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1 Introduction

The one-loop partition function of free fields is an important ingredient to evaluate entan-
glement entropies, anomaly coefficients in even dimensions, F -terms in odd dimensions.
Partition functions on hyperbolic cylinders and branched spheres are useful to evaluate
Rényi entropies and entanglement entropies of conformal fields across a sphere [1, 2].
Therefore it receives attention in the area of condensed matter physics [3, 4] as well as
in quantum gravity.

It is quite well known that the hyperbolic cylinder is related to the branched sphere
by Weyl transformation. Moreover the Euclidean space Sa×AdSb can be mapped to Sa+b

where Sa is a-dimensional sphere and AdSb is b-dimensional anti-de Sitter space. The
conformal map works only when the sphere and the anti-de Sitter space have the same
radius. To understand the Weyl transformation we write the metric of Sa+b

ds2
Sa+b = dτ2 + cos2 τds2

Sa + sin2 τds2
Sb−1 . (1.1)

Now one uses the following transformation

tan τ = sinh u,
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and obtains

ds2
Sa+b = 1

cosh2 u

(
ds2
Sa + du2 + sinh2 uds2

Sb−1

)
. (1.2)

One can identify (1.2) with the metric of Sa × AdSb barring the conformal factor 1
cosh2 u

.
Since these euclidean spaces are related by Weyl transformation one expects that partition
functions of the conformal fields will be identical on these backgrounds. Similar kinds
of questions have been addressed before [5] where F -terms of the conformal free scalar
fields were compared in odd dimensions. In [6] it was explicitly verified that the partition
functions of conformally coupled scalars and fermions on S1 ×AdS2 and on S3 coincide.

Recently in [7, 8] it was shown that partition functions of scalars, fermions, and integer
higher spin fields can be expressed as integral over characters on a euclidean patch of
de Sitter as well as on anti-de Sitter spaces. In [9] partition functions of the anti-symmetric
p-form fields on sphere and anti-de Sitter space were expressed in terms of the bulk and
the edge characters where the edge character of a co-exact p-form contains characters of
anti-symmetric tensors of rank lower to p all the way to the zero-form. It was also shown
that for conformal p-forms the hyperbolic cylinder does not capture the edge mode part
of the partition function. We summarise the work of [7–9] briefly where the one loop
partition function of scalars, fermions, integer higher spin fields and anti-symmetric p-form
fields were expressed in terms of the integral over the ‘bulk’ and the ‘edge’ part of the
Harish-Chandra character.

logZ =
∫ ∞

0

dt

2t


1+e−t
1−e−t (χbulk(t)− χedge(t)) bosonic field,
2e−

t
2

1−e−t (χbulk(t)− χedge(t)) fermionic field.
(1.3)

Note that the kinematic factor is different in bosonic and fermionic fields.
Here we only consider the character part of the partition function but there is another

part that depends on the dimensionless coupling constant of the theory and the volumes
of the gauge group of the fields [7]. We will be interested only in the character part of
the partition function because it contains anomaly coefficients in even dimensions and the
F -terms in odd dimensions.

We find that the partition function of the conformally coupled free scalar and free
fermion on Sa×AdSb can be expressed in terms of integral over characters. We demonstrate
that for conformally coupled free scalars as well as for free fermions one can sum over the
eigenmodes on Sa and show that the character which to begin with was an AdS character
indeed becomes the character on the Sa+b. Therefore it establishes the fact that partition
functions of free conformal scalar and fermions are identical in the Weyl equivalent spaces
in arbitrary dimensions. This was checked for scalars explicitly [5] in few cases of a and
b and recently by [10] for a + b = 100 numerically. For a = 1, Sa × AdSb corresponds to
the hyperbolic cylinder and one can evaluate the entanglement entropy across a sphere by
mapping it to the hyperbolic cylinder and evaluate the thermodynamic entropy on it. One
can also evaluate the conformal dimension of the twist operator which essentially captures
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the energy density in the presence of the defect across the entangling surface.

Sq = −Fq + qFq=1
1− q , SEE = lim

q→1
Sq,

hq = q

(d− 1)Vol(AdSd−1) (∂qFq|q=1 − ∂qFq) .
(1.4)

Here Fq is the free energy on hyperbolic cylinder. The regularised volume of AdSd is given
by [2]

Vol(AdSd) =


π
d−1

2 Γ
(
−d−1

2

)
for d even,

2(−π)
d−1

2

Γ( d+1
2 ) logR for d odd.

(1.5)

Here R is the ratio of the radial cutoff on AdS to the radius of AdS.
The higher derivative Weyl-invariant theory has been studied extensively in [11–13] to

understand the conformal anomaly of classically Weyl invariant theories. In this paper,
we study partition functions of the higher derivative Weyl invariant theories on hyperbolic
cylinders as well as on branched spheres. We use the method of factorization [12] to
write the higher derivative operator in terms of the product of two-derivative operators.
Therefore the free energy becomes the sum over all the free energies of factorized two
derivative operators. To understand this let us consider a Weyl invariant 2r-derivative
operator which factorizes into r number of 2-derivative operators in the following way

O 2r =
r∏
i=1

(
−∇2 +m2

(i)

)
, (1.6)

where ∇2 is the two-derivative operator and m(i) corresponds to the mass of each two-
derivative operator which comes from the curvature coupling. We demonstrate that the
partition function of higher derivative fields can be written as integral over characters where
the character of the 2r-derivative operator is the sum of r number of 2-derivative operators.

−F2r =
∫ ∞

0

dt

2t


1+e−t
1−e−t

∑r
i=1 (χbulk,i(t)− χedge,i(t)) bosonic field,

2e−
t
2

1−e−t
∑r
i=1 (χbulk,i(t)− χedge,i(t)) fermionic field.

(1.7)

Note that this factorization works even if the two derivative kinetic operators admit zero-
mode. Generally, one excludes the zero-mode which essentially gives a shift in the expres-
sion of free energy but for our purpose, we will keep it because it helps to cast the partition
function in terms of characters.

We study Weyl invariant 4-derivative scalar field on the hyperbolic cylinder and express
the partition function in terms of the integral over characters. We first factorize the 4-
derivative operator in terms of two 2-derivative operators. We perform sum over Kaluza
-Klein modes on S1

q and show that the character which to begin with was an AdS character
indeed becomes the character on the Sdq . Now one can evaluate entanglement entropy and
the weight of the twist operator of 4-derivative conformal scalar field across a spherical
entangling surface from the free energy on the hyperbolic cylinder or branched sphere.
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We also study the Weyl invariant 6-derivative scalar field and show that the partition
function can be expressed as integral over characters and the integrands are identical on
the hyperbolic cylinder and on the branched sphere.

It is well known that massless spin-1 or free Maxwell field is conformal in d = 4
dimension. Therefore one expects the partition function will be identical on S4

q and AdS3×
S1
q . In [7] it was shown that the partition function of complete spin-1 or 1-form field can

be expressed in terms of the bulk and edge Harish Chandra character. In [9] partition
function of conformal p-forms were expressed in terms of the integrals over character on
the branched sphere as well as on hyperbolic cylinder. It was explicitly shown that the
hyperbolic cylinder does not capture the edge mode part of the partition function of the
1-form field. In this paper, we express the partition function of 4-derivative Weyl invariant
vector gauge field in terms of the ‘naive’ bulk and ‘naive’ edge characters on S6

q .

logZ(4)
v =

∫ ∞
0

dt

2t

1 + e
− t
q

1− e−
t
q

χ̂bulk −
1 + e−t

1− e−t χ̂edge

 , (1.8)

where χ̂bulk and χ̂edge are the ‘naive’ bulk and ‘naive’ edge characters in the sense of [7]
and they do not belong to the UIR of any exceptional series. We evaluate the partition
function of the 4-derivative Weyl invariant vector gauge field on AdS5 × S1

q by summing
over Kaluza-Klein modes along S1

q direction and obtain a character integral which agrees
with only the ‘naive’ bulk character of (1.8) and misses out the ‘naive’ edge part. Therefore
it demonstrates that hyperbolic cylinder does not capture the edge part of the character
integral in partition function. This supports the earlier observations [14–19] found in the
context of evaluation of entanglement entropy of conformal p-form fields.

Theories with the higher derivative kinetic terms in the action admit negative residue in
the propagator. This implies negative norm states and therefore these theories are expected
to be non-unitary [20]. To understand the non-unitary nature of higher derivative conformal
fields we use the causality bound on the Hofman-Maldacena variables t2 and t4 [21] which
comes from the positivity of the energy flux. The variables t2, t4 were constructed from the
ratio of the linear combination of the three parameters a, b and c determining the two and
three-point functions of the stress tensors [22]. The bounds on the parameters represent
a triangle in t2 − t4-plane. In [2] it was shown that the first and second derivative of the
conformal dimension of the twist operator can be expressed in terms of two and three-point
functions of the stress tensor. Therefore we obtain two relations involving the parameters
a, b, and c which do not fully determine the values of the parameters. However, we find
a linear relation of the variables t2, t4 which represents a straight line in the plane, and
the theory is now constrained to lie on this straight line. We observe that the straight line
never intersects the region of causality bound which implies that the higher derivative Weyl
invariant theory which is just a point on the straight line can never lie inside the region of
causality bound. Therefore we conclude that the higher derivative Weyl invariant theories
do not satisfy the causality bound.
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2 Conformal scalar

In this section we study the one-loop partition function of Weyl-invariant scalar on Sd

and Sa × AdSb where Sa is a-dimensional sphere and AdSb is the b-dimensional anti-
de Sitter space. We show that the partition functions are identical when a + b = d. We
express the partition functions in terms of integrals over the Harish-Chandra character.
The partition function on the space Sa ×AdSb is useful when a = 1 and one can evaluate
entanglement entropy and the conformal dimension of the twist operator of conformal field
theories across a spherical entangling surface [23]. We verify that the log divergence of
the partitions functions agrees with previous evaluations by [10]. The work of [7] and [8]
have shown that the one loop partition functions on the sphere and anti-de Sitter space
have a nice character representation. The latest work of [9] has demonstrated the equality
of the partition function of conformal fields on Sd+1 and S1 × AdSd. Therefore it is a
natural question to ask the same can be generalized to the arbitrary family of spaces of
the form Sa ×AdSb.

2.1 Conformal scalar on Sd

To explain the techniques in detail we begin with evaluating the partition function of
conformally coupled free scalar field on Sd. The partition function of the conformal field
on Sd can be written in terms of integrals over the Harish-Chandra character [7, 9]. The
Weyl invariant action of the real scalar in d dimensions is given by

S = −1
2

∫
ddx
√
g

(
∂µφ∂

µφ+ d− 2
4(d− 1)Rφ

2
)
. (2.1)

The curvature of Sd is known to be R = d(d − 1). Therefore the partition function of a
conformal scalar on Sd can be written as

Z[Sd](0) = 1
det(−∆Sd

0 +m2
Sd

)
1
2
. (2.2)

Where ∆Sd
0 is the spin-0 Laplacian on Sd. The curvature induced mass turns out to be

m2
Sd

= d(d−2)
4 . The eigen-value and corresponding degeneracy of scalar Laplacian on Sd

are known [24]

λ0
n = n(n+ d− 1)

g0
n = (d+ 2n− 1)Γ(d+ n− 1)

n!Γ(d) n ∈ {0, · · ·∞},
(2.3)

Therefore the free energy of the conformal scalar on Sd becomes

logZ[Sd](0) = −1
2

∞∑
n=0

g(0)
n log

(
λ(0)
n +m2

Sd

)
, (2.4)

=
∫ ∞

0

dτ

2τ

∞∑
n=0

g(0)
n (e−τ(λ(0)

n +m2
Sd

) − e−τ ).
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In the second line we have used the identity

− log y =
∫ ∞

0

dτ

τ
(e−yτ − e−τ ). (2.5)

We need to compute the sum over degeneracy in order to evaluate the second term in the
partition function. We observe that in the large n limit, the degeneracy g(0)

n converges in
the sufficiently large negative value of d.

g(0)
n ∼

( 1
n

)−d+1 (2(d− 3)(d− 4)!
(d− 3)!(d− 1)! +O

( 1
n

))
. (2.6)

Therefore we can perform the sum by using zeta regularisation prescription and obtain [25]
∞∑
n=0

g(0)
n = 0. (2.7)

So the second term in (2.4) vanishes and we proceed with the first term

logZ[Sd](0) =
∫ ∞
ε

dτ

2τ e
− ε

2
4τ

∞∑
n=0

g(0)
n e
−τ
(
(n+ d−1

2 )2− 1
4

)
. (2.8)

It is convenient to introduce the factor e−
ε2
4τ at this point which will help us to keep track

of the branch cut in the integration plane. Note that this does not serve as a regulator in
this case as the starting integral is already convergent (2.4) after dropping the second term
by using the dimension regularisation [9].

We now use Hubbard-Stratonovich trick to perform the sum over the eigen modes on
sphere

∞∑
n=0

g(0)
n e−τ(n+ d−1

2 )2
=
∫
C

du√
4πτ

e−
u2
4τ f0(u). (2.9)

Here the contour C runs from −∞ to ∞ slightly above the real axis and f0(u) is given by

f0(u) =
∞∑
n=0

g(0)
n eiu(n+ d−1

2 )

= e
(d−1)iu

2
(
1 + eiu

)(
−1 + e

iu
2
)d (

1 + e
iu
2
)d . (2.10)

We perform the integral over τ in (2.8) which results in

logZ[Sd](0) =
∫
C

du

2
√
u2 + ε2

(
e−ν0

√
u2+ε2f0(u)

)
. (2.11)

Now one can deform the contour C from the real line to the contour C ′ which runs on
the both sides of the branch cut on the imaginary axis which originates at u = iε on the
u-plane. This is shown in figure 1. Substituting u = it we obtain

logZ[Sd](0) =
∫ ∞
ε

dt

2
√
t2 − ε2

(
eiν0
√
t2−ε2 + e−iν0

√
t2−ε2

)
f0(it). (2.12)

– 6 –
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ε

−ε

u

C

C′

Figure 1. Integration contour in u-plane.

ε−ε

t

Figure 2. Integration contour in t-plane.

We can now take ε→ 0 and the free energy becomes

logZ[Sd](0) =
∫ ∞

0

dt

2t
1 + e−t

1− e−tχ
dS
(d,0) conf(t), (2.13)

where the SO(1, d) Harish-Chandra character is given by [7]

χdS(d,0) conf(t) = e−
(d−2)

2 t + e−
d
2 t

(1− e−t)d−1 . (2.14)

The expression of χdS(d,0) conf(t) agrees with the character of the scalar field on Sd [7]
with the substitution of ν0 = i

2 and the partition function coincides with the partition
function of conformal scalar field on branched sphere Sdq with q = 1 given in [9].
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2.2 Conformal scalar on Sa × AdSb

The action of a conformally coupled scalar on Sa×AdSb is given in (2.1) where d = a+ b.

The free energy can be written as

− logZ[Sa ×AdSb](0) = 1
2Tr log(−∆0 + m2

0), (2.15)

where ∆0 is the scalar Laplacian on Sa × AdSb which can be decomposed into the spin-0
Laplacian on Sa and the spin-0 Laplacian on AdSb.

−∆0 = −∆a −∆b.

∆a is the scalar Laplacian on Sa with the eigen-value and degeneracy is given in (2.3) and
∆b is scalar Laplacian on AdSb. The eigen values of the spin-0 Laplacian on AdSb are given
by [24]

∆bψ
{λ,u} = −

[
λ2 +

(
b− 1

2

)2]
ψ
{λ,u}
λ , (2.16)

ψ{λ,u} are the corresponding eigen functions and {u} labels other quantum numbers on
AdSb. The curvature induced mass m2

0 on Sa ×AdSb becomes

m2
0 = (a− b)(a+ b− 2)

4 . (2.17)

Using these eigen values and the degeneracies we evaluate the free energy

− logZ[Sa ×AdSb](0) = 1
4

∞∑
n=0

g(0)
n

∫ ∞
−∞

µ
(0)
b (λ) log

(
λ2 +

(
n+ a− 1

2

)2
)
. (2.18)

Note that shift in the eigen value of AdSb together with factor (a−1)2

4 from the eigen value of
the spin zero Laplacian on Sa precisely cancel the mass term. Now we use the identity (2.5)
to replace the logarithm

logZ[Sa ×AdSb](0) = 1
4

∫ ∞
0

dτ

τ

∞∑
n=0

g(0)
n

∫ ∞
−∞

dλµ
(d)
0 (λ)

(
e
−τ
(
λ2+(n+a−1

2 )2
)
− e−τ

)
.

(2.19)

Using the same logic presented in (2.7) we drop the second term where we perform the
sum over degeneracy using zeta regularisation prescription and therefore proceed with the
first term to obtain

logZ[Sa ×AdSb](0) =
∫ ∞

0

dτ

4τ e
− ε

2
4τ

∞∑
n=0

g(0)
n

∫ ∞
−∞

dλµ
(b)
0 (λ)

(
e
−τ
(
λ2+(n+a−1

2 )2
))

. (2.20)

We perform the integral over λ by using Hubbard-Stratonovich trick

logZ[Sa ×AdSb](0) = 1
4

∫ ∞
−∞

dτ

∫
C

du√
4πτ3

∞∑
n=0

g(0)
n e−

ε2+u2
4τ e−τ(n+a−1

2 )2
W

(b)
0 (u), (2.21)
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d 4 6 8 10 12 14
log divergent term − 1

90
1

756 − 23
113400

263
7484400 − 133787

20432412000
157009

122594472000

Table 1. Log divergent term of the patition function of conformal scalar in even dimnsion.

W
(b)
0 is the Fourier transform of the Plancherel measure of spin-0 field on AdSb [8].

W
(b)
0 (u) = 1 + e−u

1− e−u
e−

b−1
2 u

(1− e−u)b−1 . (2.22)

Here the contour Codd or Ceven is given in figure 3 and figure 4 depending on whether b is
odd or even respectively.

For the case when b is even substituting W b
0 and using the contour Ceven as shown in

figure 3. We perform the integral over τ and obtain

logZ[Sa ×AdSb](0) =
∫

Ceven

du

4
√
u2 + ε2

∞∑
n=0

g(0)
n e(−(n+a−1

2 )√u2+ε2)W (b)
0 (u). (2.23)

We now perform the sum over the eigen modes on Sa and take ε→ 0 limit to obtain

logZ[Sa ×AdSb](0) = 1
2

∫
R+iδ

du

2u
1 + e−u

1− e−u
e−u(

a−1
2 ) + e−u(

a+1
2 )

(1− e−u)a
e−

b−1
2 u

(1− e−u)b−1

= 1
2

∫
R+iδ

du

2u
1 + e−u

1− e−u
e−u(

d
2−1) + e−u

d
2

(1− e−u)d−1 . (2.24)

In the last line we have substituted a + b = d. Now we take δ → 0 write the partition
function as

logZ[Sa ×AdSb](0) = 1
2

∫ ∞
0

du

2u
1 + e−u

1− e−uχ
dS
(d,0) conf(u), (2.25)

We proceed similarly in the odd AdSb. The contour is given in 4 and obtain

logZ[Sa ×AdSb](0) = logR
2πi

∫
Codd

du

2u
1 + e−u

1− e−u
e−u(

d
2−1) + e−u

d
2

(1− e−u)d−1 . (2.26)

Note that the partition function of conformal scalar on Sa×AdSb is identical to the parti-
tion function on Sa+b. The character integral representations make the relations between
partition function on conformally related spaces explicit. The partition of branched sphere
has q dependent kinematic factor but the character remains same [9]. One can replace the
kinematic factor 1+e−u

1−e−u by 1+e−
u
q

1−e−
u
q
to obtain the partition function on the branched sphere.

We evaluate the log divergent part of the free energy given in (2.13) of conformal scalar
in even dimension by expanding the integrand around t = 0 and collecting the coefficient
of 1

t term. Here we present the log divergent term in even dimension 4 ≤ d ≤ 14 which
agree with [9, 10].
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Ceven
ε

−ε

u

Figure 3. Contour Ceven in the u-plane for even AdSb.

Coddε

−ε

u

Figure 4. Contour Codd in the u-plane for even AdSd+1.

3 Conformal higher derivative scalar

In the previous section, we have demonstrated that the partition functions of conformally
coupled scalar fields are identical on conformally related spaces. In this section, we study
the partition function of the conformal higher derivative fields and evaluate the partition
function in terms of character integrals. We factorize the kinetic operator in terms of
the two-derivative operators. Therefore the free energy becomes a simple addition of free
energies of all the two-derivative operators. One can understand the character of the higher
derivative fields as an addition of the character of two-derivative operators with a particular
mass coming from the curvature coupling. We obtain the entanglement entropy and the
conformal dimension of the twist operator of Weyl invariant higher derivative fields across
a sphere from the partition function of the hyperbolic cylinder.
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3.1 ∂4 operator

The Weyl invariant four-derivative scalar operator in d > 4 dimension is given by [12]

Ô(4)
Sd

= D̂4 + 4
d− 2R

µνD̂µD̂ν + kdRD̂
2 + d− 4

2
(
ndRµνR

µν +mdR
2
)

+O(D̂2R),

kd = − d2 − 4d+ 8
2(d− 1)(d− 2) , nd = − 2

(d− 2)2 , md = d3 − 4d2 + 16d− 16
8(d− 1)2(d− 2)2 .

(3.1)

∂4 operator on Sd
q . We evaluate the partition function of Weyl invariant four-derivative

scalar field on branched sphere Sdq . The metric on the branched sphere is given by

ds2|Sdq = cos2 φdτ2 + dφ2 + sin2 φdΩ2
d−2, (3.2)

where τ ∼ τ + 2πq and 0 ≤ φ ≤ π
2 . Since we are interested to evaluate the partition

function on homogenous space, we neglect the O(D2R) term in (3.1). The Ricci tensor
and the curvature on this space is given by

Rµν = R

d
gµν , R = d(d− 1). (3.3)

We substitute the values of the parameters in (3.1) and factorise it in two-derivative oper-
ators

Ô(4)
Sd

=
(
−∆0 + d2 − 2d− 8

4

)(
−∆0 + d2 − 2d

4

)
. (3.4)

∆0 is the spin-0 Laplacian on Sd; ∆0 = D̂µD̂µ. The eigenvalue and their corresponding
degeneracies for the scalar Laplacian on the branched sphere are labelled by 2 integers [26].

λ(0)
n,m =

(
n+ m

q

)(
n+ m

q
+ d− 1

)
, n,m ∈ {0, · · ·∞} (3.5)

with degeneracies

g
(0)
n,m=0 =

(
n+ d− 2
d− 2

)
, n ∈ {0, · · ·∞} (3.6)

g
(0)
n,m>0 = 2

(
n+ d− 2
d− 2

)
, n ∈ {0, · · ·∞}, m ∈ {1, · · ·∞} .

Therefore free energy can be written as sum of the free energies of two 2-derivative op-
erators. Note that the factorization of the higher derivative operators as a product of
two-derivative operators can be done even if the two-derivative operators have the zero-
modes in the spectrum. Therefore we can write the free energy as

F (4)
Sdq

= 1
2Tr log Ô(4)

Sd
q

= −
∫ ∞

0

dτ

2τ

∞∑
n,m=0

g(0)
n,m

((
e
−τ
(
λ

(0)
n,m+ d2−2d−8

4

)
− e−τ

)
+
(
e
−τ
(
λ

(0)
n,m+ d2−2d

4

)
− e−τ

))
.

(3.7)
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The sum of the degeneracy vanishes due to the similar reason given in (2.7) and we proceed
with the first term to arrive

−F (4)
Sdq

=
∫ ∞

0

dτ

2τ

∞∑
n,m=0

g(0)
n,m

(
e
−τ
((
n+m

q
+ d−1

2

)2
+ 9

4

)
+ e
−τ
((
n+m

q
+ d−1

2

)2
+ 1

4

))
. (3.8)

Following the steps from (2.9) to (2.11) we obtain

−F (4)
Sdq

=
∫
C

du

2
√
u2 + ε2

(
e−ν1

√
u2+ε2f

(4)
0,q (u) + e−ν2

√
u2+ε2f

(4)
0,q (u)

)
. (3.9)

with iν1 = 3
2 ; iν2 = 1

2 and

f
(4)
0,q (u) =

∞∑
n,m=0

g(0)
n,me

iu
(
n+m

q
+ d−1

2

)
. (3.10)

We now deform the contour C from the real line to the contour C ′ which runs on the
both sides of the branch cut on the imaginary axis originating at u = iε on the u-plane.
Substituting u = it we obtain

−F (4)
Sd

=
∫
C′

dt

2
√
t2 − ε2

((
eiν1
√
t2−ε2 + e−iν1

√
t2−ε2

)
+
(
eiν2
√
t2−ε2 + eiν2

√
t2−ε2

)
f

(4)
0,q (u)

)
.

(3.11)
We can now take ε→ 0 and obtain

−F (4)
Sdq

=
∫ ∞

0

dt

2t
1 + e

− t
q

1− e−
t
q

e−
1
2 (d−2)t + e−

dt
2 + e−

1
2 (d−4)t + e−

1
2 (d+2)t

(1− e−t)d−1

=
∫ ∞

0

dt

2t
1 + e

− t
q

1− e−
t
q

(
χdS(d,0) ν1

(t) + χdS(d,0) ν2
(t)
)
. (3.12)

χdS(d,0) ν1
(t) and χdS(d,0) ν2

(t) corresponds to the characters of the two factorised operators and
the parameters ν1 and ν2 are determined from the masses of each two-derivative operators
from the relation given by

iν =

√
(d− 1)2

4 −m2. (3.13)

Then character representation of massive scalar field of de Sitter group SO(1, d) is given
by [7]

χdS(d,0)ν(t) = e−t∆+ + e−t∆−

(1− e−t)d−1 , ∆± = d− 1
2 ± iν. (3.14)

Note that ∆± for the two operators are

∆(1)
± = d− 1

2 ± 3
2 , ∆(2)

± = d− 1
2 ± 1

2 .

Therefore the character of the 4-derivative Weyl-invariant scalar operator becomes the
addition of the characters of two 2-derivative spin-0 massive scalar operators.
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∂4 operator on AdSd−1 × S1
q . We have evaluated the partition function of the Weyl

invariant 4-derivative operator on Sdq. Since the theory is Weyl invariant one can expect
the partition function should remain the same on the conformally related spaces. It is well
known that the hyperbolic cylinder and the branched sphere can be related by the Weyl
transformation. Therefore we express the partition function on the hyperbolic cylinder in
terms of integral over characters and verify whether it agrees with the branched sphere.

The Ricci tensor and the curvature on S1
q ×AdSd−1 is given by

R00 = 0, R0i = 0, Rij = R

d− 1gij , R = −(d− 1)(d− 2). (3.15)

Here {i, j} denote the directions along AdSd−1. Substituting these values in (3.1) and
factorising it into two quadratic operators we get [12]

Ô(4)
S1
q×AdSd−1

=

−∂2
0 +


√
−∆AdS

0 − (d− 2)2

4 + i


2

−∂2

0 +


√(
−∆AdS

0 − (d− 2)2

4

)
− i


2
 .

(3.16)
∆AdS

0 is the spin-0 zero Laplacian on AdSd−1. The eigen values are given in (2.16). Note
that the shift in the eigen value cancels the factor (d−2)2

4 inside the square root. Using the
eigen values and the Kaluza-Klein decomposition of the partition function, the free energy
becomes

F (4)
S1
q×AdSd−1

= 1
2Tr log Ô(4)

S1×AdSd−1

= 1
4

∞∑
n=−∞

∫ ∞
−∞

dλµ
(d−1)
0 (λ)

(
log

(
n2

q2 + (λ+ i)2
)

+ log
(
n2

q2 + (λ− i)2
))

.

(3.17)

The free energy becomes addition of free energies of two factorised quadratic operators.
We can rewrite the logarithm using the identity given in (2.5) to obtain

−F (4)
S1
q×AdSd−1

= 1
4

∫ ∞
0

dτ

τ

∞∑
n=−∞

∫ ∞
−∞

dλµ
(d−1)
0 (λ)

[(
e
−τ
(

(λ+i)2+n2
q2

)
− e−τ

)

+
(
e
−τ
(

(λ−i)2+n2
q2

)
− e−τ

)]
. (3.18)

We need to evaluate the integrals over Plancherel measure in order to obtain the partition
function. Since Plancherel measure is an even function in λ one can extend the lower limit
of the integral all the way to −∞. Therefore one can write∫ ∞

−∞
µ

(d−1)
0 (λ)dλ = lim

u→0
W

(d−1)
0 (u),

where W (d−1)
0 (u) is the Fourier transform of the Plancherel measure of spin-0 Laplacian on

AdSd−1. The expression ofW (d−1)
0 (u) can be obtained by substituting b = (d−1) in (2.22).

– 13 –



J
H
E
P
1
0
(
2
0
2
1
)
2
3
6

From the expression of W (d−1)
0 (u) one can observe that limu→0W

(d−1)
0 (u) vanishes for

sufficiently large negative d. Therefore the integral of the Plancherel measure also vanishes.∫ ∞
0

dλµ
(d−1)
0 = 0. (3.19)

So we proceed with the first term.

−F (4)
S1
q×AdSd−1

=
∫ ∞

0

dτ

4τ e
− ε

2
4τ

∫ ∞
−∞

dλµ
(d−1)
0 (λ)

[(
e−τ(λ+i)2 + 2

∞∑
n=1

e
−τ
(
λ2+n2

q2

))

+
(
e−τ(λ−i)2 + 2

∞∑
n=1

e
−τ
(
λ2+n2

q2

))]
. (3.20)

We perform the integral over λ using Hubbard-Stratonovich trick which linearises the sum
over Kaluza-Klein modes along S1

q direction

−F (4)
S1
q×AdSd−1

= 1
4

∫ ∞
−∞

du

∫ ∞
0

dτ√
4πτ3

∞∑
n=0

e−
ε2+u2

4τ e
−τ n

2
q2

×
∫ ∞
−∞

dλµ
(d−1)
0 (λ)(ei(λ+i)u + ei(λ−i)u)

= 1
4

∫
C
du

∫ ∞
0

dτ√
4πτ3

∞∑
n=0

e−
ε2+u2

4τ e
−τ n

2
q2 W

(d−1)
0 (u)(eu + e−u). (3.21)

W
(d−1)
0 (u) is the Fourier transform of the Plancherel measure which is defined earlier.

Following the steps in (2.23) and (2.24) in even AdSd−1 we obtain

−F (4)
S1
q×AdSd−1

=
∫ ∞

0

du

2u
1 + e

−u
q

1− e−
u
q

e−
1
2 (d−2)u

(1− e−u)d−2
1 + e−u

1− e−u (e−u + eu)

=
∫ ∞

0

du

2u
1 + e

−u
q

1− e−
u
q

e−
1
2 (d−2)u + e−

du
2 + e−

1
2 (d−4)u + e−

1
2 (d+2)u

(1− e−u)d−1 . (3.22)

Similarly we proceed in odd AdSd−1 dimension where the contour is given in figure 3. The
integral is evaluated by taking the residue at u = 0.

−F (4)
S1
q×AdSd−1

= logR
2πi

∫
COdd

du

2u
1 + e

−u
q

1− e−
u
q

e−
1
2 (d−2)u + e−

du
2 + e−

1
2 (d−4)u + e−

1
2 (d+2)u

(1− e−u)d−1 .

(3.23)

Here R is the ratio of the radial cutoff on AdS to the radius of AdS.
Note that the expression of the partition functions given in (3.22) and (3.12) are

identical. The partition functions are expressed as the integral transform of the character.
Therefore the equality of the partition functions becomes obvious. We are also interested
in evaluating the entanglement entropy of the four-derivative Weyl-covariant scalar field
across a spherical entangling surface. Given the partition function of a conformal field on
a hyperbolic cylinder, one can evaluate the universal contribution of Rényi entropy from
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d Sq SEE

4 − (q+1)(29q2−1)
180q3 −14

45

6 (q+1)(33(q4+q2)−2)
15120q5

8
945

8 − (q+1)(q2(191(q4+q2)+37)−3)
907200q7 − 13

14175

10 (q+1)(q2((3455(q4+q2)+947)q2+89)−10)
119750400q9

62
467775

10 − (q+1)(q2((9(338131(q4+q2)+105899)q2+160871)q2+7718)−1382)
653837184000q11 − 28151

1277025750

14 (q+1)(13q2((((498053(q4+q2)+167429)q2+35253)q2+4134)q2+74)−420)
7846046208000q13

7636
1915538625

Table 2. Universal terms in Rényi entropies and entanglement entropies of four-derivative Weyl-
covariant scalar.

the logarithmic divergence of the free energy in an even dimension. Therefore we expand
the integrand (3.12) around t = 0 and collect the coefficient of 1/t term. This is the same
as evaluating the integral (3.23) by taking the residue at u = 0. The Rényi entropy Sq and
the entanglement entropy SEE are given by

Sq =
−F (4)

q + qF (4)
q=1

1− q , SEE = lim
q→1

Sq. (3.24)

In table 2 we have listed both these entropies for the four-derivative Weyl-covariant scalar
for even 4 ≤ d ≤ 14. In d = 4 the Rényi entropy Sq,1 and the entanglement entropy SEE
agree with [11].

For conformal field theory on even dimensional flat space the first derivative of Rényi
entropy Sq at q = 1 is related to the central charge of the theory CT,d by the following
relation [27]

∂qSq|q=1 = −Vol(AdSd−1)π
d
2 +1

Γ
[

d
2

]
(d− 1)

(d + 1)!(Vol(Sd−1)2)CT,d, (3.25)

where Vol(Sd−1) is the volume of sphere in (d − 1) dimension and Vol(AdSd−1) is the
regularised volume of AdSd−1 in odd dimension given in (1.5). For 4-derivative conformal
scalar central charge is given by [28]

C
(4)
T,d = − 2d(d+ 4)

(d− 1)(d− 2) . (3.26)

We have verified that the Rényi entropies Sq presented in table 2 for 4 ≤ d ≤ 14 satisfy
the relation (3.25). We now evaluate the conformal dimension of the co-dimension two
twist operator located at the entangling surface. The first and second derivatives of the
conformal dimension of the twist operator with respect to q at q = 1 can be related to the

1We have used position space cutoff ε ∼ 1
ΛUV

and therefore we get an extra minus sign.
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d hq h′q|q=1 h′′q |q=1

4 −9q4−10q2+1
360πq3 − 2

45π
1

45π

6 −19q6−21q2+2
15120π2q5 − 1

210π2
4

315π2

8 −641q8−462q4−200q2+21
2116800π3q7 − 1

735π3
6

1225π3

10 −4139q10−2508q6−1430q4−231q2+30
29937600π4q9 − 1

1485π4
289

103950π4

12 −11370133q12+6270264q8+3961100q6+1072071q4+81900q2−15202
119870150400π5q11 − 16

33033π5
7508

3468465π5

14 −24802367q14+12894336q10+8591440q8+2831829q6+475020q4+15202q2−5460
283329446400π6q13 − 6

13013π6
593

273273π6

Table 3. Conformal dimension of the twist operator of the four-derivative Weyl invariant scalar.

parameters determining the two and three-point functions of the stress tensor [2, 22]. So
we evaluate the first and second derivatives of hq with respect to q at q = 1 which will be
useful to understand the causality or unitarity of the higher derivative fields which we will
discuss in section 6.

3.2 ∂6 operator

In the previous section, we have shown that the partition function of the conformal four-
derivative scalar is identical on the conformally equivalent classes of space. Therefore one
expects that 6-derivative conformal scalars should also have the same partition function
on conformally equivalent spaces like Sd and AdSd−1 × S1. In this section, we study six-
derivative Weyl-invariant scalar field in d = 6-dimensions and evaluate the entanglement
entropy, conformal dimension of the twist operator across a spherical entangling surface.

The Weyl-invariant 6-derivative scalar operator in d = 6 dimensions is given by [12]

Ô(6)
S6
q

= −D̂6 − (16Pµν − 6gµνP )D̂µD̂νD̂2

+ 8(4PµνP − gµνPαρPαρ)D̂µD̂ν + 8(PµνPµν − P 2)D̂2.
(3.27)

The expression of Schouten tensor Pµν and its trace P in arbitrary dimension are known [29]

Pµν = 1
d− 2

(
Rµν −

1
2(d− 1)gµνR

)
, P = Pµµ . (3.28)

∂6 operator on S6
q . We start by evaluating the partition function of Weyl-invariant

scalar on branched sphere S6
q . The Ricci tensor and the curvature on sphere in 6 dimension

is given by Rµν = 5gµν and R = 30.
Substituting Pµν and P in (3.27) and factorising it we obtain

Ô(6)
Sd

= −∆S6
0 (−∆S6

0 + 4)(−∆S6
0 + 6), (3.29)

where ∆S6
0 = D̂µD̂µ is the spin-0 Laplacian on S6. Note that the factorization makes sense

even if we consider the zero-modes. The eigenvalue and their corresponding degeneracy for
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the scalar Laplacian on the branched sphere are labelled by 2 integers

λ(0)
n,m =

(
n+ m

q

)(
n+ m

q
+ 5

)
, n,m ∈ {0, · · ·∞} (3.30)

with degeneracy

g
(0)
n,m=0 =

(
n+ 4

4

)
, n ∈ {0, · · ·∞} (3.31)

g
(0)
n,m>0 = 2

(
n+ 4

4

)
, n ∈ {0, · · ·∞}, m ∈ {1, · · ·∞} .

Therefore the free energy can be written as

F (6)
S6
q

= 1
2Tr log Ô(6)

S6
q

= −
∫ ∞

0

dτ

2τ

∞∑
n,m=0

g(0)
n,m

(
(e−τλ

(0)
n − e−τ ) + (e−τ(λ(0)

n +4) − e−τ ) + (e−τ(λ(0)
n +6) − e−τ )

)
.

(3.32)

Following the steps given from (2.9) to (2.11) we obtain

−F (6)
S6
q

=
∫ ∞
ε

dt

2
√
t2 − ε2

( 3∑
i=1

eiνi
√
t2−ε2 + e−iνi

√
t2−ε2

)
f

(0)
q,6 (it). (3.33)

with iν1 = 5
2 , iν2 = 3

2 , iν3 = 1
2 and

f
(0)
q,6 (u) =

∞∑
n,m=0

g(0)
n,,me

i
(
n+m

q
+ 5

2

)
u

= e
iu5
2

(1− eiu)5
1 + e

iu
q

1− ei
u
q

. (3.34)

We now substitute f (0)
q,6 (u) in (3.33) and take ε→ 0 to obtain

−F (6)
S6
q

=
∫ ∞

0

dt

2t
1 + e

− t
q

1− e−
t
q

(1 + e−5t) + (e−4t + e−t) + (e−2t + e−3t)
(1− e−t)5

=
∫ ∞

0

dt

2t
1 + e

− t
q

1− e−
t
q

(
χdS(5,0) ν1

(t) + χdS(5,0) ν2
(t) + χdS(5,0) ν3

(t)
)
. (3.35)

The expressions of χdS(5,0) νi(t) can be obtained from (3.14) by substituting the values of
νi for each two-derivative operators in d = 6 dimension. Note that the partition function
of the six-derivative conformal scalar on S6

q can be expressed as an integral transform of
the characters of the factorized 2-derivative operators. Therefore the character of higher
derivative Weyl-invariant scalar can be written as a sum of the characters of the 2-derivative
massive scalar operators where the mass of each 2-derivative operator comes from the
curvature coupling.
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∂6 operator on AdS5 × S1
q . The hyperbolic cylinder AdS5×S1

q is conformally related
to S6

q . The curvature induced mass comes only from the AdS5. The Ricci tensor and the
curvature are given by

R0i = 0, Rij = −4gij , R = −20. (3.36)

Here {i, j} denotes the direction along the AdS5. We substitute the curvature in the
expression of Schouten tensor and factorise the operator in terms of three two-derivative
operators [12] to obtain

Ô(6)
AdS5×S1

q
= (−∂2

τ −∆AdS5
0 − 1)

(
−∂2

τ −
(√
−∆AdS5

0 − 1 + 2i
)2
)(
−∂2

τ −
(√
−∆AdS5

0 − 1− 2i
)2
)
.

(3.37)
Therefore we get a combination of a 2-derivative conformal scalar and two conjugate op-
erators with the shift in the masses. ∆AdS5

0 is the spin-0 zero Laplacian on AdS5

∆AdS5
0 ψ{λ,u} = −

[
λ2 + 1

]
ψ
{λ,u}
λ , (3.38)

ψ{λ,u} are the corresponding eigen functions, {u} labels other quantum numbers on AdS5.
We follow the steps from (3.17) to (3.21) and obtain

−F (6)
AdS5×S1

q
= logR

4πi

∫
COdd

du

∫ ∞
0

dτ√
4πτ3

∞∑
n=0

e−
ε2+u2

4τ e
−τ (n)2

q2 W
(5)
0 (u)(1 + e2u + e−2u).

(3.39)

W
(5)
0 is the Fourier transform of the Plancherel measure of the spin-0 field on AdS5. The

expression of W (5)
0 (u) can be obtained by substituting b = 5 in (2.22). Now we perform

the integral over τ and sum over the Kaluza-Klein modes along S1
q to obtain

−F (6)
AdS5×S1

q
= logR

2πi

∫
COdd

du

2u
1 + e

−u
q

1− e−
u
q

(1 + e−5u) + (e−4u + e−u) + (e−2u + e−3u)
(1− e−u)5 . (3.40)

The integrand has the same form as it is given in (3.35). Note that we have done the sum
over all the Kaluza-Klein modes including the zero-mode. The integrand organizes itself
in a nice character form when we include the zero-mode. In the literature usually, this is
omitted which results in the absence of a term linear in q in the logarithmic part of the free
energy. However, the Rényi entropy and the entanglement entropy do not change under
the shift of the free energy. Therefore we expand the integrand (3.35) around t = 0 and
collect the co-efficient of 1/t term to obtain the log-divergent piece of the free energy. This
is the same as the evaluation of the residue of the integral (3.40) at u = 0. The universal
part of the Rényi entropy and entanglement entropy can be obtained from the free energy

Sq = −(q + 1)
(
1577q4 − 103q2 + 2

)
10080q5 , SEE = − 41

140 . (3.41)

The Rényi entropy and entanglement entropy agree with [12] in d = 6. The first derivative
of Rényi entropy with respect to q at q = 1 is related to the central charge of the theory
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and the relation is given in (3.25). The central charge for the 6-derivative conformal scalar
in d = 6 is given by C(6)

T,d=6 = 54 [12] and we verify that the relation (3.25) is satisfied.
We obtain the weight of the twist operator across the entangling surface

hq = q

5Vol(AdS5) (∂qFq|q=1 − ∂qFq)

= 275q6 − 336q4 + 63q2 − 2
10080π2q5 . (3.42)

First and second derivative of weight of twist operator hq with respect to q at q = 1 are
related to the parameters a, b and c which characterize the two and three point function
of the stress tensor. For 6-derivative conformal scalar we obtain

h′q|q=1 = 3
70π2 , h′′q |q=1 = 1

420π2 . (3.43)

These numbers will be useful to understand the causality of the 6-derivative conformal
scalar in d = 6 dimension.

4 Weyl invariant fermionic fields

In the previous section, we have shown that the partition functions of higher derivative
conformal scalars are identical on conformally equivalent spaces. In this section, we study
the Weyl invariant fermionic fields on conformally related spaces. We express the partition
function as the integral transform of the character. The character integral representation
helps to understand the relation between partitions functions explicitly.

4.1 /∂ operator

The action of Weyl-invariant massless spin-half field in d dimension is given by

S = i

∫ √
gddx ψ̄ /∇ψ, (4.1)

where /∇ = γµ∇µ. One obtains the free energy of the massless fermionic field by using the
spectrum of the squared operator /∇2 = ∆0 − R

4 . Here ∆0 is the spin-0 Laplacian and R is
the curvature of the background.

/∂ operator on Sd. Therefore the free energy becomes

F 1
2

= −Tr log(i /∇)

= −1
2

∞∑
n=0

g
( 1

2)
n,d log

(
λ

( 1
2)
n,d

)

=
∫ ∞
ε

dτ

2τ e
− ε

2
4τ

∞∑
n=0

g
( 1

2)
n,d

(
e−τλ

( 1
2)

n,d − e−τ
)
. (4.2)
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In the last step we used the identity (2.5) to write the logarithm of the eigen-value. To
evaluate the partition function we require the eigen value and the degeneracy of the Dirac
fermion on Sd which are known [30]

g
( 1

2)
n,d = 2

d
2 (d+ n− 1)!
(d− 1)!n! ,

λ
( 1

2)
n,d =

(
n+ d

2

)2
.

(4.3)

To evaluate the partition function we perform sum over degeneracy by using zeta-regular-
isation prescription and obtain

∞∑
n=0

g
( 1

2)
n,d = 0. (4.4)

We therefore drop the second term in (4.2) and use Hubbard-Stratonovich trick to linearise
the sum in the first term

F 1
2

= −
∫ ∞
ε

dτ

2τ e
− ε

2
4τ

∫
C

du√
4πτ

e−
u2
4τ f 1

2
(u). (4.5)

Here the contour C runs from −∞ to ∞ slightly above the real axis as shown in figure 1.

f 1
2
(u) =

∞∑
n=0

g
( 1

2)
n,d e

iu(n+ d
2 )

= 2deiu
d
2

(1− eiu)d . (4.6)

We now perform the τ integral and deform the contour C from the real line to the contour
C ′ which runs on the both sides of the branch cut on the imaginary axis originating at
u = iε on the u-plane. Finally we substitute u = it and obtain

F 1
2

= −
∫ ∞

0

dt

2t
2e−

t
2

(1− e−t)
2d−1e−t

d−1
2

(1− e−t)d−1 . (4.7)

Therefore we obtain the free energy as integral transform of the Harish-Chandra character.
Note that the kinetic factor 2 e−

t
2

1−e−t is different compared to the bosonic kinematic factor in
the integral. Therefore the SO(1.d) Harish-Chandra character of a massless Dirac fermion
is given by

χdS(d, 12) conf(u) = 2d−2 e
−t d−1

2 + e−t
d−1

2

(1− e−t)d−1 . (4.8)

This agrees with the equation (3.13) of [7] when we substitute d = 4 and consider the
massless case.
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/∂ operator on Sa × AdSb. Since Sa × AdSb is confromally related to Sa+b one ex-
pects the partition function of conformally coupled spin-half field will be identical on these
backgrounds. Therefore we study the partition function of the massless Dirac Fermion on
Sa × AdSb. The free energy of the Weyl-invariant massless fermionic field on Sa × AdSb
can be expressed as

F
1
2
Sa×AdSb = 1

4

∞∑
n=0

g
( 1

2)
n

∫ ∞
−∞

µ
( 1

2)
b (λ) log

(
λ2 +

(
n+ a

2

)2
)
. (4.9)

Here we have used the eigen value of the spin-half Laplacian on AdSb

/∇ψ(λ,u) = iλψ(λ,u), (4.10)

µ
( 1

2)
b (λ) is the Plancherel measure of the spin-half field on AdSb [30]

µ
( 1

2)
b (λ) = π

22b−4Γ
(
b
2

)2


∏ b−2

2
i=1 (λ2 + i2) Odd b,

λ coth πλ
∏ b−2

2
i=1 (λ2 + i2) Even b.

(4.11)

We perform the integral over λ by using Hubbard-Stratonovich trick and obtain

−F
1
2
Sa×AdSb = 1

4

∫
C
du

∫ ∞
0

dτ√
4πτ3

∞∑
n=0

g
( 1

2)
n e−

ε2+u2
4τ e−τ(n+a

2 )2
W

(b)
1
2

(u). (4.12)

W
(b)
1
2

(u) is the Fourier transform of the Plancherel measure of the spin-half field on AdSb [8].

W
(b)
1
2

(u) = (−1)b2b e−
b
2u

(1− e−u)b . (4.13)

Here the contour Codd or Ceven is given in figure 3 and figure 4 depending on whether b is
odd or even respectively. We perform the integral over τ and obtain

−F
1
2
Sa×AdSb =

∫
C

du

4
√
u2 + ε2

∞∑
n=0

g
( 1

2)
n e(−(n+a

2 )√u2+ε2)W (b)
1
2

(u). (4.14)

For the case when b is even substituting W (b)
1
2

and using the contour Ceven as shown in
figure 3. We perform the sum over eigen modes on Sa to obtain

−F
1
2
Sa×AdSb = −

∫
R+iδ

du

4
√
u2 + ε2

e−
u
2

(1− e−u)
2a−1e−u

a−1
2

(1− e−u)a−1 (−1)b2b e−
b
2u

(1− e−u)b

= −
∫
R+iδ

du

2u
2e−

u
2

(1− e−u)
2d−1e−u

d−1
2

(1− e−u)d−1 . (4.15)

In the last line we have substituted a+ b = d.
Similarly we proceed for odd b where the contour is given in 4.

F
1
2
Sa×AdSb = − logR

2πi

∫
COdd

du

2u
2e−

u
2

(1− e−u)
2d−1e−u

d−1
2

(1− e−u)d−1 . (4.16)

– 21 –



J
H
E
P
1
0
(
2
0
2
1
)
2
3
6

Therefore we obtain the partition function of the massless Dirac fermion on Sa × AdSb
which has the same expression as we obtained it for Sa+b in (4.7). In the recent work
of [31] the equality of the partition function of Dirac fermion has been checked numerically.
From the experience of the scalar field, it is expected that the partition function of the
free fermion should also be the same in the classes of conformally equivalent spaces. Since
we express the partition function as an integral transform of the Harish-Chandra character
the equality of the partition functions becomes explicit. Therefore the anomaly coefficients
are also the same in the classes of conformally equivalent spaces.

4.2 /∂
3 operator

The action ofWeyl invariant 3-derivative operator for theMajorana fermion can be found [32]
and in d = 4 it is given by [12, 33]

S = i

∫
d4x
√
g

(
ψ̄

[
/∇3 +

(
Rµν − 1

6g
µνR

)
γµ∇ν

]
ψ

)
, (4.17)

where Rµν is the Ricci tensor in four dimension.

/∂
3 operator on S4. We evaluate the partition function of the 3-derivative fermionic

fields on S4. The Ricci tensor and the curvature are known

Rµν = R

4 g
µν , R = 12.

We now substitute the curvature use the method of factorisation in Weyl invariant 3-
derivative fermionic operator to obtain

O(3)
1
2

= /∇3 +
(
Rµν − 1

6g
µνR

)
γµ∇ν

= /∇( /∇2 + 1). (4.18)

Therefore the free energy can be written as

F (3)
1
2

= −Tr log
(

iO(3)
1
2

)
. (4.19)

One evaluates the free energy of the fermionic fields by using the spectrum of the squared
of the operator.

We use the identity (2.5) and substitute the spectrum of the squared operator O(3)
1
2

to
obtain

−F (3)
1
2

=
∫ ∞
ε

dτ

2τ e
− ε

2
4τ

∞∑
n=0

(
g
( 1

2)
n,4 e

iu(n+2)(1 + 2e−τ )
)
. (4.20)

Note that we have dropped the second term of the logarithm using the similar argument
presented in (4.4). Therefore we start with a convergent integral where the prescription
of ‘dimensional regularisation’ has been used to sum over degeneracy [25]. But we still
introduce the factor e−

ε2
4τ to keep track of the branch cut in the integration plane [9] and

take ε→ 0 in the end.
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Now we follow the same steps from (4.5) to (4.7) and obtain

−F (3)
1
2

=
∫ ∞

0

dt

2t
2e−

t
2

1− e−t 4
(
e−

t
2 + e−3 t2 + e−5 t2

(1− e−t)3

)
. (4.21)

Therefore we express the partition function of 3-derivative spin-half field in terms of charac-
ter integral and the log divergent part can be extracted by expanding the integrand (4.21)
around t = 0 and collecting the coefficient of 1/t term.

/∂
3 operator on S1

q ×AdS3. Branched sphere S4
q is conformally related to the hyperbolic

cylinder AdS3 × S1
q . We, therefore, evaluate the partition function of 3-derivative Weyl

invariant fermionic field on the hyperbolic cylinder and compare it with the sphere at
q = 1.2 In S1

q ×AdS3 the 3-derivative Weyl invariant operator has a different form because
the curvature induced mass comes only from the AdS3 space,

R00 = 0, Roi = 0, Rij = −2gij .

Here i, j denotes the direction along AdS3. Therefore the operator O(3)
1
2

becomes [12]

O(3)
1
2

= /∇3 + γ0∂0 − γi∇i. (4.22)

To obtain free energy one uses the spectrum of the squared operator. Therefore we square
the operator O(3)

1
2

and factorize it

(
iO(3)

1
2

)2
= (−∂2

0 − /∇2)(−∂2
0 + (i /∇+ i)2)(−∂2

0 + (i /∇− i)2). (4.23)

Free energy becomes

−F (3)
1
2

= 1
4

∞∑
n∈Z+ 1

2

∫ ∞
−∞

µ
( 1

2)
3 (λ)

[
log

(
λ2 + n2

q2

)
+ log

(
(λ+ i)2 + n2

q2

)
+ log

(
(λ− i)2 + n2

q2

)]
.

(4.24)
Note that we sum over half integers due to the anti-periodicity of the fermions along S1

q

direction. µ( 1
2)

3 (λ) is the Plancherel measure of spin-half field on AdS3.
We now follow the same steps from (4.12) to (4.14) where we use the Hubbard -

Stratonovich trick and sum over the Kaluza-Klein modes to obtain

−F (3)
q, 12

= logR
2πi

∫
COdd

du

2u
8e−3u2

∑
n∈Z+ 1

2
e
−un

q

(1− e−u)3 (1 + e−u + eu)

= logR
2πi

∫
COdd

du

2u
8
(
eu + e2u + 1

)
e

(q+1)u
2q

(eu − 1)3 (eu/q − 1
) . (4.25)

2As far as we know the spectrum and the degeneracy of the spin-half field are not known on the branched
sphere.
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At q = 1 we obtain

−F (3)
1, 12

= logR
2πi

∫
COdd

du

2u
2e−

u
2

1− e−u 4
(
e−

u
2 + e−3u2 + e−5u2

(1− e−u)3

)
. (4.26)

The log divergent part of the free energy on hyperbolic cylinder can be evaluated by taking
the residue of the integral (4.26) at u = 0. Note that the log divergent piece of the free
energies are identical given in (4.21) and (4.26). Therefore the anomaly coefficient of 3-
derivative spin-half field also agrees. We evaluate the log divergent part of the free energy
and the universal part of the Rényi entropy can be extracted from it.

F (3)
q, 12

= −−29q4 − 50q2 + 7
480q3 , Sq = −(q + 1)

(
43q2 − 7

)
480q3 . (4.27)

The Rényi entropy agrees with [12]. We also evaluate the conformal dimension of the twist
operator from the free energy of 3-derivative fermionic field on hyperbolic cylinder.

hq = q

3Vol(AdS3)

(
∂qF (3)

q, 12
|q=1 − ∂qF (3)

q, 12

)

= −29q4 − 50q2 + 21
2880πq3 . (4.28)

The first and second derivative of hq with respect to q at q = 1 can be related to the two
and three point functions of stress tensor which will be useful to understand the causality
bound of the 3-derivative fermionic fields.

5 Vector field

In this section, we examine the Weyl-covariant vector field. The partition functions of
Weyl-invariant scalar and fermions are identical on conformally related spaces. In [9] it
was demonstrated that the hyperbolic cylinder misses out the edge mode of the parti-
tion function of conformal p-form fields. We evaluate the partition function of the higher
derivative Weyl-covariant vector field on the branched sphere as well as on the hyperbolic
cylinder to find out whether the same pattern is followed.

5.1 Maxwell field in d = 4

It is well known that the free Maxwell field is conformal in d = 4 dimension which has been
studied extensively and the universal part of the entanglement entropy across a spherical
entangling surface has been evaluated [34]. Since the theory is conformal in four dimensions
one can use conformal mapping to study the partition function and entanglement entropy
of it across a spherical surface. The partition function of free Maxwell field on S4

q differs
from the AdS3 × S1

q by edge mode which is a partition function of massless scalar field on
S2 [9, 14, 15]. In [35] it was shown that the universal part of the entanglement entropy
can be evaluated from the canonical quantization of the field on a sphere which results in 2
independent scalar modes with angular momentum ` ≥ 1 and it agrees with the hyperbolic
cylinder computation. Therefore one obtains the ‘extractable’ part of the entanglement
entropy [34] of free Maxwell field from the partition function of AdS3 × S1

q .
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Maxwell field on S4
q . In this section we review the method to cast the partition function

of vector field in terms of the Harish-Chandra character on S4
q . The gauge fixed partition

function of the p-form field on sphere is given in [36–38]. The partition function of vector
field on branched sphere in 4-dimension is given by [13]

Z[S4
q ](1) =

( det(−∆0)
det(−∆1 + 3)

) 1
2

(5.1)

Here ∆0 and ∆1 are the spin-0 and spin-1 Laplacian on S4
q respectively.

We start with the transverse spin-1 part of the partition function. The eigen-value and
corresponding degeneracy are known [26]

λ(1)
n,m =

(
n+ m

q

)(
n+ m

q
+ 3

)
− 1, with n+m ≥ 1, n,m ∈ {0, 1, 2, · · · }

g
(1)
n,m=0 = 1

n+ 1

(
n+ 1
n− 1

)
{3n+ 5}, n = 1, 2, · · · ,

g(1)
n,m = 6

(
n+ 3

2

)
, n = 0, 1, · · · m = 1, 2, · · ·

The logarithm of determinant of transverse spin-1 field with curvature induced mass is
therefore given by

− 1
2 log det(−∆1 + 3) = −1

2

∞∑
n,m=1

g(1)
n,m log(λ(1)

n,m + 3). (5.2)

Using the identity (2.5) we rewrite the partition function as

−1
2 log det(−∆1 + 3) =

∫ ∞
0

dτ

2τ

∞∑
n,m=1

g(1)
n,m(e−τ(λ(1)

n,m+3) − e−τ ). (5.3)

Now the second term involves the sum over degeneracies. We regulate it by looking at the
sufficiently large negative d and use the zeta regularization prescription. We obtain

∞∑
n=1

∑
g

(1)
n,m=0 = 1,

∞∑
n=0

∞∑
m=1

g(1)
n,m = 0. (5.4)

Note that (5.3) is already convergent since the second term has been regularised. Therefore
ε helps us to keep track of the branch cut in the integration plane. One can notice that

g
(1)
0,m=0 = 0, g

(1)
−1,m=0 = 1, λ

(1)
−1,m=0 = 0. (5.5)

Therefore we rewrite the partition function

−1
2 log det(−∆1 + 3) =

∫ ∞
0

dτ

2τ e
− ε

2
4τ

 ∞∑
n=−1

g
(1)
n,m=0e

−(λ(1)
n,m=0+3)τ +

∞∑
n=0,m>0

g(1)
n,me

−(λ(1)
n,m+3)τ

 .
(5.6)
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We follow the same steps discussed for scalar field from (2.7) to (2.11) and take ε → 0 in
the end

−1
2 log det(−∆1 + 3) =

∫ ∞
0

dt

2t

1 + e
− t
q

1− e−
t
q

[(
3
1

)
e−t + e−2t

(1− e−t)3

]
(5.7)

−1 + e−t

1− e−t

[(
1
0

)
1 + e−t

(1− e−t)

]}
.

Similarly we evaluate the massless scalar part of the partition function and obtain

−1
2 log det(−∆0) =

∫ ∞
0

dt

2t
1 + e

− t
q

1− e−
t
q

(
3
0

)
1 + e−3t

(1− e−t)3 . (5.8)

Therefore combining the transverse spin-1 part and the determinant of the massless scalar
in the numerator we get

logZ[S4
q ](1) =

∫ ∞
0

dt

2t

1 + e
− t
q

1− e−
t
q

χ̂b1 −
1 + e−t

1− e−t χ̂
e
1

 . (5.9)

Here χ̂b1 is the full ‘naive’ bulk character and χ̂e1 is the corresponding ‘naive’ edge character
of the free Maxwell field on S4.

χ̂b1 =
(

3
1

)
e−t + e−2t

(1− e−t)3 −
(

3
0

)
1 + e−3t

(1− e−t)3 ,

χ̂e1 =
(

1
0

)
1 + e−t

(1− e−t) .
(5.10)

Therefore we have obtained the ‘naive’ characters of the vector field in d = 4 dimensions
in the sense of [7]. Now to obtain the ‘flipped’ character we subtract the term which
contributes at t→∞. Therefore the full bulk character becomes

χb =
(

3
1

)
e−t + e−2t

(1− e−t)3 −
(

3
0

)
1 + e−3t

(1− e−t)3 + 1. (5.11)

Note that the ‘flipping’ of the character does not alter the co-efficient of 1/t for an even
dimension. So we can still use the small t expansion about t = 0 and collect the log
divergent part of the partition function. The universal part of the free energy therefore
becomes [9]

F [S4
q ](1) = 33q4 + 30q2 + 1

180q3 + 1
3 , F [S4

q ](1)|q=1 = 31
45 . (5.12)

The log divergent part of free energy of masses spin-1 field 31
45 agrees with [7, 13] which is

also known as the anomaly coefficient. Therefore one obtains the anomaly coefficient of
the Maxwell field from the partition function on S4.
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Maxwell field on AdS3 ×S1
q . We have obtained the anomaly coefficient of the Maxwell

field from the partition function on S4. It is well known that S4
q and AdS3×S1

q are related
by Weyl transformation. Therefore it will be interesting to evaluate the log divergent part
of the free energy of Maxwell field on AdS3 × S1

q and compare it with the S4
q .

In this section we review the partition function of the free Maxwell field on AdS3 ×
S1
q [12, 19]. In [19] gauge fixed partition functions of 1-form and 2-form on hyperbolic

cylinder were obtained and the method was extended to arbitrary p-form. The gauge
fixing method was adapted from [39].

The partition function of the vector field on AdS3 × S1
q is given by

Z[AdS3 × S1
q ](1) =

[
1

det(−∂2
τ −∆p=1)

] 1
2

. (5.13)

Here ∆p=1 is the Hodge-deRham Laplacian acting on co-exact 1-form field on AdS3. The
operator ∂2

τ picks out the Kaluza-Klein mass along the S1 direction. The eigen value of
the Hodge-deRham Laplacian on 1-form on AdS3 is given by [24]

∆p=1ψ
{λ,u}
i = −λ2ψ

{λ,u}
i . (5.14)

Here ψ{λ,u}i refers to the eigen functions and {u} denote the other quantum numbers on
AdS3. Using the mode expansion along S1

q and substituting the eigen-values we obtain

logZ[S1
q ×AdS3](1) = −1

2

∞∑
n=−∞

∫
dµ

(3)
1 (λ) log

(
n2

q2 + λ2
)
. (5.15)

where µ(3)
1 (λ) is the Plancherel measure of the co-exact 1-form field on AdS3 [24]

dµ
(3)
1 (λ) = Vol(AdS3)

π2 (λ2 + 1). (5.16)

Now we substitute this back in the expression of the partition function and follow the same
steps shown for the scalar on hyperbolic cylinder we obtain [19]

logZ[S1
q ×AdS3](1) = 1

2πi logR
∫
COdd

dt

2t
1 + e

− t
q

1− e−
t
q

((
3
1

)
e−t + e−2t

(1− e−t)3 −
(

3
0

)
1 + e−3t

(1− e−t)3

)
.

(5.17)

We now compare (5.17) and (5.9) and observe that the partition function of conformal
vector field on AdS3 × S1

q misses out the edge mode part of the partition function. Note
that the ‘edge’ mode part of the partition function does not depend on the branching
parameter q. We obtain the log divergent part of the free energy by taking residue of the
integral (5.17) at t = 0.

Fq[S1
q ×AdS3](1) = 33q4 + 30q2 + 1

180q3 , Fq=1[S1
q ×AdS3](1) = 16

45 . (5.18)

The free energy on hyperbolic cylinder does not capture the ‘edge’ mode contribution of 1
3

which comes partition function of massless scalar on S2. This behavior was noticed earlier
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in the study of the universal part of the entanglement entropies [14–16, 40, 41] of the
Maxwell field in d = 4 dimensions, and the ‘extractable’ part of the entanglement entropy
comes from the free energy of the hyperbolic cylinder. In [9] it was explicitly shown that
the partition function of conformal p-forms on hyperbolic cylinder contains only the ‘bulk’
mode and misses out the ‘edge’ mode. Therefore one expects the ‘extractable’ part of the
entanglement entropy across a spherical region can be obtained from the partition function
of the hyperbolic cylinder which misses out the ‘edge’ mode.

5.2 Conformal higher derivative vector field

In the previous section we have discussed the techniques to evaluate the partition function
of the free Maxwell field in d = 4 dimension and demonstrated that the partition function of
the hyperbolic cylinder differs from the branched sphere by edge mode which is a partition
function of 0-form field on S2. To understand this feature we evaluate the partition function
of the Weyl-covariant higher derivative vector gauge field on the branched sphere as well
on the hyperbolic cylinder. We compare the log divergent part of the free energy of higher
derivative conformal vector gauge field on S6

q and AdS5×S1
q to understand the edge mode

characteristics in detail. The action of Weyl-invariant vector gauge theory in 6-dimension
is given by [12]

S =
∫ √

gd6x

(
∇λF λµ∇νFνµ −

(
Rµν −

R

5 gµν
)
FµλF νλ

)
, (5.19)

where Fµν = ∂µAν − ∂νAµ and the action is invariant under gauge transformation Aµ →
Aµ +∇µε.

Four-derivative Weyl-covariant vector field on S6
q . We evaluate the partition func-

tion of the Weyl-covariant vector gauge theory on a branched sphere in 6 dimension. We
follow the gauge fixing method which was introduced in [39]. We start with decomposing
the field variable into transverse mode and longitudinal mode in the following way

Aµ = {A⊥µ +∇µφ}, where ∇µA⊥µ = 0. (5.20)

Under the gauge transformation transverse mode does not change but the longitudinal
mode gets shifted by constant.

A⊥µ → A⊥µ, φ→ φ+ ε . (5.21)

Substituting the decomposed variables in the action

S =
∫ √

gd6x(∇2A⊥µ −RρµA⊥ρ)(∇2A⊥µ −RρµA⊥ρ)

− 2
(
R

6 −
R

5

)(
−A⊥µ∇2A⊥µ + R

6 A
⊥µA⊥µ

)
=
∫ √

gd6xA⊥µ

(
−∆(1) + 5

) (
−∆(1) + 7

)
A⊥µ, (5.22)
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where ∇2 = ∇µ∇µ = ∆(1) is the spin-1 Laplacian on S6
q . We have used the integration

by parts and dropped terms using transverse gauge condition ∇µA⊥µ = 0. Covariant
derivative operators are interchanged using

[∇µ,∇ν ]A⊥λ = RλρµνA
⊥ρ, Rµνρσ = (gµρgνσ − gµσgνρ). (5.23)

The second line comes from the fact that S6
q is a maximally symmetric space with unit

radius. Since we have changed the field variables we will get a change in measure

DAµ =
(
det(−∆0)

1
2
)
DA⊥µDφ, (5.24)

where (−∆0) is the spin-0 Laplacian on S6
q . Note that the action is independent of the

longitudinal mode and hence it is gauge invariant under

φ→ φ+ ε.

Therefore we can fix the gauge by choosing the gauge slice

G = δ(φ).

But this gauge slice corresponds to the unit Fadeev-Popov determinant. Therefore the
partition function can be written as [42]

Z(4)
v =

 det(−∆0)
det

(
−∆(1) + 5

)
det

(
−∆(1) + 7

)
 1

2

. (5.25)

In the last step we have integrated the transverse components of the gauge field and used
the Fadeev-Popov determinant to write the complete partition function.

The eigen-value and the degeneracy of the spin-1 field on S6
q is given by [26]

λ(1)
n,m =

(
n+ m

q

)(
n+ m

q
+ 5

)
− 1, with n+m ≥ 1, n,m ∈ {0, 1, 2, · · · }

(5.26)

g
(1)
n,m=0 = 1

24n(n+ 2)(n+ 3)(5n+ 17), n = 1, 2, · · · , (5.27)

g(1)
n,m = 5

12(n+ 1)(n+ 2)(n+ 3)(n+ 4), n = 0, 1, · · · m = 1, 2, · · ·

Note that eigen-value and degeneracy on branched sphere are labelled by 2 integers.
Now we evaluate

− 1
2 log det

(
−∆(1) + 5

)
= −1

2

∞∑
n,m=0

g(1)
n,m log(λ(1)

n,m + 5). (5.28)

Again using the identity (2.5) we rewrite (5.28) as

− 1
2 log det

(
−∆(1) + 5

)
=
∫ ∞

0

dτ

2τ

∞∑
n,m=0

g(1)
n,m(e−τ(λ(1)

n,m+5) − e−τ ). (5.29)
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The second term involves the sum over degeneracy which we drop by the same logic pre-
sented in (5.4). Therefore the equation (5.29) reduces to

− 1
2 log det

(
−∆(1) + 5

)
=
∫ ∞

0

dτ

2τ e
− ε

2
4τ

 ∞∑
n,m=0

g(1)
n,me

−τ(λ(1)
n,m+5) − 1

 , (5.30)

The second term in (5.30) can be absorbed in the first term by noting from (5.27) that

g
(1)
0,m=0 = 0, g

(1)
−1,m=0 = 1, λ

(1)
−1,m=0 = 0. (5.31)

Here ε is used to keep track of track of the branch cut in the integration plane.
Following the steps given from (2.9) to (2.13) we obtain

−1
2 log det

(
−∆(1) + 5

)
=
∫ ∞
ε

dt

2
√
t2 − ε2

(
e

3
2
√
t2−ε2 + e−

3
2
√
t2−ε2

)
(f1(it) + f2(it)). (5.32)

Similarly we evaluate

−1
2 log det

(
−∆(1) + 7

)
=
∫ ∞
ε

dt

2
√
t2 − ε2

(
e

1
2
√
t2−ε2 + e−

1
2
√
t2−ε2

)
(f1(it) + f2(it)). (5.33)

and

−1
2 log det (−∆0) =

∫ ∞
ε

dt

2
√
t2 − ε2

(
e

5
2
√
t2−ε2 + e−

5
2
√
t2−ε2

)
(f0(it) + f0(it)). (5.34)

where

f1(u) =
∞∑

n=−1
g

(1)
n,m=0e

iu(n+ 5
2) = e−

1
2 (3iu) (5e−iu − e−2iu + 1

)
(−1 + e−iu)5 ,

f2(u) =
∞∑

m=1,n=0
g(1)
n,me

iu
(
n+m

q
+ 5

2

)
= 10e−

1
2 (5iu)

(−1 + e−iu)5
(
−1 + e

− iu
q

) .
f0(u) =

∞∑
n,m=0

g(0)
n,,me

i
(
n+m

q
+ 5

2

)
u = e

iu5
2

(1− eiu)5
1 + e

iu
q

1− ei
u
q

. (5.35)

Now we substitute these functions in the partition function and take ε → 0 in the end to
obtain

logZ(4)
v =

∫ ∞
0

dt

2t

1 + e
− t
q

1− e−
t
q

[
5(e−t + e−4t)

(1− e−t)5 + 5(e−2t + e−3t)
(1− e−t)5 − (1 + e−5t)

(1− e−t)5

]

− 1 + e−t

1− e−t

[
e−t + e−2t

(1− e−t)3 + 1 + e−3t

(1− e−t)3

]
=
∫ ∞

0

dt

2t

1 + e
− t
q

1− e−
t
q

χ̂bulk −
1 + e−t

1− e−t χ̂edge

 . (5.36)
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χ̂bulk and χ̂edge correspond to the full ‘naive’ bulk character and ‘naive’ edge character of
four-derivative conformal vector field on S6

q respectively. Note that the ‘naive’ edge charac-
ter comes with a kinematic factor which is independent of the branching parameter q which
is similar to the vector case on S4

q . Here we wish to mention that these ‘naive’ character
do not correspond to the UIR of exceptional series. It will be interesting to check that the
‘flipping’ procedure introduced in [7] leads to the UIR of any exceptional series. But here
we content ourselves with the ‘naive’ character because we are interested in evaluating the
universal piece of the entanglement entropy which comes from the logarithmic divergent
part of the partition function and it does not get altered by ‘flipping’ procedure.

We now obtain the log divergent piece or the universal part of the partition function
by expanding the integrand about t = 0 and collect the 1/t term which is given by

logZ(4)
v |univ = −1755q6 − 1680q4 − 35q2 + 6

10080q5 − 14
45 . (5.37)

Here −14
45 comes from the edge mode part of the partition function which is independent

of the branching parameter q.

Conformal four-derivative vector field on AdS5 × S1
q . Hyperbolic cylinder AdS5×

S1
q and branched sphere S6

q are conformally related. We express the partition function of
the four-derivative vector gauge field on AdS5 × S1

q in terms of integral over characters.
This character integral method will help us to understand the relation between partition
functions on these conformally related spaces.

To evaluate the partition function one needs to fix the gauge properly. We follow the
gauge fixing method introduced in [12]. We decompose the field variables along the S1

q as
well as on AdS5 direction in the following way

Aµ = {Aτ , A⊥i +∇iφ}, where ∇iA⊥i = 0 . (5.38)

Here i, denotes the directions along AdS5. Under the gauge transformation, the decom-
posed field variables transform in the following way

Aτ → Aτ + ∂τ ε, A⊥i → A⊥i, φ→ φ+ ε . (5.39)

Substituting the decomposed fields in the action we get

S =
∫
d6x
√
g (L1 + L2) ,

L1 =
(
∆AdS5

0 Aτ − ∂τ∆AdS5
0 φ

)2
+
(

∆AdS5
1 A⊥i − R

5 A
⊥i + ∂2

τ (A⊥i +∇iφ)−∇iAτ
)2
,

L2 = R

5
(
∂τ (A⊥i +∇iφ)

)2
.

Note that the action has the longitudinal mode along the AdS5 direction. ∆AdS5
0 and ∆AdS5

1
are the transverse spin-0 and spin-1 Laplacians on AdS5 respectively. To obtain the action
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we have interchanged the covariant derivative and used the transverse gauge condition given
in (5.38). We know that the change in field variables comes with the change in measure.

DAµ = [det(−∆AdS5
0 )]1/2DAτDA⊥i Dφ, (5.40)

We treat the zero modes on the S1 separately. Therefore we can write the change of
measure into that involving the zero modes on S1 and the rest.

DAµ =
[
(det(−∆AdS5

0 ))1/2DAτDA⊥i Dφ
]
n 6=0

(5.41)

×
[
(det(−∆AdS5

0 ))1/2DAτDA⊥i Dφ
]
n=0

.

Non-zero Kaluza-Klein modes. We consider first the non-zero modes. From the gauge
transformation given in (5.39), one can fix the gauge Aτ = 0. Therefore we get a Fadeev-
Popov determinant

∆FP = det ∂τ . (5.42)

One introduces the Fadeev-Popov determinant along with the delta function which chooses
this gauge slice

G = δ(Aτ )det(∂τ ). (5.43)

Now we imagine setting Aτ = 0 in the action because of the delta function in the partition
function and separate out the action correspond to the transverse gauge field A⊥i and the
longitudinal mode φ in the partition function

Ln 6=0
A⊥

=
(
(−∂2

τ −∆AdS5
1 − 4)A⊥i

)2
− 4∂2

τA
⊥iA⊥i

Ln 6=0
φ = φ∂2

τ (−∆AdS5
0 )(−∂2

τ −∆AdS5
0 − 4)φ .

Therefore we can write the partition function for the non-zero Kaluza-Klein modes

Z(1)
hyp,n 6=0 =

∫ [
DA⊥i (det(−∆AdS5

0 )1/2det(∂τ )
]
n 6=0
×[

1
det(∂τ )(det(−∆AdS5

0 ))1/2det(−∂2
τ −∆AdS5

0 − 4))

]
n 6=0
× exp

{
−1

2

∫
d6x
√
gLn 6=0

A⊥

}
.

(5.44)
Here we have integrated the Aτ first using the gauge slice given in (5.43). Note that
determinants coming from the change in measure and the Fadeev-Popov determinant cancel
one part of the determinant from the longitudinal mode. Therefore integrating over the
transverse gauge field, the partition function becomes

Z(1)
hyp,n 6=0 =

 1
det

((
−∂2

τ −∆AdS5
1 − 4

)
+ 4∂2

τ

)
n 6=0

det
(
−∂2

τ −∆AdS5
0 − 4

)
n 6=0


1
2

.

(5.45)
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Kaluza-Klein zero modes. The action for the zero modes becomes simple

Sn=0 =
∫ √

gd6x

(
Aτ n=0(−∆AdS5

0 )(−∆AdS5
0 − 4)Aτ n=0 +

(
(∆AdS5

1 − 4)A⊥i n=0

)2
)
.

(5.46)

Here the Kaluza-Klein zero mode of Aτ along the S1 is gauge invariant. From (5.39) it can
be seen that it transforms as

Aτ, n=0 → Aτ, n=0. (5.47)

The action (5.46) is independent of the longitudinal mode φ and therefore is gauge invariant
under a constant shift

φn=0 → φn=0 + εn=0. (5.48)

We fix this gauge by restricting to the slice

G = δ(φn=0). (5.49)

The Fadeev-Popov determinant for this choice of gauge slice is unity.

Z(1)
hyp,n=0 =

∫ [
DA⊥i DAτdet(−∆AdS5

(0) )
1
2

]
n=0

(5.50)

× exp
{
−1

2

∫
d6x
√
g
(
A⊥i n=0(−∆AdS5

1 − 4)A⊥ in=0 +Aτ n=0(−∆AdS5
0 )(−∆AdS5

0 − 4)Aτ n=0
)}

=
[

1
det(−∆AdS5

1 − 4)det(−∆AdS5
0 − 4)

] 1
2

.

It is important to note that for the n = 0 modes, the Jacobian from the change in measure
is cancelled by the integration of Aτ which is gauge invariant. Therefore combining (5.45)
and (5.50) we obtain

Z(1)
hyp,n=0 =

 1
det

((
−∂2

τ −∆AdS5
1 − 4

)
+ 4∂2

τ

)
det

(
−∂2

τ −∆AdS5
0 − 4

)
 1

2

. (5.51)

We now factorise the operator W(4)
AdS5×S1 = det

((
−∂2

τ −∆AdS5
1 − 4

)
+ 4∂2

τ

)
.

W(4)
AdS5×S1 = det

((
−∂2

τ −∆AdS5
1 − 4

)
+ 4∂2

τ

)
=

−∂2
τ +

(√(
−∆AdS5

1 − 4
)

+ i

)2
−∂2

τ +
(√(

−∆AdS5
1 − 4

)
− i
)2
 .
(5.52)

∆1 is the transverse spin-1 Laplacian on AdS5 satisfying the eigen value equation

∆AdS5
1 ψ{λ,u} = −

[
λ2 + 4

]
ψ
{λ,u}
λ , (5.53)
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ψ{λ,u} are the corresponding eigen functions, {u} labels other quantum numbers on AdS5.
Using these eigen values and the Kaluza-Klein decomposition of the partition function we
obtain
1
2 logW(4)

AdS5×S1
q

= 1
4

∞∑
n=−∞

∫ ∞
−∞

dλµ
(5)
1 (λ)

(
log

(
n2

q2 + (λ+ i)2
)

+ log
(
n2

q2 + (λ− i)2
))

.

(5.54)

Now we follow the steps from (3.17) to (3.21) and obtain

1
2 logW(4)

AdS5×S1
q

= logR
4πi

∫
COdd

du

∫ ∞
0

dτ√
4πτ3

∞∑
n=0

e−
ε2+u2

4τ e
−τ (n)2

q2

×
∫ ∞
−∞

dλµ
(5)
1 (λ)(ei(λ+i)u + ei(λ−i)u)

= logR
4πi

∫
COdd

du

∫ ∞
0

dτ√
4πτ3

∞∑
n=0

e−
ε2+u2

4τ e
−τ (n)2

q2 W
(5)
1 (u)(eu + e−u).

(5.55)

W
(5)
1 (u) is the Fourier transform of the Plancherel measure of transverse spin-1 Laplacian

on AdS5 which is given by [8]

W
(5)
1 (u) = (exp(−u) + 1)(exp(−3u)− 6 exp(−2u) + exp(−u))

(1− exp(−u))5 . (5.56)

Now we perform the integral over τ and sum over the Kaluza-Klein modes to obtain

1
2 logW(4)

AdS5×S1
q

= logR
2πi

∫
COdd

du

2u
1 + e

−u
q

1− e−
u
q

(1 + e−u)(e−3u − 6e−2u + e−u)
(1− e−u)5 (eu + e−u).

(5.57)

We have another determinant of conformal scalar on AdS5 × S1 in (5.51). Note that the
mass m2

1 = −4 saturates the Breitenlohner-Freedman bound of spin-0 operator on AdS5.
Therefore we can write

1
2 log det

(
−∂2

τ −∆0 − 4
)

= 1
4

∞∑
n=−∞

∫ ∞
−∞

dλµ
(5)
0 (λ) log

(
λ2 + n2

q2

)
. (5.58)

We follow the same procedure to obtain

1
2 log det

(
−∂2

τ −∆0 − 4
)

= logR
2πi

∫
COdd

du

2uW
(5)
0

1 + e
−u
q

1− e−
u
q

= logR
2πi

∫
COdd

du

2u
1 + e

−u
q

1− e−
u
q

(
−e
−2u (e−u + 1)
(1− e−u)5

)
. (5.59)

We combine the (5.57) and the (5.59) and obtain

logZ(1)
hyp = logR

2πi

∫
COdd

du

2u
1 + e

−u
q

1− e−
u
q

(
5(e−u + e−4u)

(1− e−u)5 + 5(e−2u + e−3u)
(1− e−u)5 − (1 + e−5u)

(1− e−u)5

)
.

(5.60)
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Note that the partition function is precisely the integral over ‘naive’ bulk-character of four-
derivative conformal vector on S6

q given in (5.36). Therefore the partition function of the
conformal four-derivative vector field on hyperbolic cylinder misses out the edge character.
It follows the pattern which was noticed for the Maxwell field in four-dimensions. The
‘extractable’ part of the entanglement entropy of free Maxwell field precisely agrees with the
hyperbolic cylinder computation. In [12] the entanglement entropy of the higher derivative
vector gauge theory is computed from the free energy of the hyperbolic cylinder. Following
that we obtain free energy and the universal part of the Rényi entropy

F (1)
hyp,q = −−1755q6 − 1680q4 − 35q2 + 6

10080q5 , S
(1)
hyp,q = −(q + 1)

(
1709q4 + 29q2 − 6

)
10080q5 .

(5.61)

The Rényi entropy precisely agrees with [12] but free energy differs by a term linear in q.
The reason is that we have included the zero-mode to cast the partition function in terms
of ‘naive’ characters. Note that the powers which are linear in q do not affect the Rényi
entropy which is therefore UV-finite.

The partition function of the higher derivative conformal vector field on the hyperbolic
cylinder does not capture the edge mode and one can not obtain the anomaly coefficients
directly from it. Therefore the a-anomaly coefficient can be obtained from the partition
function on S6

q

− logZ(4)
v |q=1 − ∂q logZ(4)

v |q=1
96 = 275

8× 7! . (5.62)

This a-anomaly coefficient precisely agrees with [42]. Note that in [12] it was mentioned
that to get the correct a-anomaly coefficient one needs to shift the free energy by −14

45 .
Here we clearly observe that the shift is coming from the edge mode part of the partition
function. Therefore the partition function of the four-derivative conformal vector on S6

q

correctly reproduces the a-anomaly coefficients but the partition function on the hyperbolic
cylinder gives the entanglement entropy. It will be interesting if one can directly compute
the entanglement entropy by using radial quantization procedure [35] or show that the
‘extractable’ part of the entanglement entropy [34] comes from the hyperbolic cylinder.
We keep these computations for future purposes.

We evaluate the conformal dimension of the twist operator from the free energy of the
four-derivative vector field on hyperbolic cylinder.

hq = q

5Vol(AdS5)(∂qF (1)
hyp,q|q=1 − ∂qFhyp,q)

= −117q6 + 112q4 + 7q2 − 2
3360π2q5 . (5.63)

The regularised volume of AdS5 can be obtained from (1.5). The first and the second
derivative of hq with respect to q at q = 1 can be expressed in terms of the parameters
relating two and three point functions of the stress tensor.

h′q|q=1 = − 1
14π2 , h′′q |q=1 = 31

420π2 . (5.64)
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These numbers will be useful to study the causality constraints of the four-derivative con-
formal vector field will be discussed in section 6.

6 Hofman-Maldacena variables and causality bound

Higher derivative kinetic term in the action implies negative residue in the propagator
which indicates a negative norm state [20]. Therefore one expects the theories with the
higher derivative kinetic terms are non-unitary. In this section, we use the positivity of the
energy flux or average null energy condition to demonstrate that these theories are indeed
non-unitary.

The co-dimension two twist operator essentially captures the energy density across the
entangling surface [2]. The energy density can be evaluated in a thermal ensemble on the
hyperbolic cylinder. Therefore the first and second derivative of the conformal dimension
of the twist operator with respect to q at q = 1 can be expressed in terms the two and
three point functions of the stress tensor because one can think q as inverse temperature
in a thermal ensemble. In conformal field theory the two and three point functions of the
stress tensor are characterized by the parameters a, b and c [22] and these parameters are
expected to obey the following relations

h′q|q=1 = π
d+3

2 CT

2d−3d (d2 − 1) Γ
(
d−1

2

) , CT =

(
8πd/2

)
(a(d− 2)(d+ 3)− 2b− c(d+ 1))

d(d+ 2)Γ
(
d
2

) ,

h′′q |q=1 = − 16πd+1

d2Γ(d+ 3)
[
2a
(
3d2 − 3d− 4

)
(d− 2)− 2bd(d− 1)− c(3d− 4)(d+ 1)

]
,

(6.1)

where CT is the central charge of the theory and a, b, c are the parameters determining
the 3 point functions of the stress tensor [22]. Since we have two relations we can not
determine all the parameters from the relations given in (6.1). Here we wish to mention
that h′′q |q=1 does not match when one substitutes the values of the parameters a, b and c
for the conformally coupled real scalar and the expression was modified for the conformal
scalars [43]. But h′q|q=1 and h′′q |q=1 agree with explicit verification for conformal fermions
and conformal p-form fields [19]. In this case, we assume that the relations hold true for
the higher derivative conformal fields.

Hofman-Maldacena variables t2 and t4 were constructed from ratio of the combinations
of the three parameters a, b and c to characterize the positive energy of the flux [44]. The
relations are known for arbitrary dimensions [45]

t2 = 2(d+ 1)(a(d− 1)((d+ 8)d+ 4)− d(−3bd+ 2cd+ c))
d(a(d− 2)(d+ 3)− 2b− c(d+ 1)) ,

t4 = (d+ 1)(d+ 2)
(
3a
(
−2d2 + d+ 1

)
+ d(−2bd+ cd+ c)

)
d(a(d− 2)(d+ 3)− 2b− c(d+ 1)) .

(6.2)

The positivity of the energy flux constraints can be related to the causality and the unitarity
of the conformal field theory [46–48] which puts the bound on the parameters t2 and t4 for
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conformal field theories in d > 3 dimensions and they are given by [21]

g1 = 1− t2
d− 1 −

2t4
(d+ 1)(d− 1) ≥ 0,

g2 = 1− t2
d− 1 −

2t4
(d− 1)(d+ 1) + t2

2 ≥ 0,

g3 = 1 + (d− 2)(t2 + t4)
d− 1 − t2

d− 1 −
2t4

(d− 1)(d+ 1) ≥ 0.

(6.3)

Therefore these bounds on the parameters imply that any field theory which obey the
causality constraint lie in the region bounded by the three lines given in (6.3). For d = 6
this is shown by a shaded triangle and any field theory in d = 6 satisfying the causality
constraint will lie in the shaded region. From (6.1) we find two relations of the three
parameters a, b and c. Therefore we can not fully determine the values of the parameters.
However one can find a linear relation of the parameters t2 and t4 which will be a straight
line in t2 − t4 plane and the theory will be a point on the line. If the line never touches
the triangle one can conclude that the theory does not satisfy the causality constrain. We
verify it first for the four-derivative conformal scalar in d = 4 dimensions. Here blue-
shaded region denotes all the theories satisfying causality constraint in d = 4 dimensions.
Note that 4-derivative Weyl-invariant scalar is a point in the t2 − t4 plane but it is now
constrained to lie on a straight line given by

t2 + 2
7(2t4 − 273) = 0. (6.4)

The intercepts of the straight line are given by t2 = 78.0 and t4 = 136.5 and it never
touches the bounded region. Therefore any point on the straight line will not lie inside the
bounded region. We have checked this in arbitrary dimensions and therefore conclude that
the 4-derivative Weyl-invariant scalar field does not satisfy the causality constraint.

Similarly for 6-derivative conformal scalar we obtain linear relation of Hofman-Malda-
cena variables from (3.43) and the relation is given by

t2 −
1

462(−197t4 − 19145) = 0. (6.5)

This represents a straight line in t2−t4-plane and the intercepts are given by t2 = −41.4394,
t4 = −97.1827. We observe that the straight line never touches the region of causality which
is a triangular region. Therefore the 6-derivative conformal scalar in d = 6 dimension which
is a point on the straight line can never lie inside the region of causality. So the 6-derivative
conformal scalar in d = 6 dimension also does not obey the causality constraint. We repeat
the same analysis for the 3-derivative Weyl invariant spin-half field. The weight of the
twist operator of the 3-derivative conformal spin-half field is given in (4.28) and the first
and second derivative of it with respect to q at q = 1 are given by

hq = −29q4 − 50q2 + 21
2880πq3 , h′q = − 1

180π , h′′q = − 19
360π . (6.6)
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Figure 5. The allowed region in t2 and t4 in d = 6 for Weyl-invariant field theories satisfying
causality constraints.
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(b) 6-derivative conformal scalar in d = 6.

Figure 6. Higher derivative conformal scalar field is constrained to lie on the red line.

Given the values of h′q|q=1 and h′′q |q=1 we find a linear relation of the variable t2 and t4
which is a straight line on the plane. The equation of the straight line is given by

`f = t4 + 1
4 (7t2 + 12414) = 0. (6.7)

The intercepts are given by t2 = −1773.43 and t4 = −3103.5. Therefore it never crosses
the region of causality which is the bounded region by g1, g2 and g3 shown in 7b. So Weyl
covariant 3-derivative fermionic field also does not obey the causality bound.

Now we examine the 4-derivative Weyl-covariant vector field in d = 6 dimensions. We
obtain the conformal dimension of the twist operator and the first and second derivative
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(a) 4-derivative conformal vector in d = 6. (b) 3-derivative conformal fermion in d = 4.

Figure 7. The region of causality is the small triangle where g1, g2 and g3 meet near the origin.

of it with respect to q at q = 1 which are given in (5.63) and (5.64) respectively. We
substitute these values in equations (6.1) and use (6.3) to obtain a relation between Hofman-
Maldacena variables

`g = t4 + 231
197 (2t2 − 1105) = 0. (6.8)

Therefore it is again a straight line in t2 − t4 plane. In the figure 7a, g1, g2 and g3 are
the lines given in (6.3). `g represents the straight line on which the 4-derivative Weyl-
covariant vector gauge theory lies. Note that the region of causality bound will be the
small triangular region created by the three lines g1, g2 and g3 and the red line does
not pass through the triangular region. The intercepts of the red line `g on the axes are
t2 = 552.5 and t4 = 1295.71. Therefore it never cuts the triangular region at any point.
So we conclude that 4-derivative Weyl-covariant vector field does not obey the causality
constraints.

We observe that the higher derivative conformal theories do not lie inside the region of
causality because these theories do not satisfy the average null energy condition. Therefore
we conclude that the higher derivative conformal fields are non-unitary.

7 Conclusions

In this paper, we have applied the formalism developed in [7–9] to express the one loop
partition functions in terms of integrals over characters of higher derivative conformal fields.
The integral representation is useful to compare the partition functions on conformally
related spaces. The partition function of higher derivative conformal scalar and fermionic
fields are identical on conformally related spaces but the partition function of 4-derivative
vector gauge field misses out the edge mode on the hyperbolic cylinder. This follows the
pattern which was observed for conformal p-forms on hyperbolic cylinder [9]. It was also
observed that the partition function of the free Maxwell field on the hyperbolic cylinder
gives the ‘extractable’ part of the entanglement entropy. Therefore it will be interesting to
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compute the ‘extractable’ part of entanglement entropy for 4-derivative vector gauge field
in d = 6 dimensions and verify with the hyperbolic cylinder computation.

One can also investigate the conformal higher spin fields [13] on conformally related
spaces. This method of obtaining one-loop partition functions will be helpful to check
whether the hyperbolic cylinder misses out on the ‘edge’ mode or not. One can again
repeat the computations developed in [34] to understand the ‘extractable’ entanglement
entropy of the conformal higher spin fields. It will be interesting to perform an alternative
analysis to evaluate the entanglement entropy which is based on the radial quantization of
the fields on sphere [35] and check with the computation of free energy on the sphere or
hyperbolic cylinder.

We have shown that higher derivative conformal theories do not obey the causality
bound and therefore it supports the earlier observations regarding the non-unitarity of
these theories. Here we could not determine all the parameters a, b, and c but we found a
linear relationship which is a straight line in t2 − t4 plane and the theory is a point on the
straight line. We observe that the line never touches the region of causality bound. It will
be interesting to compute two and three-point functions of the stress tensors to determine
all the parameters exactly to show that the theory lies outside of the region of causality
bound.
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