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topological quantum field theories (TQFTs). When the symmetry of a bosonic TQFT
is described by the representation category Rep(H) of a semisimple weak Hopf algebra
H, the fermionized TQFT has a superfusion category symmetry SRep(H"), which is the
supercategory of super representations of a weak Hopf superalgebra H". The weak Hopf
superalgebra H" depends not only on H but also on a choice of a non-anomalous Zs
subgroup of Rep(H) that is used for the fermionization. We derive a general formula for H"
by explicitly constructing fermionic TQFTs with SRep(H") symmetry. We also construct
lattice Hamiltonians of fermionic gapped phases when the symmetry is non-anomalous.
As concrete examples, we compute the fermionization of finite group symmetries, the
symmetries of finite gauge theories, and duality symmetries. We find that the fermionization
of duality symmetries depends crucially on F-symbols of the original fusion categories. The
computation of the above concrete examples suggests that our fermionization formula of
fusion category symmetries can also be applied to non-topological QFTs.
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1 Introduction and summary

Symmetry is a powerful tool to constrain the dynamics of quantum many-body systems and

classify quantum phases of matter. There has recently been much progress in understanding

the general structures of symmetries. Specifically, it has been recognized that a large class



of symmetries can be characterized by the algebraic structures of topological defects. For
example, an ordinary group symmetry is understood as the group of codimension one
topological defects whose fusion rules are invertible. Symmetries associated with invertible
topological defects of higher codimensions are called higher form symmetries [1], which
are also described by groups. On the other hand, when the fusion rules are non-invertible,
topological defects no longer form a group. Nevertheless, the algebraic structure of non-
invertible topological defects should also be regarded as symmetry in a generalized sense.
Symmetries associated with non-invertible topological defects are called non-invertible
symmetries, which are expected to be described by higher categories [2-6]. For recent
reviews on generalized symmetries, see for example [7, 8].

In 1+1 dimensional bosonic systems, finite non-invertible symmetries are called fusion
category symmetries [9], for the algebraic structures of finitely many topological defect lines
in 14+1d (unitary) bosonic systems are described by (unitary) fusion categories [10, 11].
Fusion category symmetries are ubiquitous in 2d conformal field theories (CFTs) [12-21] and
impose strong constraints on renormalization group flows [9, 19, 21, 22]. Fusion category
symmetries also exist in 2d topological quantum field theories (TQFTs) [9, 10, 23-32].
In particular, 2d semisimple bosonic TQFTs with fusion category symmetry C are in
one-to-one correspondence with finite semisimple C-module categories [9, 28]. Physically,
a C-module category is the category of topological boundary conditions of a 2d TQFT
with C symmetry [28].! The explicit construction of C-symmetric TQFTs classified by
C-module categories is given in [31, 32]. There are also concrete lattice models with these
symmetries [32, 38-43], some of which have been used to search for novel quantum field
theories with exotic fusion category symmetries [44—46].

In contrast to 14+1d bosonic systems, finite non-invertible symmetries of 1+1d fermionic
systems cannot be described by ordinary fusion categories in general. This is because
some topological defect lines in 141d fermionic systems can have fermionic point-like
defects on them, whose anti-commutation relation modifies the algebraic structures of
topological defects. A topological line that can have a fermionic point-like defect on it is
called a g-type object, while a topological line that cannot have a fermion on it is called
an m-type object [47]. The algebraic structures of these topological lines are generally
described by superfusion categories [47-50]. Thus, we call finite non-invertible symmetries of
141d fermionic systems superfusion category symmetries. A comprehensive understanding
of general 14+1d fermionic systems with superfusion category symmetries has not been
achieved, although there are remarkable papers studying topological lines in 2d fermionic
QFTs [51-54] and particularly the relation between anomalous invertible symmetries of
fermionic QFTs and non-invertible symmetries of bosonic QFTs [55-58].2

In this paper, we investigate superfusion category symmetries of 2d fermionic TQFTs
by using the fermionization of 2d bosonic TQFTs. Here, the fermionization refers to the

'A C-module category that specifies a 2d TQFT with C symmetry can also be viewed as a single
topological boundary condition of 3d Turaev-Viro TQFT constructed from C [33, 34], see [9, 22, 35-37] for
this viewpoint.

20ther kinds of defects such as conformal defects and boundaries in 2d fermionic CFTs are studied in
e.g. [59-62].
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Figure 1. Bosonization and fermionization in 1+1 dimensions can be summarized by the above
diagram. The Jordan-Wigner transformation is the gauging of a Zs symmetry coupled to a spin
structure [22, 64]. The dual of the gauged Zo symmetry is the fermion parity symmetry. The inverse
of the Jordan-Wigner transformation is the summation over spin structures, which is called the
Gliozzi-Scherk-Olive (GSO) projection [68]. In this paper, fermionization refers to the map from
bosonic theory A to fermionic theory F. For example, the fermionization of a trivial TQFT is a
trivial TQFT, while the fermionization of a Zs symmetry broken TQFT is the Kitaev chain. The
bosonization is the inverse map of the fermionization. We note that the fermionization in this paper
is called the Jordan-Wigner transformation in [66], whereas the Jordan-Wigner transformation in
this paper is called the fermionization in [55, 56].

Jordan-Wigner transformation followed by the operation of stacking (the low-energy limit
of) the Kitaev chain [55, 56, 63—67], see figure 1 for details. We give an explicit formula
to determine the superfusion category symmetry C; of the fermionized TQFT from the
fusion category symmetry Cp, of a bosonic TQFT. Although the formula is derived in the
context of topological field theories, we expect that our formula can also be applied to
non-topological QFTs because the formula does not involve any data of TQFTs other than
their symmetries. Concrete examples also suggest that the fermionization formula of fusion
category symmetries is applicable to general 1+1d systems. Along with the derivation of the
formula, we explicitly construct fermionic TQFTs with superfusion category symmetry C; by
fermionizing bosonic TQFTs with fusion category symmetry Cp.> This construction gives a
map between Cy-module categories and Cy-supermodule categories, which are the categories
of topological boundary conditions of C,-symmetric bosonic TQFTs and Cy-symmetric
fermionic TQFTs in two dimensions. We will elaborate on the above results in the rest of
this section. A more detailed description will be given in the subsequent sections. For a
review of necessary mathematical backgrounds, see section 2.

Bosonic TQFTs with fusion category symmetries. Let us first recall the construc-
tion of 2d bosonic TQFTs with fusion category symmetries following [32]. Bosonic TQFTs
on oriented surfaces can be constructed from semisimple algebras via the state sum con-
struction [70, 71]. The bosonic state sum TQFT obtained from a semisimple algebra K is
denoted by 7;)K . As a closed TQFT, the bosonic TQFT 7;)K is described by the commutative

3This generalizes the construction of 2d fermionic TQFTs with finite group symmetries given in [69].



Frobenius algebra Z(K), which is the center of K [70, 71]. We emphasize that the input
algebra K itself is not necessarily commutative.* In general, the bosonic TQFT ’7;K has a
fusion category symmetry described by the category x Mg of (K, K)-bimodules [23]. This
is because T;X is the generalized gauging of a trivial TQFT by K [10, 14, 18, 24-27, 72].
When the input algebra K is a left H-comodule algebra where H is a weak Hopf algebra,
we can pull back the x Mg symmetry to the representation category Rep(H) by a tensor
functor Fx : Rep(H) — g M. We refer the reader to sections 2.3 and 2.4 for the definition
of a weak Hopf algebra and related concepts. Since the pullback of a fusion category
symmetry does not change the underlying TQFT, 7, has Rep(H) symmetry when K is a
left H-comodule algebra. The bosonic TQET 7;)K with Rep(H) symmetry is indecomposable
if K is indecomposable as a left H-comodule algebra. Conversely, any indecomposable
semisimple bosonic TQFTs with Rep(H ) symmetry can be obtained in this way if Rep(H ) is
unitary [32].% Since any unitary fusion category is equivalent to the representation category
of some weak Hopf algebra [73, 74|, the above construction gives us all semisimple bosonic
TQFTs with arbitrary unitary fusion category symmetries.® These TQFTs include all
unitary TQFTs because unitary TQFTs are automatically semisimple [31, 75]. Hereafter,
we only consider weak Hopf algebras whose representation categories are unitary fusion
categories unless otherwise stated.

Fermionization of bosonic TQFTs. The bosonic TQFT T, with Rep(H) symmetry
can be fermionized if it has a non-anomalous Zs subgroup symmetry. In general, a
bosonic state sum TQFT ’E)K has a non-anomalous Zy symmetry if the input algebra K
is Zy-graded [75, 76]. In particular, a bosonic TQFT 7;K with Rep(H) symmetry has a
non-anomalous Zy subgroup symmetry if the dual weak Hopf algebra H* has a Zy group-like
element (see sections 3.1 and 3.2 for the definition of a group-like element). This is because
a Zs group-like element u € H* enables us to define a Zs-grading on a left H-comodule
algebra K, as we will discuss in section 4.4. The algebra K equipped with this Zs-grading is
denoted by K", and the corresponding Zo symmetry of 77)K is denoted by Z§. The relation
between a Zy group-like element in H* and a Zy subgroup of Rep(H) can also be understood
as follows: if H* has a Zg group-like element u € H*, there is a representation V;, € Rep(H)
that obeys a Zo group-like fusion rule [77, 78] and generates ZY subgroup. By using this ZY
symmetry, we can fermionize a bosonic TQFT 7;)K to obtain a fermionic TQFT 7}Ku, which
is a fermionic state sum TQFT constructed from a semisimple superalgebra K* [63, 69, 79].

Symmetries of fermionized TQFTs. The fermionic state sum TQFT 7}Ku has a
superfusion category symmetry described by the supercategory guSMgw of (K%, K")-

4The non-commutativity of K is crucial for the construction of TQFTs with symmetries such as non-trivial
SPT phases.

5For example, a bosonic SPT phase with fusion category symmetry is the pullback of a trivial TQFT by
a fiber functor, which is a tensor functor from a fusion category to the category of vector spaces. This is
consistent with the fact that 141d bosonic SPT phases with fusion category symmetries are classified by
fiber functors [9].

5The same construction can also be applied to semisimple TQFTs with non-unitary fusion category
symmetries. However, to the best of our knowledge, it is unclear whether we can construct all TQFTs with
such symmetries in this way.



superbimodules. We will define superfusion categories in section 2.1 and describe the
supercategory of superbimodules in detail in section 2.2. The symmetry guSMgu can
be pulled back to the super representation category SRep(H") by a supertensor functor
Fru : SRep(HY) — guSMu, where H" is a weak Hopf superalgebra defined in terms of
H and u, see section 3 for the explicit definition of H*. Thus, the fermionized TQFT 7}K “
has SRep(H") symmetry if the original bosonic TQFT T,X has Rep(H) symmetry whose
Z§ subgroup is used for the fermionization. This shows that the fermionization of a fusion
category symmetry Rep(H) with respect to Z4 subgroup becomes a superfusion category
symmetry SRep(H"). Just as the category of topological boundary conditions of ’E)K is a
Rep(H )-module category g M [32], the category of topological boundary conditions of 7}K “
is an SRep(H")-supermodule category guSM, where x M and guSM are the category of
left K-modules and the supercategory of left K“-supermodules respectively.

Examples of superfusion category symmetries. A basic example of SRep(H")
symmetry is the fermionization of non-anomalous finite group symmetry. It turns out
that the fermionization of a finite group symmetry G crucially depends on whether Zg
subgroup of G is central or not. Specifically, when Z& is a central subgroup of G, the
fermionized symmetry is also a finite group G. On the other hand, when Z% is not a central
subgroup, the fermionized symmetry becomes non-invertible. This is similar to the fact that
a Zo-gauging of a finite group symmetry G becomes non-invertible if Zs is not a central
subgroup of G [10]. However, we note that the fermionization of G is not quite the same
as the Zs-gauging. For example, if G is a non-trivial central extension of Gy by Zo, the
fermionization of G is also a finite group G, which is a non-trivial central extension of G} by
the fermion parity symmetry Z%, whereas the Zo-gauging of G is a finite group symmetry
Za % Gy with a mixed 't Hooft anomaly [10, 80].

A more involved example is the fermionization of Rep(Hg) symmetry, where Hg is a
Hopf algebra known as the eight-dimensional Kac-Paljutkin algebra [81]. The Rep(Hsg)
symmetry describes a self-duality under gauging Zs x Zs symmetry [9, 10]. The fusion
category Rep(Hg) consists of four invertible defects corresponding to Zgs X Zy symmetry
and a single non-invertible defect called a duality defect. If we choose a Z§ subgroup of
Rep(Hs) appropriately, the fermionized symmetry SRep(#§) consists of four invertible
defects corresponding to Zo x Z4 symmetry and two non-invertible defects corresponding
to a self-duality under the composite operation of gauging a Z, subgroup and stacking
the Kitaev chain.” These non-invertible defects turn out to be g-type objects, one of
which is obtained by fusing the fermion parity defect with the other non-invertible defect.
The relation between Rep(Hs) and SRep(#H§) is a non-anomalous analogue of the relation
between the symmetries of the Ising CFT and a single massless Majorana fermion discussed
in [55, 56]. Physically, Rep(Hg) symmetry is realized by the stacking of two Ising CFTs [9],
whereas SRep(H§) symmetry is realized by the stacking of the Ising CFT and a single
massless Majorana fermion. More generally, since Rep(Hg) symmetry exists on the entire
orbifold branch of ¢ = 1 CFTs [9, 21], the fermionization of any ¢ = 1 orbifold CFT has

"The author thanks Ryohei Kobayashi for discussing the interpretation of SRep(H§) symmetry as a
self-duality and pointing out the example of a self-dual Gu-Wen SPT phase mentioned below.



SRep(H§) symmetry. Another example exhibiting this self-duality is (the low-energy limit
of) a Gu-Wen SPT phase with Zs x Z£ symmetry [82]. This is the fermionization of a
non-trivial bosonic SPT phase with Zs X Zs symmetry, which is self-dual under gauging
Zso x Lo symmetry [9].

The Rep(Hg) symmetry is one of the three non-anomalous self-dualities under Zg X Zo
gauging [9]. The other two are described by Rep(Dg) and Rep(Qs), where Dg and Qg
are the dihedral group of order 8 and the quaternion group respectively. The fusion
categories Rep(Dsg) and Rep(Qg) have the same fusion rules as Rep(Hg) but have different F-
symbols [83]. In contrast to the fermionization of Rep(Hg), we will see that the fermionization
of Rep(Ds) and Rep(Qg) does not have g-type objects for any choice of Z4§ subgroup. The
reason for this difference is that the self-dualities described by these fusion categories involve
different pairings of background and dynamical Zy x Zs gauge fields [9], or equivalently
different choices of an isomorphism between the dual and the original Zy X Zo symmetries,
see equations (3.37) and (3.39). This example illustrates that the existence of g-type objects
depends on the F-symbols of fusion category symmetries. In particular, a duality defect
does not always become a g-type object after fermionization.

Before proceeding, we mention that non-invertible symmetries have recently been
studied in higher dimensions [72, 84-103]. We leave the fermionization of these symmetries
for future work.

The rest of the paper is organized as follows. In section 2, we review the definitions and
some basic properties of superfusion categories and (weak) Hopf superalgebras. In section 3,
we give the explicit formula for the fermionization of fusion category symmetries and discuss
several concrete examples. In section 4, we derive the fermionization formula of fusion
category symmetries in the context of topological field theories. Along the way, we explicitly
construct fermionic TQFTs with superfusion category symmetries by fermionizing bosonic
TQFTs with fusion category symmetries. We also construct lattice models of fermionic
gapped phases with non-anomalous superfusion category symmetries at the end of section 4.
Detailed derivations of several results described in the main text are relegated to three
appendices.

2 Preliminaries

In this section, we briefly review some mathematical tools used in the later sections.
Throughout the paper, (super)algebras refer to finite dimensional semisimple (super)algebras
over C.

2.1 Superfusion categories

We first review superfusion categories and related notions such as supertensor functors
and supermodule categories following [48, 49], see also [47, 50]. Let us begin with the
definitions of supercategories and superfunctors. A supercategory is a category such
that the set Hom(z,y) of morphisms between any objects z and y is a Zs-graded vector
space and the composition of morphisms preserves the Zs-grading. The Zs-grading of a
homogeneous morphism f is denoted by |f|, which is 0 or 1 depending on whether f is even
or odd. A superfunctor between supercategories is a functor that preserves the Zs-grading
of morphisms.



A supercategory C is called a monoidal supercategory if it is equipped with a tensor
product structure ® : C x C — C, the unit object 1, and the structure isomorphisms called
associators and unit morphisms that satisfy the usual pentagon and triangle equations.
The tensor product of morphisms preserves the Zg-grading, which means |f ® g| = |f| +
|g| mod 2 for any homogeneous morphisms f and g. The compatibility of the tensor product
and the composition of morphisms is encoded in the following relation called the super
interchange law:

(f®g)o(h®k)=(-1)M(foh)® (gok). (2.1)

This equation implies that Zs-odd morphisms obey the anti-commutation relation because
(f ®id) o (id ® g) = (—=1)19l(id ® ¢) o (f ® id), which is represented in terms of string

diagrams as follows:
fT lg = (—1)Mldl fl Tg‘ (2.2)

Ty Ty
Here, we read the string diagrams from the bottom to the top. We note that a monoidal
supercategory is not a monoidal category in the usual sense due to the extra minus sign on
the right-hand side of the above equation.
A monoidal supercategory is called rigid if every object has both left dual and right

dual. Here, a left dual z* of an object = is an object equipped with even morphisms
L. 8

evl:2*®2 — 1 and coevk : 1 — 2 ® 2* that satisfy the following zigzag axiom:

(idy ® evE) o (coevl @ id,) = id,, (evl @idys) o (idy ® coevE) = id,-. (2.3)

L

< are called left evaluation and left coevaluation morphisms

The morphisms evZ and coev
respectively. A right dual *x is also defined similarly.

A superfusion category is a finite semisimple C-linear rigid monoidal supercategory
such that the unit object is simple. In particular, any object = of a superfusion category is
isomorphic to a finite direct sum of simple objects, and the Hom space Hom(x, y) between
any two objects x and y is a finite dimensional super vector space. The Hom space Hom(z, )
for a simple object z is isomorphic to either C10 or C'1.9 A simple object of the former
type is called an m-type object, whereas a simple object of the latter type is called a g-type
object [47]. We note that the unit object is an m-type object [49].

We assume that superfusion categories are pivotal. Namely, they are equipped with
an even natural isomorphism a, : x — z** called a pivotal structure. We use this natural
isomorphism to identify the right dual *x with the left dual x*. Accordingly, we write the
right evaluation and coevaluation morphisms in terms of x* rather than *z. Specifically, the
right evaluation and coevaluation morphisms are defined as even morphisms evf @zt — 1
and coev® : 1 — 2* @ = that satisfy the zigzag axiom analogous to eq. (2.3).

Since a superfusion category is rigid, we can define the left and right duals of a morphism.
Specifically, for a pivotal superfusion category, the left dual f* and the right dual *f of a

8We omit to write associators and unit morphisms in equations.
9A vector space CP!9 denotes a super vector space of superdimension (p, q)-



morphism f € Hom(z,y) are morphisms from y* to z* defined by

= (evg @ idy+) o (idys @ f ®@idy+) o (idys ® coevk),

) : Ry s : R (2.4)
[ = (ider ® evy)) o (ide+ @ f ®idys) o (coevy @ idy«).

Following [47], we require that the left dual and the right dual of a morphism f are related by

f=nli (2.5)

which physically corresponds to the fact that a fermion acquires a minus sign when rotated
by 2.

Superfusion categories that describe the symmetries of 1+1d fermionic systems have
a further structure known as Il-superfusion categories. Here, a II-superfusion category is
a superfusion category equipped with a distinguished object m and an odd isomorphism
¢ :m — 1.10 In particular, every object x of a Il-superfusion category has an oddly
isomorphic object Ilx := 7 ® z. The odd isomorphism from IIz to x is denoted by (.. The
evaluation and coevaluation morphisms of Ilx can be expressed in terms of those of x as

evi, = —evi o (((3) 7' © (), coevh, = (C;1 ® ¢F) o coevk,

L . - (2.6)
evﬁx = evf 0 (( @ (") 1), coevgw =—("¢®¢ 1) ) coevf,

which follow from equations (2.2), (2.3), and (2.4). We note that in a pivotal II-superfusion
category, the quantum dimension of Ilz agrees with that of x due to equations (2.5)
and (2.6):

qdim(Tlz) = evf, o coevly, = evll o coevl = qdim(z). (2.7)

A supertensor functor (F,J, ) between superfusion categories C and D is a C-linear
superfunctor F : C — D equipped with an even natural isomorphism 7, : F(z) ® F(y) —
F(r ® y) and an even isomorphism ¢ : 1p — F(1¢) that satisfy the same commutative
diagrams as those for an ordinary tensor functor. We often write a supertensor functor
(F,J, ) simply as F.

A supermodule category M over a superfusion category C is a supercategory equipped
with a C-action denoted by ® : C x M — M. The structure of a C-supermodule category
on M is represented by a supertensor functor F : C — End(M), where End(M) is the
supercategory of superfunctors from M to itself.

Example. The simplest example of a superfusion category is the supercategory SVec of
super vector spaces. Objects and morphisms of SVec are finite dimensional super vector
spaces and (not necessarily even) linear maps between them. The Zs-even part and the
Zo-odd part of a super vector space V are denoted by Vj and V; respectively. The direct
sum and the tensor product of super vector spaces V and W are given by

(VoeW)=VweW, (VeW)=VeW,
VeW)=WeW)e(VieW:), (VeWh=WVeW)e(oeW). (29)

OPhysically, an odd isomorphism ¢ corresponds to a probe local fermion, and 7 corresponds to the
worldline of it. Any superfusion category is equivalent to a II-superfusion category [48].



The tensor product of morphisms involves a non-trivial sign coming from the braiding
of Zs-odd elements. Specifically, for homogeneous morphisms f € Hom(V,V’) and g €
Hom (W, W’), the tensor product f ® g € Hom(V @ W, V' ® W') is defined by

fegvew) = (DMl fwv) @ gw), WweV, YweW, (2.10)

which obeys the super interchange law (2.1). The dual object of a super vector space V
is the dual vector space V* := Hom(V,C) equipped with the obvious Zs-grading. The
evaluation and coevaluation morphisms are defined in the usual way:

evi(p@v) =evii(v® ¢) = ¢(v), VYo e V* YweV, (2.11)
coevii(\) = /\Zvi @v',  coevit(\) = )\Zvi ® v;, VA eC, (2.12)

where {v;} and {v'} are dual bases of V and V*. Based on the above definition, we can
express the Zy-grading automorphism py : V — V, which is defined by py (v) = (—1)*lv,
in terms of the evaluation and coevaluation morphisms as follows:

pv = (evE®idy)o(idy+ @csuper) 0 (coevii @idy ) = (idy @evid) o (csuper ®idy =)o (idy @coevir),

(2.13)
where csyper is the symmetric braiding of super vector spaces defined by csyper(v ® w) =
(—1)‘””“"@0 ® v. The subscript V of the Zs-grading automorphism py will be omitted if
it is clear from the context. Combined with the axiom (2.3) and its counterpart for the
right dual, equation (2.13) implies that the left (co)evaluation morphism and the right
(co)evaluation morphism are related to each other in the following way:

ev{} = eV‘R; 0 Cguper © (Id ®@ p) = eV‘R; 0 Csuper © (p ® id), (2.14)

coevlr = (p @ id) o csuper © coevir = (id ® p) © Cguper © cOCVLL. '
We can use this equation to show that SVec is a pivotal superfusion category satisfying the
condition (2.5). Furthermore, SVec is a II-superfusion category whose distinguished object
7 is CO' and the odd isomorphism ¢ : CO' — C'° is the identity map of the underlying
vector space.

2.2 Semisimple superalgebras

A superalgebra is an algebra equipped with a Zso-grading such that the multiplication and
unit are even.'' A simple superalgebra is isomorphic to either End(CPI?) or End(CPI?)®Cl(1),
where End(CPI%) is the endomorphism superalgebra of CP17 and Cl(1) is the complex Clifford
algebra with a single odd generator [104]. A semisimple superalgebra K can be decomposed
into a direct sum of simple superalgebras, namely we have [105]

K = (P End(CP1%)) & (@ End(C?1%) © C1(1)). (2.15)
( J

A left supermodule M over a superalgebra K is a Zs-graded vector space on which K
acts by an even linear map pp; : K ® M — M. Right supermodules and superbimodules are

"The unit is automatically even when the multiplication is even.



also defined similarly. A linear map between K-supermodules is called a K-supermodule
morphism if it commutes with the action of K. More specifically, a K-supermodule
morphism f : M — N is a linear map that satisfies f o ppyy = py o (idg ® f), where
the tensor product on the right-hand side is defined by eq. (2.10). Simple supermodules
over simple superalgebras End(CP!?) and End(CPI%) @ CI(1) are CP1 and CPIP respectively,
which are unique up to isomorphism of supermodules. If a simple superalgebra Ky is
a direct summand of a semisimple superalgebra K, we can consider a Ky-supermodule
My as a K-supermodule by demanding that the other direct summands act trivially on
My. Any simple K-supermodule is of this form. Therefore, simple supermodules over a
semisimple superalgebra K are in one-to-one correspondence with the direct summands on
the right-hand side of eq. (2.15) [105].

Since a semisimple superalgebra K is a semisimple algebra, it is a A-separable symmetric
Frobenius algebra [14, 106], which is also called a special symmetric Frobenius algebra
n [14]. Namely, K is equipped with a comultiplication Ax : K — K ® K and a counit
ex : K — C that satisfy the following A-separability (2.16), symmetricity (2.17), and the
Frobenius relation (2.18):

mKoAK = idK, (216)
((ex omp) @idg+) o (idg ® coevi) = (idg- @ (ex o mi)) o (coevi @ idg), (2.17)

(idK ® mK) o (AK ® idK) =Agomg = (mK ® idK) o (idK ® AK) (2.18)

Here, mg : K ® K — K and ng : C — K are the multiplication and unit of K respectively.
The A-separable symmetric Frobenius structure on K is unique [14] and is defined regardless
of the Zo-grading on K. Concretely, the comultiplication Ax and the counit ex are given by

A = (idg @ mg) o (idg ® 7' ®idg) o (coevk @ idk), (2.19)

ex = evit o (mg ®idg+) o (idg ® coevk), (2.20)
where & : K — K™ is an even isomorphism of superalgebras defined by
® = ((ex omg) ®idg+) o (idg ® coevk). (2.21)
We note that the symmetricity (2.17) is equivalent to

€K O M = € O MK O Ctriv = €K © MK O Csuper © (Idi ® p) = €x 0 M 0 Csuper © (p ® idk),
Ag ong = cuivo Ag ong = (p® idk) 0 Csuper © A 0 g = (idg @ ) © Csuper © AK 0 1K
(2.22)
due to egs. (2.3) and (2.13), where p: K — K is the Zs-grading automorphism of K and
Ciriv 1s the trivial braiding defined by cgiv(v @ w) = w ® v for all v,w € K.

The supercategory of superbimodules over a semisimple superalgebra K is a monoidal
supercategory [48], which is denoted by xSM . More specifically, xSM g should be a
multi-superfusion category, which is a superfusion category except that the unit object
may not be simple. This supercategory reduces to SVec when K is a trivial superalgebra
C'°, The monoidal structure on xSM is given by the tensor product over K, that is, the
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tensor product X ® g Xo of objects X1, Xo € kSM g is given by the image of the projector
Px1. X, X1 © Xa = X1 ® X defined by px, x, = (0¥, © pk,) o (idx, @ (Ax 0nx) @idy,),
where p§< and pf}} denote the left and right K-actions on X. The splitting maps of this
projector are denoted by TX,Xs X1® Xy = X1 ®K X9 and LX1,Xo * X1®g X9 = X1 ®Xo,
which satisfy

UX1,X2 O TX1,Xs = PX1,X2> TX1,X2 OUX1,Xy = idx, @ X - (2-23)

The tensor product f ® g of superbimodule morphisms f : X; — X| and g : Xo — X} is
given by f Qg g = TX! X} © (f®g)oix, x,, where f ® g is the tensor product of Zy-graded
linear maps defined by eq. (2.10). The structure morphisms of xSM are analogous
to those of the category x My of (K, K)-bimodules, which is an ordinary multi-fusion
category [11].

2.3 Hopf algebras and Hopf superalgebras

Hopf algebras. Let H be an associative unital algebra that is also a coassociative
counital coalgebra and is equipped with a linear map S : H — H called an antipode. The
multiplication and the unit of H are denoted by m : H® H — H and n: C — H. Similarly,
the comultiplication and the counit of H are denoted by A: H - H® H and e: H — C.
The algebra H is called a Hopf algebra if the structure maps (m,n, A, ¢, S) satisfy the
conditions listed below [107]:

e The comultiplication A is a unit-preserving algebra homomorphism, i.e.
Aom=(m®m)o (ild® cuiv ®id) o (A®A), Aon=nen, (2.24)
where ¢y : H ® H — H ® H is the trivial braiding.
e The counit € is a unit-preserving algebra homomorphism, i.e.

com=¢€®e, eon(l) =1. (2.25)

e The antipode S satisfies the following antipode axiom:

mo(id®S)ocA=mo(S®id)oA=noe. (2.26)

The antipode S becomes an algebra and coalgebra anti-homomorphism. Furthermore, the
antipode of a semisimple Hopf algebra squares to the identity, i.e. S? = id. We note that
the dual vector space H* of a finite dimensional Hopf algebra H is also a Hopf algebra,
whose structure maps are given by the duals of the structure maps of the original Hopf
algebra H. Every semisimple (weak) Hopf algebra over C is finite dimensional [108].

Representation categories. The category of representations of a semisimple Hopf
algebra H is a fusion category, which is denoted by Rep(H). The monoidal structure
is given by the tensor product of representations. Specifically, the tensor product of
representations V' and W is defined by the usual tensor product V ® W with the H-action
pvew : H® (V@ W)=V ®W given via the comultiplication A as follows:

pvew = (pv ® pw) o (idg ® cuiv ® idw) o (A @ idyew ), (2.27)
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where py and py denote the H-actions on V' and W respectively. The action of h € H on
v@w €V ®@W is sometimes written as A(h) - v ® w. The unit object is a one-dimensional
representation C on which H acts by the formula h - v = e(h)v for any h € H and v € C.
The dual of a representation V' € Rep(H) is the dual vector space V*. The action of H on
the dual representation V* is defined by

pv+(h @ ¢)(v) = ¢(pv (S(h) ®v)), (2.28)

for he H, € V*, and v € V. The evaluation and coevaluation morphisms are given by
egs. (2.11) and (2.12). The other structure isomorphisms of Rep(H) are trivial.

Any indecomposable module category over Rep(H) is equivalent to the category x.M
of left K-modules, where K is a left H-comodule algebra [109]. Here, a left H-comodule
algebra K is an algebra equipped with a left H-comodule structure 5;1}[ : K - H® K that
is compatible with the multiplication mg : K ® K — K and the unit ng : C = K. More
specifically, an algebra (K, mg,nx) equipped with an H-comodule action 6% is called an
H-comodule algebra if the linear maps 5% , Mk, and N satisfy

6[}1([0sz (m@m[()O(idH®CtriV®idK)O(5g®5II}[), 5%0?7[(:77@77}(, (2.29)

where m and 7 are the multiplication and the unit of a Hopf algebra H. The action of
a left H-module V' € Rep(H) on a left K-module M € g M is denoted by VM € M.
The underlying vector space of V@M is the usual tensor product V ® M and the left
K-action on V@M is defined via the H-comodule action on K in an analogous way to
eq. (2.27). The Rep(H)-module category structure on xM is encoded in a tensor functor
Fr : Rep(H) — End(xgM) = gMpg, which maps a left H-module V' € Rep(H) to a
(K, K)-bimodule V®K .2 Here, we used the equivalence End(xM) = x My [110, 111].
We note that F (V) @x M = VM.

Hopf superalgebras. Hopf superalgebras are defined as Hopf algebra objects in the
symmetric fusion category SVec whose objects are super vector spaces and whose morphisms
are even linear maps.' More specifically, a Hopf superalgebra # is an associative unital
superalgebra (H,m,n) equipped with a structure of a coassociative counital supercoalgebra
(H, A, €) and an even linear map S : H — H called an antipode such that the structure maps
(m,n, A€, S) satisfy the conditions (2.24), (2.25), and (2.26) in which the trivial braiding
Ctriv is replaced by the symmetric braiding csyper- As in the case of Hopf algebras, the
antipode of a Hopf superalgebra is a superalgebra and supercoalgebra anti-homomorphism.
Furthermore, when a Hopf superalgebra H is semisimple, the antipode S squares to the
Zsy-grading automorphism of H [112]. In particular, the antipode S satisfies S* = id. The
dual of a Hopf superalgebra H is also a Hopf superalgebra.

Representation supercategories. The supercategory of super representations of a
semisimple Hopf superalgebra # is a superfusion category, which we write as SRep(H).
Objects and morphisms of SRep(#) are left H-supermodules (i.e., super representations

12The right K-module action on V®K is given by the multiplication of K from the right.
13The category SVec is the underlying fusion category of the superfusion category SVec [48].

- 12 —



of H) and H-supermodule morphisms respectively. The monoidal structure on SRep(H)
is given by the tensor product of super representations. The underlying super vector
space of the tensor product representation is the usual tensor product of super vector
spaces. The H-action on the tensor product representation is given by eq. (2.27) where
the trivial braiding cv is replaced by the symmetric braiding csuper- The unit object is a
one-dimensional super representation C'° on which H acts as h- v = €(h)v for all h € H
and v € CHO. The dual object of a super representation V € SRep(#H) is the dual super
vector space V*. The action of H on V* is defined by

pve(h @ ¢)(v) = (=1)"1¥6(py (S (h) © v)) (2.30)

for homogeneous elements h € H, ¢ € V* and v € V. This action is linearly extended
to inhomogeneous elements. The evaluation and coevaluation morphisms and the other
structure isomorphisms of SRep(#) are induced from those of SVec.

The supercategory xSM of left K-supermodules is an SRep(#H)-supermodule category
when K is a left H-supercomodule algebra. Here, a left H-supercomodule algebra K is a
superalgebra equipped with a left H-supercomodule structure that satisfies the compatibility
condition (2.29) where the trivial braiding ciiy is replaced by the symmetric braiding
Csuper- The supertensor functor Fg : SRep(H) — End(xkSM) = xSMf that represents
an SRep(H)-supermodule structure on xSM is analogous to the tensor functor Fy :
Rep(H) — x Mg mentioned above.

2.4 Weak Hopf algebras and weak Hopf superalgebras

Weak Hopf algebras. Weak Hopf algebras are defined by relaxing the defining properties
of ordinary Hopf algebras. Specifically, a weak Hopf algebra H is an associative unital
algebra (H,m,n) equipped with a structure of a coassociative counital coalgebra (H, A, ¢)
and an antipode S : H — H that satisfy the following properties [113]:

e The comultiplication A is multiplicative, i.e.
Aom=m®&m)o (id ® cyiy ®id) o (A @ A). (2.31)
We note that the comultiplication need not preserve the unit.
e The counit e satisfies

eomo(m®id) = (e®e)o(m@m)o(Id®A®id) = (e®e)o(m®@m)o (id® (ctrivoA)®id).
(2.32)

e The unit 7 satisfies
(A®id)oAon = (ide@m®id)o(A®A)o(n®@n) = (Id® (mocyiy)®id)o (AR A)o(n®n).
(2.33)
e The antipode S satisfies
mo (id® S)oA = ((eom)®id) o (id ® cyiv) © ((A o) ®id),
mo (S®id) o A = (id ® (eom)) o (¢riv ®1id) o (id ® (A o n)), (2.34)
S=mo(m®id)o (S®id®S)o (A ®id)oA.
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The antipode S of a weak Hopf algebra is an algebra and coalgebra homomorphism.
The linear maps defined by the first and the second equations in eq. (2.34) are called
the target counital map €; and the source counital map €5 respectively. These counital
maps are idempotents, i.e. we have ¢, o ¢, = ¢; and €5 0 ¢, = €5. The images of these
idempotents are called the target and source counital subalgebras, which are denoted by H;
and H; respectively.

Representation categories. Representations of a semisimple weak Hopf algebra H form
a multi-fusion category Rep(H) [114], which is a finite semisimple tensor category whose
unit object is not necessarily simple. Conversely, any multi-fusion category is equivalent to
the representation category of an appropriate weak Hopf algebra H [73, 74]. The tensor
product V XX W of representations V,W &€ Rep(H) is defined so that the unit element
n(1) € H acts as the identity. More specifically, the underlying vector space of V X W
is the image of the action of 7(1) on V@ W, ie. VR W = A(n(1)) - V @ W, where the
action of H on V ® W is defined by eq. (2.27).'* The action of H on V X W is given by
the restriction of the H-action on V' ® W. The unit object of Rep(H) is the target counital
subalgebra H;, where H acts on H; by the multiplication followed by the projection to Hy,
ie. h-v = ¢/(hv) for all h € H and v € H;. The dual of a representation V' € Rep(H) is
the dual vector space V* on which H acts by eq. (2.28). The details of evaluation and
coevaluation morphisms and the other structure isomorphisms of Rep(H) can be found
in [114].

Any indecomposable module category over a unitary (multi-)fusion category Rep(H)
can be written as the category xM of left K-modules, where K is a left H-comodule
algebra [115]. Here, a left H-comodule algebra K for a weak Hopf algebra (H,m,n, A ¢, S)
is an algebra equipped with a left H-comodule structure 5% : K - H® K that is compatible
with the algebra structure (K, mg,nx) in the following sense:

511}[07%[( = (m@mK)O(idH®Ctriv®idK)O(5[Ig®5§), (SIB([O’UK = (63®idK)O5}IgO77K. (2.35)

We note that this equation reduces to eq. (2.29) when H is a Hopf algebra. The action of
V € Rep(H) on M € gM is denoted by VRM € M, which is the subspace of V@ M
on which the unit element nx (1) € K acts as the identity. The left K-action on V&M is
the restriction of the left K-action on V ® M defined via the left H-comodule structure
on K. The corresponding tensor functor F : Rep(H) — x Mg maps a left H-module V
to a (K, K)-bimodule V®K. In particular, we have an isomorphism of (K, K)-bimodules
Fr(V)oxg M =2 VoM.

Weak Hopf superalgebras. Weak Hopf superalgebras are defined as weak Hopf algebra
objects in the symmetric fusion category SVec.'® More specifically, a weak Hopf super-
algebra H is an associative unital superalgebra (#H,m,n) equipped with a structure of a
coassociative counital supercoalgebra (H, A, ) and an antipode S : H — H that satisfy
the properties (2.31)—(2.34) where the trivial braiding ¢,y is replaced by the symmetric

14 The vector space VX W can also be viewed as the tensor product of V and W over H.
15Weak Hopf algebra objects in more general braided tensor categories are discussed in [116, 117].
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braiding csuper- The first and the second equations in eq. (2.34) define the target counital
map ¢; and the source counital map €5, whose images are the target and source counital
subalgebras denoted by H; and H; respectively.

Representation supercategories. The supercategory SRep(#) of super representa-
tions of a weak Hopf superalgebra H is defined in a similar way to the representation
category Rep(H) of a weak Hopf algebra H. Supermodule categories over SRep(#) and the
corresponding supertensor functors are similar to module categories over Rep(H ) and the cor-
responding tensor functors. In particular, the supercategory xSM of left K-supermodules
is an SRep(H)-supermodule category if K is a left H-supercomodule algebra, which is a
superalgebra equipped with a left H-supercomodule structure satisfying the compatibility
condition (2.35) with ctyiy replaced by csuper- Accordingly, we have a supertensor functor
Fr : SRep(H) = xkSMyg when K is a left H-supercomodule algebra.

3 Fermionization of fusion category symmetries

In this section, we discuss the symmetries of 1+1d fermionic systems obtained by the
fermionization of bosonic systems with fusion category symmetries. We give a general
formula to determine the symmetry of the fermionized theory from the symmetry of a
bosonic theory. The derivation of this formula will be given in section 4 in the context of
topological field theories.

3.1 Fermionization of non-anomalous symmetries

A fusion category symmetry of a 14+1d bosonic system is said to be non-anomalous if there
exist gapped phases with unique ground states preserving the symmetry. Mathematically,
non-anomalous symmetries are described by fusion categories that admit fiber functors [9].
Such fusion categories are equivalent to the representation categories Rep(H) of semisimple
Hopf algebras H. A Rep(H) symmetry can be fermionized if it has a non-anomalous Zg
subgroup symmetry. Henceforth, a non-anomalous Zo subgroup will be simply called a Zo
subgroup because any Zsy subgroup of a non-anomalous symmetry Rep(H) is non-anomalous.

Let us describe a Zg subgroup of Rep(H) symmetry in terms of a group-like element
in the dual Hopf algebra H*. In general, a subgroup of Rep(H) symmetry consists of one-
dimensional representations of H, which are denoted by V,. Since Vj is a one-dimensional
representation, the action of a € H on v € V, can be written as a - v = g(a)v by using a
linear functional g € H* that satisfies

g(ab) = g(a)g(b), g(n(1)) =1, Va,be H. (3.1)
The first equality of the above equation is equivalent to
Au+(9) =9©y, (3.2)

where A+ : H* — H* @ H* is the comultiplication on H*. A non-zero element g € H*
satisfying eq. (3.2) is called a group-like element in H*. When g € H* is a group-like element,
the second equality of eq. (3.1) is automatically satisfied due to the defining property (2.24)
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of Hopf algebra H. An immediate consequence of eq. (3.2) is that group-like elements of
H* form a group G(H*), whose multiplication is the multiplication on H* and whose unit
element is the counit ¢ : H — C.'% Accordingly, one-dimensional representations of H
also form a group, which is isomorphic to G(H*). The multiplication of one-dimensional
representations V, and V}, is given by the tensor product of representations Vy @ Vj, = V.
In particular, if G(H*) has a Zy subgroup generated by u € G(H*), a fusion category
Rep(H) has a Zy subgroup generated by a one-dimensional representation V,, € Rep(H).
The generator u of a Zg subgroup of G(H*) is called a Zy group-like element in H*, which
satisfies u ® u(A(a)) = €(a) for all a € H in addition to eq. (3.1).

Let u € G(H*) be a Zg group-like element in H* and let Z4 be the Zy subgroup
of Rep(H) generated by V,, € Rep(H). We propose that the fermionization of Rep(H)
symmetry with respect to Z4 subgroup is a superfusion category symmetry SRep(H"),
where H" is a Hopf superalgebra defined as follows:

e The underlying vector space of H" is H.
e The Zs-grading automorphism p,, : H* — H" is defined by the adjoint action of w, i.e.
Py = (u®id®@u) o (id ® A) o A. (3.3)
The Zs-grading of a homogeneous element ¢ € H* is denoted by p,(a) = (—1)l%a.
e The multiplication m,, : H* ® H* — H" of homogeneous elements a and b is given by
mu(a®b) =mo (id @ v @id) o (A ®id)(a @ b), (3.4)

where m on the right-hand side is the multiplication on the original Hopf algebra H.
The above multiplication is extended linearly to the multiplication of inhomogeneous
elements.

e The antipode 5, : H* — H" of a homogeneous element a is given by
Su(a) = (ul ® S) 0 A(a), (3.5)

where S on the right-hand side is the antipode of the original Hopf algebra H. The
above antipode is extended linearly to inhomogeneous elements.

e The comultiplication A : H"* — H" @ H", the unit n : C — H", and the counit
€: H" — C are the same as those of H.

The same relation between a Hopf algebra and a Hopf superalgebra is discussed in Theorem
3.1.1 of [112].
We note that the inverse of the map (H, m,n, A,€,5) — (H", mqy,n, A, €,S,) is given by

m(a®b) =myo(id@ul @id)o (A®id)(a®b), S(a)=u®S5,)o0A). (3.6)

5The inverse of g € G(H*) is given by Sg+(g), where Sg+ : H* — H* is the antipode of H*.
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This inverse map describes the bosonization of a superfusion category symmetry.'” We
also note that the fermion parity symmetry Z{ C SRep(H") is generated by a one-
dimensional super representation V, on which a € H" acts as the multiplication by a
complex number u(a).

In the rest of this subsection, we show that H" defined above is a Hopf superalgebra.
To this end, we first notice that the structure maps defined above preserve the Zo-grading
because the Zy group-like element u € G(H™) is Zg-even and the structure maps of
the original Hopf algebra H preserve the Zs-grading defined by eq. (3.3). Moreover, a
straightforward computation shows that the multiplication m,, defined by eq. (3.4) is
associative and the multiplicative unit with respect to m, is given by 5. This shows
that (H", my,n) is an associative unital superalgebra. It is also clear that (H", A ¢) is a
coassociative counital supercoalgebra. Therefore, it remains to show egs. (2.24), (2.25),
and (2.26) in which the trivial braiding cgiy is replaced by the symmetric braiding csyper-
Among these equations, the second equality of eq. (2.24) and the second equality of eq. (2.25)
are obvious because they do not involve the modified structure maps m,, and S,. An efficient
way to show the other equations is to use string diagrams. The sting diagrams for the
structure maps of the original Hopf algebra H are written as

NS b e

By using these string diagrams, we can show the first equality of eq. (2.24) as follows:

My My
My, My
[b]
a b v a b
a b

where we used the Sweedler notation A(b) = b(1) ® bay and the identity ceiv(a) ® b)) =

Csuper © (pJ,f wl ®id)(a(g) ®b1y) between the trivial braiding ctyiy and the symmetric braiding

Csuper- When b is homogeneous, we can assume without loss of generality that by and b(y)
are homogeneous because the comultiplication A is Zs-even, and therefore the notations
b1y| and [bz)| in eq. (3.8) make sense. The first equality of eq. (2.25) also holds because

€

L € € €
Lhs = "u = I T = T T = r.hs., (3.9)

b a b
a b a4

where the third equality follows from the fact that €(b) = 0 unless |b| = 0. Equation (2.26)
can also be checked similarly. Thus, we find that the super vector space H" equipped with
the structure maps (my,n, A, €,S,) is a Hopf superalgebra.

"This is different from the bosonization of Hopf superalgebra discussed in [118, 119].
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3.2 Fermionization of anomalous symmetries

A fusion category symmetry C is said to be anomalous if it does not admit gapped phases
with unique ground states that preserve the symmetry C. Any anomalous fusion category
symmetry C is equivalent to the representation category Rep(H) of a semisimple weak Hopf
algebra H.

In order to perform the fermionization of Rep(H) symmetry, we first specify a non-
anomalous Zso subgroup symmetry of Rep(H). As in the case of non-anomalous symmetries,
the existence of a Zy group-like element in the dual weak Hopf algebra H* implies that
Rep(H) symmetry has a non-anomalous Zg subgroup symmetry. Here, a group-like element
g € H* is defined as an invertible element that satisfies

Ap(g) = Ag(€) - g®g=9g®g-Ap«(e), (3.10)

where € € H* is the counit of H. In particular, we call u € H* a Zsy group-like element if
it satisfies u - u = € in addition to eq. (3.10). The representation V,, € Rep(H) associated
with a Zy group-like element u € H* is defined as follows [77]: the underlying vector space
of V,, is the target counital subalgebra H; and the H-action py, : H ® V;, = V,, is given by
pv, = (et ®@u)o Aom, wherem: H®V, — H and A :V, - H® H is the multiplication
and the comultiplication on H restricted to H ® V,, and V,, respectively. The representation
V.. generates a Zy subgroup of Rep(H) [78], which is denoted by ZY.

We propose that the fermionization of an anomalous fusion category symmetry Rep(H )
with respect to Z4 subgroup symmetry is a superfusion category symmetry SRep(HY),
where H" is a weak Hopf superalgebra defined as follows:

o The underlying vector space of H" is H.
o The Zs-grading on ‘H" is defined by eq. (3.3).

e The multiplication m,, : H* ® H* — H" and the antipode S, : H* — H" are given
by egs. (3.4) and (3.5) respectively.

e The other structure maps are the same as those of H.

A direct computation shows that super vector space H" equipped with the above structure
maps becomes a weak Hopf superalgebra, see appendix A for details. As in the case of
non-anomalous symmetries, the inverse of the map (H, m,n, A €, S) — (H", my,n, A, €,Sy)
given by eq. (3.6) describes the bosonization of a superfusion category symmetry.

The above proposal will be verified in section 4 when the underlying QFT is topological.
Although the discussion in section 4 is restricted to TQFTs, the concrete examples discussed
below suggest that our proposal for the fermionization of fusion category symmetries can
also be applied to non-topological QFTs.

3.3 Examples

We explicitly compute the fermionization of fusion category symmetries for several examples
including both non-anomalous and anomalous symmetries.
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3.3.1 Fermionization of finite group symmetries

The first example is the fermionization of a non-anomalous finite group symmetry G. As a
fusion category symmetry, a finite group symmetry G is described by the representation
category Rep(C[G]*) of the dual group algebra C[G|*. The basis of C[G]* is denoted by
{g | g € G}, which are dual to the standard basis {g € G} of C[G], i.e. we have g(h) = dg 5.
The Hopf algebra structure on the dual group algebra C[G]* is given by

—

m(G@h) =0409, n(1)=>.5, A@G =D gh'®h, €@ =0 5@ =g"
geG heG
(3.11)

We note that the basis g is an idempotent and thus C[G]* is isomorphic to the direct sum
of one-dimensional algebras Cg as a semisimple algebra:

CIG]* = € Cg = P End(V). (3.12)
geG geG

Here, V, is a one-dimensional representation of C[G]* defined by
h-vg =6 gvg, Vg €V, (3.13)

The above decomposition (3.12) indicates that simple objects of Rep(C[G]*) are one-
dimensional representations V;. These simple objects form a group under the tensor product
of representations because we have an isomorphism V, ® V}, = V. Thus, the representation
category Rep(C[G]*) describes an ordinary finite group symmetry G.

To perform the fermionization of a finite group symmetry, we specify a Zs subgroup
of a fusion category Rep(C[G]*). A Za subgroup associated with a Zy group-like element
u € C[G] is denoted by Z4, which is generated by V;, € Rep(C[G]*). If we use ZY subgroup
for fermionization, the fermionized symmetry becomes SRep(’H%[G]*) where H%[G}* is a Hopf
superalgebra obtained by the prescription given in section 3.1.

Hopf superalgebra ’H}é[G]* . Let us investigate the Hopf superalgebra structure on ’H}é[G}*.
The Zs-grading automorphism p, : ’H%[G]* — ’HEé[G}* defined by the adjoint action (3.3) of
the Zg group-like element u € C[G] is computed as

pu(9) = ugu. (3.14)

This equation implies that g € C[G]* is a Zg-even element when g € G commutes with
u. On the other hand, when g € G does not commute with u, g is not a homogeneous
element, but the linear combinations g+ = g & ugu are homogeneous because p(g+) = £g+.
Therefore, the Zs-even sector and the Zs-odd sector of H%[G}* are given by

(Hegro=( @B Cohe( @ Cg), Hégh= B Ci. (315
9€Cq (u) l9]eG/~ [9leG/~
s.t. 9¢Cq(u) s.t. g¢Cq(u)

Here, Cg(u) := {g € G | gu = ug} is the centralizer of u € G and G/ ~ is the quotient
of G by the equivalence relation g ~ ugu. Given the above Zs-grading on H%[G]*, we
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can compute the multiplication m, and the antipode S, defined by egs. (3.4) and (3.5)

as follows:
- 1 1 _
mu(.q ® h) = 5(5g,h + 5g,uhu)g + 5(6g,hu - 5g,uh)guv (3-16)
R 1 )—  — — -
S.(9) = 3 (g—l +uglu+ g tu— ug_l) . (3.17)

It turns out that the superalgebra H%[G]* with multiplication (3.16) can be decomposed
into the direct sum of simple superalgebras as follows:

Hig=( D Cohe( O  Span{ge,gus}), (3.18)
9€Ccq(u) [g]eﬁGC{N(/ :
s.t. g¢Cq(u

/ /

where G/ ~' is the quotient of G by the equivalence relation g ~ ug ~' gu ~' ugu.
The direct summand Cg is isomorphic to the endomorphism superalgebra End(V;) of a
one-dimensional super representation V, = C!9 on which ’H%[G]* acts by eq. (3.13). On
the other hand, the direct summand Span{gy, gu, } is isomorphic to the complex Clifford
algebra Cl(2) with two odd generators. This isomorphism can be seen from the fact that

the linear combinations
lg =g+ + guy, Ly =9 +gu_, F;; =g- —gu_ (3.19)

satisfy the same algebra as Cl(2), i.e. (I'y)? = —(I'))* = 15 and I',I", = —I",'. Since the
Clifford algebra C1(2) is isomorphic to End(C!') [105], we have an isomorphism

Span{gs, gu. } = End(Wy) (3.20)

for a two-dimensional super representation W, = C!'. The action of H}é[G]* on W, is
given by

Ly- (wg)+ = F;; : (wg)+ = (wg),, Ly- (wg), = _F; : (wg), = (wg)+> (3.21)

where (wy)4+ and (w,)_ are a Zg-even basis and a Zs-odd basis of W, respectively.'® A
direct sum component other than Span{g+,gu.} acts trivially on W,, namely we have
a-(wg)+ = 0 for any a ¢ Span{g+, gu,}. We note that W, is evenly isomorphic to W,g, and
oddly isomorphic to Wy, and Wy,. In particular, the isomorphism class of a two-dimensional
super representation W, is labeled by [g] € G/ ~' where g ¢ C(u). In terms of irreducible
representations V, and Wy, we can write the direct sum decomposition (3.18) as

Hig-=( P End(Vy)e( @  End(W)). (3.22)
9€Cq(u) [gleG/~'
s.t. 9¢Cq(u)
*We can equally define the action of Heg- on Wy as Ty - (wg)+ = =T - (wg)4 = (wy)- and Ty - (wy) - =
Iy - (wg)— = (wg)+. The super representation defined by this action is oddly isomorphic to the super

representation defined by eq. (3.21).
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Superfusion category SRep(’H%[G]*). The direct sum decomposition (3.22) indi-
cates that irreducible super representations of ’H%[G]*, or equivalently simple objects of
SRep(’H%[G]*), are isomorphic to either one-dimensional super representations V, for
g € Cg(u) or two-dimensional super representations W, for ¢ ¢ Cg(u). All of these
simple objects are m-type objects because irreducible super representations of superalgebras
End(CPl%) do not have odd automorphisms for any p and ¢ [105]. We can also compute the
fusion rules as follows:

Vo@Vh = Vgn, Vog@Wip =W, Wy Vi =W,

Vgh b Vuguh S Hvtqhu S H‘/;]uha if gh, UQUh € Cq (u)7

W, @ W, = V;]h ¥ HVghu ® Wuguh> if gh € CG(U), uguh ¢ CG(’LL), (3.23)
h =
! Wgh S Vuguh 2] H‘/guhy if gh ¢ Ca (u)v uguh € Cg (U),
Wgh S5 Wuguha if gh, uguh ¢ CG<’U,)

These fusion rules will be derived in appendix C. The isomorphisms in the above equation
are even isomorphisms and IIV, denotes a one-dimensional super representation oddly
isomorphic to V. We note that the fermionization of a finite group symmetry G is also G if
Z§ is a central subgroup of G. In particular, if G' is a non-trivial central extension of Gy by
Z§, the fermionized symmetry is a non-trivial central extension of G} by the fermion parity
symmetry Z4". On the other hand, if ZY¥ is not a central subgroup of G, the symmetry of the
fermionized theory is no longer a group. This is reminiscent of the gauging of a non-central
Zg subgroup, which turns a finite group symmetry into a non-invertible symmetry [10].
However, the fermionization is not quite the same as the Zy gauging. For example, the
fermionization of a non-anomalous finite group symmetry is always non-anomalous, while
the Zo gauging of a non-anomalous finite group symmetry can become anomalous [10, 80].

3.3.2 Fermionization of Rep(G) symmetry

Another example of fusion category symmetries related to a finite group G is the repre-
sentation category of a group algebra C[G]. This fusion category is denoted by Rep(G)
rather than Rep(C[G]). Physically, a fusion category Rep(G) describes the symmetry of G
gauge theories.

The fermionization of Rep(G) symmetry is denoted by SRep(H), where u is a Zs
group-like element in C[G]*. We note that a Zy group-like element in C[G]
but an algebra homomorphism from C[G] to C that satisfies u(g)? = 1 for all g € G. The

Zo-grading automorphism p,, : H¢ — H¢ associated with u € C[G]* can be computed as

* is nothing

pulg) = (u®@id®u) o (id ® A) 0 A(g) = u(g)’g = g, (3.24)

where we used the equality A(g) = g ® g for g € C[G]. The above equation shows that the
Hopf superalgebra ¢, is purely even and hence is just the group algebra C[G] equipped with
the trivial Zy grading. Therefore, simple objects of SRep(H¢) are irreducible C[G]-modules
equipped with purely even or purely odd Zs-gradings. In particular, SRep(#¢) has the same
set of (isomorphism classes of) simple objects as Rep(G). The fusion rules of SRep(H¢)
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are also the same as those of Rep(G). We note that all simple objects of SRep(H¢:) are
m-type objects.

In general, the Hopf superalgebra H" becomes purely even if the Zs group-like element
u is in the center of H*. In this case, the fermionized symmetry is described by essentially
the same category as the original symmetry. More specifically, the superfusion category
SRep(H") is equivalent to the Deligne tensor product Rep(H) X SVec of a fusion category
Rep(H) and a superfusion category SVec. The fermionization of Rep(G) symmetry is a
special example of this.

3.3.3 Fermionization of Rep(Hg) symmetry

The next example is the fermionization of the representation category Rep(Hg) of a Hopf
algebra Hg known as the eight-dimensional Kac-Paljutkin algebra, which is the smallest
non-commutative and non-cocommutative semisimple Hopf algebra [81]. A simple example
of a physical system that realizes Rep(Hg) symmetry is the stacking of two Ising CFTs [9)].
The category Rep(Hg) is equivalent to one of the three non-anomalous Zg x Zy Tambara-
Yamagami categories,'” which describe self-dualities under gauging Zo x Zs symmetry.
Specifically, Rep(Hg) consists of four one-dimensional representations forming Zo x Zo
and a two-dimensional representation corresponding to a duality defect. The other two
non-anomalous Zy X Zy Tambara-Yamagami categories are Rep(Dg) and Rep(Qsg), where
Dg and Qg are the dihedral group of order eight and the quaternion group respectively.
Although these three fusion categories have the same set of simple objects and the same
fusion rules, the fermionization of Rep(Hg) turns out to be qualitatively different from the
fermionization of Rep(Ds) and Rep(Qg). In particular, we will see that the fermionization
of Rep(Hg) has g-type objects in contrast to the fact that the fermionization of Rep(Dg)
and Rep(Qs) does not have g-type objects as we discussed in the previous example.

Let us first recall the definition of the Kac-Paljutkin algebra Hg. The Kac-Paljutkin
algebra Hg is generated by three elements z,y, z € Hg that obey the following multiplica-
tion rules:

2 2 1

1
2=y =1, wy=yx, x2=2z2y, 22=yz, 22=-(1+z+y—zy). (3.25)

2

The other structure maps of Hg are given by

1
Aw)=zez, Aly)=yoy, AR=;0181+10r+yel-yaz)(:2)

€r)=e(y) =e(zx) =1,  Sk)==z Sy =y, S()==z
(3.26)
These structure maps are extended to the entire Hopf algebra Hg by demanding that A
and € are algebra homomorphisms and S is an algebra anti-homomorphism.
A Zs subgroup of Rep(Hs) is associated with a Zg group-like element u € H§. Since
a Zy group-like element v € HY is multiplicative, i.e. it satisfies u(ab) = u(a)u(b) for any
a,b € Hg, the element u is uniquely determined by its values evaluated at the generators

YThere are four Zy x Zy Tambara-Yamagami categories [83], one of which is anomalous and the others
are non-anomalous [9, 120].
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x,y,z € Hg. A straightforward calculation shows that there are three Zs group-like elements
in Hg except for the trivial one u = e:

(u(z), uly), u(z)) = (1,1, ~1), (=1, —1,4), (—1, -1, —i). (3.27)

These correspond to three Zs subgroups of Zg X Zso group-like symmetry of Rep(Hs). If we
choose u as (u(x),u(y),u(z)) = (1,1, —1), the Zy-grading defined by the adjoint action of
u becomes purely even, which means that the fermionization of Rep(Hgs) symmetry with
respect to the Zs subgroup corresponding to this choice of u is the Deligne tensor product
Rep(Hg) X SVec. In particular, the fermionized symmetry does not have g-type objects
in this case. On the other hand, if we choose u as (u(z),u(y),u(z)) = (=1, —1,+i), the
adjoint action of u endows Hg with a non-trivial Zs-grading, which consequently makes the
fermionization of Rep(Hg) qualitatively different from the original fusion category Rep(Hg).
For this reason, we will focus on the latter case below. The fermionization of Rep(Hs)
symmetry will be denoted by SRep(#§), which is realized by, for example, the stacking of
the Ising CFT and a single massless Majorana fermion.

Hopf superalgebra Hg. The Zy-grading automorphism p, : H§ — Hg defined by
eq. (3.3) is computed as

pu(x) = 2, u(y) = v, pu(2) = xyz. (3.28)

Since the Zy-grading p,, is multiplicative, we also have p,(xy) = xy and p,(xz) = zx. The
above equation implies that the Zj-even part and the Zs-odd part of Hg are given by

(Hg)o =Span{l,z,y,zy, z+ayz,zx+x2}, (Hg)1 =Span{z—xyz,zx—xz}.  (3.29)

Based on this Zs-grading, we can compute the Hopf superalgebra structure on Hg following
the definitions (3.4) and (3.5). Specifically, if we define the Zg-even basis {e; | 1 <1i < 6}
and the Z-odd basis {e7, eg} of HY as

1

er=gll+a+y+ay+(z+ay2) + (z0+22)),
1

e2 = g[l+o+y+ay—(z+ayz) - (zz+22)],
1

es = g1 -2 —y+ay+ile +ayz) —i(ez +22)),

(3.30)

1 . )
64:g[l—x—y+xy—z(z+:nyz)—l—z(zx—l—xz)],
1 1
6521(1+x—y—xy), 6621(1_$+y—$y),
) 1
er = —xyz) + (2x — x2)|, eg = Z — — (22 — x2)|,
r= o)+ G ) e = Tl ays) - (oo )
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the multiplication m, and the antipode S, can be computed as follows:

e; for1<i=j<6,
f ) =9 = 77
es fOI“Z' J . e; for 1 <14 <6,
e ort=7j =28,
my(e; ® ej) = ¥ , .] Sulei) = { u(2)er for ¢ =7,
er fOI‘ (Z,]) = (57 7)7 (77 5)7 _u(z)€8 fOr 1= 8
€s for (Z,]) = (6> 8)a (8’ 6)’ |
0 otherwise,
(3.31)

This implies that the Hopf superalgebra Hg is decomposed into the direct sum of simple
superalgebras as
Hg = ( @ Ce;) @ Span{es, e7} & Span{eg, es }. (3.32)
1<i<4
The direct summand Ce; for 1 <4 < 4 is isomorphic to the endomorphism superalgebra
End(C!%), whereas the other two direct summands Span{es,e;} and Span{es,es} are
isomorphic to the Clifford algebra Cl(1) with one odd generator.

Superfusion category SRep(H§). The direct sum decomposition (3.32) indicates that
the superfusion category SRep(#§) consists of the following simple objects:

o a one-dimensional super representation V; = C° for each i € {1,2,3,4}, which is a
unique (up to isomorphism) irreducible super representation of Ce; = End((C1|O),

e a two-dimensional super representation W; 2 C'I*, which is a unique (up to isomor-
phism) irreducible super representation of Span{es, ez} = CI(1),

e a two-dimensional super representation W 22 C'I*, which is a unique (up to isomor-
phism) irreducible super representation of Span{eg,es} = CI(1).

We note that the two-dimensional super representations W7 and Wy are g-type objects
because they are irreducible super representations of Cl(1) [105]. Therefore, the superfusion
category SRep(#§) has g-type objects in contrast to the fermionization of the other non-
anomalous Zy X Zo Tambara-Yamagami categories Rep(Dg) and Rep(Qs). This illustrates
that the existence of g-type objects depends on F-symbols of the original fusion category
Symmetry.

The fusion rules of SRep(Hg) can be computed explicitly, see appendix C for details.
The one-dimensional super representations V; for 1 < ¢ < 4 obey a group-like fusion rule
Zo x 7%, whose unit element is given by V;:

VieV; 2VieVi 2V, 1heV, 2 VeV 2 VeV, 2V, VheVs 2 Vel E Vi (3.33)

As we discussed in section 3.1, the generator of the fermion parity symmetry Zi is a
one-dimensional super representation on which e; € Hg acts as a scalar multiplication
by u(e;). If we choose a Zy group-like element u as (u(z),u(y),u(z)) = (—1,—1,1), the
generator of Z2F is given by V4 because u(e;) = d; 4. On the other hand, if we choose u as

— 24 —



(u(z),u(y),u(z)) = (—=1,—1, —i), the generator of Zi" is given by V3 because u(e;) = ;3.
The fusion rules of one-dimensional super representations V; and two-dimensional super
representations W are given by

VieW;=2VooW; =W; =W;@V1 =W; @ Vs,
VWi 2ViaW 2Wo 2W V=W, ® V.

In particular, the second equation implies that the generator of the fermion parity symmetry

(3.34)

I exchanges two q-type objects Wi and Wh by the fusion. Finally, the fusion rule of
two-dimensional super representations is given by

Wi @W, 2V, & V@IV, & 1IV;, (3.35)

where IIV; is a one-dimensional super representation oddly isomorphic to V;. The other
fusion rules are determined by the associativity of the fusion rules. The above fusion
rule (3.35) implies that W is a duality defect for the condensation of V; @ Vo @ I1V; & IIV5.
In particular, a fermionic system with SRep(#§) symmetry should be invariant under
condensing the sum of topological lines V; & Vo @ I1V; @ [1Vs. Since we have an isomorphism
VieVeallVy @ IV, = (V) @ Va) @ (Vi @ IIV)), the condensation of Vi @ Vo @ 1TV @ I1V;
is implemented by condensing V; @ V5 and V; @ IIV; successively. The condensation of
V1 @ Vs gives rise to gauging a Zo symmetry generated by Vs, while the condensation of
Vi @ IV gives rise to stacking the Kitaev chain.?’ Therefore, SRep(HY) symmetry can be
understood as a self-duality under gauging a Zs subgroup and stacking the Kitaev chain,?!
see below for more details. We note that the relation between the fusion category symmetry
Rep(Hg) and its fermionization SRep(H§) is a non-anomalous analogue of the relation
between the symmetry of the Ising CFT and that of a single massless Majorana fermion,
which will be discussed in section 3.3.4.

Self-duality. We can confirm that the partition function of a fermionic theory 7y is
indeed invariant under gauging Zo symmetry and stacking the Kitaev chain if it is the
fermionization of a bosonic theory T, with Rep(Hg) symmetry. Let us write the partition
function of T, and Ty as Z(3; a1, 2) and Z(3; a1, ) respectively, where ¥ is a closed
oriented surface, a; and as are background Zso gauge fields, and 7 is a spin structure on X..
Since Ty is the fermionization of 7, the partition functions Z, and Z¢ are related by [63]

Zy(S;01,1m) = Zy(; a1, ) (—=1) 22 Arf (), (3.36)

VI Hl 2, L2)| az EHzl:EZg)
where ¢, is a quadratic refinement of the intersection form and Arf(n) = %1 is the partition
function of the Kitaev chain known as the Arf invariant. When a bosonic theory 7, has
Rep(Hg) symmetry, the partition function Z is invariant under gauging Zs X Zy symmetry
with the diagonal pairing of background gauge fields [9]:

S Z(5; Br, Bo)(— 1)) e Bitaztte (3.37)
581,62

A 0002) = s

20Tn particular, condensing Vi @IIV; on a closed spin surface amounts to multiplying the partition function
by the Arf invariant, which can be checked by a direct computation.
21The author thanks Ryohei Kobayashi for a discussion on this point.
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This equation implies that the fermionic partition function (3.36) satisfies

Zp(S5a1,m) = n)(=1)) 1B Art (), (3.38)

1
VIS, Z,)] %Zf(z’ﬁl’
which shows that the fermionized theory 7; is self-dual under gauging Zo symmetry and
stacking the Kitaev chain.

Let us compare this self-duality with the fermionization of Rep(Dg) and Rep(Qs)
symmetries. If the original bosonic theory 7, has Rep(Dg) or Rep(Qs) symmetry, the
bosonic partition function Z; is invariant under gauging Zs X Zo symmetry with the
off-diagonal pairing of background gauge fields [9]:

1

7. 22)| S° Z(S B, o) (—1)] 0o, (3.39)

B1,B2

Zp(E; a1, a0) =

Correspondingly, the fermionic partition function Z; is invariant under doing the GSO
projection and the Jordan-Wigner transformation simultaneously:

Zy(Si00.m) = s 3 2 2 E AR, @

The difference between (3.38) and (3.40) is attributed to the different fusion rules of
superfusion categories SRep(Hg) and SRep(H}, o g,)- More specifically, eq. (3.40) is a
consequence of the following fusion rule of a duality line D € SRep(’;’-[‘j)8 or Qg):

DeD=1aVe(-)aeVE-) ' 2aV)e (e (-1, (3.41)

where V and (—1)%" are the generators of Zo x Z&" symmetry. The above fusion rule implies
that a fermionic system with SRep( Ds or Q 8) symmetry is invariant under condensing
1@V and 1@ (—1)F successively. Here, the condensation of 1@ V should be understood as
the gauging of a Zy symmetry with a coupling (—1)%(®) between a Zy gauge field a and a
spin structure 7. Therefore, the condensation of 1 ® V is the Jordan-Wigner transformation.
On the other hand, the condensation of 1 @ (—1) is the GSO projection.

3.3.4 Fermionization of Z; Tambara-Yamagami symmetries

As an example of anomalous superfusion category symmetry, we consider the fermionization
of self-dualities under gauging Zy symmetry. This example was studied in detail in [56]
by using a different method from ours. These self-dualities are described by Zo Tambara-
Yamagami categories TY(Zg, x, 1), where x : Zy x Zo — U(1) is the unique symmetric
non-degenerate bicharacter on Zs [83]. Fusion category symmetries TY (Za, x, +1) and
TY(Zsa, x,—1) are realized by, e.g., the Ising CFT and the SU(2); WZW model respec-
tively [9, 56]. The fermionization of the Ising CFT is a single massless Majorana fermion,
which has Zs x Z4 symmetry with an 't Hooft anomaly 1 mod 8 [55, 56, 121]. Similarly, the
fermionization of the SU(2)s WZW model is three massless Majorana fermions, which have
Zy x 75 symmetry with an 't Hooft anomaly 3 mod 8 [56]. We note that the generator of
the chiral Zy symmetry of a massless Majorana fermion is a g-type object [28]. Therefore,
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the above CFT examples suggest that the fermionization of TY(Zs, x, £1) has two g-type
objects, one of which is obtained by fusing the fermion parity defect with the other. Fur-
thermore, since Zo Tambara-Yamagami categories describe self-dualities under gauging Zo
symmetry, the fermionization of them should imply the invariance under stacking the Kitaev
chain, cf. figure 1. In the following, we will see that the fermionization of TY(Zs, x, +1)
indeed has these properties. This suggests that the fermionization formula of fusion category
symmetries is also applicable to non-topological QFTs.

We first recall the definition of the Tambara-Yamagami category TY (A, x, €), where
A is a finite abelian group, x : A x A — U(1) is a symmetric non-degenerate bicharacter
on A, and € € {1} is a sign. The fusion category TY (A, x, €) consists of simple objects
labeled by group elements g € A and an additional simple object m called a duality object.
The set of simple objects of TY (A, x, €) will be denoted by Q := AL {m}. The fusion rules
are given by g@h = gh,g@m=m®@g=m,m@m = @y g for g,h € A. In particular,
A is the group-like symmetry of TY (A, x,€). The F-symbols can be found in [83].

The Tambara-Yamagami category TY (A, x, €) is equivalent to the representation cat-
egory of a weak Hopf algebra Hy , ., whose structure maps are spelled out in [122]. As
a semisimple algebra, H4 y . is isomorphic to the direct sum of endomorphism algebras
End(H?) for z € Q, i.e.

Haye = @ End(H") = (P End(HY)) ® End(H™), (3.42)
zeQ geA

where HY9 =2 C4I+1 and H™ = C?Al. The bases of the subalgebras End(HY) and End(H™)
are denoted by {e} 5 | o, € Q} and {e}}5 | a, 8 € AU A} where A:={a|a€ A} is a
copy of A.22 The multiplication on H A,y,e is given by the usual multiplication of matrices:
m(ey 5 ® 6,1;7 5) = 0z40p €5 5. The comultiplication of each basis element ey, 5 is given by

g _ gh™1! h m m
A(ea,b) = Z €h-1gh-1p © €ap T €g149-1p @ €55

a,

heA
h~! h € -
A(egm) = 6%*1a,m &® ea,m + ﬁ X(g, b 1)6;”_1(175 & eg,‘b,
heA beA
h~! h €
A(efnva) = Z 6fn,hfla & em,a + ﬁ X(g, b)egfg_la &® 62’%,
heA beA
h—l h 1 —
A(ed, ) =D el ek .+ A > X(g.ab™hel @ ept,
heA a,be A
A(eg?b) = Z X(g? a_lb)eg’,bb ® egl,m + Z egg,bg ® eZ?g,bg?
geA geA
A = 3 x9N s+ X X0 Dl © €y
ge ge
Alegy) = D X(g, D)l @€l + D x(g:a™h)ef, by @ gy,
geA geA
-1
A(e%) = Z egl—la,ﬁ ® e, + Z x(g,a”"b)ed, , ® e’a’fg.
geA geA

22The bar is just a notation, which allows us to distinguish, e.g., enp and e;”g for a,b € A.

_97 —



The unit and the counit of Hy y ¢ are defined by (1) = >>,cq > g €a,q and e(ey, 5) = 2,1
respectively. The antipode is also given in [122], although we will not use it in the following
discussion.

A non-anomalous Zsy subgroup symmetry of TY (A, x, €) generated by u € A is associated
with a Zs group-like element 7, € ng%e defined by nu(eg B) = 0z,u- The adjoint action of
Ny gives a Zp-grading p, on H 4 y . as follows:

pu(eg,b) = GZa,uw pu(eg,m) = ega,m? pu(egn,a) = egz,ucw pu(egn,m) = egn,ma
puleny) = x(u,a” ' O)er e pulel) = x(u,u)x(u,a™ b)el - (3.43)

pu(eg?b) = x(u, u)x(u, a_lb)e%,ub’ pu(egg = x(u, a_lb)ef*'
A weak Hopf algebra Hj4 , . equipped with the above Zo-grading becomes a weak Hopf
superalgebra H} , . if we modify the multiplication and the antipode as discussed in
section 3.2.

Weak Hopf superalgebra H We now restrict our attention to the case A = Zs.

u
Za2yxy€"
In this case, the symmetric non-degenerate bicharacter y is given by

x(1,1) =x(1,u) = x(u, 1) =1, x(u,u) =—1. (3.44)

Thus, eq. (3.43) implies that the Zs-even part and the Zs-odd part of H7, 1. are given by

(H%, .)o = (€D Span{(ef)) 1, (ef,)+, (e],) 4, (€51) 15 €hm})
gE€ZL2

@ (€D Span{(efy)+, (€77)+. (e2)+, (e2)+1),
a€Zo

(i, 5,01 = (€D Span{(efy)—, (ef,)-, (ef,)—. (1) -})

gE€ZL2

& (€D Span{(efs)-, (efz)—, (e, ) (efa)-})

a€Za

(3.45)

T

where the homogeneous elements (e o, g):t are defined as follows:

(egl)i = 6?1 el (eélyu)i = efuj:eﬁl, (e'(fm)i = 6i’mieima (6%1)i = egnl +ed s

(e11)x=el1Eeny,,  (ely)x=el,Feul, (e]7)+=€lTFeuns (elg)+ =efzEes,

(e%”l)i:e%:Fegzu, (eﬂ)i:eﬂiegi, (e%)i:e%:l:eum—u, (e%)i :eﬁ$e(uml. |
3.46

Let us compute the multiplication on H based on the above Zs-grading and deter-

u
Zo,x €
mine the direct sum decomposition of H%Q:,(x,f To this end, we first notice that Hy, |
is decomposed into the direct sum of a subalgebra spanned by {egﬁ | g € Za, a0, € Q}
and its complement spanned by {era | 7,0 € Zo LI Zo}. This is because the multiplication
of ei P and e7's vanishes for any choice of «, 3,7, and 6. As we will see below, each
of these subalgebras is further decomposed into the direct sum of two simple superalge-
bras. Specifically, the former subalgebra is isomorphic to the direct sum of two copies of

the endomorphism superalgebra End((CQ‘l), whereas the latter subalgebra is isomorphic
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to the direct sum of two copies of End(C?°) @ CI(1). In order to see an isomorphism
Span{e}, 5 | g € Zo,r, f € Q} = End(C?°) @ End(C?l), we define a new basis of the algebra
spanned by {e, 5 | g € Z2,, B € Q} as follows:

1 1

1
xglll = 5[(6€1)+ + (egu)Jr]? m?u = —5[(€?f)7 - (61{5)*]7 x?m = §(€€m)+7

1 1 1 4
2 =Sl ()l al, =Sl = (€94], al = (), G4D
xiﬂ = (efnl)-ﬁ xg@u = _(6%1)—7 xg@m = egnm'

For this basis, the multiplication on H7, xe CAN be expressed as
h
mu(x(gm ®xy5) = 5g,h55,'yxi757 (3.48)

which shows that the subalgebra spanned by {xi 5 | a, B € Q} is a full matrix algebra for
each g € Zso. Since this subalgebra has superdimension (5,4) as can be seen from eq. (3.47),
there is an even isomorphism between Span{azi’ 5 | a, 8 € Q} and End(C?'). Therefore, we
have the following direct sum decomposition of a superalgebra:

Span{ef 4 | g € Z, 0, 8 € Q} = End(C?') @ End(C?"). (3.49)

Similarly, an isomorphism Span{el; | &, 8 € Zy U Z2} 2 (End(C?°) ® CI(1)) @ (End(C*°) ® C1(1))
also becomes clear if we define a new basis of the algebra spanned by
{ells | o, B € Lo U s} as

()5 = Sl +is(e)], @) = Slef)- +is(efh) ],
m,s 1 m . m m,s 1 m . m
(z7)+ = %[(611)+ —is(erg)yl,  (277)- = ?S[(eu) — is(efy) -], 5.50)
()s = Sl +is(e) o), @) = Zl(em)- +islet:)-,
()5 = Sl —is(el)], (@) = Sl(em)- —is(elt) ],

where the superscript s takes values in {£1}. The multiplication on H for this basis

u
ZQ7X76
can be written as

mu((x;ngs)p ® (xzfét)q) = 58,755[3,7@2;)1%1‘ (3.51)

This implies that the subalgebra spanned by {(z;3)+ | a,8 = 1,1} for each s € {1} is
isomorphic to a simple superalgebra End(C?°) @ CI(1), where the odd generator of the
Clifford algebra C1(1) corresponds to (z77%)— + (a:%’s)_. Thus, we find the following direct
sum decomposition:

Span{els | a, B € Zy UZz} = (End(C*°) ® C1(1)) @ (End(C*°) ® CI(1)). (3.52)

Equations (3.49) and (3.52) show that the weak Hopf superalgebra 1y, , . is decomposed
into the direct sum of two copies of End(C2') and two copies of End(C?°) @ CI(1).
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Superfusion category SRep('H%z,X’ ). The direct sum decomposition of M7, v indi-
cates that Hz, |
g € Zs and four-dimensional irreducible super representations Wy = C22 for s = +1. The

has three-dimensional irreducible super representations V; = C21 for

actions of Hy, | . on Vy and W are given by the standard actions of the direct summands
End(C2') and End(C?%) ® CI(1). More specifically, if we write the bases of V, and W; as
{vg | @ € Q} and {(wy)+ | @ = 1,1} respectively, the actions of Hj, . . on V; and W are
given by

Zp V5 = 0910508, (@h9)g - vg =0, (3.53)
xg,ﬂ ’ (wf/)l’ =0, (‘Tzzg)q ) (wi)p = 05,608, (W) pg> (3.54)

where v{,v9, € V, and (w§)4, (w])+ € Wy are Zs-even elements and the others are Zs-odd
elements. We note that W and W_ are g-type objects because they are irreducible super
representations of End(C2?°) @ CI(1) [105].

As we will see in appendix C, simple objects Vi, V,,W. , W_ € SRep(’H%%%J obey the
following fusion rules:

V.®V, 2V, Vo RXW, =2W_2W, XKV,, WKW, =2V, @IV, (3.55)

where IIV] is oddly isomorphic to the trivial defect V. The associativity of the fusion rules
uniquely determines the other fusion rules. Equation (3.55) implies that a g-type object
W, and an m-type object V,, generate Zo x Z% symmetry with an odd 't Hooft anomaly.?3
In particular, a fermionic system with SRep(H%Q’X’E) symmetry is invariant under stacking
the Kitaev chain [56], which is a consequence of the fusion rule W, KW, = V; ¢ IIV;. This
is consistent with the fact that the fermionization of the Ising CFT and the SU(2)s WZW
model has Zg x Z& symmetries with 't Hooft anomalies 1 and 3 mod 8. The determination
of the anomaly would require further analysis on the F-symbols of SRep( o, o)

4 Fermionic TQFTs with superfusion category symmetries

In this section, we explicitly construct fermionic state sum TQFTs with super fusion
category symmetries, which can be thought of as the fermionization of bosonic state sum
TQFTs with fusion category symmetries. In particular, we derive the fermionization
formula of fusion category symmetries by comparing the symmetries of fermionic and
bosonic state sum TQFTs. We will also write down gapped Hamiltonians with non-
anomalous superfusion category symmetries on the lattice. The content of this section is a
straightforward generalization of the state sum construction of bosonic TQFTs with fusion
category symmetries discussed in [23, 32].

23In general, when Zs x Z% symmetry has an odd ’t Hooft anomaly, the generator 7 of the Zs subgroup
does not satisfy the ordinary Zs group-like fusion rule because 7 is a g-type object and hence n ® 1 has an
odd automorphism. More specifically, n ® i is not a trivial defect 1 but rather the direct sum of a trivial
defect 1 and another defect II that is oddly isomorphic to 1. If normalized appropriately, the action of 1 on
the NS sector satisfies the ordinary Zs fusion rule because both 1 and II act as the identity operator on the
NS sector, cf. eq. (4.19).
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4.1 State sum construction of fermionic TQFTs and fermionization

In this subsection, we review the state sum construction of 2d fermionic TQFTs on triangu-
lated spin surfaces [63, 79]. We will see that fermionic state sum TQFTs can be understood
as the fermionization of bosonic state sum TQFTs [63, 69].

We first recall the combinatorial description of spin structures on triangulated surfaces
following [79]. Let ¥ be an oriented surface. We choose a triangulation of ¥. The
triangulated surface is also denoted by Y. A spin structure on a triangulated surface X is
specified by the following set of data, which is called a marking:

e an orientation of each edge of %,

o an edge index s(e) € {0,1} of each edge e,

e a choice of a marked edge on the boundary of each triangle, and

« a choice of a marked vertex on each connected component of the boundary 9.

A connected component of the boundary 9% belongs to either the in-boundary 9;,% or
the out-boundary Oy,ut2. The orientations of edges on 0;,X are induced by the orientation
of X. On the other hand, the orientations of edges on J,.> are opposite to the induced
orientation.

A marking on a triangulated surface ¥ gives a spin structure on X if it satisfies the
following admissibility condition for each vertex v:

D, + FE,+ Xmod 2 when v is a marked vertex on 0%,

Z s(e) = { (4.1)

e: edges D, + E,+1mod 2 otherwise.
s.t. v€de

Here, D, is the number of triangles ¢ such that a small counterclockwise loop around v
enters t through the marked edge of ¢, F, is the number of edges whose initial vertex is v,
and A is an index defined by

0 if v is on an NS boundary,
A= (4.2)
1 if v is on an R boundary.

Here, NS and R denote the Neveu-Schwarz (i.e., bounding) and Ramond (i.e., non-bounding)
spin structures on a circle, which correspond to the anti-periodic and periodic boundary
conditions respectively. Two markings on ¥ correspond to the same spin structure if they
are related by a sequence of the following local moves: (1) change of an edge orientation,
(2) change of a marked edge, (3) leaf exchange on a triangle, see figure 2. These local moves
define an equivalence relation between markings. The quotient of the set of admissible
markings on 3 by this equivalence relation is in bijective correspondence with the set of
spin structures on ¥ [79].

Any two triangulations of an oriented surface are related by a finite sequence of Pachner
moves. For a triangulated spin surface ¥ equipped with a marking, the Pachner moves
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(1) (2 ®3)
s+ *s—i—l S2 §1 ¢ 82 s1+1 s 851 ¢ s2+1 s1+1
S3 S3 S3

s3+1

Figure 2. Markings related by the above local moves give the same spin structure. (1) Change of
an edge orientation: we reverse the orientation of an edge and shift the edge index by 1. (2) Change
of a marked edge: we choose the edge next to the original marked edge as the new marked edge
and shift the edge index accordingly. The marked edge is represented by an edge with a small red
triangle attached. (3) Leaf exchange on a triangle: we shift the edge indices of all edges on the
boundary of a triangle simultaneously. We note that the leaf exchange is equivalent to changing the
marked edge three times.

/
SA Sa
-~
SB SA s/ s/
B A
v
sBYy A, 15D ¢ sp : sp =2
s
\ AN
7
sc So

N

sc so

Figure 3. The Pachner 2-2 move (left) and the Pachner 3-1 move (right). The edge indices are
determined uniquely up to local moves. For the Pachner 2-2 move, we have s’ = 5,5’y = 54,55 =
sp+s+1,s =sc+1,s, = sp+ s+ 1. For the Pachner 3-1 move, we have s’y = 54,55 =
Sp+ $1,80 =S¢ + 81+ S2, 83 =51 + 52+ 1.

also change the marking on affected triangles, see figure 3. The change of a marking is
determined by the admissibility condition (4.1) uniquely up to local moves shown in figure 2.

Based on the above combinatorial description of spin structures, we can construct
fermionic TQFTs from semisimple superalgebras by the state sum construction [63, 79].
The fermionic TQFT obtained from a semisimple superalgebra K is denoted by 7}K . The
construction of TfK goes as follows: we first define the transition amplitude Z7(3) on a
triangulated spin surface ¥ equipped with a marking and then restrict the domain and
the codomain of Zp(X) to the images of the cylinder amplitudes Zp (9,2 X [0,1]) and
Z71(OoutX X [0,1]) respectively. We will generalize this construction to fermionic TQFTs
on spin surfaces with defects in the following subsections. The detailed definition of the
transition amplitude Zp(X) will be given there.

Relation to fermionization. The fermionic TQFT 7}K is the fermionization of a bosonic
state sum TQFT 7% constructed from K by the state sum construction of [70].24 To see
this, we notice that the partition functions of 7}K and ’E)K on a closed surface ¥ can be
written as [63, 69]

2y (%) = Z Z(%;5), (4.4)

vl Hl 2 L)l perirzz,)

% Bven though 7;X and 7}K are constructed from the same algebra K, these TQFTs are different from

each other because the constructions are different.
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where 7 is a spin structure on X, Z(X; 3) is the partition function of some bosonic TQFT
T on a surface ¥ with a background Z; gauge field 8, and g, is a quadratic refinement of
the intersection form. Equation (4.3) implies that the fermionic state sum TQFT 7}K is
the Jordan-Wigner transformation of 7, or equivalently a bosonic TQFT 7T is the GSO
projection of 7}K because summing over spin structures in eq. (4.3) leads to

Z(S;8 =0) (4.5)

1 K o,
- sz &
where the left-hand side is the partition function of 7" on ¥ without a background Zs gauge
field. On the other hand, eq. (4.4) implies that the bosonic state sum TQFT 7;)K is the
Zo-gauging of T. Therefore, we find that ’E)K is obtained by the GSO projection of 7}K
followed by the Zs gauging. This shows that the bosonic state sum TQFT 7;K and the
fermionic state sum TQFT 7}K are related by the bosonization and the fermionization, cf.
figure 1. More precisely, 7}K is the fermionization of 7ZK with respect to the Zo symmetry
arising from the Zo-grading on K. This fact allows us to derive the fermionization formula
of fusion category symmetries later by comparing the symmetry of 'E)K and that of 7}K .

4.2 Fermionic TQFTs with xSMg symmetry

In this subsection, we define the transition amplitudes of a fermionic TQFT 7}K on spin
surfaces with defects. The construction of fermionic TQFTs with defects in this subsection
is parallel to the construction of bosonic TQFTs with defects in [23, 32]. As we will see
below, 7}K has non-zero transition amplitudes on spin surfaces with topological defects
labeled by (K, K)-superbimodules. This implies that the fermionic state sum TQFT 7}K
has a superfusion category symmetry xSMg.

We begin with triangulations of spin surfaces with defects. We assume that every
junction of topological defects is trivalent. A triangulation of a spin surface with defects is
a triangulation of the underlying spin surface such that each edge intersects a topological
defect at most once and each triangle contains at most one trivalent junction. Specifically,
possible configurations of topological defects on a single triangle up to local moves are listed
as follows:

a A ¥ Q ¥ AX . XA& ? )ﬂ
X X X3 Xi

(4.6)
We note that every configuration listed above can be regarded as a special case of configura-
tion (5) because configurations (1)—(3) are obtained by taking some of the topological defects
to be trivial defects and configuration (4) is obtained by replacing one of the topological
defects by its dual. Therefore, we need not consider configurations (1)—(4) independently.
However, it is convenient to deal with these configurations separately when we compute
transition amplitudes.
In order to define the transition amplitude on X, we first define the vector spaces
Zr(0mY) and Z7(Oout2) on the in-boundary and the out-boundary. To this end, we fix the
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order of the connected components of 9,% for ¢ = in,out. The ith component of 9, is
denoted by (05X);. The vector space Z7(0,X) is given by the tensor product of the vector
spaces Z7((0,X);) on the connected components (9,%);, namely we have

Z7(0aX) = Z7((0a2)1) ® Z1((04%)2) ® - - @ Z1((0aX)ny, ), (4.7)

where n, denotes the number of connected components of 9,%. The vector space Z7((9,%);)
is defined as the tensor product of vector spaces X2 assigned to edges e € (9,%);:%°

Zr(0.D)) = @ XL (48)

66(&12)1‘

The order of the tensor product on the right-hand side is determined by the order of
boundary edges e € (0,%); induced by the edge orientations on the boundary (9,3);, where
the first edge is the one whose initial vertex is the marked vertex on (9,%);. Here, we recall
that all edges on a boundary (0,X); are oriented in the same direction, which enables us
to define the ordering of boundary edges. The vector space X? assigned to an edge e is
a (K, K)-superbimodule that labels the topological defect intersecting the edge e. More
specifically, when a topological defect labeled by X, is oriented from the right of e to the
left of e, we assign the vector space X, to the edge e, i.e. X = X.. On the other hand,
when a topological defect labeled by X, is oriented from the left of e to the right of e, we
assign the dual vector space X} to the edge e, i.e. X? = X7. When a boundary edge e
does not intersect a topological defect, we assign a regular (K, K)-superbimodule K to e,
ie. X =K.

Let us now define the transition amplitude Zp(X) : Z7(0inX) — Z7(0outX) on a trian-
gulated spin surface ¥ with defects. We first consider the case where all trivalent junctions

on ¥ are bosonic. In this case, the transition amplitude is defined as the composition?%

Zp(2) = B(D) 0 ¢() 0 P(D) : Zp(0nD) — Z1r(0owsS), (4.9)

where the linear maps P(X), ¢(X), and FE(X) are defined below. Although each of the linear
maps P(X), ¢(X), and E(X) depends on the orders of edges and triangles, their composition
Z71 (%) does not depend on these data. Thus, we fix orders of edges and triangles arbitrarily
in what follows.

The linear map P(X) : Zr(0inX) — Zr(0inX) ® (Qeces\a,,x XL ® XF). The
vector spaces X/ and X% are (K, K)-superbimodules assigned to the left and the right of
an edge e € 3\ O, X. Specifically, when a topological defect labeled by X, goes across e
from the right, we set X* = X, and X/ = X*. On the other hand, when a topological
defect labeled by X, goes across e from the left, we set X* = X} and X® = X,. When
e does not intersect a topological defect, we assign a regular (K, K)-superbimodule K to

*The state space Z((04X);) of the TQFT is obtained by restricting the vector space (4.8) to the image of
the transition amplitude (4.9) on a cylinder (9,X); x [0, 1].

Z6Precisely, as mentioned in section 4.1, the transition amplitude Z (%) of the TQFT is obtained by
restricting the domain and codomain of eq. (4.9) to the images of the cylinder amplitudes.
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both left and right of e because we have an even isomorphism (2.21) between K and K*.
The linear map P(X) is given by the tensor product

PO =(Q® r9"e( Q (dyepid ™ol (4.10)
e€dinY e€X\din Y

where px : X — X is the Zs-grading automorphism of a (K, K)-superbimodule X and

P, :C — XF® X[ is either the left coevaluation morphism coevg(e or the right coevaluation

morphism coevﬁe depending on the orientation of the topological defect X,.. Specifically,
we define P, = coevgfe when X = X, and X/ = X, whereas we define P, = coevﬁ?e when
X eL = X7 and X eR = X.. When e does not intersect a topological defect, the linear map
P. reduces to Agong : C — K ® K, where Ag : K - K ® K and ng : C — K are the
comultiplication (2.19) and the unit of K. In the following, we will omit the subscript X of

the Zs-grading automorphism px when it is clear from the context.

The linear map ¢(X) : Z7(0inX) ® (Qecx\o,,5 XL XB) 5 (Quexs X1 @ X2 ®
X3) ® Z1(0outE). The vector space X; is a (K, K)-superbimodule assigned to the ith
edge on Ot, where the order of the edges on 0t is given by the counterclockwise order
starting from the marked edge. More specifically, when a triangle ¢ is on the left side of the
ith edge e € Ot, we define X} = X%. On the other hand, when ¢ is on the right side of the
ith edge e € Ot, we define X] = X2, The linear map c(X), which only changes the order of
the tensor product, is given by the composition of the symmetric braiding csuper 0of super
vector spaces assigned to edges.

The linear map E(X) : (Qiecx Xi @ X2 ® XP) ® Z1(0outE) — Z1(0outE). The
linear map E(X) is given by the tensor product of linear maps F; : X} ® X? ® X — C for
all triangles ¢t € X:

E(%) = (R Er) ®idz,0,.5)- (4.11)
tex

The explicit form of F; depends on the configuration of topological defects on t. Specifically,
the linear map FEj for each configuration in eq. (4.6) is given by

1 EKomKO(mK(X)idK)ZK@K@K—)(C,
2) evlo(idy®pl): X®X* @K — C,

(1)

(2)
E, (3) evio(pf®idy+): X®K®X* —C, (4.12)
(4)
(5)

4) ev ox, o ((tx,,x, 0 03%) ®idxzex:) : X3 ® X5 @ X{ = C,
5} eVS?SO((b?QOTFXl,XQ)@ing)1X1®X2®X§—>C,

where ¢ and my¢ are the counit (2.20) and the multiplication on K, p¥ : X ® K — X is the
right K-supermodule action on X, tx, x, : X1 @ Xo — X1 ® Xo and 7x, x, : X1 ® Xo —
X1 ®k Xo are the splitting maps (2.23), and b3? : X3 — X1 ®x Xo and b3, : X1 ®@x X2 — X3
are Zg-even (K, K)-superbimodule morphisms that represent bosonic trivalent junctions.
When the marked edge on a triangle ¢ is not the bottom edge in eq. (4.6), we first move the
marked edge to the bottom by the local move depicted in figure 2 and define the transition
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amplitude as in eq. (4.12). Since applying the change of a marked edge three times gives rise
to the leaf exchange, the above definition makes sense only when the transition amplitude
is invariant under the leaf exchange. The invariance under the leaf exchange is guaranteed
by the assumption that the trivalent junctions bi? and b3, are Zs-even, i.e. bosonic.

The transition amplitude Zp(X) is invariant under the change of an edge orientation due
to egs. (2.14) and (2.22). The invariance under the other local moves in figure 2 also follows
immediately from the definition of Z7(X). Furthermore, a straightforward calculation shows
that Z7(X) is invariant under the Pachner moves as well. Thus, the transition amplitude
Z7(X) is a topological invariant of a spin surface ¥ with defects. We note that Zr(X)
reduces to the transition amplitude given in [79] when there are no topological defects on
Y. In particular, the transition amplitudes defined above are not identically zero.

We now incorporate fermionic trivalent junctions. Let ¥ be a triangulated spin surface
> with fermionic junctions. We fix the order of the fermionic junctions. The ith fermionic
junction is denoted by f;, which is a Zs-odd morphism of (K, K)-superbimodules. In order
to define the transition amplitude Zp(X), we first consider the transition amplitude on
the punctured spin surface X\ ||; D;, where D; is a small disk around f;. We note that
the boundary of a disk D; is an NS circle, which we regard as an out-boundary. Since
the punctured surface ¥ \ | |; D; only contains bosonic trivalent junctions, the transition
amplitude on ¥\ | |; D; is defined by eq. (4.9):

Zr(2\ |_| D;) : Zp(0inX) — (@ Z1(0D;)) @ Z1(OowsX)- (4.13)

The order of the tensor product on the right-hand side is determined by the order of
fermionic junctions. If we choose a triangulation of ¥ \ ||, D; so that the boundary of
each disk D; consists of three edges, the topological defect network on a disk D; looks like
configurations (4) or (5) in eq. (4.6), where the edges of a triangle are boundary edges
on dD; and the left bottom vertex is chosen as the marked vertex. With this choice of a
triangulation, we define the transition amplitude Z7(X) as follows:

Zr(%) = (@ Fo,) ® iz aum) © Zr(S\ || Dy) (414)

Here, the linear map Ep, is defined by the last two equations of eq. (4.12) in which bosonic
junctions b3? and b3, are replaced by a fermionic junction f;. The topological invariance
of the transition amplitude (4.14) follows from the topological invariance of the transition
amplitude on the punctured surface. We note that Zp(3) depends on the order of fermionic
junctions because of the anti-commutation relation (2.2). We also note that Z7(X) depends
on a spin structure on the punctured surface X \ | |; D; rather than a spin structure on X.
More specifically, the transition amplitude acquires an extra minus sign if we apply the
leaf exchange on a disk D;, which does not change a spin structure on ¥ but changes a
spin structure on the punctured surface ¥\ | |; D;. This corresponds to the fact that the
leaf exchange on D; is equivalent to winding a fermion parity defect around a fermionic
junction f;.

In this way, we can construct fermionic quantum field theories on spin surfaces with
defects. These are fermionic TQFTs with xSM g symmetry because the transition am-
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Figure 4. A triangulation of a cylinder with topological defect X wrapping around a spatial cycle.
The outer triangle is the in-boundary, and the inner triangle is the out-boundary. The black dots
represent marked vertices. The edge indices are determined by the admissibility condition uniquely
up to local moves as eq. (4.15).

plitudes are independent of triangulations of spin surfaces and invariant under continuous
deformations of defects labeled by (K, K)-superbimodules. It would be possible to formulate
these TQFTs as some sort of superfunctors from the supercategory of spin manifolds with
defects to the supercategory of super vector spaces. Rigorously formulating fermionic
TQFTs with superfusion category symmetries from this point of view is beyond the scope
of this manuscript.

Before proceeding, we note that the above definition of the transition amplitudes can be
generalized to spin surfaces with interfaces between different state sum TQFTs. In general,
a topological interface between state sum TQFTs 7}K and 7}K/ is labeled by a (K, K')-
superbimodule. In particular, a topological defect labeled by a (K, K)-superbimodule
can be thought of as a topological interface between the same state sum TQFTs 7}K .
The transition amplitudes on spin surfaces with interfaces are defined just by replacing
(K, K)-superbimodules by (K, K')-superbimodules in the above definition.

4.3 Action of xSM symmetry

Let X be a simple object of xkSM . The action of X on the state space on a circle S)l\ is
defined by the transition amplitude on a cylinder S} x [0, 1] with a topological defect X
wrapping around a spatial cycle, where S){:o and S}\Zl are NS and R circles respectively.
When X € xSMg is a g-type object, we can modify this action by putting a fermionic
point-like defect f on X. The above unmodified and modified actions are denoted by U )’\(;id
and U))‘(; 7 respectively. In this subsection, we will explicitly compute these actions.

Let us first compute the unmodified action U )’\(;id. We can choose a triangulation of a
cylinder as shown in figure 4. The admissibility condition (4.1) determines the edge indices
up to local moves as

S1=8y=83=84=85=8,=85=5=0, sg=1+X\, sa=sp=sc=:s (4.15)

The two solutions labeled by s € {0,1} correspond to spin cylinders with and without a
sheet exchange. In order to identify the solution corresponding to a spin cylinder without a
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sheet exchange, we consider the transition amplitude on a cylinder without a topological
defect, or equivalently the action of a trivial defect X = K. This cylinder amplitude is
denoted by P¥. The string diagram representation of the linear map P¥ is given by [79]

(4.16)

K K K

where the trivalent junctions represent the multiplication my and the comultiplication A,
and the braiding of two strands represents the symmetric braiding isomorphism csuper.27
We note that the superscript s is additive under the composition of linear maps, i.e. we have
P2 o PJt = P32, In particular, the linear map P is an idempotent, which indicates that
the solution s = 0 corresponds to a spin cylinder without a sheet exchange. We can compute
the unmodified action U )’\(;id by wrapping a topological defect X € xSM g around a spatial
cycle of a spin cylinder without a sheet exchange. The linear map U));';id is expressed by the
following string diagram:

5
evk evx

U))\(;id _ = ) (4.17)

R
coeviy coev?}

K K K K KKK

The trivalent junctions in the left diagram represent the left and right K-supermodule
actions on X. The right-hand side is a string diagram written in terms of the left K-
supercomodule action 0% : X — K ® X defined by 6% = (idx ® p%) o ((Ak onK) ®idx),
where p% : K ® X — X is the left K-supermodule action on X. We note that eq. (4.17)
reduces to the cylinder amplitude P/{) when X is a trivial defect K.

For any (K, K)-superbimodule X, we can define another (K, K)-superbimodule ,X by
twisting the left K-action on X by the Zo grading automorphism p of K. More specifically,
the left K-action on ,X is given by ij(a ®x) = pk(pla) ®z) fora € K and x € X. Tt
follows from eq. (4.17) that the action of ,X is related to that of X as

U;\X;id =(-1)Fo U)/\(;id = U))\(;id o (—1)F. (4.18)

Here, (—1)F := P} is the transition amplitude on a spin cylinder with a sheet exchange,
which physically describes the action of the fermion parity symmetry. When X is a trivial

2TThe braiding in the string diagrams appearing in the rest of the paper is always the symmetric braiding

Csuper-
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defect K, eq. (4.18) reduces to U;‘K;id = (—1)¥. This implies that ,K is the generator of
the fermion parity symmetry Z4". Equation (4.18) shows that the fermion parity symmetry
is central, i.e., it commutes with the unmodified action U)’\(;id for any X € xSMkg.

By equipping ,X with the opposite Zs-grading, we can define another
(K, K)-superbimodule I1X, which is oddly isomorphic to X. The (K, K)-superbimodule
isomorphism (x : IIX — X is given by the identity map of the underlying vector space.
Equations (4.17) and (2.6) imply that the action of IIX is related to that of X as follows:

Ule\IX;id - (_I)AU_i\(;id' (419)

In particular, when X is a trivial defect K, the oddly isomorphic defect IIK acts as P)(\) on
the NS sector and —Pf\] on the R sector. This suggests that the topological defect IIK detects
the spin structure on the circle that it winds around. Equation (4.19) implies that the
action of a g-type object X on the R sector vanishes because U)’\(;id = Uf\[X;id = (—1)’\U)’\(;id,
where the first equality follows from the existence of an even isomorphism ITX = X for a
g-type object X. This particularly means that the torus partition function vanishes if a
g-type object X is winding around a spatial cycle equipped with an R spin structure. Thus,
due to the modular invariance, the X-twisted sector has the same number of bosonic states
and fermionic states when X € xSMp is a g-type object. This can also be seen from the
fact that the X-twisted sector has an odd automorphism when X is a g-type object.

We next compute the modified action U )’\(; ¢ of a g-type object X. Since we have
a fermionic point-like defect f on X, the transition amplitude on a cylinder with X
wrapping around a spatial cycle depends on the spin structure on the punctured cylinder.
We can choose a spin structure so that the action U )’\(; s is represented by the string
diagram in eq. (4.17) where p* is replaced by f o p*. This modified action U)’\(; s satisfies
U g‘(; ;= (-DMU 3\(; 7 because moving a fermionic point-like defect f around a topological
defect X by using eq. (2.4) produces a sign (—1)**!. Therefore, the modified action U )A(; 7
on the NS sector vanishes in contrast to the fact that the unmodified action U ))‘(;id vanishes
on the R sector. Thus, we find that the action of a g-type object is given by U f‘(;id on the
NS sector and U))%;f on the R sector. We note that the action of a g-type object on the R
sector anti-commutes with the fermion parity symmetry,?® i.e.

Ug.po (-1)F = —(=1)F o Uz, (4.20)

which implies that the R sector is at least two-fold degenerate if the superfusion category
symmetry xSMp has a g-type object whose action on the R sector is non-zero. However,
we emphasize that the existence of a g-type object in a general superfusion category
symmetry does not imply degenerate ground states. Indeed, the fermionization SRep(Hy)
of a non-anomalous fusion category symmetry Rep(Hg) is an example of a superfusion
category symmetry with g-type objects that admits a non-degenerate ground state.

Let us apply the above linear maps U )/\(;id and U))‘(; s to the ground states of TQFT
7}K . We first write down the ground states of ’7}K , which are in one-to-one correspondence

28The anti-commutation relation between the fermion parity defect and a q-type object is observed in the
example of massless Majorana fermions [55, 65, 123].
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with simple left K-supermodules [69]. The ground state corresponding to a simple left
K-supermodule M is obtained by evaluating the transition amplitude on a cylinder with a
topological boundary condition M imposed on one end of the cylinder. The other end of
the cylinder is regarded as an out-boundary. Since a topological boundary is an interface
between the state sum TQFT 7}K and the trivial TQFT, this transition amplitude is a
linear map from the state space of the trivial TQFT to the state space of 7}K . This linear
map can be canonically identified with a state of 7}K because the state space of the trivial
TQFT is C. The state obtained by this canonical identification is denoted by [M;id),,
where A labels the spin structure on a circle. When a simple K-supermodule M has an odd
automorphism f : M — M, which is unique up to rescaling, we can modify the boundary
condition by putting the fermionic point-like defect f on the topological boundary M. The
state corresponding to this modified boundary condition is denoted by |M; f),. The string
diagram representations of these states are given as follows:

K K K

evh,

|M; B), = , (4.21)

coevl,

where 8 : M — M is either the identity morphism id or the fermionic point-like defect f.
The trivalent junctions in the above diagram represent the left K-supercomodule action on
M, which is defined in the same way as the second equality in eq. (4.17). We note that
the fermion parity of |M; ), is given by the Zo-grading of 3, i.e. we have (—1)I" |M; ), =
(—1)11 B)y. When M has an odd automorphism, the NS sector state |M; f),_, and
the R sector state |M;id),_, vanish due to the equalities |M; f), = (=1) " |M; f), and
|M;id), = (—=1)*|M;id),.2” Therefore, states in the NS and R sectors are both in one-
to-one correspondence with simple K-supermodules. Although we can also define a state
|N; B) for a non-simple K-supermodule N and a general supermodule morphism 5 : N — N
by replacing M by N in eq. (4.21), such a state is not linearly independent of the ground
states labeled by simple K-supermodules.

The action of a simple topological defect X € xSM on the ground states (4.21) can
be computed as follows:

Ui |IM; B)y = |X @K M;a®k B)y . (4.22)

Here, o : X — X is a point-like defect on X and 8 : M — M is a point-like defect on
M. Since X and M are a simple (K, K)-superbimodule and a simple K-supermodule
respectively, the point-like defects a and (8 are either the identity morphism or an odd
automorphism f unique up to scalar multiplication. The expression (4.22) is also valid for
non-simple topological defects X € xSM g and a general point-like defect o : X — X.

29Tn particular, the NS sector does not have fermionic states (69, 124].
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4.4 Fermionic TQFTs with SRep(H") symmetry

In this subsection, we show that the fermionization of a bosonic state sum TQFT with
Rep(H) symmetry is a fermionic state sum TQFT with SRep(H") symmetry, where H is a
weak Hopf algebra and H" is a weak Hopf superalgebra defined in section 3. This verifies
the fermionization formula of fusion category symmetries proposed in section 3.

We first recall the state sum construction of bosonic TQFTs with Rep(H) symmetry.
As shown in [23], the bosonic state sum TQFT ’EK constructed from a semisimple algebra
K has a (multi-)fusion category symmetry x My described by the category of (K, K)-
bimodules. When the input algebra K is a left H-comodule algebra, the x M symmetry
can be pulled back to Rep(H) by a tensor functor F : Rep(H) — g Mg [32]. Since the
pullback of a fusion category symmetry leaves the underlying TQFT unchanged, the state
sum TQFT TX has Rep(H) symmetry if K is a left H-comodule algebra. We note that
any indecomposable semisimple bosonic TQFTs with Rep(H) symmetry can be constructed
in this way [32].3

In order to fermionize a bosonic TQFT TX with Rep(H) symmetry, we specify a
non-anomalous Zs subgroup that we use for the fermionization. A bosonic TQFT 7ZK with
Rep(H ) symmetry has a non-anomalous Zg subgroup symmetry when the input algebra K
is equipped with a Zo-grading p : K — K [75, 76]. The generator of this Zs subgroup is a
representation V' € Rep(H) such that F (V) = ,K, namely the generator V is the pullback
of a (K, K)-bimodule ,K € gMg. On the other hand, as we discussed in section 3, a fusion
category symmetry Rep(H ) has a non-anomalous Z4 subgroup generated by V,, € Rep(H)
if the dual weak Hopf algebra H* has a Zy group-like element v € H*. This Z4 subgroup is
associated with the following Zs-grading p on the input left H-comodule algebra K:

p=(u®idg) o s, (4.23)

where 6% : K — H® K is the H-comodule action on K. Indeed, the generator V,, € Rep(H)
can be viewed as the pullback of a (K, K)-bimodule , K € g Mg because we have a (K, K)-
bimodule isomorphism e®idg : F(Vy,) = V,®K — ,K. A semisimple algebra K equipped
with the above Zs-grading is denoted by K, which is a semisimple superalgebra because
the multiplication and unit of K are even with respect to the Zs-grading (4.23). The
fermionization of a bosonic TQFT 7;,K with respect to Z§ subgroup symmetry is a fermionic
TQFT 7}Ku as we discussed at the end of section 4.1.

The symmetry of 7}K “ can be understood in terms of pullback just as in the bosonic case.
When K is a left H-comodule algebra, as we will see in appendix B, a semisimple superalgebra
K" becomes a left H"-supercomodule algebra, where the left H"“-supercomodule action on
K" is given by §%L. Therefore, we have a supertensor functor Fu : SRep(H") — xuSMfu,
which enables us to pull back the guSMgu symmetry that we discussed in detail in
section 4.2. Since the pullback of the symmetry leaves the underlying TQFT unaffected,
the fermionic TQFT 7}K " has a superfusion category symmetry SRep(H*). This shows the
fermionization formula of fusion category symmetries.

30Semisimple 2d TQFTs include unitary 2d TQFTs [31, 75].
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Let us explicitly compute the action of a topological defect V' € SRep(H") on the
state space on a circle S}\. The action of V' is denoted by L{‘)};a, where oo : V — Vis a
point-like defect on V. Since the SRep(H") symmetry of a fermionic TQFT 7}K “ is obtained
as the pullback of the gxuSMgu« symmetry by a supertensor functor Fru, the action of
V € SRep(H") reduces to the action of Fru(V) € guSMgu. Therefore, a topological
defect V acts on the ground states (4.21) as

u&;a |M; B>>\ = |Fru(V) @guv M; Fru(a) @gu 5>>\ = |[VeM; 04®5>>\a (4.24)

where ® : SRep(H") X guSM — guSM is the SRep(H")-supermodule action on guSM.

Since a left K“-supermodule M labelling a ground state (4.21) is a topological boundary
condition of 7}K ", eq. (4.24) implies that the category of boundary conditions of 7}K “is an
SRep(H")-supermodule category g«SM. On the other hand, the category of boundary con-
ditions of the original bosonic TQFT T,X is a Rep(H )-module category M [32]. Therefore,
we find that the fermionization of a Rep(H )-symmetric bosonic TQFT whose category of
boundary conditions is a Rep(H )-module category .M is an SRep(H")-symmetric fermionic
TQFT whose category of boundary conditions is an SRep(H")-supermodule category x«SM.
This gives a map between Rep(H )-module categories and SRep(H")-supermodule categories.

4.5 Hamiltonians with superfusion category symmetries on the lattice

We can construct lattice models of gapped phases described by fermionic TQFTs 7}Ku
in the low-energy limit. In this subsection, we explicitly write down the Hamiltonians of
these lattice models and discuss the superfusion category symmetries on the lattice. For
simplicity, we will restrict our attention to non-anomalous symmetries SRep(H") where H*
is a Hopf superalgebra. We expect that the Hamiltonians of these models are Hermitian if
the corresponding topological field theories are unitary.

Let N be the number of lattice sites. The state space K;* on the ith site is given by a
left H"-supercomodule algebra K defined in the previous subsection, namely K} is a left
H-comodule algebra K equipped with a Zs-grading (4.23). We suppose that K" is chosen
so that the action of SRep(H*) symmetry defined below becomes faithful on the lattice.?!
The Hamiltonian H) on a circular lattice with a spin structure A is of the form

A
Hy =Y (1—=hi1), (4.25)
i
where A = 0 on an NS circle and A = 1 on an R circle. The interaction terms h?l 41 between
the neighboring sites are given by

P Agomg : KI' @ Ki' 1 — K @ K4 for i # N,
R (idg ® pM1) o A omp o (idg @ M)t K% @ K¥ — K% @ K for i = N,
(4.26)

where p : K* — K" is the Zs-grading automorphism (4.23). The above Hamiltonian is

a fermionic analogue of the bosonic Hamiltonian in [32].32 The interaction terms hfl 11

31We can always choose K so that the symmetry acts faithfully as in the bosonic case [32].
32The Hamiltonians for bosonic state sum TQFTs in general dimensions are given in [125, 126].
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are commuting projectors because a semisimple (super)algebra K* is a Frobenius algebra
satisfying eq. (2.16). Thus, the ground states of the Hamiltonian (4.25) form a subspace
of the state space invariant under each projector. This ground state subspace agrees with
the state space of fermionic TQFT TfK “ on a circle S)l\ because the cylinder amplitude Pﬁ\)
given by eq. (4.16) is the composition of commuting projectors h?z 41 for all i. Therefore,
the ground states of the Hamiltonian (4.25) are given by eq. (4.21). As shown in [79], the
number of ground states is equal to the dimension of the Zs-graded center of K, which
is also equal to the number of simple K-supermodules. This implies that equation (4.21)
exhausts all ground states.?® The one-to-one correspondence between the ground states
and simple K-supermodules are also discussed in [69].

We define the symmetry operator LA@};Q ' QK — Q,; K for Ve SRep(H") and
a: V. — V by the following string diagram:

evh

(4.27)

kY &P K K Ky i

The second equality follows from the definition of the right H“-action on V induced by the
left H"-action on V*. Specifically, the right H"-action p@ V@ HY — V is defined by

plt = (evl @idy) o (idy ® phe ®@idy) o (idy ® idyu @ coevil), (4.28)

where p‘L/* HYQV* — V* is the left H"-action on V*. We note that a morphism a: V — V
commutes with the right H"-action (4.28) because the dual of o commutes with the left
‘H"-action on V*. For a simple object V' € SRep(H"), a point-like defect « in eq. (4.27) is
either the identity morphism id or a Zs-odd automorphism f. When V' is a g-type object,
the symmetry action on the lattice satisfies LA{‘)};:fO = L?é:lé = 0 just as the corresponding
operators of TQFT TfKu satisfy Ll{}ffo = U(ﬁ& = 0. The composition of operators defined
by eq. (4.27) are compatible with the monoidal structure on SRep(H"), namely we have
a‘i\';a ° Zj\)}’;a’ = a‘/}@)V’;OJ@O/’

The symmetry action (4.27) commutes with the Hamiltonian (4.25). The commutativity
of the symmetry action Z/A{{>;a and the commuting projector hf‘z 41 for i # N follows from
the equality

U
My

= , (4.29)

K i+1 K K

%

33We recall that eq. (4.21) is non-zero for either 8 = id or 8 = f.
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which we can show in the same way as the bosonic case [32]. In order to show that LAI‘)} o
also commutes with h?‘v,p we write the equation af} ahf‘v’l = hf‘v’lljl‘)}; ,, in terms of string
diagrams as

e

(4.30)

Ky Kt
where the blob represents the action of H* coacting on Ki“?ﬂ’ - The above equation reduces
to eq. (4.29) due to the equality

L
evy

«

p)\

: (4.31)

coevii Ky Kt coevit Ky Kt

which follows from eqs. (4.28), (2.3), and (2.14). Therefore, the symmetry action Z/A{(>;a also
commutes with hi\v,l- This shows that the Hamiltonian (4.25) has a superfusion category
symmetry SRep(H") on the lattice.

Finally, we argue that the action of Z/A{é;a on the ground states of the Hamiltonian (4.25)
agrees with the action of the corresponding operator L{é;a of a fermionic TQFT 7}K “. To
this end, we compute the actions of ﬁﬁ/ ., and U{>; o, on the dual vector space of the ground
state subspace. States in the dual vector space are denoted by » (N;~|, where N is a simple
right K“-supermodule and v : N — N is a right K“-supermodule morphism. A dual state
A (N; | is the transition amplitude on a cylinder whose boundary circles consist of an
in-boundary and a topological boundary, where N and « represent a boundary condition
and a point-like defect on the topological boundary. In string diagram notation, a dual
state  (IN;7| can be written as

A (N3] = , (4.32)

Ki' Ky Ky

— 44 —



which are the wave function of a fermionic matrix product state [69, 127]. Since N is
simple, v is the identity morphism id or a unique Zs-odd automorphism f. We note
that yx—o (IV; f| = x=1 (N;id| = 0 if N has an odd automorphism f. The action of Z/A{‘)};a
on a dual state (4.32) is computed as (N;'y\Z/Al‘A/;a = A (V®V;y® al, where the right
K"-supermodule structure on N ® V is defined via the left H“-supercomodule action on
K*. On the other hand, the symmetry operator Z/{‘)};a of a fermionic TQFT 7}K “ acts on a
dual state ) (N;v| as

MN Y Uy = A (N ®@kw Fru(V);y ®ku Fru(a)] = x (N @ Viy @ al, (4.33)

where we used the isomorphism of right K*“-supermodules N @ gu Fru(V) = N Qgu (V ®
K%)= N@gu (K*®V) & N® V.3 Therefore, we find that the operators LA{‘)};Q and
Z/{{>;a, which are defined in lattice models and TQFTs respectively, acts on the dual of the
ground state subspace in the same way. In particular, we have ) (IV ;*y\ﬁé;a |M; ), =
A (N;7|Z/{‘>);a |M; 3), for any  (N;~v| and |M; 3),. This shows that L?"};a is equal to L{é;a
when it acts on the ground states.
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A Weak Hopf superalgebra structure on H*

In this appendix, we show that the super vector space H" equipped with the structure
maps defined in section 3.2 is a weak Hopf superalgebra. Throughout this section, we will
use the string diagram notation introduced in section 3. In string diagrams, the symmetric
braiding csuper 0f super vector spaces will be represented by a crossing with a black dot,
whereas the trivial braiding c,iv Wwill be represented by a crossing without a black dot.

We first recall the definition of H*. Let H be a finite dimensional semisimple weak
Hopf algebra with structure maps (m,n, A, ¢, S), and let w € H* be a Zy group-like element
of the dual weak Hopf algebra H*. A Zy group-like element u € H* is a non-zero element
of H* that satisfies the following properties:

u € u eu uUe U € u ou €
ml" _ _ VT 1)

As described in section 3.2, the weak Hopf superalgebra H" and its structure maps are
defined as follows:

34The second isomorphism follows from V* ® K% = Fru(V*) = Fru(V)* 2 (K*)* @ V* 2 K* @ V*,
where the first and the third isomorphisms follow from the definition of Fx«, the second isomorphism is

due to the fact that Fx« is a supertensor functor, and the last isomorphism is given by the superalgebra
isomorphism (2.21).
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e The underlying vector space of H" is H.

o The Zo-grading automorphism p,, : H* — H" is defined by eq. (3.3):

pu+ _ “w/ " (A2)

e The multiplication m,, : H* @ H* — H" is defined by eq.

- h

o The antipode S, : H* — H" is defined by eq. (3.5):

Sue — “'a'\{»S. (A.4)

a a
e The comultiplication A, counit €, and unit 1 are the same as those of H.

Now, we show that H" is a weak Hopf superalgebra.

Even structure maps. To begin with, we show that the structure maps of H" are even
with respect to the Zg-grading (A.2). It suffices to show that the Zg group-like element
u € H* and the structure maps of the original Weak Hopf algebra H are even. The element
u is even due to the second equation in eq. . The multiplication m is even because

B e

The comultiplication A is even due to the coassociativity of A and the second equation in

eq. (A.1): .
W wy T - | (A.6)
u u u “

The antipode S is also even, which follows from the fact that S is an algebra and coalgebra

U S
S U U %

The unit n and counit € are automatically even because the multiplication m and comulti-

homomorphism:

plication A are even. Therefore, the structure maps of H" are all even.
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Superalgebra and supercoalgebra structures. Next, we show that (H"*,m,,n) is an
associative unital superalgebra and (H", A, €) is a coassociative counital supercoalgebra.
The associativity of the multiplication m, is an immediate consequence of the definition of

My,
o My,
mu pr— pu— pr— pu— mu .
ulbel lel
a b c a b c a b ¢

The unit n of the original weak Hopf algebra behaves also as the unit of H":

(J\ ﬁﬁ = %R = h7 (A8)

where 1 :=n(1) € H*. In the second equality of the above equation, we used the relation
(id ® u) o A oy = n, which can be derived as follows:

e i &

The third and last equalities follow from the fact that the unit n is even. The above
computations show that (H“, m,,n) is an associative unital superalgebra. It is obvious that
(H", A €) is a coassociative counital supercoalgebra because the comultiplication A and
counit € are the same as those of the original weak Hopf algebra H.

Weak Hopf superalgebra structure. Finally, we show that the structure maps
(my,m, A€, S,) satisfy the defining properties of a weak Hopf superalgebra, namely,
eqs. (2.31)—(2.34) where the trivial braiding ¢ty is replaced by the symmetric braiding
Csuper- Equation (2.31) can be checked by the same computation as in the case of Hopf
algebra, cf. eq. (3.8). Equation (2.32) is shown by a direct computation as follows:

m uen My,

My, = = ,
a b c a b c
um My, My

csuper
mu == pr
a b c a b c
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Here, we used the Sweedler notation A(b) = b1y ® b(2). The last equality of the first line is
due to the fact that € o my(b2) ® ¢) vanishes unless [b2)c| = 0. Similarly, the last equality
of the second line is because € o my(b(1) ® c) vanishes unless [b(;)c| = 0. We can also show
eq. (2.33) analogously. Equation (2.34) can be derived as follows:

My,

n

— Csuper

This completes the proof of the weak Hopf superalgebra structure on H".

B Supercomodule algebra structure on K“

In this appendix, we show that the semisimple superalgebra K" defined in section 4.4 is an
‘HY-supercomodule algebra, where H" is a weak Hopf superalgebra defined in section 3.2.
As in appendix A, the symmetric braiding cguper and trivial braiding ctiy are represented
by a crossing with and without a black dot respectively in string diagrams.

We first recall the definition of K“. Let K be a left H-comodule algebra, where H is
a finite dimensional semisimple weak Hopf algebra. The multiplication and unit of K are
denoted by mg and ng respectively, and the left H-comodule structure on K is denoted
by 68 : K — H ® K. We define a Zs-grading p : K — K using a Zg group-like element
u € H* as in eq. (4.23). This Zs-grading is represented by the following string diagram:

= o | (B.1)
ot - N
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where the black strand corresponds to K and the red strand corresponds to H. An algebra
(K, mg,nK) equipped with the above Zs-grading p is denoted by K“. We define a left
‘H"-coaction on K* by 5%.35

Even structure maps. The structure maps (mg, nx, 6%) are even with respect to the
Zo-grading (B.1). Indeed, the following computation shows that the multiplication mg and
left H"-coaction 64t are even:

: ?ﬁ\)\%\/ﬂ o
u
ul= 4 | (B.3)
U

The unit ng is automatically even because the multiplication mg is even.

Supercomodule algebra structure. Since the structure maps are even, the algebra
(K", mp,nK) is a superalgebra and (K%, %) is an H"-supercomodule. Therefore, to prove
that K* is an ‘H"-supercomodule algebra, it suffices to show that the algebra structure
and the comodule structure are compatible with each other in the sense of eq. (2.35).%6
The compatibility between the multiplication mg and coaction 5% can be seen from the

Ly ey

The unit 7y is also compatible with the coaction 0¥ because we have

ultol M, m
u
C
# — — super g Csuper , (B5)

where 1 := (1) € H". The first equality follows from the definition of a left H-comodule
algebra, and the last equality is due to the fact that the unit 7 is Zo-even. Equations (B.4)
and (B.5) show that K" is an H"-supercomodule algebra.

following equation:

35This is possible because H" is H as a coalgebra and K* is K as a vector space.
36Precisely, the trivial braiding ceiv in eq. (2.35) needs to be replaced by the symmetric braiding csuper-
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C Fusion rules of superfusion category symmetries

In this appendix, we derive the fusion rules of the superfusion categories discussed in
section 3.3.

C.1 Fusion rules of SRep(’H?CL[G]*)

We recall that the Hopf superalgebra HE[G]* has one-dimensional super representations
V, =2 C'° for g € C(u) and two-dimensional super representations W, for g ¢ C(u). The
two-dimensional super representation W, is evenly isomorphic to W4, and oddly isomorphic
to Wy, and W4, namely, we have even isomorphisms Wy, = W4, = [IWy,, = [IW,,. In the
following, we will compute the fusion rules of these irreducible super representations. We
will follow the definitions and the notations used in section 3.3.1.

The fusion rule of V; and V},. Let us first compute the fusion rule of one-dimensional su-
per representations V; and Vj,. The action of I € ”H%[G]* on the tensor product representation
Vy ® Vj, is computed as

~

A(l) “ Vg Qv = (5lyghvg & V.- (Cl)
This implies that V;, ® V}, is evenly isomorphic to Vg, i.e. we have V, @ V}, = V.

The fusion rule of V; and W},. The action of le H}é[G}* on Vg ® W, is given by

~

A( )-Ug®wh = 6lvghvg ®ﬁwh+5l,ughuv9®%wh+6l7ghuvg®@wh+5l,ughvg®@wh, (C.2)

where we used the fact that ¢ € Cg(u) commutes with u. This equation implies that
the linear map vy ® wy, = wyy, gives an even isomorphism between super representations
Vg ® Wy, and Wyy,. Therefore, we have Vy ® Wj, = Wy;,. Similarly, the action of [ € ”H%[G]*
on W, ® V}, is given by

A(l) - wyg @ vy = 01, ghgwg @ UV + 01 ughuUGuWg @ Vh + 61 ghu JUwg @ v + 01 ugnUgwy @ vy, (C.3)

which implies that the linear map wy ® vy, — wyy, gives an even isomorphism W, @V}, = Wy,.

The fusion rule of W, and W},. The action of le H}é[G}* on Wy, ® Wy, is given by

- 1 —  — —
A(l) - (wg)s @ (wp)e = Z(Zh_l +luh= u + luh=1 4+ Th=1u) (wg) s ® (wp)y

bo— — —
+ —(Ih=! + luh=tu — luh=t — Ih=1u)(wy) s ® (wp):

. (C.4)
+ Z(l/r1 — luh=tu+ luh=t — Ih=1u)(wy)s ® (wp)—¢

t —
+ Sz(lh_1 — luh='u — luh=t 4+ Ih=u) (wy) s ® (wp)—t,

where s,t = =+1 represents the Zj-grading of (wg)s and (wp);. We note that an ele-

ment [ acts non-trivially on W, ® W}, only when [ is in a set {gh,ughu, ghu,ugh} U
{uguh, guhu, uguhu, guh}. This set depends on whether gh and uguh commute with w.
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Accordingly, the fusion rule of W, and W}, is divided into four cases. Let us investigate
these cases one by one.

When both gh and uguh commute with u, the subalgebra of H}é[G}* that acts non-

trivially on Wy ® W}, is spanned by { gh, g/h\u} LU {u/g-zﬁl, g/u\h} Since this subalgebra only has
one-dimensional irreducible super representations, the four-dimensional super representation
Wy@W), can be decomposed into the direct sum of four one-dimensional super representations
associated with é?z, g/fﬁé, @, and g/u71 More specifically, the non-trivial action of

le H%[G]* is summarized as

A(gh) - [(wg)+ @ (wn)+ + (wg) - ® (wh)-] = (wg)+ @ (wh)+ + (wg) - @ (wh)—,
Aghu) - (g)+ © (1) + (09)- © (wn)-] = () @ Cun) + ()@ (wn)e
A(uguh) - [(wg)4 @ (wh)4 — (wg) - @ (wp)-] = (wg)4 ® (wh)+ — (wg)- @ (wp) -,
A(guh) - [(wg)+ @ (wp) - — (wg)— @ (wn)+] = (wg)+ @ (wh)- — (wg)— @ (wp)+-
This shows that we have an even isomorphism of super representations
Wg ® Wh = %h S Vuguh 52 Hviqhu 52 H‘/;]uh (06)

When only gh commutes with u, the subalgebra of H%[G]* that acts non-trivially on
W, @ W), is spanned by {ﬁz,g/h\u} L {@z,@,@,g/z—ﬁz} The action of ﬁ and g/h\u
are given by the first two equalities in eq. (C.5), which implies that the tensor product
representation W, ® W), contains one-dimensional super representations Vg, and I1Vjp,,.
The remaining two-dimensional subspace spanned by (wg)4+ ® (wp)+ — (wg)— ® (wp)— and
(wg)+ @ (wp)— — (wg)— @ (wp)+ becomes an irreducible super representation Wgypn, on
which H}é[G]* acts as

Lugun[(wg)+ ® (wp)+ — (wg)— @ (wn) -] = (wg)+ ® (wp)- — (wg)- @ (wa)+,
Lugun[(wg)+ @ (wh)— — (wg) = @ (wp)+] = (wg)4+ @ (wp)+ — (wg)- @ (wp)-, )
]‘—‘{uguh[(wg)Jr ® (wp)y — (wg), ® (wh)-] = (wg)+ ® (wp)— — (wg), ® (wp)+,
ugunl(Wg)+ @ (W)= = (wg)— ® (wr)+] = ~[(wg)4+ ® (wp)+ — (wy)- & (wn)-]
Therefore, we have an even isomorphism of super representations
Wg & Wh = V;;h @ HVVghu @ Wuguh~ (08)

When only uguh commutes with u, the subalgebra of ’H}é[G]* that acts non-trivially
on Wy, ® W), is spanned by {g}ﬁ,@,gfhﬂ,@} L {u/gaz,g/ﬂz} The action of 1@1 and
guh are given by the last two equalities in eq. (C.5), which implies that the tensor product
representation Wy ® W), contains one-dimensional super representations Vy,g,n, and IIVg,,.
The remaining two-dimensional subspace spanned by (wg)+ ® (wp)+ + (wg)— ® (wp)— and
(wg)+ ® (wp) - + (wg)— ® (wp)+ is an irreducible super representation Wy, on which Hejq)-
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acts as

nl(wg)+ @ (wn) 4 + (wg) - @ (wn) -] = (wg)+ @ (wn)— + (wg) - @ (wh)+,
Lgn[(wg)t ® (wh)- + (wg) - @ (wp)+] = (wg)4 @ (wh)+ + (wg) - @ (wp) -, (C9)
Tonl(wg)+ @ (wn)+ + (wg)— @ (wn)-] = (wg)4 ® (wn)- + (wg) - ® (wh)+,
anl(Wg)+ ® (wn)— + (wg)— ® (wn)+] = —[(wg)+ ® (wn)+ + (wg)- ® (wp)-].
Therefore, we have an even isomorphism of super representations
Wy @ Wi, = Wyn @ Vigun @ UVgyp. (C.10)

Finally, when both gh and uguh do not commute with u, the subalgebra of HC[G} that
acts non-trivially on W,&@W}, is spanned by {gh, ughu, ghu, ugh}l_l{uguh, guhu, W, guh}.
The action of this subalgebra on W, ® W}, is given by egs. (C.7) and (C.9). Therefore, we
have an even isomorphism of super representations

Wg QW = Wgh S5 Wuguh- (C.ll)
C.2 Fusion rules of SRep(Hy)

The Hopf superalgebra H§ has four one-dimensional super representations V; labeled by
1 <4 <4 and two two-dimensional super representations W and Ws. The one-dimensional
super representation V; is a super vector space C19 on which the idempotent e; € Hg acts
as the identity and e; € Hg acts as zero if j # ¢. The two-dimensional super representation
W, is a super vector space C!' on which the subalgebra of ‘Hg¢ spanned by es and e7 acts
non-trivially and e;j.5 7 acts as zero. The action of e5 and e; on Wy is given by

es Wy = Wy, €7 Wi = W, (C.12)

where wy and w_ are Zs-even and Zs-odd elements of Wi. Similarly, the two-dimensional
super representation Wy is a super vector space C!I' on which the subalgebra of ‘H§ spanned
by e and eg acts analogously to eq. (C.12) and ej¢ g acts as zero.

In order to derive the fusion rules, we first compute the comultiplication of Hg. A
direct computation shows that the comultiplication is given by

1 1
Aler) =e1®eq ‘|‘€2®€2+€3®€3+64®€4+§(65®65—U(Z)€7®€7)—|—§(€6®66+U(Z)68®68),

1 1
Ale2) = €1®e2+€2®€1+€3®€4+€4®€3+§(€5®€5+u(2>€7®€7)+5(66®€G—U(Z)68®68),

1
A(e3) =e1®ez+ea®es+e3®ey +€4®€2+§(€5®€6+66®65+u(2>67®68—u(2)68®67),
1
Aleg) =€ ®64+62®63+63®82+64®61+§(€5®66+66®65—u(2)67®€8+u(z)88®67),
A

es e1+e2)Res+(e3+eq4)eg+e;8(e1+e2)+egX(es+eq),

>

>

er e1—eg)®ert+(eg—eq)Vegter®(e;—ez)—eg®(es—eq),

(e5)=( ) ( ) ( ) ( )
(e6) = (e1+e2)Deg+(e3+eq)Des+esD (e3+eq)+e6@ (1 +e),
(e7) = ( ) ( ) ( ) ( )
Ales) = ( ) ( ) ( ) ( )-

es e1—ez)Reg+(es—eq)Rer—erR(es—eq)teg®(e1—er

(C.13)
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Let us derive the fusion rules of irreducible super representations of Hg based on the above
expression of the comultiplication.

The fusion rule of V; and V;. An element e;, € ‘Hg acts non-trivially on the tensor
product representation V; ® V; only if the comultiplication A(ey) contains e; ® e;. When
er, acts non-trivially on V; ® Vj}, this is the unique element (up to scalar multiplication)
that acts non-trivially on V; ® V; because the tensor product of one-dimensional super
representations V; and Vj is also one-dimensional. This gives an even isomorphism of super
representations V; ® V; = Vj.. More specifically, we have the following fusion rules:

VeVi2V,ei 2V, %weh2hehVieh=l, Whol2holh2V,,
(C.14)

The fusion rule of V; and W;. An element ¢;, € Hg acts non-trivially on V; ® Wi only
if the comultiplication A(ex) contains e; ® e5 or e; ® ey. Similarly, an element e € HY
acts non-trivially on Wi ® V; only if the comultiplication A(ex) contains e5 ® e; or ey ® e;.
These facts completely determine the fusion rules of V; and W as follows:

VieWi=2WheW 2W2W Vi =W e Vs,

(C.15)
VWi 2ViaW W 2W V3 =W, ® V.

The fusion rules of V; and Wy are uniquely determined by the associativity of the fusion
rules.

The fusion rule of W; and W;. We only need to consider the fusion of W; with
itself because the associativity of the fusion rules uniquely determines the other fusion
rules. An element e, € H§ acts non-trivially on Wi ® W; only if the comultiplication
A(ey) contains at least one of e ® e5, €5 ® e7, e7 ® e5, and e7 ® e7. As we can see from
eq. (C.13), the elements that satisfy this condition are e; and ea. Therefore, the tensor
product representation W; @ Wj only contains one-dimensional super representations V7,
V5, and their oddly isomorphic variants IIV; and I1Vs. More specifically, the non-trivial
action of e; and ey on W1 ® Wy is given by

Aler) - [wy @uwi —u(2)w- @w_] =wy @wy —u(z)w_ Qw_,
Aler) - [wy @w_ —u(z)w_ @wy] =wy @w_ —u(z)w- @ wq, (C.16)
Ale2) - [wy @ wy +u(2)w- @w_] = wy @wy +u(z)w_ @ w_,
Ales) - [ws @ w_ + u(z)w_ ®ws] = wy @ w_ +u(z)w_ @ wy
This implies that we have an even isomorphism of super representations
WieW, =V,eVeallV; @11V, (C.17)

C.3 Fusion rules of SRep(%%z,x,e)

A weak Hopf superalgebra H has two three-dimensional super representations V, = c2i

u

ZQ7X,€
labeled by g € Zs and two four-dimensional super representations W, = C2? labeled by
s = 1. The actions of HQZLM’E on these super representations are defined by eqgs. (3.53)

and (3.54). In the following, we compute the fusion rules of these super representations.
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The fusion rule of V; and V};,. The tensor product representation V; XV}, is obtained
by projecting the vector space V; ® V}, to the image of the action of the unit element

77(1) € H%Q,X,G'
given in section 3.3.4, we can compute the action of (1) on V, ® V}, as

Based on the definitions of the unit and the comultiplication of H7, .

A1) Y capvd @ ol
a?/B

Clq T (_1)6h’ucu au (018)
- ) ua

vf @ vy + (=1)"0) @ vft,] + Cm v, @ vy,

a€loa

where c,g is an arbitrary complex number. The above equation implies that the tensor
product representation V, XV}, is spanned by two Za-even elements v{ @ v} 4 (—1)%mv v @ vl
and vJ, ® v!', and a Zy-odd element v @ vl + (—1)%vvI @ v}. Therefore, V, XV}, = C2!
is a three-dimensional super representation, which is evenly isomorphic to either V; or V.
In order to identify this super representation, we compute the action of :L‘lmm € My, ye O
v, @ vl € V, XV

Azh,,) - vd @ vl = 6 gpvd, @ vl (C.19)

This indicates that V, XV}, contains a three-dimensional super representation V. Since
Vy X'V}, itself is three-dimensional, we have an even isomorphism of super representations

V, R Vi, = V. (C.20)

The fusion rule of V; and W,. We first consider the tensor product representation
Vy W W;. The action of the unit 7(1) on a general element of V, ® Wy is computed as

A1)+ Y chgvh ® (whp

a,B,p

_ C.21)

cp +Cup S S S (

= > | o] @ (w)p + v © (wf)—p] + & v, © (W), |
p

2

where 5 is an arbitrary complex number. The above equation implies that V, X Wj is a
four-dimensional super representation spanned by {v{ @ (w{), + v ® (w})—p, v, @ (w?)y |
p = +1}. Hence, V; X W, is isomorphic to either W, or W_. Furthermore, the action of
(:L‘%’lf’)Jr € Hp, \ .. on vj, ® (wg), € Vg W Wy is computed as

1+ st(—1)%w

A((@2)1) - v, © (w3), >

11 ’Ugn ® (w%)lh (C22)

which indicates that V,; X W, contains a four-dimensional super representation Ws(fl)ag’u.
Therefore, we have isomorphisms of super representations

VIRW, =W, V,XW,~W_,. (C.23)
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We can also compute the tensor product representation Wy X'V, similarly. The action of
the unit 7(1) on a general element of Wy ® Vj, is given by

A(n(1)) - Y chp(wi)p ® vf

a,B8,p
& +isp(=1)%c?
. dg.u
=3 [ () @ of — dsp(— 1) (w])p @ 0] + e (w])y @ |
p

(C.24)
which implies that Wy XV} is a four-dimensional super representation spanned by {(w%)p ®
v — isp(—1)du (wl)—p @ vf, (wi)p @ vy, | p = £1}. Furthermore, W XV, contains a four-

dimensional super representation W _;)s,. because (") 4 acts on (wf), ® v9, € W, K Vy

as
m s 1+ St(il)égyu s
A7) 1) - (wh)p @ vg, = #(wl)p ® Vg, (C.25)
Therefore, we have isomorphisms of super representations
WsRVE =W, WKV, =ZW_,. (C.26)

The fusion rule of W and W;. The unit element n(1) acts on a general element of
WS ® Wt as

A(n(1)) - Z ngﬁ(wgz)p ® (wtﬁ)q
a,8,p,q
+7q s ——q
e+ iscs ]
=D Fwi)p® (wh)g + ) g (w)+ @ (wh)g —is(w)) - ® (wh) ),
pq q

This implies that WX W} is a six-dimensional super representation spanned by (w?),® (w%)q
and (w?) 1 ® (wi)g —is(w?)- @ (wi)_q for p, ¢ = £1. Therefore, WK W; can be decomposed
into the direct sum of two three-dimensional super representations. Since Wy X W, has an
odd automorphism due to the fact that Wy and W; are g-type objects, a six-dimensional
super representation WX W, is isomorphic to either V3 ®I1V; or V,,®I1V,,. This isomorphism
is determined by computing the action of M7, xe 00 W W, Specifically, it turns out
that z9, € Hi, v acts non-trivially on (wf), ® (w%)q € Wy’ W, if st = (—1)%, which
indicates that Wy W W; contains V; if s = t and V,, if s = —t. Therefore, we find the
following isomorphisms of super representations:

W KXW, =ViallV,, W;RW_,=V,allV,. (C.28)
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