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are of the same radius. As an example, to begin with, we show that the partition function
in the character integral representation of conformally coupled free scalars and fermions
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bulk and ‘naive’ edge characters. However, the partition function of the conformal vector
gauge field on S; x AdS5 contains only the ‘naive’ bulk part of the partition function. This
follows the same pattern which was observed for the partition of conformal p-form fields
on hyperbolic cylinders. We use the partition function of higher derivative conformal fields
on hyperbolic cylinders to obtain a linear relationship between the Hofman-Maldacena
variables which enables us to show that these theories are non-unitary.
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1 Introduction

The one-loop partition function of free fields is an important ingredient to evaluate entan-
glement entropies, anomaly coefficients in even dimensions, F-terms in odd dimensions.
Partition functions on hyperbolic cylinders and branched spheres are useful to evaluate
Rényi entropies and entanglement entropies of conformal fields across a sphere [1, 2].
Therefore it receives attention in the area of condensed matter physics [3, 4] as well as
in quantum gravity.

It is quite well known that the hyperbolic cylinder is related to the branched sphere
by Weyl transformation. Moreover the Euclidean space S x AdS, can be mapped to S+t
where S¢ is a-dimensional sphere and AdSp is b-dimensional anti-de Sitter space. The
conformal map works only when the sphere and the anti-de Sitter space have the same
radius. To understand the Weyl transformation we write the metric of S**°

dsQSa+b = dr? + cos? Tdsga + sin? TdS%b_l. (1.1)
Now one uses the following transformation

tan 7 = sinh wu,



and obtains

ds%w_b = dS%a + du? + sinh? uds%b_l) . (1.2)

cosh? u (
One can identify (1.2) with the metric of S* x AdS}, barring the conformal factor m
Since these euclidean spaces are related by Weyl transformation one expects that partition
functions of the conformal fields will be identical on these backgrounds. Similar kinds
of questions have been addressed before [5] where F-terms of the conformal free scalar
fields were compared in odd dimensions. In [6] it was explicitly verified that the partition
functions of conformally coupled scalars and fermions on S! x AdSs and on S? coincide.

Recently in [7, 8] it was shown that partition functions of scalars, fermions, and integer
higher spin fields can be expressed as integral over characters on a euclidean patch of
de Sitter as well as on anti-de Sitter spaces. In [9] partition functions of the anti-symmetric
p-form fields on sphere and anti-de Sitter space were expressed in terms of the bulk and
the edge characters where the edge character of a co-exact p-form contains characters of
anti-symmetric tensors of rank lower to p all the way to the zero-form. It was also shown
that for conformal p-forms the hyperbolic cylinder does not capture the edge mode part
of the partition function. We summarise the work of [7-9] briefly where the one loop
partition function of scalars, fermions, integer higher spin fields and anti-symmetric p-form
fields were expressed in terms of the integral over the ‘bulk’ and the ‘edge’ part of the
Harish-Chandra character.

log Z /oo dt %fg:i (Xbulk () = Xedge(t)) bosonic field, (1.3)
— —_ _t .
0o 2t =7 (Xbuik(t) — Xedge (t)) fermionic field.

Note that the kinematic factor is different in bosonic and fermionic fields.

Here we only consider the character part of the partition function but there is another
part that depends on the dimensionless coupling constant of the theory and the volumes
of the gauge group of the fields [7]. We will be interested only in the character part of
the partition function because it contains anomaly coefficients in even dimensions and the
F-terms in odd dimensions.

We find that the partition function of the conformally coupled free scalar and free
fermion on S®x AdSy, can be expressed in terms of integral over characters. We demonstrate
that for conformally coupled free scalars as well as for free fermions one can sum over the
eigenmodes on S® and show that the character which to begin with was an AdS character
indeed becomes the character on the St°. Therefore it establishes the fact that partition
functions of free conformal scalar and fermions are identical in the Weyl equivalent spaces
in arbitrary dimensions. This was checked for scalars explicitly [5] in few cases of a and
b and recently by [10] for a + b = 100 numerically. For a = 1, S x AdS; corresponds to
the hyperbolic cylinder and one can evaluate the entanglement entropy across a sphere by
mapping it to the hyperbolic cylinder and evaluate the thermodynamic entropy on it. One
can also evaluate the conformal dimension of the twist operator which essentially captures



the energy density in the presence of the defect across the entangling surface.

o _‘; q + q-; q:l T
Sq_—l—q , SEE—élg%Sqa
q
hg = Folo=1 — O F) .
"= [ DVol(AdS,_y) Ve ale=1 = o)

(1.4)

Here F, is the free energy on hyperbolic cylinder. The regularised volume of AdS; is given
by [2]

5T (—%) for d even,
Vol(AdS,) = d—1
2

1
% log R for d odd.

(1.5)

Here R is the ratio of the radial cutoff on AdS to the radius of AdS.

The higher derivative Weyl-invariant theory has been studied extensively in [11-13] to
understand the conformal anomaly of classically Weyl invariant theories. In this paper,
we study partition functions of the higher derivative Weyl invariant theories on hyperbolic
cylinders as well as on branched spheres. We use the method of factorization [12] to
write the higher derivative operator in terms of the product of two-derivative operators.
Therefore the free energy becomes the sum over all the free energies of factorized two
derivative operators. To understand this let us consider a Weyl invariant 2r-derivative
operator which factorizes into » number of 2-derivative operators in the following way

T
0= z:l_Il (-v2+my), (1.6)
where V2 is the two-derivative operator and m;) corresponds to the mass of each two-
derivative operator which comes from the curvature coupling. We demonstrate that the
partition function of higher derivative fields can be written as integral over characters where
the character of the 2r-derivative operator is the sum of r number of 2-derivative operators.

e /Oodt e 371 (Xbuii(t) = Xedgea(t))  bosonic field,
a o 2t 5

2e 2

(1.7)
= i—1 (Xbulk,i (t) — Xedge,i(t)) fermionic field.

Note that this factorization works even if the two derivative kinetic operators admit zero-
mode. Generally, one excludes the zero-mode which essentially gives a shift in the expres-
sion of free energy but for our purpose, we will keep it because it helps to cast the partition
function in terms of characters.

We study Weyl invariant 4-derivative scalar field on the hyperbolic cylinder and express
the partition function in terms of the integral over characters. We first factorize the 4-
derivative operator in terms of two 2-derivative operators. We perform sum over Kaluza
-Klein modes on S; and show that the character which to begin with was an AdS character
indeed becomes the character on the S;l. Now one can evaluate entanglement entropy and
the weight of the twist operator of 4-derivative conformal scalar field across a spherical
entangling surface from the free energy on the hyperbolic cylinder or branched sphere.



We also study the Weyl invariant 6-derivative scalar field and show that the partition
function can be expressed as integral over characters and the integrands are identical on
the hyperbolic cylinder and on the branched sphere.

It is well known that massless spin-1 or free Maxwell field is conformal in d = 4
dimension. Therefore one expects the partition function will be identical on S;l and AdSs x
S;. In [7] it was shown that the partition function of complete spin-1 or 1-form field can
be expressed in terms of the bulk and edge Harish Chandra character. In [9] partition
function of conformal p-forms were expressed in terms of the integrals over character on
the branched sphere as well as on hyperbolic cylinder. It was explicitly shown that the
hyperbolic cylinder does not capture the edge mode part of the partition function of the
1-form field. In this paper, we express the partition function of 4-derivative Weyl invariant
vector gauge field in terms of the ‘naive’ bulk and ‘naive’ edge characters on Sg .

t
©dt | 14e a 1+et
@ _ a)l+e o .
log Z\M = /0 TR Xbulk — 77—~ Xedge - (1.8)

where Xpuk and Xedge are the ‘naive’ bulk and ‘naive’ edge characters in the sense of [7]
and they do not belong to the UIR of any exceptional series. We evaluate the partition
function of the 4-derivative Weyl invariant vector gauge field on AdSs X S; by summing
over Kaluza-Klein modes along S; direction and obtain a character integral which agrees
with only the ‘naive’ bulk character of (1.8) and misses out the ‘naive’ edge part. Therefore
it demonstrates that hyperbolic cylinder does not capture the edge part of the character
integral in partition function. This supports the earlier observations [14-19] found in the
context of evaluation of entanglement entropy of conformal p-form fields.

Theories with the higher derivative kinetic terms in the action admit negative residue in
the propagator. This implies negative norm states and therefore these theories are expected
to be non-unitary [20]. To understand the non-unitary nature of higher derivative conformal
fields we use the causality bound on the Hofman-Maldacena variables to and ¢4 [21] which
comes from the positivity of the energy flux. The variables t9, t4 were constructed from the
ratio of the linear combination of the three parameters a, b and ¢ determining the two and
three-point functions of the stress tensors [22]. The bounds on the parameters represent
a triangle in t9 — t4-plane. In [2] it was shown that the first and second derivative of the
conformal dimension of the twist operator can be expressed in terms of two and three-point
functions of the stress tensor. Therefore we obtain two relations involving the parameters
a, b, and ¢ which do not fully determine the values of the parameters. However, we find
a linear relation of the variables ts, t4 which represents a straight line in the plane, and
the theory is now constrained to lie on this straight line. We observe that the straight line
never intersects the region of causality bound which implies that the higher derivative Weyl
invariant theory which is just a point on the straight line can never lie inside the region of
causality bound. Therefore we conclude that the higher derivative Weyl invariant theories
do not satisfy the causality bound.



2 Conformal scalar

In this section we study the one-loop partition function of Weyl-invariant scalar on S¢
and S® x AdS, where S% is a-dimensional sphere and AdS, is the b-dimensional anti-
de Sitter space. We show that the partition functions are identical when a +b = d. We
express the partition functions in terms of integrals over the Harish-Chandra character.
The partition function on the space S* x AdSy is useful when a = 1 and one can evaluate
entanglement entropy and the conformal dimension of the twist operator of conformal field
theories across a spherical entangling surface [23]. We verify that the log divergence of
the partitions functions agrees with previous evaluations by [10]. The work of [7] and [8]
have shown that the one loop partition functions on the sphere and anti-de Sitter space
have a nice character representation. The latest work of [9] has demonstrated the equality
of the partition function of conformal fields on S9! and S x AdS;. Therefore it is a
natural question to ask the same can be generalized to the arbitrary family of spaces of
the form S% x AdSp.

2.1 Conformal scalar on S¢

To explain the techniques in detail we begin with evaluating the partition function of
conformally coupled free scalar field on S?. The partition function of the conformal field
on S? can be written in terms of integrals over the Harish-Chandra character [7, 9]. The
Weyl invariant action of the real scalar in d dimensions is given by

_ L[ d—=2 ..
§=—3 /d 25 <aﬂ¢>aﬂ¢ - ) . (2.1)

The curvature of S? is known to be R = d(d — 1). Therefore the partition function of a
conformal scalar on S% can be written as

2[59© = .

= . (2.2)
det(—A5" + m%d)%

Where Aosd is the spin-0 Laplacian on S¢. The curvature induced mass turns out to be
m%d = W. The eigen-value and corresponding degeneracy of scalar Laplacian on S%

are known [24]

N =n(n+d—1)
_ - (2.3)
. aa R

Therefore the free energy of the conformal scalar on S¢ becomes

log Z[59© = —% Z 99 log ()\7(10) + m?gd) , (2.4)
n=0

- [ 07§ g0 (O TS oy
0 2T =5



In the second line we have used the identity

T

-4%y:/ AT (gmvr _ oy, (2.5)
0

We need to compute the sum over degeneracy in order to evaluate the second term in the

partition function. We observe that in the large n limit, the degeneracy gy(LO) converges in

the sufficiently large negative value of d.

1\ "9 72(d — 3)(d — 4)! 1
O~ (= o(=)). 2.6
i~ (2) (=m0 () 29)
Therefore we can perform the sum by using zeta regularisation prescription and obtain [25]

Z g = 0. (2.7)

So the second term in (2.4) vanishes and we proceed with the first term
2 4d=1)2_1
1%aﬁmz/ —eMZg ( 2)0. (2.8)

It is convenient to introduce the factor 6_% at this point which will help us to keep track
of the branch cut in the integration plane. Note that this does not serve as a regulator in
this case as the starting integral is already convergent (2.4) after dropping the second term
by using the dimension regularisation [9].

We now use Hubbard-Stratonovich trick to perform the sum over the eigen modes on
sphere

AT

> d—1)2 du u?
I A e () (2.9)
n=0 ¢

Here the contour C runs from —oo to oo slightly above the real axis and fy(u) is given by

o) = 3505

(d

e (1+e™)

_ . 2.10)
(et (1ot
We perform the integral over 7 in (2.8) which results in
du s
log Z[54(© :/ — eV £ (u)) 2.11
S SN e ) .11

Now one can deform the contour C from the real line to the contour C’ which runs on
the both sides of the branch cut on the imaginary axis which originates at u = ie on the
u-plane. This is shown in figure 1. Substituting u = it we obtain

log Z[Sd](o) :/ Nﬁ (ewo\/t2—e2 + e—wo\/t2—e2> folit). (2.12)



Q
=

Figure 1. Integration contour in u-plane.

Figure 2. Integration contour in ¢-plane.

We can now take ¢ — 0 and the free energy becomes

©dtl4et
d1(0) _ ol ds
log Z[S ] - 0 2t 1 . e_t X(d,O) COIlf(t)7 (213)

where the SO(1, d) Harish-Chandra character is given by [7]

e e + e ot
s
X(d,0) conf(t) = (1 — e_t)d_l

(2.14)

The expression of X((idso) cont (1) agrees with the character of the scalar field on S [7]

with the substitution of 19 = § and the partition function coincides with the partition

function of conformal scalar field on branched sphere S(‘]i with ¢ = 1 given in [9].



2.2 Conformal scalar on S* X AdSy

The action of a conformally coupled scalar on S* x AdSy is given in (2.1) where d = a + b.
The free energy can be written as

1
—log Z[S% x AdS,|©) = 5 Trlog(—Ao + m2), (2.15)

where Ag is the scalar Laplacian on S® x AdS, which can be decomposed into the spin-0
Laplacian on S® and the spin-0 Laplacian on AdSp.

—Ag=—Dg — Ay,

A, is the scalar Laplacian on S with the eigen-value and degeneracy is given in (2.3) and
Ay is scalar Laplacian on AdSy. The eigen values of the spin-0 Laplacian on AdS}) are given

by [24] )
A2 4 (bgl> ] ok, (2.16)

12U} are the corresponding eigen functions and {u} labels other quantum numbers on

Abqb{/\,u} -

AdSy. The curvature induced mass m2 on S x AdS), becomes

, _(a—b)a+b-2)

Using these eigen values and the degeneracies we evaluate the free energy

—log Z[S% x AdS,)© Z g0 /_ J(A) log (V + <n + 2 ; 1>2> : (2.18)

Note that shift in the eigen value of AdS; together with factor % from the eigen value of
the spin zero Laplacian on S® precisely cancel the mass term. Now we use the identity (2.5)

) ).

(2.19)

to replace the logarithm

log Z[S® x AdSy) /dTZgn/ Dl () < (e

Using the same logic presented in (2.7) we drop the second term where we perform the
sum over degeneracy using zeta regularisation prescription and therefore proceed with the
first term to obtain

log Z[S% x AdSy)© = / 76 ﬁzgn/ A ( (m("*a;lf)). (2.20)

We perform the integral over A by using Hubbard-Stratonovich trick

v (nt252) ()
log Z[S® x AdSy]© / dT/C Zgn e S W), (2.21)

VArT3



d 4 6 8 10 12 14

. 1| 1 | 23 263 133787 157009
log divergent term 90 | 756 113400 | 7484400 20432412000 | 122594472000

Table 1. Log divergent term of the patition function of conformal scalar in even dimnsion.

Wéb) is the Fourier transform of the Plancherel measure of spin-0 field on AdS;, [8].

b—1
l+e™ e 2@
1—eu(l—eu)b-1’

Wi (u) = (2.22)
Here the contour Cygqq or Ceyen is given in figure 3 and figure 4 depending on whether b is
odd or even respectively.

For the case when b is even substituting Wé’ and using the contour Ceyen as shown in
figure 3. We perform the integral over 7 and obtain

log Z[S® x AdS,)© = nteE VRS B ey (2.23)

du >
/Ceven 4vu? 4 €2 nz:%gn

We now perform the sum over the eigen modes on S and take e — 0 limit to obtain

a—1
1 dul+e ¥ e_u(?) + e_u( 2 ) e 2 U
log Z[S® x AdSy) = = —
g 2|5 X AdS[T =5 | T e (e (e

1 / dul+e™¥ e—u(5-1) teus
R

= — — 2.24
2 Jrtis 2ul —e % (1 —ew)d-l (2:24)

In the last line we have substituted a + b = d. Now we take 6 — 0 write the partition
function as

X dul+e ™
log Z[S® x AdSy)© =5 9.1 X‘ggo) cont ()5 (2.25)

We proceed similarly in the odd AdS,. The contour is given in 4 and obtain

logR/ dul+e e u(371) 4 emus
C

log Z[S* x AdSy|® = —
0og [ X b] » Qul — e—u (1 _ e—u)d—l

2.26
211 ( )

Note that the partition function of conformal scalar on S® x AdSj is identical to the parti-
tion function on S%*t?. The character integral representations make the relations between
partition function on conformally related spaces explicit. The partition of branched sphere
has g dependent kinematic factor but the character remains same [9]. One can replace the

J_rz,z by H‘ig to obtain the partition function on the branched sphere.

l1—e ¢
We evaluate the log divergent part of the free energy given in (2.13) of conformal scalar

kinematic factor +

in even dimension by expanding the integrand around ¢ = 0 and collecting the coefficient
of % term. Here we present the log divergent term in even dimension 4 < d < 14 which
agree with [9, 10].
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Figure 3. Contour Cgyen in the u-plane for even AdSy.

e

€ Codd

Figure 4. Contour Cyq4q in the u-plane for even AdSgiy.

3 Conformal higher derivative scalar

In the previous section, we have demonstrated that the partition functions of conformally
coupled scalar fields are identical on conformally related spaces. In this section, we study
the partition function of the conformal higher derivative fields and evaluate the partition
function in terms of character integrals. We factorize the kinetic operator in terms of
the two-derivative operators. Therefore the free energy becomes a simple addition of free
energies of all the two-derivative operators. One can understand the character of the higher
derivative fields as an addition of the character of two-derivative operators with a particular
mass coming from the curvature coupling. We obtain the entanglement entropy and the
conformal dimension of the twist operator of Weyl invariant higher derivative fields across
a sphere from the partition function of the hyperbolic cylinder.

~10 -



3.1 9* operator

The Weyl invariant four-derivative scalar operator in d > 4 dimension is given by [12]

- (naBuwR"™ +maR?) + O(D?R),

~ ~ 4 A ~
oW — pt 5 RDuD, + kaRD +

3.1
d? —4d + 8 2 d3 — 4d? + 16d — 16 (3.1)

2d-Dd—2) T @-22 "7 8d-12d-2)?

ko= —

0* operator on Sg. We evaluate the partition function of Weyl invariant four-derivative
scalar field on branched sphere Sg. The metric on the branched sphere is given by

ds2|sg = cos? ¢pdr? + dp? + sin® pdQ3_,, (3.2)

where 7 ~ 7+ 2mq and 0 < ¢ < 7. Since we are interested to evaluate the partition

function on homogenous space, we neglect the O(D?R) term in (3.1). The Ricci tensor
and the curvature on this space is given by

Ry = ggw,, R=dd—1). (3.3)
We substitute the values of the parameters in (3.1) and factorise it in two-derivative oper-
ators
A d*> —2d -8 d* —2d
o = (Ao + 4> (Ao + ) . (3.4)

Ay is the spin-0 Laplacian on S%; Ay = f)"f)u. The eigenvalue and their corresponding
degeneracies for the scalar Laplacian on the branched sphere are labelled by 2 integers [26].

)\no’)rrL:(n+m> <n+m+d_1)7 n’me{o’...oo} (3'5)
’ q q
with degeneracies
d—2
T (S IR 39

d—2
gg,)gn>0:2<n;r_2 ), n € {0,--- 0o}, m e {1,---00}.

Therefore free energy can be written as sum of the free energies of two 2-derivative op-
erators. Note that the factorization of the higher derivative operators as a product of
two-derivative operators can be done even if the two-derivative operators have the zero-
modes in the spectrum. Therefore we can write the free energy as

1 .
Fii = 3 Trlog O

2 o 2_
- _/OOO ;L: i gé% <<€T<A£?’)m+d i 8> - €T> + (eT(/\;O’)erd‘lm) - eT>> .
n,m=

(3.7)

- 11 -



The sum of the degeneracy vanishes due to the similar reason given in (2.7) and we proceed
with the first term to arrive

g;)_/ o Z gnm< T((”+’Z+d§1)2+3)+e‘7((”+75+d51)2+‘1‘)>. (3.8)

n,m=0

Following the steps from (2.9) to (2.11) we obtain

d Yol Vo s
@ _/07“ (e_”l “2+E2fé,4;(u)+e_”2 “2+€2féj2(u)). (3.9)

5§ Jo 2vuZ + &2
with i1 = %; vy = % and
0 . d—1
Dy = Y g0 i), (3.10)
n,m=0

We now deform the contour C' from the real line to the contour ¢’ which runs on the
both sides of the branch cut on the imaginary axis originating at u = i€ on the u-plane.
Substituting u = it we obtain

J-"é? _ /C : tczit . ((emerefmm) n (emerewm) féft,)(u)).

(3.11)
We can now take ¢ — 0 and obtain
]_-(4) - /OO dt1l+ e_é e‘%(d_Q)t 4 e—% + e—%(d—zl)t +e ~L(a+2)
o 2y (1—et)"!
_t
dtl+e «
- / Qt 1— R ( X(d 0) Vl( ) + X?d‘S:O) Vo (t)) . (312)
6 q

X?j 0) m (t) and X((i&g,o) ,, (t) corresponds to the characters of the two factorised operators and

the parameters v1 and v, are determined from the masses of each two-derivative operators
from the relation given by

o [(d=1)?
v = T—mQ. (3.13)

Then character representation of massive scalar field of de Sitter group SO(1,d) is given
by [7] R R
—tAy —tA_ _
s € +e _d-1
X(doy(t) = A ey T Ar=——Fw. (3.14)
Note that Ay for the two operators are

(1)_d—1 § (2)_d—1 1
Ai—72 :|:2, Ai—72 :|:2.

Therefore the character of the 4-derivative Weyl-invariant scalar operator becomes the
addition of the characters of two 2-derivative spin-0 massive scalar operators.

- 12 —



0% operator on AdS;_1 X S;. We have evaluated the partition function of the Weyl

invariant 4-derivative operator on qu. Since the theory is Weyl invariant one can expect

the partition function should remain the same on the conformally related spaces. It is well

known that the hyperbolic cylinder and the branched sphere can be related by the Weyl

transformation. Therefore we express the partition function on the hyperbolic cylinder in

terms of integral over characters and verify whether it agrees with the branched sphere.
The Ricci tensor and the curvature on S; x AdS4_1 is given by

R
Roo == 0, RDi = 0, Rij = mgi]’, R = *(d — 1)(d — 2). (3.15)
Here {i,j} denote the directions along AdS;_1. Substituting these values in (3.1) and

factorising it into two quadratic operators we get [12]

2 2
A d—2)2 d—92)2 .
OE@?XAde,l = —334— {\/_A()Ads — % —I—Z} —83 + {\/<_A0Ads _ (4)> —Z}

(3.16)

A{9S is the spin-0 zero Laplacian on AdSy 1. The eigen values are given in (2.16). Note

2
that the shift in the eigen value cancels the factor @ inside the square root. Using the

eigen values and the Kaluza-Klein decomposition of the partition function, the free energy
becomes

(4) 1 A(4)
]:s;xAdsd_l = §Tr log Og1' aas,_,

o ) n2 n2
B i _Z /m DO (log <q2 +(A+ z')2> +log (q? + (A - i)2>> .
(3.17)

The free energy becomes addition of free energies of two factorised quadratic operators.
We can rewrite the logarithm using the identity given in (2.5) to obtain

o0 . 2
(4) _ 1 edr > (d—1) —7( ()2 425 .
-F IxAdSq_1 Z/o - _z: /_Ood)\,uo (N [(g ( q2) —e

n <6‘r((/\i)2+;§) _ e—T>‘| ) (3.18)

We need to evaluate the integrals over Plancherel measure in order to obtain the partition
function. Since Plancherel measure is an even function in A\ one can extend the lower limit
of the integral all the way to —oo. Therefore one can write

 (d-1) o (d—1)
| D0 = tim Wit ),

where Wédil)(u) is the Fourier transform of the Plancherel measure of spin-0 Laplacian on
AdS4_1. The expression of Wo(dfl) (u) can be obtained by substituting b = (d—1) in (2.22).

~13 -



(d—

From the expression of Wédil)(u) one can observe that lim, o W, 2 (u) vanishes for
sufficiently large negative d. Therefore the integral of the Plancherel measure also vanishes.

/ Y = 0. (3.19)

So we proceed with the first term.

n (e—r(A—z’)Z +2 i eT<A2+32)>] _ (3.20)

We perform the integral over A using Hubbard-Stratonovich trick which linearises the sum
over Kaluza-Klein modes along S; direction

24,2 n2
+u —T

T e

(4)
—FerxAdS,, 4/ du/ \/ZF

/ d}\ﬂ(d 1) )(ei()\+i)u+ei()\—i)u)

,24+Tu —72 (d—1) ol et
1 | /JF WD ) + e (3.21)

Wédil)(u) is the Fourier transform of the Plancherel measure which is defined earlier.
Following the steps in (2.23) and (2.24) in even AdS;_; we obtain

u 1
4 ©dul4e @ e 2@ Du 4w
é‘l)xAde . :/ 5 (e™" +e")

2U1 _ ¢ 4 (1— G*U)d_2 1—eu

(3.22)

® du 1 + 6_% 6_%((1_2)71’ —+ e_dTu —+ 6_%(‘1_4)“ + e—%(d+2)u
/0 U1 _ e s (1 — e wyd-1 .

Similarly we proceed in odd AdS; 1 dimension where the contour is given in figure 3. The
integral is evaluated by taking the residue at u = 0.

_logR / dul+e 7 e 2(@=Du =% | em3(d-Du 4 o—3(@+2u
: .

7@ _ :
Slede 1 oud 2 1 —e 4 (1 _ e—u)d—l

211
(3.23)

Here R is the ratio of the radial cutoff on AdS to the radius of AdS.

Note that the expression of the partition functions given in (3.22) and (3.12) are
identical. The partition functions are expressed as the integral transform of the character.
Therefore the equality of the partition functions becomes obvious. We are also interested
in evaluating the entanglement entropy of the four-derivative Weyl-covariant scalar field
across a spherical entangling surface. Given the partition function of a conformal field on
a hyperbolic cylinder, one can evaluate the universal contribution of Rényi entropy from
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d Sy SEE
4 | _larb(e’-1) u
18043 15
6 (g+1)(33(q*+¢%)-2) 8
1512045 945
3  (a+1)(*(191(q" +42)+37)-3) 13
907200¢7 14175
10 (g+1)(q?((3455(q" +42)+947)q2+89)—10) 62
11975040047 467775
1 (¢+1)(¢?((9(338131(q*+4?)+105899) g2 +160871) >+ 7718) —1382) 28151
0 - 6538371840004 1277025750
14 (¢+1) (132 ((((498053(q*+42)+167429)q2+35253) g% +4134) ¢>+74) —420) 7636
7846046208000¢ ™3 1915538625

Table 2. Universal terms in Rényi entropies and entanglement entropies of four-derivative Weyl-
covariant scalar.

the logarithmic divergence of the free energy in an even dimension. Therefore we expand
the integrand (3.12) around ¢ = 0 and collect the coefficient of 1/¢ term. This is the same
as evaluating the integral (3.23) by taking the residue at u = 0. The Rényi entropy S, and
the entanglement entropy Sgg are given by

_}—54) + qféi)l

Si= "1,

, SEE = ;;n% Sq- (3.24)
In table 2 we have listed both these entropies for the four-derivative Weyl-covariant scalar
for even 4 < d < 14. In d = 4 the Rényi entropy S,,' and the entanglement entropy Sgg
agree with [11].

For conformal field theory on even dimensional flat space the first derivative of Rényi
entropy S; at ¢ = 1 is related to the central charge of the theory Crg4 by the following
relation [27]

g @-1

_ g+1
8q5q,q:1 - *VOl(Ade_l)TFQ (d + 1)!(VO](Sd71)2)CT’d’

(3.25)

where Vol(S9~!) is the volume of sphere in (d — 1) dimension and Vol(AdSq_) is the
regularised volume of AdS;_; in odd dimension given in (1.5). For 4-derivative conformal
scalar central charge is given by [28]

2d(d + 4)

(4) _
Cra= T2

(3.26)
We have verified that the Rényi entropies S, presented in table 2 for 4 < d < 14 satisfy
the relation (3.25). We now evaluate the conformal dimension of the co-dimension two
twist operator located at the entangling surface. The first and second derivatives of the

conformal dimension of the twist operator with respect to g at ¢ = 1 can be related to the

1'We have used position space cutoff € ~ ﬁ and therefore we get an extra minus sign.
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!/ "
d hq hq‘11=1 hq‘qzl
4 _ 99" ~10¢+1 __2 1
3607mq3 457 457
6 _19¢%—21¢%+2 1 4
151207245 210m2 31572
8 _ 641¢%—462¢*—2004%+21 _ 1 6
21168007347 73573 122573
10 4139419250845 —1430¢*—231¢%+30 __1 289
2993760072 ¢9 148571 10395072
12 —11370133¢2+6270264¢%+39611004%+1072071¢* +81900¢% — 15202 16 7508
11987015040075¢11 3303375 | 346846575
14 —24802367¢"4+128943364¢'°+8591440¢% +2831829¢5+475020¢% +15202¢%—5460 | 6 593
28332944640076¢13 1301376 | 273273n6

Table 3. Conformal dimension of the twist operator of the four-derivative Weyl invariant scalar.

parameters determining the two and three-point functions of the stress tensor [2, 22]. So
we evaluate the first and second derivatives of h, with respect to ¢ at ¢ = 1 which will be
useful to understand the causality or unitarity of the higher derivative fields which we will
discuss in section 6.

3.2 9% operator

In the previous section, we have shown that the partition function of the conformal four-
derivative scalar is identical on the conformally equivalent classes of space. Therefore one
expects that 6-derivative conformal scalars should also have the same partition function
on conformally equivalent spaces like S¢ and AdS;_; x S'. In this section, we study six-
derivative Weyl-invariant scalar field in d = 6-dimensions and evaluate the entanglement
entropy, conformal dimension of the twist operator across a spherical entangling surface.
The Weyl-invariant 6-derivative scalar operator in d = 6 dimensions is given by [12]

AG) _ A6 B Al Y 72
Ogo = —D° = (16P, Ggu,,P)DADAD A (327
+ 8(4PH P — g" Po,P**)D,, D, + 8(P,,, P* — P*)D?.

The expression of Schouten tensor P, and its trace P in arbitrary dimension are known [29]

1

P,=——
K’ d—2

1
R, — ———g9gu.R), P =P 3.28
< (0 2(d . 1) gM ) I ( )
0% operator on SS. We start by evaluating the partition function of Weyl-invariant
scalar on branched sphere S’g. The Ricci tensor and the curvature on sphere in 6 dimension
is given by R,, = 5g,,, and R = 30.
Substituting P, and P in (3.27) and factorising it we obtain

A (6 6 6 6

05! = A5 (=A7" + 4)(-a7" +6), (3.29)
where A§6 = ﬁ“f)u is the spin-0 Laplacian on 5. Note that the factorization makes sense
even if we consider the zero-modes. The eigenvalue and their corresponding degeneracy for

~16 —



the scalar Laplacian on the branched sphere are labelled by 2 integers

)\T(lozn:<n+m) <n—i—m+5>, n,m € {0,---o0}
’ q

q

with degeneracy
4
QS?Zn:O:<nZ ), n e {0, --00}

n+4
97(3%»0:2( 4 >, n € {0,--- 00}, me {l,---00}.
Therefore the free energy can be written as

F& = fTr log O

/27’Z

n,m=0

Following the steps given from (2.9) to (2.11) we obtain

_ (6) _ > dt iv;\V/12—e? —iviVt2—€2 0) /.
S§ ‘/e PN (Ze e )fq,e (7).

with iv; = %, vy = %, V3 = % and
o0
0 m 5
fq(G)(u) _ Z g;O)mez(n—i- m 42 )u
n,m=0
iub iu
e 1+e4

=1

We now substitute f;fg (u) in (3.33) and take ¢ — 0 to obtain

©6) _ /°° dt1+ €71 (14+e7%) 4 (e £ e7t) 4 (e 4 e~3)
S Jo 2y (1—ety

_t
dt1+e ¢

— [ G (X 0+ B 0+ xEy 1)
2t 1—e a

The expressions of X%SO) »

( 77,\20) _ 677-) + (677(/\;0)+4) N 677) + (677()\510)+6) _

(3.30)

(3.31)

).

(3.32)

(3.33)

(3.34)

(3.35)

(t) can be obtained from (3.14) by substituting the values of

v; for each two-derivative operators in d = 6 dimension. Note that the partition function

of the six-derivative conformal scalar on Sg can be expressed as an integral transform of

the characters of the factorized 2-derivative operators. Therefore the character of higher

derivative Weyl-invariant scalar can be written as a sum of the characters of the 2-derivative

massive scalar operators where the mass of each 2-derivative operator comes from the

curvature coupling.
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0% operator on AdSs x S;. The hyperbolic cylinder AdSs x S; is conformally related
to Sg. The curvature induced mass comes only from the AdSs. The Ricci tensor and the
curvature are given by

ROi = O7 Rij = _4gija R = —-20. (336)

Here {i,j} denotes the direction along the AdSs. We substitute the curvature in the
expression of Schouten tensor and factorise the operator in terms of three two-derivative
operators [12] to obtain

2 2
sy = (0= 8 ) (02— (V=09 1)) (-2 (y-ad -1-m) ).

(3.37)

Therefore we get a combination of a 2-derivative conformal scalar and two conjugate op-
erators with the shift in the masses. A€d85 is the spin-0 zero Laplacian on AdSs

AOAdSS¢{>\’u} — _ |:)\2 + 1:| wi)\,u]’7 (338)

M) are the corresponding eigen functions, {u} labels other quantum numbers on AdSs.
We follow the steps from (3.17) to (3.21) and obtain

2
(6) log / / - 21“2 —r L (5) 2u | ,—2u
- e « Wyl (u)(l+eM+e .
AdS5 xS} Ami Coud /47'(7' 3 0 ( ) ( )

(3.39)

Wé5) is the Fourier transform of the Plancherel measure of the spin-0 field on AdS5. The
expression of WéS) (u) can be obtained by substituting b = 5 in (2.22). Now we perform
the integral over 7 and sum over the Kaluza-Klein modes along S; to obtain

(6) _logR / dul+e s (1+e™™)+ (e ™ +e ™) + (e + 673“)‘ (3.40)
c

AdSs*S; 2717 Jogug 2] — ¢4 (1—ev)®

The integrand has the same form as it is given in (3.35). Note that we have done the sum
over all the Kaluza-Klein modes including the zero-mode. The integrand organizes itself
in a nice character form when we include the zero-mode. In the literature usually, this is
omitted which results in the absence of a term linear in ¢ in the logarithmic part of the free
energy. However, the Rényi entropy and the entanglement entropy do not change under
the shift of the free energy. Therefore we expand the integrand (3.35) around ¢ = 0 and
collect the co-efficient of 1/t term to obtain the log-divergent piece of the free energy. This
is the same as the evaluation of the residue of the integral (3.40) at uw = 0. The universal
part of the Rényi entropy and entanglement entropy can be obtained from the free energy

(¢ +1) (1577¢* — 103¢% + 2) 41
Spp = ——— 3.41
1008047 ’ BE = (3:41)

Sa = 140°

The Rényi entropy and entanglement entropy agree with [12] in d = 6. The first derivative
of Rényi entropy with respect to ¢ at ¢ = 1 is related to the central charge of the theory
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and the relation is given in (3.25). The central charge for the 6-derivative conformal scalar
in d = 6 is given by Cr_(p6zl:6 = 54 [12] and we verify that the relation (3.25) is satisfied.
We obtain the weight of the twist operator across the entangling surface

q
hy = ————— -1 —
q 5Vol(AdS5) (811]:!1‘6171 8(1]:(1)
275¢% — 336¢* + 63¢% — 2
= . 42
1008072¢> (3.42)

First and second derivative of weight of twist operator h, with respect to ¢ at ¢ = 1 are
related to the parameters a, b and ¢ which characterize the two and three point function
of the stress tensor. For 6-derivative conformal scalar we obtain

3 1
Mylomt = 7 g

Wy = ——. 3.43
7072’ la=1 42072 (3.43)

These numbers will be useful to understand the causality of the 6-derivative conformal
scalar in d = 6 dimension.

4 Weyl invariant fermionic fields

In the previous section, we have shown that the partition functions of higher derivative
conformal scalars are identical on conformally equivalent spaces. In this section, we study
the Weyl invariant fermionic fields on conformally related spaces. We express the partition
function as the integral transform of the character. The character integral representation
helps to understand the relation between partitions functions explicitly.

4.1 @ operator

The action of Weyl-invariant massless spin-half field in d dimension is given by
S = z’/\/gddx YYp, (4.1)

where Y = 7#V,,. One obtains the free energy of the massless fermionic field by using the
spectrum of the squared operator W2 =Ag— % Here Ay is the spin-0 Laplacian and R is
the curvature of the background.

@ operator on S%. Therefore the free energy becomes

F1 = —Trlog(iV)

2
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In the last step we used the identity (2.5) to write the logarithm of the eigen-value. To
evaluate the partition function we require the eigen value and the degeneracy of the Dirac
fermion on S¢ which are known [30]

(4.3)

>
I —~
S8
I
N
S
_|_
[\
N———
[N}

To evaluate the partition function we perform sum over degeneracy by using zeta-regular-
isation prescription and obtain

S ol =0 (4.4

We therefore drop the second term in (4.2) and use Hubbard-Stratonovich trick to linearise
the sum in the first term

oo E2 u2
Fi= —/ dTe_M/ du_ 24 (). (4.5)
e 21 C

4T 2

Here the contour C' runs from —oo to oo slightly above the real axis as shown in figure 1.

1
2 w n+
Zgnd

2deiu§
= 4.6
(1 _ ew)d ( )
We now perform the 7 integral and deform the contour C' from the real line to the contour
C’ which runs on the both sides of the branch cut on the imaginary axis originating at
u = i€ on the u-plane. Finally we substitute u = it and obtain

/OO dt 23 9d-1l,t5 W
i .

2t (1 —e7t) (1 — e~t)d—1°

Therefore we obtain the free energy as integral transform of the Harish-Chandra character.

Note that the kinetic factor 2;== ,t is different compared to the bosonic kinematic factor in
the integral. Therefore the SO(l.d) Harish-Chandra character of a massless Dirac fermion
is given by

_pd=1

_4a=1
s _gd—2¢ 2 +e

X(d 1) Conf(u) = (1= ey (4.8)

’2

This agrees with the equation (3.13) of [7] when we substitute d = 4 and consider the
massless case.
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@ operator on S® x AdSy. Since S® x AdS, is confromally related to S%t° one ex-
pects the partition function of conformally coupled spin-half field will be identical on these
backgrounds. Therefore we study the partition function of the massless Dirac Fermion on
S?® x AdSp. The free energy of the Weyl-invariant massless fermionic field on S% x AdSy
can be expressed as

1 O (1 0o (1 a2
FgaxAdsb = i 2%97(12) /_OO MISQ)()\) log </\2 + (n+ 2) ) ) (4.9)

Here we have used the eigen value of the spin-half Laplacian on AdS}y

ViAW = i), (4.10)
1
ugz)()\) is the Plancherel measure of the spin-half field on AdS} [30]
b—2
1 2 (N2 4 42 Odd b,
PO P N N} (4.11)
2241 (5)7 (Acoth TATTZ (A2 + i2) Even b.
We perform the integral over A by using Hubbard-Stratonovich trick and obtain
-7 / / Z B G RV LI (4.12)
SaXAdSb 4 \/ZF n % . .

Wib) (u) is the Fourier transform of the Plancherel measure of the spin-half field on AdS}, [8].
2
—bu
®),y — (_1\bob__ €
W% (u) =(—-1)"2 A= (4.13)

Here the contour Cygqq or Ceyen is given in figure 3 and figure 4 depending on whether b is
odd or even respectively. We perform the integral over 7 and obtain

1
_F2, _ / }: §)Varre )W(b) 4.14
Sax AdS,, o4 /7u2+62 gn (u). ( )
For the case when b is even substituting Wib) and using the contour Cegyen as shown in

2
figure 3. We perform the sum over eigen modes on 5S¢ to obtain

73 B / du e_% ga—le—utst (— 1)b2b e~ 3u
xSy = fp s 1B 2 (L — e ) (1 e )] (1— e
_ _/ du_ 23 Qdfle_u% _ (4.15)
R+is 2u (1 —e~¥) (1 — e~w)d-1
In the last line we have substituted a + b = d.
Similarly we proceed for odd b where the contour is given in 4.

_u 1 —qud=1
. logR/ du 2e7z 27 lemv3 . (4.16)

SexAdSy — " or; Coaq 2u (1 —ev) (1 — e~w)d-1
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Therefore we obtain the partition function of the massless Dirac fermion on S% x AdS)
which has the same expression as we obtained it for St in (4.7). In the recent work
of [31] the equality of the partition function of Dirac fermion has been checked numerically.
From the experience of the scalar field, it is expected that the partition function of the
free fermion should also be the same in the classes of conformally equivalent spaces. Since
we express the partition function as an integral transform of the Harish-Chandra character
the equality of the partition functions becomes explicit. Therefore the anomaly coefficients
are also the same in the classes of conformally equivalent spaces.

4.2 33 operator

The action of Weyl invariant 3-derivative operator for the Majorana fermion can be found [32]
and in d = 4 it is given by [12, 33|

- 1
S =i / dz /g (qp {W?’ + (RW — GgWR) WV,,] ¢> , (4.17)
where R*" is the Ricci tensor in four dimension.

33 operator on S%. We evaluate the partition function of the 3-derivative fermionic
fields on S%. The Ricci tensor and the curvature are known

RM = %gﬂ”, R=12.

We now substitute the curvature use the method of factorisation in Weyl invariant 3-
derivative fermionic operator to obtain

o =¥+ (100 Lpn) 3,
2

Therefore the free energy can be written as

F¥ = _Trlog (io(f’)) . (4.19)
2

2

One evaluates the free energy of the fermionic fields by using the spectrum of the squared
of the operator.
We use the identity (2.5) and substitute the spectrum of the squared operator (9(5’) to
2

obtain
00 2 X 1y .
_]:E?’) - 7d7-e*§ E (gT(Li)ew("+2)(1 + 2€T)> . (4.20)

Note that we have dropped the second term of the logarithm using the similar argument
presented in (4.4). Therefore we start with a convergent integral where the prescription
of ‘dimensional regularisation’ has been used to sum over degeneracy [25]. But we still
introduce the factor 67% to keep track of the branch cut in the integration plane [9] and
take € — 0 in the end.
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Now we follow the same steps from (4.5) to (4.7) and obtain

f(@_/oo dt 26_% 4 e—%+e—3%+€_5% (4 21)
3o 21—t e , ‘

Therefore we express the partition function of 3-derivative spin-half field in terms of charac-

ter integral and the log divergent part can be extracted by expanding the integrand (4.21)
around t = 0 and collecting the coefficient of 1/t term.

33 operator on S’; X AdS3. Branched sphere S;l is conformally related to the hyperbolic
cylinder AdS3 x S;. We, therefore, evaluate the partition function of 3-derivative Weyl
invariant fermionic field on the hyperbolic cylinder and compare it with the sphere at
g=121In S; X AdSs the 3-derivative Weyl invariant operator has a different form because
the curvature induced mass comes only from the AdSs space,

Roo =0, R, =0, R;j = —2g;;.

Here 7, j denotes the direction along AdSs. Therefore the operator O(f’) becomes [12]
2

o) = ¥* +4°9, — 4V, (4.22)
2

To obtain free energy one uses the spectrum of the squared operator. Therefore we square

(3)

the operator O} and factorize it
2

(Zo@)) = (=08 = V) (=0} + (i¥ + D)) (=03 + (0¥ —i)?). (4.23)

Free energy becomes

—FY = Z/ (30 J1og (3272 ) w10g [ (A2 + ™) 108 (A= 2+
- H3 g g P g e .

nEZ+
(4.24)
Note that we sum over half integers due to the anti-periodicity of the fermions along 5’(}
1
direction. u§2)(/\) is the Plancherel measure of spin-half field on AdSs.
We now follow the same steps from (4.12) to (4.14) where we use the Hubbard -

Stratonovich trick and sum over the Kaluza-Klein modes to obtain

3) logR/ d£86 z ZneZ-‘r* !
Coaa 2U (1 - e_u)s

(1+e "+ e¥)

(g+Du

_logR/ du8(e" + e +1)e
Codd 2u (e“ — 1)3 (e“/q — 1)

(4.25)

2 As far as we know the spectrum and the degeneracy of the spin-half field are not known on the branched
sphere.
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At ¢ = 1 we obtain

logR/ du 2ez A (e‘g +e7%3 4 6_55> ‘ (4.26)
c

0dd 2ul—e v (1- e_u>3

The log divergent part of the free energy on hyperbolic cylinder can be evaluated by taking
the residue of the integral (4.26) at u = 0. Note that the log divergent piece of the free
energies are identical given in (4.21) and (4.26). Therefore the anomaly coefficient of 3-
derivative spin-half field also agrees. We evaluate the log divergent part of the free energy
and the universal part of the Rényi entropy can be extracted from it.

F® _ —29¢* — 50¢* + 7 (q+1) (434> —7)

‘ = — . 4.2
0.5 480¢3 ’ & 480¢3 (4.27)

The Rényi entropy agrees with [12]. We also evaluate the conformal dimension of the twist
operator from the free energy of 3-derivative fermionic field on hyperbolic cylinder.

- (3) B (3)
hy = 3Vol(AdS3) (aqf qé‘qﬂ 0y 7, q,;>

_29¢" —50¢* + 21
N 28807¢3

(4.28)

The first and second derivative of h, with respect to g at ¢ = 1 can be related to the two
and three point functions of stress tensor which will be useful to understand the causality
bound of the 3-derivative fermionic fields.

5 Vector field

In this section, we examine the Weyl-covariant vector field. The partition functions of
Weyl-invariant scalar and fermions are identical on conformally related spaces. In [9] it
was demonstrated that the hyperbolic cylinder misses out the edge mode of the parti-
tion function of conformal p-form fields. We evaluate the partition function of the higher
derivative Weyl-covariant vector field on the branched sphere as well as on the hyperbolic
cylinder to find out whether the same pattern is followed.

5.1 Maxwell field in d =4

It is well known that the free Maxwell field is conformal in d = 4 dimension which has been
studied extensively and the universal part of the entanglement entropy across a spherical
entangling surface has been evaluated [34]. Since the theory is conformal in four dimensions
one can use conformal mapping to study the partition function and entanglement entropy
of it across a spherical surface. The partition function of free Maxwell field on 5’3 differs
from the AdSs x 5’; by edge mode which is a partition function of massless scalar field on
S% 19, 14, 15]. In [35] it was shown that the universal part of the entanglement entropy
can be evaluated from the canonical quantization of the field on a sphere which results in 2
independent scalar modes with angular momentum ¢ > 1 and it agrees with the hyperbolic
cylinder computation. Therefore one obtains the ‘extractable’ part of the entanglement
entropy [34] of free Maxwell field from the partition function of AdSs x Sql.
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Maxwell field on S;l. In this section we review the method to cast the partition function
of vector field in terms of the Harish-Chandra character on S;l. The gauge fixed partition
function of the p-form field on sphere is given in [36-38]. The partition function of vector
field on branched sphere in 4-dimension is given by [13]

A det(—Ag) 2
2151 = (-5, +9) 1)

Here Ag and A are the spin-0 and spin-1 Laplacian on Sf; respectively.
We start with the transverse spin-1 part of the partition function. The eigen-value and
corresponding degeneracy are known [26]

)\ﬁllq)n: <n+m> <n+m+3> — 1, withn+m >1, n,m € {0,1,2,---}
b q q
1 1 n+1
gﬁl,zn:O:n_’_l( ){3n+5} 71:1727...7
3
gngn:(;(n—; >’ n=0,1,--- m=1,2,---

The logarithm of determinant of transverse spin-1 field with curvature induced mass is
therefore given by

1
- §logdet( AL +3)=—= Z gnl,)n log( )\nl +3). (5.2)
n,m=1
Using the identity (2.5) we rewrite the partition function as
- A +3
i logdet( A+ 3 / 27_ Z —T n,m+3) _ 6_7). (5'3)
n,m=1

Now the second term involves the sum over degeneracies. We regulate it by looking at the
sufficiently large negative d and use the zeta regularization prescription. We obtain

[o¢] o0 o0
S =1, S g0, =o. (5.4)
n=1 n=0m=1

Note that (5.3) is already convergent since the second term has been regularised. Therefore
€ helps us to keep track of the branch cut in the integration plane. One can notice that

1 1 1
g((),T)nZO =0, 9(—1),m:0 =1, Al %m 0= (5.5)
Therefore we rewrite the partition function
> dr

1 2 ( (1)
ogder(-ay9) = [ e (ngfzn Oty S g <>)

n=-—1 n=0,m>0

(5.6)
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We follow the same steps discussed for scalar field from (2.7) to (2.11) and take e — 0 in

the end
t
1 odt | 1+e a |(3\e e ?
——logdet(—A1 +3) = —K— —_— 5.7
g log det(=A1 +3) /0 2t{1—e‘q <1>(1—€‘t)3 >0
I+e (1| 1+t
I—et|\O)(1—et)|]"
Similarly we evaluate the massless scalar part of the partition function and obtain
1 ©dt1l+eq 3\ 143
+e « +e
——logdet(—A :/ — . 5.8
g logdet(=Ao) = | 2t1_6—;<0>(1—et)3 (53)

Therefore combining the transverse spin-1 part and the determinant of the massless scalar
in the numerator we get

t
odt (14e7a 4, 1+et |
log 2[5 = | ( e xl) . (59)

0 2t 1—¢e ¢ 1

Here X? is the full ‘naive’ bulk character and X§ is the corresponding ‘naive’ edge character
of the free Maxwell field on S4.

b (e fre® (3 14+
MT ) a—en3 o)A —et®

e (1) 14+et
M=o @ —ety

Therefore we have obtained the ‘naive’ characters of the vector field in d = 4 dimensions

(5.10)

in the sense of [7]. Now to obtain the ‘flipped’ character we subtract the term which
contributes at ¢ — oo. Therefore the full bulk character becomes

3\el e 3\ 1+e 3
b
= —_ = — 4 1. 5.11
X (1) =3 \0)a—etp " (5.11)
Note that the ‘flipping’ of the character does not alter the co-efficient of 1/t for an even
dimension. So we can still use the small ¢ expansion about ¢ = 0 and collect the log
divergent part of the partition function. The universal part of the free energy therefore
becomes [9]

~ 33¢*+30¢°+1 1

f[Sl;l](l) - 180(]3 + g’ ]:[S;l](l”q:l =

31
45

(5.12)

The log divergent part of free energy of masses spin-1 field % agrees with [7, 13] which is
also known as the anomaly coefficient. Therefore one obtains the anomaly coefficient of
the Maxwell field from the partition function on S%.
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Maxwell field on AdS3 X S;. We have obtained the anomaly coefficient of the Maxwell
field from the partition function on S%. It is well known that S;l and AdSs x Sq1 are related
by Weyl transformation. Therefore it will be interesting to evaluate the log divergent part
of the free energy of Maxwell field on AdS3 X S; and compare it with the S;l.

In this section we review the partition function of the free Maxwell field on AdSs3 X
S; [12, 19]. In [19] gauge fixed partition functions of 1-form and 2-form on hyperbolic
cylinder were obtained and the method was extended to arbitrary p-form. The gauge
fixing method was adapted from [39].

The partition function of the vector field on AdSs3 x S(} is given by

1 2
Z[AdSs x 57V = [det(—ﬁz - Apzl)] ' 049)

Here Ap—; is the Hodge-deRham Laplacian acting on co-exact 1-form field on AdSs;. The
operator 92 picks out the Kaluza-Klein mass along the S' direction. The eigen value of
the Hodge-deRham Laplacian on 1-form on AdSs is given by [24]

Aoy = a2y, (5.14)

Here w;{)"u} refers to the eigen functions and {u} denote the other quantum numbers on
AdS3. Using the mode expansion along S; and substituting the eigen-values we obtain

1 & 2
log 2[5y x AdSs]V = —2 3" /dug%) log (ZQ + )\2> . (5.15)

where ,uf’)()\) is the Plancherel measure of the co-exact 1-form field on AdSs [24]
_ Vol(AdS3)
= ——

™

dil¥ (N (A2 +1). (5.16)

Now we substitute this back in the expression of the partition function and follow the same
steps shown for the scalar on hyperbolic cylinder we obtain [19]

t
1 dtl+e « 3\et+e 2 3\ 1+e3
1 1) _
log Z[S; x AdSs]V) = -—log R o 2] <<1) A—etp \0)O—ctp)

(5.17)

We now compare (5.17) and (5.9) and observe that the partition function of conformal
vector field on AdSs3 X S(} misses out the edge mode part of the partition function. Note
that the ‘edge’ mode part of the partition function does not depend on the branching
parameter g. We obtain the log divergent part of the free energy by taking residue of the
integral (5.17) at ¢t = 0.

~ 33¢* +30¢% + 1 16

FolSh x Adss)V) = 7 Fo1]S3 x AdS3)| = = (5.18)

The free energy on hyperbolic cylinder does not capture the ‘edge’ mode contribution of %
which comes partition function of massless scalar on S2. This behavior was noticed earlier
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in the study of the universal part of the entanglement entropies [14-16, 40, 41] of the
Maxwell field in d = 4 dimensions, and the ‘extractable’ part of the entanglement entropy
comes from the free energy of the hyperbolic cylinder. In [9] it was explicitly shown that
the partition function of conformal p-forms on hyperbolic cylinder contains only the ‘bulk’
mode and misses out the ‘edge’ mode. Therefore one expects the ‘extractable’ part of the
entanglement entropy across a spherical region can be obtained from the partition function
of the hyperbolic cylinder which misses out the ‘edge’ mode.

5.2 Conformal higher derivative vector field

In the previous section we have discussed the techniques to evaluate the partition function
of the free Maxwell field in d = 4 dimension and demonstrated that the partition function of
the hyperbolic cylinder differs from the branched sphere by edge mode which is a partition
function of 0-form field on S?. To understand this feature we evaluate the partition function
of the Weyl-covariant higher derivative vector gauge field on the branched sphere as well
on the hyperbolic cylinder. We compare the log divergent part of the free energy of higher
derivative conformal vector gauge field on Sg and AdSs x S; to understand the edge mode
characteristics in detail. The action of Weyl-invariant vector gauge theory in 6-dimension
is given by [12]

R
S = /\/§d6$ <V)\F>\MVVF1/;J, - <Rp,z/ - 59;},1/) FMAFV)\> s (519)

where F),, = 0,A, — 0, A, and the action is invariant under gauge transformation A, —
A, + Ve

Four-derivative Weyl-covariant vector field on Sg. We evaluate the partition func-
tion of the Weyl-covariant vector gauge theory on a branched sphere in 6 dimension. We
follow the gauge fixing method which was introduced in [39]. We start with decomposing
the field variable into transverse mode and longitudinal mode in the following way

Ay ={A; +V,¢},  where VAN =0. (5.20)

Under the gauge transformation transverse mode does not change but the longitudinal
mode gets shifted by constant.

At At p s pte. (5.21)
Substituting the decomposed variables in the action
S = / VIO u(V2AL — R, ALY (V2AL — R, AL)
R R R
—2( = =) (-4, vPAtH A”‘Ai>
(5-5) (-aiveases gaea;

- / Vad'e Ay (=Aq) +5) (~Aq) +7) A, (5:22)
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where V? = V.,V = A() is the spin-1 Laplacian on Sg. We have used the integration
by parts and dropped terms using transverse gauge condition VMAL“ = 0. Covariant
derivative operators are interchanged using

(Vs VV]AL/\ R;\MVALP Ruvpo = (GupGvo — GuoGvp)- (5.23)

The second line comes from the fact that Sg is a maximally symmetric space with unit
radius. Since we have changed the field variables we will get a change in measure

DA = (det(~Ag)? ) DA Do, (5.24)

where (—Ap) is the spin-0 Laplacian on 5’3. Note that the action is independent of the
longitudinal mode and hence it is gauge invariant under

¢ — p+e.
Therefore we can fix the gauge by choosing the gauge slice
G =14(9).

But this gauge slice corresponds to the unit Fadeev-Popov determinant. Therefore the
partition function can be written as [42]

(4) — det(—Ap) 2
- (det (—A(l) + 5) det (_A(l) + 7) ) ' (5.25)

In the last step we have integrated the transverse components of the gauge field and used

the Fadeev-Popov determinant to write the complete partition function.
The eigen-value and the degeneracy of the spin-1 field on Sg is given by [26]

Mo = <n—|—TZ> <n+?+5> -1, withn+m > 1, n,m € {0,1,2,--}
(5.26)
1
Ghmo = yn(n+2)(n+3)(5n + 17), n=1,2 (5.27)
)
Ghin = 130+ D(n+2)(n+3)(n +4), n=01-  m=12--

Note that eigen-value and degeneracy on branched sphere are labelled by 2 integers.
Now we evaluate

1 1
—5 log det (—A(l) + 5) —= Z gnm log()\( ) +5). (5.28)

an

Again using the identity (2.5) we rewrite (5.28) as

1 AT <~ ) 0 Ds) _ r
_ilogdet<_A(1)+5):/0 27”%: g1, (TR +9) _ 7). (5.29)
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The second term involves the sum over degeneracy which we drop by the same logic pre-
sented in (5.4). Therefore the equation (5.29) reduces to

)

1 Xdr 2N 1) e 0ts
—ilogdet (—A(1)+5) =/ —e 4T ( Z g emT(Anm+5) —1) , (5.30)

The second term in (5.30) can be absorbed in the first term by noting from (5.27) that

1 1
9((),m:0 = 07 g(—l),m:O = 17 )‘( l),mZO =0. (531)

Here € is used to keep track of track of the branch cut in the integration plane.
Following the steps given from (2.9) to (2.13) we obtain

1 N dt 3 /@2 | 3 - . .
— 5 logdet (2 +5) _/6 ﬁ(eﬂ fe ) (F1(it) + fo(it)). (5:32)

Similarly we evaluate

1 [ dt /P, _lypa . .
and
1 I dt 5./2-2 | _5.j2_2 . .
—5 10g det (—AO) = /6 W (62 +e 2 ) (fo(lt) + fO(Zt)) (534)
where

ef%(?n'u) (5e—iu _ 6—2iu + 1)

fw) = 3 g0 petnt3) —

n=—1 (—1+ e—iu)5 ’
_1(s;
)= 3 g el 10030
- n,m = - —-
e (e eT)
e wd %
folu) = Z gg??mei("Jr%Jfg)“ __ ez 1+e Z (5.35)

=1 et

n,m=0

Now we substitute these functions in the partition function and take ¢ — 0 in the end to

obtain
t
0 (It 1 ~ g —t —4t —2t —3t 1 —b5t
logZ§4):/ dt ) 1+e ;1 (e —i—:5)+5(e +_et5)_( —i—e_t;
0 A\t At T aetr  (-e
1 + e—t e—t + e—2t N 1 + 6_3t
l—et|(1—-et)3 (1—et)3
t
Xdt | 1+e « 14et
= — - . 5.36
/0 2% { 1_ 6_3 Xbulk 1— e_tXedge} ( )
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Xbulk and Xedge correspond to the full ‘naive’ bulk character and ‘naive’ edge character of
four-derivative conformal vector field on Sg respectively. Note that the ‘naive’ edge charac-
ter comes with a kinematic factor which is independent of the branching parameter ¢ which
is similar to the vector case on S;l. Here we wish to mention that these ‘naive’ character
do not correspond to the UIR of exceptional series. It will be interesting to check that the
‘flipping’ procedure introduced in [7] leads to the UIR of any exceptional series. But here
we content ourselves with the ‘naive’ character because we are interested in evaluating the
universal piece of the entanglement entropy which comes from the logarithmic divergent
part of the partition function and it does not get altered by ‘flipping’ procedure.

We now obtain the log divergent piece or the universal part of the partition function
by expanding the integrand about ¢ = 0 and collect the 1/t term which is given by

—1755¢% — 1680¢* — 35¢* +6 14

tog 2% univ = 10080¢5 T

(5.37)

Here —% comes from the edge mode part of the partition function which is independent

of the branching parameter q.

Conformal four-derivative vector field on AdS5 X S;. Hyperbolic cylinder AdSs x
S; and branched sphere Sg are conformally related. We express the partition function of
the four-derivative vector gauge field on AdSs5 X S; in terms of integral over characters.
This character integral method will help us to understand the relation between partition
functions on these conformally related spaces.

To evaluate the partition function one needs to fix the gauge properly. We follow the
gauge fixing method introduced in [12]. We decompose the field variables along the S; as
well as on AdSj5 direction in the following way

A, ={A, AF +Vi¢},  where  ViAH =0. (5.38)

Here i, denotes the directions along AdS5. Under the gauge transformation, the decom-
posed field variables transform in the following way

A; — A + e, At A b—d+e. (5.39)

Substituting the decomposed fields in the action we get

S = /dﬁaz\/§(£1 + L9),

2 . . , . . 2
L) = (AOAdS5AT - aTAOAdS%) + (A{*dSSAM - %A“ + 02(AY 4 Vig) — vw) ,
_R Li i )2
o= (0-(at +v'9))".

Note that the action has the longitudinal mode along the AdSs direction. Ag 455 and A/f dSs
are the transverse spin-0 and spin-1 Laplacians on AdS5 respectively. To obtain the action
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we have interchanged the covariant derivative and used the transverse gauge condition given
in (5.38). We know that the change in field variables comes with the change in measure.

DA, = [det(—A§*)]Y2DA, DA Dy, (5.40)

We treat the zero modes on the S' separately. Therefore we can write the change of
measure into that involving the zero modes on S' and the rest.

DA, = [(det(~A3%))/*DA, DAF Do) (5.41)

n#0
x [(det(—A3%)) /2D A, DA} Dy

n=0

Non-zero Kaluza-Klein modes. We consider first the non-zero modes. From the gauge
transformation given in (5.39), one can fix the gauge A, = 0. Therefore we get a Fadeev-
Popov determinant

App = det 0. (5.42)

One introduces the Fadeev-Popov determinant along with the delta function which chooses
this gauge slice

G = 6(A,)det(d;). (5.43)

Now we imagine setting A, = 0 in the action because of the delta function in the partition
function and separate out the action correspond to the transverse gauge field A% and the
longitudinal mode ¢ in the partition function

AL T
L570 = 02(—A5™%) (=02 — A — 1)

N 2 .
L7 = (=02 = AMF — ) At — a2 ¢

Therefore we can write the partition function for the non-zero Kaluza-Klein modes

1
B i = [ [PAF (det(-205) et (0,)]
1 1
X e —= | d% E"sﬁo}.
[det(én)<det<—A6‘d55>>1/2det<—az—As‘d55—4>>L¢o iy [ Fovacst

(5.44)
Here we have integrated the A, first using the gauge slice given in (5.43). Note that
determinants coming from the change in measure and the Fadeev-Popov determinant cancel
one part of the determinant from the longitudinal mode. Therefore integrating over the
transverse gauge field, the partition function becomes

m 1
Fhparo = | o ((—02— afs — 1) + 482)7#0 det (—02 — AY™S —4)

n#0
(5.45)
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Kaluza-Klein zero modes. The action for the zero modes becomes simple

2
Suc = [ Vi (Arnmo(=A3550) (-3 — ) Arg + (A9 - 45 ) )
(5.46)

Here the Kaluza-Klein zero mode of A, along the S is gauge invariant. From (5.39) it can
be seen that it transforms as

AT’ n=0 — 1477 n=0- (547)

The action (5.46) is independent of the longitudinal mode ¢ and therefore is gauge invariant
under a constant shift

Pn=0 = Pn—0 + €n—o- (5.48)
We fix this gauge by restricting to the slice
G = 0(dn=0)- (5.49)

The Fadeev-Popov determinant for this choice of gauge slice is unity.

= / [DA#DATdet(—AﬁgSf’)%} (5.50)

n=0

1 5 i 5 5
X exp {_2 /dﬁm\/g (Aj_n=0(_Afdso - 4)A7JL_:O + AT nZO(_AgdSO)(_A€d80 - 4)AT n:O) }

1 2
{det(Afd% 4y det(—ANTSs _ 4)} '

It is important to note that for the n = 0 modes, the Jacobian from the change in measure
is cancelled by the integration of A, which is gauge invariant. Therefore combining (5.45)
and (5.50) we obtain

(1)

) 2
zh = . (551)
hyp=0 (det ((—02 - At — 1) +402) det (—02 — A} — 4) )
We now factorise the operator W.£14;S5>< g1 = det ((—83 — ASs _ 4) + 483).

W1(446355><Sl = det ((_872- — AP - 4) + 433)

_ (-32 + ( (—aps —4) +i>2) (—az + ( (—afse —q) —¢>2) .

(5.52)

A1 is the transverse spin-1 Laplacian on AdSs satisfying the eigen value equation

ANk [)\2 + 4} wiw}y (5.53)
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12U} are the corresponding eigen functions, {u} labels other quantum numbers on AdS5.
Using these eigen values and the Kaluza-Klein decomposition of the partition function we

obtain
1 (4) n’ 2 n’ 2
5108 Wias,xs1 = n;oo/ i (V) (log pe (A+1)7 ) +log o (A=9)7] ]
(5.54)
Now we follow the steps from (3.17) to (3.21) and obtain
1 (4) log R / / w2
| — -
5 108 Wias,xs1 = Cous \/7 Z e &
% / d/\,ulf’) ()\)(61()\+i)u + ei()\—i)u)
log R / / u? (") (5) _
— e 41' W eu + e w .
4i Coud /471'7' Z 1 ( )( )
(5.55)

W1(5) (u) is the Fourier transform of the Plancherel measure of transverse spin-1 Laplacian
on AdSs which is given by [8]

exp(—u 1)(exp(—3u) — 6 exp(—2u) + exp(—u
W) — () + 1) p<(1_eip<_u>ﬁs( ) + exp(—w)

Now we perform the integral over 7 and sum over the Kaluza-Klein modes to obtain

(5.56)

(4) log R / dul+ e (1+ e ™)(e 3" — 62 4 ¢~¥)
C

1
—log W = - u —uy
5 198 "V Ads;x s} o 0] — o % (e w)p (e“+e™")

21

(5.57)

We have another determinant of conformal scalar on AdSs x S in (5.51). Note that the

mass m3 = —4 saturates the Breitenlohner-Freedman bound of spin-0 operator on AdSs.

Therefore we can write
1 2
5 log det (~02 - a0 —4) = / At (M) log ()\2 + ;) . (5.58)

We follow the same procedure to obtain

1 1 d 14e s
—logdet (—83—A0—4) = ogR/ uWé) te !
2 C

o2 Joggy 2u e
log R du 1 e” 2 (e7 + 1

_ Og,/ u +6Z al ). (559)
21 JCouq 2u 1—e 4 (1-— e—“

We combine the (5.57) and the (5.59) and obtain
log Z}(1 ) logR/ dful + e:i (et +f—4U) N 5(6—2u —f—_e_?’u) - (1+ 6:5u)
P i Jog 2wl e 5 \0 Qe T Ay (- ey
(5.60)
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Note that the partition function is precisely the integral over ‘naive’ bulk-character of four-
derivative conformal vector on Sg given in (5.36). Therefore the partition function of the
conformal four-derivative vector field on hyperbolic cylinder misses out the edge character.
It follows the pattern which was noticed for the Maxwell field in four-dimensions. The
‘extractable’ part of the entanglement entropy of free Maxwell field precisely agrees with the
hyperbolic cylinder computation. In [12] the entanglement entropy of the higher derivative
vector gauge theory is computed from the free energy of the hyperbolic cylinder. Following
that we obtain free energy and the universal part of the Rényi entropy

o —1755¢° — 1680¢* — 35¢> + 6 g _ _(¢+1) (1709¢* + 29¢* — 6)
tpa 10080¢° o Thea T 10080g° ‘

(5.61)

The Rényi entropy precisely agrees with [12] but free energy differs by a term linear in g.
The reason is that we have included the zero-mode to cast the partition function in terms
of ‘naive’ characters. Note that the powers which are linear in ¢ do not affect the Rényi
entropy which is therefore UV-finite.

The partition function of the higher derivative conformal vector field on the hyperbolic
cylinder does not capture the edge mode and one can not obtain the anomaly coefficients
directly from it. Therefore the a-anomaly coefficient can be obtained from the partition
function on Sg

—log 20,1 — 9, log 2| ,=1 275

= . 5.62

96 8 x 17! (5.62)

This a-anomaly coefficient precisely agrees with [42]. Note that in [12] it was mentioned
that to get the correct a-anomaly coefficient one needs to shift the free energy by —%.

Here we clearly observe that the shift is coming from the edge mode part of the partition
function. Therefore the partition function of the four-derivative conformal vector on Sg
correctly reproduces the a-anomaly coefficients but the partition function on the hyperbolic
cylinder gives the entanglement entropy. It will be interesting if one can directly compute
the entanglement entropy by using radial quantization procedure [35] or show that the
‘extractable’ part of the entanglement entropy [34] comes from the hyperbolic cylinder.
We keep these computations for future purposes.

We evaluate the conformal dimension of the twist operator from the free energy of the
four-derivative vector field on hyperbolic cylinder.

_ q (1)
hy = SoiadSy) QP iwpali=t — 9aFivpa)

_ —117¢% + 112¢* + 7% — 2
N 336072¢5 '

The regularised volume of AdSs; can be obtained from (1.5). The first and the second
derivative of h, with respect to ¢ at ¢ = 1 can be expressed in terms of the parameters

(5.63)

relating two and three point functions of the stress tensor.

1 31

. ey = ——. 64
1472’ ala=1 42072 (5.64)

h;‘qzl =
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These numbers will be useful to study the causality constraints of the four-derivative con-
formal vector field will be discussed in section 6.

6 Hofman-Maldacena variables and causality bound

Higher derivative kinetic term in the action implies negative residue in the propagator
which indicates a negative norm state [20]. Therefore one expects the theories with the
higher derivative kinetic terms are non-unitary. In this section, we use the positivity of the
energy flux or average null energy condition to demonstrate that these theories are indeed
non-unitary.

The co-dimension two twist operator essentially captures the energy density across the
entangling surface [2]. The energy density can be evaluated in a thermal ensemble on the
hyperbolic cylinder. Therefore the first and second derivative of the conformal dimension
of the twist operator with respect to ¢ at ¢ = 1 can be expressed in terms the two and
three point functions of the stress tensor because one can think ¢ as inverse temperature
in a thermal ensemble. In conformal field theory the two and three point functions of the
stress tensor are characterized by the parameters a, b and ¢ [22] and these parameters are
expected to obey the following relations

~Hor (87%/2) (ald — 2)(d +3) — 2b — c(d + 1))
hglg=1 = —, COp= ,
20-3d (@2 — 1) T (451 d(d +2)r (%)
hillg—1 = _% [2a (3d2 _3d— 4) (d—2) —2bd(d — 1) — ¢(3d — 4)(d + 1)} ,

(6.1)

where C7 is the central charge of the theory and a,b,c are the parameters determining
the 3 point functions of the stress tensor [22]. Since we have two relations we can not
determine all the parameters from the relations given in (6.1). Here we wish to mention
that h;’|q:1 does not match when one substitutes the values of the parameters a, b and ¢
for the conformally coupled real scalar and the expression was modified for the conformal
scalars [43]. But hgl,=1 and hj|,=1 agree with explicit verification for conformal fermions
and conformal p-form fields [19]. In this case, we assume that the relations hold true for
the higher derivative conformal fields.

Hofman-Maldacena variables t5 and ¢4 were constructed from ratio of the combinations
of the three parameters a, b and ¢ to characterize the positive energy of the flux [44]. The
relations are known for arbitrary dimensions [45]

b 2(d+1)(a(d —1)((d + 8)d + 4) — d(—3bd + 2¢d + ¢))
2T d(a(d —2)(d+3) — 2b— c(d + 1)) ’

(d+1)(d+2) (3a (—2d?> +d+1) + d(—2bd + cd + c))
d(a(d —2)(d+3) — 2b — c(d + 1)) '

(6.2)

4 =

The positivity of the energy flux constraints can be related to the causality and the unitarity
of the conformal field theory [46-48] which puts the bound on the parameters to and t4 for
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conformal field theories in d > 3 dimensions and they are given by [21]

to 2ty
=1- — >0
9 d—1 (d+Dd-1)~"
to 2ty to
—1- - L
92 i—1 @d-Dd+y 27" (6.3)
(d — 2)(t2 + t4) to 2ty
—1 - - > 0.
g =1+ i-1 (@-na+n ="

Therefore these bounds on the parameters imply that any field theory which obey the
causality constraint lie in the region bounded by the three lines given in (6.3). For d = 6
this is shown by a shaded triangle and any field theory in d = 6 satisfying the causality
constraint will lie in the shaded region. From (6.1) we find two relations of the three
parameters a, b and c¢. Therefore we can not fully determine the values of the parameters.
However one can find a linear relation of the parameters t5 and ¢4 which will be a straight
line in to — t4 plane and the theory will be a point on the line. If the line never touches
the triangle one can conclude that the theory does not satisfy the causality constrain. We
verify it first for the four-derivative conformal scalar in d = 4 dimensions. Here blue-
shaded region denotes all the theories satisfying causality constraint in d = 4 dimensions.
Note that 4-derivative Weyl-invariant scalar is a point in the to — ¢4 plane but it is now
constrained to lie on a straight line given by

2
to + ?(2754 —273) =0. (6.4)

The intercepts of the straight line are given by to = 78.0 and t4 = 136.5 and it never
touches the bounded region. Therefore any point on the straight line will not lie inside the
bounded region. We have checked this in arbitrary dimensions and therefore conclude that
the 4-derivative Weyl-invariant scalar field does not satisfy the causality constraint.

Similarly for 6-derivative conformal scalar we obtain linear relation of Hofman-Malda-
cena variables from (3.43) and the relation is given by

fy— 46%(—197754 —19145) = 0. (6.5)
This represents a straight line in to —t4-plane and the intercepts are given by to = —41.4394,
ty = —97.1827. We observe that the straight line never touches the region of causality which
is a triangular region. Therefore the 6-derivative conformal scalar in d = 6 dimension which
is a point on the straight line can never lie inside the region of causality. So the 6-derivative
conformal scalar in d = 6 dimension also does not obey the causality constraint. We repeat
the same analysis for the 3-derivative Weyl invariant spin-half field. The weight of the
twist operator of the 3-derivative conformal spin-half field is given in (4.28) and the first
and second derivative of it with respect to ¢ at ¢ = 1 are given by
29¢* — 5042 + 21 , 1 " 19

hy = — h =—— | —— .
1 2880mq3 ’ q 1807’ q 3607 (6.6)
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Figure 5. The allowed region in ¢y and t4 in d = 6 for Weyl-invariant field theories satisfying
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Figure 6. Higher derivative conformal scalar field is constrained to lie on the red line.

Given the values of h;|q:1 and hfI’ |q=1 we find a linear relation of the variable ¢ and t4
which is a straight line on the plane. The equation of the straight line is given by

1
ff =t4+ 1 (Tty + 12414) = 0. (6.7)

The intercepts are given by to = —1773.43 and t4 = —3103.5. Therefore it never crosses
the region of causality which is the bounded region by g1, g2 and g3 shown in 7b. So Weyl
covariant 3-derivative fermionic field also does not obey the causality bound.

Now we examine the 4-derivative Weyl-covariant vector field in d = 6 dimensions. We
obtain the conformal dimension of the twist operator and the first and second derivative
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Figure 7. The region of causality is the small triangle where g1, g2 and g3 meet near the origin.

of it with respect to ¢ at ¢ = 1 which are given in (5.63) and (5.64) respectively. We
substitute these values in equations (6.1) and use (6.3) to obtain a relation between Hofman-
Maldacena variables

0, = ta+ % (25 — 1105) = 0. (6.8)
Therefore it is again a straight line in 5 — ¢4 plane. In the figure 7a, g1, g2 and g3 are
the lines given in (6.3). ¢, represents the straight line on which the 4-derivative Weyl-
covariant vector gauge theory lies. Note that the region of causality bound will be the
small triangular region created by the three lines g1, go and g3 and the red line does
not pass through the triangular region. The intercepts of the red line £, on the axes are
to = 552.5 and t4 = 1295.71. Therefore it never cuts the triangular region at any point.
So we conclude that 4-derivative Weyl-covariant vector field does not obey the causality
constraints.
We observe that the higher derivative conformal theories do not lie inside the region of
causality because these theories do not satisfy the average null energy condition. Therefore
we conclude that the higher derivative conformal fields are non-unitary.

7 Conclusions

In this paper, we have applied the formalism developed in [7-9] to express the one loop
partition functions in terms of integrals over characters of higher derivative conformal fields.
The integral representation is useful to compare the partition functions on conformally
related spaces. The partition function of higher derivative conformal scalar and fermionic
fields are identical on conformally related spaces but the partition function of 4-derivative
vector gauge field misses out the edge mode on the hyperbolic cylinder. This follows the
pattern which was observed for conformal p-forms on hyperbolic cylinder [9]. It was also
observed that the partition function of the free Maxwell field on the hyperbolic cylinder
gives the ‘extractable’ part of the entanglement entropy. Therefore it will be interesting to
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compute the ‘extractable’ part of entanglement entropy for 4-derivative vector gauge field
in d = 6 dimensions and verify with the hyperbolic cylinder computation.

One can also investigate the conformal higher spin fields [13] on conformally related
spaces. This method of obtaining one-loop partition functions will be helpful to check
whether the hyperbolic cylinder misses out on the ‘edge’ mode or not. One can again
repeat the computations developed in [34] to understand the ‘extractable’ entanglement
entropy of the conformal higher spin fields. It will be interesting to perform an alternative
analysis to evaluate the entanglement entropy which is based on the radial quantization of
the fields on sphere [35] and check with the computation of free energy on the sphere or
hyperbolic cylinder.

We have shown that higher derivative conformal theories do not obey the causality
bound and therefore it supports the earlier observations regarding the non-unitarity of
these theories. Here we could not determine all the parameters a, b, and ¢ but we found a
linear relationship which is a straight line in ¢ — ¢4 plane and the theory is a point on the
straight line. We observe that the line never touches the region of causality bound. It will
be interesting to compute two and three-point functions of the stress tensors to determine
all the parameters exactly to show that the theory lies outside of the region of causality
bound.
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