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ABSTRACT: Superconformal indices of four-dimensional N' = 1 gauge theories factorize into
holomorphic blocks. We interpret this as a modular property resulting from the combined
action of an SL(3,Z) and SL(2,Z) x Z? transformation. The former corresponds to a
gluing transformation and the latter to an overall large diffeomorphism, both associated
with a Heegaard splitting of the underlying geometry. The extension to more general
transformations leads us to argue that a given index can be factorized in terms of a family
of holomorphic blocks parametrized by modular (congruence sub)groups. We find precise
agreement between this proposal and new modular properties of the elliptic I' function.
This leads to our conjecture for the “modular factorization” of superconformal lens indices
of general N' = 1 gauge theories. We provide evidence for the conjecture in the context
of the free chiral multiplet and SQED and sketch the extension of our arguments to more
general gauge theories. Assuming the validity of the conjecture, we systematically prove
that a normalized part of superconformal lens indices defines a non-trivial first cohomology
class associated with SL(3,7Z). Finally, we use this framework to propose a formula for the
general lens space index.
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1 Introduction

Indices and partition functions of two-dimensional (supersymmetric) CFTs are well-known
to possess modular properties. Within the context of string theory, such properties have
played a central role in the study of black holes. For example, modularity leads to an
asymptotic formula for the entropy of CFT states, the Cardy formula, which matches exactly
with the Bekenstein-Hawking entropy of an associated supersymmetric black hole [1, 2].
Various generalizations, including near-BPS and near-extremal black holes, typically still
involve this key ingredient. A closely related application is quantum gravitational physics
in AdSs. Here, modularity implies an expression for the elliptic genus as an average over
the modular group, which can be beautifully interpreted in terms of the gravitational path
integral [3, 4]. The latter is notoriously difficult to compute from first principles, which
reflects the power of modularity.

Recent work has revisited the study of supersymmetric black holes in AdSg~3 spaces
from the perspective of the dual CFT [5-9].! In particular, various asymptotic limits of
the superconformal index have been shown to reproduce the Bekenstein-Hawking entropy
exactly, improving the earlier efforts of [11, 12].? Because d is larger than three, one does not
expect to have modularity as an available tool. However, in the context of AdSs black holes,
surprisingly, an SL(3,Z) modular-like property turns out to either feature explicitly in or
underlie the original works [7-9] and various follow-ups [23-42]. This property is associated
to the elliptic I" function and was first proposed in a purely mathematical context [43]. For
concreteness, we state it here:

[(z;71,0) = e mRETID (? 5 _%) r (%v . _%> ) (1.1)

!See [10] for a review and an extensive collection of early references.
2Further progress aimed at understanding the associated microstates can be found in [13-22].



while leaving a detailed discussion to the main text. In the physical context, the elliptic T"
function arises as the main building block of four-dimensional N' = 1 gauge theory indices [44].
The relevance of the modular property to the asymptotics of the superconformal index was
emphasized in [9, 24, 41, 45-47].

The SL(3,7Z) modular property of the elliptic I' function has been previously invoked
in the physics literature. It made an early appearance in [48] in the context of anomaly
matching conditions for Seiberg dual theories. More relevant to the present work is the
physical interpretation of Nieri and Pasquetti [49]. Based on a factorization property of the
superconformal index of large class of N' =1 gauge theories [50, 51], the authors showed
that the superconformal lens indices Z7,(, 1) of those theories can be factorized into so-called
holomorphic blocks Bg. Schematically:

i) =) ||BS||§p : (1.2)

They further proposed that the factorization reflects a Heegaard-like splitting of the
underlying geometry:

L(p,1) x ' = (Dy x T2)S i (D2 TQ)S . (1.3)

The holomorphic blocks are interpreted as partition functions on the (D3 x T?) 4 geometries.
These geometries are glued with an appropriate SL(3,7Z) element combined with orientation
reversal, denoted by f,, which acts on T = 9Dy x T?2. The subscript S indicates the action
of an element inside SL(2,Z) x Z?, the group of large diffeomorphsims of Dy x T2.3

A main ingredient in the proposal consists of a set of modular properties of the elliptic
I’ function. This includes (1.1), which features as a special case of (1.2): it reflects the
factorization of the S3 x S' index of a free chiral multiplet. This provides a remarkable
physical interpretation of the modular property of the elliptic I' function. In general, we
note that the factorization property (1.2) is rather distinct from the properties of ordinary
modular forms. Indeed, the property involves three functions that in general do not stand
on an identical footing, although for the chiral multiplet they do. Furthermore, there is a
combined action of SL(3,7Z) and SL(2,Z) x Z?, where the former relates the variables of
the holomorphic blocks while the latter is an overall transformation between the left and
right hand sides. For the original modular property in (1.1), the relevant SL(3,Z) element
exchanges 7 and o, while the SL(2,Z) x Z? transformation acts like an S-transformation
on the third argument of the I' functions on the right hand side.

Recently, a proposal was made for the modular interpretation of the factorization
property in the inspiring work of Gadde [45]. Key to this insight is again the foundational
mathematical work [43]. There, it was already observed that the elliptic I" function fits
into a 1-cocycle X, for g € G with G = SL(3,Z) x Z3, where the Z? factor contains large
gauge transformations associated to a line bundle over 7. Technically, X, is an element of
H'(G,N/M), the first group cohomology of G valued in the space N/M of meromorphic
functions modulo phases, which satisfies a defining 1-cocycle condition:

X9192 (p) = Xgl (p)XQQ (gl_lp) ’ (1‘4)

3This observation is left unmentioned in previous works, but forms the basis of the present work.




where p is shorthand notation for the moduli associated to the Dy x T? geometries, on which
G acts. The equality in (1.4) holds up to multiplication by functions in M. This generalizes
the notion of a (weak) Jacobi form, such as the elliptic genus, which can be thought of as an
element of H(J, N/M) for J = SL(2,7Z) x Z*.* In the physical context, (1.4) corresponds
to a property of the collection of (normalized) lens indices of a free chiral multiplet [45].
Gadde proposes an extension to general N' = 1 gauge theories by constructing a “normalized
part of the lens index” 2’5‘ (p) with g € G. Based on holomorphic block factorization of
the physical lens index, [45] argues that Z{(p) similarly satisfies a 1-cocycle condition. An
important part of the conjecture is that Z;‘(p) furnishes a non-trivial cohomology class
and that local trivializations, or “locally exact” expressions, are related to the holomorphic
block factorization.

The combined SL(3,Z) and SL(2,Z) x Z? action in the factorization property (1.2)
can be understood from the 1-cocycle condition. In particular, for the case of the S3 x S!
index, one focuses on an order three element Y3 = 1 in SL(3,Z), which, using the 1-cocycle
condition, implies the following equation for the normalized part of the index ZA}O}(p) [45]:

ZHP)ZR(Y I p)ZR(Y 2p) = TP (1.5)

where P(p) turns out to capture the 't Hooft anomalies of the theory. With some work,
this property can be translated into the factorization of the physical index.®

In a previous paper [47], we proposed a generalization of (1.5) to more general order
three elements and suggested an interpretation in terms of new factorization properties of
the index. In this work, we turn the logic around: we first present physical arguments for
a (modular) family of factorization properties of a given superconformal lens index. We
prove our proposal for the free chiral multiplet and SQED, and sketch how these arguments
can be extended to more general N’ = 1 gauge theories. The primary tool we use in the
proof consists of new modular properties of the elliptic I' function that generalize (1.1) in
multiple directions. These properties are derived in appendix D without making use of the
fact that the elliptic I function is part of a 1-cocycle, as opposed to our previous work [47].
Assuming the validity of our proposal, we are able to provide a systematic and rigorous
proof of the 1-cocycle condition for 25‘ (p). In particular, our approach supplies a physical
interpretation of the fact that Z¢* (p) defines a non-trivial cohomology class. We now give a
more detailed summary of the remainder of this paper.

Summary. In section 2 we review the Heegaard-like splitting of (secondary) Hopf surfaces
with topology L(p, q) x S*, as represented in (1.3), including a mapping between the complex
structure moduli of the Hopf surface and the Dy x T? geometries. We emphasize certain
ambiguities in the Heegaard splitting of a Hopf surface. If a given Hopf surface admits a
Heegaard splitting in terms of some gluing transformation f(, 4

o
L(p,q) x ' = Dy x T 1" Dy x T2, (1.6)

“We review this mathematical framework in section 4.1.

®This connection is not obvious. Indeed, the three functions appearing in (1.5) appear on an equal footing,
whereas in the factorization property (1.2) this is not the case. We return to the translation between the
two in section 4.3.



it also admits the Heegaard splittings:

f{p,q)

L(p,g) x §" = (Ds x T2)h 0" (Dy x 72) (1.7)

P
with f(’p7q) = hf(p,q)ifl and h,h € H = SL(2,7Z) x Z2, the large diffeomorphism group of
Dy x T?. The subscripts indicate the action of these elements on the respective moduli of
the Dy x T? geometries, generalizing (1.3) to arbitrary large diffeomorphisms in H.

In section 3.1, we tentatively propose a generalization of the factorization property (1.2)
to reflect the ambiguities in the Heegaard splitting. Schematically:

IL(p,q) = Z ”Bh”?‘(’p’q) . (18)

We stress that the left hand side is independent of (h, }~1): any two Heegaard splittings with
gluing transformations f and f’ = hfh~! lead to the same Hopf surface, and therefore
each factorization to the same compact space index. We continue in section 3.2 with a
comprehensive review of the original holomorphic block factorization of lens indices, as
written in (1.2). In the process, we promote an observation of [49] to a consistency condition:
the lens index should not depend on the boundary conditions imposed to compute an
individual holomorphic block. This condition constrains the proposal (1.8), as we will show
in section 3.3. In particular, we find that only certain pairs of large diffeomorphisms (h, il)
are compatible with the condition, which depend on f. This subset of large diffeomorphisms,
which we denote by Sy C H x H, can be parametrized in terms of modular (congruence
sub)groups. This motivates our conjecture for the modular factorization of lens indices
in section 3.4. For example, we find that the L(p,+1) x S! indices for any p > 0 can be
factorized respectively in terms of two SL(2,7Z) families of holomorphic blocks.5

In section 3.5, we discuss a geometric interpretation of the compatible diffeomorphisms
(h,h) € S ¢. We find that they parametrize all the ways in which the “time circle” inside a
given Hopf surface can be embedded into the Dy x T? geometries of the Heegaard splitting,
such that the associated gluing transformation fixes this cycle. Such an embedding is
indeed labeled by two large diffeomorphisms (h, ﬁ) € H x H and the associated gluing
transformation is given by f’ = hfh~', as in (1.7). The condition effectively solves h
in terms of h (or vice versa) and leads precisely to the modular subset Sy C H x H T
At the level of a lens index, we thus conclude that its factorization is only compatible
with those pairs of holomorphic blocks which are defined with respect to a common time
circle. All in all, this provides the geometric rationale for the modular factorization of
four-dimensional indices. Note that the origin of the modular structure is rather distinct
from the SL(2,7Z) modularity of 2d torus partition functions, and in particular relies on
holomorphic block factorization.

For a given lens index, we have so far described the set of compatible holomorphic
blocks. It will also be of interest to instead fix a pair of holomorphic blocks and consider

6As is common, one defines L(0,41) = §% x S*.
"In the most general case, h itself cannot be entirely arbitrary in H, but sits in a congruence subgroup.
We will describe this in detail in section 3.3.



the set of indices which can be factorized in terms of them. As a consequence of the above,
the relevant indices are labeled by a subset of gluing transformations, namely those which
fix the time circle. This subset of SL(3,Z) is large enough to glue (secondary) Hopf surfaces
of arbitrary topology. The chosen holomorphic blocks provide the unique pair in terms
of which all lens indices associated to the subset can be factorized. To factorize indices
associated to other subsets of SL(3,7Z), one requires an alternative pair of holomorphic
blocks. Hence, we obtain a patchwise picture for the holomorphic block factorization of lens
indices: the lens index associated to any element in SL(3,Z) can be factorized in terms of
some pair of holomorphic blocks, but not all elements can be factorized in terms of the same
blocks. The maximal patch inside SL(3,Z) that can be factorized in terms of a common
pair of holomorphic blocks is in bijection with SL(2,7Z) x Z2.

Finally, in section 3.6 we show remarkable agreement between our physical arguments
and a family of modular properties obeyed by the elliptic I' function, which vastly general-
ize (1.1). For example, the generalization relevant for the superconformal index of a free
chiral reads:

mo+n’ mo+n O’ mo+n mTt+n’ mTt+n ' mr+n

F(Z;T,O’) :e—iTFQm(Z;T,O')F( z _.7=f(kotl) kol )F( z . o—n(kr+) ]~€T+l~) , (19)

and may be compared to (1.1). A detailed derivation of the modular properties, includ-
ing (1.9), is contained in appendix D.® These properties form the basis for a proof of
modular factorization in the context of the free chiral multiplet and SQED. We also point
out how these proofs can be extended to more general N'= 1 gauge theories.

In section 4, we review relevant aspects of group cohomology. We then show how the
modular factorization of lens indices can be used to systematically prove that 2;‘( p) satisfies
a 1-cocycle condition for G such as in (1.4). The strategy of the proof follows the original
mathematical work [43], which can be viewed as a proof for the example of the free chiral
multiplet. We also show that 2;;‘(p) defines a non-trivial cohomology class. This will follow
from the connection between holomorphic block factorization and locally exact expressions
for 2’; (p), mentioned before, and the fact that a given set of holomorphic blocks can only
be used to factorize a strict subset of SL(3,Z) of the form SL(2,Z) x Z2. Finally, we return
to the perspective of our previous work [47], showing how the modular factorization can
also be obtained from relations in SL(3,Z) that generalize Y3 = 1 referred to above.

In section 5, we turn to an application of the 1-cocycle condition: a concrete formula
for the L(p, q) x S* index for ¢ > 1. Up until now, such a formula has been absent in the
literature. We test our formula in context of the free chiral multiplet by subjecting it to
various consistency checks. Finally, we end the paper in section 6 with a discussion of
future directions, including implications for supersymmetric AdSs black holes and modular
properties of indices.

In appendix A, we collect the definitions and properties of special functions appearing
in the main text. In appendix B, we review of secondary Hopf surfaces with topology
L(p,q) x S* and their Heegaard splitting. In appendix C, we collect the contour integral
expressions of lens indices for general gauge theories. In appendix D, we derive various

8A subset of these results appears implicitly in [52, Theorem 3.8].



g gluing group: SL(3,7Z) x Z3" (2.23)
H large diffeomorphisms of Dy x T2: SL(2,7Z)13 x Z> (2.11)
H H with large gauge symmetries: SL(2,7Z)3 x Z2"+1 (2.26)
f gluing element f = g O with g € G and O orientation reversal (2.8)
S set of compatible (h, h) for a given f (3.83)
F subgroup of G that fixes time circle: SL(2,7Z)19 x Z> (3.108)
Fy h='FOhO with h € H (3.118)
Mp.q)(P) Hopf surface of topology L(p,q) x S* (2.16)
p moduli of the Hopf surface (2.17)
M (p,p) Heegaard splitting of Hopf surface (2.27)
p (Z;7,0), moduli of left Dy x T? geometry (2.22)
p (%:7,6), moduli of right Dy x T? geometry (2.28)
Zip.g)(P) supersymmetric partition function on M, 4)(P) (3.1)
Z¢(p) Z(p,q)(P) with Heegaard splitting My (p, p) (3.2)
Z¢(p) contribution to Z¢(p) at Higgs branch vacuum «a (3.7)
Zs(p) free chiral multiplet partition function (3.25)
A;(p) normalized part index at vacuum « (4.21)
B(p) partition function on Dy x T?(p) at vacuum a above (3.13)
B (p) B (hp) with h € H (3.6)
C*(p) partition function on Dy x T?(p) at vacuum o
with opposite b.c. from B%(p) above (3.13)

Table 1. Summary of notation, with equations in which they are first defined.

modular properties of the elliptic I" function. For the reader’s convenience, table 1 supplies

a glossary of notation.

2 Heegaard splitting of L(p,q) x S*

In this section, we review the Heegaard splitting of lens spaces L(p,q) and discuss the
generalization to (secondary) Hopf surfaces of topology L(p,q) x S'. We end with a
discussion of ambiguities in the Heegaard splitting of a Hopf surface, which will play a
central role in the remainder of this paper.

2.1 Topological aspects

The Heegaard splitting of a general smooth three-manifold M3 is the statement that Ms is
obtained from the gluing of two genus g handlebodies H, and H, ;:9

My =p,hm, (2.1)

where the boundary ¥, = 0H, is identified with Z'g =0H ; up to the action of an orientation
reversing diffeomorphism f. We will be interested in the lens space L(p, ¢), which can be

9See chapter 1 of [53] for a pedagogical review.
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(a) Heegaard splitting of L(p, q). b) Heegaard splitting L(p, q) x S*.
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Figure 1. On the left, we depict two solid tori Dy x S' with their cycles identified by f = g O
with g € SL(2,7Z) as in (2.3). Similarly, on the right we depict Dy x T? geometries with their cycles
identified by f = ¢g O with g € SL(3,2Z) as in (2.8).

defined as a quotient of the three-sphere S3 viewed as a subset of C2:1°

2miq _ 27 27 __2mis
(21, 22) ~ (e Poz,e P 22) = (21,22) ~ (e P zi,e P ,22) , (2.2)

with ged(p, g) = 1. For later convenience, we have introduced an equivalent description in
terms of s = ¢~! mod p. Both ¢ and s are defined mod p. We note that L(1,0) = S% and
the fundamental group 71 (L(p, q)) = Z,.

Every lens space admits a genus 1 Heegaard splitting [53]. The relevant (large)
diffeomorphisms f are classified by SL(2,7Z), the mapping class group of 72, and in the
following we consider f to be an element of SL(2,Z) combined with orientation reversal.
Let us denote the non-contractible and contractible cycles on either Hy = Dy x S* by (A, )
and (5\, f1), respectively. The gluing transformation f identifies these cycles as:

(i 2)=(a %) s (2.3)

where for L(p,q) the transformation f is given by:

-5 —r -10
f=90, g=<_p_q>, (9=<0 1>, gs—pr=1. (2.4)

This description realizes L(p,q) as a torus fibration over an interval with a (1,0) cycle
shrinking on one endpoint and a (g, p) cycle on the other (see appendix B.4). The slightly
awkward convention for the entries of g will facilitate comparison with the literature on
indices. See figure la for an illustration. When g is the identity matrix, the manifold is
5% x S, denoted as L(0,—1).

Clearly, the description of the lens space in terms of f is redundant when compared
to the quotient definition (2.2). These redundancies can be fixed with symmetries of the

10The minus sign in the phase is conventional in the physics literature [64-57]. It reflects the standard
choice of supercharge used to define the associated lens index (see appendix C).



Heegaard splitting. For example, two lens spaces are diffeomorphic if their Heegaard
splittings are related through:

ff=f1t o f=+0f0. (2.5)

The first transformation exchanges ¢ <+ s, while the second maps ¢ — —¢ and s — —s.
In addition, consider the group of large diffeomorphisms of a solid torus. This is the
subgroup of SL(2,7Z) that preserves the contractible cycle u. It is usually denoted by I's
and corresponds to the integer shifts A — A+ ku. The action on either solid torus should not
change the topology, so that the manifolds associated to f and f’ are diffeomorphic when:

=771, 1i€els. (2.6)

These are generated by (q,7) = (¢+p,r+s) and (s,7) = (s+p, 7+ q). Taken together, we
see that f modulo the ambiguities implies that L(p1,q1) and L(pa, g2) are diffeomorphic if:

p1=p2, q1 = +¢ mod py (2.7)

as consistent with the quotient definition. It turns out that this is also a necessary
condition [58].

Let us now proceed with the four-manifolds L(p, q) x S!. In this case, the Heegaard-like
splitting glues two Dy x T? geometries along their boundary T2 (see figure 1b). In general,
the gluing map takes its value in SL(3,Z), and the Heegaard splitting is defined through
the identification:

100
(/\’u/\):(i\’ﬁZ\) fl f=g0, geSLB3,Z), O=|0-10|, (28
00 1

where 1 and fi indicate the contractible cycles. To understand how a general SL(3,7)
transformation realizes L(p, q) x S, let us first describe the group SL(3,Z) in some detail.
This group is generated by the elementary matrices {7Tj;} with 1 < i # j < 3, which are
defined as 3 x 3 matrices that differ from the identity matrix by the entry 1 at the position
17. These obey the following relations:

TijT =TTy (i #Lj#k),  TyTy=TeTpTy,  (TT,; Ty*=1.  (2.9)
Note that there are three obvious SL(2,Z) subgroups in SL(3, Z):
SL(Q, Z)’U = <Ej7 S”> s S’L’j = TY@JT};lTVlJ y (210)

where we take j > i and S;; and T;; correspond to the usual S and T' generators. Similar to
the three-dimensional case, the large diffeomorphisms of Dy x T? consist of those SL(3,Z)
transformations that fix p [45]. Explicitly, they are given by:

H=SL(2,7Z)13 x Z*, with 7%= (Ty ,T3). (2.11)



A general element inside H has the property that its 12 and 32 entries vanish, and its 22

entry is equal to 1:
* 0

h=1]x%1x for he H CSL(3,Z). (2.12)
* 0 %

This subgroup will play an important role in this paper.
Similar to the three-dimensional case, the manifolds associated to f and f’ are diffeo-
morphic if they are related by any of the following relations:

fl'=nfh™t,  f=ft=0g"",  f=0flO0=4"0, (2.13)

where h,h € H and the last transformation combines inversion with conjugation by ©. We
can use the first relation to show that the gluing of two Dy x T? geometries with f' = ¢’ O
for general ¢’ € SL(3,Z) produces a manifold diffeomorphic to L(p, q) x S for some (p, q).
In particular, one can always find h,h € H for some (p,q) such that:

10 0
F=hfb™",  f=900. gpgo=|0—s—1|€SL2,Z)3. (2.14)
0 —p —q

In other words, this means that there always exists a basis on the Dy x T2 geometries such
that the gluing leaves invariant a non-contractible cycle. From the preceding discussion we
know that such a gluing produces a geometry with topology L(p,q) x S', where we note
that g(, ) by itself still redundantly encodes L(p, q).

2.2 Hopf surfaces

In this section, we summarize how manifolds with topology L(p,q) x S' and Dy x T? can
be endowed with complex structure moduli and subsequently extend the Heegaard splitting
to include a mapping of the moduli. We refer to appendix B for a more detailed discussion.

A primary Hopf surface is a complex manifold with topology S® x S'. It is defined as
a quotient of C?\ {(0,0)} by the Z-action:

(21, 22) ~ (P21, §z2) 0<[pl <4 <1, (2.15)

with p = 2™ and § = €*™ representing the complex structure moduli.'' A secondary
Hopf surface is defined as the lens quotient (2.2) of a primary Hopf surface. As such, it has

topology L(p,q) x S'. We will denote these complex manifolds uniformly by:

M(p,q) (ﬁ) ’ (2'16)

where the primary Hopf surface has (p,q) = (1,0) and we denote the moduli by:

p=(24;7,0). (2.17)

"The complex parameters p and § are not to be confused with the integers p and ¢ defining the lens
space L(p, q).



Figure 2. Schematic depiction of Dy x T2 with the contractible cycle shaded. Its complex structure
moduli (7,0) are represented by the homogeneous moduli x;.

The (real) holonomies 2, along S I parametrize a rank r vector bundle over the Hopf sur-
face associated to a rank r global symmetry. With respect to p, the following transformations
yield an identical Hopf surface:

20 > 2,+1, T—>T+1, 6—>06+1,

F—f—1 and 656+1, (2.18)

bS]

Fi—2 and 6641,

1

where we recall that s = ¢~ mod p. The Hopf surface is also invariant under:

g—q+p, s—>s+p, (2.19)

and finally:
76 and ¢+ s, (2.20)

both of which follow from the lens quotient in (2.2). Similar to the previous section, we
also define:

Mo,—1)(p) = 5% x T?. (2.21)
In this case, & can be interpreted as the modular parameter of the 72, while 7 captures
twists of S? as one-cycles along either of the T? cycles (see appendix B.2). In addition, 2,
can be viewed as a complex holonomy, capturing two real holonomies along both cycles of
the T2. In this case, the group of large diffeomorphisms and gauge transformations is given
by H = SL(2,7Z) x 22(1+7) [59]. We will describe its action on p momentarily.

Finally, the Dy x T2 geometry can be endowed with complex structure moduli and
holonomies in exactly the same way as M _1)(p) [60]. To distinguish from the closed
manifolds, we denote these moduli by:

p=(2q;7,0) = (Za; 27 333) , (2.22)
T T1 X1
where the second equality substitutes the projective moduli (Z57, o) in terms of homogeneous
moduli (Z ;x1,x2,x3). The x; can be thought of as complexifications of the cycle lengths of
T3; we associate x5 to the contractible cycle [43, 45]. See figure 2.

In order to write the Heegaard splitting of a Hopf surface, we must first define the
action of the gluing transformation on the moduli p. The full gluing group consists of both
the large diffeomorphisms and gauge transformations of (the rank r vector bundle over)
T3 [45]. This group is given by:

G =SL(3,Z) x Z°". (2.23)

The subgroup SL(3,Z) C G acts on p by left matrix multiplication'? on the vector x =

12This contrasts with the action of SL(3,Z) on the cycles by right multiplication, cf. (2.8).
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(z1,x2,x3), and the tga) generators of each Z? factor shift Z, by =z; [43, 45]:

g € SL(3,Z) : X+ g-X,
(@) . (2.24)
tl G Za : Za '_> Z(l + .:UrL .

(a)

For completeness, we collect the mixed relations satisfied by T;; and ¢;’ here, suppressing

a, which together with (2.9) fully specifies the relations in the group G:
Tijty = tTij, (i # k), Tijti = tit; ' T, titj = tjt;. (2.25)

The subgroup of large diffeomorphisms and gauge transformations of Dy x T2 is denoted
by H and takes the form:

H = SL(2,Z)13 x Z2H7) | 72097 — (T Ty, (9, 4{7) (2.26)
which contains H, the group of large diffeomorphisms, defined in section 2.1. The action of
H on p is obtained from (2.24) by viewing H C G. This group also acts on My _1)(p) =

S? x T?, as mentioned above, and its action on the moduli p is identical to the action on p.
We can now state the Heegaard splitting of a general Hopf surface:

o ) ! _
Mp.q)(P) = My(p. p) = D2 x T?(p) U D2 x T%(p) , (2:27)

where f = g(, 4 O with g, o) € SL(2,Z)23 as in (2.14), as derived in appendix B."3 In
addition, p and p capture the moduli of the two Dy x T? geometries and are related via
the gluing condition:

p=1"p. (2.28)

Finally, the moduli of the Hopf surface p are related to p as follows:

3T , f = = O7 = = —]_ R
(24;7,0) orp=r qg=s (2.20)
(24;7 +s0,p5), forp+#0.

Matching the holonomies requires us to set the imaginary part of z, to zero. For later
convenience, we note that the gluing condition implies:

(éa;_%,&), forp=r=0,qg=s5=—1,

p=(27,6) = { (2.30)

(24;0 + q7,p7), forp#0.
2.3 Ambiguities in the Heegaard splitting

As we have seen in section 2.1, the gluing transformation f encodes the topology of
L(p, q) x S redundantly. This leads to ambiguities in the Heegaard splitting. For the Hopf
surfaces, these ambiguities arise when combining the action f — f’ with an action on the
moduli (p, p) such that the gluing condition is preserved:

fr=nfp~t, (0 p) = (hp,hp),  hheH,
or fl=f", 0,0 =(p,p), (2.31)
oo f'=0f70, (p,p)=(0p,0p),

13We turn to the Heegaard splitting of a Hopf surface for g € G general in section 2.3.
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p p S13p S13p
@\\ //@ @/ @

(a) MSQSO(p7 p). (b) Ms—lo(S13p7 513ﬁ)'
12

Figure 3. Tllustration of (2.32) for the example p = OS53'p and h = h = S13. We have written
the homogeneous moduli inside the relevant cycles of the Dy x T? geometries as in figure 2. The
arrows indicate the identification of cycles. Clearly, both Heegaard splittings represent the same
Hopf surface My ¢)(p) with p = p.

where the action of h on p is defined by (2.24). It follows that a Hopf surface with Heegaard
splitting M (p, p), as defined in (2.27), also admits a Heegaard splitting for any of these
transformations:

M(p,q)(ﬁ) = Mf/(p,, ﬁ/) . (2.32)

Here, p’ is understood to be a function of p, which in turn is related to p as in (2.29). This
makes our claim (1.6) in the introduction explicit. For illustration, we present an example in
figure 3 for h = h = Sy3 and f = Sa3 @. As a consequence of (2.14), the expressions (2.32)
relate the Hopf surfaces that were associated in section 2.2 to g, 4) € SL(2,Z)23 C SL(3,Z)
to any ¢’ € SL(3,7Z).

We stress that in general one should view the combined action (2.31) as distinct from
a large diffeomorphism, such as the SL(2,7Z) action on the complex structure of a two-torus.
Indeed, the large diffeomorphisms (and gauge transformations) of a general Hopf surface
certainly do not include H x H. Instead, the action reflects ambiguities in the Heegaard
splitting of the Hopf surface.

In establishing (2.32), we have assumed that p does not transform under the transfor-
mations (2.31). We now show that the symmetries of a Hopf surface M, (p), namely
the transformation (2.18) on p, the transformation (2.19) on (p,q), and the transforma-
tion (2.20) on p and (p, ¢q), can also be incorporated by a subset of transformations (2.31).
Namely, we want to show that:

Mp.a)(P) = M (p) = My (p' p) (2.33)
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where M, o (p') is related to M, 4)(p) by any of the above symmetries, and (p', p') are
related to p’ in the same way as (p, p) are related to p, as in (2.29).

For example, the first relation in (2.31) with h, h € (Th1,T31) can be used to derive the
shift symmetries in (2.18). To see this, we first observe that:

T21 fT2EqT?Hp = fv TQEST?,EP fT21 = fa

7" S r q (2.34)
Ty fT5, 15 = [, To T35, fI31 = f,

with f = g(,,qO as in (2.14). Since f is invariant, we need only consider the action on
the moduli (p, p). Using the relation with p one easily checks that the action on (p, p)
is equivalent to the shift symmetries, establishing the claim. In addition, acting with
h=h= tga) also leaves f invariant; this corresponds to the symmetry of the Hopf surface
(plus vector bundle) under 2, — 2, + 1.

Similarly, the equivalence in (2.20) is the statement that:

12

M(ILQ) (2i; 7, &) M(p,s) ('giQ g, 72) . (2.35)

This is reproduced by the inversion on the second line of (2.31). Finally, the fact that
the Hopf surface only depends on ¢, smod p follows from the first line of the combined
action (2.31), now taking h = Th3 or h = Th3. These actions change f by the shifts
(s,r) = (s+p,7+¢q) and (¢,7) — (¢ + p, 7 + ), respectively. On the moduli p and p, they
correspond to the shifts 7 — 7+ 0 and 7 — 7 + &, respectively. From (2.29) and (2.30), it
follows that the combined action leaves p invariant, and the claim follows.

Let us end with the special case f = O, corresponding to the Hopf surface M _1)(p)
with topology S? x T2. Consider the first relation in (2.31) for h = OhO:

O —hOR1=0. (2.36)
This action leads to the statement that:
Mo(hp, Ohp) = Mo(p, Op) . (2.37)

Given the fact that in this case p = p, we see that this specialization of the combined
action reduces to the statement that H is the group of large diffeomorphisms and gauge
transformations of Mg _1)(p), which is indeed correct.

3 Modular factorization of lens indices

In this section, we consider supersymmetric partition functions on secondary Hopf surfaces,
also known as lens indices. We give a comprehensive review of the holomorphic block
factorization of lens indices, which is the statement that lens indices respect the Heegaard
splitting of a Hopf surface. We then argue that (a subset of) the ambiguities discussed in
section 2.3 lead to a modular family of holomorphic blocks into which a given lens index
can be factorized. After providing a geometric interpretation of the modular subset, we
proceed to prove the conjecture in the context of concrete N' = 1 gauge theories. The proof
relies in particular on modular properties of the elliptic I' function derived in appendix D.
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3.1 Towards a conjecture

It was shown in [57] (based on [61, 62]) that N' =1 theories with a U(1) symmetry can
be formulated on the Hopf surfaces M, ,)(p) for general values of the complex structure
moduli while preserving two real supercharges.!* An additional requirement is that the
R-charges of the fields are quantized as integers for the case p = 0 and g = —1, i.e., S? x T2,
and as integer multiples of (F% for ¢ > 1.

The supersymmetric background allows a computation of the supersymmetric partition
function on M(pyq)(ﬁ), which equals the associated index, i.e., a weighted trace over the
Hilbert space of the theory on L(p, q) [57, 63, 64].1> The fugacities appearing in the index
can be mapped to both the complex structure moduli of the Hopf surface and the holonomies
for background gauge fields associated to global symmetries.

It was argued in [57, 63] that such partition functions depend holomorphically on the
complex structure moduli and holonomies, while being insensitive to other details of the
background. This was confirmed in [59, 64, 67] through explicit localization computations.
In the following, we will always consider the formulation of the partition functions as
indices, ignoring the prefactor associated with the supersymmetric Casimir energy. We thus
collectively refer to the partition functions on secondary Hopf surfaces as lens indices and
denote them by:

I(p,q) (ﬁ) ) (3'1)

where the notation reflects the holomorphic dependence on the complexified moduli p. Since
we are interested in the full collection of lens indices, we will assume that the R-charges are
quantized as even integers. As explained in [45], this can be achieved through an appropriate
shift of the R-symmetry by a flavor symmetry. The resulting R-symmetry typically does
not coincide with the superconformal R-symmetry of the IR A/ = 1 SCFT, and therefore
the indices are parametrized in a non-standard way.'6

Let us now introduce an alternative notation for the lens index that reflects the Heegaard
splitting M (p, p), as defined in (2.27), of the underlying Hopf surface:'”

Zf(p) = I(p,q) (), (3:2)

where f = g(,.¢) O With g(, ¢y € SL(2,Z)23 as in (2.14), and p is related to p through (2.29).
Because of the gluing condition, we write Z as a function of p only. As examples of the
notation, Zg,,0(p) corresponds to the superconformal index, Z»(p) corresponds to the
index on S? x T?, and Z4,1)0(p) corresponds to the index on L(p, 1) x S1. These indices
are defined in appendix C in terms of p.

The same result holds for the Dy x T?(p) geometry [60].

15We define these indices for general N = 1 gauge theories in appendix C. The equality between the localized
partition function and the index holds up to a proportionality factor associated with the supersymmetric
Casimir energy [64—66].

'The Bethe Ansatz computation of the superconformal index also employs a shifted R-symmetry such
that the R-charges are quantized as integers [9, 68].

"Tn general, we should also include an Fayet-Tliopoulos parameter £ to p. We suppress this parameter in
most of the discussion and comment on its role and transformation under a large diffeomorphism in the
example of SQED.
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Consider now two distinct Heegaard splittings My (p, p) and Mg (p', p') of a Hopf
surface, where f’ is related to f via the orientation preserving transformations in (2.31):

fr=nfh™' p=hp or f=f1 p=p=f'p. (3.3)

Note that the first transformation implies p' = (f')~'p’ = hp as recorded in the first line
of (2.31), while the second transformation similarly implies p' = (f')~'p’ = p as recorded

in the second line of (2.31). By definition of Z¢(p), we have for either transformation:'

Zp(p') = Z(p) (3.4)

since the Hopf surface itself has not changed. As already mentioned in section 1, lens indices
of certain N' = 1 gauge theories have a factorization property that reflects the Heegaard
splitting of the Hopf surface. Postponing a detailed review to section 3.2, we here note that
while the second transformation in (3.3) is trivially satisfied in factorized form, the first

transformation predicts:

2, i1 (hp) = €™ " Bu(p)By(f o) = €7 > B(p)B(f 'p) = Z¢(p),  (3.5)

where we plugged in (3.4) with the (schematic) factorized form of the indices alluded to in
section 1. The functions B(p) and B, (p) represent the (supersymmetric) partition functions
on Dy x T? with moduli p and hp respectively (see section 2.2), and are thus related:

Bi(p) = B(hp) . (3.6)

We also included the phases P and P’ in the factorization, which in general depend non-
trivially on p and will be derived explicitly later on. Given the fact that the action of
h,h € H on p, p is modular, the prediction (3.5) in factorized form has the flavor of a
modular covariance. However, let us stress some important distinctions. First of all, the
functions B by themselves are not (weight 0) automorphic forms under H: B(hp) 2 B(p)
for general h € H, even though H represents the group of large diffeomorphisms and gauge
transformations of Dy x T2.19 Tt follows that the covariance relies on the product. But even
the product cannot be identified with an ordinary modular object, since the covariance
is with respect to a combined action, acting on both p and f (cf. (3.3)). In other words,
our proposed covariance does not reflect large diffeomorphisms of an underlying manifold,
as familiar from the T2 partition function of CFT5’s.?0 Instead, it reflects ambiguities
in the Heegaard spitting of a Hopf surface and is non-trivial only at the level of the
factorized expressions.

In the following sections, we subject this proposal to physical consistency conditions.
This will result in a refined proposal, discussed in section 3.4, for which we will provide
evidence in section 3.6. In particular, we will see that (3.5) does not hold for general pairs

8The behaviour under the orientation reversing transformation in (2.31) is more complicated, and we
return to it in section 4.2.

19Modular properties of holomorphic blocks in three dimensions are also more subtle than those of ordinary
modular forms [69].

20Indeed, the large diffeomorphisms of a general Hopf surface certainly do not include H.
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h,h € H. The subset of allowed pairs (h, E) still forms an interesting modular subset of
H x H, whose geometric interpretation we discuss in section 3.5. The fact that only a
subset of H x H is compatible with the factorization of a given index is closely related
to the conjecture of [45], which proposes that the normalized parts of lens indices form a
non-trivial cohomology class in H'(G, N/M), as we will show in detail in section 4.

3.2 Review of holomorphic block factorization

In this section we review in detail the factorization of lens indices into holomorphic blocks,
as anticipated in (1.2) and (3.5), based on [49, 60]. We first focus on structural properties of
the formulae for generic theories, and illustrate the claims in section 3.2.1 and section 3.2.2
with the example of a free chiral multiplet and SQED, respectively.

For three-dimensional gauge theories, factorization properties of supersymmetric parti-
tion functions on S% x S1, 83 and L(p, 1) were first established and studied in [70-73]. The
result was obtained through manipulation of a Coulomb branch formula for the partition
functions, which takes the form of an integral over gauge holonomies associated to the
Cartan torus of the gauge group. In these works, it was also argued that the factors, dubbed
holomorphic blocks in [71], could be understood in terms of supersymmetric partition
functions on the solid tori associated to the Heegaard splitting of the three-manifold.

A more direct, path integral derivation of the factorization properties was given later
in [74-77]. These works employ a different localization scheme giving rise to a so-called Higgs
branch formula for the partition function. In this scheme, the gauge symmetry is completely
broken and the path integral only receives contributions from field configurations localized
at the centers of the two solid tori. The resulting formula takes on the form of a finite
sum over Higgs branch vacua of (a mass deformation of) the theory, and the summand is
naturally factorized. The equality between the Higgs and Coulomb branch formulae can be
established by performing the contour integrals defining the latter through residues [76, 77].

We focus here on a completely analogous story for the four-dimensional lens indices [49—
51]. In particular, either through evaluation of the contour integrals of the Coulomb branch
formula [49, 50], or through Higgs branch localization [51], the lens index of a general N' = 1

gauge theory can be shown to take the following form:?!

Zipa)(P) = Z1(p) = D Z3(p) = D Z23a(P) 2 110op(P) 25 (D) 23 (f 1 P),  (3.T)

where we have used the notation in (3.2). In the language of the localization computation [51,
77], the summation runs over a finite number of Higgs branch vacua of the (mass deformed)
theory, and Z}“(p) represents the contribution to the lens index from a given vacuum
a. We stress that the summation domain is independent of f [49]. The last equality
shows how the contributions Z%(p) split into a classical Z¢ ,(p), perturbative Z¢, ., (p)

21This expression assumes the existence of a Q-exact deformation of the theory such that the theory
localizes onto a finite number of Higgs branch vacua. A sufficient condition for the existence of the Higgs
branch expression in terms of the contour integral is the vanishing of the residue at the origin [51, 78]. For
theories with a U(1) factor in the gauge group, one can ensure this by adding a non-zero Fayet-Iliopoulos
term [51, 74, 75, 77].
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and non-perturbative vortex Z%(p) and anti-vortex Z&(f~!p) contributions. The latter
contributions capture codimension-2 multi-(anti-)vortex configurations which in terms of the
Heegaard splitting My (p, p) of the Hopf surface wrap the T? and are localized at the centers
of the disks [51]. “Anti” refers to the vortices on the orientation reversed Dy x T2. Thus,
the vortex partition functions are naturally functions of p and p = f~'p. The perturbative
contribution combines the one-loop fluctuations around the vortex configurations, which are
similarly localized at the centers of the disks. Finally, Z]?icl(p) captures the overall classical
action, which consists solely of an Fayet-Iliopoulos (FI) term and therefore is only present
when the gauge group contains a U(1) factor.

Based on [48], it was shown in [49] that the classical and perturbative contribution can
also be written in a manifestly factorized form:

Z%cl(p)zﬁl-loop(p) - e_iﬂpf(p)bg'<p)bg'(f_lp) ) (38)

where b%(p) (b%(f~1p)) captures the overall classical and one-loop fluctuations around the
(anti-)vortex configurations. The subscript S refers to the element Si3 € SL(2,7Z)13, as we
will return to momentarily. Finally, the phase P¢(p) is given by a cubic polynomial in Z' and
encodes the 't Hooft anomalies of the theory. It does not depend on «, which reflects the
fact that the anomalies do not depend on the vacuum in which the theory resides [45, 49].22
Combining all of the above, one is led to the holomorphic block factorization of lens indices:

T (B) = ¢ IO IBL ()T I1BS(0)IIF = BS(p)BE(fp) s (3.9)

where again f = g(, ) O with g, o) € SL(2,Z)23 as in (2.14). Note that the presence of the
phase prevents full factorization of the summand. The holomorphic blocks Bg(p) combine

a factor of the perturbative part with a vortex partition function so that:?3

B(p) = b3(p) 22 (S13p) - (3.10)

If we write B%(p) for the supersymmetric partition function on a Dy x T? geometry with
moduli p = (Z;7,0) [60], the holomorphic block B¢ used in [49] is given by:

BZ(p) = B*(S13p) = B“ (; z —5) ., S13€SL(2,Z)13CH, (3.11)
as we will see explicitly in the examples below. It follows that the factorization expressed
in (3.9) reflects a particular Heegaard splitting My (p’, p') of the Hopf surface M, 4)(9)

with f/ and p’ given by:

fr=5813fS5, P =Susp, p=)"p=5S3"p. (3.12)

From our geometric discussion in section 2.3, it is natural to wonder why this specific
Heegaard splitting is singled out. This question motivated in part the present work, and
we will indeed show that there exist more factorized expressions for the index where Si3 is
replaced by general elements h € H.

22 At a more technical level, this can be derived from the contour integral expression of the index by
making use of the gauge anomaly cancellation [49].

Z3Here we have used invariance Z& (p) under Si3, a point we will discuss in more detail in sections 3.2.2
and 3.2.3.
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Boundary conditions. It was suggested in [49], and later confirmed in [60], that apart
from a choice of Higgs vacuum « for the entire theory, there exist (at least) two %—BPS
boundary conditions on Dy x T2 for a given A" = 1 multiplet of the theory. In particular, a
chiral multiplet can either have Dirichlet (D) or Robin-like (R) boundary conditions, while
a vector multiplet admits Neumann (N) or Dirichlet boundary conditions.

In the following, we will assume Neumann boundary conditions for the vector multiplet.
Let us assume that all chiral multiplets in the gauge theory obey the same boundary
condition, Dirichlet or Robin-like. For gauge anomaly cancellation on the boundary,?* the
anti-chiral multiplets have to satisfy the opposite boundary condition, i.e., Robin-like or
Dirichlet, respectively [49, 60]. We denote the holomorphic block of the full theory, including
the vector multiplets, by B%(p) and C*(p), respectively. One naturally expects that the
compact space partition function Z¢(p) is independent of the boundary condition. This
independence was indeed observed in [49], where it was shown that the respective products
of holomorphic blocks are equal, up to a phase:

T (#) =< O LB (p) = PO Cp)F  (313
(03
where Cg(p) is defined in terms of C%(p) as in (3.11).

We now summarize the physical arguments that lead to the equality, following [60],
which will be confirmed mathematically in the examples below. First of all, the boundary
conditions on the (anti-)chiral multiplets can be changed from D to R (or vice versa) through
a coupling of theory to degrees of freedom living on the boundary 72 = 0Dy x T2. At the
level of the partition functions, it can be shown that:

B%(p) = Z5(Z;7)C%(p), (3.14)

where we recall that p = (2;7,0) and Z§(Z;7) captures the contribution of the boundary
degrees of freedom. Note that it does not depend on o, the modulus of the non-contractible
T?. In addition, it turns out that Z§(Z;7) is invariant, up to a phase polynomial quadratic
in Z, under the usual action of SL(2,7Z) x Z*:

(za;7) = ( Za . krtl ) , (za;7) = (2q +iT+7;7) . (3.15)

m74+n’ mrt+n

This action is generated by {Slg,Tgl,tga),tga)} when viewed as a subgroup of G. As

mentioned in the footnote above, this shows that the contribution of the boundary degrees
of freedom behaves essentially as the elliptic genus of a 2d (0,2) theory. We will assume
that this is a general feature of the relation between the blocks B* and C%, and leave a
more detailed investigation to future work.

Given the equation (3.14) and the assumed modular property of Z§(Z;7), we can now
derive (3.13). First, we write the product of the blocks Bg(p) as

1B&(o)F = 28(2";7)28 (0295 (2 7)) ICS (0]} - (3.16)

24As observed in [60, section 6], the relevant supersymmetric T2 partition function of the 3d boundary

theory is formally equivalent to the superconformal index of a 2d (0, 2) theory. The anomaly cancellation,
then, refers to the cancellation of the gauge anomaly in the relevant 2d theory.
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Here, we have defined (2’;7') through (cf. (3.11)):
=/

p=(Z7,0)=S13p. (3.17)

Furthermore, we used that f = g, o) O with g(, o) given as in (2.14):

1 0 O
Ipq) = 0—s—r]|. (3.18)
0—-p—q

Since SL(2,Z)12 = S13 SL(2,Z)a3 S5, the action of f on (2’;7') can be written in terms of
the standard go € SL(2,Z) action. We thus arrive at the definition of g:

(=g -p (10
g2 = (_T _S> ;o O= <0 _1> : (3.19)

where we have included Oy as the restriction of O to (Z7;7') as well. Finally, we require
one additional property of Z§:25

1
Zg (92 (25 7)

75 (020 (7':7)) = , (3.20)

where the equality holds up to a phase. The modular properties of Z§(Z;7) mentioned
above now imply:

1BS(p)II7 = ICS ()l (3.21)

where the equality again holds up to a phase. We arrive at the final claim (3.13) as long
as the relative phase, P3%(p), is independent of . This phase can be interpreted as the
anomaly polynomial of the effectively 2d (0,2) boundary theory and is independent of « for
the same reasons as Pr(p) [60].

To summarize, the holomorphic blocks Bg(p) or Cg(p) of [49] correspond to a non-
standard Heegaard splitting of the (secondary) Hopf surface, as expressed in (3.12). Up
to a phase, both holomorphic blocks produce upon gluing the same compact space parti-
tion function.

3.2.1 Example: free chiral multiplet

In this section, we illustrate the above using the free chiral multiplet. The extension to
SQED and general gauge theories is discussed in sections 3.2.2 and 3.2.3, respectively.

Lens indices. Let us collect from appendix C the free chiral multiplet indices on S? x T2,
S3 x 81 and L(p,1) x S'. Since the chiral multiplet has a global U(1) flavor symmetry,
we may define the indices with respect to an R-symmetry such that fields have R-charges
quantized as even integers. In addition, for the S? x T2 index, we allow n € Z units
of flavor symmetry flux through the S2?. Finally, for simplicity of notation we do not

#5Tn examples, we will see that Z§ (z;7) consists of a product of ¢-@ functions. This property then follows
from the extension and elliptic properties of the ¢g-6 function (see (A.3) and (A.2)).
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include holonomies for the flavor symmetry along the non-contractible cycle in L(p, 1).26

We then have:

R R _IB-1
R . PRI 7 e 02+ mie)E ™, for R#0,
Lio,~1),4(P) = M=
1 for R =
’ o 0, (3.22)
I(I,O)(ﬁ) - F(é + g(% + A)a’f—?a—) s
I8)(p) =T (24 5 +6) +poi7 +6,p6) T (24 §(7 +6); 7+ 6,p7) ,

where R = R+n—1 and R € 2Z. The functions 6(z; ) and I'(z; 7, o) represent the ¢-6 and
elliptic I' function, respectively, defined in appendix A. Using properties of the functions
recorded there, one easily verifies that for both R and R even integers these functions are
invariant (up to a phase) under symmetries of the respective Hopf surfaces recorded in
section 2.2.

Recall that the moduli of the Hopf surface are related to the Dy x T2 moduli as:

2r7,6), forp=r=0,q=s5=-1,
27:%,0) P 1 (3.23)
2,7+ s6,p5), forp#0,

,\
R
R
2
I
——
©»
+

where for later convenience we have included a shift of Z in the first line to reflect a
non-trivial flavor flux through the S?. We then use the notation (3.2) to write:

Zth(Z;Tv U) = I(Ré),fl)m(z + %T;Tv U) ) Z523O(Z;7-7 G) = I(Iio)(Z;T, U) ) (324)

where we suppress the label R and use that the gluing transformation ¢t§ O, which acts by
large gauge transformations on z (see (2.24)), produces an S? x T? geometry with n units of
flavor symmetry flux through the S? [45]. Similarly, for the index on L(p,1) x S* we write:

Zygno(z7,0) = I(Rp,1)(2§ T %07 %0) : (3.25)

To see how these indices factorize into holomorphic blocks, let us also record the partition
function on Do xT? with moduli p = (z; 7, o). This was computed in [60] through localization
for two types of boundary conditions: Dirichlet and Robin-like boundary conditions. The
associated partition functions are given by:?”

B(z;1,0)=T(2+ %7‘ +o;71,0),
(3.26)
C(z;1,0)=T(2+ gT;T,O') .

Note that we do not write the label «, since for the free chiral multiplet it assumes only
a single value. Furthermore, we define the blocks without a phase prefactor, as opposed
to [60]. This is justified because holomorphic block factorization of the lens indices uniquely
fixes the overall phase due to properties of the elliptic I function. We also note that:

B(p) = 0(z + §7;7)C(p), (3.27)

26The more general expressions are recorded in appendix C.
*"Note the similarity between the D2 x T2 partition functions and the index on S® x S* in (3.22).
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where we have used the shift property (A.15) of the elliptic I" function. As anticipated in
general above, we now see explicitly that B(p) and C(p) are related through multiplication
by a function that is invariant, up to a phase, under SL(2,7Z)12 x Z2T2 C G. Finally, unlike
the indices on closed manifolds, the functions B(p) and C(p) do not have automorphic
properties under the full group of large diffeomorphisms and gauge transformations H
of Dy x T?. However, we note that they are periodic under z — z 4+ 1, 7 — 7+ 1 and
o — o + 1, which again relies on the fact that the R-charges are quantized as even integers.

Holomorphic block factorization. We are now ready to describe the explicit factor-
ization of the indices (3.22) into holomorphic blocks, following [49]. We start with the
superconformal index Zg,,0(p). The crucial property of the elliptic I' function underlying
the factorization of this index is [43] (see also appendix A):

[(z;7,0) = e im@ETAT (z. T _l) T (2- g _l) , (3.28)

oclo’ o T T
where Q(z;7,0) is a cubic polynomial in z. Using this property, we may write:
L(z+&(r+0);7,0) = e~ Q=+ 5 (T+0)=1iT0)

XF<z+§T—1_T —1>F<Z+I;U_1'U _1) : (329)

o Yo' o T T T

where we have made use of the periodicity of the elliptic I" function under z — z + 1 and
the fact that R is quantized as an even integer. One now easily checks that the index can
be written as anticipated in (3.9):

Zs,s0(p) = e 5B | Bo(p)|% o (3.30)

where the holomorphic block Bg(p) is given in terms of B(p) in (3.26) as follows:

z+§7—71 r 1
Bs(p) = B(S13p) =T =] (3.31)
and we define the corresponding phase by:
Ps,,(piR) = Q(z + &(1+0) - L;7,0). (3.32)

To factorize Zg(pyl)o(p), we use a closely related property for the first I' function in the
expression (3.22):

(z T _l)
I(z+o0;7,0) = e_mQ(Z"'U;T’U)F(;:’_U;’jl) , (3.33)

while we use (3.28) on the second I" function. Two of the four resulting I" functions cancel,
and one easily verifies that in this case again:

—im P, R
Zymo(p) = ¢ e )HBS(p)H;mO , (3.34)

where now the phase is given by:
Py (g R)=Q(z+Er+0—-1;7,0)+ Q2+ &7 — 1;pr —0,7). (3.35)

(p,1)
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Finally, for factorization of the S? x T? index, we first use the shift property of the
elliptic I" function (A.15) to rewrite the index as follows:

[(z+ %7‘;7‘,0)

I'(z— (% +n— 1) TT,0) (3.36)

[
=
o
vl

Ziso(p) =pizqg 2 x

R nR R

=piqgzz 20(z+ gT;T,O')F(Z - (% +n)r;—7,0),
where in the second line we have made use of the extension property (A.17) of the elliptic T’
function. The latter equality already takes the form of a factorization:

nR

R nR _R
Ziso(p) = p7aF e % |C(p) 0 - (3.37)

We may also factorize Zino(p) in terms of Cs(p) = C(S13p) by making use of:

9 (g. _;) = ™ B2(20)9 (1 ) | (3.38)

o’ o

where By(z;0) is a quadratic polynomial in z (see appendix A). Using this transformation,
we can write:

R nR _R irPmn iR
Zipo(p) = pig® 2= 2™ BT 1 Cs(p) By - (3.39)

where we indicate with the tilde that the phase is associated to Cs(p), as opposed to Bs(p),
and is given by:

Pin(p;R) =sgn(R) Y Ba(z+(m—3)7;0). (3.40)
TR

All in all, we have seen that the chiral multiplet indices can be factorized, up to a phase, in
terms of the holomorphic blocks Bg(p) or Cs(p). In fact, given the relation between the
blocks (3.27) and our general arguments above, it follows that the indices can be factorized
in terms of both blocks, as we show explicitly below. Before getting there, let us first show
that the relative phase captures the 't Hooft anomalies of the theory [45, 48, 49].

Anomaly polynomials. A convenient parametrization of the 't Hooft anomalies of a
general gauge theory is as follows [45]:
P(Zi) = o
cx) =
e 31’1(132%3
+kRRRX3 — k:RXX) ,

(KabeZaZeZe + 3kavnZaZoX + 3karnnZaX? = kaZoX 1)
3.41

where Z and z; represent the homogeneous moduli defined in (2.22), and

3
in, X
i=1

The coefficients encode anomalies. For example, k.. = Tr F,FpF. represents a cubic

1
X

Il
N =

W~ |

3
> ai (3.42)
=1

anomaly for the flavor symmetry generators F,, which would be diagonal for fundamental
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representations. The label R refers to the R-symmetry generator instead, and k, = Tr F,
and kg = Tr R capture the mixed-gravitational anomalies. In our conventions, the relation
between the anomaly polynomial as parametrized by (3.41) and the phase polynomial

Ps,.(p; R), is:

R N
Py, (Z2% w2 Ry — P (Ziy), (3.43)

xr1 Yx1? x1?

where P, R(Z ;x;) captures the anomalies of a chiral multiplet with R-charge R. Expanding

Z4+Eg . :
PSR%( xi L %, i—i’; ), one easily reads off the anomalies:

kps =1, kpp=R—-1, kpp=(R-1)?*, kp=1, kp=(R-1?>, kg=R-1,
(3.44)
as indeed appropriate for a free chiral multiplet.
To understand how the phases on the other backgrounds connect to the anomaly
polynomial, we note that Pg(pyl)(p; R) can be written as follows in terms of p:

Lot =D +6)-1), (3.45)

1 . R oA
Pg(p,n(/)%R) = ];Q (Z+ 5(7'4' &) — 177'30) + 12p
where we have made use of (3.23). This phase relates to a more general parametrization
of the anomalies. In particular, let us write an analogue of (3.41) with the same anomaly

coefficients (3.44) as follows:

1

A

PG = ety

(KabeZaZoZe + BkavnZaZX + 3karnZaX? = kaZa X PV
+krrrX? — kRXf((p’l)) : (3.46)
where X is as before in terms of #; and we have defined X®1) as follows:
xX®l = i (ﬁ + #3422 —2(p* — 1):32;@3) : (3.47)

In this parametrization, Pg(;;,l) (p; R) is related to the anomaly polynomial as before:

Z+Ey T2 X3. — 7. 5
(Zr2m oz @ )—Pﬁi’g(z,xi), (3.48)

x1 ’E’xl’

P

9(p,1)

where we understand the z; on the left hand side as functions of Z; through (3.23). Note
that for p = 1, this correctly reduces to the S® x S1 case (3.43) as a function of #;. We will
derive the phase polynomial for general g, ,) in section 5.2.2.

Finally, let us expand Pz (p) in terms of Z = Z + x5 as follows:

5 Z—aw1+ B (z1tas) R /, 5 (R—1)
Py (AT 2 B R) = P (ZQ+(R—1)($1+333)Z+( - (21 + @3)?

— H(af+af - (R2-1)2))). (3.49)

Note that there are no cubic terms in this case. This is consistent with the fact that the
twisted theory on S? x T? behaves effectively as a two-dimensional (0,2) theory on T2.
In particular, it consists of R Fermi multiplets for R > 0 and |R| chiral multiplets for
R < 0 [59]. The phase polynomial is therefore again consistent with an interpretation in
terms of the anomaly polynomial.

~ 93 -



Independence on boundary condition. Due to the relation between B(p) and C(p)
n (3.27), it follows from our general arguments that up to a phase both holomorphic
blocks lead to the same compact space partition function upon gluing. Explicitly, one may
verify that:

Z(p) = e ") || Bs(p) |7 = ) | Cs(p)]1F (3.50)

where the phase polynomial Pg is related to P, through:

Py(z;71,0) = Py(z+ 1;7,0). (3.51)

The difference between these phases takes on a similar form as the phase polynomial
associated to the (0, 2) multiplets in (3.49). For example, for g = g, 1), we have:

- 1 2  R(6+7) 5\ p*—1
Py(z;7,0) = Py(z;7,0) = ];Bg <7A_ + — 1, 7A_> + o (3.52)

where Bs(z;7) is a quadratic polynomial in 2 and is defined in appendix A. As mentioned
in the general discussion, we may interpret this phase as capturing the anomalies of the
effectively two-dimensional boundary theory, due to a coupling to the bulk, which changes
the boundary condition on the bulk fields from Dirichlet to Robin-like [60].

3.2.2 Example: SQED

In this section, we consider holomorphic block factorization for SQED with Ny flavors. For
clarity of exposition, we focus on the superconformal index and refer to [49] for both the
L(p,1) x S' and S? x T? indices.

The contour integral expression for the SQED index can be obtained from the general
gauge theory index collected in appendix C:

N
dv !
10y (B) = (5:D)oc(@ D)oo P 50 [[T(—ut 25+ §(7 +6): 7.6
1,0 (P) = (B:D)oo(§: D)oo P 5 ,311( s+ 5 (7 +6);7,6) (3.53)

x D(u+ 25 + &(7 4+ 6);7,6),

where we added a non-zero FI parameter £ to ensure that the residue at v = 0 vanishes.
This is a necessary condition for a Higgs branch expression to exist (see footnote 21). We
note that & is integer quantized, as argued in [79], and therefore the index can depend
on it. We also introduced the chemical potentials z, for the diagonal subgroup of the
SU(N¢) x SU(Ny) flavor symmetry, satisfying -, 2o = 0. Furthermore, vanishing of the
mixed-gauge anomalies requires R = 1.

Performing the contour integral, one obtains an expression for the index of the

form (3.7) [50, 51]:

SQED SQED _
I(l%) (p) = ngo ZZ525OCI )Z,,0.1100p(P) 28 (P) 23 (0S53' p) (3.54)
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where we employ the notation (3.2) and recall that in this case p = p. Furthermore, the

factors in the summand can be written as:28
2
Zggg(’),cl(p) = xg(pQ)g/ ;
N .
1 r T(28 — 2a;T,0)
Zgggo,l—loop(p) = F(O;T, O’) H

5o D(=28 = 2a57,0) (3.55)

ZQHSHHHZQ+Z’B+‘]T O')

o0 poijel 23+ jri0)’

where we have included the formal prefactor in Zg23(9,1-loop(P> to cancel the 8 = « factor
m and define the
k=0 term in Z&(p) as 1. The summation index x can be thought of as the vortex charge.

in the numerator of the product. We also used I'(z;7,0) =

Pulling out the factor (pq)g/ 2 we will now show how the remaining expression factorizes
into holomorphic blocks, following [49].

First of all, one can use properties of the ¢-6 function to show that each coefficient
in the sum of Z%(p) is invariant under the action of H = SL(2,Z)13 x Z**2"7 on p. For
example, invariance under Sp3 follows from (3.38):

| H [[ e tetino) (3.56)
a +j _ :
ﬂ=1j=10(z iﬂ - % B=1j= 19 zp+jTi0)’

where we have used the SU(N) condition ), z4 = 0 to show that:

Ny g
H H eiﬂ(Bg(za+z5+j7;a)fBg(za7z5+j7';0')) 1. (357)
f=1j=1

Invariance under the other generators of H follows from periodicity of f(z; o) under z — z+1
and 0 — o + 1 in combination with (3.56).

Furthermore, up to a prefactor independent of z,, the overall classical contribution can
be factorized as:

e mi(zreg)0(552)0067) 0059006
T =€ 0 (= + 16 T) X (= o062

One may easily verify the identity making use of the modular and extension property of

(3.58)

the ¢-0 function, as recorded in appendix A. We also note that expansion parameters in the
vortex partition functions for fixed vortex charges (k1, k2), ¢"¢ and p"2¢ respectively, are
simply obtained by shifting z, — zo + K17 + k20. This is trivial from the point of view of
the left hand side, but follows on the right hand side from the shift property (A.2) of the
q-0 function.

Finally, since the perturbative part of the index simply consists of a product of elliptic I
functions, i.e., (anti-)chiral multiplet indices, we can now use the results from section 3.2.1,

Z8Note that had we not included the FI parameter, the vortex contribution Z¢ (p) would have been diver-
gent.
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specifically (3.28), to factorize the entire SQED index. In particular, we formally define the
holomorphic block as:%’

o 0 (2a;7)0(TET) 1 Ny I'(z3 — 2q;T,0)
B%(p) = 0 (2o +7&71) T(0;7,0) [:al;ll (=28 — 2za;T,0)

N (3.59)
> L (2 + 25 + T
BT JT; U)
X qﬁ5 e N 9
Kz:‘o 51_[1]1—[1 0(2a — 25 + jT30)
where in this case we let
p=(Z7,0;7) (3.60)

to emphasize the dependence on the FI parameter £ as well (see footnote 17). Furthermore,
the asymmetric appearance between chiral and anti-chiral multiplet contributions reflects
the D and R boundary conditions required for gauge anomaly cancellation (see above (3.13)).
Up to phase prefactors, the index can now be written in the factorized form
SQED ( T(T4e43), \E/2,~iTP5L " (p) al af 2 .
Loy (p) = es ot o) (pg)*2e™ s 0N T IBG(P) g0+ P=p.  (3.61)
a=1

where we recall the definition of the norm from (3.9) and extend the action of Si3 as before
to include its action on 7€ as well

Bi(p) = B(S13p) = B* (Z:Z,~1:7¢) . (3.62)

That is, for the factorization to hold we need to keep 7€ fixed under the action of Si3, as
implicitly observed in [49] as well. This implies that & by itself should transform as

§—o¢. (3.63)

This is indeed a natural transformation, since the quantization of ¢ follows from invariance
under large gauge transformations along the temporal circle [79] and S13 precisely implements
the exchange of temporal circle 1 < o.

In addition, the phase polynomial is given by:

Ny
PSS,gED(P) = —Q(0;7,0) + Z [Q(25 — 20;T,0) — Q(—28 — 2a; T, a)] . (3.64)
B=1

Similar to the case of the chiral multiplet, we note that ngED(Z; T,0) parametrizes the

anomalies of the theory as in (3.41). In particular, because of the SU(N) condition
>_p%p = 0, the anomaly polynomial is independent of «, as it should be. Another way to
understand this independence is from the integrand in (3.53). If we had reversed the order
of operations, namely first factorizing the I" functions in the integrand of (3.53), the total
phase polynomial would have been manifestly u-independent because of gauge anomaly
cancellation [49]. This concludes our review of holomorphic block factorization for SQED.

9Gince the FI parameter is integer quantized, this expression vanishes as it stands. However, for the
non-trivial large diffeomorphisms S13, we will see below that BS(p) does not vanish. This will be true for
more general large diffeomorphisms too, as we will see in section 3.6.2.
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3.2.3 General gauge theories

We briefly point out the extension to general N’ = 1 gauge theories. As we have learned from
the SQED example, there are five ingredients that go into holomorphic block factorization
as we have presented it:

e The existence of a Higgs branch expression for the relevant index. A sufficient condition
is the vanishing of the residue at v = 0 (see footnote 21) [51, 78].3°

e Invariance of the vortex partition function for fixed vortex charge, i.e. the coefficients
in the “grand canonical” vortex partition function Z&(p), to be invariant under
Si3 € SL(Q,Z)lg C H.

o Factorization of the FI term if present.
o Factorization of the free chiral multiplet index.
e Independence of the phase polynomial on the Higgs branch vacuum a.

The first point follows from the contour integral expression of the gauge theory lens
indices and the pole structure of their integrands [49]. The second point holds for SQED
(section 3.2.2) and also SQCD with SU(NN) gauge group and an arbitrary number of
flavors [49, 60]. A general argument for this should follow from gauge anomaly cancellation
in the four-dimensional theory, which would prohibit 't Hooft anomalies in the vortex
worldsheet theory where the 4d gauge symmetries would appear as global symmetries. The
third and fourth point follow from the SQED and chiral multiplet examples respectively.
The final point follows from gauge anomaly cancellation, as we argued for SQED in the
final paragraph of the previous section.

3.3 Consistency condition and its solution

In this section, we impose the consistency condition (3.21), namely that the blocks Bg(p)
and CZ(p) lead to the same compact space partition function, on the more general proposal
in section 3.1. That is, we require:

By (p)Bs (f~'p) = Ci(p)C3 (f ' p), (3.65)

where equality may hold up to multiplication by a phase (independent of ). This constrains
(h, il) in a way that depends on f, and we will denote the set of pairs that solve the constraints
by S;. This will lead to our conjecture for the modular factorization of lens indices in
section 3.4.

As we have seen in section 3.2, the holomorphic blocks B*(p) and C%(p) are related
through multiplication by a function Z§(2;7) that is invariant under SL(2,Z) x Z?" up to
a phase. Plugging in this relation for Bj(p) and BY(p), we obtain:

Bii(p) = Z§ (23 T)Ci(p) . By(f~'p) = Z§(z: 7)CR(f ' p), (3.66)

39We note that there are concrete expressions only for L(p,q) x St indices with ¢ = 0,1. We propose a

general formula for the index with ¢ > 1 in section 5.1.
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where now (z/;7') and (z;7') are defined by:
p =7 0)=hp, =078 =hf"p. (3.67)
The condition (3.65) is satisfied as long as:
Zg (257 28 (20 7) =2 1, (3.68)

where the equality may hold up to a phase. Using the fact that Z§(z;7) consists of a
product of ¢-8 functions — see footnote 25 — this equation is satisfied if:

Z{y,_"MaT,‘FVa ~/__a7—,+6
y1' 46 ’ o445

4 T+ Uy = ad—py=1, (3.69)
where fiq,v, € Z and fi,, Uy € 7Z can be arbitrary due to the ellipticity of Z§(zq;7).
Furthermore, the “—” sign reflects the fact that 7/ and 7’ are related through an orientation
reversal transformation. These equations should be read as constraints on h, h € H for an
appropriate choice of (a, 8,7,96) and (g, Va; fla, Va). For simplicity, we will assume that
h, h do not contain large gauge transformations, in which case we only have to solve the
second constraint. We also assume that f does not contain factors of tga), but comment at
the end of this section on the more general case.

To proceed, we take a generic ansatz for h,h € H and solve (3.69). Explicitly, let h
and h be given by:

n0m n0m
h=|b1al|l, h=|b1al], (3.70)
10k [0k

with kn — Im =1 and ki — i = 1. We will assume periodicity of the holomorphic blocks
B, (p) in its arguments, as encountered in section 3.2.1. This implies that the second and
third rows of h and h are defined up to integer multiples of the first row:

h ~ Torh ~ Ty1h, (3.71)

and similarly for A. In particular, this fixes (k,1) and (k,[) for a given (m,n) and (m,7),
respectively. Furthermore, it implies that we may consider b mod n and b mod 7 and
view (a,a) as free integers. Plugging in the constraint (3.69) with (3.67), it follows that
ad — By =1 requires:

m=m. (3.72)

The remaining constraints are solved if:

o= —@q — ZL’ 6:—5— (I,
-r P (3.73)
mfB =r+ qa + sa + paa, v =pm,

and:

(3.74)
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Let us make some comments. First of all, using the fact that gs — pr = 1, it follows
immediately that ad — 8y = 1. However, we need to ensure § € Z, which imposes a
constraint on (m;a,a). Secondly, note that the equations in the first line of (3.74) are
equivalent to those in the second line. Their solution is immediate either in terms of (b, n)
or (b,n). Thirdly, our ansatz requires the following coprime conditions on m:

ged(m,n) = ged(m,n) = 1. (3.75)

Finally, note that the (redundant) set of constraints is invariant under the inversion symmetry
in (2.32), which effectively exchanges the untilded and tilded variables and ¢ <> s. We will
see this symmetry, and also the other symmetries of the Hopf surface, reflected in the set
of solutions.

Let us first analyze the coprime conditions. If we choose to solve the equations in terms
of (b,n), we find that ged(m,n) = 1 can be written as:

ged(m, (s +pa)n) =1. (3.76)

Since ged(p,s) = 1, this constraint automatically implies the other coprime condition
ged(m,n) = 1, apart from the special cases p = +a = Fs = 1 and a = s = 0.3! Solving in
terms of (b, n) instead, we similarly find that (3.75) can be captured in a single condition:

ged(m, (¢ +pa)n) =1. (3.77)

We continue to solve for § € Z. Combining (3.73) and (3.74), one finds that there exists an
integral solution for 8 as long as:

mb — #d = q(mb — na) —rn, (3.78)

where we have used ged(m,n) = 1. Alternatively, using the inversion symmetry we can also
find an integral solution for 3 as long as:

mb — na = s(mb — ad) — ri, (3.79)

where now we used ged(m,7) = 1. Since we may take 0 < b < nand 0 < b < 7, it
follows that the pairs (a,b) and (@,b) uniquely parametrize the single integers ¢ and ¢,
respectively, through:

c=bm—an,

= bm — an, (3.50)
( .

c
<~ (a,b) = (—ck+ rkm,—cl + kn), (a,b) = (—ék + Rm, —cl + R),

where we inverted the relation in the second line, and k, & € Z are fixed by the domain of b
and b. The conditions (3.78) and (3.79) can now be written, respectively, as:

¢=qc—rn, c=SsC—rn. (3.81)

These equations are consistent due to gs — pr = 1 and the relation between n and 7. In
conclusion, we find that 5 € Z if ¢ is solved in terms of ¢ as in (3.81) (or vice versa).

31These cases will be treated separately in the examples.
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Let Sy C H x H denote the set of pairs (h, h) that solve h in terms of h.>? Taking
into account periodicity (3.71), the solution set is a right coset parametrized by three
integers (m,n,c):

F:)o X F/oo\8f7 Fi)o = <T217T31> CH. (382)

Explicitly, an element in this set can be written as:

n 0 m —sn+pc 0 m
h=1—-cl—ck]|, h=|(qc—rn)l1 (gc—rn)k|, (3.83)
1 0 k 0k

where we have chosen k = & = 0 as a representative, and recall that (k,!) and (k,[) are
also fixed by periodicity. To describe (3.82) more concisely, let us take n,c € Z general and
choose m such that it obeys the coprime condition (3.76). For fixed ¢ (i.e., for fixed (a,b)
in the coset), this set of integers (m,n) has an elegant description in terms of the quotient
I'so\I'o(s + pa), where I'g(n) C SL(2,Z) is the Hecke congruence subgroup:

PO(n)Z{(iE) |ad—bc=1,c=0modn}, (3.84)

and I', C SL(2,7Z) is generated by the (upper triangular) 7" matrix. It follows that, as a
set, (3.82) can be described as:

I, x TLA\SF = | Doo\Lo(s + pa) - (3.85)
a€Z
We thus find the existence of an interesting modular set of holomorphic blocks Bj(p) and
By (f ~1p) consistent with the factorization of a general lens index Zip,q)(P). We will study
some examples below to make this more concrete, and turn to a geometric interpretation in
section 3.5. For now, let us similarly describe the solution set S + where h is solved in terms
of the h parameters:
%, x Th\Sy 2 | DToc\Lo(g + pa) (3.86)
acz
where we have made use of (3.77). As explained above, we see that: Sy = S ¢-1. Notice
also that both sets are separately invariant under the other symmetries of the Hopf surface,
including s — s+ p and ¢ — ¢ + p.

Finally, it will be useful to have a description of the solution set Sy for f' = ¢’ O with
general ¢’ € SL(3,Z). This is easily obtained from S by recalling that there always exist
h,h € H such that f' = hfh~! with f = I(p,g) O and g, q) € SL(2,Z)23 as in (2.14). This
leads us to the following description of Sy

Spr={(hsh™  hgh™) | (g hy) € Sr) (3.87)

where Sy is as described above.

32We caution that in general Sy can not be thought of as a subgroup of H x H. This follows from the fact
that the coprime conditions (3.76) and (3.77) in general do not respect the semi-direct product structure
of H.
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Examples of Sy. Here, we describe the solution set Sy for some simple gluing transfor-

mations f. We will denote by S](ca’b) the subset of Sy for fixed (a,b). We also point out in

which cases Sy or Sj(fl’b) can be understood as a subgroup of H x H.

S§2 x T?. The simplest example is obtained by taking f = O, ie., p = r = 0 and
q = s = —1. The resulting manifold has topology S? x T?2. In this case, the constraints
simplify significantly. In particular, the a parameter decouples from the modular part of
the solution set. We thus obtain the direct product:

I xT.\So = To\SL(2,Z) x Z =T’ x T. \So . (3.88)

More explicitly, Sp is parametrized by the matrices:

n0m n 0m
h=|blal|l, h=|-b1l-al. (3.89)
10k 1 0k

It follows that S embeds (almost) diagonally into H x H:
So ={(h,OhO)|he H} C H x H, (3.90)

and it clearly forms a subgroup. The closely related case f = t§ O can be checked to satisfy
the consistency condition for the above pair (h,h) as long as a = b = 0. This follows
from the elliptic properties of Z§(z;7) discussed around (3.69). Concluding, there exists
a consistent family of holomorphic blocks for the S? x T2 index parametrized by I, \ H.
This is not surprising given that this index has ordinary modular properties under H, as
discussed in section 3.2.

S§3 x S§1.  Another basic example corresponds to f = So3 0, i.e., p=—r=1land qg= s =0,
which has topology S% x S'. The constraints again simplify significantly. In particular,
one finds:

n=c, c=n. (3.91)

The condition on the integers (m,n,c) is now ged(m,n) = ged(m, ¢) = 1, which cannot be
reduced to a single coprime condition. The solution set is written as:

I x T2 \Ssp0 2 | Too\Lo(a) 2 T x Th\Ssp,0 - (3.92)
a€L

The explicit matrices (h, h) are given by:

n 0 m n 0 m
h=1|-nl+knl—-nk+rm]|, h=|-nl+kn1—nk+c&m|, (3.93)
I 0k I 0 kK

where we have written 7 as opposed to ¢ and k, & € Z are free integers in Sg,,0, but can be
set to zero in the coset. The meaning of the factor I'no\I'g(0) can be understood from the
explicit matrices (h, ) and corresponds to a single element (S3,S13).
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In the case i = n, k = k and [ = | = & = &, the solution set turns out to have a
particularly nice interpretation. First, note that the (h,h) can now be written as:

n0 m
h=h=|[01-1]. (3.94)
10 k

That is, Sé;;g ) almost embeds as a diagonal SL(2,Z) subgroup of H x H. In fact, we can
modify f slightly to make this embedding exact. For this, we make use of the relation (3.87)
between two solution sets Sy and Sy. It follows from the expression of \S;; in terms of Tj;
in (2.10) that:

T3' O = Ty3 So3 O Tos. (3.95)

Since Thg € H, we can apply (3.87) and find that S(TO_’OI)O does embed as a diagonal SL(2,Z)
32
subgroup of H x H:
S ={(h,h) | h € SL(2,Z)13} C H x H . (3.96)
32
This example reappears below as a special case of L(p, —1) x S* for p = 1. The connection
with S3 x S1 follows from the symmetry of Hopf surfaces under p — T2_31p and f — T 2_31 fTos,
as mentioned in section 2.3.
Concluding, the superconformal index admits a consistent factorization in terms of
a family of holomorphic blocks containing a diagonal SL(2,Z)13 C H x H. We turn to a
geometric interpretation of this potentially surprising fact in section 3.5.

L(p,+1) x S. Finally, we turn to fpx1) = 5’23T23p55t31(9. The associated Hopf surface
has topology L(p,+1) x S*, and the constraints are solved by:

n = Fn+ pc, ¢ = *c. (3.97)
The solution set can be described as:

T X TUASs, 41y = | Too\To(£1 + pa) = T x TL\Sy (3.98)

p,E1) T
a€Z

In terms of the matrices (h, h) we have:

n 0 m Fn + pc 0 m
h=1—-c+knl—ck+rm]|, h=|Fcd+r&(Fn+pe) 1 Tck+rm| . (3.99)
I 0k ] 0k

A simple and interesting example is the case when ¢ = k = £ = 0. In this case, the set

Sj(f?z’]ozl) embeds as a diagonal subgroup for any p € Z:
S](c?;’jl) = {(h,h) | h € SL(2,Z)3} C H x H. (3.100)

This reproduces our previous example for p =1 since f; 1) = T3_21 O. On the other hand,

S(O’O)

o) does not immediately define a subgroup. This follows from the fact that i = S3; h S3,
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which is not a conjugation of h. There is again a simple fix. We instead look at the solution

set for:
Fipny = 513 fip1) Sz (3.101)
In this case, we find that SJ(, 9 embeds as follows:
(p,1)
s}‘fp‘?} {(h, 3,1 S3;) | h € SL(2,Z)15} C H x H. (3.102)
This defines a subgroup since S§3 = 1. Concluding, we see that also the indices on

L(p,+1) x St, for any p, admit a consistent factorization in terms of a family of holomorphic
blocks that contains an (almost) diagonal SL(2,Z)3 C H x H.

3.4 Modular factorization conjecture

We can now state our modular factorization conjecture. Provided that a Higgs branch
expression for the index exists (see section 3.2), we claim that a given lens index can be
factorized in a variety of ways parametrized by Sy

T (p) = PP ZBh p), (hh)eSfcHxH. (3.103)

Without loss of generality, we take f = g, q) O with g, 4) € SL(2,Z)23 as in (2.14).33
Furthermore, we claim that the phase polynomial P}n(p) includNes the 't Hooft anomalies
of the theory, which will be seen to depend on both f and (h,h), the latter dependence
indicated through m = (m;n,c). The constraint (h,h) € Sy ensures that the index is
independent of the boundary conditions imposed on the blocks. That is, the factorization
also holds with respect to Cj(p) and C7*(f ~1p). The use of the word “modular” is motivated
by the fact that Sy contains modular (congruence sub-)groups.

Before turning to a geometric interpretation in section 3.5 and evidence in section 3.6,
let us examine the conjecture in more detail for the L(p, —1) x S' index. This includes the
S? x T? index for p = 0 and the S3 x S! index for p = 1, up to a change of parameters:

Zp oy (T55'p) = Zs0(p) =Ta0)(p),  p=p. (3.104)

As mentioned at the end of section 3.3, the set Sy, contains a diagonal SL(2,Z)3
subgroup of H x H. Therefore, the modular factorization conjecture implies:

o in Py p)ZBa (hp)B(hf~Lp) = e P! ZBC“ )B(f~tp), heSL(2,Z)3,

(3.105)
since both sides represent the same index. In fact, the equality holds at the level of the
summands, as will become clear in section 3.6. This equation appears similar to an ordinary
modular covariance, but, as also stressed in section 3.1, it is a covariance with respect to a
combined action:

p— hp, f— hfh™t. (3.106)

33The extension to more general gluing transformations follows from our observation in (2.14) and the
relation between Sy and Sy in (3.87).

— 33 —



As a result, unlike an ordinary modular covariance, it does not behave nicely under group
multiplication:

B(hihep)B* (hiha f~' p) % B*(hap)B*(haf~'p). (3.107)

unless hy commutes with f~!. The commutant of f~! inside SL(2,Z)13 C SL(3,Z) is trivial
unless p = 0. In the latter case, f = O and the commutant equals H. This is indeed
expected since the S? x T? index has modular properties under H. Since a general lens
index should not have such modular properties, (3.107) should be viewed as a feature rather
than a bug. A general lens index only transforms under H in the generalized sense (3.106).
In section 4, we will nonetheless see that a natural modular object can be constructed
from the lens indices. This object respects the multiplication of gluing elements g € G
in an interesting way, as opposed to the multiplication of large diffeomorphisms of the
Dy x T? geometries.

3.5 Geometric interpretation of S; and universal blocks

Modular factorization asserts that a given lens index can be factorized in terms of a
(modular) family Sy C H x H of holomorphic blocks. The subset Sy arises from the physical
constraint that the compact space partition function should not depend on the boundary
conditions imposed on the holomorphic blocks. In this section, we will provide a geometric
interpretation of Sy in terms of “compatible” Heegaard splittings of a Hopf surface.

We start with an observation about the set Sy with f = ¢ O and g € SL(3,Z). First,
we define the subgroup F' C SL(3,Z) as follows:

F =SL(2,Z)15 x Z*, with 72 = (T3 ,T32), (3.108)

where SL(2,Z);; and T;; were defined in section 2.1. Note that this subgroup takes on the
same form as H, but corresponds to a different embedding in SL(3,Z). It turns out the
following two statements are equivalent:

(h,h) € S0 ifand only if ¢ =hgOR 'O € F. (3.109)

The right implication is easily verified for g = g(, ), as in (2.14), by plugging in the
associated solutions (3.83) for (h,h).>* One finds that ¢’ is of the form:

* % 0
g=1|*xx0], (3.110)
* % 1

which indeed corresponds to an element in F' C SL(3,Z). The converse can be proved by

solving the condition h g, q) Oh~'O € F in terms of (h,h) and noting that the resulting

constraints are identical to those specifying Sy, as derived in section 3.3.3

34For general g € SL(3,7Z), the claim follows from the relation (3.87) and the observation in (2.14).
35In particular, one can check that the inverse of the SL(2,Z) matrix given by «, 8, v and § in (3.69) is
equal to the upper left 2 x 2 block of ¢', for g = g(p,q). We will see this explicitly later in (4.47) with (4.48).

~ 34—



Consider now a Hopf surface with a Heegaard splitting in terms of some gluing
transformation f = g O and g € SL(3,Z). Recall from section 2.1 the notation:

(Vo A)=( A X) (3.111)

which summarizes how the cycles of the two Dy x T? geometries are identified. More general
Heegaard splittings of the same Hopf surface are labeled by (h, B) € H x H, associated to
the gluing transformation f’ = hfh~!, which we similarly write as:

(M b 2n) = (% M) ()7 (3.112)
where we defined:
(/\§1 Hh )\h) = ()\/ M )\) ht, (:\;L i 5\5) = <5\/ i 5\) Bl (3.113)

We define the compatible Heegaard splittings of this Hopf surface to be labeled by the
subset (h,h) € Sy C H x H. This subset has a nice geometric characterization. Indeed,
it follows from the form of ¢’ that the set Sy parametrizes all Heegaard splittings of the
associated Hopf surface such that the gluing transformation ¢’ fixes the cycle S\;L = Ap.
This cycle is to be identified with the S* inside the Hopf surface Mp,q)(p). The remaining
L(p,q) € My q)(p) is then glued by the appropriate SL(2,Z) block in ¢" acting on (A}, p)-

We can thus think of the large diffeomorphisms (h,h) € Sf as the embeddings of
the “time circle” into the Dy x T? geometries such that the gluing transformation of the
associated Heegaard splitting leaves it fixed. This should be viewed as the four-dimensional
analogue of how one can choose any embedding of the time circle in a 72 for a CFTy; for
the latter, this choice is a consequence of SL(2,Z) invariance of the CFT on the torus. It
provides a more transparent interpretation of Sy. Namely, modular factorization becomes
the statement that a given index can be factorized in terms of a pair of holomorphic blocks
only if the blocks are defined with respect to a common time circle.

So far, we have seen that for a given Hopf surface the associated set Sy parametrizes all
compatible ways in which the time circle can be embedded in the Heegaard splitting. Instead,
we could also fix the embedding of the time circle, i.e. fix a general pair (h, ﬁ) € HxH,
and consider all gluing transformations compatible with this embedding. Clearly, this set of
gluing transformations is in bijection with F', since any f = g O with:

9EF, vins Fyoso=h"'FOhO, (3.114)

solves (the right hand side of) (3.109) for a general pair (h,h). Note that only Fj, = F,
corresponds to a subgroup of SL(3,7Z), while for general h the gluing transformations form
a subset. We conclude that the Heegaard splittings associated to gluing transformations
F, ono are compatible with the (h, h) embedding of the time circle into the Dy x T2
geometries, and that this is the maximal compatible subset in SL(3,Z).

To illustrate the above, let us look at some specializations of (h, fz), starting with
h = h = 1. The associated blocks are the partition functions Do x T?(p), which we
denoted in section 3.1 by B*(p). In this case, it is clear that any f = ¢ O with g € F
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solves the constraint in (3.109). It follows that the indices associated to any g € F' can be
consistently factorized in terms of B%(p) and that F' is the maximal subgroup of SL(3,Z)
with this property:

Zip) =D IB* ()7, g€F, (3.115)

where we omit the relative phase. Note that F' can be used to construct arbitrary topologies
L(p,q) x S* since SL(2,Z)12 C F (see section 2.1). In this sense, BY(p) is the unique
universal block for indices associated the subgroup F.

However, we could have made a different choice of embedding of the time circle. For
example, let us choose h = h = S13 so that the relevant geometry is Dy X T2(5’13p). As
in section 3.2, we denote the associated partition function by Bg(p) = B*(S13p) and, as
explained there, this corresponds to the block used in the original work [49]. The set of
gluing transformations which solve (3.109) is now given by:

Fs =S F S13 =SL(2,Z)93 x Z?, with 72 = (T2, T3). (3.116)

Similarly to before, the index associated to any element in Fg can be consistently factorized
in terms of B%(p), and Fys is the maximal subgroup of SL(3,Z) with this property:3°

Zip) =Y IBs(p)7, g€Fs. (3.117)

Since the conventional definition of the Hopf surfaces is with respect to SL(2,Z)23 C Fg,
as discussed in section 2.2, this explains why the lens indices considered in [49] were all
factorized in terms of Bg(p). More generally, the holomorphic block By (p) for any h € H
is the unique universal holomorphic block for indices associated to f = ¢ O and g € h~'Fh:

Zip) =D BRI},  gEFyn=h""Fh. (3.118)

Finally, the factorization of indices in terms of the most general pair of holomorphic
blocks reads:

Zi(p) =Y Bi(p)Bi(f'p), g€ Fy oo (3.119)

In the remainder of this paper, we will only make use of holomorphic block factorizations
corresponding to the cases Fy,, i.e. when the set of gluing transformations forms a subgroup
of SL(3,Z).

Let us now look at a restricted set of topologies. As in section 3.3, we consider the
example of f(,, _1) = g(p,—1) O with p arbitrary, associated to the topologies L(p, —1) x St
Explicitly, g(,,—1) is given by:

100
9p,—1y =10 1 0. (3.120)
—p1

[an}

36This was also observed in [45].
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We immediately see that it is an element in F' for any p, which means that the associated
indices can all be factorized in terms of B%(p). However, for this subset of gluing transfor-
mations, the condition (3.109) is preserved for arbitrary h = h € SL(2,Z);3.%" Therefore,
there is an SL(2,Z) family of holomorphic blocks B} (p) with h € SL(2,7Z)3 compatible
with the factorization of indices associated to g, _1). Geometrically, this follows from the
fact that g, _1) fixes both A = A and A" = X, and therefore any combination of cycles
mA + n\ with ged(m,n) = 1 could serve as a time circle.

Finally, we note that there does not exist a holomorphic block for which indices
associated to the full subgroup H C SL(3,Z) can be consistently factorized. For example,
one may check that for f = Ti30 and f = T3; O, there exist no h, h € H such that (3.109)
holds for both transformations. This is consistent with the geometric interpretation: H
does not fix any combination of the non-contractible cycles XA and X and therefore there is
no invariant embedding of the time circle.

3.6 Evidence for conjecture
In this section, we prove the modular factorization conjecture for the free chiral multiplet
and SQED, and indicate how the proof extends to more general N’ = 1 gauge theories.
3.6.1 Free chiral multiplet
For convenience, let us recall the relevant indices from section 3.2.1:

1

ZO(p) = 9(2' O‘) s ZSQBO(p) =TI (Z; T, U) (3 121)
A

g<p71>(9(,0) =T (Z + U;T7U> r (ZQPT - ‘777> )

where we have taken the R-charge to be vanishing for notational convenience.?® Furthermore,
the Do x T? partition functions associated with Dirichlet and Robin-like boundary conditions
are given by:

B(p) =T(2+0;7,0) and C(p) =T(z71,0), (3.122)

which satisfy:
B(p) =0(z7)C(p). (3.123)

Let us start with the superconformal index Zg,,0(p). The most general modular
property involving three elliptic I' functions is derived in appendix D.1. It can be written as:

. _ _—imQm(z;7,0) 2 . 1—nilko+l) ko+l 2 . o—n(kr+D)  Fr4l
F(Z’ 7 J) =¢€ r (ma+n’ mo+n 7’ mo+n mT+n’ mrT+i > mT+n )

(3.124)
where m = (m,n,n), kn —Iim = 1 and kit — Im = 1, and the phase prefactor can be

written as:
Qm(z7,0) = LQ(mz;m7 4+ ft,mo 4+ n) + fm, (3.125)

3"Note that © commutes with general he SL(2,Z)13.
38We will indicate below how the formulae generalize to R € 2Z.
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with fin a constant independent of p:

fm = 201(n,n,1;m), (3.126)
where o1(n,n,1;m) denotes a Fourier-Dedekind sum defined in (A.12), and can be written
in terms of an ordinary Dedekind sum s(n,m) for 7 = n:3

(m—1)(m —15)

Fon = 28(n, m) — (3.127)

12m

This Dedekind sum was also observed to play a role in the subleading order of generalized
Cardy-like limits of the index [37]. We now note that the transformed variables on the right
hand side precisely take the form hp and hp for the solutions (h,h) € Ss,,0 given in (3.93),
and with p = (’)52_31 p. It follows that the modular property matches with the prediction of
modular factorization:

Zsno(p) = e 5P By (p) B (0S5 p)

) (3.128)
=e¢ "5 0L(p)Cr (0S5 p)

where we recall that By, (p) = B(hp) and similarly for Cj(p), and define the phases in terms
)

of Ps,,(p; R) (see (3.32)), which is:

Ps,.(z;7,0;R) = Q(z + g(T +o)—1;7,0), (3.129)
as follows:

Py (2;7,0) = %Pg23 (mz;mt + 7, mo +n;0) + fi., ( )
i 3.130
Pé’;‘g (z;7,0) = %Pg,23 (mz+ L;m7 + n,mo +n;0) + fm,

where f], is a constant involving Gauss floor function, which might be determined similarly
to fim, as discussed in appendix D.1. However, in appendix D.1 we only provide the analytic
expression for fp, while the analytic form of f is still less clear. The equality between the
two factorizations, up to a change in phase, follows from the relation between B(p) and
C(p) and the fact that the pair (h, h) € Ss,,0 solves the consistency condition (3.65). We
also note that the phase prefactor still clearly encodes the 't Hooft anomalies, since it is
related to Ps,,(z;7,0; R) up to a change of variables. We do not have an interpretation of
the additional constants, but note that the Dedekind sum for the case 7 = n also appeared
in the subleading parts of the Cardy-like limits studied in [37].

Let us briefly comment on the generalization to R € 2Z. Using the formulae for the
index in (3.22) and the Dy x T? partition functions in (3.26), the factorization would follow
from a property of the form:

I'(z+ %(T +o);71,0) =

mo+n > mo+n ) mo+n mT+n ’ mT+n O mT+n

¢~ imQm (2T R) T <z+§(r—ﬁ(ka+l))_ T—i(ko+l) kol ) r <z+§(a—n(l~w+l~))_ o—n(kr+1) ,;H_[) ,

(3.131)

39For details of this derivation, we refer again to appendix D.1.
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for some Qm(z;7,0;R). This formula reduces to (3.124) through repeated use of the
shift property (A.15) of elliptic I" functions and the elliptic and modular property in (A.2)
and (A.5) of the ¢-0 function. In the process, one picks up phases, which define Qm(z; 7, 0; R)
in terms of Qm(z;7,0). Note that R € 27Z is crucial for this to work.

We now turn to the lens index Zg(p,l)o(p). In this case, we need a modular property
that involves four elliptic I' functions, as derived in appendix D.2:

F(z+o;1,0)T (2;p7 —0,7) =

efz‘mep(z;r,o)F( z . 1=c(lhioth) kla+ll> ( z . 1=clha(pr—0)+lp) l%z(pf—a)#z)

mo+ni1’ mo+ni O mo+ng m(pr—o)+ng’ m(pr—o)+n2 ' m(pr—o)+nz ) ?
(3.132)

where kin; — liym = 1, lzrgfzg - ng =1, ng = —n1 + pc, ¢ € Z is a free integer and

m, = (m,ny,c;p). Furthermore, the phase is given by:

Qm, (:7,0) = 7Q (mz, Meroolthz motm ) 4 B (22 — 1) o fin, (3.133)

with fm, a constant. Setting (n1,k1,11) = (n, k,1) and (ng, ko,ly) = (7, k,1), we compare
the transformed variables on the right hand side to hp and hp with (h,h) € S0
given in (3.99) and p = 09(_;1)17- Sure enough, this property again precisely matches the
factorization conjecture for the lens index of the free chiral multiplet:

—in PP _
Zgynyolp) = w0 By (p) B (Og L p) (3.134)
—in PP _ '
= 00 Cy(p)Cr (097 )
where the phases can now be defined in terms of P (p; R):
T—0 o 2_
Py, (i R) = 1Q (z +Br e, 5) + 2522 — 1+ (R—1)7), (3.135)

which we have rewritten as compared to its first appearance in (3.35). In terms of this
function, the phases are defined as follows:

my
Pg(pyl)

- ‘ o
Pg<:1> (z;7,0) = mPg(m)

(57,0) = L Py | (mzsmr + ¢ mo +11;0) + fomy
(3.136)
!/
(mz +Lm7 4+ ¢,mo +n1;0) + fr -

The constants fum, and f{np are again distinct. It follows that the overall phase captures
again the anomalies, since it is related to Py (p; R) through a change of variables. The
extension to R € 27 follows along similar lines as in the case of the S3 x S! index.

Finally, we verify our factorization conjecture for the S? x T2 index of the free chiral
multiplet. As in section 3.2.1, we first note that:

Zo(p) = (Zl. 5 =T(no)l(s—r0). (3.137)

in the case of vanishing R-charge. We now make use of the general modular property of the
g-0 function:

9( z . kotl ) = ¢™BF=9) (2 0) . (3.138)

mo+n’ mo+n
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Using this transformation, we find:

1 - e,iﬂ-Bén(z;g)F ( z . 1t+ac+b ko4l )F ( z__._T1+ac+b ko4l ) . (3.139)

- mo+n’ mo+n > mo+n mo-+n’ mo+n ' mo+n

0(z;0)

We note that the left hand side of (3.137) is independent of 7 because of the vanishing
R-charge. In general, however, it will depend on 7 (cf. (3.22)). This constrains the form
of the second variable of the I" functions on the right hand side of (3.139) as indicated.
Comparing with the factorization conjecture for Zo(p), with (h,h) € Sp as in (3.89), we
see again that the property above exactly matches with the conjecture:

Zo(p) = €0 B, (p) B, (Op)

. m (3.140)
e R, (p)C(Op)
where the phases are given by:
P(p) = B (2 — 30) + 15, (3.141)

PP(p) = B (2;0).

These phases can again be understood as changes of variable of the basic case Fy» (p; R),
discussed in (3.40), for R = n = 0, which is the anomaly polynomial for the (0, 2) theory
associated with the twisted reduction of the chiral multiplet on S2. The extension to general
R-charge (and flavor symmetry fluxes) is straightforward and left to the reader.

We thus see that the modular properties of the elliptic I' functions precisely match with
our modular factorization conjecture in the context of the free chiral multiplet. We find
this agreement between general physical arguments and mathematically rigorous properties
of the elliptic I function remarkable.

3.6.2 SQED

In this section, we show how modular factorization can also be proved for a non-trivial gauge
theory. As in section 3.2.2, we focus on the superconformal index of SQED for simplicity.
To this end, we recall the Higgs branch expression (3.54) for SQED index:

SQED SQED « o —
Ine " (h) = Z520 (p Zzszgod )Z8,,0,1-100p(P) 23 (0) Z8(OS33'p) . (3.142)

where the factors in the summand can be written as:

Z8,.0.a(p) = 25(pg)*?,

Ny
1 I'(28 — za; 7, 0)
78 -
523(9,1-loop(p) F(O' T U) /5];_[1 F(—Zg 2T 0_) ) (3.143)

ZqH§HH92a+Zﬁ+]T a)’

=0 i — 23+ jT;0)

Modular factorization can be arrived at as follows.
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First of all, we use the invariance of each coefficient in the sum of Z&(p) under
H = SL(2,Z)13 x Z>T2N7 to write:

N . N Zatzg+i(r—fi(ko+l)) | kol
! f[ 9<za+25 +]7_§U) . 4 ﬁ 0( . mo+n ’mg+n) (3 144)
_ ; - za—zg+j(T—n(ko+l))  kotl \ '’ '
B=1j=1 0(2a — 23+ jT;0) p=1j=10 ( - Py ; mgin)

where kn — Im = 1 as in section 3.3 and in this equation 7 is an integer coprime with m
(although this is irrelevant for this specific identity).

Furthermore, we find that for m # 0 the overall classical contribution can be factorized,
up to a prefactor, as (cf. (3.58)):

0 ( Za . T*ﬁ(kﬂ“i’l)) 0 ((mTJrﬁ)g_ T—ﬁ(kg+l))
ot — o (zzmezztzsam ) ! (T Srtn i
o 0 ( Za 4 (m7T+n)¢ . T—fz(kcr—i-l))
mo+n m ’ mo+n 3 145)
9 ( 2 . O’—TL(]:}T—F[)) 0 ((ma—&—n)f. U—n(l~c7—+l~)) ( )
% mT+n’ mT+n m ' mT+n
“ o+n)¢ . o—n(kT+l ’
0 (mi+ﬁ, + o mn) ’ TZﬂ('JrFL )>
where now also kit — Im = 1 and we made use of
. 7—n(ko+l) Co—n(kr+D)\ | —wi( L B(=m2 _1;mIER) Y o6 (K, 1
0 (maz+nv S rae )0 (mrz+ﬁv z 7:54:73 ) = oGP (Fa TR ) 2 () ;

(3.146)

where the constant o; is defined in (A.8). This property can be derived from the extension
and general modular property of the ¢-8 function in appendix A and the fact that

: (3.147)

m kn

o—nlkr+1) (—kn —l—1—1Um\ 7 — (ko +1)
mr+a mo +n

where the action of the SL(2,Z) matrix is defined in the usual projective manner. In
particular, note that the transformation exchanges mo + n <> m7 4+ fi. For completeness,
we separately define the m =0 and n =7 =1 case of (3.145)

0(za;7—0)0(T&;T7—0) y 0 (za;0 —7)0 (080 — 1)

0 (20 +7ET —0) 0ot obio—7) (3.148)

o =
where we made use of the fact that £ is quantized as an integer and the shift property (A.2)
of the ¢-0 function.

Finally, for the perturbative part we can use the results from section 3.6.1, specifi-
cally (3.124), to achieve factorization. We thus find that the index can be expressed for
m # 0, in the following form

i ( mMTH+N | mo+4n P . m,SQED
I (p) = eFn (R R T3 -201 (A im) (g /2= im P )

Ny (3.149)
x> Bi(p)Bi(0Sy'p),  p=p.
a=1

4ONote that only the factorization of the FI term needs to be defined separately when m = 0, as we have
done in (3.148).
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In this expression, we used the formal definition of B*(p) in (3.59), but now with a more
general action of (h,h) € Ss,,0 as in (3.93):

B%(p) = Ba(hp) — B% ( Z . 1—n(ko+l) ko4l . (m7'+7~l)§) 7 (3.150)

mo—+n’ mo+n ’ mo+n’ m

where we recall from section 3.2.2 that for SQED we extended p to include the FI parameter
as p = (Z;7,0;7). Similarly, since the action of (’)52_31 on p exchanges 7 <> ¢ we have:

mT+n’ mTt+n O mrt+n’ m

B}Q:(OS;SIP) — B ( 7 . o—n(kt+l) kr+4l . (ma+n)£) (3151)

It may seem as if 7€ transforms non-trivially under h, in which case modular factorization
actually does not hold. However, this is only apparent since

ho (mT 4+ n)

TE = =7&mod 1, (3.152)

m

as long as we assume that £ is quantized as a multiple of m. This should be closely related
to the fact that for L(p, 1) x S! indices ¢ is quantized as a multiple of p [49] and the relation
of the m # 1 modular properties to lens-like quotients [39, 47].*! Furthermore, we note that
since (1,1) ¢ Sg,,0, we never run into the issue that the formal expression vanishes (3.59)
given the invariance of 7€.

Finally, the phase polynomial is given by:

Ny
SQED ~ ~ ~
PSQ% (p)= — P, (0;T,0’>+Z [Pég‘g (Zg—za;T,U)—P§;3<—25—ZQ;T, J)] , (3.153)
=1

with ]5§‘2‘3 (z;7,0) defined in (3.130). It follows from the discussions in section 3.2.2 and
section 3.6.1 that this polynomial captures the 't Hooft anomalies of SQED.

In conclusion, we see that, up to phase prefactors, the SQED index can be factorized
in a variety of ways precisely matching with our modular factorization conjecture.

3.6.3 General gauge theories

Let us briefly indicate how our proof can be extended to more general A" = 1 gauge theories.
As observed in section 3.2.3 in the context of the factorization in terms of Bg(p), there were
five main ingredients that go into the factorization of a lens index. The last four points
require an update in the context of the more general factorization properties:

e Invariance of the vortex partition function at fixed vortex charge under the full group
H= SL(2, Z)lg X ZQ.

e Modular factorization of the FI term, if present.
e Modular factorization of the free chiral multiplet index.

e Independence of the phase polynomial of the Higgs branch vacuum a.

“'This connection will be substantiated in upcoming work [80].
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The first point requires full modular invariance and ellipticity of the vortex partition function.
This should follow from the same arguments mentioned in 3.2.3, namely that 't Hooft
anomalies for global symmetries on the vortex worldsheet should vanish. The second and
third point we have demonstrated in sections 3.6.1 and 3.6.2. Finally, the fourth point
also follows from the arguments made in 3.2.3, since the phase polynomials for the general
factorization properties are simply changes of variables of the phases there. In particular,
independence of « follows from gauge anomaly cancellation. All in all, we believe that this
provides strong evidence of modular factorization for more general N’ = 1 gauge theories,
as long as a Higgs branch expression for the index exists.

4 SL(3,Z) one-cocycle condition and lens indices

In this section, we begin with a gentle introduction to the mathematical framework of group
cohomology, geared towards a generalization of the notion of a modular form. The insight
of Gadde [45] relates lens indices to a non-trivial cohomology class in H'(G, N/M) with
G = SL(3,7Z) x Z3". We establish this connection systematically and rigorously, assuming
the conjectured properties of lens indices in section 3. Our approach supplies a physical
interpretation of the fact that lens indices are related to a non-trivial cohomology class.
Finally, we briefly comment on a cohomological perspective on the modular factorization of
lens indices.

4.1 Modular group cohomology

For concreteness, let us consider the Jacobi group J = SL(2, Z)x Z2. This group acts by large
diffeomorphisms on the complex structure 7 of a torus and by large gauge transformations
on a line bundle modulus z:

(Z;T)*)( z kT +l1

mr+n’' mr+n

> , (1) = (z4+ar+b;7) . (4.1)

A (weight 0) automorphic form with respect to J transforms as follows:*?

X (257) = ¢g(2;7)x (g7 (2 7)), (4.2)

where ¢4(z;7) is a pure phase and known as the automorphic factor. It satisfies:

Ggrgs (%7) = bg (2 T) by (97" (237)) . (4.3)

In general, x(z;7) is a meromorphic function of (z;7). Following [43] (see also [45]), we
will now set up a general framework that allows us to identify such automorphic forms as
elements of the zeroth group cohomology H%(J, N/M) of the Jacobi group J, valued in
N/M to be defined momentarily.

To this end, let us look at the group of k-cochains C*(G, A), where G will be a modular
group such as 7 and with A a multiplicative abelian group of functions. The group C*(G, A)
consists of k-cocycles a : G¥ — A such that ag, g, = 1if g; = 1 for some j. Furthermore,

“2The elliptic genera of two-dimensional SCFTs are examples of such forms (see, e.g., [81]).
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Figure 4. In the graphical representation, the right hand side of the equation reflects the boundary
components of the left hand side. The arrows indicate the orientation of the boundary components
and determine whether oy, . 4, (p) ends up in the numerator or denominator. In the above, the
arrows are directed such that there is a single point/edge/face not anchored to the same point as all
other points/edges/faces. This is reflected by the action of g, on the relevant ag, . 4. (p). An arrow
can be flipped at the expense of inverting the group element, its orientation and anchoring point:

Agy,....gx (P) = 1/049;179192,,_4791% (gflp)~

one defines C°(G, A) = A. Let us denote by Y a complex manifold endowed with an action
of G. We parametrize the manifold in terms of a set of complex variables collectively
denoted by p. For example, when G = J we take p = (z;7) with z € C and 7 € H and the
action is as in (4.1). The other relevant example will be G = G, discussed in section 2.2, in
which case we have p = (z;7,0) with z € C and 7,0 € H, and the action is as in (2.24).
In addition, A will take three concrete forms: the group of meromorphic functions N on
Y, the group of holomorphic, nowhere vanishing functions M on Y, or the quotient N/M.
Note that M is nothing but the set of (holomorphic) phases. These three groups fit into a
short exact sequence:

1-M-—-N-—-N/M-—1. (4.4)

The G-action on Y induces an action on ag, . 4, (p) € A as follows:

9 Qgy,...g (p) = Qgy,....9% (9_1p) . (4.5)

To construct the cohomology groups, one defines a coboundary operator § = J, from
Ck(G, A) — CF1(G, A) via:

(604)91,~~,9k+1 (p) = Qg 9k (p)

k

—1
O‘927~-7gk+1(gl p) H QGG G515kt 1 (p
j=1

) (4:6)
"
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where we recall that A is defined multiplicatively. Furthermore, for &k = 0:
a(p)
oa)y(p) = ———. 4.7
( )9( ) a(gflp) ( )
We have illustrated this equation in figure 4 for k = 0,1,2. One may verify that 6% = 1, as
appropriate for a coboundary operator. We can thus define cohomology groups as:

ker 6k
im 5k71

H*(G, A) = ,k>1, HYG,A)=kerd. (4.8)

Having set up the basic language, we can now describe the property (4.2). Consider an
element y € C°(J, N) = N. This function is a weight 0 automorphic form if:

x(p) 1
0X)g(p) = = =5&(Pp), §e(p) € C°(G, M), 4.9
(0x)g(p) oip) 4(p) q(P) (G, M) (4.9)
with &, the factor of automorphy. Note that the cohomological structure automatically
ensures the condition (4.3):

£1(P)Egs (91 ' )
€g192 (p)

It follows that such a y can be thought of as an element in H°(J,N/M), since it is
annihilated by 6 modulo M. This brings us to the claim at the beginning of this section.

(08)grgo =1 = =1. (4.10)

The equivalence class [x] of an automorphic form x modulo M corresponds to a
cohomology class in H'(J,M). To see this, consider the product of the automorphic form
x with a phase ¢ € M. Let £, = (0x)y and ¥y = (6(x@))y. Since 1y = &;(d¢)g, it follows
that &, and v, sit in the same cohomology class in H'(J,M). As in [43], we call this map
from HO(J,N/M) to H*(J,M): 6.[x] = [0x].

Note that the definition of 0, generalizes to higher degree. Together with the short
exact sequence (4.4), it induces a long exact sequence:

 HMYG,N/M) 2 HR(G, M) = HYG,N) 25 HRNG, N/M) 25 BRY(G M) -
(4.11)
where i, and p, lift the inclusion and projection of the short exact sequence to the cohomology
groups. For exactness at the node H*(G, M), we first note that the trivial class in H*(G, N)
is of the form §C*~1(G, N). Therefore, ker i, contains all cocycles [£;, 4] € H¥(G, M)
that can be written as:

[€g1,0e] = 000 g1,06) = 0(IXDg1r6 s Xa1roges € Ck_l(Gv N), (4.12)

where we have used the definition of d,. We thus see that im d, = ker,. This implies, in
particular, that keri, C H(G, M) classifies automorphic forms modulo M. Exactness at
the other nodes follows similarly.

Let us now focus on H*(G, N/M). The elliptic I' function can be understood as part of
a class H(G, N/M), as first discussed in [43] (see also [47] for a recent review). From the
above, a class [X,] € H'(G, N/M) satisfies a 1-cocycle condition:

Xy, (p)Xg, (91" p)

= 2
Xglgz(P) = fgl,gz(P)a 91,92 (p) e C°(G,M). (4.13)

6(X)g1,90(P) =
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We view this property as the degree 1 analogue of the automorphic property (4.9). As
stressed in [47], the properties of X, are associated to relations in the relevant modular
group. This should be contrasted with the degree 0 case, where modular properties are
labeled by elements of the modular group.

Note that the case g2 = g7 Lin particular implies:

Xy(p) = (4.14)

gt (g_lp) ’
where we use the choice £, ;-1 = 1 [43]. Moreover, note that £, 4, satisfies:

(55)%’927% -1 = 91,9 (P)§g192,93 (p) -1 (4.15)

€g1,9205 (p)5927g3 (gflp)

This is a 2-cocycle condition and the analogue of (4.3).
It will be important in the following that at degree 1 there is a notion of exact or
trivializable elements. Indeed, such classes can be written as:

X,] = [(6B),] = [Bf;(”)m} , (4.16)

with B € C°(G,N) = N. Any [X,] of this form trivially satisfies (4.13), as can be easily
verified. Similar to ordinary differential forms, it will always be possible to find a locally
exact expression for [X,] € HY(G, N/M), i.e., for some g € G. But if [X ] € H'(G,N/M)
corresponds to a non-trivial class, there exists no function B such that (4.16) holds for all g.

The 1-cocycle condition implies that a class [X,] € HY(G, N/M) is defined by its values
on the generators of G. Consider now the free group formed by the generators T;; and ¢;
of G.¥3 Any set of functions in N/M associated to the generators provides a 1-cocycle X, g
for the free group. This set of functions descends to a 1-cocycle for G if and only if the
relations in G are sent to one [43]. The SL(3,Z) relations (2.9) require:

X1, (p) X (T'p) = Xr (p) Xy, (Ti'p) . i #L, j#Fk,
Xz, (p) X, (T;;'p) = Xn, (p) X, (T3 p) X, (T3 T p) (4.17)
Xs,, (p) Xs,, (S5'p) Xs,, (5°p) X5, (S5°p) = 1,

where the = sign indicates that these equations should hold up to multiplication by a phase,
i.e., an element in C%(G, M). In addition, X ¢ must satisfy the mixed relations between the
T;; and t; given in (2.25):

X, (p) Xi, (T;;'p) = X, (0) Xz, (t0) ,  i#F,
X1, (p) X, (:Q;lp) ~ X, (p) X1 (t;lp) Xr, (tjtglp) , (4.18)
X, (p) X, (t7p) = X, (p) Xu, (£57p) -

We now turn to the physical relevance of this construction.

“3See section 2 for definitions. We omit the label (a) on t; for notational convenience.
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4.2 The 1-cocycle condition and lens indices

In this section, we systematically prove that the candidate 1-cocycle of [45], constructed from
the collection of lens indices, realizes a non-trivial class in H'(G, N/M) for general N' = 1
gauge theories, as long as their index admits a Higgs branch expression (see section 3.2 and
they have a global symmetry.** Our proof is based on three main results from section 3:

1. Ambiguities in the Heegaard splitting lead to the same lens index:
L) (P) = Z¢(p) = 2,51 (hp) - (4.19)

2. Invariance of the lens indices under the action of their respective groups of large
diffeomorphisms and gauge transformations, up to a phase. More specifically, we use
periodicity of the superconformal index Zg,,0(p) under z, = 2, +1, 7 = 7+ 1 and
o — o+ 1 and the covariance of Z;z0 under an entire copy of H.

3. Modular factorization of lens indices:

Lo ()= " O N Br(p)B(f '), (hh)eS; CHxH.  (4.20)

The first two points were discussed in section 3.1 and section 3.2, respectively, and the last
point in section 3.4. Let us summarize the strategy of our proof here.

1. After constructing the candidate 1-cocycle for G we evaluate it on the generators,
which using (4.19) can be expressed in terms of Zg,,0 and Zp.

2. Using these expressions, we show that it satisfies all basic relations in G, i.e., we
verify (4.17), (4.18) and also the inverse relation (4.14). The relations separate into
three classes that require distinct properties of the lens indices to prove:

(a) Relations that only involve generators in H C G. These relations can be proven
making use of the first result above.

(b) Relations that involve strictly one element in {712, T32,t2}. These relations can
be proven making use of both the first and second result.

(c) Relations that involve more than one element in {T12,T52,t2}. These relations
can be proven making use of the third result.

(d) The relation between an element and its inverse is also proven using the third
result.

3. Finally, we show that the 1-cocycle defines a non-trivial class in H'(G, N/M) and
provide a physical interpretation in terms of the results of section 3.5.

Our proof can be viewed as a generalization to arbitrary gauge theories of the proof in [43]
that the elliptic I' function is part of a l-cocycle for G, which in the physical context
corresponds to the example of the free chiral multiplet [45, 47].

#This requirement follows from the requirement of (even) integral R-charges. See section 3.1 for more
details. In addition, due to the non-renormalization of indices the proof also applies to IR, SCFTs that can
be reached through supersymmetric flows from the N' = 1 gauge theories.
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A candidate 1-cocycle. The first result above implies that there always exists a lens
index 7, ,(p) that can be associated to Z;(p) with f = gO and g € G arbitrary. This
follows from the standard Heegaard splitting of a Hopf surface (2.27) in terms f = g(, ) O
and our observation in (2.14). In addition, recall that there is a natural G action (2.24) on
p. These are two key features shared with a 1-cocycle X,4(p) of G. However, a 1-cocycle
has two other basic properties not shared by the indices: first of all, it obeys X1(p) = 1,
and secondly it is defined multiplicatively. In contrast, the index Zp(p) is not trivial, and
moreover the Higgs branch expression for a lens index mixes sums and products.

However, the factorization of a lens index is uniform over the Higgs branch vacua «,
since the relative phase (the anomaly polynomial) does not depend on «. Taken together,
this suggests a natural candidate 1-cocycle [45]:4°

e
g Z3(971p)’

where Z¢(p) is the summand in the expression (3.7) for the index Z¢(p). This ratio clearly

f=90, (4.21)

satisfies the first property, and we will see that it also fits into a multiplicative structure.
As such, this object defines a 1-cocycle for the free group of generators of G. Before turning
to the G relations, we first show that the 1-cocycle evaluated on the generators can be
expressed in terms of Zg,,0 and Zp.

Using the first result (4.19) for f = O, h € H general and h = 1, we have:

Zio(hp) = Z8(p) = Zi(p)=1. (4.22)
We thus find for all generators in H:
Zp(p)=1, j#2, Zp)=1, i#2, (4.23)

and similarly for their inverses. This establishes a similar claim in [45] rigorously. It follows
that (4.14) is trivially satisfied for elements in H. We now compute ZA(C“) for the remaining

generators Tjo and t2, again making use of (4.19). For example, since T. 3_21(9 = T2_31523(’) Tos
and Tas € H (see (3.95)), we find:

50 1 (0) 2 28, (Tosp) (4.24)
where we have made use of the second result listed above for the S? x T? index:
Z5(hp) = Z5(p) , heH. (4.25)
Similarly, since T75'O = S13 Tay' O St we find:
204

o 1 (0) = 28, (TnsSp) (1.26)
where we have again made use of (4.25). So far, we have evaluated ZA’E") on Tp,' and Ty,

For now, we only consider relations involving these inverses, and later show that 28‘) on

15We label 25‘ (p) by g because it will turn out that the dependence on the orientation reversed moduli
drops out.

48 —



T12 and T3o correctly reflects (4.14). Finally, the index associated to ty is an 52 x T? index
with an additional unit of magnetic flux for the flavor symmetry associated to .45 We
simply write out the definition in this case:

5 Ho(P)

20(p) = “2000) (4.27)

2 z8(p)

where we recall that the second result above holds for both numerator and denominator.
Having expressed the candidate 1-cocycle on all generators of G, we now turn to check that
it satisfies the basic relations of G.

Basic relations (a). Due to (4.23), all relations that only involve Tjj,t; € H are trivially
satisfied. In particular, the relation associated to Si; = 1 is satisfied. The relations
Sty = 53, = 1 follow from the former as long as the first and second line of (4.17) are
satisfied as well. Therefore, the non-trivial relations to be checked are the first two relations
in (4.17) and the relations in (4.18) that involve at least one element in {75}, Tay', t2}.

Basic relations (b). We now turn to the relations that involve one element in
{T1_21, T3_21,t2}. For the SL(3,Z) part of these relations, we have to check:

T?)Engl = Tnggal , TlalT13 = T13T151 , (4 28)
T3 Tor = Ty’ T Tyt , Ty Tos = T3 TosTho'

Plugging in the expressions (4.23), (4.24) and (4.26), it follows that ?:’(.) satisfies these
relations as long as:

2 (Tup) = 28,.(p),

S e (4.29)
‘2523(T31p) = ZSQg(p) :

Since p = (’)S;;T nip="1T 31(’)52_31 p on the left hand side of the first line, and similarly on
the second line but with 751 <> T51, we recognize this action as a large diffeomorphism on
the Hopf surface My g)(p) under which # — 7 + 1 and 6 — & + 1, respectively, described
in (2.34). By the second result listed above, it follows that the relations (4.28) are indeed
satisfied by 2(0‘)

The relations that only involve to and elements in H have the structure toh = h'ty for
h,h' € H. These relations are also satisfied by the second result listed above, which implies
that 2% (p) is invariant under the action of 4 up to a phase. Furthermore, the relations
that involve Tj,' and t1 3, but not to, are yet again satisfied due the second result. In this
case, it follows from periodicity of Z§ _»(p) under z — z + 1.

Basic relations (c). We continue with the relations involving more than one element in
{T1_21, T3_21,t2}. For the SL(3,Z) part of the relations, we need to check:

T13Tsy' =Ty Too' iz, TsiTiyt = Top T Ta1,  Too' Tiot = Tio' Ty (4.30)

46We suppress the superscript t§a> with ¢ = 1,...,r and r the rank of the flavor symmetry for nota-
tional convenience.
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Let us first note that, since é%lg(p) = g%al(p) = 1, the third relation follows from the first

two as long as ZA(C“) satisfies in addition:

Ti3T' = Tn Ty (4.31)

One easily checks that this relation is implied by (4.29). Therefore, we can focus on the
first two relations in (4.30). The first relation requires us to show that:

25, ()25 (T p) = 25 (p) 251 (Tiap) 25, (ToaTizp) (4.32)

12

Note that in this case we have not plugged in (4.23), (4.24), and (4.26), which turns out to
be convenient. In order to prove this relation, we need the third result listed above. More
specifically, consider the modular factorization of both Z%ijo(p) and Z@(p) as parametrized
by St,,0 and So respectively. Let (h, 71) € S1,;0 N So, which is non-empty for all T,-j.47
For such a pair (h, h), it follows that:

55 ()= 21a0lP) . Bip)
T Za(T;'p) ~ BY(T;'p)

(4.33)

We thus see that the factorization of Z%ijo(p) and Z&(p) into a common set of holomorphic
blocks corresponds to a trivialization of 2%” (p) (cf. (4.16)), as first suggested in [45]. This
observation allows us to prove that ZAE’) satisfies any relation that involves elements g whose
solution sets Sy have a non-empty intersection.

For the relation (4.32), one may observe that the relevant T;; are all elements of
Fs = SL(2,7Z)23 x Z* C SL(3,7Z) defined in section 3.5. It follows from the discussion there
that the relevant Z%ijo(p) and Z&(p) can be factorized in terms of the holomorphic block

B&(p). By the above, we find that ég(p) for g € Fg can be written as:

I

Z%(p) BgB(gg(_pl)p) : (4.34)

Therefore, the relation (4.32) is trivially satisfied, as one easily verifies by plugging in (4.34).
Notice in particular that:

5 Bs(p) B*(Si3p)
iy ~ S —
Ths(P) Bg(ngl p) B(T31513p)

=1, (4.35)

where in the last equation we have made use of periodicity of the holomorphic blocks (see,
e.g., section 3.2.1). This is indeed consistent with (4.23).

Let us apply the same strategy to the second relation in (4.30). The relation we have
to prove reads:

25, ()25 (Tii'p) = 251 (p) 25

—1
32 12

(Ts2p) 28y, (T1aTs2p) - (4.36)

4"This follows for example from the fact that the generators of F and Fs, defined in section 3.5, together
comprise all the Tj;.
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In this case, all elements involved belong to F' = SL(2,Z)12 x Z2. The indices associated
to this subgroup can all be factorized in terms of B*(p), as again discussed in section 3.5.
Thus, for any g € F' we have:

5 B%(p)
Z¥p) = ——. 4.37
50 g (437)
For the same reason as above, it follows that also (4.36) is satisfied.
The remaining relations are given by:
Tt = to T3, Titto = toTsy' (438)
TRl = tity ' TR, Tty = taty Tyt

Recall that Z,,0(p) can be factorized in terms of pairs (h,h) € SL(2,Z)13 C So (see the
comment below (3.90)). On the other hand, one can make use of the relation between Sy
and Sy (3.87) for f' = hfh~! to determine the sets St,0 and S, in terms of Sp. One
finds that the relevant intersections are non-empty:

(S13,513) € S1y0 N S0 N Stz0 N So

(4.39)
(1,1) € S1,0 N St,0 N S,o N So -

This shows that there exist a trivializations for each of the relations in (4.38), and conse-
quently they are satisfied by ZA(a)

Let us briefly pause to note that if there were a global trivialization, i.e., a function
Bi'(p) such that all generators of G are trivialized, we could have proven all relations in
one go. However, as we have explained in section 3.5, the maximal subset of SL(3,Z) that
can be factorized into a common set of holomorphic blocks is isomorphic to SL(2,Z) x Z2.
Two indices that can never be simultaneously trivialized, for example, are 2%15 (p) and
22’%31 (p). A relation that involves both elements, such as Sf; = 1, has to be proven with an
alternative method, as we have used in point (a). We will comment in more detail about
the absence of a global trivialization below.

Basic relation (d). To conclude that ZA(O‘) descends to a 1-cocycle for G, we still need to

show that 2*:’(“) for T1_21 and Tyo correctly reflects (4.14), and similarly for T. 3_21 and t9. To
start, let us note that the orientation reversing symmetry of the Hopf surface, as described
in (2.31), naively seems to imply:

Z,0(p) = Z4-10(97'p) - (4.40)

However, an equation of this sort would not lead to the desired relation (4.14). To see what
goes wrong, we first note that the solution sets for Tigl and Tje with ¢ = 1,3 are identical:

STZElO = 57,50 - (4.41)

It follows that any function Bj(p) that trivializes 2;_,1(p) can also be used to trivialize

72

2%2(p). For example, we can use Bg(p) to trivialize 2%2 One immediately observes:

Bs(p) o 1
Bi(Tp'p) — Z25(T;5'p)

23, (p) = (4.42)
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Comparing with (4.14), this is indeed the right behaviour for inverses. This argument also
applies to the relation between 2% and 2;11 As a consequence, there is no simple relation

2
such as the one suggested in (4.40). We expect this to be related to the fact that orientation
reversal changes the preserved supersymmetry algebra.

Conclusion. This concludes our proof of the statement that 26‘) is a 1-cocycle for G. In

particular, it follows that it satisfies the defining 1-cocycle condition:

Zen(P) =25 (p)Z0(9'p),  912€0, (4.43)

where the equality holds up to a phase in C?(G, M). An explicit description of this phase is
in terms of the anomaly polynomial of the theory (see, e.g., section 3.6). For consistency
of (4.43), this phase should really by thought of as a class in H?(G, M), and in particular
should satisfy the 2-cocycle condition (4.15). For the free chiral multiplet, or rather a single
elliptic I function, this was shown in [43]. A quick way to argue that it holds more generally
for N' = 1 gauge theories is as follows. First, note that the vortex contributions to a lens
index are automatically factorized (cf. (3.7)). This implies that its contribution to 2; (p) is
cohomologically trivial [45]:

29(p) = 00(P) _ Zgo1100p(P)  Z(p)
’ Z8(97'P)  ZE1100p(971P) 22(971P)

where we have plugged in (3.7). As such, this contribution drops out of the 1-cocycle

(4.44)

condition, and in particular does not contribute to the phase. Since Z1 100p, go(p) consists
of a product of elliptic I' functions, and the cohomology groups are defined multiplicatively,
it follows that also the phase for a general gauge theory satisfies the 2-cocycle condition. It
would be interesting to verify this more explicitly.

Non-triviality of the class. We have seen that not all elements in G are simultaneously
trivializable. This implies, by definition, that ZA(O‘) defines a non-trivial class in H*(G, N/M).
The underlying physical reason follows from the connection between trivialization and
holomorphic block factorization.

To see this, recall from section 3.5 that only indices associated to a maximal subset
of SL(3,7Z), isomorphic to SL(2,7Z) x Z?, admit a factorization in terms of a given pair
of holomorphic blocks. Physically, this follows from the condition that the factorization
of a given index is only compatible with a pair of holomorphic blocks, labeled by (h, l~z),
when the embedding of the time circle into the Heegaard splitting is fixed by the gluing
transformation f’. Furthermore, recall that ﬁg(p) can only be trivialized in terms of a
function By (p) if both Z¢(p) and Zp(p) admit a factorization in terms of a common pair
of holomorphic blocks. This constrains h = Oh@, since only the subgroups Fj, C SL(3,7Z),
defined in (3.118), contain the identity element. Therefore, F}, for any h € H is a maximal
subgroup of SL(3,7Z) on which 2’; (p) can be trivialized, and the trivializing function is
Bj(p). This implies, by definition, that Z(p) is non-trivial in cohomology.

We can extend this statement to maximal subgroups of G. Since we have seen that
Z4, 50(p) also admit a factorization in terms of Bg(p), it follows that:

Fs =SL(2,Z)93 x Z22 | with Z2V2 = (Tyy, Ths, t$” 1Y) (4.45)
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is a maximal subgroup of G which can be trivialized in terms of Bg(p). Similarly, 2’;“ (p)
can be trivialized in terms of B*(p) for g € F with:

F =SL(2,Z)12 x Z2T2 | with Z2V2 = (Tyy , T, £\, (V). (4.46)

In general, a trivialization of ﬁgo‘(p) for g € i, = h™1Fh is in terms of the function BY(p).
Finally, indices associated to H C G can never be simultaneously trivialized.

4.3 Cohomological perspective on modular factorization

In this section, we provide a cohomological perspective on modular factorization.

We recall from section 3.5 that Afh~'O € F for any gluing transformation f and
(h,h) € S;. Let us write out this fact more explicitly for f = I(p,g) O as in (2.14). Using
the explicit pair (h,h) € S in (3.83), we have:*®

hgpa ho' = Sl S, ho=0RO,  (hh)e Sy, (4.47)
with A/ € H given by:
« 0 —r
W = |kla — k(1 —pb) 1 kp | . (4.48)
8 06

Here, «, 8,7, and 0 refer to the combinations of parameters defined in (3.73) and satisfy
ad — By = 1. One easily checks that the right hand side of (4.47) is indeed an element of F.
Using the 1-cocycle condition (4.43), we can evaluate 2(‘") on both sides of (4.47) to find:

22 (p)
Zg (hog'h~lp)’

12

Zria ()

(h,h) € Sy, (4.49)

where we have made use of the fact that 232_31 (p)=1/ 25‘23(5’23@ and Z(p) = 1 for h € H.
This is an interesting expression for two main reasons. First of all, the equation takes on
the form of a trivialization. Note that the trivialization is now in terms of the function
2@‘23(p). Since the group element hgfz@l € F, it could also be trivialized in terms of B*(p)
(see the comment above (4.46)). This is not too surprising. Indeed, let us plug in both
numerator and denominator of (4.49) with (4.44):

Zgzcs(?,l-loop(p) ZY (p)
ZZ 0 1100p(h0 g™ h71p) Z&(ho g~ h~1p)

where we have made use of (4.47) and the fact that both Z§,,,,,(p) and Z3(p) are
invariant, up to a phase, under the action p — hp for h € H. The right hand side now

12

2}?9%61 (p) (4.50)

reflects essentially the trivialization in terms of BY(p) (see, e.g., section 3.2.2).%9

“8This relation generalizes the relations studied in [45, 47], associated to order 3 elements in SL(3,Z) for
9(1,0) = S23-

“9The word essentially refers to the additional shift in the z argument in the expression for B*(p). This
shift produces relative 6 functions in both numerator and denominator, which can be checked to cancel (up
to a phase).
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A second observation is that we can further rewrite the equation as:

. za (h -
Z2(p) % . (hh)eSy, (4.51)
ngg(h(’)g_ p)

where we have used (4.43) and the fact that ZA,CL“ = 1 for h € H. This equation can be viewed
as the analogue of modular factorization for ZA(O‘) We conclude that the modular factorization

1

of lens indices follows, in the cohomological language, from the SL(3,Z) relation (4.47).
This generalizes the Y3 = 1 relation of [45] and its relation to the original holomorphic
block factorization of [49], as mentioned in section 1.

5 Application: general lens space index

In this section, we show how the 1-cocycle condition (4.43) leads to an expression for the
general lens index Z, ,)(p) in terms of the S* x S' and 5% x T2 indices. We then evaluate
the formula for the free chiral multiplet, and perform two consistency checks.

5.1 A general formula

In section 2.1, we discussed the Heegaard splitting of a general lens space L(p,q). In order
to compute the index using the 1-cocyle condition, we first decompose the associated gluing
element 9ip.q) € SL(2,Z)93 into the generators Sz and Tp3. This was called a continued
fraction expansion in [82], and is given by:

At = G(p,q) = 523 H (Tz_geiS%) ) e > 2. (5.1)

Let us explain this decomposition in some detail. First, define a truncated product A;:

i 1 0 O
Al’ = 523 H (T2_3€j 523) = 0 —S8; — Ty 5 (52)
i=1 0 —pi —qi
where the matrix entries of A; are defined in terms of e;. We also define Ag = Sa3 for later

convenience. The recurrence relation A; = A;_175;°S23 can be written in terms of the
matrix entries as:
Pi = €ipi—1 — Pi—2, q; = Pi-1,
Si = €iSi—1 — Si—2,  Ti=Si_1, (5.3)
po=1, pr=e, s=0, s1=1.

Let us also define negatively indexed parameters consistent with the initial conditions:
pP—1 = 0, §_1=—1. (5.4)
The first line in (5.3) implies that the solutions obey:

P — 1
— = l€,€i—1,...,€1] = — ——m75—, .
qi S ] ’ €i-1— — (5:5)

~ 54 —



which is known as the Hirzebruch-Jung continued fraction expansion. This expansion is
unique for e; > 2 [82]. Similarly:
i
—2 =10,e1,...,6]
bi

Note that the continued fraction expansions imply that 1 < s;,q; < p;. For any coprime

(5.6)

pair (p, q) defining a lens space L(p, q) with 1 < ¢ < p, there exists a ¢ such that [82]:
Ipg) =At, with pr=p, @=q, st=s, mn=r. (5.7)

This establishes the claim in (5.1). Geometrically, the e; parametrize a —p/q surgery on
the unknot in S3, which provides an alternative construction of L(p,q) [82-85].
We can now write a formula for the L(p,q) x S* index of a general gauge theory:

I(P:Q) (ﬁ) 9(10 q) Z ZO p Q) p g(p q) (p)

(5.8)
=D Z8(94P) H 28,,(S:A; ' p)
« 1=0

where we assume a Higgs branch expression for the index and have used the definition (4.21)
of Zl?‘(p) to rewrite the summand. In the second line, we have used the 1-cocycle con-
dition (4.43) and the fact that Z¢ (p) = 1. Furthermore, the moduli p are related to
p through the usual relation (2.29). We thus see that the 1-cocycle condition leads to a
concrete formula for the lens index in terms of the superconformal and S? x T2 indices,
apparently avoiding difficulties with a direct definition of the lens index for ¢ > 1.0 We also
note that the formula is structurally similar to a proposed formula for the L(p, q) partition
function of three-dimensional N = 2 theories [87].

5.2 Consistency checks for the chiral multiplet

We now evaluate (5.8) explicitly for the free chiral multiplet and perform a number of
consistency checks on the result. For simplicity of notation, we focus on vanishing R-charge.
Using the indices collected in appendix C we find:

t—1
Zg0(0) = T[Tz +pica™ — 5i105piT — 500, pi 1T — 5i-10)
i=0
X T(z; 4T — 840, pt—1T — §t-10) (5.9)

¢
=T(z;7,0) [[T(z + pit = sios piT — 850, pimaT — si-10)
i=1

where we have made use of the shift property of the elliptic I' function to absorb Zp(p)
either in the last or the first Z S5 (p) in the product. Also note that p_; and s_; were defined
n (5.4). We will perform two types of consistency checks on this formula. First, we check
that it is invariant under the symmetries of the Hopf surface, as described in section 2.2.
Secondly, we will show that it can be factorized into holomorphic blocks consistent with
modular factorization.

0See a appendix C.2 for a direct definition when ¢ = 1 and also [55, 86].
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5.2.1 Invariance under symmetries Hopf surface

We implement the symmetries of the Hopf surface through an action on its Heegaard
splitting, as discussed at the end of section 2.3. First of all, the index is obviously invariant
under 7 -7+ 1,0 -0+ 1 and z — z + 1 due to the periodicity of the elliptic I" function.
This implies that it is invariant under all the symmetries in (2.34). In addition, it should
be invariant under:

T—>T+0 s—> s+ r—r4
) p? q’ (510)
T—T+0, q—q+p, T—=71+s,

where we recall p = Og(_plq) p- We only have to check the first line, since invariance under
the second line is automatic. Note that s; + p; satisfies the same recurrence relation as s;
and leads to s} = s; +p; and r; = ry + ;. The transformation in (5.10) thus shifts all s; and
r; by s; = s; +p; and r; — r; +¢;. Combined with 7 — 7+ o, we see that the combinations

p;T — s;0 are invariant for all ¢, and therefore the index is invariant too. Finally, the most
non-trivial transformation to check is:

PP, qgers. (5.11)

Recall that the transformation on the moduli is implemented on p through the exchange
7 <> 6. Let us denote the transformed lens data as:

5y =qt, G =5t Dy =Dt (5.12)

It follows that the continued fraction expansions (5.5) for the primed lens data are given in
terms of the e; for ¢ =1,--- |t by:

= [675_7;4_1,...,6,5]7, - = [O,Gt,...,et_i_kl]i. (513)

/

/ D; S
€ =C—i+1 =
i

To prove invariance, we need to show that:

Zg(rhq)O(p) = Zg(p,s)o(ﬁ) . (5.14)

Recall from section 2.3 that:
(7-7 U) = (7/: - Sa‘vpa-) ) (7:3 a-) = (a- - qi—ap%) . (515)

Plugging in the left and right hand side of (5.14) with the explicit expressions (5.9) in the
first and second line, respectively, and writing (p, p) in terms of p as in (5.15), one finds
the invariance if:

p;_1 = St Pt—i — Dt St—i» gt p;—l — Dt 8;—1 = Pt—i - (5-16)

We can prove these equations as follows. First, note that both expressions on the left hand
side satisfy the recurrence relations (5.3) with respect to e}, whereas the right hand sides
satisfy them with respect to e;—;11. Since e} = e;_; 11, this is consistent. Furthermore, the
initial conditions in (5.3) and (5.4) on p_1,9 and s_1 are correctly reproduced by the left
hand sides, as one may verify by evaluating both equations for i =t and ¢ =t 4+ 1. This
proves (5.16), and therefore the invariance (5.14).

— 56 —



5.2.2 Modular factorization of general lens index

In section 3.6, we have shown that the modular properties of the elliptic I function lead to
the modular factorization of the S3 x S, L(p,1) x S! and S? x T? index. In this section, we
generalize this result to the L(p,q) x S' index in the context of the free chiral multiplet.’!

Let us first collect the modular property involving ¢ 4+ 3 elliptic I' functions from
appendix D.3, where ¢ is the length of the continued fraction expansion of p/q (cf. (5.5)).
This generalizes the t =0 (¢ = 0) and ¢t = 1 (¢ = 1) modular properties used in section 3.6.
The relevant formula is given by:

t—1
<H D(z 4 pio1T — 8i-10;piT — 8;0 ,pi_1T — 5i10)> (2 pem — 500,417 — 54-10)

=0
_ e_iﬂﬁ;?p’q) (277—7(7)1—\ z . T—C(k10+ll) kio+l1 (5 17)
- mo+ni’ mo+ni1 ' mo+ny :
« T 2 . qr=ro—ns i1 (key1 (pr—s0)+li41) kep1(pr—s0)+le1
m(pT—so)+ni41’ m(pT—so)+nit1 » m(pT—so)+ni41 ’

where kiny —lim =1, ];’t+1771t+1 — it+1m =1 and:
Ngy1 = qC— TNy, Nyl = —Snyg + pc. (5.18)

In addition, the phase polynomial is given by:

_ 1 _ 7 .
Pgr? (p) = 0 (mz, m(pT — so) + nt+1’ mo + nl) 5P (p)
P,q) mp p p (p;q) (5 19)
: (n+3)p=3_ (= 1)(pr —s0+0) |
5P912),q)(p) - 6p 27 12p2 + fmi(pag) -

where we let m denote the various modular parameters and fy, is a constant. The

(p2)
constant 7, is the continued fraction representation of the Dedekind sum s(s, p):

q+s

t
—3t+ Z ei = 12s(s,p) . (5.20)

i=1

U

The appearance of the Dedekind sum in the context of L(p,q) is not too surprising. In
particular, if two lens spaces L(p,q) and L(p, q') are related to each other by an orientation
preserving diffeomorphism, then the Dedekind sums s(q,p) and s(¢’, p) are equal, namely,
(¢ —q)(qq —1) = 0 mod p. Note that the converse does not hold [88].

Setting (n1, k1,11) = (n, k,1) and (fyr1, kg1, lee1) = (7, k, 1), one easily checks that the
modular property (5.17) can be written as:

—imrP™  (p)
7 - [
g(p,q)o(p) =¢€ )

_inpm
=e o 9(p,q)(

Bu(p)B; (09, p)

) (5.21)
Cr(p)Ch(Og i P) -

51Given this result, the extension to general N' = 1 gauge theories follows along the same lines as discussed
in section 3.6.3.
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where now (h, h) € Sop.a)
were given in (3.122). The relative phase can again be interpreted in terms of the anomaly

o was given in (3.83), and the holomorphic blocks B(p) and C(p)

polynomial of the theory. As in section 3.2.1, we find that the phase can be written in

terms of:
— g +3)p—3 2_1
Pg(p,q) (Z; T, U) = %Q(z7 PTpsU’ 5) + %(22 + 1) — 112;02 (pT — so + O') , (5.22)
as follows:
1
Pgr;,«n (2,7,0) = Pg<p,q> (mz;mT + ¢, mo + n) + const,

) T (5.23)
P;Em) (z,7,0) = EPL‘l(p,q) (mz + 1;m7 4+ ¢,mo + n) + const .
We have not found a general formula for the constants in (5.23), although for any fixed set
of integers m we can compute it (see appendix D.3).

Let us introduce the following parametrization of the anomalies:

- 1 -
POD(Z;20) = o (KabeZaZoZe + Bkt ZaZsX + 3kannZaX? = ko ZaX P9
3pT1T223
+kRRRX3 —kRXX(p’l)) s (524)

where X is given in terms of the #; as in the case of the L(p,1) x St (cf. (3.42)), and we
use a modified definition for X:

~ 1
XPa) = Z(ﬁ + &3 + &3 — 2(pne + 3p — 3)Ead3) . (5.25)
One may verify that again the phase polynomial correctly captures the anomalies for a free

chiral with R = 0 (cf. (3.44)) by noting that:

P Z+tz x2 3. 0) = p(p,q)(Z, Z;) + const. (5.26)

g(p,q)( z1 x0Ty’

where we view x; as functions of #; according to (5.15), and have not obtained an analytic
formula for the constant. We stress that the form of PP (Z; #;) is not preserved under
the shift 7, — Z, + X for ¢ > 1. It is therefore not entirely clear how to reinstate a
non-vanishing R-charge consistent with the anomaly polynomial. We hope to come back to
a better understanding of this point in future work.

In conclusion, we see that a general L(p,q) x S' index can be factorized in terms of
a family of holomorphic blocks that are consistent with modular factorization. We view
this as an additional consistency check of our proposed formula for the general L(p,q) x S*
index (5.8).

6 Summary and future directions

In this work, we have argued that a subset Sy C H x H of the ambiguities in the Heegaard
splitting of a (secondary) Hopf surface of toplogy L(p,q) x S! leads to a modular family
of factorization properties for the lens indices of four-dimensional A/ = 1 gauge theories,
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provided the index of the theory has a Higgs branch expression. We proved the claim
for the free chiral multiplet and SQED with a non-zero FI parameter, and indicated how
those proofs can be extended to more general gauge theories. Furthermore, we have shown
that Sy can be geometrically characterized as capturing all embeddings of the time circle
into the Heegaard splitting such that the associated gluing transformation fixes this circle.
The embedding is labeled by two large diffeomorphisms (h, B), which also label the pair of
holomorphic blocks compatible with the factorization:

T () =€ T O B(p)B(fp),  (hh)eS;CHxH.  (6.1)

That there exists a modular family of such embeddings can be understood from the fact
that there is a T2 C Do x T?, and the fact that a general (secondary) Hopf surface
admits a Heegaard splitting already in terms of an SL(2,Z) C SL(3,Z) subset of gluing
transformations. In this family, & is completely determined by h and h € H itself cannot be
completely arbitrary. For example, if the topology of the lens space L(p,q) has |q| > 1 or if
h takes non-trivial value in the Z? part of H, h is constrained to take value in a congruence
subgroup I'g(¢ + ap) C SL(2,Z) C H for a € Z, as discussed in detail in section 3.3. An
interesting subcase is the SL(2,7) family of holomorphic blocks into which L(p,41) x S*
indices can be factorized for any p, generalizing the factorization of such indices in terms
BS(p) originally discovered in [49].

The proof of modular factorization involves modular properties of the elliptic I" function
and the ¢-0 function, which are the building blocks of any A" = 1 gauge theory index.
Because of the non-renormalization of indices, the statement also applies to the IR SCFTs
obtained from (supersymmetric) RG flows.5?

These results provide a clear physical basis to systematically prove that the normalized
part of the collection of lens indices 290‘(p) obeys a 1-cocycle condition associated to the
group G = SL(3,7Z) x Z", as first proposed in [45]. In particular, the non-triviality of the
cohomology class of ﬁg‘(p) in H'(G, N/M) is explained by the fact only a subset of indices,
associated to an SL(2,Z) x Z2>(H7) C G, can be simultaneously factorized in terms of a
common holomorphic block.

Finally, as an application of the 1-cocycle condition, we derived a formula for the
L(p,q) x S* index, generalizing [55, 56].

There are many interesting directions for future research. First of all, the analysis in
this paper was originally motivated by its applications to the black holes in the gravitational
dual. A number of questions in this direction deserve further study:

e As mentioned in the introduction, the modular properties of elliptic I" functions can be
used to compute asymptotic, Cardy-like limits of indices. In an upcoming work [90],
we apply modular factorization in the context of the N' = 4 theory to study a family
of such Cardy-like limits, which is parametrized by the right coset I',) x I', /\Sf. The
interpretation of this coset on the gravitational side will also be discussed there.

521t has been suggested by Razamat on various occasions that any N = 1 SCFT could be reached by such
flows (see, e.g., [89] and references therein).
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e Apart from the superconformal index, we can also study Cardy-like limits of more gen-
eral lens indices. It would be interesting to understand the gravitational interpretation,
in particular the existence of supersymmetric black lenses in AdS.%3

o The fact that Sy can be expressed in terms of modular groups makes it tempting
to compare the situation to AdS3/CFTs and the associated Farey tail expansion of
the elliptic genus [3, 4]. However, modular factorization of lens indices Z¢(p) follows
from a combined action p — hp and f — hfh~! for (h, l~1) € Sy. It is not clear to us
whether this more general type of covariance can lead to Farey tail-like formulas for
the index.

e The holographic duals of the original holomorphic blocks were dubbed gravitational
blocks [97] and have played a role in a number of follow-ups [98-100]. Our work predicts
a modular family of these gravitational blocks in AdSs, and it will be interesting to
see if this sheds light on the previous point.

There are also implications of this work within the context of SCFTs:

e The Schur limit of the superconformal index of N' = 2 SCFTs is known to have
modular properties [101], which can be explained in terms of the underlying chiral
algebras [102-106]. We expect that the Schur limit of modular factorization provides
a geometric explanation for the modular properties of the Schur index.

e The fact that the elliptic genus of a CFTy is a Jacobi form has a clear interpretation
(see, e.g., [81]). We would like to have a similarly transparent physical argument for
the relevance of degree 1 automorphic forms in the context of lens indices. Part of the
argument certainly includes modular factorization, but the fact that the normalized
part of a lens index, 2§(p), plays a crucial role obscures the argument because
physically this is a somewhat unnatural object. More recent mathematical work [52]
adopts the language of gerbes and stacks to investigate the elliptic I function, which
could potentially be relevant as well.

o Finally, we would like to have a physical interpretation of the constant f(,, » )
appearing in the phase polynomials studied in section 3.6. The case 7 = n, where
the constant reduces to a Dedekind sum s(n, m), was studied in [37] from a different
perspective.

We hope to report on these topics in future work.
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A Definitions and properties of special functions

In this appendix we collect definitions and mathematical properties of the ¢-6 function and
the elliptic I' function.

A.1 The g-0 function
The ¢-6 function 6(z; 7) is defined as:

o0 —-m . m

9@nr>=exp<—-§:‘”n*””‘?)::fi<1—an”X1——x—%f+H, (A1)

m=1 m(l o qm) n=0

2m7T and o = e?™*. The elliptic and extension properties of the #(z;7) function

where g =€
are given by:

m(m—1)

O(z+mr+n;7)=(—x)" "¢ 2= 0(z71), (A.2)
O(—z;7)=0(z+T1;7), 0(z;—1)0(2;7) = —x. (A.3)
In addition, the ¢-6 function satisfies a multiplication formula:
m—1
0(z;7) = [ 0(z + jr,mr). (A4)
§=0

Finally, it also satisfies a modular property under SL(2,Z) transformation:
0( z  kr+l
mT+n’ mr+n

> =™ B EDY(2 7)), m= (m,n), (A.5)
where the phase is given by [52]:
B (z;7) = mT+n+z(mTl+n —1) (T-f—W) + & — 1 —2s(n,m), (A.6)

and the Dedekind sum is defined below. We also define Ba(z,7) = Bél’o)(z, 7). One can
check that:

B (z,7) = 2 Bo(mz,mr + n) + 201(n, 1;m), (A.7)
where o1(n, 1;m) is the Fourier-Dedekind sum defined as [107]:

- gﬂ/ 2mi

ey T A

1
o1(n,1;m) = —
m

n=
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A.2 Dedekind sum and its generalizations

Dedekind sum. The ordinary Dedekind sum is defined for two coprime integers (n,m)

as follows:
L mz t ¢ T8 (n, 1y m) 4 " (A.9)
s(n — — co — = —oi1(n,;m) + ——. .
dm =1 m ! 4m
Let the Hirzebruch-Jung continued fraction expansion of m/n be given by [es;...,e1]7,

see (5.5). The Dedekind sum can alternatively be written as [108-110]:

n+n ot 1<
= - =+ — ; Al
sm) = o "1 12 g% (4.10)
where nn = 1mod m and 0 < n’ < m. One of its best known properties is the reciprocal

relation: . 1 )

m n
R R A1l
s(m.m) + s(m, n) = 4+12<n+m+mn) (A11)
See also the lectures [111].

Generalized Dedekind sum. There are various kinds of generalizations of the Dedekind
sum [107, 111-113]. One such generalization takes the following form:
1

. —_ gt
O't(nl,n2 . ,nrvm) = mgm;#g (é‘nl . 1) . (gnT _ 1)

(A.12)

It generalizes the object o1(n, 1;m), which is related to the Dedekind sum as in (A.9). As
we will see in appendix D, o1(n1,n2,1;m) will play a role in modular properties of the
elliptic I function.

A.3 The elliptic I" function

The elliptic I' function is defined as follows [43]:

IT,0) = ex o $Z—($_1pqy = 1
L(z;7,0) = p(ﬁzzlé(l—pe)(l_qu_ I1

m,n=0

1— —1pm+1qn+1

1 —xp™mgn

: (A.13)

2miT 2mio 2miz

where ¢ = €™, p = ™%, and x = e
Im(7) > 0, Im(o) > 0 and 0 < Im(z) < Im(7) 4+ Im(o). The following basic properties
follow from the definition:

. Note that the formulae are convergent for

I(z7,0) =T(20,7),

T(z+ 1i7,0) = T(57 +1,0) = (27,0 + 1) = [(2:7,0) (A14)
1

I'(z; = .
(z7,0) (r+o0—2z;1,0)

The elliptic I" function also satisfies the shift property:

N(z+7;71,0)=0(z;0)'(2;7,0),

(A.15)
D(z+o0;1,0)=0(z;7)(2;7,0),
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where 0(z;7) was defined above. The I' function satisfies a reflection property:

1
I'(z; I'(—z; = . A.16
(z;7,0)[(=2;7,0) 0(z;0)0(—2;7) ( )
In addition, it can be extended to 7,0 € C\ R as follows [43]:
Dz —7,0) = o = T )
z;—T,0) = =T(o—z7,0
(z+T1;7,0) (A7)
1 .
[(z7,—0) == =T(r—z7,0).
Two interesting relations involving three elliptic I' functions are
[(z;7,0) =T(2;7 —0,0)[(z;0 — 7,7) (A.18)
and
T(z7,0) = e~ mQ(zTo) (g; 57 _%) T (%7 g, —%) . (A.19)
The function Q(z;7,0) is defined as:
Qleirio) = S - THO =L T4 430 3T 2304 1,
310 210 670 (A.20)
(t+o—-1)(rt+o7t=1)
+ 2 .

B Hopf surfaces and their Heegaard splitting

In this appendix, we review how the manifolds Dy x T2, S? x T2, §3 x S!, and finally
L(p, q) x S* can be endowed with complex structure moduli. For each of the closed manifolds,
we also indicate their Heegaard splitting including a mapping of the complex structure
moduli. We employ the notation introduced in section 2.2.

B.1 D2 X T2
Consider a metric on Dy x C in terms of complex coordinates (z, z) and (w,w):>*

4dzdz

ds? = ———
T T TR

+ dw dw , (B.1)

where we take the disc to lie within |z| < 1. We can now obtain a complex manifold of
topology Dy x T? through the following quotient:

(z,w) ~ (2™, w + 27), (z,w) ~ (e¥P 2w+ 210) . (B.2)

Here, o € H is the standard complex structure parameter of the 72, and a and /3 represent
two real parameters. Note that the metric (B.1) descends to the quotient. The resulting

®4The following discussion is based on [59, 60].
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manifold can be viewed as a disc fibration over the torus. It will also be useful to write the
metric in terms of real coordinates:

2 (B.3)
w=x+o0Yy, w=x+0ay.

™

Here, 6 € [0, 5] and the other coordinates ¢, z and y are identified modulo 27. In these
coordinates, the metric takes the form of a torus fibration over the disc:

ds® = db? + sin? 0(d¢ + adz + Bdy)? + (dz + Re(o)dy)? + Im(0)2dy? . (B.4)

In section 2.1, we described how the group of large diffeomorphisms H of Dy x T? acts on
the cycles (N, , A). The same group reemerges through an action on («a, 8; o) that keeps the
identifications (B.2) invariant [59]. Its action is generated by the following transformations:

(o, f;0) = (a, B+ ;0 +1), (a, B;0) = (B, —a; —1),

(@, B:0) > (a+1,8:0), (0, B:0) > (a, B+ Li0), (B5)

where the first line covers the SL(2,7Z) part of H, and the second line the Z? part.

In addition to large diffeomorphisms, there may also be large gauge transformations
associated to global symmetries of the theory in question. Accordingly, we can introduce
complex background holonomies z' = (z,):

(B.6)

where zl(f) and zgy) represent the holonomies of the gauge field along the cycles of T2, and

a =1,...,r for the Cartan components of a background gauge field of a rank r global
symmetry. Geometrically, the holonomies ' parametrize a rank r complex vector bundle
over Do x T?. This yields a Z?" group of large gauge transformations:

Zg > 2a+ 1, zg—>2z4+o0. (B.7)

It will be convenient to also combine the parameters o and § into a single complex
parameter [57, 59, 60]:

T=aoc—f. (B.8)
As introduced in section 2.2, we combine the above moduli into:
p=(2ro)=(Z:izm). (B.9)

In terms of p, one can check that the action (B.5) turns into the action of X C G
described in (2.24).
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B.2 S2xT?

Complex manifolds of topology S? x T can also be obtained from the metric (B.1) by simply
allowing z € C. Indeed, the (z, z) part of this metric is then nothing but the Fubini-Study
metric on S?. Similar to before, we impose the identifications:

(z,w) ~ (X% w + 27) (z,w) ~ (ezmﬁz, w+276), (B.10)

where we use hats to distinguish the parameters of the closed manifold with those of Dy x T72.
This leads to a manifold of topology S? x T? parametrized by two complex structure moduli
(#,6) with 7 = &6 — 3 [57, 59]. Including holonomies for the global symmetries as in (B.6),
we write the combined set of moduli as: p = (2,4;7,6). We employ the notation (2.16) to
write this manifold, including the complex vector bundle, as M(O,_l)(ﬁ). The combined
group of large diffeomorphisms and gauge transformations is again a copy of H, and it acts
in an identical fashion on p as in the case of Doy x T2,

The relation between the moduli p and the Dy x T2 moduli p and p associated to the
Heegaard splitting is as follows. By construction, the geometry of Mo _1)(p) is equivalent
to the Dy x T? geometry for |z| < 1. Therefore, the complex structure moduli of the first

Dy x T? in (2.27) map trivially onto those of M _1)(p):
(Za;Ta U) = (2a;7:’5.)‘ (B.ll)

To describe S? x T? around z = oo instead, we transform coordinates via 2z’ = 1/z. Tt
follows that the moduli of the second Dy x T? geometry are given by:

(24;7,0) = (245 —7,06) . (B.12)

Note that the moduli are correctly related through the gluing condition (2.28): p = Op.
We may thus write the Heegaard splitting of M _1)(p) as:

M(O,—l) (p) = Mo(p,Op), p=p, (B.13)
where we use the notation (2.27).

B.3 S3x St

We now consider the manifold S x S, which can be viewed as the special case of the lens
space geometries for (p,q) = (1,0). The standard way to endow this manifold with complex
structure moduli is to view it as the (primary) Hopf surface (see, e.g., [57] and references
therein). The Hopf surface is defined as a quotient of C?\ {(0,0)} by the Z-action:

(21, 22) ~ (Pz1,422), 0<[pl <4 <1, (B.14)

with p = 2™ and ¢ = €2™7.55 To see that the Hopf surface is diffeomorphic to S x S*,

consider the following parametrization of zq »:

0N A
z1 = p* cos <2) el z9 = 4" sin (2> e | (B.15)

55The complex parameters p and § are not to be confused with the integers p and ¢ defining the lens
space L(p, q).
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Here, x ~ = + 1 ensures the identification (B.14), 0 < § < 7, and ¢; 2 are identified modulo
27. Parametrized in this way, it is easy to see that:

2 2

-1 =1. (B.16)

ﬁz

22
(jx

For fixed z, this represents a (squashed) S3. Given that the left hand side is a monotonic
function of z and since z ~ x + 1, one establishes the diffeomorphism with S3 x S'. Note
that this parametrization reflects the picture of S® as a torus fibration over an interval
where the ¢ cycle shrinks at § = 7 and the ¢o cycle shrinks at 8 = 0.

We also introduce (real) holonomies z along S!' associated to global symmetries,
parametrizing a real vector bundle over S3 x S'. Together, we capture the moduli by

A

p = (24;7,6). Note the following symmetries of the Hopf surface:

(B.17)

Q>

2 > 24+1, T—>T4+1, 6—-6+1, T

We now turn to the Heegaard splitting of the Hopf surface. To this end, let us first write
down a Hermitian metric on C? \ {(0,0)} [57]:

(B.18)

This metric is constructed such that it is invariant under the identifications (B.14), and
thus reduces to a metric on the Hopf surface. For comparison with the Dy x T2 geometries,
it will be convenient to change coordinates via [59]:

z = 1i2<+) , w =ilog 2 . (B.19)
Im(6)
1

These coordinates cover z; # 0, which is a coordinate patch with topology Dy x T?2. For
Im(7) = Im(&), one may verify that the metric (B.18) becomes the Dy x T2 metric (B.1).
We will however keep 7 and & general. In particular, we then note that the identification
(21,22) = (2™ 21, €?™z5) and the Hopf surface identifications (B.14) in terms of the (z,w)
coordinates become:

(z,w) ~ (™2, w + 27), (z,w) ~ (22 w + 275, (B.20)

with 7 = a6 — 3. In other words, in a neighbourhood around zo, = 0 the Hopf surface
becomes a Dy x T? geometry with complex structure moduli (7,¢) that map trivially
onto (7,6):
(za;7,0) = (24;7,0). (B.21)
(a)

Since Z, parametrizes real holonomies, for consistency one has to set uy’ = 0 for z,
(see (B.6)). The description around z; = 0 is analogous. In this case, we change coordinates

according to:

/ 21 / .
2= TGy w' =1ilog 2. (B.22)
Im(7)
2
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In these coordinates, the identifications become:
(2 w') ~ (¥ w4 27) (2, w') ~ (™5 2w + 277), (B.23)

with & = o/ — /. Thus, around z; = 0 we find that the Hopf surface becomes a Dy x T?
geometry with moduli:

(24;7,0) = (24;0,7) . (B.24)
Note that these moduli are correctly related through the gluing condition p = OSQ_;p,
where we recall that f = Sa3 O leads to S3 x S! (see section 2.1). We can thus write the
Heegaard splitting of the Hopf surface as:

M1,0)(P) = Msy,0(p,0S5'p),  p=p. (B.25)
B.4 L(p,q) x St

Finally, let us discuss the general lens space geometries L(p,q) x S'. These geometries are
endowed with complex structure moduli by simply performing the lens quotient on the
primary Hopf surface [57]:

2miq —27mi 27 _ 2mis
(21, 22) ~ (6’ Pozi,e P Z2> < (21, 22) ~ (6 P 2,e P 22) ; (B.26)

where both ¢ and s are identified mod p and gs = 1 mod p.°® This geometry is also known
as a secondary Hopf surface. Similarly to S% x S!, it can be parametrized by complex
coordinates 212 as follows:

0 ; PP1 a2 0 _;%2
21 = p” cos (2> & 29 = ¢ sin (2> e 7 , (B.27)

withz ~2+1,0<0 <, ¢12 ~ ¢12 + 2m. Note that these coordinates, for fixed x, make
manifest the description of L(p, q) as a torus fibration with a (1,0) cycle shrinking at 6§ =0
and a (g, p) cycle shrinking at 6§ = w. Equivalently, we can introduce ¢} = p¢1 + qp2 and
¢h = s¢1 + r¢g with gs — pr = 1, such that:
o\ oL O\ . peh—sd]
z1 = p” cos (2) e z9 = ¢* sin (2) e . (B.28)

The symmetries of a general secondary Hopf surface were captured in section 2.2 and we
will not repeat them here.

The Heegaard splitting can be made manifest similar to the S x S! case. In particular,
in a neighbourhood around z9 = 0 we define:

z
z= %(T) , w =iplog 2y . (B.29)
Im(6)
1

This neighbourhood has the topology of Dy x T?. The new coordinates allow us to read off
the complex structure moduli associated to the solid torus from the identifications for the
lens space (B.26) and the Hopf surface (B.14), which in these coordinates read:

(z,w) ~ (22, w+2m),  (z,w) ~ (72w + 2710), (B.30)

®Note that the second description reflects the diffeomorphism L(p, q) = L(p, s) described in section 2.1.
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where (o, 3) are defined through 7 = ao — 8 and:
T=7T+4 50, oc=pb. (B.31)

The holonomies for the global symmetries map trivially, z, = 24, as long as one puts ué“) =0
in the former. Therefore, the Dy x T? moduli p map to linear combinations of the Hopf
surface moduli p.>"

To describe the neighbourhood around z; = 0, we instead change coordinates through:

/ <1 ’_
2=y w' = iplog 2o, (B.32)
Zlm(i')
2

in which case the identifications become:
(z,w) ~ (2™ 2, w + 27) (z,w) ~ (2™ 2, w + 275) (B.33)
with (o/, 8) defined through 7 = o/ — 8 and:
F=6+4qF, &=pr. (B.34)

The relation between the solid tori moduli p and p is given by:

10 0
p=0g"'p, g=|0—s—r|eSL(2Z)s, (B.35)
0—p —q

reflecting the gluing condition (2.28). We summarize the Heegaard splitting of the secondary
Hopf surface as follows:

M) (P) = My(p, f1p), (B.36)
where p is related to p through (B.31).

C Lens indices for general gauge theories

In this appendix, we collect the known contour integral formulae for the superconformal
index Z; )(p) [11, 44, 114], the lens space index Z, 1y(p) [55, 56, 86, 115] and the S? x T?
index Zp _1)(p) [59, 67, 116-118] of general V' = 1 gauge theories.

C.1 Superconformal index

In this section, we loosely follow the recent review [119], and write explicit indices in the
conventions of [44].

The N = 1 superconformal algebra contains 4 complex super(conformal) charges
{Qa, S, Qq, S*}, where S* = Qf, and S% = (Qq4)'. Here, a, & = = represent the SU(2)1,2
rotation symmetry indices, whose Cartan generators we will denote by j1 2. Furthermore,
the algebra contains a U(1), R-symmetry whose generator we denote by r. We will define

""Note that the expressions of (7,0) in terms of the Hopf moduli (#,4) correspond to the invariant
combinations under the fractional shifts in (2.18).
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the index with respect to the supercharge Q@ = QQ_, which has charges j; = —%, j2 =0 and
r = —1. Its anti-commutator with OQF gives:

§=2{0,Q"} = A —2j; + 3r. (C.1)

The superconformal index can be defined with respect to charges in the commutant of Q in
the superconformal algebra:

T10)(p) = trp (1) pii2m2gh—iz=53ae=H0 (C.2)

where ¢, are generators of the Cartan subalgebra of the global symmetry and p = (2,;7, &)
is shorthand for the chemical potentials, which are related to the fugacities through

]3 — 6271'1'& , qA — e?wi% 7 i’a — 6271'1'2,1 ) (C3)
Furthermore, H is the Hilbert space of the theory quantized on S3. Due to the insertion
of (=1)F, with F the fermion number operator, the index localizes on Hgps, the quarter
BPS Hilbert space corresponding to the vanishing locus of . Therefore, the index is
independent of 3, and in fact any continuous deformation of the theory that preserves Q.
This implies that, for example, one may compute the index of a gauge theory at weak
Yang-Mills coupling.

The definition of the superconformal index employs the superconformal R-symmetry
U(1),. However, if the theory has a global symmetry, we can define the index with respect
to a shifted R-symmetry, under which the fields can have arbitrary R-charge. The basic
building blocks of a gauge theory index are the indices of a free chiral and vector multiplet.
In the case of a free chiral multiplet, there is a U(1) flavor symmetry, under which the
elementary fields can be taken to have unit charge. Upon redefining the associated fugacity
Tas i — (ﬁd)gfgi, the index of a chiral multiplet with arbitrary charge R-charge R can
be written in terms of the elliptic I' function as:

If0)(p) =T (24 57 +6):7.5) . (C.4)

For a free vector multiplet, one has instead:

1
1Y 6)(P) = :
(10)(P) (1 —v DI (~u; 7,6)

(C.5)

Here, u is a chemical potential for the U(1) Cartan component of the gauge symmetry
and v = 2™,

For a general gauge theory with gauge group G, the index can now be written as:

dv; T i 74
I(10) |W|%H . ,0) HI i,z 7,6), (C.6)

27TwZ

where the contour is taken as the unit circle in the complex v;-plane, and the integral over
the gauge fugacities associated to the Cartan torus of G ensures projection onto gauge
invariant states. The Vandermonde determinant A(#) and I KGO) (p) combine together into:

A(@) 1[Gy (@:#,6) = &7 [] T(a(@) + 7 +65,5) (C.7)
a#0
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where £ = (P; P)oo(§; §)oo represents the contribution of modes associated to the Cartan
torus of the gauge group, r is the rank of G, the product runs over the (non-zero) roots of
G and we used the extension property of the elliptic I" function (A.16). Furthermore, let p
and p’ be the weight vectors of the gauge group and flavor symmetry representation of the
chiral multiplet with R-charge R;. Then [ (}ffo) (u,Z;7,6) is defined as:

1l (0, %:7,6) = [ D(p(@) + ¢/ (2) + %:(7 + 6);7,6) . (C.8)
p.p’

C.2 Lens index

In this section, we review how the index on a lens space L(p, 1) is computed.
As discussed in section 2.1, L(p, 1) is a quotient of S (2.2). For a free chiral multiplet
of R-charge R, one obtains the lens index from the ordinary index by projecting onto the

invariant states. This projection can be implemented, while preserving supersymmetry,
27ijg
through the inclusion of a fugacity e » into the trace (C.2).”® Its effect is to project

onto only states with multiples of p derivatives 051"" (see [11] for our conventions). The

resulting expression for the index is given by:

1) =T (245G +6)+poi7+6,p6)T (24 §(F+0)7+6,p7) . (C9)
In addition, we can add a holonomy for the U(1) flavor symmetry along the non-contractible
cycle of the lens space. Such holonomies are labeled by an integer m = 0,...,p—1. Inclusion
of this holonomy instead projects onto (single particle) states with jo +m mod p, where
+ depends on the charge of the state under the global symmetry. The expression for the
index becomes:

IE1(pim) = IG(Bm)T (2 + §(7 +6) + (p+m)53 7+ 6,p6) 10
xT (24 5(7+06) —ms7 +6,p7)

where Iéz(ﬁ; m) represents a “vacuum energy” contribution and will not play an important
role for us. We refer to [56, eq. (2.11)] for the explicit expression. The lens index for a free
vector multiplet can be parametrized by:

(1= vy Smo Y (5ym)
F'(—u+ (p+m)7;7+6,p7) T (—u—mao; 7+ 6,pd)

14, (i) = SN (eR Y
where again I} (p;m) represents a vacuum energy contribution, and we similarly allow for
a (gauge) holonomy around the non-contractible lens cycle.

For a general gauge theory with gauge group G, the expression for the full index includes
a sum over all possible gauge holonomies along the non-contractible cycle of the lens space.
This gives rise to the following expression for the index:

Zpny(p) = Z Loy (P3m), (C.12)
(m;)

58 A quotient where the phases have the same sign would instead by generated by ji. Since j1 does not

commute with O, the associated index cannot be defined with respect to Q. Instead, one would need to
define (an equivalent) index with respect to, e.g., Q' = Q.
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where m; =0,...,p—1fori=1,...,rg labels the homology class of the gauge holonomy
for the Cartan torus of the gauge group with rank rg. The inclusion of such holonomies
breaks the gauge symmetry to the commutant of {e2™1/P__ ¢27mr/P}  Therefore, each
index Z, 1)(p; m;) for fixed (m;) along the Hopf fiber takes the following form:

Lip,1)(p5mi) f
(p» )( |Wm | H

d’U _, v A A R; o A A~
27'”;2 smq) Lo, 1y (€ 7, 65m HI (@, 2 7,65m;) . (C.13)
The functions A(u;m;), I(‘g 1)(6; 7,6) and Igil)(ﬁ, Z,7,6;m;) are defined similarly as in the
case of the superconformal index, but now with respect to the unbroken gauge group and
in terms of I( 1) and I(p 1)

C.3 S2 x T2 index

In this section, we review the computation of the S? x T? index.

To preserve supersymmetry on the S? x T2 background, it is necessary to turn on a
single unit of R-symmetry flux through the S2. This means that the R-charges of the fields
have to be quantized as integers. The S? x T2 index can then be defined as (cf. (C.2)):

T = trag, (1) plogsals | (C.14)

where now H is the Hilbert space on S? x S', and g, indicate fluxes for the gauge fields

coupled global symmetries labeled by the g,. The fugacities p = 2™, § = €*™7 and
z, = e*™% where & parametrizes the complex structure of the 72 and 7 = aé — 3
parametrizes the twists of S? over the 72 and z, = zc(f) O z((ly) captures holonomies for

the global symmetry along the T2 cycles (see section 2.2). Furthermore, J3 and Lg are the
Cartan generators of rotations on S? x S, respectively.

The S? x T? index for a free chiral multiplet depends on the shifted R-charge R =
R+qpg—1, where qq is the charge and g is the flux for the U(1) flavor symmetry. Note that R
is also quantized as an integer. The twisted reduction of a four-dimensional chiral multiplet
S? yields R two-dimensional (0,2) Fermi multiplets for R > 0, |R| two-dimensional (0, 2)
chiral multiplets for R < 0 and is trivial for R = 0. The S? x T? index reduces then to the
computation of the elliptic genus for these two-dimensional theories. Explicitly, they are
given by:

R =1
o pEETR Il T e 0+ mAe) B for R#0
I(%,—l),g(p) = Hm:_le ( ) % (015)
1, for R=0.

Here, 6(2;5) is given by the g-theta function defined in appendix A.1. In particular, the
¢-0 function obeys modular properties under the group SL(2,7Z) x Z2.

The four-dimensional vector multiplet for gauge group G reduces to a single two-
dimensional (0,2) vector multiplet, whose elliptic genus is given by:

15 1(p) = (p72y (&) TT 6(a(@) + ()| #:5), (C.16)
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where 7(4) is the Dedekind 7 function and r is the rank of G. Furthermore, 7 comprises
the gauge fluxes associated to the Cartan torus of the gauge group.

For a general gauge theory, the index takes a similar form as the lens index dis-
cussed above:

s d’UZ‘

Zo,—1)(P) = (Z) 7€K H1

o 271'7:’UZ‘

I(‘g,—l) (ﬁa 7A—7 6—; ml) H I(}(%],—l),mi (67 Z; ’f_a &; ml) ) (C17)
7

however in this case the contour is given by the Jeffrey-Kirwan prescription (see, e.g., [118],
for an explicit description of the contour for a general gauge theory). Moreover, the sum
over (m;) is over gauge fluxes for the Cartan torus of the gauge group, and the integrand is
with respect to the unbroken gauge symmetry, i.e., the commutant of {m;} in G. Note that
all the fluxes g, for the flavor symmetry have been taken to be vanishing.

D Modular properties of the elliptic I'" function

The purpose of this appendix is to derive properties of the elliptic I' function that we will
use in section 3.6 to provide evidence for the modular factorization of lens indices. Before
we start, let us collect some relevant formulae. We will make use of the multiplication
formula [120]:
m—1,m—1
[(z;7,0) = H [(z +i0 + jrymT,mo), (D.1)
i,j=0

and the standard modular property of the elliptic I function [43]:

T(z:7,0) = e " QETAIT (z. T _;) T (5. a _;) 7 (D.2)

oc’o’? o

where Q(z;7,0) is a cubic polynomial in z, given in appendix A. This property can also be
written as:

e R e 1) (D.3)

D.1 Three elliptic I' functions

In this appendix, we derive the most general modular property involving three elliptic T’
functions, of which (D.2) is a special case. This property will be useful when describing the
factorization of the superconformal indices Zg,,0(p). The formula we derive has appeared
implicitly before in [52]. Our strategy is to first replace the elliptic I' function using the
multiplication formula (D.1). Then, on each factor in the resulting product, we apply (D.2).
Finally, we use the multiplication formula again, but in the opposite direction, to rewrite
the products in terms of two I' functions.
The first step yields:
m—1,m—1
[(z;71,0) = H [(z +io + j7 + kg jy; M7 + 72, mo +n), (D.4)
i,j=0
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where the integers n,n € Z and k(; j € Z can be added due to the periodicity of the elliptic
I' function in all its arguments. We now apply (D.2) to find:

m—1,m—1

) _ —imQm(z;7,0) ztiotjTHkg)  mrdn 1
F(Z’ Ty U) =€ H I ( mo-+n Y mo+n’ mo+n
i,j=0 (D.5)
<« T Z-‘riO‘-‘,—jT-"-k(iJ). mo+n 1
mT+n PmT+n’  mTt+n )
where:
m—1,m—1
Qm(z;1,0) = Z Q(z +io + jT + k(; j); MT + i, mo +n), (D.6)
i,j=0

and m captures the integers m, m and n, 7.

The final step is the trickiest, which asks us to reduce the products on the right hand
side of (D.5) to two single elliptic I' functions by using the multiplication formula in the
opposite direction. To make progress, let us first disregard the shifts in the z variable,
and consider whether the second and third arguments can be written as multiples of m,m
respectively. For the third argument of either elliptic I' function, this can be achieved in
general if and only if:

ged(m,n) = ged(m,n) =1, (D.7)

in which case we can use periodicity in the third argument to write:

1 ko +1

m
mo +n mo +n

I
=
e}
[}
—_

(D.8)

1
mrT+n "
second argument of the first elliptic I' functions in (D.5), we must demand that m = m

where kn — Im = 1 and similarly for — However, to extract a factor of m in the

because of the coprime condition (D.7). In this case, we have:

mT—i-n:mT—n(kU—i-l) mod 1. (D.9)
mo +n mo +n

And similarly for ziig in the second argument of the second elliptic I' functions in (D.5).

The above implies that we can use the multiplication formula to write:

F( z . 1=fi(ko+l) ka+l):

mo+n’ mo+n O’ mo+n
D.1
T zti(ko+)+j(T—n(ko+1))+d(; jy(mo+n) i 1 ( 0)
H ( mo—+n ’ mo+n’ _mUJrn) )
1,j=0
where d; ;y can be an arbitrary integer for each pair (7, j). Similarly, we have:
1—\ ( z . a—n(fm——&—f) ]’{;7’-}—[) o
mr+n’ mr+n O mT+n )
(D.11)
T z+i( kT—i—l )+j(o— n(k‘r—i—l))—i—e(, ) (mT+n)_ mo4n 1
H mT+n ' mT+R0 T mT+na ) 0
1,j=0
where again e(; ;) can be an arbitrary integer for each pair (7, 7).
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To finish the computation, we need to show that shifts in z in the previous two formulae
are equivalent to the shifts of z in (D.5). We are thus led to the definitions:

i=k(i—nj)+mdgy,  J=7,  kagy=10-nj)+nd;y, (D.12)
and:

i=j, j=kG-nj)t+meay, ke =10—nj)+ieq; - (D.13)
We will first show that 7 and 7 run for fixed j over all values in {0,...,m — 1} as i runs over

the same set for appropriate choices of d; ;) and e(; ), respectively. This allows us to relabel
(,7) = (4,7), and similarly (i,7) — (4,j). We then show that ];:(i,j) = ]%(i,j)' Choosing k
in (D.5) equal to ];(i,j) will lead to our desired result.

z?J)

First, let us ignore the constant —knj in the expression for 7. Then it is clear that d; ;)
can be chosen to bring ki into the domain {0,...,m — 1} for all 7. Since k is coprime with
m, it is guaranteed that for each ¢ there is a unique 7. The ignored term —knj represents a
constant shift and therefore does not alter the conclusion. The argument is identical for 7.
Thus, the first part of the claim follows.

To show /%( )= l%(i,j) we note that:

2%

mk 2 = —i +n + ji,

Sap = TR (D.14)

mk 5 = —t+in+jn.

Clearly, upon relabeling it follows that the constants are equal. The actual value of k(i,j)

we have to choose is given by the integral solution to these equations. Since 0 < a < m the
solution is given by:

m+ Jn
where the floor function is defined as:
V;J =r where p=gqr+s, 0<s<gq. (D.16)
Collecting all the results above, we find:
) _ —imQm (T, T=f(ko+l) ko+l co—n(kr+l) k4l
D(z:7,0)=e"""9 (ZTJ)F<moZ+n7 £o+n ’ngrn)F(merﬁ’ %m 7m:+ﬁ) )
(D.17)
where:
ml in+jn
Qm(z;T,a):ZQ<z+ia+jT+{ J;m7+ﬁ,m0+n>. (D.18)
i,j=0

Let us end this section by simplifying the expression for the phase Qm(z;7,0). This
summation can be simplified to:

Qm(z7,0) = LQ(mz;m7 + ft,mo 4+ n) + fm, (D.19)
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where m = (m,n,n) and fmy, can be proved to be the generalized Dedekind sum defined in
appendix A.2:

To obtain (D.20), we first derive the following expression for fy, by subtracting (D.19)
from (D.18):

fon = _ﬁ v mz_:l (2i = "ilgj —m) <m — 2(in + jn) + 2mvn ;J”D . (Da21)

i,j=0
The summation involving the quotient functions can be simplified by making use of identities

of quotient functions [121]:

m—1, .

> Vnﬂ?J = |mz] +%(m—1)(n—1), zeR. (D.22)
j=o L™

The identity (D.22) can simplify (D.21), except for the term:

m—1 . .~
S(n,m) = 3 z'jvn ;j”J (D.23)
i,j=0

This quantity was introduced in [122], and it was shown in [123] that the S(n,7;m) and

o1(n,n,1;m) are related by:
1 1
S(n,n;m) = Em(?m —D(m—1)2*(n+n)— gm(m — 13 —m?oi(n,7,1;m), (D.24)

where o1(n,n,1;m) is a generalized Dedekind sum defined in (A.12). Using (D.24) to
simplify the summation and combining with other terms summed up by the identity (D.22),
we then get (D.20).

Finally, when n = 7, the expression for S(n,n; m) simplifies:

Snmim)= 3 Zz’(l—i)VTZJ, =it (D.25)

The sum over ¢ is independent of quotient functions so it can be summed as polynomials,
while the sum over [ is known to be the alternative form of Dedekind sum s(n,m) [111]. Thus
this confirms that o1 (n,n,1;m) is of the form of Dedekind sum, up to rational functions of
m, as written in (3.127).

D.2 Four elliptic I'" functions

In this appendix, we derive a general modular property involving four elliptic I' functions.
In particular, two of these I' functions are taken in the following specific form:

I'(z4+o;7,0) 0 (z;p7 — 0,7) . (D.26)

Indeed, this is precisely the expression for the L(p, 1) x St index of the free chiral multiplet
with vanishing R-charge. The property to be derived will be useful when describing the
factorization of the indices Z4  0(p).
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To derive the modular property, we employ a similar strategy as in appendix D.1.
In particular, we first replace both elliptic I" functions in (D.26) using the multiplication
formula (D.1). We then apply (D.3) on the product associated to the first factor and (D.2)
on the second, giving a total of four products of I' functions. The new step in this case
is to show that a cancellation occurs between two products out of the four. Finally, the
remaining two products of I' functions will be simplified using the multiplication formula
again, but in the opposite way, to eventually arrive at an expression involving a total of
four elliptic I' functions.

Let us start with the first I" function in (D.26). Before we plug in the multiplication
formula, we note that the first elliptic I' function has a shift in its z argument. To use
the methods of appendix D.1 in this case, it will be convenient to first replace this T’
function using;:

1
INz+o;1,0) = Toir—o) (D.27)
The multiplication formula then yields:
m—1 1
I'(z+o0;71,0) = H 0 ) (D.28)

ij=0 I'(z —io + j7 + /f(m.); mT + ny, —mo — ny)
where similarly to appendix D.1 we allow for general integers n1, 71 and k((zl)]) In particular,
we stress that at this point there are no coprime constraints on m and ni, ;. Note that we
have already anticipated m = m in the multiplication formula, which is required for the

same reasons as in appendix D.1. For the second I' function, we similarly have:

I'(z;p1 —o0,7)
= o @ _ (D.29)
= H I(z+ir+j(pr — o)+ k:(l.’j),m(pT —0) + N2, mT + na).

i,j=0

Again, we allow for general integers no, 79 and kéf)]

m = m. In addition, we anticipate that the m parameter here is the same as in (D.28).

) Also for this I' function, we anticipate

Indeed, for our purposes this is a necessary requirement. To avoid unnecessary clutter, we
put them equal already at this point.
We now apply (D.3) to all the factors on the right hand side of (D.28). We then find:

Y
<Z_“’+7T+k(i,j).m7+ﬁ1 1 >

) 1) m—1 mo—+ni ' mo+ny’ _mcf—i-m
T'(z+0;7,0) = 1™ Qm’ (2:7,0) H — , (D.30)
wj=0 (Zwﬂﬂk(i,j) _motny 1 )
mT+n1 ) mT+n1’ mT+ny
where we have used I'(—z; —7,—0) = 1/T'(2;7,0). For the second product of I" func-
tions (D.29), we apply (D.2):
-1 L (2)
(2. m ztiT+j(pr—o)+k e — o)+ 1
U'(z;pr—o,7)=¢ iTQm’ (27,0) H r ( Py bt m(f;Tf%Q =2 s
0wg=0 (D.31)
r z+i7’+j(p770')+kéi)j) ] mr+ns 1
X m(pr—o)+n2 ' m(pr—o)+nz’  m(pr—o)+nsg
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The associated phases are given respectively by:

m—1
Q,([rll)(z; T,0) = Z Q(z —ioc +j7+ k(i)].); mT + fy, —mo — ny) (D.32)
i,j=0
5 m—1
an)(z; T,0) Z Q(z+ir+jpr—o)+ kgl)]), (pT — 0) + Ng, mT + n2),
1,5=0

respectively. As mentioned above, we are looking to cancel two products of elliptic I'
functions, such that the remaining two products will eventually lead to the two holomorphic
blocks. Clearly, the candidates for cancellation are the I' functions in the denominator
of (D.30) and the I" functions in the first line of (D.31). The cancellation occurs when all
arguments between these pairs of I' functions agree. This implies the following constraints:

ng = ’I7L1 s T~L2 = pﬁl —ni, (D.33)
and in addition:

(1)

where 0 <i,j <mand 0 <7,7<m,j=1iand j is the (unique) integer such that daj) is

@) i
oy Tdepm,  dap =T, (D.34)

an integer.

We now proceed to reduce the two remaining products of I' functions to two single I'
functions, following the steps in appendix D.1. For the product remaining in (D.30), we
have to enforce the constraint ged(m,n;) = 1 for the same reasons as in appendix D.1. To
match with the notation in section 3.3, we define ¢ = #; and parametrize ¢ as ¢ = bm — an.
We then repeat the analysis of appendix D.1, keeping in mind a few sign differences. One
finds that for:

1 —iny + jc
k(i,j) = Lm ) (D.35)
the product reduces to a single I' function:
m—1 (1)
210 THRG 5 et 1 _ Cr—clkiotl) kol
H r ( mo-+ni : ’ ZZLZi mo-+n1 =TI (maj—nl’ ma}&-nl : ) mlaa—f—nll) ) (D'36)
,5=0

where k1ny — ml; = 1.

One can similarly work out the reduction of the remaining product in (D.31). Now,
one has to require ged(m,n2) = 1. As in section 3.3, since g = —nj + pc, we find that
this constraint implies that m has to be both coprime with ny and —1 + ap. In addition, it
follows from the analysis in appendix D.1 that we have to take:

Vng —|—]an ch +j(—m —I—pc)J
(2

2 _
k) = (D.37)

(1)

Note that the explicit expressions for k:( 0 and k( )) are consistent with the constraint (D.34).

We can thus consistently reduce the second product as well to find:
T (D)
AL m(pT—o)+no ' m(pr—o)+ne’  m(pr—o)+na
1’7‘7:

-7 ( 2 L 1—c(ka(pr—0)+i2) ];32(p7'—0')+l~2)
- m(pr—o)+n2’ m(pr—o)+ne2 O m(pr—o)+ng )

(D.38)
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where kofio — mly = 1. Combining the above, we finally have:

. . _ _ —imQm, (2;7,0) z . 1—c(kiot+li) kio+h
r (Z + 057, U) r (Z7p7_ g, T) =e P r <m0+n1 ) mo+n1 ) mo+ng

- S - D.
x T ( z . T—c(ka(pr—0)+l3) kz(PT*0)+l2> (D-39)
m(pr—o)+n2’ m(pr—o)+iz O’ m(pr—o)+nz )
where my, = (m,n1,¢;p) and:
m—1 ) )
Qm, (2;7,0) = — Z [Q (Z —i0+J7T+ [%ﬂcj;mTch, —mo fnl)
i,j=0

-Q (z +it+j(pr — o)+ Liicﬂ(;:ﬁpcu;m(pr —0) —n1 +pe,mT + c) } .
(D.40)

Similarly to appendix D.1, this polynomial simplifies significantly. In particular, we have:

Qm, (2;7,0) =55Q (mz, m(pT_U;erc_nl, m”;m) + p122_pl (22 = 7) + fm, , (D.41)

where we have not been able to find an explicit formula for fu,.

D.3 t+ 3 elliptic I functions

In this appendix, we derive the most general modular property that involves ¢ + 3 elliptic I’
functions. The integer ¢ refers to the length of the continued fraction expansion of p/q. On
the left hand side of our modular property, we have:

t—1
<H (2 + pim1T — 8i-105piT — 8,0, pi—1T — 5i10)> [(2;ptr—sio, pr-17—81-10) , (D.42)
i=0

corresponding to the L(p,q) x S* index of the free chiral multiplet in section 5.2.
We employ exactly the same strategy as in appendix D.2. In particular, we make the
replacement (D.30) for i =0, - ,¢t — 1:

L(z 4 pi1T — 8i—10 ; piT — 8i0 ,Di—1T — Si—10) =

(i (zm0)

X
-
m—1 F(z_a(pi1T_Si1U)+b(p”—_sia)+cgz’b)) . m(piT—8i0)+Mit1 —1 )
H m(pi—1T—5;—10)+Ni41 P m(pi—1T—8i—10)+nit1’ m(Pi—1T—8i—10)+ni41
(i4+1) ’
ab=0 T FapPiaT—8i10) TS0 ey mps1T—sim10)+nit -1
m(p;T—s;0)+Ni11 ) m(piT—8:0)+Nsp1 0 m(piT—8;0)+Ni41

(D.43)

and the phase is defined similarly as Ql(qll) (z;7,0) in (D.32). For now, the data n;,n; are
unconstrained integers, but we have anticipated that m is the same for each factor. Instead,
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we apply (D.31) for the t*" factor:
D(z;pem — 810, pr1™ — 8¢-10) = (D.44)

e_iTFngl+1) (2;7—’0-)

m—1 t41
« H r Z"I‘a(pt—lT_St—10')+b(pt7'_5t0')+02a’b)). m(peT—510)+ives1 1
m(pt—1T—5t—10)+nt4+1 P m(pt—1T—8t—10)+nt41’  M(Pt—1T—8t—10)+nt41
a,b=0
_ b(prr— (t+1)
x T FHalpe1 75 10) H DT 800)H 00 ) mpu_1m—s0-10)+n 1
m(peT—8t0)+Met1 o om(peT—st0)+er1r 0 m(peT—st0)+er

Similar comments for the parameters hold here, except that the phase is defined similarly
to Qg)(z; 7,0) in (D.32). Cancellation of the 7" T function in the denominator with the

(i + 1)™ in the numerator requires:
Niy1 = 7y, Njy1 = €Nyl — Ny, (D.45)
where we have used the recurrence relations (5.3):

bi = €pPi-1 —Pi—2, S =6€S-1—8-2, {i=PpPi-1, S =Ti-1- (D~46)

Plugging in the first recurrence relation into the second, we can solve for 7n; explicitly. We
have:
ng = —$j—1N1 + Pi—1¢, (D.47)

where n and c are free integers. In addition, cancellation requires:

@ _ (i) | 6 - @ _ b—as;—bp;
Clab) = Cap) T hapis sy = (D.48)

=

where 0 < a,b < mand 0 < @,b < m, b = a and bis the (unique) integer such that d(&j)) is an
integer. In this case, all cancellations occur and we are left with the final step to reduce the
products of the remaining I' functions into a single one, by making use of the multiplication
formula in the opposite direction. This happens when ged(m,ny) = ged(m, fy41) = 1 and
in addition:

() _ | zaniti+bay . (t+1) +bii
C(a,b) = {%J , t=1,...,t, C(a,b) = \‘WJ ’ <D49)

which can be checked to satisfy (D.48). All in all, we find the following result:

-1
<H L(z +pi17T — 8i-10;0iT — 8i0 ,pi1T — 3i—10)> (207 — 8t0,pt17T — 5¢-10)

=0
PR (57,0) e(kiotl)
_ 9 T z . 1 1 10+l
= "o PO (a - Todliotl) et ) (D.50)
«T ( 2 . gr—ro—nii1 (kip1(pr—s0)+li41) l~€t+1(PT*SU)+l~t+1)
m(pr—so)+nt41’ m(pr—so)+nir1 » m(pT—so)+ie41 ’

where we have used p = pt, ¢ = ¢ = pi—1, s = ¢, and 7 = 1, = s;—1. Furthermore,
k1n1 — l1m = 1, ];?t+1’fbt+1 — l~t+1m =1 and ﬁnally:

Ney1 = qC— TN, Nyl = —sny + pe, (D.51)
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where we have used (D.46) and (D.47). Furthermore, the phase polynomial is given by:

t 1
Py, ) (2:7:0) Qw2 a>> + QW (27 0), (D.52)
= 0
1 m—1 e
Qi (zm0) = 3 Q(2—alpiar — 5i10) + b(piT — si0) + |~ |
a,b=0
m(piT — 8i0) + M1, —m(pi—1T — 8i—10) — niH) ,
m—1 i
&H) (2,7,0) Z Q(z—l—apt 1T — 8t-10) + b(peT — sp0) + {Wﬂi:;bnmr
a,b=0

m(peT — $¢0) + N1, M(Pr—1T — S¢—10) + nt+1) .

The phase polynomial can be further simplified. As we have shown in appendix D.1, the
summation over a, b in Qm results in a single @-polynomial plus a constant (cf. (D.19)).
This yields:

t—1
= 1
Pgr:;,q) (z,7,0) = l E - EQ(mZ + m(pi—1T — $i—10) + Ny,
1=

m(piT — 8i0) + Niy1, M(Pi—1T — $i—10) + niH) (D.53)

1
+ EQ(mz, m(peT — $10) + N1, M(P—1T — St—10) + ny41) + const .

We have not been able to determine a general formula for the constant, but for any specific
set of values of the parameters it can be determined by subtracting (D.52) from (D.53).

Finally, we can simplify the summation over ¢ = 0,... . In order to accomplish the
summation, we notice the following two facts:

1 _ 1 Di _ Pi—1
[m(piT—sio)+Rit1][mpi—1T—8i—10)+niy1]  mo+ng (m(pi7—5i0)+ﬁi+1 m(pi—lT_Si—10)+ni+1)
m(piT—8i0)+it1 m(pi—1T—8i—10)+ni41 _ e+ (m(pi—17'—8i—10)+m+1 _ m(pi—2T—si_20)+N;_1 )
m(Pi—17—8;—10)+nit1 m(piT—8:0)+Niy1 v m(piT—8:0)+Miy1 m(pi—1T—S;—10)+nip1 )’
(D.54)

where we have made use of the recurrence relation (D.46) and the fact that g;s; — p;r; = 1.
These relations make the summation over these terms telescopic and computable due to the
recursive relation (D.45). As a result, only the boundary terms (i = 0,¢) in the summation
contribute, resulting in the phase polynomial:

~ 1 m(psT — Si0) + 1 mo +n -
PR (p)=—Q (mz, 7 — 50) ¥ et 1) +8P™ (p)
p,q) mpt pt pt (p,q) (D )
.55
- 3)pr — 3 21 -
5 pP™ (p) _ (ﬁtJF )pt P (pt )(ptT - 5t0+0) + const .
g(Pa‘Z) 6pt 12pt

The constant term in 5]5;27 , are the sum of a few generalized Dedekind sums of the form

o1(n1,n2, 1;m).
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