PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: March 10, 2022
REVISED: July 1, 2022
ACCEPTED: October 6, 2022
PUBLISHED: October 14, 2022

Large and small non-extremal black holes,
thermodynamic dualities, and the Swampland

Niccolo Cribiori, Markus Dierigl,’ Alessandra Gnecchi,* Dieter Liist®’

and Marco Scalisi®

@ Maz-Planck-Institut fir Physik (Werner-Heisenberg-Institut),
Féhringer Ring 6, 80805 Minchen, Germany

b Arnold-Sommerfeld-Center for Theoretical Physics, Ludwig-Mazimilians- Universitdit,
80333 Miinchen, Germany
E-mail: cribiori@mpp.mpg.de, m.j.dierigl@uu.nl,
alessandra.gnecchi@cern.ch, luestOmppmu.mpg.de, mscalisiOmpp.mpg.de

ABSTRACT: In this paper we discuss black hole solutions parametrized by their entropy S
and temperature 7 in gravitational effective theories. We are especially interested in the
analysis of the boundary regions in the 7 — § diagram, i.e. large/small values of entropy
and temperature, and their relation to Swampland constraints. To explore this correlation,
we couple the gravitational theories to scalar fields and connect limits of thermodynamic
quantities of black holes to scalar field excursions in the corresponding solutions. Whenever
the scalar fields traverse an infinite field distance, the Swampland Distance Conjecture allows
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scalars we investigate are Einstein-Maxwell-dilaton theory as well as N' = 2 supergravity
in four dimensions. The relation of the latter to type II string theory compactified on
Calabi-Yau 3-folds often allows for a direct identification of the corresponding light tower of
states. These setups also point towards various dualities between asymptotic regions of the
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dualities have an interpretation in terms of T- and S-dualities along the internal directions
and their natural action on Kaluza-Klein and winding states.
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1 Introduction

Swampland conjectures provide predictions for theories that are consistently coupled to
gravity [1-3]. They can be seen as the imprint of the underlying quantum theory of gravity on
the effective gravitational description at low energies. These predictions become trivial when
gravity decouples, i.e., in the limit of vanishing Planck length L, = M, ! = \/87hGxn — 0,
that is either for small Newton constant G or vanishing Planck constant A. Instead they
tend to become more relevant in extremal regimes of the parameter space of the theory, for
example when gauge couplings vanish, or scalar fields approach an infinite distance point in
moduli space.

In this paper, we explore limiting regions of thermodynamic quantities of gravitational
backgrounds and connect them to more familiar Swampland constraints. Most prominently,
our investigation will focus on regions of large as well as small entropy S and temperature T of
gravitational solutions within effective theories. Since we are interested in non-compact space-
times, we restrict to situations where the temperature is associated to a horizon. We show
that the Unruh temperature of Rindler spacetime does not lead to Swampland constraints.
Black hole solutions, however, allow for a connection to Swampland constraints in certain
limits of the thermodynamic properties captured by the Hawking temperature and entropy.

Our strategy is as follows. We describe black hole solutions in effective theories such
as Einstein-Maxwell-dilaton theory and N = 2 supergravity that allow for limiting cases
of vanishing and diverging S and 7. In situations where the effective theory allows for a
string theory embedding we can also associate the limiting values of the thermodynamic
order parameters with properties of the internal space, such as its volume. It turns out that
in the string theory sub-class of these limiting solutions the moduli fields of the theory will
traverse an infinite field distance from spatial infinity to the horizon. In this way we are able
to identify the tower of light string states in the vicinity of the black hole horizon, which is
also suggested by the Swampland Distance Conjecture in the cases of infinite field distances.
Hence these limiting solutions need to be taken with care in view of the Swampland Distance
Conjecture and are problematic within the effective description. This infinite field distance
precisely happens in the limit of vanishing and diverging entropy of the black hole for
arbitrary temperatures and thus offers a generalization of the investigations in [4] for large
entropies, see also [5—7]. We identify four generic limits in the thermodynamic quantities:

e § - 0and T — oo. The moduli field distance diverges in this limit. The small
horizon size and large temperature also suggests that quantum gravity effects become
important. It was argued that this limit can be associated to elementary particles [8].

e« § > ooand 7 — 0. The moduli field distance diverges in this limit. This has been
discussed in [4] where the large number of black hole microstates was associated to a
light tower of states.

e § = 0and T — 0. The moduli field distances diverges in this limit. Once more the
vanishing horizon area suggests the importance of quantum gravity corrections to
avoid the violation of entropy bounds, see [7]. As we will show this behavior is general
for arbitrary finite temperatures 7 and the associated non-extremal black holes.



e 7 — 0 and S finite. The moduli field distance is finite in this limit. Particularly
this regime includes the charged extremal black holes, which can be described within
the effective theory. Note, however, that in the non-supersymmetric case it was
argued that there still might be large quantum corrections for the thermodynamic
quantities [9-12].

These results confirm the importance of quantum gravity corrections in these situations
and thus provides an interesting correlation between black hole thermodynamics and
Swampland Constraints, suggesting a notion of entropy and temperature-distance.! Note
that for this observation it is crucial that the string theory black hole geometries are
described by warped products, as opposed to fibrations, and therefore we do expect the
modes arising from compactification to be stable.?

We also investigate the black hole solutions above in terms of a distance in the space of
metrics (see for example [16]), which diverges in all the limiting cases. An explanation for
this can be the formation of an infinite throat in the black hole geometry (see also [17, 18]
for a related discussion and [19] for an holographic application). We therefore conclude that
the metric distance as a Swampland parameter in these non-compact backgrounds needs to
be taken with care.

Moreover, the black hole formulae suggest that some of the limits might be connected
by a form of thermodynamic dualities which for example act as 7 — 1/7 or § — 1/S.
We regard this as a formal result, which is expected not to hold in its original form
once corrections are taken into account (e.g. in the limit of low entropy, one expects the
contribution of higher derivative terms). Nevertheless, in the string embedding, we will be
able to relate these to a combination of T- and S-dualities affecting the internal volume
as well as the coupling constants. From the point of view of the Swampland program, the
emergence of these dualities provides additional testament that duality itself should be a
general principle of quantum gravity. While this is one of main lessons of string theory,
our investigation suggests a novel manifestation of this in terms of the thermodynamic
properties within a bottom-up description.

The paper is organized as follows. In section 2 we start by discussing temperature limits
in gravity, for Rindler space and also for the Schwarzschild black hole. Then we review
relevant aspects of the Reissner-Nordstrom black hole as well as the notion of distance in
the space of black hole geometries. In section 3 we investigate in detail non-extremal dyonic
black holes, coupled to a dilaton field. In this context we study the 7 — S phase diagram of
the charged black holes and the various extremal limits. In section 4 we turn to the A = 2
supergravity realization of general four-dimensional, non-extremal black holes together with
their behavior under a variation of thermodynamic quantities. Focussing on the STU model
we can explicitly identify the tower of states. We further show the supergravity embedding
of the Einstein-Maxwell-dilation black hole into N = 2 supergravity. In section 5 we present
our conclusions. Some generalities about A/ = 2 supergravity are collected in the appendix.

!See also [13], which suggests that the limit of high temperature should be at infinite distance.
2For a non-trivial fibration it is often the case that winding modes can unwrap and the Kaluza-Klein
momentum is not preserved. In such situations we do not expect a stable tower of states, see e.g. [14, 15].



2 Distance, temperature and entropy in gravity

In the context of the Swampland Program [1-3], large variations of parameters in an effective
theory become problematic when consistently coupling the theory to gravity. In particular,
the Swampland Distance Conjecture states that a large variation of field values for a scalar
field® ¢ is accompanied by a light tower of an infinite number of states. These light states in
turn invalidate the effective description by lowering the quantum gravity cut-off. Specifically,
the masses of the states in the tower decrease exponentially in the field distance A(¢)

mLy ~ e MA@ (2.1)

where A ~ O(1) is a positive parameter. For this to be a meaningful Swampland constraint
the tower needs to disappear when decoupling gravity, i.e., for L, — 0. This is realized if
the masses of the states in the tower remain positive when measured in Planck units, i.e.,

mLy == >0 for L,—0. (2.2)
M,
If this is not the case, the related tower cannot be identified with the states postulated by
the SDC.

In this section, we explore whether also the variation of thermodynamic quantities such
as temperature 7 and entropy S can lead to Swampland constraints, similar to the SDC.
For that we first investigate flat space at finite temperature and then turn to the analysis
of black hole geometries.

2.1 Temperature in flat space

One natural situation where the SDC becomes relevant are field theories derived by compact-
ification. When the internal space becomes large the corresponding momentum modes, the
Kaluza-Klein (KK) states, become light constituting the predicted tower. In the opposite
limit, when the internal space becomes small, one expects dual winding modes to appear.
This seems to have direct implications for field theories at finite temperature. However, in
the following we will see that the temporal circle in flat space is not associated to quantum
gravity constraints imposed by Swampland conjectures.

To describe the finite temperature regime one performs a Wick rotation of the time
direction, ¢t — i7, and compactifies the Euclidean time on a circle. The radius of this circle
R is related to the temperature 7~ of the system®

h h

In analogy to the KK states in a circle compactification, we can associate a tower of states
with frequencies

2mn 2mn
n — —— = —(/— N 2.4
w 3 =T (2.4)

3The correct quantity is the geodesic distance in the scalar moduli space.
4We set the Boltzmann constant to one.




to the time-like circle. These are the so-called Matsubara modes. One then might be tempted
to predict a tower of states with mass scale determined by

27
m=wy =—7T. (2.5)
h
This would follow from a distance associated to a variation of the temperature given by

1 2r L
A7~ |=1 P . 2.
T ’)\Og( = 7’)‘ (2.6)

The SDC then demands the appearance of a light tower for A7 — co. One realization of
this limit is given by T — 0, with the Matsubara modes above becoming light. Another
realization can be obtained by 7 — oo, which would demand a dual tower of thermal
winding modes, see [20-22]. Therefore, these considerations show that the temperature
might indeed be an interesting parameter to explore from a quantum gravity perspective.

However, a gravitational system at finite temperature is highly problematic [20]. The
finite temperature induces a finite energy density which, in a large enough region, leads to
gravitational (Jeans) instabilities. Since we are still interested in non-compact backgrounds,
we explore other gravitational systems that allow for a well-defined notion of temperature.
In these setups the temperature appears at a horizon. For these backgrounds, we investigate
the appearance of light states, similar to the Matsubara modes above, in the extremal
temperature regime 7 — 0 and 7 — oo. Importantly, all meaningful towers need to
satisfy (2.2).

As a warm-up example we can study the temperature observed by an accelerated
observer, i.e., the Unruh effect in Rindler space. Rindler space can be obtained from
Minkowski spacetime with coordinates (x1,x2,x3,z4) by the following identification

xg = psinh(an), x1 = pcosh(an). (2.7)
In these hyperbolic coordinates the four-dimensional metric is given by
ds® = (—a®p2dn? + dp?) + (dx2)? + (dz3)?, (2.8)

where «a is the acceleration parameter of the observer. Due to the Unruh effect, the acceler-
ated observer experiences a thermal radiation, and the corresponding Unruh temperature
can be read off from the Rindler metric by switching to Euclidean time, i.e., by replacing
n = +7. To avoid a conical singularity at the origin, the Euclidean time 7 must have
periodicity 7 ~ 7 4+ By and the Unruh temperature is given by

h ha
— - = 2.9
Tu 5y " 2n (2.9)
In analogy to the Matsubara frequency (2.5), we define the Unruh frequency
2
wU:%TU:a. (2.10)

We see that wy and therefore the associated mass scale does not depend on L,,. Consequently,
the decoupling condition (2.2) is not satisfied for finite a and one does not obtain an SDC



tower by varying 7y. This is indeed expected, since Rindler space describes part of flat
space. However, it shows that the condition (2.2) is crucial in order to draw conclusions
concerning Swampland constraints associated to the temperature of a system.

Therefore, we turn to different gravitational backgrounds that exhibit a temperature
and have a more direct relation to quantum gravity, namely black hole metrics. We
further include a second thermodynamic quantity, the entropy, which allows the study of a
two-parameter family of gravitational solutions.

2.2 Schwarzschild black holes and Hawking temperature

We start by considering the simplest black hole solution, namely the Schwarzschild black
hole, whose metric is given by
2MG N

ds® = —f(r)dt® + f(r)1dr? +02405, f(r)=1- 7%, (2.11)

with mass M and horizon size rg = 2M G . The associated Bekenstein-Hawking entropy

reads - g 51
8 327G M L:M
§="T08 _SUNT T (2.12)
Ly Ly 2h
and the Hawking temperature is
h h h?
T="2= (2.13)

o~ SnGyM ~ L2M’

where k = (2rg)~! is the surface gravity.
For the Schwarzschild black hole, the entropy and the Hawking temperature are not
independent quantities but are related as (setting h = L, = 1)

ST?=-. (2.14)
Anticipating some later results we further note that the transformation

VS «— T (2.15)

exchanges small with large black holes, namely acts on the mass as M <— -, while leaving
eq. (2.14) invariant. Using the relation (2.14) we can express the transformation eq. (2.15)
(up to a constant factor) equivalently as

1 1
T «— T and S +— 5 (2.16)

In section 4.3 we will discuss how these transformations act on the internal KK and winding
spectrum in supergravity and in string compactifications.

It is instructive to recall how the Hawking temperature can be derived from the near

22

sy = T
small 22 we obtain the metric in the near horizon limit and for Euclidean time 7 = it,

horizon geometry. For this purpose, we introduce the coordinate —rg and for

ds? = (kx)?d7r? 4 dz? + (2k)2d03. (2.17)



The two-dimensional part of this metric for z and 7 is the Rindler space metric (2.8) and
we can immediately read off the Hawking temperature 7 in agreement with (2.13). Notice
that the derivation is completely analogous to that of the Unruh temperature, i.e., we
require the absence of a conical singularity at the origin. However, while in the case of
the Unruh temperature the acceleration a is a free parameter, in the case of the Hawking
temperature the surface gravity x fixes also the size of the S? part of the space. As such, k
is not a free parameter, but it is determined by the geometry of the full four-dimensional
space. This has important consequences and in fact amounts to saying that, for the case of
Schwarzschild black hole, entropy and temperature are interdependent quantities.

The two potentially interesting temperature regimes 7 — {0,000} can be rephrased in
terms of the mass M of the black hole:®

(I) Small black hole limit, % finite, Gy finite, M — 0. One has rg — 0 (k — 00). In this
limit, the Hawking temperature goes to infinity, 7 — oo, and at the same time the
entropy becomes very small, i.e. S — 0. For M = 0 one is dealing with flat Minkowski
spacetime.

(II) Large black hole limit, A finite, G finite, M — oco. One has rg — oo (k — 0).
In this limit, the Hawking temperature goes to zero, 7 — 0, and therefore there
is no Hawking radiation. The entropy becomes very large, S — oo, and the near-
horizon geometry approaches Rindler space with zero temperature, which is again flat
Minkowski spacetime.

Since in both of these limits L, remains finite, we expect quantum gravity effects to be
important and Swampland constraints to be applicable.

Let us once more use the analogy to finite temperature systems giving rise to Matsubara
modes, by defining the Hawking frequency via the Hawking temperature

2w 2mh
wH 7 T K L%M ( )

In the limit 7 — 0, which is limit (II) above, also the Hawking frequency vanishes. However,
as opposed to the Unruh temperature the consistency condition (2.2) is satisfied and the
mass scale decouples for L, — 0. This indicates that the temperature of a black hole
solution might be a viable Swampland parameter. Utilizing (2.14) we can further determine

2 2
the relevant quantities in terms of the entropy S = LpM™ o the Schwarzschild black hole

2
wyg = 7\/§7T
oIS

5In addition there are also two kinds of classical limits:

(2.19)

Semiclassical limit: M — oo and Gnx — 0 while keeping % and rg finite. One has that L, — 0. In this limit,
T stays finite and the Hawking radiation is exactly thermal.

Classical limit: & — 0 while keeping M and Gy finite, and hence also rg finite. Again, one has that L, — 0.
In this limit, the Hawking temperature goes to zero, 7 — 0, and therefore there is no Hawking radiation.
For these two cases the Planck length goes to zero, since either gravity decouples or because quantum effects
vanish. Therefore, for these two cases Swampland arguments should not be applicable and hence we do not
generically expect a massless tower of states.



This demonstrates that the vanishing of the Hawking frequency corresponds to the limit of
infinite entropy S — oo which was also discussed in [4]. Assuming that a tower of the mass
scale (2.18) indeed appears, this can be used to define a distance for Schwarzschild black
hole geometries given by

|1 2Ly, _
ABH_’)\IOg< 7 T>’—

ilog(%)’ . (2.20)

In [4] it was argued that at infinite entropy, i.e., for Agg — oo an infinite number of black
hole microstates becomes degenerate. Interpreting wy as a natural mass gap between those,
therefore also leads to an interpretation in terms of a light tower of states. However a priori
there is nothing quantum-mechanical or gravitational about this: the black hole becomes
large, so its characteristic frequency goes to zero. Therefore, as already mentioned, we like
to consider black hole solutions, for which & and T are related to moduli parameters and
to the physical towers of scalar fields within an underlying string theory realization.

This infinite entropy limit can also be discussed from the point of view of the near
horizon geometry, which is R%! x S2, where RY! is the two-dimensional Rindler space and
S? is the 2-sphere. In the limit S — oo (7 — 0), the volume of the S? becomes infinite
and the corresponding Kaluza-Klein modes becomes massless. This could be a signal of a
breakdown of the two-dimensional effective field theory on RY!. However, it is unclear if
one should apply Swampland considerations in two (and three) dimensions, and it would be
safer to derive Swampland arguments signaling a breakdown of the entire four-dimensional
effective field theory.

The black hole distance Apgy in (2.20) also diverges in the dual limit of small entropy
and large temperature S — 0, 7 — 0o, corresponding to case (I). We could thus wonder if
there are certain modes which become massless in this limit. We will come back to this
question in the context of charged dilatonic and supergravity black holes.

2.3 Reissner-Nordstrom black hole, temperature, and entropy

Motivated by the previous discussion, we extend our consideration in this section to black
holes with two parameters, mass and charge, i.e., Reissner-Nordstrom black holes. For a
black hole with non-vanishing charge, we can introduce the concept of extremality. A black
hole is extremal if it has the lowest possible mass for a fixed charge, while avoiding naked
singularities. The Reissner-Nordstrom (RN) solution is a charged black hole with metric

2MG G
B N Q@GN

r r2

ds? = —f(r)dt* + f(r)'dr® + 72405, f(r) =1 (221

where M is the mass and @ the (electric) charge. This black hole has two horizons located
at the zeroes of the function f(r),

fre)=0, re=GNM *0), (2.22)

where we introduced the extremality parameter ¢ such that

Gne=\/GAM2-GyQ* >0, M>c>0. (2.23)



In order to avoid naked singularities, we have to require M? > Q2. The entropy of the

black hole is given by

S_ 8712;1%
Ly

(2.24)

It is important to notice that the regimes ¢ > 0 and ¢ = 0 are qualitatively different, so we

discuss them separately below.
Gy cx?
272

the metric in the near horizon limit and with Euclidean time 7 = it,

For ¢ > 0, we can introduce the coordinate =1 —ry. For small 22 we obtain

ds? = (kz)2d7? 4 da® + (ry)2d03, (2.25)

where the surface gravity is kK = GTIZ €. By imposing the absence of conical singularities, we
+

find the temperature
hk he

"o 2rGN(M +¢)?

In terms of the Hawking temperature 7 and the entropy S, the extremality parameter can

(2.26)

be expressed as
c=28T, (2.27)

and the metric (2.25) can be rewritten as

2 4 272 2 L127 2
Therefore, the radius of the Euclidean time-circle is given in terms of 7, whereas the area
of the S? is determined by the entropy S. This has to be contrasted with the Schwarzschild
black hole, where both these quantities were governed by the same (unique) parameter M
of the solution. The Hawking frequency of the RN black hole is given by

G NC

27

and again the condition (2.2) is satisfied. Therefore, the variation of the temperature of a
RN black hole might lead to interesting constraints.

For the extremal case, ¢ = 0, the coordinate 22 introduced above becomes ill-defined.
Thus, we cannot take the limit ¢ — 0 in the near horizon metric (2.25). The correct strategy
is to first take the extremal limit and then the near horizon limit. The RN metric (2.21)

then reduces to

_ 2 _ -2
ds? = — <7" ”‘) a8 + (w) dr? + 203, (2.30)

T T

where 1, = GNM = G%QQ is the horizon radius (we will set M, =1 from now on). The
near horizon coordinate is now x = r — 7, and for small x we get the metric

2 2 7"}21 2 2 102
h

ds® =



Sa

excluded region

T T

Figure 1. Population of the 7 — & plane by RN black holes. The boundary S = (272)~! between
the allowed region in blue (with @* > 0) and the excluded region (where Q% < 0) is given by
uncharged (@ = 0) Schwarzschild black holes (blue line). The red line is the line of constant
extremality parameter ¢ = 28T . For T > Ty = %, one cannot keep c constant while staying in the
allowed region.

We recognize the AdSs metric along the (¢, x) directions with radius r,. This metric is
clearly regular everywhere, so there is no temperature. Equivalently, taking 7 = g—: as a
definition of Hawking temperature, we can calculate the surface gravity for the extremal
RN black hole and find that x = 0, implying 7 = 0.5

For the purposes of our analysis, it is convenient to choose a basis for the parameter
space of RN solutions in which the independent coordinates are 7 and S. We can then
study the limit of small or large temperature or entropy. Using, (2.24), (2.26) and (2.27),
we can rewrite the full RN metric in terms of 7 and S as

_ _ _ _ -1
4 = T o (CZr TN e 2g0s (232)
r2 r2 2
where
S S 1
ry = @, r— = @ - %ST (233)

In the small temperature limit, 7 = 0, the expressions simplify. Clearly, this basis illustrates
that temperature and entropy of a RN black hole are different order parameters. Ina 7 — S
diagram, charged RN black holes populate the region bounded by uncharged Schwarzschild
black holes, as shown in figure 1.

While the condition (2.2) is satisfied for the Hawking temperature, it is not clear whether
a distance defined by (2.20) and its related version for the RN black hole is appropriate
for an interpretation in terms of the SDC. The reason for this is that we employed an
analogy to the Matsubara and therefore KK momentum states that appear if the underlying
geometry contains a circle. However, in the black hole geometries there is in general no such

5We recall that for Schwarzschild and RN black holes the surface gravity is given by & = % f(ry).



a circle and one has to be more careful. The distance (2.20) would for example demand
that whenever a black hole becomes extremal there should be an associated light tower of
states. This seems to be unlikely, since for supersymmetric black holes we even control the
microscopic details and small deformations away form extremality seem to be well-behaved,
see e.g. [23]. Moreover, it was argued that the semi-classical thermodynamic quantities
in non-supersymmetric setups are potentially subject to large quantum corrections in the
extremal limit [9-12].

Our strategy is therefore to relate the black hole limits of large/small temperature and
entropy to field excursions of scalar fields, which are under better control and have a direct
relation to the SDC. In order to do so, we need to extend our theories by coupling to scalar
fields. This is why we turn to Einstein-Maxwell-dilaton theory in section 3 and to the STU
model in N' = 2 supergravity in section 4.

Before we start our discussion with scalar fields, we want to analyze the two-parameter
black hole solutions above from the perspective of a distance in the space of metrics.

2.4 Distance in the space of metrics

One possible definition of a distance between distinct solutions to the gravitational equations
of motion is given by the metric distance as discussed in [4]. In practice, we can consider
these distances directly in the near horizon geometries. We have seen that starting from the
RN black hole (2.21) and performing first the near horizon limit, we get the geometry (2.25),
which is locally R x S2, with non-vanishing Hawking temperature. The extremal limit
is then ill-defined, since the near horizon coordinate becomes singular for ¢ = 0. On the
other hand, performing first the extremal limit and then the near horizon limit, we arrive
at the metric (2.31), which is locally AdSy x S? and which has vanishing temperature. The
question is then if the spaces R x S2 and AdS, x S? could be at infinite distance to one
another, with the Hawking modes (2.29) being the tower predicted by the SDC.

Given a family of metrics with a set of parameters which we collectively denote by «,
the distance in the parameter space is defined via the formula

1
o ! s paagﬁmagl"’>2
/Oli da <Vol/d$\/§g g Jda Ou

where Vol = [ d4a:\/§ is the volume of spacetime. We can now use this formula for different

Ag(a) ~ : (2.34)

choices of the parameters characterizing the solution.
The simplest choice is to consider the metric (2.25) as a function of the extremality
parameter ¢. We can compute the integral above and find

ARNnh(c) ~ |log | for ¢—0. (2.35)

Therefore, taking the extremal limit in the near horizon RN metric (2.25) corresponds
to going to infinite distance in the space of metrics. One possible explanation for this
divergence in the space of metrics is the formation of an infinitely long throat. Indeed, if
one calculates the distance to the outer horizon from a reference radius r, outside the black

~10 -



hole one finds (along a slice of constant time)

A ==

which is finite for non-extremal black holes, but it diverges logarithmically in the extremal

case. This can be seen explicitly in the shifted radial coordinate y = r — r, giving

0= / gy ) (2.37)
0 y(y+ )
leading to a logarithmic contribution ~ |logc| close to the outer horizon, just as for the
metric distance. Therefore, a conceivable physical interpretation is that the infinite metric
distance is induced by the stretching of the throat region when sending ¢ — 0.
We can also consider § and 7 as independent parameters and repeat a similar analysis.
The metric distance with two parameters a; = (a1, a2) along a path a(«;) is

A(g) ~ (2.38)

e 1/2
f 1 4 uy _po
do ﬂ d x\/§g g 8ig,upajgl/a

(67

It is now convenient to employ the Kruskal extension of the black hole metric at the outer

horizon
2 1 S 2
dSKruskal = —WdUdV + Wd92 . (239)
Using these coordinates and for ay =T, as = S, we find
Ky L 4 nv . . po % 0
®45[gu, "] = W/d V99" 09" Digup = | T 5 (2.40)
S2

and thus for a path parametrized by 7 € [0, 1]

1 doi dod 1 dlogT\? dlogS\ 2
for the metric in the two parameter space of the RN black hole. This distance” diverges in

the limits S, 7 — {0, 00}.
The metric distance (2.41) in fact diverges in any of the five limits discussed in the

introduction of this paper. Nevertheless the identification of the corresponding tower of
states represents in general a challenge. While the stretching of a throat at first might have
some similarity to a decompactification process, which leads to a tower of light KK modes,
the direct correlation to the SDC is more subtle, see also [18]. For the special limit S — oo
there are other checks that suggest the appearance of light modes, i.e. the high ground
state degeneracy. The same logic, however, cannot be applied for finite S. Therefore, we
do not conclude that extremal 7 = 0 black holes are at infinite distance for finite entropy,
but rather try to explore these limits in systems with scalar fields. This points towards
limitations of the metric distance as a Swampland parameter, resonating with the additional
caveat that (2.34) for the metric distance is not diffeomorphism invariant.®

"The specific distance depends on the path chosen.
8 A procedure to deal with this technical obstruction has been proposed in [4], to which we refer the reader.
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3 Dyonic black holes in Einstein-Maxwell-dilaton theory

In this section, we investigate black holes with electric and/or magnetic charges in Einstein-
Maxwell-dilaton (EMd) theory. We start with a review of these solutions, following [24-26]
(see also [27-30]). The action is given by

SEMd = /d433\/ —9(%M§ (R — 0u90"¢) — %6_2/\¢FuuFW) ; (3.1)

with dilaton field ¢ and its coupling to the U(1) gauge field determined by A. In particular,
the previously considered RN black hole corresponds to A = 0. It is convenient to introduce
a rescaled dilaton coupling,

2
h=——-—-<2
14+2X2 — 77

with respect to which the static, spherically symmetric black holes solutions can be given as

1
f(r)

) = () " (1= 15

4y
—h
o206 _ (He>2
Hy)

F = T%HE_QH,%;%dt Adr + psin(0)do A dy,

(3.2)

ds® = — f(r)dt® + ——dr® + v (H H,,)"dS2

(3.3)

with g, p electric and magnetic charges, respectively. These solutions are well-defined for
the coordinate values

re (£&,0), (3.4)

where the extremality parameter ¢ defines the location of the outer horizon

ry = ﬁ . (35)
(The inner horizon is at r— = 0.) The two undetermined functions H;(r), i = e, m, are
solutions to the differential equation
d ¢\ H.(r) q
2 2 e —2772-2h
— 1—— =——H_“H 3.6
" dr(r ( 47r7“> He(r)> poe e (3.6)

and similarly for e <> m, ¢ <+ p. They are subject to the boundary conditions
H;(r) —= 1, and Hi(r) >0, forr—ry, (3.7)

guaranteeing that the solutions are well-behaved in the region (3.4). These differential
equations do not have a closed form for solutions at arbitrary value of A. Nevertheless,
solutions can still be parametrized as a power-series

B @
Hi(r) =1+ ZT —|—;2 +.n, i=e,m, (3.8)
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in terms of constants 51-(j ), and they converge within (3.4). Moreover, the system admits an
integral of motion, which in the » — oo limit reads

EM? + (2 +2(h - DEWeD) + 2 (€M + ey —n Y@ +pH) =0,  (3.9)

and it can be solved explicitly for some interesting values of the dilaton coupling h.
The above solutions approach extremality in the limit ¢ — 0. The entropy and
temperature of the corresponding dilatonic black holes are given by

c —h
T =t (He(3) Hn(55))
) ] N (3.10)
S = 3¢ (He (%) Hm ()"
From which one again finds the extremality parameter
28T =c. (3.11)
The mass of the black hole is given by
M = ¢+ 4rh(eM + W)y, (3.12)

which can be obtained from the metric in the limit of large r.

3.1 Universal behavior in the extremal limit

Before analyzing some specific models, we want to explore the universal behavior of the
above solutions in the extremal limit, ¢ — 0. First, we notice that in this limit the product
ST needs to vanish. The asymptotic behavior for 7 and S individually depends on the
functions H;(r) in the vicinity of the outer horizon as well as the dilaton coupling h.
With (3.10), one finds for ¢ — 0 the following possibilities.

T =0 : if Ho(Z)Hn(Z) oo faster than ¢ 7,
T —oo: if He(Z)Hn(f) — oo slower than ch ,
S—o0: if He(&)Hn(5%) = co faster than ch , (3.13)
S—0 : if He(Z)Hn() = co slower than .

This identifies three generic regions, I, II, and III, separated by threshold values ¢; and to
which allow for finite temperature and entropy, respectively. They are depicted in figure 2.

In the parameter region I, the extremal limit leads to a state at infinite temperature with
vanishing entropy. This is a small black hole limit. The specific realization of these states
likely needs a UV complete description of the model and might be related to particle states
as discussed in [8]. At the threshold ¢1, the entropy still vanishes in the extremal limit, but
one can achieve finite temperatures by balancing the parameters in the setup. The region II
leads to infinitely large extremal black holes with vanishing temperature. These solutions are
a priori not problematic from the viewpoint of the low energy effective description. In the
parameter region III, both the temperature and the entropy of the extremal state vanishes.
This is another small black hole limit. These charged extremal black holes of vanishing size
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ty to

I II1 11
T — oo T—=0 T—=0
S—0 S—0 S —
c c h N
(He (5%) Hm (£%)) >
c—0
~1/c ~1/c?

Figure 2. Depending on the behavior of H.(r)H,,(r) for r — 0, there are three generic regions of
the black hole thermodynamics, which are separated by threshold values.

Sa

I excluded region

Figure 3. Representation of the limits of figure 2 in the 7 — S plane. The red lines correspond
to the three different generic regions in figure 2, while the black lines correspond to the threshold
values for which the function (H.H,,)" vanishes as ~ 1/c and ~ 1/c? respectively. In particular,
the limit ¢; leads to 7 finite, S — 0, while ¢5 leads to 7 — 0, S finite.

are problematic in view of entropy arguments as those discussed in [7]. Once more, a UV de-
scription is necessary, whose higher curvature corrections induce a small but finite size of the
extremal black holes. The appearance of small black holes in the effective theory can therefore
be used to indicate that higher order effects become important. At the threshold ¢5, the ex-
tremal black holes have vanishing temperature but a non-vanishing horizon area and entropy
and thus they differ from the problematic small black holes of region III. A priori these black
holes seem to be well-behaved in the effective field theory description. However, it has been
argued that the semiclassical description of their thermodynamical properties can receive
large corrections in the non-supersymmetric setup, see e.g. [9-12] and references therein.

To illustrate the different universal regions, we refer to the diagram of possible charged
black holes in figure 3. The three generic limits I, II, and III are described by asymp-
totic points on the axes, whereas the threshold values potentially populate the axes as
well. Next, we turn to the analysis of some special cases where the functions H; can be
determined explicitly.
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3.2 Single-charged solutions

EMd black holes with either electric charge g or magnetic charge p are arguably the simplest

example and thus we discuss them first, before turning to the analysis of dyonic ones.

Indeed, in this case one can find explicit solutions for H; for arbitrary dilaton coupling.
We start from the case with magnetic charges only, for which one finds the solution

H.(r)=1, Hp(r)=1+ %n, (3.14)

with (3.9) reducing to
hem (&m + =) = (3.15)
With this, we can derive the asymptotic behaviour for the extremal limit ¢ — O:
He(f)Hm(55) ~ ¢ - (3.16)

We see that the temperature goes to zero for h > 1 and the entropy vanishes in the extremal
limit for h < 2. This means that for a non-trivial dilaton coupling, A > 0, the extremal
limit for a single-charged black hole always leads to a small black hole. The case at the
to threshold, h = 2 (A = 0), corresponds to a decoupling of the dilaton and reproduces
the results for magnetically charged RN solutions, for which the entropy remains finite for
¢ — 0 and is given by

S =4n’p?, for h=2 (A=0). (3.17)

This is the first example we analyse of a black hole solution coupled to a scalar field. Thus,
we are interested in studying the profile of the dilaton. For A > 0, one has (see (3.3))

h—2
Gon 2= (1+52) (3.18)

r

where g denotes the electric gauge coupling. The above quantity, which is in fact the
(squared) magnetic gauge coupling, vanishes at the outer horizon 7, = = in the extremal
limit (for A < 2). This indicates that the dilaton diverges

¢ — 0. (3.19)

Since the asymptotic value of the dilaton in this solution is fixed to @], = 0, we see that
for purely magnetically charged extremal black holes the dilaton traverses an infinite field
distance and, at the same time, a global symmetry is restored. This infinite field distance
(or global symmetry restoration) gives an alternative perspective in terms of the SDC on our
intuition that the small black hole limit is outside the validity of the effective description,
which should be related to a light tower of states close to the black hole horizon.

For the coupling h = 1, the single charge black hole realizes the threshold case t¢;
of figure 2, see also [8]. This corresponds to the charged dilatonic black hole in string
theory, with only one charge. In the extremal case the solution has zero horizon but finite
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temperature. In addition to the singular behavior of the dilaton (3.19), in the ¢; limit we
also have a singular geometry due to the vanishing size of the horizon. Again we expect
quantum gravity corrections to take over and smooth out the classical singularity.

The case of purely electrically charged black holes can be deduced from the electric-
magnetic duality of the action, under which

F. G
(G’;y> — (—f?,w> . O =, (3.20)

where G, = 6}{5 = %e_”“i’eme P9, Once more, the entropy vanishes in the extremal
nv

case unless A = 0. Since the dilaton changes sign one now has
¢ — —00, (3.21)

at the outer horizon and again the traversed field distance in the black hole background is
infinite. A recent discussion on this class of black holes in the Swampland context can be
found in [7]. In particular, it is argued that the vanishing size of extremal EMd black holes
with charge leads to a violation of entropy bounds. Additionally, one finds that in these
situations the dilaton traverses infinite distance. The SDC is thus assumed to avoid such a
problematic situation by invalidating the effective theory with the appearance of a tower of
light states. RN black holes evade this conclusion since they still have a finite size in the
extremal limit. Thus, the role of the scalars (dilaton) in this class of model is crucial for
understanding properties of quantum gravity.

To summarize, we see that for non-trivial dilaton coupling the limit of extremal single-
charge solutions is problematic since it is described by the parameter region II and is
beyond the regime of validity for the Einstein-Maxwell-dilaton effective theory. The usual
expectation is that the full UV-complete theory contains higher derivative corrections that
lead to a finite horizon size. Note that in all of the above cases the problematic regime
S — 0 is accompanied by an infinite field distance traversed by the dilaton field from spatial
infinity to the outer horizon relating it to the predictions of the SDC.

3.3 Dyonic solutions

We now turn to solutions with both electric and magnetic charges, dyonic black holes.
Unfortunately, these cannot be discussed in full generality for arbitrary h with one exception,
for which the electric and magnetic charges are equal

p=q. (3.22)
The corresponding solution is given by

1/h
H.(r) = Hpy(r) = (1 + f) . L+ E) = 7, (3.23)

leading to the asymptotic behavior in the extremal limit

Hy (&) Hp (&) ~ 2" (3.24)
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located precisely at the threshold ¢5. In fact, in the extremal limit one finds that the entropy
S =8n2¢%, (3.25)

is finite and independent of h. At the same time the dilaton profile is constant. It therefore
seems that for these black holes one can reach the extremal limit within the effective
description and correspondingly one does not traverse an infinite distance in the moduli
space of the dilaton field. Moreover, also in the infinite entropy limit, ¢> — oo, e~2*? stays
constant and one again does not traverse an infinite distance in the moduli space of ¢. Note,
however, that especially in non-supersymmetric cases, these black holes might receive large
quantum corrections affecting their thermodynamical properties [9-12].

For the analysis at arbitrary charges, we focus on two different interesting cases for which
explicit solutions of H;(r) are known (the case h = 2 is fully covered by the considerations
above):

e h = 1: low-energy effective action of heterotic string theory
e h= %: Kaluza-Klein theory, with the dilaton as radion field

We will see that in these examples the extremal limit for dyonic black holes corresponds to
the threshold to and thus the entropy remains finite and the dilaton does not traverse to
infinite distance.

String theory coupling (h = 1, A = 1/4/2). For the typical string theory coupling
of the dilaton, i.e., h = 1, one finds the following solution

H=14%, gt ) =d, (3.26)

where g. = q and ¢, = p.
When both charges are nonzero, in the extremal limit one recovers

H () Hn () ~ 2. (327
Again, this is at the threshold ¢y, where
2
S = 81°pq . (3.28)
The dilaton field further has the asymptotic value

o200 . Q’
rg ¢c—>0 p

(3.29)

at the outer horizon. The field distance in moduli space is therefore finite, for finite p and ¢
and the extremal limit seems to be within the validity of the effective description.

When only one of the charges is nonzero, we recover the ¢; threshold states discussed
above.
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Kaluza-Klein coupling (h = %, A= \/g ). For the Kaluza-Klein value of the dilaton
coupling one has the solutions

B @
Hi(r)y=1+ ; + o (3.30)
with
1) (1 c 1 c 1) (1) (1 ¢
eV +el) + £ 26V + €l + %)
and the extremal limit is characterized by
Ho () () ~ . (3.32

which is again at the threshold to. Once more the entropy in the extremal limit is determined
by the electric and magnetic charges

2
S = 87°pq , (3.33)

as is the asymptotic value of the dilaton field

el 1 (3.34)
rg ¢c=0 p
Therefore, for finite values of the charges the extremal black holes have a finite entropy and

do not lead to an infinite field distance in the moduli space of the dilaton.

3.4 Infinite entropy at threshold

We have seen that the dyonic black holes are realized at the threshold value t9 of figure 3.
This implies that for finite charges their entropy remains non-vanishing and finite in the
extremal limit. There are, however, limits in which one sends the charges to infinity that
also lead to infinite entropy. These limits further affect the dilaton field profile, which we
want to analyze next.

Infinite entropy and infinite scalar field limit. For the first limit we consider dyonic
black holes with electric and magnetic charges given by ¢ and p, respectively. The entropy
in the cases analyzed above is proportional to their product. Therefore, one can generate
infinite entropy by keeping one of the charges fixed and sending the other one to infinity.
This generates a hierarchy in the two charges and induces a large field limit for the dilaton,
since its value diverges at the outer horizon. Concretely, for these two cases the entropy
can be expressed in terms of the scalar field as

plixed: S — 8x2pZe 2

or
c—0 T4

qfixed: S — 822 (3.35)
c—0 Ty
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So for large entropy and fixed magnetic or fixed electric charge we get

pfixed: S—o: ¢— —0,
(3.36)
qfixed: S—o0: ¢— 0.

We see that the infinite entropy limit corresponds to an infinite distance limit in the scalar
field moduli space, again, demonstrating the parallels with the SDC and its predictions.”
Moreover, these two limits are dual to each other, in the sense that the infinite entropy
limit either corresponds to very weak or very strong U(1) gauge coupling. In a string theory
embedding, small dilatonic black holes should correspond to regions of strong/weak string
coupling limits (gs — 00/0) and then to an infinite tower of light strings [31].

Infinite entropy and finite scalar field limit. Next, we consider the case, where the
electric and magnetic charges scale in the same way, i.e.,

p~q. (3.37)

This case was already discussed in section 3.3. The value of the dilaton field stays finite in
the infinite entropy limit:

S—oo: € const. (3.38)

So the infinite entropy limit corresponds to a finite field distance in the moduli space of
the scalar field. We will come back to these “scaling” solutions in the context of N' = 2
supergravity.

Finite entropy and infinite scalar field limit. The dyonic black hole solutions further
allow for a parametric solution with

pr~—, (3.39)
q
which for ¢ — 0o, seems to lead to a finite entropy black hole in the extremal limit. At the
same time the value of the dilaton at the outer horizon takes one of its singular values
q—>00: ¢ — —00,

4
p—0o0: ¢ — . (3.40)

Therefore they seem to correspond to finite entropy black holes, which nevertheless induce
an infinite field distance in the moduli space of the dilaton and are problematic from an
effective field theory point of view.

9Note that if the spacetime region, at which the infinite distance limit is achieved, has vanishing volume,
one in general does not expect an infinite tower of states. An example for this situation is the Taub-NUT
geometry. This often seems to be associated with the fact that these backgrounds are non-trivial fibrations,
in which the charge labelling the infinite tower, such as the KK charge, is not conserved. In our case,
we consider geometries which are warped products and, in particular, are trivial fibrations. Moreover,
once corrections are taken into account, a finite horizon is generated. We therefore expect the SDC to be
applicable in our set-up. We thank the referee for pointing out this issue.
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3.5 Infinite temperature limit

The infinite temperature limit in the extremal case is captured already by the discussion in
section 3.1 and corresponds to the asymptotic behavior in the parameter region I, i.e.,

H.({£)Hn(5%) — oo slower than R (3.41)

For non-vanishing ¢ we find that 7 — oo demands
H.(£)Hn(5Z) = 0. (3.42)

<
47

not possible. To be more precise for finite ¢ this demands that some of the terms in

Since the boundary conditions are such that H;(r) > 0 for r — we see that this is
expansion (3.8) are negative. However, these will dominate in the extremal limit and violate
the boundary condition. Therefore, all infinite temperature limits of the black holes above
necessarily are extremal and therefore captured by the asymptotic behavior above. This can
also be seen in the figure 1 and 3, where in the limit 7 — oo one approaches the axis, i.e.,
the extremal black holes, and all finite values of ¢ exit the allowed region at a certain point.

We see that already in the simplest model of gravity coupled to a scalar field, Einstein-
Maxwell-dilaton theory, we can relate many of the thermodynamic limits to infinite field
ranges of the dilaton field in the black hole background. The SDC then predicts a tower
of light states to appear in the vicinity of the black holes leading to large corrections and
necessitate an understanding within a more fundamental description. In order to explicitly
study these light states we therefore turn to an effective theory closely related to string
theory, namely N = 2 supergravity.

4 Multi-charge black holes in A/ = 2 supergravity

The behavior of black holes solutions across the parameter space explored in the previous
section can also be found for more general, multi-charge black holes in four-dimensional
N = 2 supergravity coupled to vector multiplets. The main example we will concentrate on
is the STU model arising from type IIA compactifications, but our analysis can be easily
adapted to different Calabi-Yau spaces or dualized to type IIB.10

The four-dimensional effective A/ = 2 supergravity theory arising from type IIA string
theory compactified on a Calabi-Yau threefold Y is specified by a prepotential

1 Xixixk
F(X*) = g0 > (4.1)
where X* = (X°, X?), and the indices i, j, k run over 1,..., hb! = ny. The bosonic sector

contains the graviton, ny + 1 vectors and ny = h'! complex scalars z* spanning a special

Kahler manifold. A convenient formulation of special geometry is in terms of projective

coordinates X (z%) which, together with Fj = ég{—FA (valid only if a prepotential exists),

10 An exhaustive review on A’ = 2 supergravity in the context of black holes is [32]. For BPS black holes
and their relation to string theory compactified on Calabi-Yau we refer to [33-37]. See also [38, 39] for
N = 4 black holes.
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form holomorphic symplectic sections (X A Fy). They arise from a choice of symplectic
basis of 2- and 4-cycles {AA ,Bp} on Y. Finally, d;;i, gives the triple intersection numbers
of the Calabi-Yau 4-cycles.

Four-dimensional black holes are solutions of the supergravity action and, upon a
constraint on the parameters, at zero temperature they can preserve supersymmetry. We
choose a microscopic configuration obtained from 10d as a superposition of A'! D4-branes,
each of them wrapped p;-times around the corresponding 4-cycles in Y, times a stack
of go DO-branes. In four dimensions, they yield a black hole with electric charge ¢o and
magnetic charges p; with respect to the abelian A + 1 gauge fields. Analogous results to
those we present can be dualized to the D2-D6 setup, where the black hole has instead one
magnetic p® and electric ¢; charges. We refer the reader to appendix A for more details on
four-dimensional A/ = 2 supergravity and for definitions of the quantities further introduced
in this section.

The explicit setup we will focus on is the so-called STU model, corresponding to the
case where dj23 = 1 and zero otherwise. We have three scalars 2! = 5,22 =T, 2% = U,
defined as 2* = ))g—é, which enter the action as a nonlinear sigma model with target space
[SU(1,1)/U(1)]®. The STU model can be interpreted as a truncation of A = 8 supergravity
arising from type ITA compactified on 7%, in which case the imaginary parts of the three scalar
fields parametrize the volume moduli of three two-tori. It can also arise as a compactification
of heterotic string theory on T2 x K3, which is dual to type IIA compactified on a CY with
hb! = 3 [33]. In the limits S,T,U — 0,00 (neglecting the axions), the volumes of these
two-tori will either shrink to zero or grow to infinite sizes.

It is known that these wo limits are at infinite distance in the internal moduli space.
In fact the overall volume of the Calabi-Yau is given by

V= —iz'2?%3 = —iSTU, (4.2)

where we implicitly set Re z' = 0. The overall KK modes have masses (in string units)

= (4)"°. o

In case also string winding modes are present, as for example on the torus 7, their masses
are given by
. __yl/6
Myyind = V . (44)

Therefore, in the limits V — oo or V — 0, either the tower of KK or winding modes (if
present) become massless, in agreement with the infinite distance in the internal moduli
spaces. Specifically, the moduli space distance in the limit of large or small volume behaves as

Ay =~ |log(V)]. (4.5)

In the next sections, we will see how the internal volume is mapped to the entropy and
the temperature of the non-extremal black hole solutions.
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4.1 Non-extremal black holes

Black hole solutions with electric and magnetic charges at finite temperature can be
described in supergravity by the metric!!

cAdp? c?

ds? = —e®Vdt? + 72V +
sinh?(cp)  sinh?(cp)

(62 + sin? Gdng)] : (4.6)

where the warp factor €2V represents the coupling to scalar fields [40]. This metric inter-
polates between the extremal (¢ = 0) and non-extremal (¢ > 0) geometries. The black
hole is characterized by a mass M and by electric and magnetic charges, g5 and p®, with
A €{0,1,...,ny}. Due to the coupling to the scalars, M is fixed by ¢, the black hole charges
and also by the values of the scalar fields at asymptotic infinity. The latter determine
the nature of the specific compactification and we decide to work with a fixed choice of
moduli at infinity, i.e., we fix the low energy theory. Our conclusions will not depend on
this specific choice, as long as we remain inside the moduli space. Besides the metric, the
black hole solution is specified also by the field strengths

FA = pPsin0df A dg — 2V (2-1)A8 (qE - REApA> dp A dt (4.7)

where Tys (2%, 2*) , Rax (2%, 2*) are scalar couplings to the gauge fields in the theory entering
the action in front of the gauge kinetic and theta-term, respectively (see appendix A).

The STU model admits black holes with up to four electric and four magnetic
charges [41, 42]. For simplicity, we work with a configuration with only nonvanishing
qo,p", p?,p® charges, all assumed to be positive. The solution can be written in terms of
four functions In(p), I'(p),I%(p), I3(p), in such a way that the scalar fields are

oI

i _j Nir (1) = I I' 1’1, (4.8)
and the warp factor is
e 2V = g7 Wet2er with e Ve = 4/T, . (4.9)
The I-functions take the form
Iy = ag + bpe*”, I' = ' + bie?r, (4.10)

111 the present section 4 we set Gy = 1, as we are referring to the supergravity black hole literature which
1
167G N ?
which here will appear as ST? = ﬁ. One can restore the explicit Gn dependence by setting ¢ — Gnc

uses these conventions. This will affect the Schwarzschild curve in the 7 — S plane defined as ST? =

everywhere in the solution presented in this section; thermodynamic quantities can be compared with those
in the previous sections by transforming (4.14) as

S(e) — G—1NS(GNC) , T(e) = T(Gwe),

and then chosing Gy = i.
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with

a 1 1
= ——— |1+ =1/c? +16¢3(LO° 2:| 4.11
() = vz [1= 2V o). an

<ZZ> = ! [1 + %\/cz + 16(pi)2M300] : (4.12)

and
1 1 VALAZNS
2v/2 /AL AZ N3, 2v/2Xi
where we denoted 2., = —i\’_ the values of the scalar fields at infinity, that will be kept

fixed in all our analysis. Notice that the horizon is located at p — —o0, so the value of the
scalars at the horizon are in principle dependent on the charges, the moduli at infinity, and
on c.

From the expression of the metric in (4.6), we derive that the black hole entropy and
temperature are

S = 16wV agala?a3 2,

oK _ 1|1 sinh(cp)? de?V () 1 1 (4.14)
2T o c? dp N 327 evagataZa® '

2

and the extremality parameter is
c=28T. (4.15)

This solution generalizes non-extremal black holes in the presence of scalar fields running
from asymptotic infinity to their values at the horizon. When the scalars are constant
throughout the whole four-dimensional spacetime, the solution effectively reduces to a
non-extremal Reissner-Nordstrom black hole.

The volume of the Calabi-Yau for this solution is given by

i

V= —iSTU = —0_ 4.16
Nor (4.16)

with the I-functions defined in (4.10).

4.2 Extremal BPS black holes

Supersymmetric black holes are an important subset of the solutions of the previous section.
Supersymmetry requires the solution to be extremal, meaning ¢ = 0, and thus (4.15) implies
T = 0 for a regular horizon. Therefore, according to our classification of limits, we are
dealing here with the threshold case to.

This class of solutions is described by a metric of the form'?

ds? = —e?Vdt? + 72V (dr? + r2d03) . (4.17)

2Notice that the coordinates  and p are related by dr = fmdp, which in the extremal case simply

d
reduces to dr = —P—g.
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Not all possible choices of charges in the theory allow for a BPS solution, i.e., the extremal
limit of a multi-charge black hole in supergravity may lead to non-BPS solutions with
finite entropy. However, the non-extremal configuration of the STU model with charges
q0,p*,p*,p? considered so far does reduce to a supersymmetric black hole for ¢ — 0.'* This
BPS black hole is given by the scalar fields 2% of (4.8) and the warp factor e 2V — ¢=2Ue
of (4.9), with

1 1 qo ; 1 1 pf
I — - —, I,L = - 4~18
T 4RIy, Ve 4W2Mios V2T 1)

Being extremal, BPS black holes in N' = 2 supergravity have a near horizon geometry
of the form AdSs x S?, with the anti-de Sitter radius equal to the sphere radius and
proportional to the black hole entropy. These black holes are governed by the central charge
function Z(z%, 2%, qo, p') defined in appendix A, and the horizon corresponds to an attractor
point for the flow of the scalar fields determined by Z via the attractor equations

aiZ(Z;LvZZ,Qpri) = 07 (419)
Sgps = 7| Z (2}, 2}, @0, ')| = 271/ qop'p?p?. (4.20)
For the BPS black hole of the STU model with charges qo, p',p?,p?, this yields

qop"’

Vaopp?p3
Spps = 2m\/ qop'p?p?, (4.22)

corresponding to the ¢ — 0 limit of (4.14). We see that in the BPS case the scalars at
the horizon are completely fixed by the charges, differently from the non-extremal solution

zp, = —1i

(4.21)

where the horizon values still depend on the moduli at infinity, in addition to the extremality
parameter ¢. The mass of the BPS black hole is also determined in terms of the central
charge as M = |Z(zz,22,qo,pi)].

We will now explore the parameter space of this general class of STU black holes in
the T — S space.

4.3 Thermodynamic limits and tower of states

In this section, we investigate the limits of large and small temperature or entropy for
extremal and non-extremal black holes in supergravity, by studying the behaviour of the
CY volume (4.2) at the horizon, whose divergence or singular behaviour may signal the
appearance of infinite towers of states. We will specialize our discussion to the STU black
holes presented above, for concreteness, but our results can be easily generalized to other
configurations.

13We refer to [42] for a review of BPS and non-BPS black holes in the STU model.
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4.3.1 Extremal black holes

Let us first consider the BPS black hole case. The thermodynamic quantities in the extremal

limit are, from (4.21)
S=2 1,2 37
™/ qop PP (4.23)
T=0.

The volume (4.16) at the horizon is thus given in terms of the charges as

(q0)*/*

V= ———. (4.24)
Vplp?p?
The KK modes have masses
1\1/6 (p1p2p3)1/12
Y " A P (A 4.25
K (Vh> (qo)1/* (4.25)

Let us now consider the exchange of a small extremal black hole with a large extremal one,
which can be realized by the inversion of the charges (and of the mass):

1 : 1 1
Qo —, P = = S . (4.26)
qo D S

This transformation also inverts the volume of the internal space, i.e.,

1

— 4.27
o (1.27)

Vh —
and exchanges the KK modes with the winding modes. So this exchange of large and small
extremal black holes is induced by a T-duality transformation on the internal moduli fields.

Now, let us see if the large or small entropy limits also induce a tower of light states
and hence leads to an infinite distance limit in the moduli space. For this purpose, we will
focus on two types of black holes, which will exhibit a kind of T-dual behavior with respect
to each other:

e Type A. Black holes with fized electric charge qo, varying magnetic charges p* and
varying mass M. The entropy will therefore be a function of the p’ and the mass M.

e Type B. Black holes with fized magnetic charges p*, varying electric charge qo and
varying mass M. Then the entropy will be a function of ¢y and the mass M.
For A-type black holes, the volume scales as a negative power of the entropy
Vi = 27rq—3 . (4.28)
S
This implies that for fixed electric charge go the KK masses grow together with the entropy as

1 SV

MEKK = ——— —— (4.29)
(2m)1/6 qé/3
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and thus become light in the limit of small entropy. For toroidal compactification on 7,
there are also T-dual winding modes with masses of the order

1/3
1/6 40
Maging = V¢ ~ S5 (4.30)

which become light in the limit of large entropy.
On the other hand for the B-type black holes the volume scales as a positive power of
the entropy

1 S3
| — 4.31
" (2n)3 (') (431)
and the KK masses decrease in the large entropy limit as
(p'p*p*)/?
MKK = (2%)1/2T (4.32)
In case there are T-dual winding modes they have masses
81/2
(4.33)

Mhwind = 128173

and become light in the limit of small entropy.

The A- and B-type black holes, i.e. fixed gy or p’, behave T-dual to each other, since
sending § — 0 or § — oo implies opposite behavior for the volume, i.e. V, — 0 or V) — oo,
and in turn for the KK masses, i.e., mgx — 00 or mrxg — 0. In the large entropy limit,
for the A-type the relevant light tower is that of the winding modes, while for the B-type
the relevant one is that of KK modes. On the other hand, in the small entropy limit the
situation is reserved. All this finds nice agreement with the results of [4], which investigated
the limit of large entropy of AN/ = 2 extremal black holes, for fixed magnetic charges.

It is however important to emphasise that there also exists other types of black holes,
with different combinations of electric and magnetic charges being kept fixed. They behave
in a different way and do not necessarily lead to massless towers of KK or winding modes
for large or small entropy. These particular examples are black holes with charges such
that the volume in (4.31) is kept fixed (see section 4.3.3 for more details). Then, the limits
S = 0or S — oo do not lead to a light tower of states.

4.3.2 Non-extremal black holes

We consider now thermodynamic limits of non-extremal black holes. Before discussing the A-
and B-type, a somehow special case of non-extremal black hole is given by the Schwarzschild
solution, where all electric and magnetic charges are turned off. Then, one is precisely moving
along the Schwarzschild hyperbola S = 1/(16772), which is the boundary of the colored
region in figure 1. This is expected, since for a neutral black hole in A/ = 2 supergravity the
scalar fields are constant and independent of & and 7. Hence, the volume of the internal
space is also constant and equal to its value at infinity, V = Voo = (2v/2L2,)72. In the limits
of large or small asymptotic values, L% — 0 or L% — oo, one can get light KK or winding
modes and the distance conjecture with respect to the internal moduli fields applies.
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We now move to black holes with non-vanishing electric and magnetic charges and
focus in particular on the type A and B introduced in the previous section. As before, other
cases of combinations of charges to be hold fixed are possible.

A-type black holes. At the horizon, p — —oo, the formula (4.2) of the internal volume
reduces to )
a
Vi = ——2 — = 647alST>. 4.34
4 Vagata?ad 0 (4:34)
The dependence of the volume in terms of S and 7T is given once we substitute the expression
for ap in eq. (4.11) and use eq. (4.15). We obtain

2
2
Vi, = 4”;°° (8T+ \[S2T? + 12;10> ; (4.35)

which is the expression of the internal volume, when we keep the electric charge ¢g con-

stant, while entropy and temperature vary together with the black hole mass and the
magnetic charges.

First, we consider two different limits for the temperature, for which the internal volume
either becomes small or large:

o In the small temperature limit (case (II) in figure 3), 7 — 0, we recover eq. (4.28) of
the extremal case. If we follow a trajectory such as S(7) = 1/(87nT?), with n > 2,
then we are sure to be within the validity regime of charged black holes, that is below
the Schwarzschild hyperbola & = 1/(1677?2). In the small temperature limit, along
this trajectory we have

T—0: V), o quQ -0, mgrg~ (qu)*l/3 — 00. (4.36)
The T-dual winding modes behave in an opposite way:
T—=0:  mMmyna~ (@7 —0. (4.37)
o The large temperature limit (case (I) in figure 3), 7 — oo, is somewhat more delicate
to treat. In this limit, the relevant contributions to the volume are

dmql
0.

It is important to note that this limit necessarily corresponds to small entropy, S — 0,

Vi = 167V ST + (4.38)

for a charged black hole, since the maximum entropy for a given temperature is bounded
from above by the hyperbola & = 1/(16772), corresponding to a Schwarzschild black
hole (see figure 1). This implies that the first term of eq. (4.38) approaches a
constant, namely the asymptotic value of the volume at infinity, while the second
term diverges. We can follow again a trajectory below the limiting hyperbola, such as
S(T) =1/(87nT?). Then, the large temperature limit provides

T—o00: VixggT? —00, mir~(gT) /> =0, mMyna~(0T)"?— oc.
(4.39)
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We see that the limit of large temperature always corresponds to decompactification
with V), — co. The KK masses will then be vanishing, thus leading to the breakdown
of the effective field theory.

Then, we consider similar limits for the entropy:

o For small entropy (case (I) in figure 3), we recover the extremal limit with eq. (4.28)
for the volume V},, similarly to the small temperature limit. However, in this case the
volume will become large scaling as

2
Vi, >~ 27Tq§0 — 00. (4.40)
Then, for constant electric charge, the limit of small entropy necessarily corresponds
to a light tower of KK modes, with masses mgg — 0.

o In limit of large entropy (case (II) in figure 3), the volume at leading order is
Vi = 161V ST?, (4.41)

which matches the first term of eq. (4.38). We note that the limit S — oo necessarily
corresponds to the limit of small temperature, 7 — 0, since both values are upper
bounded by the Schwarzschild hyperbola 7 ~ S~1/2. This is analogous and parallel
to the situation we had for the limit of large temperature. Fixing again a trajectory
S = S8(T) below the limiting Schwarzschild hyperbola, the volume will become small
in the limit of large entropy. The relevant light tower invalidating the effective
description is represented thus by winding modes.

B-type black holes. At the horizon, p — —o0, we can write the internal volume as

1

Vi = (64m)3(ala?a?)283T6 "

(4.42)

We can obtain the dependence of the volume entirely in terms of the entropy S and the
temperature 7 by using eq. (4.12) and eq. (4.15). We have

S(Ml M2 M3 )283

e mie e

7r3H L (VAL 2 (p1)? + 82T +ST)

Vi : (4.43)

which is the expression of the internal volume at fized magnetic charges.
Now, we can again consider the following limits for the temperature:

o In the limit 7 — 0 (case (II) in figure 3) the volume at leading order precisely
agrees with (4.31). We can follow a trajectory S ~ 1/72, which stays below the
Schwarzschild hyperbola, and obtain

1 1
(2m)3 TO(ptp2p3)?

T—0: th — 00, mKK—>O, Myind — OO . (4.44)
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o The limit of large temperature 7 — oo (case (I) in figure 3) necessarily implies
S — 0. Being close to the hyperbola T = (167r8)_1/ 2 we get that the internal volume
becomes infinitesimally small, V};, — 0, and thus an infinite tower of light winding
modes:

1 1
(2m)3 TO(plp2p3)?

T — oo : V), ~ — 0, Mmgg —> 00, Mynd — 0. (4.45)

The analogous limits for the entropy are:
o For small entropy (case (I) in figure 3), the volume goes to zero:

1 S3
(2m)3 (p'p?p?)?

thus leading to a light tower of winding modes with masses approaching zero.

S—0:, Vi o — 0, (4.46)

o For large entropy (case (II) in figure 3), S — oo, the volume has an identical expansion
as in the limit of large temperature considered above. After fixing a proper trajectory
in the 7 — S plane, we obtain that the limit of large entropy corresponds to large
volume V}, — oo and a light tower of KK modes. This result is somehow analogous to
the case of extremal black-holes, with fixed magnetic charges, seen in section 4.3.1
and investigated in [4].

In summary, we see that the limit (I) in figure 3 (for the chosen combinations of charges)
leads either to a tower of light KK particles or a tower of light winding modes, measured at
the horizon of the black hole. This is the limit of small black holes with large temperatures,
which behave like particles states. Due to the presence of infinite light modes, in accordance
with the SDC we conclude that the effective field theory on the horizon breaks down. A
similar conclusion can be drawn for the limit (IT) of large black holes with large entropy
and small temperature.

It is interesting to notice that the volume of the internal manifold V also appears in
the supergravity Lagrangian (A.1) as the gauge coupling of the U(1) gauge fields in the
matrix Zpy, as one can check from (A.17). One finds in fact that the F B,, gauge field has
coupling equal the internal volume Zgy = —V. From the analysis in this section we see that
near the horizon, in addition to the KK masses and winding modes, the limits discussed
above also affect the U(1) couplings. This observation connects our results to yet another
swampland conjecture, namely the absence of global symmetries in quantum gravity.

4.3.3 Rescaling of all charges

As we already mentioned before, the light towers of states appear in the limit of large/small
temperature and entropy in case certain combinations of electric or magnetic charges are
kept fixed. However, if all charges are increased or decreased in the same way, the internal
volume stays constant. Below, we investigate this particular scaling limit in some detail.
Let us consider a black hole of the STU model with charges qo, p*, p?, p?, and let us
study the transformation that rescales all charges in the same way. We start from the
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extremal case, where the metric is
dp?* 1
ds? — —2Uge? 4 o=2U (pp4 + p2d93> . (4.47)

A rescaling of all charges gy — Aqgo and p* — \p, together with the coordinates rescaling
p — A 1p, leaves the functions Io, I* invariant, thus also €2V — €2V and 2'(r) — 2i(r). If
we also redefine the time coordinate by ¢ — At, the metric becomes

dp?> 1
ds? = 22 [—ea2 + (e 2V 2 4 402 ) ), (4.48)
p4 p2 2

namely the charge rescaling and coordinate redefinition result in a Weyl rescaling of the
metric.

The same also happens for the non-extremal solution. Considering the family of

rescalings
qo — Ao , Pt = M\, p— A "1p, c— A, t— A, (4.49)
the quantities ag, a’ and by, b’ are left invariant, so again €2V — €2V, and 2%(p) — 2'(p),
while
S— NS, T -=MIT. (4.50)

On the metric (4.6), this corresponds to

cdp? . c?
sinh*(cp)  sinh?(

ds? — \2 <—62U dt? + e~2U [ (6? + sin? edqs?)D , (4.51)
cp)
which is again a Weyl rescaling. Now notice that, since the scalars are left invariant, the
volume is also invariant [4]. If one considers this Weyl rescaling within a ten-dimensional
embedding of the four-dimensional black hole geometry, then the transformation (4.49) can
be interpreted as a rescaling of the Planck Mass.
Notice that the black hole ADM mass, by simple background subtraction at infinity, is

3
M = i (\/02 + (4q0L%)* + ; \/62 + (4piMioo)2> ; (4.52)

which also gets rescaled as M — AM, to preserve the BPS bound of the theory M > |Z]
(the central charge scales together with the charges, Z — A\Z).

4.4 Thermodynamic dualities

In this section, we would like to investigate further the existence of new temperature and
entropy dualities, 7 <> 1/7 or § + 1/S, acting as geometric duality on the compact
internal space, namely exchanging KK modes with winding modes. We will point out
situations in which large and small temperature limits are precisely dual to each other.
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Let us pick a fixed symplectic frame for the charges, and let us investigate possible
dualities between the large and the small temperature regime of supergravity black holes.
In particular, for the STU model, we consider black holes with four non-vanishing charges
q,p" p%,p*.

We start from the temperature. Consider A-type black holes and compare the high
temperature limit (4.39) with the small temperature limit (4.36). It is easy to see that the

transformation 1

@T’

leaving the electric charge qo fixed, inverts the internal volume, V;, <— Vih and hence

T +—— qgo — Qo , (4.53)

exchanges KK with winding modes. This is a realization of a T <> 1/7T temperature duality.

Then, consider B-type black holes. We see immediately that there is again a high-low
temperature duality, inducing V), +— Vih and exchanging the internal KK and winding
modes among each other. This has the following form:

1
(p'p?p*)?T

T < Pt — pt, (4.54)
where the magnetic charges p’ are kept fixed.
Similarly to what done for the temperature, we can also point out an entropy duality.
For the A-type black holes this is of the form
¢
S +— go ) qgo — qo (455)
while for B-type black holes we have

(p'p?p®)Y/?

S Y

S p—pt. (4.56)

Note that there is yet another class of entropy/temperature transformations, which
however keep the volume V), invariant, but rescale the electric charge gy (case A) or the
magnetic charges p' (case B) in a non-trivial way:

VS «— T with ¢y — T (A) or pt — ¢ (B). (4.57)

7'
Vs ¥ vs?
These transformations act like in the Schwarzschild case (see eq. (2.15)) and exchange small
with large black holes. Moving on a Schwarzschild like hyperbola, these transformations
look like

S +— % and T <— 7l_ with qo — T2 qo (A) or p' — T2 p' (B). (4.58)

4.5 Embedding of Einstein-Maxwell-dilaton in A'=2 supergravity
The Einstein-Maxwell-dilaton (EMd) black holes of section 3, for specific values of parameter
)\, are captured by the p°, gy configuration of ' = 2 matter coupled supergravity [43, 44],

and correspond to the KK black hole in the reduction from five to four dimensions [45, 46].
To discuss the supergravity embedding of the KK black hole we consider the STU model

~ 31—



introduced in section 4; we set z! = 22 = 23 = —ie~V?/3? and only take the vector field
strength F BV to be nonzero [47]. One can see then that the Lagrangian of this model is of
the EMd form

TasF FEH 5 Too(FO,)? = e VOO (FO, )2 (4.59)
|
Gi70,2" M7 — 5(%(;58’%;5, (4.60)

for a value A = /3/2.
In the STU model, the properties of extremal black holes are captured by the U-duality
group quartic invariant [42]

Ti=—"q0 +0'6)* + 4 p'ar’a; — 4°q1g205 + dqop'p’p? - (4.61)
1<j
One sees that for a choice of charges p°, qo, this invariant is negative definite, thus it
corresponds to a configuration which does not preserve supersymmetry in the extremal
limit (non-BPS) (see [42] and references therein). For such choice of charges, the extremal
black hole we obtain is given by (see [48, 49] and references therein)

.40

22228, = ZF , (4.62)
1/3
e V), = (Zﬁ) : (4.63)
S
Z = j4(p07q0) = |pOQO| ) (464)
T

which has a residual (SO(1,1))? moduli space [42]. This reproduces the extremal black hole
behavior of the EMd models.

The complete flow from asymptotic infinity to the horizon is given by the extremal

metric (4.47) with
e 2V0) = \/To(p)Io(p). (4.65)

: Y3 Io(p)
i . (490 olp
z'=—1i| = , 4.66
(p0> Io(p) (4.66)
2
Iy = <a - qop0p> —b, (4.67)
5 2
Iy = (a - quoﬂ) +0, (4.68)

where a # 0 and b are real constants. Notice that this is a case where the extremal solution
has running scalars, since the values of the scalars vary throughout the radial direction.
This black hole is the static extremal limit of the rotating black hole constructed in [50].

4.6 Small black holes

The configuration with only one of p° or gg turned on corresponds to small black hole
solutions of A/ = 2 matter coupled supergravity. However, there are also more general small
black hole configurations in N' = 2 supergravity.
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Small black holes are a class of extremal black hole solutions of N = 2 supergravity
arising for a choice of charges such that the quartic U-duality invariant of the theory (given
in (4.61)) is J4 = 0. They are relevant for our discussion since first the scalar fields for
this solutions never reach a fixed point at finite distance in moduli space'* [51], and second
they arise as a Iy — 0 limit of finite-area black holes, for an appropriate tuning of the
charges. Thus, they appear as solutions naturally associated to a notion of infinite distance
in moduli space.

In the case of the STU model, also the configurations p°, q1,¢2, g3 and qo,p", p?, p*
become small black holes when p® — 0 and go — 0 respectively, as can be seen from (4.61).
To illustrate what happens let us consider the limit go — 0 in the non-extremal solution
considered for the STU model in section 4.1 (which corresponds to setting by = 0 in the
simpler solution (4.11)). Entropy and temperature are

3
S’qozo ~ \/E H \/C + \/62 + (4piMioo)2 s (4.69)
i=1

c
T lgo=0 ~ Ve (4.70)
Lot R+ M)
while scalars run from their value at infinity 2* = —i\._ to the horizon value:
. 2 Al M 2 2
2= —iv2eAL ¢t Ve + UpT M) (4.71)
(c +/2+ (4p2M200)2) (c +/2+ (4p3M300)2)
Thus, we see that in the extremal limit ¢ — 0 (corresponding again to 7 — 0)
Slgo=0 = 0, (4.72)

and the scalars run from a constant value at infinity to sz = 0 at the horizon. In the simpler
solution of the previous section, this limit corresponds to

eV 50, ¢ o0 (4.73)

and it is again a limit at infinite distance in moduli space. Thus, we can extend to this
setup the conclusion that small black holes are outside of the regime of validity of the
supergravity effective theory, as we discussed for the EMd case in the previous section.

4.6.1 Doubly small black holes

There is another interesting configuration that one can analyse, starting from the STU
black hole with charges qo,p', p?, p* (or p°, q1, g2, g3, analogously). Let us consider again
the non-extremal solution of section 4.1 and now turn off both g9 and one of the magnetic

M Contrary to the attractor mechanism for finite area extremal black holes in N = 2 supergravity.
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charges, say p'. In this case, entropy and temperature read

Slgo=0pt=0 ~ € ((C + \/62 + (4p2M200)2) (C + \/02 + (4103M300)2)>é , (4.74)
1

7—|qo=0,pl=0 ~ T (4.75)
((c +/2+ (4p2M200)2) (c +/2+ (4p3M300)2)) 2
while the horizon value of the scalars is
. . 2
Fa—yY ¢ - (4.76)

((c+ VE+WPIL]?) (e + VE+ WP Msoo)?) )

Again, these are regular solutions at finite temperature but, as ¢ — 0, they have vanishing
entropy and finite temperature, and the scalars at the horizon zfl — 0. This limit is once
more at infinite distance in moduli space. These solutions are thus supergravity examples
of the extremal limit ¢; illustrated in figure 3. Let us stress once more that this limit
corresponds to a breakdown of the effective description associated with a light tower of
states predicted by the SDC.

5 Conclusion

In this work, we have studied thermodynamic properties of non-extremal charged black
holes in relation to the Swampland program. The 7 — S phase diagram, in terms of the
temperature and entropy, has been a main focus of our investigation. Specifically, the
analysis of asymptotic regions, as shown in figure 3, has turned out to provide novel insight
into the relation between the Swampland Distance Conjecture and the physics of black holes.

While an application of the metric distance in these non-compact backgrounds turns
out to be problematic in the case of finite entropy extremal black holes, the field distance
traversed by the moduli fields from spatial infinity to the black hole horizon successfully
identifies the problematic regions. This was also confirmed by embedding the effective
descriptions, Einstein-Maxwell-dilaton theory as well as N/ = 2 supergravity, in string theory
and identifying the light towers suggested by the Swampland Distance Conjecture in the
vicinity of the black hole.

Our findings are visually summarized in figure 4, which proposes again the temperature-
entropy phase diagram of non-extremal black holes, but now in a “compactified” form. The
points at infinity are shrunk to § from the origin and the validity region for RN black holes
becomes a finite triangle. The loci where massless towers of states are expected to emerge
are highlighted in red.

The large/small entropy limit, which induces the infinite field distance, is also closely
related to the AdS distance conjecture [52] and the scale separation conjecture [53, 54],
which state that in the limit of small AdS curvature a massless tower of states should
emerge. For four-dimensional extremal black holes, the near horizon geometry has the
form AdSs x S? x Mg, where Mg is an internal space of volume V. The problem of scale
separation for these kind of AdSy geometries was recently investigated in [55]. In the large
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excluded region

B

D 3

SIE]

Figure 4. Version of the diagram in figure 1 with the point at infinity included (red dots). The
coordinates are related as J) = arctan S and X = arctan(272). The red points and line are regions
where towers of infinitely-many massless states are expected to emerge. The blue line Y = —X + &
is the Schwarzschild hyperbola S = (272)~! in the new coordinates.

entropy limit, S — 0o, the radii of AdS; and S? become large and according to the AdS
distance conjecture a massless tower of states would be expected.'® This tower can be
identified with the KK modes of the S2. In this paper, we are rather investigating the
question of scale separation between the four-dimensional black hole and the internal space
Mg. As we have seen, this scale separation is possible if all electric and magnetic charges
scale in the same way (since the volume remains constant while the entropy can vary — see
section 4.3.3), but it is not possible if either the electric or the magnetic charges are kept
fixed. For non-extremal black holes, the near horizon geometry is instead R x S2 x M.
The scale of the 2-dimensional Rindler space R'! is determined by the surface gravity
k = 27T. Then, the question of scale separation and the emergence of massless tower of
states can be rephrased in terms of a temperature distance and one can study the limits
T — {0,00}.

Another intriguing question addressed in our paper regards the existence of thermo-
dynamic dualities between small and large temperature as well as entropy, i.e. between
small and large black holes. Our motivation comes from the fact that temperature dualities
are present in several statistical models and that black holes allow in fact for a statistical
interpretation. Already at the level of a Schwarzschild black holes, we have observed the
existence of such dualities (expressed in terms of 7 and §), which exchange large and small
black holes, thus acting on the mass as M < 1/M. More interestingly, in the context
of non-extremal black holes in N' = 2 supergravity, we have shown that temperature-
and entropy-dualities act on the internal volume V by exchanging light KK and winding
states. With this observation at hand, we do not claim that large and small black holes
are physically equivalent to each other but, when coupled to scalar field of the effective

15 Again, we want to advise caution in the direct application of Swampland constraints in two and
three dimensions.
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field theory, they can correspond to an equivalent internal (dual) spectrum. We interpret
such thermodynamic dualities as the effective remnants of the string dualities (such as
T- or S-dualities). Clearly, also the existence of such dualities, like the exchange of small
and large entropy (or small and large mass), implies having control over higher derivative
corrections, which mainly come into play for small S, that is when the supergravity regime
breaks down. We leave the question whether our findings are stable against such corrections
for future work.

Finally, let us mention a few more questions and possible generalizations of the present
work. First, as already mentioned, the limit of small entropy & — 0 is very subtle, requires
very small electric or magnetic charges, and most likely needs some refinement of the effective
two-derivative supergravity action. Here we expect that higher derivative corrections to the
effective action could change the relation between the thermodynamic black hole properties
and the internal moduli fields. Second, the discussion could be extended to rotating non-
extremal solutions, using the stationary solutions in A/ = 2 of [56] or the non-BPS black
rings, which are considered in [50, 57]. Another interesting problem is to investigate the
similarity of black hole potentials and the scalar field flux potentials in extended supergravity.
In this context, there might arise some interesting analogies between the formalism of the
black hole limits considered in this paper and of the limits for supersymmetry breaking in
the context of the gravitino conjecture [58, 59].
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A N = 2 four-dimensional supergravity and BPS black holes:
notation and conventions

In this appendix, we summarize notation and conventions used in section 4. For a compre-
hensive review on N = 2 special geometry and BPS black holes in supergravity we refer
to [60] and [32].

The bosonic sector of four-dimensional N/ = 2 supergravity coupled to ny vector
multiplets and ng hypermultiplets includes the Einstein-Hilbert term, the special Kéahler
nonlinear sigma model of ny, complex scalars z° coming from the vector multiplets (with
scalar manifold My ), (ny +1) gauge fields F* with electric and magnetic couplings to the 2%,
and a quaternionic non-linear sigma model of 4ng real scalars ¢* from the hypermultiplets
(with scalar manifold My). In the ungauged case, hypermultiplets can be decoupled from
the other bosonic fields, therefore we are left with

R o 1
S = / d*z\/g (—2 + 90,2 0" F + Ty Fiy F=1 + Rax ePo FA FE> . (A1)

2\/_? nv= po
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The special Kahler metric g;;, together with the couplings Tas (2, 2") and Rpx (2%, ), are
determined by the symplectic prepotential F(X A), which specifies the supergravity model
under consideration.

The STU model investigated in the main text is encoded into the prepotential

X1x2x3

F(XY) = %3

(A.2)
The three complex scalars z* = (S, T,U), are related to the projective holomorphic coordi-
nates X (2) as
. XA
Zl = F s (Ag)
which in turn can be organised into holomorphic symplectic sections

_ XA(ZZ)
o (1), s

0
axA

where F = F(X E). The Kahler potential can be written as a symplectic product

K(2*, %) = —log [i(?AFA — B XM] = —log (1 (0, 9)) (A.5)

giving the metric g;; = &-(%IC. The expression inside the logarithm is proportional to the
volume of the Calabi-Yau manifold of the associated string compactification.
One can also define covariantly holomorphic symplectic sections as

o IC/ZXA LA(Zi Ei)
A K/QQ — € = R A.
V(' #) =e (e’C/QFA> (MA(Z",Z’) 7 (40

and, together with their Kéhler covariant derivatives
1 1
r=v, Lt = (@' + 251'/C) LA, hai = ViM» = <3i + 23i’C> My, (A7)

they can be used to construct the couplings of the scalars to electric and magnetic fields.
These are expressed via the matrix M5, = Rasy + iZpy, as

Nas = haa(f 8, A=0,1...,ny (A.8)

where
A=Y, haa= (Ma, (hao)"). (A.9)

One can introduce the central charge Z (2%, 2, qp, pA), which governs the supersymmetric
properties of N' = 2 BPS black holes [32]. It is a symplectic invariant constructed out of

the symplectic sections and the electric-magnetic charge vector I' = (pA, qn) as
Z(Z, 2 qn,p™) = (0, V) = LN, 2 g0 — Ma(2', 2)p" (A.10)

BPS black holes have a universal near horizon Bertotti-Robinson geometry, proper of
extremal Reissner-Nordstrom black holes, namely AdS, x S2. Supersymmetry further
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requires faqs, = Rg2, and these are determined by the central charge value at the horizon,
so that the entropy can be expressed as

Seps(an, p™) = 7| Z (2}, 2, an. P)] - (A.11)

However, due to the attractor mechanism the scalar fields at the horizon are completely
fixed by the charges through the equations [43, 61, 62]

6i|Z(zi,Zi, QAva)|h = Oa (A12)
and thus the entropy is actually a function of the charges only
Sees(aa, p") = 7 Z(aa, p")In - (A.13)

For the STU model, with the projective coordinates choice X° = 1, the relevant special
geometry quantities are

1 1.2.3

—Z 27z
XA = ; Py = jii , (A.14)
23 2122
the Kéhler potential is
e R =izt = ZN(2 — ) (2® - ) =8V, (A.15)

(V being the volume of the internal compact manifold) and the metric is

1

9ij = —m@‘j- (A.16)

The symplectic matrix My, can be obtained then from (A.8) and (A.9). Setting
Rez! = 0 and Imz* = \!, this matrix becomes

M2 0 0 0
0 XX o 0
Nis: = ilns = —i Al A7
AY AY 0 0 )\;5\3 0 ( )
1y2
0 0 0 2z
We notice that Zyg = —V, as pointed out in section 4.3.

A.1 Symplectic duality transformations

Different functions F(X)* can lead to equivalent equations of motion. Such equivalence
involves the electric-magnetic duality of the electro-magnetic field strengths [32, 60, 63, 64].
Specifically, let us introduce the field strengths tensors th A s

Gla=NasFr", G =NanF,”, (A.18)
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where Fj@ = % (Fpuw £ i€ppo FP7). Then, the Bianchi identities and equations of motion for
the Abelian gauge fields can be written as

N —F N =0, MG, —Gn) =0, (A.19)

which are invariant under the transformations

Fl, — BN =UNF>+ 2", (A.20)
Gl — Gy =VA"Gla+Wan FEY, (A.21)

where U, V, W and Z are constant real (ny + 1) X (ny + 1) matrices. The transformations
for the anti-selfdual tensors follow by complex conjugation. To ensure that the rotated fields
fol, and F ;,5 are still related by a symmetric matrix A as in (A.18), the transformations
must be symplectic. More precisely,

def U Z
o (17) s

must be an Sp(2ny + 2, R) symplectic matrix, that is it must satisfy

o1 = j(’)T j_l where J = (_01 (1)> . (A.23)

For the sub-matrices U, V, W and Z, this means

vtv —wrtz=vtv-z2"w =1,
Utw =w'u, Z'Wwv=v"'z.

It turns out from (A.21) that the kinetic term of the vector fields (A.19) does not generically
preserve its form under Sp(2ny + 2, R), which means that generally it is only the combined
equations of motion and Bianchi identities that are symplectic invariant, but not the
Lagrangian or the action.

Because the gauge fields in the supergravity action (A.1) are coupled to scalars, the
duality transformation on the former requires also a transformation on the latter. This
implies the existence of a flat symplectic bundle over the scalar manifold My , that thus
turns out to be a Special Kéahler manifold [32]. Therefore, if we want the symplectic
transformation to be a symmetry of the whole set of equations of motions, we need to
restrict the transformations to those corresponding to isometries of the scalar manifold My, .
In the STU model the scalar manifold is [SU(1,1)/U(1)]?, and in more general theories it
is typically (thought not always) a coset space My = G/H. The duality group is then the
global symmetry group G C Sp(2ny + 2,R).16

We also recall the transformation rules for the scalar fields (see e.g. [65]). Because
of the special geometry structure of the scalar manifold, the scalar fields of the vector

16T the microscopic string theory description of black holes as D-branes bound states, because of charge
quantization the duality group is actually embedded in Sp(2nv + 2,7Z).
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multiplets are equivalently parameterized by symplective projective coordinates (A.3).
Duality transformations act linearly on the symplectic section (A.4), therefore

XA =UA X2+ 22 Fy,
FA :VAEFE—l-WAzXE. (A24)

Owing to the symplectic conditions (A.23) and with one more assumption on Fpy = 0y F;
(it has to be symmetric), the quantities ) can be written as the derivative of a new function
F(X) with respect to the new coordinate X™:

F(X)=3U0"W), X X>+ LUV +W"2) *X Fe + L(Z"V)"Fy\Fs,  (A.25)

where we made use of the homogeneity of F. Lagrangians parameterized by F'(X) and
F(X ) represent equivalent theories, at least within the Abelian sector.
Finally, for a given charged black hole solution, the duality transformations act on the

electric and magnetic charge vectors in an analogous way:

P = U 4 2V
ir =Va"qs + Wasp™. (A.26)

Black holes with charges gy, p® and g, p* belong to equivalent solutions, just obtained in
a different symplectic duality frame. This is also true for the corresponding entropies and
temperatures S(p™, qr), T(p™, qa) and S(B™, 4a), T (HY, Ga).

Symplectic transformations in the STU model. Let us consider the action of a
duality transformation, which is also a symplectic transformation of Sp(2ny + 2,R), on
entropy and temperature. Here we focus on the STU model with ny = 3. The symplectic
transformations do not change the solution, i.e., they must keep entropy and temperature
invariant, just being expressed in a different symplectic duality frame. Consider as an
example the following transformation

Fy=-X", XM=F,, (A.27)

which also exchanges all four electric and magnetic charges with each other. As one can
easily see, this transformation is inverting all three scalar fields, i.e. S = 1/S, T = 1/T,
U = 1/U, and hence also the overall volume of the torus T gets inverted: ¥ = 1/V. For the
black hole solution with four non-vanishing charges qo and p',p?, p3, the four transformed
non-vanishing charges are p° and §1, go, §3. Expressed in terms of the transformed charges,

the volume V has the form

B (ﬁ0)3/2
VLR (4.28)

The entropy in the extremal case then simply looks in the dual symplectic frame like

S = 2m\/p°G1G2 G5 - (A.29)

At}
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Comparing V with S one immediately sees that the previous relations (4.28) and (4.31)
between entropy and volume still hold, now with the relabelled charges, namely now for
fixed magnetic charge p° or fixed electric charges §;, respectively:

o, @)1 &

VTS T e @) (4.30)

For the non-extremal case, we can play a similar trick: to switch to the dual symplectic
frame, one has to substitute in the expressions for ag, by, a’, b (see eqs. (4.11) and (4.12))
the relevant electric and magnetic charges by the dual symplectic counter parts. Then, the
relations (4.35) and (4.43) between entropy, temperature and volume still hold. Therefore,
all previous results about the large and small entropy and temperature limits also hold in

the dual symplectic frame.
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