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1 Introduction

The double copy is a family of correspondences between gravitational and gauge theories
with origins in string theory [1] that can be summarized schematically as

gravity = gauge ⊗ gauge.

Years after the initial discovery that closed string amplitudes can be factorized into a
product of open string amplitudes, a new manifestation of the double copy was discovered
in the form of color-kinematics duality, where a kinematic identity analogous to the Jacobi
identity for color factors was introduced to argue that the Kawai-Lewellen-Tye (KLT)
relations of [1] are equivalent to a “diagram-by-diagram numerator ‘squaring’ relation with
gauge theory” [2]. This relationship greatly simplifies calculations in gravity, and has
provided useful insight into gauge theory calculations. It has been proven at tree level for
Yang-Mills theory and Einstein gravity amplitudes [3], and in various limits and cases with
extra symmetry at higher loop level [4–9], however a general exact equivalence at all orders
has yet to be found. For a recent review on the subject of the double copy, see [10].

In an effort to understand how general this double copy relationship is, a proliferation
of similar approaches has been initiated in recent years, particularly relating exact non-
perturbative classical solutions of gauge theory and gravity [11–92]. The first classical
“Kerr-Schild” double copy was introduced in [11], where stationary, vacuum solutions of
Einstein’s equations of Kerr-Schild type were mapped to solutions of the vacuum Maxwell’s
equations. Since then, many other classical double copies have been proposed, including
one called the Newman-Penrose map, which we introduced in [12] and elaborated upon
in [13] using the language of twistors.
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The Newman-Penrose map associates a self-dual solution of the vacuum Maxwell
equations with a solution of the Einstein equations in Kerr-Schild form. Unlike other
versions of the double copy, including the Kerr-Schild double copy, this map generically
applies to gravitational solutions that are not necessarily stationary or vacuum. When
other versions of the double copy and the Newman-Penrose map are both defined, they
agree in all known examples, although a general proof of their equivalence has not been
conclusively established.

In this note, we apply concepts from the Newman-Penrose map in an exploratory
manner to a family of spacetimes for which the Newman-Penrose map is not well defined a
priori. In particular, we consider the Kerr-Taub-NUT-(A)dS family, which is Petrov type D,
and which can be given a double Kerr-Schild form after analytic continuation to Kleinian
signature [93]. A straightforward application of the Newman-Penrose map to each of the
null, geodesic and shear-free Kerr-Schild vectors leads to a complex self-dual gauge field
whose real part agrees with previous double copy studies of the same metric. The resulting
field strength is shown to exhibit an electric-magnetic duality, that acts to relate the real
(imaginary) parts of the electric and magnetic fields to each other, and consequently is a
symmetry of the solution that is distinct from its (Hodge star) self-dual property.

2 Newman-Penrose map for single Kerr-Schild spacetimes

In this section we give a concise overview of the Newman-Penrose map [12, 13] for single
Kerr-Schild spacetimes in a general metric signature. We focus on the basic ingredients of
the map that must be generalized in order to accommodate more complicated spacetimes.

The Newman-Penrose map consists of two main components:

• Φ: a scalar function, harmonic with respect to the background metric, which arises in
a particular choice of null tetrad that is suitable for a generic1 Kerr-Schild spacetime.

• k̂: a differential spin-raising operator.

From these elements we can construct the gauge field

A = k̂Φ. (2.1)

When Φ is harmonic with respect to the flat background metric, the field strength F = dA

defined by the gauge field defined in (2.1) is self-dual, and as a consequence automatically
satisfies the vacuum Maxwell equations in flat spacetime.

The original formulation of the Newman-Penrose map applies to single Kerr-Schild
spacetimes with a flat background

gµν = g(0)
µν + V ℓµℓν , (2.2)

1By ‘generic,’ we mean that a tetrad of the form (2.3) exists whenever the Kerr-Schild vector is shear-free,
geodesic and expanding. This includes nearly all known vacuum Kerr-Schild spacetimes with the exception
of the PP wave spacetimes which are Petrov type N and have a non-expanding congruence.
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where ℓµ is taken to be null with respect to both the full (gµν) and background (g(0)
µν )

metrics. In Lorentzian signature, if the stress tensor satisfies Tµνℓ
µℓν = 0 (which includes

vacuum solutions of Einstein’s equations with or without a cosmological constant), then ℓµ

is also geodesic with respect to both the full and background metrics (see theorem (32.1)
of [94]). Moreover, when the vacuum Einstein equations are satisfied, it can be shown
that gµν is algebraically special and ℓµ is a repeated principle null direction of the Weyl
tensor [95], so the Goldberg Sachs theorem ensures ℓµ is also shear-free [96]. Here, we wish
to consider more general spacetimes, which may have an arbitrary metric signature, or even
be complex, and which may be sourced by more general stress tensors. However, we will
nevertheless assume that ℓµ is geodesic and shear-free. Any such spacetime admits a null
tetrad of the form

ℓ = du+ Φ̃dζ + Φdζ̃ + ΦΦ̃dv ,
n = dv + 1

2V ℓ,

m = −(Φ̃dv + dζ̃)
m̃ = −(Φdv + dζ)

(2.3)

where ℓ = ℓµdx
µ, etc. u, v, ζ, ζ̃ are null coordinates,2 and V , Φ and Φ̃ are scalar functions. In

Lorentzian signature, the tilded and untilded quantities are related by complex conjugation,
however in general signature they are independent.

The full metric can then be written

gµν = nµℓν + ℓµnν −mµm̃ν − m̃µmν (2.5)
= g(0)

µν + V ℓµℓν (2.6)

with g
(0)
µν dxµdxν = 2(dudv − dζdζ̃). For vacuum spacetimes, V is determined by Φ and Φ̃

and the mass M , so Φ and Φ̃ completely determine a vacuum solution up to the constant M .
The shear-free and geodesic conditions imply that Φ satisfies the following non-linear

partial differential equations:

(Φ∂ζ − ∂v) Φ = 0,
(
Φ∂u − ∂ζ̃

)
Φ = 0. (2.7)

Importantly, these equations also imply that Φ is harmonic with respect to the flat
background metric

□0Φ = (∂u∂v − ∂ζ∂ζ̃)Φ = 0. (2.8)
2In Kleinian signature (which will be the focus of the paper) these null coordinates are defined in terms

of Cartesian and twisted spheroidal coordinates by

u = 1√
2 (t − z) = 1√

2
(t − r cos θ)

v = 1√
2 (t + z) = 1√

2
(t + r cos θ)

ζ = 1√
2 (x + y) = 1√

2
(r + a)eφ sin θ

ζ̃ = 1√
2 (x − y) = 1√

2
(r − a)e−φ sin θ.

(2.4)
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This is also the (linearized) equation of motion for the zeroth copy biadjoint scalar field.
Pushing this intuition further, we can construct a gauge field by acting on Φ with the
spin-raising operator

k̂ = − Q

2πϵ0
(dv ∂ζ + dζ̃ ∂u). (2.9)

The gauge field defined by

ANP = k̂Φ (2.10)

automatically satisfies the self-dual vacuum Maxwell equations when Φ is harmonic with
respect to the flat background metric. It is worth noting that the operator k̂ used above in
defining the Newman-Penrose map also appears in the definition of the self-dual Kerr-Schild
double copy originally presented in [11] and further developed in subsequent works. However,
here Φ satisfies the non-linear PDEs (2.7), but we do not impose the Plebański equation.
Consequently, hµν = k̂µk̂νΦ need not correspond to a self-dual solution of Einstein’s
equations. With this construction, we can define a map from any single Kerr-Schild metric
with an expanding, shear-free, null geodesic congruence to a self-dual solution of the flat
space vacuum Maxwell equations. This includes all vacuum Kerr-Schild spacetimes with an
expanding repeated principle direction. However, unlike the Kerr-Schild double copy, the
map also applies to non-vacuum and non-stationary spacetimes obeying these conditions.
While there is no general proof of the equivalence of the Newman-Penrose map and the
Kerr-Schild double copy, they have been shown to be equivalent where both formalisms
apply [12].

3 Newman-Penrose map for double Kerr-Schild spacetimes

To explore the generality of this framework, we attempt to apply the map to both double
Kerr-Schild spacetimes and solutions in non-flat (maximally symmetric) backgrounds:

gµν = ḡµν + ϕkµkν + ψℓµℓν . (3.1)

Here ḡµν is maximally symmetric, and we will write it in a manifestly conformally
flat form for ease of comparison with the single Kerr-Schild case. This metric is in double
Kerr-Schild form, so we have two scalar fields ϕ and ψ, as well as two vectors kµ and ℓµ which
are assumed to each be null, geodesic, and shear-free with respect to the background metric,
from which it follows that they are null, shear-free and geodesic with respect to the full metric.
The vectors kµ and ℓµ are also assumed to be orthogonal, which cannot be accomplished for
real metrics in Lorentzian signature. Hence, our discussion of double Kerr-Schild metrics
will be primarily in Kleinian signature unless otherwise noted, although it applies equally
well to complex spacetimes where metric signature is not a well-defined notion.

In Kleinian signature, the background metric (which can be de Sitter (dS), anti-de
Sitter (AdS), or flat) can be written in null coordinates as [97]

ḡµνdx
µdxν = 2

∆2 (dUdV − dXdY ) (3.2)
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with ∆ = 1− λ
2 (UV −XY ) and the sign of λ corresponding to dS (positive), AdS (negative)

or zero (flat). In this signature, the coordinates X and Y are real and are not complex
conjugates of one another, but they become conjugate upon analytic continuation back to
Lorentzian signature.

In these coordinates, our null vectors can be normalized so that they take the form

k = dU + Φ̃k dX + Φk dY + Φk Φ̃k dV (3.3)
ℓ = dU + Φ̃ℓ dX + Φℓ dY + Φℓ Φ̃ℓ dV. (3.4)

In analogy with the single Kerr-Schild case, the (real) scalar functions Φk and Φℓ will be
used to construct the gauge fields associated with the vectors k and ℓ.

We now also have two spin-raising operators

k̂e = −Qe

2πϵ0
(dV ∂X + dY ∂U ) , k̂m = −Qm

2πµ0
(dV ∂X + dY ∂U ) . (3.5)

The operator k̂e is identical to k̂ for single Kerr-Schild metrics and the operator k̂m is the
magnetic analog. The total gauge field obtained from this double Kerr-Schild metric via
the Newman-Penrose map is then the linear combination

ANP = k̂eΦℓ + k̂mΦk. (3.6)

As was the case for single Kerr-Schild metrics, the self-dual gauge field (3.6) satisfies the
vacuum Maxwell equations by construction, provided both Φk and Φℓ are harmonic with
respect to the flat metric. Note that since the wave operator is not conformally invariant, Φk

and Φℓ are not solutions of the wave equation on an (A)dS background. However, since the
vacuum Maxwell equations are conformally invariant, the gauge field (3.6) is a solution on
both the flat and maximally symmetric backgrounds. Generalizing this formalism to double
Kerr-Schild metrics and maximally symmetric backgrounds then amounts to understanding
when this harmonic condition holds.

Although we are not able to prove that the functions Φℓ and Φk are harmonic in
general double Kerr-Schild spacetimes, for the Kerr-Taub-NUT-(A)dS family of solutions,
the Newman-Penrose map outlined here can be constructed explicitly in the affirmative.
This is the subject of the proceeding section, and here we state the main results. The
function Φℓ is shown to satisfy the following non-linear PDEs

(Φℓ∂X − ∂V ) Φℓ = 0, (Φℓ∂U − ∂Y ) Φℓ = 0 (3.7)

which are the same as the non-linear PDEs (2.7) but for the null coordinates of the curved
spacetime. This result is not surprising, but also non-trivial, at least for these coordinates.
It is not surprising because the (A)dS background is conformally flat, and the geodesic and
shear-free properties of k and ℓ are conformally invariant. Hence, both essential properties
of k and ℓ required to define the Newman-Penrose map are preserved in passing to a
maximally symmetric background. On the other hand, the explicit form for Φℓ has a
complicated dependence on both the cosmological constant and null coordinates, such that
satisfying (3.7) is not trivial.
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It follows from (3.7) that Φℓ is harmonic with respect to the flat metric, and consequently
the field strength obtained from the gauge potential Aℓ = k̂Φℓ is automatically self-dual and
satisfies the vacuum Maxwell equations in both flat and conformally flat spacetimes. The
real part of the gauge field ℜ(Aℓ) is shown to be gauge-equivalent to the original double
copy prescription for obtaining a gauge field from the Kerr-Schild form of the metric.

As shown below, a similar story holds for Φ̃ℓ, Φ̃k, and Φk — they satisfy similar non-
linear PDEs and are therefore each harmonic with respect to the flat background metric. For
double Kerr-Schild spacetimes, a priori there could exist multiple Newman-Penrose maps
using different combinations of Φℓ, Φ̃ℓ, Φ̃k, and Φk, however for this family of spacetimes
these four functions are sufficiently related to one other that the possible different self-dual
gauge fields obtained from acting with k̂e and k̂m are equivalent.

4 Kerr-Taub-NUT-(A)dS metric

A particular solution that admits a double Kerr-Schild form containing many well known
solutions as various limits is the Kerr-Taub-NUT-(A)dS metric. This solution can be
written in a double Kerr-Schild form that is real-valued in (2, 2) signature after analytic
continuation.

In Plebanski coordinates it is given as [93]

ds2 = ds̄2 − 2Mq

q2 − p2

[
dτ̃ + p2dσ̃

]2
− 2Np
q2 − p2

[
dτ̃ + q2dσ̃

]2
. (4.1)

Here M is the Schwarzschild mass, N is the NUT charge, and

ds̄2 = ∆̄p

q2 − p2

[
dτ̃ + q2dσ̃

]2
+ ∆̄q

q2 − p2

[
dτ̃ + p2dσ̃

]2
+ 2

[
dτ̃ + q2dσ̃

]
dp+ 2

[
dτ̃ + p2dσ̃

]
dq

(4.2)

is the background (A)dS metric. Here ∆̄p = γ − ϵp2 + λp4 and ∆̄q = −γ + ϵq2 − λq4 with λ
related to the scalar curvature via R = 12λ, and γ and ϵ will be related to the rotational
parameter a.

In these coordinates the two orthogonal Kerr-Schild vectors take especially simple
forms,

ℓ = dτ̃ + p2dσ̃ (4.3)
k = dτ̃ + q2dσ̃ (4.4)

which hereafter are referred to as the “mass” and “NUT” vectors, respectively.
To guide our intuition, we first transform this to twisted spheroidal coordinates using

dq = dr

dp = d(a cos θ)

dτ̃ = 1
(1 − λa2)

(
dt− 1

(1 − λr2)dr + adφ

)
− a cos2 θ

(1 − λa2 cos2 θ) sin θdθ

dσ̃ = 1
(1 − λa2)

(
−λdt+ λ

(1 − λr2)dr −
1
a
dφ

)
+ 1

(1 − λa2 cos2 θ)a sin θdθ.

(4.5)
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With the choices γ = a2 and ϵ = 1 + λa2 the background metric becomes

ds̄2 = (1 − λr2)(1 − λa2 cos2 θ)
(1 − λa2) dt2 − (1 − λa2 cos2 θ)

(1 − λr2)(1 − λa2)dr
2

− (r2 − a2 cos2 θ)
(1 − λa2 cos2 θ)dθ

2 + (r2 − a2) sin2 θ

(1 − λa2) dφ2 + 2 a sin2 θ

(1 − λa2)dφdr.
(4.6)

After analytic continuation to Lorentzian signature (a→ −ia, φ→ iφ), this metric reduces
to known results in particular limits: taking λ→ 0 gives the Minkowski metric in twisted
spheroidal coordinates used in [12], and taking a→ 0 gives the (A)dS metric in the familiar
static spheroidal coordinates. The parameter a is associated with the angular momentum
of the black hole, as in the case of the Kerr metric. In these coordinates, the mass vector ℓ
and NUT vector k become

ℓ = (1 − λa2 cos2 θ)
(1 − λa2) dt− (1 − λa2 cos2 θ)

(1 − λr2)(1 − λa2)dr + a sin2 θ

(1 − λa2)dφ (4.7)

k = (1 − λr2)
(1 − λa2)dt−

1
(1 − λa2)dr + (r2 − a2 cos2 θ)

a sin θ(1 − λa2 cos2 θ)dθ −
(r2 − a2)
a(1 − λa2)dφ. (4.8)

Once again we see that in the limit λ → 0, ℓ matches with the Schwarzschild (a = 0) or
Kerr (a ̸= 0) vectors used in [12] after analytic continuation. For the vector k, the a→ 0
limit is singular, however the functions Φk and Φ̃k are not, as shown below.

4.1 Scalar functions

In order to extract the scalar functions analogous to Φ in the single Kerr-Schild case, we
perform a second coordinate transformation

U = ∆√
2

[ 1√
λ

√
1 − λr2

√
1 − λa2

√
1 − λa2 cos2 θ sinh(

√
λt) − r cos θ

]
V = ∆√

2

[ 1√
λ

√
1 − λr2

√
1 − λa2

√
1 − λa2 cos2 θ sinh(

√
λt) + r cos θ

]
X = ∆√

2
1√

(1 − λa2)
(r − a)eφ sin θ

Y = ∆√
2

1√
(1 − λa2)

(r + a)e−φ sin θ

(4.9)

with ∆ = 1 − λ
2 (UV −XY ) and r defined by the equation

(V − U)2

2r2 + 2XY
r2 − a2 (1 − λa2) = ∆2. (4.10)

The limit λ→ 0 recovers the flat spacetime transformation to null coordinates (2.4).
In these null coordinates, the maximally symmetric background metric becomes

ds̄2 = 2
∆2 (dUdV − dXdY ) (4.11)

which is conformally flat and reduces to the flat space metric in null coordinates for λ→ 0.
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The mass and NUT vectors written in these coordinates are

ℓ = Nℓ

[
dU + Φ̃ℓdX + ΦℓdY + ΦℓΦ̃ℓdV

]
(4.12)

k = Nk

[
dU + Φ̃kdX + ΦkdY + ΦkΦ̃kdV

]
(4.13)

with normalization factors

Nℓ = (1 + cos θ)
2∆(1 − λr2)

[
√

2 − λrV − λ∆√
2

(1 − cos θ)(r2 − a2)
1 − λa2

]
(4.14)

Nk = (r + a)
2a∆(1 − λa2 cos2 θ)

(√
2 − λaV cos θ − λ∆√

2
(1 − cos2 θ) a(r − a)

(1 − λa2)

)
(4.15)

and scalar functions

Φℓ =

[
1√
2λ(r − a)(U + V +

√
2∆r) − 2(1 − λar)

]
2Nℓ∆2(r − a)(1 − λr2) X (4.16)

Φ̃ℓ =

[
1√
2λ(r + a)(U + V +

√
2∆r) − 2(1 + λar)

]
2Nℓ∆2(r + a)(1 − λr2) Y (4.17)

Φk =

[
1√
2λa(1 − cos θ)

(
U + V +

√
2∆a cos θ

)
+ 2(1 − λa2 cos θ)

]
2Nk∆2a(1 − λa2 cos2 θ)(1 − cos θ) X (4.18)

Φ̃k =

[
1√
2λa(1 + cos θ)

(
U + V +

√
2∆a cos θ

)
− 2(1 + λa2 cos θ)

]
2Nk∆2a(1 − λa2 cos2 θ)(1 + cos θ) Y. (4.19)

It can be shown by a direct computation that Φℓ satisfies the non-linear PDEs (3.7).
These four functions are not independent, but are all related to each other by a sequence

of discrete transformations. Although not obvious from the form written above, the functions
Φ̃ℓ and Φ̃k are identical. By inspection, we also have

Φ̃ℓ(a, U, V,X, Y ) = Φℓ(−a, U, V, Y,X),
Φ̃k(a, U, V,X, Y ) = −Φk(a,−U,−V, Y,X),

(4.20)

or in spheroidal coordinates

Φ̃ℓ(a, t, r, cos θ, φ) = Φℓ(−a, t, r, cos θ,−φ),
Φ̃k(a, t, r, cos θ, φ) = Φk(a,−t,−r, cos θ,−φ).

(4.21)

The functions Φℓ and Φk which we will use for the Newman-Penrose map are then related
by

Φℓ(a, t, r, cos θ, φ) = Φk(−a,−t,−r, cos θ, φ). (4.22)

It then follows that Φk satisfies the same non-linear PDEs (3.7) as Φℓ, while Φ̃ℓ = Φ̃k satisfies
the non-linear PDEs obtained from (3.7) by interchanging X with Y . Each are therefore
harmonic with respect to the flat metric, and for these double Kerr-Schild spacetimes
the Newman-Penrose map can be defined. This means that the gauge field constructed
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from these scalar functions via the Newman-Penrose map will automatically be a self-dual
solution of the vacuum Maxwell equations in both flat and conformally flat backgrounds.
The relation (4.22) also implies that the two parts of the gauge field are related via

Aℓ(Qe, a, t, r, cos θ, φ) = Ak(Qm,−a,−t,−r, cos θ, φ) (4.23)

with Aℓ = k̂eΦℓ and Ak = k̂mΦk.

4.2 Self-dual gauge field

To obtain the self-dual gauge field from this metric via the Newman-Penrose map, we act
the operator k̂ (with appropriate charges) defined in (3.5) on the functions Φk and Φℓ from
the previous section, i.e.

ANP = k̂eΦ̂ℓ + k̂mΦ̂k. (4.24)

We will set ϵ0 = µ0 = 1 from now on for ease of notation. In practice, we compute Aℓ and
use the relationship (4.23) to find Ak.

In order to compare with known results, we then analytically continue the gauge field
to Lorentzian signature using a → −ia, φ → iφ, Qm → iQm. Our total gauge field in
Lorentzian signature is

ANP = (Qe + iQm)
4π(r + ia cos θ) [(1 + λiar cos θ) dt+ dr + (r cos θ + ia)idφ]

+ANP, gauge

(4.25)

with the pure gauge term

ANP, gauge = (Qe + iQm)
2π

√
2

4rΩ
(1 − λr2)
(1 + λa2)

(
2(1 + λa2) + iλ∆a(r + ia)(1 − cos θ)

)
×

[
dt− 1

(1 − λr2)dr −
ia

(1 + λa2 cos2 θ)d(cos θ)
]

− (Qe + iQm)
4πr

[
dt− ia

1
(1 + λa2 cos2 θ)d(cos θ)

]
− (Qe + iQm)

2π
1
2 idφ− (Qe + iQm)

2π
d∆

(2 − ∆)

− (Qe + iQm)
2π

[
sinh(

√
λt)

cosh(
√
λt)

√
λdt

]
+ (Qe + iQm)

2π
1
2r

[
(1 + λr2)
(1 − λr2)dr

]

+ (Qe + iQm)
2π

[
(1 − λa2 cos θ)

2(1 + cos θ)(1 + λa2 cos2 θ)d(cos θ)
]

(4.26)

and

Ω = 1√
2

[
2 −

√
λr(2 − ∆) sinh(

√
λt)

cosh(
√
λt)

− λ∆r2 − λ∆a2(1 − cos θ) (1 − λr2)
(1 + λa2)

]
. (4.27)
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Finally, looking separately at the real and imaginary parts, we get

ℜ(ANP) = Qer

4π(r2 + a2 cos2 θ)
[(

1 + λa2 cos2 θ
)
dt+ dr − a sin2 θdφ

]
+ Qma cos θ

4π(r2 + a2 cos2 θ)

[
(1 − λr2)dt+ dr − (r2 + a2)

a
dφ

] (4.28)

and

ℑ(ANP) = Qmr

4π(r2 + a2 cos2 θ)
[
(1 + λa2 cos2 θ)dt+ dr − a sin2 θdφ

]
− Qea cos θ

4π(r2 + a2 cos2 θ)

[
(1 − λr2)dt+ dr − (r2 + a2)

a
dφ

]
.

(4.29)

For comparison, the Kerr-Schild double copy of a metric in double Kerr-Schild form (3.1) is
defined as [14]

AKS = ψℓ+ ϕk. (4.30)

For the Kerr-Taub-NUT-(A)dS metric in (2, 2) signature (4.1), we can perform a slightly
modified version of the coordinate transformation (4.5) (t → −t) which does not change
the background metric

dq = dr

dp = d(a cos θ)

dτ̃ = 1
(1 − λa2)

(
−dt− 1

(1 − λr2)dr + adφ

)
− a cos2 θ

(1 − λa2 cos2 θ) sin θdθ

dσ̃ = 1
(1 − λa2)

(
λdt+ λ

(1 − λr2)dr −
1
a
dφ

)
+ 1

(1 − λa2 cos2 θ)a sin θdθ.

(4.31)

In these coordinates the two scalar functions ϕ and ψ are

ψ = 2Mq

q2 − p2 = 2Mr

(r2 − a2 cos2 θ) (4.32)

ϕ = 2Np
q2 − p2 = 2Na cos θ

(r2 − a2 cos2 θ) , (4.33)

and the vectors are

ℓ = (1 − λa2 cos2 θ)
(1 − λa2) dt+ (1 − λa2 cos2 θ)

(1 − λr2)(1 − λa2)dr −
a sin2 θ

(1 − λa2)dφ (4.34)

k = (1 − λr2)
(1 − λa2)dt+ 1

(1 − λa2)dr −
(r2 − a2 cos2 θ)

a sin θ(1 − λa2 cos2 θ)dθ −
(r2 − a2)
a(1 − λa2)dφ. (4.35)

After analytic continuation to Lorentzian signature (a → −ia, φ → iφ, N → iN), the
Kerr-Schild gauge field for this metric is then (mapping M → Qe/8π and N → Qm/8π)

AKS = Qer

4π(r2 + a2 cos2 θ)(1 + λa2)

[
(1 + λa2 cos2 θ)dt+ dr − a sin2 θdφ

]
+ Qma cos θ

4π(r2 + a2 cos2 θ)(1 + λa2)

[
(1 − λr2)dt+ dr − (r2 + a2)

a
dφ

]
+AKS, gauge

(4.36)
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with

AKS, gauge = Qe

4π(1 + λa2)

[
λr

(1 − λr2)dr
]
− iQm

4π

[ cos θ
sin θ(1 + λa2 cos2 θ)dθ

]
. (4.37)

This agrees exactly with the real part of the Newman-Penrose map (4.28) up to an overall
constant factor of 1

(1+λa2) and pure gauge terms.
In the λ → 0 limit the metric is the Kerr-Taub-NUT solution, and the gauge field

becomes

ℜ(ANP)
∣∣∣∣
λ→0

= Qer

4π(r2 + a2 cos2 θ)
[
dt+ dr − a sin2 θdφ

]
+ Qma cos θ

4π(r2 + a2 cos2 θ)

[
dt+ dr − (r2 + a2)

a
dφ

] (4.38)

ℑ(ANP)
∣∣∣∣
λ→0

= Qmr

4π(r2 + a2 cos2 θ)
[
dt+ dr − a sin2 θdφ

]
− Qea cos θ

4π(r2 + a2 cos2 θ)

[
dt+ dr − (r2 + a2)

a
dφ

]
.

(4.39)

The electric part of this solution in this limit is exactly equivalent to the one found in [12]
(known as

√
Kerr) for the Kerr metric, and the addition of the NUT charge simply adds the

magnetic dual part. The electric part of this gauge field was shown in [11, 29] to be sourced
by an axisymmetric electric charge distribution rotating at a uniform rate about the z-axis
(where z = r cos θ). We expect the magnetic part of this field to be similarly sourced by an
axisymmetric magnetic charge distribution rotating at a uniform rate about the z-axis.

In the a → 0 limit, the gravitational solution is the Taub-NUT-(A)dS metric. The
gauge solution can be written (with the addition/subtraction of pure gauge terms) as

ℜ(ANP)
∣∣∣∣
a→0

= Qe

4πrdt+ Qm

4π (1 − cos θ)dφ (4.40)

ℑ(ANP)
∣∣∣∣
a→0

= Qm

4πrdt−
Qe

4π (1 − cos θ)dφ. (4.41)

The real part of this solution is a dyon (a Coulomb charge plus a magnetic monopole). This
is equal to the gauge solution found via the Kerr-Schild double copy in [14] in flat space.
The electric part of this solution also agrees with the Schwarzschild-(A)dS solution (up to
pure gauge terms) found via the Kerr-Schild double copy in [20, 21].

In this limit, the λ dependence of the solution completely drops out. Although a priori
in the a→ 0 limit the Φ’s appear to depend on λ through ∆, this dependence is completely
eliminated upon expressing Φ’s in terms of null coordinates (U, V,X, Y ) only. For the Φ’s
depend on r and ∆ only in the combination ∆r, and it is only this combination that appears
in the quadratic equation relating r to the null coordinates.

In other words,

Φ(a = 0, λ, t, r, cos θ, φ) = Φ(a = 0, λ = 0, U, V,X, Y ), (4.42)

is independent of λ. Again, this result isn’t too surprising given that Φ describes a shear-free
null geodesic congruence, physical properties that are conformally invariant.
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4.3 Electric-magnetic duality

The field strength FNP = dANP is of the form

FNP = (Qe + iQm)F (4.43)

where both FNP and F are self-dual, with FNP = i ⋆0 FNP and F = i ⋆0 F . This solution
exhibits a discrete electric-magnetic duality that acts on the charges, separate from its
Hodge star self-dual property. From the self-dual property of F it follows that

F = f + i ⋆0 f (4.44)

for some real two-form f , and also that

FNP = Qef −Qm ⋆0 f + i(Qmf +Qe ⋆0 f). (4.45)

This result implies a relation between the complex electric E and magnetic B fields
(vector notation suppressed) of FNP and the real-valued electric Ef and magnetic Bf

components of f , namely

ℜ(E) = QeEf −QmBf

ℜ(B) = QeBf +QmEf

ℑ(E) = QmEf +QeBf

ℑ(B) = QmBf −QeEf

(4.46)

where ⋆E = B and ⋆B = −E has been used. Comparing these equations gives ℑ(E) = ℜ(B)
and ℑ(B) = −ℜ(E), which taken together is none other than the statement that FNP is
a self-dual solution, i.e., E = iB. Note however that ℜ(E) and −ℜ(B), which are not
related by the Hodge star operation, are obtained from ℜ(B) and ℜ(E), respectively, by
(Qe, Qm) → (−Qm, Qe), which is a counter-clockwise U (1) rotation on the electric and
magnetic charge by an angle θ = π/2.

Given such a self-dual FNP, one can take ℜ(FNP) alone (or ℑ(FNP)), forget the other,
and obtain a non-self dual solution to the source-free Maxwell’s equation. The resulting
field strength will also exhibit electric-magnetic duality.

For gravitational solutions on a flat background with vanishing rotational parameter a,
the object on the gauge field side describes a dyon which has manifest electric-magnetic
duality. Here we find this electric-magnetic duality of the solution carries over to maximally
symmetric spacetimes, including those having non-vanishing rotational parameter. The
gravitational analog of electric-magnetic duality has been explored in a general setting using
the Kerr-Taub-NUT spacetime as a case study in [98].

5 Discussion

In this paper we applied the intuition of the Newman-Penrose map to more general
spacetimes, including those in double Kerr-Schild form and on maximally symmetric
backgrounds. Although we do not have a rigorous formulation of the Newman-Penrose
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Gravity solution Gauge solution KS/Weyl DC NP Map

Schwarzschild Coulomb [11] [12]
Kerr rotating disc of charge [11] [12]

Photon Rocket Lienard-Weichert potential [15] [12]
Taub-NUT dyon [14] this work

Kerr-Taub-NUT rotating dyon [14, 35] this work
Schwarzschild-(A)dS Coulomb in (A)dS [20, 21] this work

Kerr-(A)dS rotating disc in (A)dS [21] this work
Kerr-Taub-NUT-(A)dS aligned fields in (A)dS [78] this work

Table 1. Table enumerating example metrics and their gauge fields obtained via either the Kerr-
Schild/Weyl double copy or the Newman-Penrose map.

map for general double Kerr-Schild metrics, for a particular example metric we are able to
reproduce the gauge field from the Kerr-Schild and Weyl double copies, as shown in table 1.

In particular, we studied the Kerr-Taub-NUT-(A)dS metric which can be put into
double Kerr-Schild form after analytic continuation to Kleinian signature. In analogy
with the Newman-Penrose map for single Kerr-Schild spacetimes with a flat background,
we obtained scalar functions Φℓ and Φk for each of the null vectors by identifying null
coordinates that make the conformal flatness and Lorentz invariance of the maximally
symmetric background metric manifest. These scalar functions are shown to satisfy the
non-linear PDEs sufficient for them to be harmonic in flat spacetime (but not conformally
flat spacetime).

Acting with our spin-raising operator gives a gauge field, which, because of the harmonic
conditions on the Φℓ and Φk, satisfies the vacuum Maxwell equations in both flat and
conformally flat spacetime. We then compare our results with those of the Kerr-Schild
and Weyl double copies and show they match up to pure gauge terms. We also find that
the field strength obtained from the Newman-Penrose map gauge field displays a discrete
electric-magnetic duality.

The fact that Φℓ satisfies the non-linear PDEs implies it be can be obtained from
the zero set of a holomorphic function F (the “Kerr function”) of twistor variables, one
of the consequences of Kerr’s Theorem [99–102]. What this function is in general for the
Kerr-Taub-NUT-(A)dS family of solutions is presently unknown. In the a = 0, λ ̸= 0 limit it
is seen to be identical to the function FSch of the Schwarzschild spacetime, and for λ = 0 it is
a quadratic function of Φℓ and invariants of the non-linear PDEs (and obtainable from FSch
upon applying the Newman-Janis trick). Knowing that the Kerr function is holomorphic in
twistor variables is insufficient information to fully fix it. For more general metrics of the
single Kerr-Schild metric form, the Kerr function is obtained by integrating the Einstein
equations [103] (see also, [104]). Finding the Kerr function in general for double Kerr-Schild
metrics, or even for the subset of the Kerr-Taub-NUT-(A)dS family of solutions, presumably
involves similar steps.
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Our results suggest that the Newman-Penrose map might be generalizable to all double
Kerr-Schild spacetimes admitting an integrable distribution of totally null vectors. For
flat backgrounds, these can all be solved exactly [105]. The tetrad can be generalized
to accommodate double Kerr-Schild spacetimes, but this only leads to a subset of the
non-linear PDEs being satisfied, so there remains a conceptual obstruction to defining the
Newman-Penrose map for general double Kerr-Schild spacetimes.

These results provide further evidence that the Newman-Penrose map is a manifestation
of the double copy, with the potential to generically study non-vacuum and non-stationary
solutions. In future work we hope to understand the relationship between the Newman-
Penrose map and the Kerr-Schild double copy, which a priori appear very different, yet agree
in all known examples. This promises to provide insight into the structure of the double copy
more generally, and the gravitational and gauge theories to which it applies. The apparently
close relationships between the Kerr-Schild and Weyl double copies and the Newman-Penrose
map also serve to highlight a shortcoming that all three constructions share — namely
that they map exact gravitational solutions to abelian gauge fields, while the presumably
more fundamental double copy for amplitudes necessarily relates graviton amplitudes with
gluon amplitudes. Generalizing the Newman-Penrose map to the non-abelian case could
potentially illuminate the structures underlying both classical and quantum mechanical
double copies.
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