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ABSTRACT: Holography with branes and/or cutoff surfaces presents a promising approach to
studying quantum gravity beyond asymptotically anti-de Sitter spacetimes. However, this
generalized holography is known to face several inconsistencies, including potential violations
of causality and fundamental entropic inequalities. In this work, we address these challenges
by investigating the bulk scattering process and its holographic realization. Specifically,
we propose that the information on a brane/cutoff surface @) propagates according to the
induced light cones originating from a fictitious asymptotic boundary behind @, rather
than the conventional ones originating from a point on Q. Additionally, we establish the
validity of the connected wedge theorem for generalized holography with induced light
cones. We also demonstrate that entropic inequalities remain valid within the induced
causal diamonds. While the induced light cone seemingly permits superluminal signaling,
we argue that this causality violation can be an artifact of state preparation for radially
propagating excitations, rather than local operator excitations on Q).
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1 Introduction

In recent years, significant progress has been made in our understanding of quantum gravity
within the realm of the AdS/CFT correspondence [1]. Nevertheless, an ultimate goal would
be to promote the insights from the AdS/CFT correspondence and resolve mysteries in our
own universe. In doing so, we would like to go beyond the anti-de Sitter (AdS) spacetime
without spoiling its good controllability [2—4].

A promising approach, called braneworld holography, considers a universe on a brane
@ floating in the asymptotically AdS bulk. By generalizing holography to encompass a



gravitating system [5-8], this framework allows for the coexistence of both a conformal
field theory (CFT) and a gravitating brane ). Furthermore, it has been unveiled that
a holographic boundary CFT (BCFT) is dual to the bulk spacetime terminating on the
brane [9, 10]. Within this framework, a profound connection emerges among three entities:
the bulk AdS spacetime denoted as M, the holographic BCFT residing on ¥, and an
intermediate picture where the braneworld () is coupled to a non-gravitating bath CFT
located on the asymptotic boundary ¥ [11-18].! This triangle equivalence is often called
double holography and has also played a key role in recent studies of evaporating black
holes [13, 19-22].

Another promising approach, closely related to braneworld holography, is cutoff holog-
raphy. This approach begins with the conventional holographic setup featuring an AdS
boundary, and then introduces a finite radial cutoff to remove the boundary. In recent years,
cutoff AdS has garnered significant attention [23-31]. Notably, there is a strong belief that
radially pushing the cutoff surface is dual to the TT deformation [32-42]. Cutoff holography
finds additional motivation from the surface/state correspondence [43] in tensor network
toy models, where a wavefunction obeying the Hubeny-Rangamani-Takayanagi (HRT) for-
mula [44-46] can be constructed on any cutoff surface Q. The rich interplay between tensor
networks and holography has spurred further investigations into this approach, seeking a
deeper understanding of its implications and potential applications.

Despite the elegance of these approaches, it has become evident that generalized
holography faces certain inconsistencies including potential violations of causality and fun-
damental laws of quantum mechanics. These challenges include issues such as the violation
of subadditivity /strong subadditivity [28, 47] as well as the occurrence of superluminal
signaling due to bulk shortcuts [17, 48-52]. Furthermore, this paper will delve into another
puzzling aspect concerning brane causality and entanglement by exploring holographic
quantum tasks in the bulk. Elucidating and resolving these puzzles, as well as understanding
the potential limitations of generalized holography, represent crucial initial steps towards
drawing valuable lessons from the AdS/CFT correspondence and addressing fundamental
questions beyond the correspondence [53].

The underlying motivation behind this paper is two-fold. In the first part, we address
the issue, concerning causality and entanglement in a setup with a brane/cutoff surface, by
a certain versatile quantum information theory technique. Specifically, we will utilize the
holographic quantum task paradigm, originally introduced by May [54], in order to sharply
identify and formulate the puzzle. The key idea involves investigating information processing
tasks through a bulk scattering process and finding the corresponding dual CFT realization.
This approach allows us to demonstrate the existence of quantum entanglement in certain
regions of the AdS boundary. This result, known as the connected wedge theorem, has been
proven through both quantum information theoretic and gravitational techniques [55].

Using this framework, we establish that the bulk scattering process involving a brane
appears to be impossible due to the apparent breakdown of the connected wedge theo-
rem, which would otherwise guarantee the presence of necessary entanglement. This new

We assume OM = Q U X, and the neglected edge term plays no role in this paper.



puzzle highlights an apparent inconsistency in generalized holography that emerges from
consideration of spacetime causality and quantum entanglement.

The second part of the paper presents resolutions to the aforementioned puzzle in
holographic scattering, as well as other puzzles in generalized holography. Specifically, we
address the following three puzzles:

e Apparent breakdown of the connected wedge theorem in a holographic scattering
process.

o Apparent violation of subadditivity (and strong subadditivity) for subregions involving
a brane/cutoff surface.

e An apparent superluminal signaling in braneworld holography due to a bulk shortcut.

We propose resolutions to all three puzzles on an equal footing, based on the observation
that the bulk local excitation on a brane/cutoff surface requires some initial preparation.
To elaborate, we consider a fictitious asymptotic AdS boundary behind the brane/cutoff
surface and examine the induced light cones on them. This naturally leads to an apparent
superluminal causal diamond, which is seemingly acausal. However, we emphasize that this
does not violate causality, as the apparent superluminal propagation occurs due to careful
initial preparation.

Specifically, by considering induced light cones from the fictitious boundary, we obtain
the following resolutions.

e The connected wedge theorem holds for induced light cones. This will be proven on a
general ground from a geometric argument.

o Subadditivity and strong subadditivity of holographic entanglement entropy [44—46]
remain valid when we use the induced causal diamond. This will also be proven on a
general ground from a geometric argument.

e An apparent superluminal signaling due to the bulk shortcut results from the induced
light cones.

Our proposal naturally distinguishes two types of local excitations: trapped excitations
confined to the brane or cutoff surface and radially propagating excitations which travels
into the bulk. While trapped excitations follow standard causality and are created by
local operators, radially propagating excitations require nonlocal operators and seemingly
violate causality. This apparent causality violation is consistent with the HRT formula but
only emerges when considering both types of excitations. We argue that the violation of
subadditivity arises from conflicting assumptions of standard causality and the HRT formula.

Holographic theory on branes and/or cutoff surfaces may become nonlocal due to higher
derivative terms in its effective action after integrating out the bulk. Furthermore, the
higher curvature corrections in the induced gravity and a finite effective UV cutoff on the
brane indicate a breakdown of the semiclassical Einstein gravity approximation on the
brane [56, 57]. These observations are often associated with a breakdown of the local Hilbert
space structure on the brane/cutoff surface.



Nevertheless, there is evidence to support the consideration of holographic theory with
a local Hilbert space. In tensor network models, an arbitrary cut by a surface defines a
state on that cut. The resulting wavefunction generally satisfies the Ryu-Takayanagi (RT)
formula, suggesting that there is no fundamental obstacle in writing a wavefunction with
a local Hilbert space on the cut. The results presented in this paper, particularly those
concerning the connected wedge theorem and the (avoidance of) violations of entropic
inequalities, further suggest that subregions defined by induced light cones possess well-
defined operational meanings. After all, the effective UV cutoff in this context corresponds
to a length scale below which we poorly understand the holographic theory and is not
a fundamental obstacle in considering more fine-grained quantum mechanical degrees
of freedom. In principle, nothing would prevent us from considering a local Hilbert
space structure up to the Planck scale. Consequently, we will adopt the perspective
that while a local Hilbert space structure can still be defined, causal phenomena may
propagate superluminally.

It is worth making a brief comment on different choices of boundary conditions. The
choice between the Neumann boundary condition in braneworld holography and the Dirichlet
boundary condition in cutoff holography results in distinct consequences. The Neumann
boundary condition on a brane @) determines its profile, incorporating both the graviton
and matter degrees of freedom. In contrast, imposing the Dirichlet boundary condition
on a radial cutoff surface Q results in vanishing graviton fluctuations, leading to a purely
quantum mechanical system on Q on a fixed curved background. Throughout most of the
paper, we will assume the absence of graviton fluctuations by fixing the location of ) or Q.
Therefore, we will interchangeably use the terms "brane @) and ’cutoff surface Q. We will
revisit this issue in section 8.3, where we discuss backreactions on @) and its connection to
the apparent breakdown of locality.

This paper is organized as follows.

e In section 2, we present a brief review of a conceptual puzzle concerning the bulk
scattering process in the AdS/CFT and its resolution by the holographic quantum
task paradigm. We also review related developments on the connected wedge theorem.

e In section 3, we examine the bulk scattering process in the presence of a brane @)
and demonstrate that the connected wedge theorem does not hold in this setup.
We also demonstrate that holographic entanglement entropy on a brane @Q violates
subadditivity of entanglement.

e In section 4, we introduce the notion of induced light cones and present an overview
of our proposals for resolving the aforementioned puzzles related to causality and
entanglement in setups with a brane @) and cutoff surface Q.

e In section 5, we generalize the connected wedge theorem to setups with @) or Q by
considering induced light cones which appear to propagate superluminally.



e In section 6, we show that holographic entanglement entropy obeys basic quantum
information inequalities, such as subadditivity and strong subadditivity, by considering
induced causal diamonds which appear to spread superluminally.

e In section 7, we briefly comment on the puzzle by Omiya and Wei concerning superlu-
minal signaling in setups with @ and Q.

e In section 8, we summarize our proposal and its physical interpretation. We also
sketch tensor network realizations of wavefunctions with @ or Q. We conclude by
revisiting the boundary condition problem.

Note added. During the preparation of this manuscript, we became aware of an indepen-
dent work by Dominik Neuenfeld and Manu Srivastava which pointed out a similar setup
for violation of subadditivity on a brane [58].

2 Review of connected wedge theorem

The AdS/CFT correspondence asserts that the bulk quantum gravity has a holographic
realization on the boundary quantum system. How this can be possible, however, often poses
important conceptual puzzles. Here we present a brief review of recent important findings
concerning scattering events in the bulk and their implications on the entanglement structure
of the dual CFT [54]. In this paper, we focus on the cases with the three-dimensional bulk
and the two-dimensional quantum field theory (QFT) dual.

To illustrate the idea, consider information processing between Alice and Bob via direct
scattering of signals in the bulk. The pure global AdS3 metric is given by

R? 2, ,2702
Wdr +7r d9 5 (21)
where R is the AdS radius. The dual CFT lives on the asymptotic boundary X at

I =re > R, where € = R? /Too is the UV cutoff. It will be useful to write it in terms of
the embedding coordinates (Xo, X3, X1, X2) and Poincaré coordinates (7, z, x):

R2 4 52 4 42 _ 72
Xo =V R?+r2cost = rE T ,

ds® = —(R* 4+ r?)dt* +

2z
. Rt
X3 =V R2+rsint = —_,
z
I (2.2)
X, = rsinfg = —x,
z
P2 ,2 2 _ .2
Xy = —rcosf = Rtz +z T.
2z
Then, the metric is given by
ds? = —dX2 — dX2 + dX? + dX3. (2.3)

Let us focus on an asymptotic scattering process where the input points ci,co are
located at 0 = —7,+75 while the output points 71,72 are located at § = 0,7 as shown in
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Figure 1. An example of 2-to-2 null scattering events whose input points are ¢, : (t = —7/2,0 =

—m/2) and ¢z : (—7/2,7/2) and output points are r1 : (7/2,0) and r2 : (7/2,7). The right figure
shows the top view.

figure 1. When the input and output points are separated by At = 7 in the boundary time,
two signals from c¢q, co can meet at the center of the AdS bulk and then scatter off to r{, rs.
Formally, the bulk scattering region can be identified by considering intersections of bulk
domains of dependence, namely

P=J (c)NnJ ()N J (r1))NJ~ (ro) #0, (2.4)

where J¥(p) represent the future/past bulk domain of dependence of a point p. In our
setup, the scattering region P consists of just a point at the center of the bulk.

Viewing the same scattering process from the boundary viewpoint, however, it is not
possible to have direct scattering on the asymptotic boundary ¥ (figure 2). The impossibility
of direct boundary scattering can be formally confirmed by observing that the boundary
scattering region is empty, namely

A A

P=J(e)NJ ()N J™ (r)NJ™ (rg) =0, (2.5)

where J* (p) represent the future/past boundary domain of dependence of a point p. Hence, it
appears that direct scattering between two signals in the dual CF'T cannot be holographically
realized while the same task is allowed in the bulk. The corresponding causal structures are
given in figure 2.

Fortunately, this puzzle can be avoided; indeed, it has been long known in quantum
information theory that various kinds of two-party quantum information processing tasks
can be realized even without direct contact by utilizing pre-shared quantum entanglement.
A prime example is the Bg4 task, which was originally considered in studies of quantum



cryptography [59]. The goal of the Bgy task is to share some classical information b between
Alice and Bob when b is initially prepared for Alice in some “hidden” form which can
be revealed only by knowing Bob’s initial state. Specifically, Alice’s input is HY |b) and
Bob’s input is |q), where |b) and |¢) are independently- and randomly-chosen qubits in
the Z-eigenbasis {|0),|1)} and H is the Hadamard gate. When Alice and Bob can meet
directly (as in the bulk scattering process), Bob can simply tell the value of ¢ to Alice and
reveal b by applying H? to Alice’s qubit. Here, the question is whether Alice and Bob can
perform this task without a direct meeting (as in the boundary scattering process). The
upshot is that the Bgy task can be indeed performed if Alice and Bob share an EPR pair
by using quantum teleportation. Namely, Bob can nonlocally implement H?|b) to Alice’s
qubit by teleporting Alice’s qubit to Bob. By sending the Bell measurement outcome in
quantum teleportation to output locations and applying appropriate feedback operations,
the Bgy task can be performed without a direct meeting between Alice and Bob.

In fact, one can promote this observation and provide a quantum information theoretic
proof for the existence of quantum entanglement between boundary regions in the dual CFT.
The key insight is that the success of the Bgy task necessitates a finite mutual information
shared between Alice and Bob as shown in [54, 59]. In particular, let us consider a family
of tasks, denoted by Bg;", which consists of the Bgy tasks repeated n times in parallel. In
order to execute Bg;" with high success probability, Alice and Bob must possess a shared
resource state pap which satisfies

I(A:B)= 5S4+ Sp— Sap > 2 (nlogsecz(ﬂ/S) - 10g2) . (2.6)

One may choose n large as long as n < O(N?) in order to avoid backreaction in the
semiclassical treatment in the bulk. As such, the resource state must have at least O(N?)
mutual information with a =~ 2.

What is the resource entanglement in the dual CFT that can be utilized in the scattering
event? The regions of concern, called input regions, can be identified from the intersections

of the domains of dependence:

A

D(R)=J (c)NJ™ (r))nJ™ (ra), (2.7)

where JE denotes the future /past domain of dependence on the asymptotic boundary. The
input region D(R;) is accessible to one of the input points ¢;, and is causally connected to
both output points 71,72 (see figure 2). Recalling the HRT formula, saying that R; and Ry
can possess a large amount of mutual information when their entanglement wedge [60-63]
is connected, we obtain the connected wedge theorem.?

Connected wedge theorem. Assume that the bulk scattering region is nonempty, but
the boundary scattering region is empty:

P#0, P=0. (2.8)

2The boundary input regions R; and Ry are non-overlapping since the boundary direct scattering is
prohibited, namely P = 0.
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Figure 2. The light rays on the asymptotic boundary. The future light cones of ¢, ¢y are denoted
by the red lines, and the past light cones of r1,ry are denoted by the blue lines. The input regions
R; are defined by the domains of dependence D (R;) = JT (¢;) N.J~ (1) NJ~ (1) colored in orange.

Then, the input regions Ry and Ry must be entangled,® and hence, their entanglement
wedge must be connected.

For a particular arrangement of input/output points considered in figure 1, one can
indeed verify that the entanglement wedge for R; and Ry is connected (figure 2). This
powerful theorem states that the connected entanglement wedge is actually a generic feature
whenever ¢y, ca,r1, 7o satisfy (2.8). The above argument, based on the Bgy task, provides a
quantum information theoretic proof of the connected wedge theorem. It turns out that
the same statement can be proven from a geometric argument as well [55]. In section 5.2,
we will review the geometric proof and further generalize the theorem to the setup with a
brane and in cutoff holography.

3 Holographic quantum task with a brane

In this section, we examine whether the connected theorem holds in the intermediate picture
in the case of pure global AdS3 with an end-of-the-world (ETW) brane ). Namely, we
demonstrate that the entanglement wedge for the input regions R; and R is disconnected
when one of the input signals emanates from the brane ). A similar argument holds for
cutoff holography as well if one replaces the ETW brane ) with an inhomogeneous cutoff
surface @ with the same profile.

We would like to note that a previous work [64] studied a scattering process involving a
brane in a different setup. Specifically, they considered a situation where one of the inputs
is distributed over the entire brane and studied a 1-to-2 scattering process. In this paper,
we consider the 2-to-2 scattering process which allows us to study the entanglement wedge
for subregions involving a brane @) as opposed to the previous work.

3Precisely speaking, the amount of mutual information must be as large as O(1/G%), where b < 1.



3.1 The AdS/BCFT correspondence

We begin by reviewing the basic setup of the AdS/BCFT correspondence and introduce a
few useful coordinate systems to describe a 2-to-2 scattering process between the brane Q)
and the asymptotic boundary X.

In the AdS/BCFT correspondence [11, 12], the bulk spacetime terminates on the
end-of-the-world (ETW) brane @, whose action is given by

1
S Cn /Q V—h(K —T), (3.1)

where G is Newton’s constant of the bulk gravity, h is the determinant of the induced
metric on (), K is the trace of the extrinsic curvature, and T is a tension of the brane.
Imposing the Neumann boundary condition on @),

Koy — Khay = Thep, (3.2)

we find a simple solution
rsinf = —\R, (3.3)

where the boundaries of the dual BCFT are located at 8 = 0,7 and X is related to the
tension T' as )

TR= ——. 3.4

V14 A2 (34)

Thus, 7' = 0 corresponds to A = 0 and 7' — 1 corresponds to A — co.
By a coordinate transformation from the Poincaré coordinates

Y

p
= ytanh —= = 3.5
ro Y, # cosh &~ (3.5)
where y > 0 and p € (—00, 00), we obtain the following metric
—d7? + dy?
ds? = dp? + R? cosh? 2. 4T T Y° (3.6)

R y? ’
where the brane profile is given by a constant-p surface. The location of the brane p = p, is

related to the tension T by
TR = — tanh %. (3.7)

The setup in the Poincaré coordinates is shown in figure 3.
To discuss signals emanating from the brane @, it is useful to introduce conformally-flat
coordinates in global AdS such that

d82|Q = (12 + R®)(—dt® + dn). (3.8)

The null trajectory along the brane is characterized by ¢t = +n plus constant. It follows

from (3.8) that
R? 9 r?

dn® = d
Ui (T2+R2)2 r +T2—|—R2

de?. (3.9)

“When T — 1, the brane approaches the asymptotic boundary. In such a case, we need to carefully relate
the UV cutoff R?/r« to the limit. See appendix B for details.
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Figure 3. The gravity dual of a BCFT (blue line), whose boundary is located at x = 0, is given
by the Poincaré AdS bounded by the ETW brane (red line) Q. The brane is located at p = p,
or r = —M\z.

6=0

Figure 4. The coordinates on the brane for positive tension. |n| takes a value between 0 and 7 and
its sign equals that of the slope —A. The direction is counterclockwise, the same as 6.

We choose 7 such that the sign of 1 coincides with that of 8 when the brane is close to the
boundary (7" — 1) as depicted in figure 4:

R? dr\? r?
dn=db0\| ———=| — —_——. 3.10
" \/(r2+R2)2<d0> TR (3.10)
By plugging in the brane profile, rsinf = —AR (3.3), we obtain
A2 cos?
dn = do 1
" \/)\2 —|—sin29( + A2 —|—sin29>

1
= 7 = arctan (\ll—k)\ztan&), (3.11)

~10 -



where we take arctanz € (—,0] for T > 0 and arctanx € [0, 7) for T' < 0. Note that when
n — 0, £, the limiting value of 7 needs to be carefully related to the UV cutoff R?/ry,
(appendix B). In the following, we focus on the 7" > 0 case (i.e. A > 0 and n < 0).

In Poincaré coordinates, it follows from (2.2) that

2 R2 2 o 29
Jo—2qa?= s . (3.12)

2 p)
R (\/R2+r2008t+rcos9)

On the brane @, it becomes

2 .2
y sin“ 7
= =—. 3.13
R? o (cost+cos n)? (3.13)
When t = 0, it simplifies to
2 2
1-— 1-—
R 0 (1—|—cos77) 1+COS77 2

We conclude by presenting a useful geometric property concerning 7. Consider a
geodesic that is symmetric around 6 = 0, and its intersection with @), as depicted in figure 5.
When the geodesic extends from x = —L to L in the Poincare coordinates, the value of
y at the intersection of the brane and the geodesic is given by y = L. From (3.13), the
corresponding value of n = n(L) satisfies

L? sin?n(L)

R? (cost + cosn(L))* (3.15)

On the other hand, the 6 coordinate 8(L) = +¢ at the asymptotic boundary corresponding
to x = +L satisfies

sin? 6(L) B (rsinf(L))? B ﬁ B IZ

(cost 4+ cosO(L))2  (rcost+rcosf(L))2  R2 - R%

=00

(3.16)

where we used r ~ vVR2 + r2 at the asymptotic boundary r — oo in the second equality.
Equating (3.15) and (3.16), we obtain

n(L)=—¢ =0(x=—-L), (3.17)
where the sign is fixed from that of the tension.

3.2 Holographic quantum task between brane and boundary

Let us consider the same scattering process as section 2, but with the ETW brane @, where
the scattering happens at the center of pure AdS (figure 6(a)). This requires 7' > 0. We fix
the input point co and output point 72 on the asymptotic boundary Y. The output point 1
is placed on the edge of the brane n = 0. The location of the input point ¢; on @ is given
by the intersection of

0 =—m/2

rsin 0 = —AR, (3.18)
2

2 _
r2+R2dT =0.

—(r? + R*)dt? +

- 11 -



Figure 5. A geometric relation between the coordinates on the brane and the boundary. When a
geodesic intersects with the brane, 6 at the endpoint of the geodesic equals 7 at the intersection.

(@) (b) (©)
Y 4 r

t \ . — r'

Y/ r

T2 +Z ) 1 &)
1 2 '
0 Ry :

; R, €1 )
Cl Cl '
]1' 1
c - >
? 2 ;7: Cy 9
______________ - 0 T

Figure 6. A 2-to-2 scattering event between the brane @ and the asymptotic boundary . (a) The
bulk picture of the scattering. ¢ denotes the Lorentzian time. (b) The light cones for the brane input
c1, the boundary input cg, the brane output r1, and the boundary output ry in the intermediate
picture Q U Y. Each input region R; o are defined by D (R;) = J* (¢;) N.J~ (1) NJ~ (ra) colored
in orange. (c) For any positive tensions, R; is too small to have a connected entanglement wedge
between Ry and Rs.

Since we consider a signal emanating from c;, the third equation reduces to t =
—arctan(r/R). For t, we take the range of arctan to be [—m/2,7/2]. Then, ¢; is located at
(t,0) = (—arctan X\, —7/2) = (¢, 7). (3.19)

On the contrary, one can see that the boundary direct scattering is causally prohibited
as shown in figure 6(b), and as such, two input regions R, R must have access to shared
quantum entanglement. Recall that input regions Rj, Ro were defined from

D(R)=JV (e;)NJ™ (r)NJ™ (ra), (3.20)

where J* denotes the future/past domain of dependence on Q U X. Since the light cone
on Q is just given by ds? = 0 = —dt? + dn?, the past light cones for r1,2 are t = 9+ w/2.

- 12 —



OR; are their intersections with the future light cone of ¢, i.e.

1 1
(t,n) = (—2 arctan A, —g + 3 arctan )\>. (3.21)

Similarly, ORs are

(t,0) = (—Z, g + D (3.22)

The light cones and the input regions Ry and Ry are illustrated in figure 6(b).

Whether a naive application of the HRT prescription for a subsystem on the brane
is valid or not is a subtle issue, but let us assume that the holographic entanglement
entropy can be indeed computed from the geodesics connecting two endpoints. Following

the calculations given in appendix A, the length of the disconnected geodesics is calculated

from (A.6) and (A.7), namely,
2

is )
& =55 (3.23)

V1I+AZ -1 41
VI 41
where ( is defined in (A.2). For connected geodesics, from (A.8),

VI +2). (3.25)

and

(55 =2(1+)?) (3.24)

con

g = %?(

The length of the disconnected geodesics is calculated from (A.1) and (A.3):

ddis
R

_ T'oo di dis )2
= 2log R +log 2 + log (CQIS +1/(¢5°)? — 1). (3.26)

The length of the connected geodesics is

d;n = 2log %O +log 2 + 2arcsinh \. (3.27)
Thus,
d is dcon i .
—dis = Teon _ arccosh Cgls —2arcsinh A <0, VA >0. (3.28)

R
This means the disconnected entanglement wedge is favored for any tensions (unless A — oo,
where ) approaches the asymptotic boundary), as is illustrated in figure 6 (c).
In summary, we have seen that, in a setup with a brane, the boundary input regions
R and Rs are not entangled, and as such, the bulk scattering process appears to be not
realizable in the intermediate picture.

3.3 Violation of subadditivity on a brane

In this subsection, we introduce another puzzle concerning the entanglement structure for
the setups with a brane. Somewhat surprisingly, subadditivity of quantum entropy can be
violated on the brane ) when one computes entanglement entropies by the HRT formula.
The violation has been already reported in [28], where null subregions on the asymptotic

~13 -



boundary are considered. In this subsection, we present an arguably simpler example, where
all the subregions are manifestly spacelike.

For simplicity of discussion, let us consider a setup with a brane with T" — +0, as
illustrated in figure 7. The HRT formula says that entanglement entropy on a subregion
A on a brane is given by the geodesic length connecting the endpoints of A on ). Due to
the Neumann boundary condition (3.2) imposed on the brane @, the extrinsic curvature
vanishes on @@ at T = 0. Thus, any geodesics connecting two points on () must lie on @ in
the leading order of Gy — 0. Suppose we take two adjacent subregions A and B on the
brane as in figure 7. Since the geodesics calculating holographic entanglement entropies lie
on (), we have

Sa+ S~ SuB. (329)

Hence, A and B are nearly separable.

Let us boost the interval AB to A’B’ so that it approaches null (figure 7). Since the
boost must be a unitary transformation within the causal diamond, it must be implemented
as a local unitary on AB, and leaves S4p unchanged. However, the geodesic lengths of A’
and B’ become small as we boost them. As such, we have

Sa+8Sp < Sa+Sp~Sap=Sap (3.30)

which is a violation of subadditivity Sa4s + Sp' > Sarp:.

Hence, we have seen that the setup with a brane appears to violate a basic inequality
that any quantum mechanical system should obey. As we will see later, this puzzle on
subadditivity and the aforementioned scattering puzzle have the same origin and can be
resolved on an equal footing by introducing the notion of induced light cones.

4 Induced light cone on a brane

In order to resolve the aforementioned puzzle concerning a scattering process with a brane,
it will be useful to revisit how the brane setup is related to the original AdS/CFT correspon-
dence. Indeed, this seems a natural approach as, in the AdS/BCFT correspondence [11],
a brane can be inserted by projecting a subregion on the asymptotic boundary onto a
boundary state [65-67]. Also, in the case of the cutoff surface, moving the boundaries
radially to the bulk can be understood as coarse-graining of the dual CFT on the asymptotic
boundary [68-70]. These motivate us to return to the original dual CFT on the asymptotic
boundary, where no causality puzzle is present.

Recall that, in the original AdS/CFT correspondence, a bulk local excitation can be
created by applying a local perturbation on an asymptotic boundary and then, bringing it
to the bulk [71]. Namely, in the dual CFT, a local excitation deep in the bulk cannot be
instantaneously created and requires some preparation. The crux of our proposal is that
the bulk local excitation at ¢; on @ requires some preparation as well. In particular, we
propose that a local excitation on a brane Q, dual to a radially propagating signal in the
bulk, cannot be created by a local operator on Q.

In order to understand how a local brane excitation may be created, imagine a setup
as shown in figure 8 (a) where a fictitious asymptotic boundary ¥ is placed behind the
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Figure 7. Geodesics connecting two points on the zero-tension brane lie on it. When A and
B are on the same time slice, S4 + Sg = Sap (red). When one boosts AB to A’B’ (blue), the
proper length of each geodesic becomes shorter. Assuming the boost acts as a local unitary on AB,
Sa g = Sap. Consequently, we have S4 + Spr < Sarpr.

brane/cutoff surface Q). Given the input point ¢; on @, let us bring it back to another
point & on ¥ by considering the past light cone from ¢;. The choice of & depends on the
direction of the light ray, and we will choose it so that it matches the direction in which ¢;
will travel in the bulk. We will return to this point in later sections.

The central object of interest is an induced light cone on Q. We define an induced
light cone from ¢ as an intersection between (Q U Y and the bulk light cone emanating from
¢ inserted at 3. Formally, the future induced domain of dependence J | Q(é) is defined as
(figure 8(a))

T (@ =T (@ N(QUE). (4.1)

A past induced light cone can be defined similarly.

Let us derive an explicit form of the induced light cone on (. A null surface in the
bulk emanating from a boundary point (¢,6) = (—m/2,6p) to the future (or equivalently
from (7/2,60p £ 7) to the past) is parametrized by A = tant and [ € (—1,1) [54]:

r2+R2_1+A2
2 - _ ]2’
R i ! (4.2)

—cot(0 — bp) = 7

as shown in figure 8 (b). To find the intersection with the ETW brane @, we substitute
rsind = —AR (eq. (3.3)) into the above equations:

2 1+ A2
smZe 1T T
\ (4.3)
—cot(f — bp) = 7

~15 —



(a) — (b) 0=16

Figure 8. (a) An induced light cone (yellow curve) of an input ¢; (red dot). The light cone is
defined as the intersection between the null surface (gray) from the local excitation ¢ (blue square)
on % and the brane @ (light blue). (b) The top view of the bulk null surface emanating from
(t,0) = (—7/2,00). The codimension-one surface is parametrized by the time A and the angular
coordinate [.

Eliminating [, we obtain

A2(1 + tan 0 tan 6)?

A% = tan?t = : 4.4
o tan? 0 sec? 0y + A\2(tan @ — tan 6)?2 (44)
By using (3.11), we can express tan?¢ in terms of 1 as
2
<\/1 + A% + |\ tan 6 tann)
tan’t = (4.5)

5.
sec? O tan® n + (\)\| tann — V1 + A2 tan@o)

This gives the explicit trajectory of the future/past induced light cones on @ from a point
(t,0) = (£m/2,00). Note that, when 6y = 0,7, their induced light cones are given by
t = £(|n| — w/2), the same as the usual light cone.

The difference between the standard light cone and the induced light cone from ¢; is
shown in figure 9. Notice that the induced light cone is not null on the brane, and thus
seemingly allows superluminal signaling. Our proposal is that it is the induced light cone
with apparent superluminal signaling which is responsible for the bulk direct scattering.
Namely, preparation for creating a radially propagating excitation at ¢; should start earlier
than c¢; as depicted in figure 9.° In the rest of the paper, we will demonstrate that this
approach resolves the scattering puzzle, as well as several other causality and entanglement

puzzles on a brane, on an equal footing.

5This should remind readers of how an apparent superluminal propagation occurs by careful initial
preparation. A useful analogy is to imagine local agents placed on a one-dimensional line where they are
instructed to raise flags at some specific time. Then, one can program them as if the wave of raising flags
propagates superluminally. This is an apparent propagation and does not transmit any information.
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Ry

C1

Figure 9. A radially propagating excitation vs. trapped excitation. Left: A radially propagating
excitation at ¢; was prepared as a local excitation at & on the fictitious boundary % followed by
its subsequent time evolution. The intersection of the bulk null surface with @), illustrated in blue,
gives rise to the induced light cone of a radially propagating excitation. Right: A local excitation,
prepared on @ by a local operator obeys the standard causality. Such an excitation is trapped on
and does not propagate toward the bulk.

5 Connected wedge theorem from induced light cones

In this section, we argue that induced light cones resolve the bulk scattering puzzle. We
begin by demonstrating this for the setup considered in section 3.2 via explicit calculations.
Namely, we will see that, in this case, the geodesic lengths for connected and disconnected
wedges precisely match, and thus the setup is exactly at the transition. We then provide a
generic proof by extending the connected wedge theorem for the setup with an arbitrary
cutoff surface. The proof extends a geometric argument from [55] and applies to the cases
where multiple input and output points are located on the cutoff surface.

5.1 An explicit example

Consider the same setup provided in section 3.2 where the input cs on the asymptotic
boundary ¥ is given by (¢,0) = (—7/2,7/2), the outputs r1, 79 are given by (7/2,0) and
(m/2,7), and the input ¢; on the brane @ is given by (¢,n) = (—arctan A, —7/2). The input
point ¢ on the fictitious boundary ¥ is given by (t,6) = (—7/2, —7/2).

The essential difference is that the input region D(R;) needs to be determined from the
future induced light cone 9.J ﬂQ(éi) of ¢;, the past induced light cone 9.7~ | o(F1) of r1, and

the past induced light cone 8.J | Q(?’g) of ro instead of (3.20). In the current case, Ry is the
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same as the previous consideration; t = —x/4 and 6 = [ /4,37 /4] lying on ¥. Meanwhile,
R, is defined from the intersection of induced domains of dependence (4.1):

D|y(RB) =J (@) nJ (r)nJ (r2) N(QUE). (5.1)
Here, OR; is given by the intersection of

Oj_(rl) : t:n‘i‘i,

2
DI (rg): t=—n— I,
2
and
X Atann
0J%| (é1): t=arctan . 5.2
() <\/1+)\2+tan277> (5:2)
By solving this, we obtain
T
Ri: t=—5+m, n=[=m+m —m] (5.3)
where 71 € [0, %) is taken such that tanm = YA,

Once R; and Ry are specified, their holographic entropies can be calculated. For a
disconnected entanglement wedge, the length of the geodesic for Ry is calculated from (3.23).
For Ry, we have

(o =21+ A} cot’m +1 =1+ 2)\° (5.4)

from (A.6). From these, we can calculate the length of the disconnected geodesics from (A.1)
and (A.3):

d is 00
]d% :210g%+10g2+10g (1+2)% +2AV1+22). (5.5)

For a connected geodesic, we have

con

Cso =

17
— 2 (V1I4+ A2+ 5.6
5 n (VITA ) (5.6)
from (A.7). This gives the length of the geodesics connecting OR; and JRy:

d 17
con 00 2
R —2[log2+log <\/§R) + log (\/1+)\ +)\)] (5.7)

From (5.5) and (5.7), their difference is given by

dgis — deon — log 1 +2)\2 +2)\\/1—|—A2 —0
Zdis  Mcon 5 —
R (VI+X2+2)

(5.8)

We have found that not only is a connected entanglement wedge preferred, dgis and
deon precisely match in this case. Note that arguments based on holographic tasks dictate
the connected wedge only (dgis > dcon) and do not necessarily demand dgjs = deon When the

bulk scattering region P consists of a point. Yet, this “dgis = dcon for P being a point” is
actually an interesting property often observed in many examples of the bulk scattering in
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the original AdS/CFT setup [54, 55, 64, 72, 73]. Hence, (5.8) may be taken as additional
evidence that the induced light cone is indeed the right object to consider.

Finally, we remark on the arbitrariness concerning the choice of ¢;. In the present
setup, our choice of ¢, as a direct past of ¢1’s propagation trajectory in the bulk, seems
natural. It is however, in principle, possible to prepare an excitation at ¢; from other points
on the fictitious boundary ¥ as long as they are in the past light cone of ¢;. It turns out
that the connected wedge holds for any choice of ¢; as long as it is causally connected to c;.
This fact is proven in the next subsection from a geometric argument.

5.2 Geometric proof

We have seen that defining input regions R;, Ry via induced light cones may lead to the
connected entanglement wedge. In this subsection, we prove the connected wedge theorem
for setups with arbitrary cutoff surfaces including inhomogeneous ones.

The original connected wedge theorem is the following statement:

Connected wedge theorem. Suppose that c1,co — 71,72 scattering is possible in the
bulk, but is not possible on the boundary. Then, the entanglement wedge for R; U Ro
is connected.

Let us briefly recall an important underlying assumption behind the geometric proof
in [55]. The proof of the connected wedge theorem relies on two statements that follow from
the focusing theorem. The first statement concerns the lightsheets of an extremal surface
&, which can be defined as the boundary of the future (or past) of & N* = 9J%(&) [74].
N* has everywhere non-positive expansion. The second statement concerns the causal
horizon, which is the boundary of the past of a point P at infinity. Specifically, for the
future causal horizon 0J~ (P) generated by past-directed null geodesics, its expansion must
be non-positive with respect to past-directed generators. This non-positivity /negativity
of expansion results in the non-increasing/decreasing area, respectively. See figure 10
for examples.

We begin with a quick review of the geometric argument. Suppose that the entanglement
wedge for Ry U Ry is disconnected; Er,ur, = €r, U ER,. The key idea is to find a connected
surface Cx; whose area is smaller than that of £, U ER,, for any complete achronal slice X
containing g, U Er,. This would contradict with that the HRT surface must be a global
minimum on some complete achronal slice, as implied by the maximin procedure [62]. Hence,
the entanglement wedge for R; U Ro must be connected.

To find such a connected surface Cy, we begin by constructing a certain codimension-1
null surface, called the null membrane Ny. For any complete achronal slice ¥ containing
Er, U&R,, Ny, consists of two distinct pieces. The first piece, called the lift £, is defined by

L= 8Jt(Er, UER) NI~ (r1) NI (ra), (5.9)

where 8J{£ C 0JT consists of lightsheets containing null geodesics initially moving away
from the asymptotic boundary. The lift £ has a special structure with a spacelike ridge R
where the lightsheets from €r, and £g, meet (figure 10(a)). The fact that the ridge R is
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Figure 10. The null membrane Ny consists of the lift £ and the slope Sx. (a) The lift £ is shown
as a blue sheet. It is part of 9J;!, namely, lightsheets extending inward from both £z, and Eg,.
The boundary of two null planes constituting £ consists of the ridge R and the seam A. Due to
non-positive expansion, area(Ey ) < area(&g,). (b) The slope Sx. is shown as a dark yellow surface.
It is on the future causal horizon 0J~ (r1) U dJ~ (r2). (Only one side is shown.) Its boundary is the
seam 4 and a connected surface Cx. Due to non-negative expansion with respect to past-direct null
geodesics, area(A) > area(Cy).

nonempty follows from the assumption that the bulk scattering region Jio_,12 is nonempty
and the fact that the HRT surface of R; must always lie spacelike outside the causal wedge
of R; [61, 62, 75]. The second piece, called the slope Sy;, is defined by

Sy =90[J (r1)NJ (r2)] N J’[&J;g(SRl U&r,)| N J+(E). (5.10)

It is worth emphasizing that the slope Sy is part of the causal horizon with respect to
r1 and ro. The geometric structure of the slope Sy is shown in figure 10(b). The null
membrane N, is a union of these two pieces; Ny, = L U Sy..

We now show that the past boundary of the slope Sy, denoted by Cs:, has an area
smaller than that of Eg, U&R,. Let us denote spacelike seams where the lift and slope meet
by A (figure 11). Note that the lift £ is part of the future lightsheets of extremal surfaces.
So, it has non-positive expansion, implying

area(Eg, U ER,) > area(A) + 2area(R) > area(A). (5.11)

Similarly, note that the slope is a part of the causal horizons of points rq, 7y at infinity. So,
it also has non-positive expansion, implying

area(A) > area(Cy). (5.12)
Hence, we arrive at

area(Er, U ER,) > area(Cy). (5.13)
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Figure 11. Lightsheets from extremal surfaces £g,,Er, meet at the ridge R and leave the seam
A. The seam A is a part of the causal horizons from 7, ry, finding a connected surface Cx on X.
Deforming Er, U £, along the lift, then along the slope, leads to area(Eg, U ER,) > area(Cy), as
indicated by blue arrows. The figure is taken from [55] and modified with permission.

Figure 12. The input/output points ¢, ce,71,r2 are placed on the cutoff surface Q, denoted by the
blue cylinder. In this example, it is placed on a constant radius. Blue squares denote the causally
past/future points ¢, éa, 71,72 on X of inputs/outputs, respectively.

Having reviewed the proof technique, let us generalize the connected wedge theorem
for setups with an arbitrary cutoff surface Q. Let {¢1, é2, 71,72} be arbitrary points on the
boundary of an asymptotically AdS spacetime which are causally connected to {c1, c2, 71,72}
on the cutoff surface Q. Namely, we assume

éreJ (c1), éeJ (c), TLeEJT(r1), 72€J(r). (5.14)

Note that they can be located on either the true or fictitious asymptotic boundary ¥ or %,
where ¥ denotes the asymptotic boundary of AdS behind Q. When the cutoff surface does
not anchor on the boundary, we have ¥ = (). Figure 12 shows one such example.

Note that ¢;, ¢o — 71, T9 scattering is possible in the bulk since ¢, co — 71,72 scattering
is possible. Here we suppose that the boundary scattering is not possible for {é, ¢, 71,72}
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on the asymptotic boundary > U Y. We further assume that ¢1,Co — T1, 79 scattering is not
possible outside the region surrounded by Q so that R; and Rs are spacelike separated.

The statement of the connected wedge theorem with a cutoff surface is as follows.

Generalized connected wedge theorem. Let R;, Rs be regions on the surface Q
defined by

Rj :J+(5j)ﬁJ_(’Fl)ﬂJ_(’FQ)ﬂ(QUE). (5.15)

Then R; and Ry are spacelike separated and the entanglement wedge for R; U Rs
is connected.

Below, for simplicity of discussion, we will employ the simplifying assumption.
Assumption. Ry and Ry consist of connected regions.

While this was indeed the case in the AdS/CFT, this may no longer be true for setups
with Q. For instance, by placing some obstacle, such as a dustball, in front of ¢;, we may
have two spacelike separated regions in Ry. Another possibility of such arises when Q is
not convex.

Below, we present a sketch of the proof. The proof mostly parallels with that of the
original connected wedge theorem. Here, it is worth discussing what would go wrong if we
used standard light cones instead of induced ones. Crucial steps in the original proof are the
repeated uses of the focusing theorem to find a connected surface Cx with a smaller area.
In order to use the focusing arguments, however, one needs to consider a causal horizon
of a point at infinity (or, on the asymptotic boundary). In the setup with Q, the output
points r1 and 79 are no longer at infinity, and thus the focusing theorem does not apply.

We first observe that the null membrane Ny, in the presence of the cutoff surface Q has
the same structure as figure 11. This follows from the fact that the entanglement wedge
Er, lies spacelike outside the causal wedge of ¢; [61, 62, 75]. We then use the focusing
theorem repeatedly. Noting that the induced light cones were constructed from points on
the asymptotic boundary. Hence, the area reduction argument remains valid and one is
able to construct a connected surface to derive a contradiction.

In summary, we presented a generalization of the connected wedge theorem for an
arbitrary cutoff surface Q. We conclude this section by noting that the above statement
holds for arbitrary choices of {¢1, ¢, 71,72} that are causally connected to {c1,ca,r1,72}.
While the constructions of Ry and Ro depend on the choices {¢1, é2, 71,72}, they are always
connected. This is how our theorem avoids the ambiguity associated with the choice of
{¢1,¢2,71,72}, as mentioned at the end of the previous subsection.

We also note that the fictitious spacetime behind @ or Q need not be the vacuum AdS
spacetime. Since the above proof only uses the focusing theorem and the causal wedge
inclusion, we expect that our generalization of the connected wedge theorem remains true
for any extension to asymptotic infinity.
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brane Q

Figure 13. Subadditivity on the brane is examined by changing ¢¢ from 0 to §, where 0 < § < /2.

6 Subadditivity from induced light cones

In this section, we show that our induced light cone proposal resolves the subadditivity
violation puzzle from section 3.3. We begin by demonstrating this for the setup considered in
section 3.3 via explicit calculations. Namely, we will see that the regime where subadditivity
holds exactly matches with the induced causal diamond. We then provide a generic geometric
proof that subadditivity of holographic entanglement entropy remains valid within the
induced causal diamond.

6.1 An explicit example

Consider two adjacent, achronal intervals A : [Pa, Pc] and B : [Pr, Pg] on @ placed
symmetrically around 7 = —x /2, as illustrated in figure 13. The coordinates of P4 and Pp
are parametrized as (¢t,n) = (0, —7/2 — 0), (0, —7/2 + 0) while P is located at

™

(tan):<t07_>, 0§tc§5§

; (6.1)

0
5"
As we have seen in section 3.3, subadditivity of holographic entanglement entropy can

be violated as we increase tc beyond some critical value. Holographic entanglement entropy
for AB is calculated from (A.7):

Cap = 2(1+ A?)tan?§ + 1. (6.2)
The corresponding geodesic length is
dap = Rarccosh (4. (6.3)

Holographic entanglement entropy for A or B with finite {¢ < § is calculated from

costc \2

(a=C=01+X) (6.4)

cos§
Note that (4 > 0 since costc > cosd from (6.1). The geodesic length for A and B is

dy = dg = Rarccosh (4. (6.5)
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Hence, subadditivity of holographic entanglement entropy on @ constrains to as follows:

da+dp > dap < 2arccosh(y > arccosh (ap

()\2 +1/(1+A2) tan26 + 1). (6.6)

cos 9
14+ A2

& costog >

We now demonstrate that this condition ensures P lies within the induced causal
diamond. The induced causal diamond can be constructed from the past and future induced
light cones so that their intersections match with 0(AB). A general induced light cone is
given by (4.5) up to the shift in ¢. Let us denote the shift by +ty. Since AB is symmetric
along n = —m/2, we take 6y = —m/2. Then, the edge of the induced causal diamond is

Atann

T
e (=TT 6.7
\/1+)\2+tan217] ( 2 2] (6.7)

The + sign corresponds to the upper edge and the — sign corresponds to the lower edge of the
induced causal diamond. By equating their intersections with 9(AB) : (t,n) = (0, —7/2+£9),
to is fixed:

given by

t £ty = £ arctan [

A
V(14 A2) tan? 6 + 1

top = arctan

€ [0, g] (6.8)

For P to be within the induced causal diamond, we need
0<tc<tn=-m/2), (6.9)

where

t(n = —m/2) = arctan A — tg (6.10)

for finite A\. From (6.9), we find

costc > cost(n = —m/2)

()\2+\/(1+)\2)tan25+1). (6.11)

B cosd
Y

This is exactly the regime (6.6), where subadditivity of holographic entanglement en-
tropy holds.

In summary, we have demonstrated that subadditivity of holographic entanglement
entropy holds for an interval AB when we restrict our focus to a particular induced caudal
diamond that can be constructed by shifting (4.5). This induced diamond originates from
some points at 7 = —7F on the (fictitious) asymptotic boundary. Note, however, that the
construction of the induced causal diamond depends on the choice of these points on the
asymptotic boundary and thus is not unique. In the next subsection, we present general

proof that subadditivity holds on arbitrary induced causal diamonds.
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V(AB)

D|,(AB)

Figure 14. The induced causal diamond and the HRT surface. The induced diamond D| Q(R)
is given by an intersection between the causal wedge C(AB) and Q. The HRT surface v(AB) is
spacelike separated from D’ Q(AB)7 but is timelike separated from A’B’ lying outside of D’ Q(AB).

6.2 Geometric proof

In this subsection, we present a geometric proof of subadditivity of holographic entanglement
entropy for induced causal diamonds. The proof follows from a powerful result from [28].
Recall that the standard HRT surface of an interval R can be obtained via the maximin
procedure. Authors of [28] proposed that, when computing holographic entanglement entropy
of an interval R on a cutoff surface @, one should restrict considerations to candidate surfaces
that are achronal to R. Indeed, they proved that for restricted HRT surfaces, basic quantum
information theoretic inequalities, such as subadditivity and strong subadditivity hold.

With this result in hand, let us revisit the setup from section 3.3 where we demonstrated
a violation of subadditivity. Note that the HRT surface (or a geodesic v(AB)) of an interval
AB is on the equal timeslice, and lies very close to AB in the regime with a small tension 7.
The boosted interval A’B’ is in the future of AB, and thus, is timelike separated from the
HRT surface v(AB). As such, the restricted HRT surface of A’B’ is not given by v(AB),
which hints that whenever A’B’ is not achronal to v(AB), Sa/p may be given by some
other curve, and thus Syp # Sap:.°

In the previous subsection, we demonstrated that subadditivity still holds if we boost
an interval AB only within the induced causal diamond. The connection with the result
from [28] can be established from the following observation. Recall that the induced
causal diamond is given by the intersection between the causal wedge C(AB) = D(AB)
of an interval AB on the fictitious boundary ¥ and the cutoff surface combined with the
asymptotic boundary Q U X. In the case of pure AdS, the (static) Ryu-Takayanagi (RT)
surface lies exactly on the causal wedge. Hence, as long as AB is boosted within the induced
causal diamond, it is still spacelike separated from the RT surface v(AB), and the result
from [28] applies. See figure 14 for the illustration.

The fact that the interval A’B’ is achronal to y(AB) was pointed out in [47] where the authors studied
a potential violation of strong subadditivity in the 7T deformation.
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This observation can be further extended to show that subadditivity must be obeyed
within the induced causal diamond on a generic ground. Let us begin by specifying how the
induced causal diamond D| o(R) can be constructed. Imagine two points ¢4 and ¢_ on an
asymptotic boundary ¥ which are timelike separated. Assume that ¢ is in the future of
¢—. Considering the past/future light cones of ¢; and ¢é_, one can define a causal diamond
for some region R on X:

D(R)=J (é)nJ (e)nx. (6.12)
An induced causal diamond on QU 3 can be constructed by considering induced light cones
from ¢y and ¢_:

D|o(R)=J (&4)nJ (E-)n(QUY) (6.13)
which defines some region R on Q U 3 such that
OR=0J (e,)NaJT (e_)N(QuUY). (6.14)

We would like to show that all the intervals within the induced causal diamond D| Q(R)
have achronal HRT surfaces. This follows from [61, 62, 75] that the entanglement wedge of
R must lie outside the causal wedge of R, and as such, it is achronal to any points on the
induced causal diamond of R. Hence, we arrive at the following statement.

Entanglement within induced causal diamond. Let D| o(R) be an induced causal
diamond on Q that originates from a causal diamond D(R) = J~ (¢4 )NJ*(¢_), associated
with two points &, and é_ on 3. Then, holographic entanglement entropy within D| Q(R)

obeys subadditivity (and strong subadditivity).

In summary, we proved that subadditivity of holographic entanglement entropy re-
mains valid by considering induced light cones. This provides other evidence supporting
our proposal.

In the next section, we turn our attention to yet another puzzle, pointed out by Omiya
and Wei [17], concerning the superluminal signaling in the intermediate picture, and propose
a resolution along a similar line of arguments.

7 On the Omiya-Wei puzzle

In this paper, we considered the 2-to-2 scattering in the bulk. It turns out that even a
“1-to-1” scattering, or a brane-to-boundary signaling process, suggests a potential violation
of causality, as pointed out in [17]. For simplicity, consider a signal emanating from the
center of the T — +0 brane. As shown in figure 15, it takes 7/2 time to reach the
asymptotic boundary regardless of the direction. On the other hand, the dual trajectory in
the intermediate picture would be the blue curves and the time duration is greater than
7/2 assuming the usual causality on the brane.

One possible resolution of this puzzle, suggested by the authors of [17], would be that
there may exist some nonlocal couplings between the brane () and the asymptotic boundary
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Figure 15. The bulk shortcut in the brane-to-boundary signaling. The tensionless limit case is
shown. This leads to potential superluminal signaling in the intermediate picture. The left and
right figures show different null trajectories through the bulk. Two excitations occurred at the same
point on the brane reach ¥ at the same time in the bulk (illustrated in red) but have different
direction-dependent superluminal velocities in the intermediate picture (illustrated in blue).

> in the intermediate picture. We, however, think that this proposal of nonlocal coupling is
not likely the resolution for several reasons.

First, observe that two excitations at the same point on the brane () appear to have
different superluminal velocities, as the superluminal signal propagation speeds on ) would
be direction-dependent. This observation suggests that nonlocal coupling, if exists, would
be a rather fine-tuned and drastic one that connects a point on the brane to every point on
the asymptotic boundary. The second argument concerns the holographic quantum task.
Suppose that ) and ¥ are somehow nonlocally coupled, and as a result, one of the inputs,
say ¢z, can be revealed at the location of ¢; on @) via the bulk shortcut time. While this
would bring c¢1, co to the same location, in order to achieve the direct () U X scattering, one
needs to bring them to ri,72. This, however, does not seem possible. While we cannot
deny the possibility of more intricate use of nonlocal coupling, at least, it does not directly
address the origin of the direction dependence.

We propose that this puzzle can be resolved from induced light cones as well since
these lead to an apparent superluminal propagation of signals on (). Here, the direction
dependence of the apparent superluminal velocities is reflected to that in the induced light
cones. It is worth emphasizing that this apparent superluminal propagation does not imply
the violation of the standard causality. Namely, the apparent nonlocality can arise as a
consequence of the state preparation as depicted in figure 9.

8 Concluding remarks

In this paper, we have discussed three puzzles concerning holography with a brane @
and a cutoff surface Q: i) the disconnected entanglement wedge in the bulk scattering
process, ii) a violation of subadditivity of holographic entanglement entropies on a brane,
and iii) superluminal signaling between a brane and an asymptotic boundary. We then
demonstrated that, by considering induced light cones starting behind @) or 9, these puzzles
can be avoided. As for i), we presented a generalization of the connected wedge theorem for
induced light cones. As for ii), we presented a generic argument that subadditivity remains
valid within induced causal diamonds. As for iii), a resolution can be obtained naturally
from superluminal light cones.
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One drawback of our proposal is the necessity to (re)introduce the fictitious asymptoti-
cally AdS boundary ¥. Ideally, it would be desirable to construct induced light cones and
induced causal diamonds without any reference to 3. A potential approach to address this
concern is by constructing the induced causal diamond of an interval R in such a way that
it remains achronal to the HRT surface of R. This approach allows us to solely focus on
actual bulk regions without the need to consider regions behind @ or Q.

Here, we conclude this paper with several remarks and speculations.

8.1 Physical interpretation

Let us explore potential physical interpretations and implications of our proposal. Recalling
the aforementioned puzzles, it is clear that local excitations propagating in the radial
direction toward the bulk were causing the trouble. On the contrary, local excitations,
which propagate on @ (or Q) without leaving it, do not suffer from any causality violation.
As illustrated in figure 9, they have rather different profiles of causal diamonds. This
motivates us to distinguish two types of local excitations in the following manner.

Trapped excitation: a local excitation on () that propagates on ) and does not travel
radially to the bulk. This can be created by local operators on ) and obeys the standard
causality that is expected from local QFT. In the bulk perspective, this is expected to
be a brane-localized field or deficit dual to a special boundary primary operator [76-78].

Radially propagating excitation: a local excitation that travels radially to the bulk.
This cannot be created by local operators on (). Namely, creating them requires nonlocal
operators, whose complexity is high, and thus, cannot be created instantaneously. In the
bulk perspective, this is mediated by the bulk fields, thus a local excitation on () defined
from the extrapolate dictionary [15, 79] is of this kind. Accordingly, such excitations
have a violation of microcausality between () and ¥ [17].

Note that a radially propagating excitation has superluminal propagation speed, but
this causality violation on @ or Q is only an apparent one. While this apparent violation
of causality is consistent with the HRT formula, it should not appear when we restrict
to trapped excitations by local operators on ). This viewpoint provides an illuminating
implication concerning a violation of subadditivity. In the current setup with two types
of excitations an effective description with the standard causality, which deals only with
trapped excitations, may be an incomplete one. In order to construct a complete quantum
description, one has to consider both types of excitations and thus will need to give up the
standard causality.

Based on this observation, we propose that a violation of subadditivity stems from two
incompatible assumptions.

Standard causality on ). The use of the standard causal diamond would be fine if
we restrict our attention to trapped excitations. If we consider both types of excitations
as the building blocks of our theory, then we need to give up the standard causality and
rely on the induced causal diamond with apparent superluminal signaling.”

A similar line of argument has been made from the perspective of the algebra of causal and entanglement
wedges in cutoff holography [47].
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HRT formula. The HRT formula computes holographic entanglement entropy for a
complete QFT on @ or Q, and as such, considers both types of excitations. As such, its
calculation is consistent only with the induced causal diamond.

This interpretation seems to resolve all the puzzles mentioned in this paper on an
equal footing. It will be interesting to test this proposal by direct gravitational or field
theoretic calculations.

8.2 Tensor network interpretation

Tensor network toy models can provide useful insights into the entanglement structure in
holography with @ or Q. Let us start by briefly reviewing a tensor network model of the
AdS/CFT along the lines of [80] by using Haar random tensors on a hyperbolic lattice
(figure 16(a)). The network defines a wavefunction |¢)crpr) on the asymptotic boundary and
obeys the RT formula at the leading order in Sponq, where the bond dimension is given by
eSbond | The network can be interpreted as a quantum circuit that evolves from the bulk
center to the asymptotic boundary.

Let us consider a setup with the cutoff surface, as well as the intermediate picture in
the AdS/BCFT correspondence. As shown in figure 16(b), a wavefunction [g) on a cutoff
surface Q can be constructed by terminating the tensor network on Q and leaving tensor
legs open. This procedure is often called the surface/state correspondence [43]. Due to
the use of Haar random tensors, the wavefunction |1)g) on a cutoff surface also obeys the
RT formula. Namely, holographic entanglement entropy computed for this wavefunction
matches with the one that can be obtained from the RT formula applied to the cutoff
surface. Similarly, by opening the legs on the brane ), one may create a tensor network
state |¢gx) corresponding to the intermediate picture (figure 16 (c)). It should be, however,
noted that the tensor network model is not capable of accommodating dynamical effects.
The Neumann boundary condition is sensitive to the gravitational backreaction, as we will
discuss in the next section.

A toy model of holographic BCFT can be constructed by applying a projection operator
IIg = |¢q)(¢g| on a brane @ and normalizing the outcome:

[vBCrT) X (PQ|Ygs)- (8.1)

In the BCF'T, a spatial boundary can be obtained by exchanging ¢t and x of a boundary
state which is known to have vanishing entanglement. Hence, it is natural to choose |¢¢) to
be a short-range entangled state, such as a product state |¢pg) = |0)®"@ where n¢) represents
the number of qubits (or tensor legs) on @ (figure 16(d)). With this choice of the projection
operator Ilg, one can verify that the resulting wavefunction |¢)gcrr) obeys the RT formula
of BCFT, where the RT surface terminates on a brane Q).

The choice of |¢g) being a product state can be also justified by examining whether
the RT formula holds or not when |¢q) is an entangled state. Given the RT surface v(A) of
A which ends on a brane, one can split a brane () into two parts @4 and Q. In a random
tensor network, the entanglement entropy of a subregion is given by the geodesic length
plus contributions from the bulk entanglement across the RT surface. Hence, if |¢g) is
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Figure 16. Various holographic tensor network states. Blue dots denote Haar random tensors.
These states |Ycrr) , |¥0) ,|Yos) , [¥BerT) have the same RT formula respectively as (a) the CFT
ground state, (b) the ground state on Q dual to a cutoff AdS, (c¢) the ground state on Q UX in the

intermediate picture, and (d) the BCFT ground state.
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entangled across Q4 and Qp, then S(A) will be given by the sum of the geodesic length
and the entanglement entropy Sg, of [¢g). Any entanglement in |¢q) leads to a deviation
from the RT formula, and as such, one is directed to choose |¢g) to be a product state.

One can also directly relate the BCFT wavefunction |¢pcpr) to the CFT wavefunction
|cpT) by using the isometric nature of a random tensor network. Let us denote the
Hilbert space for |¢cpr) as Hopr = Hr ® Hp by splitting the whole Hilbert space into
the left and right parts. Recalling that a tensor network realizes an isometry from the
bulk to the boundary, a projection operator II = |¢g)(pg| on @ can be expressed as some
projection operator on Hcopr. Since the brane profile @ lies inside the entanglement wedge
of L, one can write down the projector exclusively on H. Hence, there exists a projector
I, = \%><%| such that

(T, ® Ir)|YcrT) LR  |6Q)L © |¥BCFT) R (8.2)

which generates |1)gpcpr) on Hp. This picture is consistent with the conventional interpre-
tation that a brane insertion can be understood as a projection on the CFT wavefunction.

In fact, tensor network toy models provide a useful insight into why one should not
consider a brane with a negative tension. When T < 0, the brane @) will be located closer to
the asymptotic boundary X, and it lies inside the entanglement wedge of R. This suggests
that the projector Il = |¢g)(¢g| on @ cannot be represented as a projector acting on Hr,.
Instead, in order to generate |¢pcrr)R from |[YcpT)LR, One has to apply some quantum
operation which also acts on R as well. Hence, the BCFT wavefunction |[¢pcrpr)r with
T < 0 cannot be generated via a projection acting on the complementary subregion L in
the CFT wavefunction |¢Ycpr)LR-

Let us conclude by commenting on the problem concerning locality of the Hilbert space
on Q. Whether the standard locality remains valid on a brane and a cutoff surface has been
occasionally questioned in the literature. Indeed, one might think that the aforementioned
puzzles could also be understood as further hints of a breakdown of locality. Tensor network
toy models present an intriguing perspective on locality of the Hilbert space on Q. Indeed,
given a wavefunction [¢) of the dual CFT, one can naturally introduce a cutoff surface Q
and define an induced wavefunction |[¢g) on Q without spoiling the local Hilbert space
structure. Also, tensor network calculations suggest that, at least for wavefunctions where
the holographic entanglement entropy formula applies, the standard local Hilbert space
with a small cutoff should be present as the projected state |¢o) should carry short-range
entanglement only. For these reasons, we attempt to resolve the causality puzzles concerning
a brane and a cutoff surface without giving up the standard locality in this paper.

8.3 Boundary conditions

The crux of our proposal is that local excitations, namely radially propagating ones, cannot
be created by local operations. Understanding the potential physical mechanisms behind
such a restriction requires us to revisit the problem of choices of boundary conditions.
Indeed, two boundary conditions suggest different mechanisms for such restrictions.

Let us begin with the Neumann boundary condition. In this case, nonvanishing graviton
fluctuations are allowed which we have completely ignored until this point in this paper. The
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graviton effect will become significant when the brane () is perturbed by matter fields and
its location starts to move. When the tension T is small, the brane () will wobble around
violently even under a tiny perturbation. This type of behavior has been studied in [56, 81].
It is associated with the breakdown of the local QFT description on ). These previous works
naturally lead us to propose that a radially propagating excitation is prohibited because a
local perturbation significantly backreacts to the brane ). Furthermore, we speculate that
a local excitation may be introduced without backreaction by careful fine-tuning (e.g. by
adiabatically inserting an excitation), but this will require long preparation, and as such,
the causality violation can be avoided.

Next, let us turn to the Dirichlet boundary condition. One useful interpretation is
to view the wavefunction |1)g) as a coarse-grained wavefunction of |[¢)cpr) where some
irrelevant information in [¢)cpr) was thrown away by gradually changing the length scale of
interest. In this interpretation, one can naturally associate the cause of apparent nonlocality
of a radially propagating excitation to degrees of freedom that have been thrown away.
Indeed, we speculate that some of such information should not have been forgotten in order
to describe the physics of these excitations. In our proposal of induced light cones, they
are first prepared on the asymptotic boundary and spread behind Q until their induced
light cones reach Q. The cutoff surface Q seems to trace out these initial preparations
for creating those radially propagating excitations. One concrete way to obtain a causally
sensible quantum description is to restore the coarse-grained degrees of freedom back. They
may act as an environment, or a bath, for degrees of freedom on Q, and assist to generate
apparent superluminal signaling.
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A Calculation of holographic entanglement entropy

In this section, we present formulae for geodesics calculating holographic entanglement
entropy for subregions on a brane () and the asymptotic boundary .

Since the background is static, we employ the RT prescription for holographic entangle-
ment entropy. The geodesic between two spacelike points X4 and Xpg in the embedding
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coordinates is given by

d(A: B) = Rarccosh (, (A.1)
where®
Xa-Xp

When ¢ > 1 (e.g. when at least one of the two points is on the asymptotic boundary), (A.1)
reduces to

d(A: B) = Rlog (g ez - 1) ~ Rlog(20). (A.3)
In the brane coordinates (¢,7), the embedding coordinates on @) are given by

2
ma Ko _ X5 VIt

cost sint |sin 7|
X1 = -AR, (A4)
Xo = ARV1+ A 2cotn.
For two points in global coordinates (t4,74,04),(tp,75,08),
B 4 r% TATB 0 P A
¢= 1+ﬁ 1+ﬁ cos(tA—tB)—?cos(A— B)- (A.5)
When the two endpoints are on the asymptotic boundary ¥ : r = roo > R, (A.5)
becomes
2
r
(s = ﬁ[COS(tA —tp) —cos(64 —0p)]. (A.6)

When the two endpoints are on the ETW brane @), we can apply (A.4) to (A.2) to
obtain ( in the brane coordinates (t4,m4) and (tg,np):

jos(ta —tp) — cos(ia —m) , | (A7)

= (1+ N
@ =+ sinna sinnp

We removed the absolute value symbols of sinn4 and sinnp as they have the same sign
whenever there is only a single brane.

When one endpoint (ts, 70, #) lies on ¥ and the other (tg,7n) lies on @, (A.4) becomes

G = 33 [V e D g, (A3)

We used that the sign of A and sin# is by definition opposite.

8The inner product is defined as X - Y = — XYy — X3Ys + X171 + X2 Ya.
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B The UV cutoffs on the brane in the boundary limit

In this section, we consider approaching the asymptotic boundary in various ways and
relating each coordinate to the UV cutoff on X.

The brane coordinate 1 approaches the asymptotic boundary ¥ in the limit n — 0, 7.
Denoting this asymptotic value of 1 by 7, and 6 by 6., they are related to R?/rs, the
UV cutoff on ¥, as

14+ M2 r2 cos? O Too
T 4= 0 A= Xginf... B.1
SnZn. + R oty 7 Sinfe (B.1)

We can also consider the asymptotic boundary as the brane with a critical tension
T — 1< XA — oco. By denoting A in the critical limit by Ay, it is related to ro as

Aoo = —%" sin 6. (B.2)
Note that n = 0 in the critical limit.
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