)
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The following two combinations are important for the computation of the angular
momentum fluxes.

) 1 ) ) )

nVYOjAHaﬂVAHB‘u—(u > V) = §Y“VA(CAcVBCBC—CAcVBC'BC—i—QCBCVBCAc)
1 .

+§(n”ﬁ“—n“ﬁ”)cABOAB, (B.30)

' (Hop HPY — Hopg HP) — (145 v) = =Y A(CucV pCPY —CucV 5CEO). (B.31)

C Higher rank tensors on S2

In this paper, we may use three main higher rank tensors on S2. The rank 4 tensor Papcp
has been defined in the vector theory

Pipcp = YABYCD + YACYBC — YADYBC- (C.1)

The other rank 4 tensor Qapcp is used to define the duality operator

1 .
Og - % /dung(ua Q)CABCCDQABCD (02)
with 1
Qascn = Z(VBCEDA + yACEDB | yBDCA | JAD OBy (C.3)

At last, the rank 6 tensor Papopgr is used to define the angular momentum and center-of-
mass flux operators

1
- 327G

My / dudQY A (u, Q) (CBOVPCEF — CBOVPEERP, ponpr  (C.4)

with

1
PacpEF = 1 [YaB(YcEYDF+YcFYDE—YoDVEF)+YAC(YBEYDF +YBFYDE —YBDYEF)

+vap(YBEYCF+YBFYCE—YBCYEF) —YAE(YBDYCF+YBFYCD —YBCYDF)

—var(YBDYCE+7YBEYCD —VBCYDE) —YBCcPAEFD+YEFPABCD]

1
=—(yapPcerp+vacPeEFD+7ADPBEFC —YAEPFBCD —VAFPEBCD

4
—vBcPagrp+YEFPABCD)- (C.5)

We will study their properties in this appendix.

C.1 Properties of the rank 4 tensor Pagcp

The properties of the rank 4 tensor Papcop are collected in the following. Some identities
have been obtained in the vector theory. We also add a few new properties which turn out
to be useful in this work.

e Symmetries

Papcp = Ppapc = Pppac = Pppca = Pcpa = Ppea = Pacsp = Pcaps-
(C.6)
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e Traces
Plpe = Phac = Ppca = 2780, P'hoa = Pgac = 0. (C.7)

e Fierz identity
eEBPAEcD + EEDPABCE =0. (C.8)

This equation comes from the Fierz identity

€eAaBYcD + €Bcyap + €cavpp = 0. (C.9)
e Product with itself ]
§PABC’DPEBFD = PacEr. (C.10)

e The tensor Popcp can also be written as

Papcb = YACYBD + €AC€BD- (C.11)

As a consequence, we have

Papcp + Papcs = 27AcYBDs (C.12)
Papcp — Papc = 2(vABYCD — YADYBC) = 2€AC€BD- (C.13)

e Square
PapcpPABCD =8, (C.14)

C.2 Properties of the rank 4 tensor Qapcp

By definition, the rank 4 tensor Qapcp is constructed from the metric v4p and the
Levi-Civita tensor €4p

1
QABCD — _(4BC DA 4 JAC DB |

4
Its properties are collected below.

'yBDeCA + ’yADeCB). (C.15)

1. Symmetries

QABC’D — QBACD — QABDC _ QBADC’. (C16)
2. Traces
7aBQYPP =0, 7opQMPP =0, 740QAPP = PP, (C.17)
3. Antisymmetry
QABCD | QCDAB _ (C.18)

4. Contraction with the rank 6 tensor PApcpEF

Q" poPaprpan = Qg " PaBopER. (C.19)

As a consequence, one can find

1
Q" srpascpan = §’YADQGHEF7 (C.20)
Q"%cparrpon = Qaii’ pABCDEF. (C.21)
5. Square
QapcpQ*PP =2. (C.22)
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C.3 Properties of the rank 6 tensor PspcpEF

Several properties are listed below.
1. Traces. The tensor Papcpgr is traceless for the indices BC and EF.
Papcpery?Y =0, Papcppry™F = 0. (C.23)

Other useful traces are

3
PapoperyP = ZPCEFDa (C.24)
1
Papcpery?P = §PBEFC7 (C.25)
1
Papcpery 't = _EPFBCDa (C.26)
1
Papcprry?P = _ZPCEFAv (C.27)
3
PapcperyPP = ZPFBCAa (C.28)
e 1 B
Papcpery” " = Z(BPCAFD Ppacp). (C.29)
2. Symmetries
Papcper = PacBper, Papcper = PABcDFE- (C.30)
3. Algebraic relations
1
Papcper + PaAErDBC = §'YADPBEFC = 2pABCDEF- (C.31)

4. Products with Papcp

PapoperPPqnt = 2Pasopa, (C.32)

PapcperPPoC = 2PacupEF. (C.33)

5. Contractions with the shear tensor

1
papcperCFl = 374D Cge, (C.34)

1
PaprppcCPY = —(Capypc + Cacyps + Cacyap — Cpcyas — Cpeyac).
2

(C.35)
6. Contraction with the tensor Qapcp
PapcperQPCPF = —2eap. (C.36)
7. Square
PapcpprPABOPEE =5, (C.37)
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D Mode expansion
The linearized gravity equation is easily solved by imposing de Donder gauge
1
O — ia”h =0, (D.1)

the PF equation becomes

1
Dh;u/ - 577WDh =0 = Dhuu =0, (D2)

i.e., the relativistic wave equation. We could therefore expand®

dgk 1 * —iwt+ik-x iwt—ik-x
B () =3 / (o) R bae HHkT 4 o ()T etk (D.3)

where the creation and annihilation operators satisfy standard commutation relation

[ba ks bgar] = [b] s b 1] = 0, (D.4)
[ba ks bl 1] = (27)%0,50F) (k — ), (D.5)
and the polarization tensor €, (k) satisfies
(6% (e (64 1 e
eW(k:) = ew(k), k“ew(k) = §k”eﬁ (k). (D.6)

There are six independent solutions for the above equations. We can further demand
e*(k) = 0 and €5, (k) = 0. This actually leads to transverse and traceless gauge, and the
PF equation still reduces to wave equation, so the expansion with plane waves remains

reasonable. The completeness relation for the polarization tensor is [85]

*Qu o 1 _ _
Z €,uu(k)€pa(k)5a,a = 5(77;1,0771/0 + NuoMNvp — 77#1/7]/)0) (D?)
where 1
Ny = N — §(nu(k)ﬁl/(k) + nl,(k:)'ﬁ#(k)) (D.8)

The vectors n, (k) and n,(k) are
m(k) = (—Lng(k)), (k) = (Lng(k),  mak) = o (D.9)
Substituting (A.7), the completeness relation becomes

. ; 1
> G R)epe(R)daar = 5 (V1 YoaY Yo + Y, You Y Y5 = V1Y, 0V, Vo). (D.10)
«

In this relation, the arguments of the vector YMA are () defined in the following (D.13).

8We have omitted a normalization factor v/327G in this expansion.
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D.1 Antipodal matching condition

In this subsection, we use mode expansion of quantized field to derive the antipodal matching
conditions. Starting from (D.3) and using asymptotic expansion of the spherical Bessel
function of the first kind

. sin (wr = %) g4 1) l 1
Je(wr) = o + 522 08 (wr — 2) +0 <r3) , (D.11)
we find the large-r expansion of the plane wave
—zwt—i-zk P Z —zwu—iTrZ/Q o e—iwv—&-in/Q]Yv; (Qk)}/ém(ﬂ)
,m )

szr

(41 Ui ;
Ty Zzg ( + ) [efzwufﬁrf/Q 4 e*’t(wvfﬂe/m]}/g:m(Qk)Y&m(Q) -+ O(Tﬁg)

(D.12)

where we have used the spherical coordinates for the spatial position @ and wave vector k

=(r,Q), k= (w,%). (D.13)
Therefore, we get the leading order terms at future and past null infinity”
© dw
—+(1 _ —iwu
H}LV( )(U’?Q) - A \/HZ uyw@me nm(ﬂ) +h.C.], (D14)
©  dw
—(1 _ iwv
HV(0,9) _/O \/Hchwgme Yem(Q) + hcl, (D.15)
where
W *Q *
Cuviwlm = (27_(_)3/%/ko Zeuu<k>bo¢,kYé,m(Qk)v <D16)
1w o
CLu;w,e,m = 2 /ko Zeuu(k)bl,kyf,m(gk)v (D.17)
~ iw o .
R / A% S €0 ()b Y (), (D.18)
w «
C/Tw;w,e,m = (—1)5(2”)3/22./ko Zeﬂu(k)bl,kzyf,m(gk)' (D.19)
Therefore, the antipodal matching condition for the annihilation and creation operators is
Cuviw,bym = ( 1)€+1E,u1/w £ CLV;wl,m = (_1)€+1ELV;W7Z,m' (DQO)

Similarly, the subleading terms are
°  dw il( f +1)

H;,§2>(U,Q)=/O P § Cuviotam€ Yy (Q) + hecl, (D.21)
_ % l+1)
2) — —iWv

H, P (v,Q) /0 TW }j 5 Coviwm® Yom(Q) + hec.]. (D.22)

9The superscript + is to denote the field at future null infinity and — is to denote the field at past
null infinity.
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To find antipodal matching condition, we need transform to Fourier space with respect
to retarded/advanced time. For leading terms, we find

H+ fzc;tuwﬁmnm +9 H**ZCW/ —wlm ém(Q) (D.23)

and similarly

HM_V [Zcuuwémnm +9 \/_7 p,l/, —w,l,m E*m(ﬂ)
- _9 fzcyuwﬁmykm \/_72 pv;—wdom fm(QP)

(D.24)
where QF is antipodal to Q = (0, ¢)
QF = (7 — 0,7+ ¢) (D.25)
and the parity transformation of the spherical harmonic function is
Yﬁ,m(QP> = (_1)£Yﬁ,m(9)' (D.26)
Comparing (D.23) and (D.24), one can find
+ _ - P
H (w,9Q) = —H,,(w0,Q"). (D.27)
To subleading order, we have
+(2 _ (2 P
HiP(w,Q) = H,P(w, Q). (D.28)

Electric and magnetic fields. For linearized gravity, we could define electric and

magnetic fields analogous to Maxwell theory

1
Emn = —Romon, Bin = 9 €npq R()nfqa m,n =123 (D.29)
With (3.98), we can write them explicitly
1
gmn = §(aghmn - aOamh[)n - 8OanhOm + 8na’thOL (D30)
1
Bran = — 5 n(0pD0hmg — Oplihoy). (D.31)

We may expand the electric and magnetic part asymptotically as

Etn(1, Q) S Emn (1, Q)

k=2
B > Bk u,
. CILL > TEC ), (D.33)
k=2
Ern(0,) & Enll) (1,9)
Emn = +) ma— (D.34)
k=2
B, ( Bmﬁf (v,2)
Bon = + Z (D.35)
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Sending to null infinity, we obtain

Emn(u, ) = %[Hyﬁn(u, Q) + 10 (@) Hy, (1, 2) + 103 (2) Holy, (1, Q) + 10 () (2) Hilo (1, Q)]
(D.36)
B, (u, Q) = %enm [ () Hyt (w0, ) + 1 ()10 () Hly (w1, )] (D.37)

for 7T, and

Enn (v, Q) = %[Hnin(va Q) = nn () Hoy, (v, Q) = 1 () Hpy (0, Q) + 1 ()10 () g (v, D),
(D.38)

_ 1 . .
Brn (v, ) = =5 ™[ (Q) Hpng (v, ) — 1 ()10 (2) Hog (v, )] (D.39)
for Z=. Converting to Fourier space, one find

Epin (W, ) = —%wz[ann(wa Q)+ 10 (Q) Hol (w0, Q) 1 (Q) Hol (w0, Q) 120 ()12 (Q) Hip (w, Q)]

(D.40)
Bin(w, ) = —%w%n”q [ () H 3 (w0, Q) 471 ()11 (Q) Hily (w, Q)] (D.41)
and
En (W, Q) = —EMQ[HWZn(waQ)—nm(Q)HEn(%Q)—nn(Q)HOm(MQ)+nm(9)nn(Q)H®(w,Q)],
(D.42)
B (0,92) = 560y () i (0,2) 1y ()1 () Hiy (0,2 (D.43)
Using the relation
ni(QF) = —ni(Q), (D.44)
we get the antipodal condition for electric and magnetic fields
EF (W, Q) ==&, (w0, QF), Bl (w,Q) =-B,,(wQ"). (D.45)

As a matter of fact, we could discuss the antipodal matching conditions for linearized
Riemann tensor which is more general than electric and magnetic fields. We expand the

Riemann tensor asymptotically as

00 k
R;—tl/po(ua Q) 4 Z R:Lrlspr)f(uv Q)

Ruypo’ = 5 (D46)
" k=2 rk
Ripo(0,9Q) & RiSH (0,9
Ruupa = 1P ’F( ) + Z K prlgv ) (D47)
k=2
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At future/past null infinity, we find

1
R (u,Q) = 2(npnl, F(u, Q) — npn Hy (u, Q) — ngny Hf

uvpa bp

(u, Q) + npn,H, (u Q))
(D.48)

R;VPU(U,Q) ; (npny (0, 8) — npnu oo(0,Q) — ngnVHup(v Q) —|—npn0 (v Q))
(D.49)

In Fourier space, they are equivalent to

1
R:Vpo(w,Q) =—gw (npn,,H+( Q) —non, Hifo (w,9)— ngnl,H:p(w,Q)—annaH;Z(w,Q)),

1
R, . (w,Q) :—50_;2 (npn,,Hp_U(w,Q)—npnuH;a(w,Q)—ngn,,H (w, Q) +npneH, (v, Q))

pvpo pp
Consequently, we find the antipodal condition

Rt (w,Q)=—R,, (w,QF). (D.50)

nvpo nvpo
D.2 Canonical quantization

In this subsection, we use mode expansion of quantized field to compute the fundamental
commutator of shear tensor in the transverse and traceless gauge. The result will be same
to the one in Bondi gauge.

Starting from (D.3), switching to retarded frame, and approaching future null infinity,
we find

Bk 1 5 o o
hAB t, :13 Z/ 27[_ T — QYAYé[E:ﬁ(k)bavkeflw“”k'w +€%(k)bj‘17k62Wtilk'w]

©  dw _ e A
:T/ \/HzcmwémYAY Yem( Qe 4 el oy 0 YAYBY o (D] +O(1),

(D.51)
where the boundary creation and annihilation operators are
w *
Cogintm = gy | A% 3 € bk (), (D.52)
(0%
W
iem -G / 4% 37 € ()], Yo (). (D.53)
«
One can insert back the coefficient /327G and read out the shear tensor
Cap(u, Q)= V32rG / Z CivjieotmYAYEYm (e el 1o YAYEY,, ()],
(D.54)
From the completeness relation, we find
I:Civj;wvevm’ Ci/7j/;w/7g/7m/} = [C;f,j;w,é,m’ CI’ Jw! K’,m’] =0, (D55)
1 - I - *
(€3 jieostams €l i rm ) = F0w—w )/dQ (T, g — i Tt g7+ Mg i, §) Yoin () Yer e (),
(D.56)
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where
Mij = 03 — minj = Y (Q)Y;4(Q). (D.57)

Thus we can obtain the following commutator
[Cap(u,Q),Cop(u, Q)] = 87GiPacppalu —u')§(Q — ), (D.58)

as expected.

E Commutators

In this appendix, we will provide some details on the calculation of commutators among
flux operators. We will take [My, Mz| as an example. To simplify computation, we start
from rewriting My (without normal order written out due to its irrelevance to non-central
terms)

My =

/ dudQY A (u, Q)(CECVPCEF _ ¢BOYPGEFY P, peppp
327TG
BC
- -C:u, Q) E.1l
327TG /dudQC’ Apc(Y;C5u,Q), (E.1)
where Apc(Y; C;u, ) is given by (3.79). Then we can compute straightforwardly

My Mz]= L/dualQ[./\/ly,C.'BCABC(Z;C’;u,Q)]

_ /dudQ (AP Cru,0)+ ABC(Y Cru, )] Ape(Z:Cu,Q)
327G

+2CBCZAVDAEF(Y' O su, Q)pAEFDBc+OBCVDZAAEF(Y; C; u, Q)PAEFDBC}

~BC
647TG /dudeu a(u' —u)C

[QpAEFDBCzAVDAEF(Y;C;U/,Q)—i—PAEFDBCvDZAAEF(Y;C;U/,Q)] .
(E.2)

Using the integration by part several times, we can obtain

My, Mz] = = ZG [AFF(Y; CYARR(Z;C) — APF(Y;C)ARr(Z;C))

+ / dudQdi' a(u' — w)App(Z;Ciu, OAPE(V:C50l Q). (E.3)

i
647G
The non-local term is precisely the previous Nj/(Y, Z), while for local terms, one can further
simplify to get

" / dudCpp[APF (Y A(Z;C)) — AFF(Z, A(Y;0))]. (E.4)

To form the local operators, we need use an identity

Apr(Y;A(Z;C) = App(Z;A(Y;C)) = App(lY, Z);C) +20(Y, Z)CPYQprpe,  (B.5)
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whose proof demand some properties of higher rank tensor. The main ones are

2papcper P B = 5\ p POTTH g 2041 ppr PCTTHBC = 5 p PEEIH 0 (E.6)
PapcpppPPHBC — pC oot pppyl/ pBY =0, (E.7)

and
9QABCD (1 = CBpDIJA, _  ADpBIIC (E.8)

Now it is easy to find the local parts of [My, Mz| can be written as

32WG/dudQCEF[AEF([Y Z] C)+20(Y Z) JQEF[J] —ZM[YZ]+2ZO (Y, Z) (EQ)

As for central charges, one need start from correlation functions of shear tensor, and we
will not show the details here.

For other commutators, we provide the key identities that may be used. The following
identity is useful for the calculation of [Ty, My]

1
Papcper + epalerse — 7apPperc = 0. (E.10)

To calculate [My, Og4], one might make use of
2Q" prpapepan = vapQanrr, (E.11)

and

Papcp® ' Qerrs — Parsp®  Qrrec = YapQpory- (E.12)

The remaining commutators are relatively straightforward.

F Conserved current for duality transformation

The PF action is not invariant under duality transformation. Just like the electromagnetic
theory, we may construct a duality symmetric action

$1h, ) = & (Serlh] + SpelF). (F.1)

One can derive the equations of motion from this symmetric action. More importantly,
the action is invariant under duality transformation. To prove this, we note that the
infinitesimal duality transformation is

dehyw = elNLW, 55EW = —€ehyy. (F.2)
Therefore, the variation of the symmetric action is
1 ~ ~
555[ 64 G/d4.’L'L“1“2 ILGaﬂth2H3568H4hM5H6_m/d4xLu1H2m“66#1h#z,u:s(sfalmhlmltﬁ
- _647TG /d4xL#w2.u#68ﬂ1huzusauzﬁusue+ 647€TG /d4$LM#2 “63 huzusa;mh%m;
=0. (F.3)
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At the last step, we used the fact that the tensor LF1#2F6 ig invariant under the exchange
of indices

P23 < fafls 6. (F.4)

Now using the Noether’s theorem, the conserved current is

; 1 0Lpr(h) 19Lpp(h) ~
huality = 5575 70N o+ =———"0h,y
Jduahty 2 a(auhpo) D + B a(auhpa) o
1 - _ _
- mlﬂp rsre (hp‘78“4h“5l‘6 - hﬂaau4hu5u6)' (F.5)

At the first line, Lpp(h) is the Lagrangian density

_ 1
647G

EPF(h) = mem%@#l hu2u38u4husu6~ (FG)

At the second line, we have discarded the constant €. One can use the equations of motion
to prove the conservation

aﬂjguality =0. (F?)
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