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1 Introduction

There are many dark energy models having been widely studied, which can be categorized
as the models of ΛCDM, quintessence [1–4], Chevalliear-Polarski-Linder (CPL) [5, 6],
holographic principle and its observational constraints [7–16], Dvali-Gabadadze-Porrati
(DGP) braneworld [17, 18], and Chaplygin gas model [19, 20, 22]. One may refer to
refs. [22, 23] for various model comparisons just mentioned and [21] for a good review of
many dark energy models. Many of these dark energy models are the theoretical variants
of the cosmological constant model, while some are based on totally different theoretical
considerations. For example, based on the slowly rolling scalar field, quintessence models
produce a negative pressure for the accelerating universe. On the other hand, in the CPL
model, the equation-of-state parameter is a function of time. The dark energy models based
on quantum gravity theory are often regarded as the holographic models. The models in
this category describe the observational data well despite its distinguished theoretical nature
to ΛCDM model. The DGP is also another interesting framework with the realization
that higher-dimensional gravity affects the bulk at a large distance from which the dark
energy naturally emerges. Another interesting theory is the Chaplygin gas model, which
has a connection with the string theory of the braneworld scenario, whose theoretical
variant so-called Generalized Chaplygin Gas (GCG) has been fitted with observational
constraint [22–24]. Other classes of dark energy models which concern with H0 tensions
has been extensively studied in [25–32]. Another interesting theory is based on AdS/CFT
correspondence from 5-dimensional black hole [33–39]. In particular, such theory has not
yet been fit with observational constraint.

In this work, we want to study cosmology from the perspective of holography; in
particular, the AdS/CFT correspondence [37–39]. The dynamical evolution of the universe
in four dimension can be described by the FRW metric, which arises from the boundary
of AdS5 black hole. Starting from the AdS5 black hole geometry, the FRW metric is
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realized at its four-dimensional boundary via Eddington-Finkelstein (EF) transformation.
As a result, four-dimensional gravity with the dynamical FRW metric is foliated since the
boundary metric can be stably set as dynamical field [41]. This holographic setting is
possible mainly based on the idea of mixed-boundary condition studied in ref. [41] where
such boundary condition allows the boundary metric becoming dynamical. The black hole
as bulk affects the stress-energy tensor due to the AdS/CFT correspondence. Holographic
renormalization is implemented in ref. [43], and for the hairy black hole case, we utilize
the counterterm obtained in refs. [44, 45]. It is worth noting that such a counterterm is
obtained in the Fefferman-Graham (FG) coordinate system as an intermediate steps, but
the final counterterms are derived in a tensorial form. Since the nature of our study is
based on boundary fields in FG coordinates which emerge from EF coordinates under the
scale invariant property, we will adopt the renormalized stress-energy tensor advocated
in [44, 45] with a slight adjustment to the scheme dependent terms. This mechanism has
been studied by refs. [37–39]. In this scenario, we can treat the black hole as a higher
dimensional object interacting with an ordinary gravitational theory whose effects play
some roles in the cosmological evolution rather than the object where the universe resides.

The cosmological models of our interest are, therefore, extensions to the ΛCDM model.
The reason is that the vacuum energy model in four-dimensional gravity theory is foliated
at the boundary of one higher-dimensional spacetime. The requirement of such a four-
dimensional Einstein-Hilbert action with a cosmological constant is for the purpose of the
study of cosmological evolution and due to the consistent form with bare stress-energy
tensor on the boundary, which admits the standard interpretation of four-dimensional
constant G4 (Newton’s constant) and Λ4 (cosmological constant) [38].

Moreover, we may think of this type of models as a strongly coupled field theory, but as
far as an acceleration of the universe is our primary concern, we treat this as a dark energy
model. As an extension, we consider a five-dimensional asymptotically anti-de Sitter(AAdS)
black hole with and without a secondary scalar hair and investigate further. We derive
the modified Friedmann equation for our models and compare it with ΛCDM by using
observational data, including Supernovae [46, 47] and H0 measurement data [48, 49]. This
paper is organized as follows. In section 2, we review a procedure of obtaining the FRW
metric at a boundary of the AdS5 black hole. In section 3, we derive modified Friedmann
equations by employing the mixed-boundary condition and AdS/CFT correspondence,
whose bulk solutions are the charged dilatonic AdS5 black hole [50]. In section 4, we present
our numerical fitting results of the MCMC analyses, for which we adopt the numerical
techniques developed in refs. [51–57]. We use the observational data, including Supernova
(SnIa) and Hubble expansion rate data [46, 48], to provide observational bounds on model
parameters associated with the late-time dynamics of the universe. Finally, section 5 is
devoted to summary and conclusions of the present study.

2 Five-dimensional AdS black hole and FRW boundary

The idea of realizing the FRW universe at the boundary of the AdS5 black hole was first
introduced in [37], where the Schwarzschild solution was considered, and subsequent works
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were done in [38, 39]. If one can obtain a preferred boundary geometry from the AdS
black hole solution, then the concept of having the mixed-boundary condition is essentially
required in order to generate a dynamical FRW metric. It was shown that such a boundary
condition is dynamically stable [41]. Since the new effective method used in [39] allows one
to consider a class of complicated AdS black hole, in this section, we will recap such the
method and consider a charged AdS dilatonic black hole solution (hairy black hole). We
begin with the general metric

ds2 = −f(r)dt2 + g(r)dr2 + Σ(r)2dΩ2
3. (2.1)

This metric describes AAdS5 where f(r) ∼ r2/L2, g(r) ∼ L2/r2, and Σ(r) ∼ r/L for large
r at the asymptotic region where L is the AdS radius. Introducing a new coordinates v
such that dt = ±dv/

√
f(r)g(r)∓ dr

√
g(r)/f(r), we obtain a metric in the EF coordinates

ds2 = 2dvdr − f(r)dv2 + Σ(r)2dΩ2
3, (2.2)

which has the four-dimensional conformal boundary. We adopt a new time and radial
coordinates V and R, respectively, such that dv = dV/a(V ) and R = r/a(V ), where a(V )
will be the scale factor. Then the metric (2.2) becomes

ds2 = 2dV dR−
[
f(Ra)
a2 − 2Rȧ

a

]
dV 2 + Σ(Ra)2dΩ2

3 , (2.3)

where the dot represents the derivative with respect to V . In this holographic approach
to cosmology, we need to put the boundary hypersurface at a finite distance R with an
appropriate counterterm. As can be seen from (2.3), when large R is fixed, the boundary
metric reduces to FRW metric as desired. The EF coordinates associating with new time
and radial coordinates is not well-understood in holographic renormalization context. For
this reason, we need to find the relation between the EF and FG coordinates which is
given by

ds2 = L2

z2

[
dz2 + gµνdx

µdxν
]
, (2.4)

where
gµν(z, x) = g(0)

µν (x) + z2g(2)
µν (x) + z4

(
g(4)
µν (x) + h(4)

µν (x) log z
)

+ · · · , (2.5)

is defined as an appropriate form of ansatz for Fefferman-Graham asymptotic expansion [43].
Comparing the metric (2.2) with (2.4), we obtain the following two relations

2∂zR∂zV − α(∂zV )2 = L2

z2 ,

∂zV ∂τR+ ∂τV ∂zR− α∂zV ∂τV = 0 ,
(2.6)

where α = f(Ra)/a2 − 2Rȧ/a. The boundary metric can be obtained in the same way as

gττ = −(∂τV )2

(∂zV )2 , gijdx
idxj = z2

L2 Σ2(Ra)dΩ2
3. (2.7)

The power series expansion of V (τ, z) and R(τ, z) will be obtained using (2.6) and the
metric gµνwritten in terms of z and τ will be determined by (2.5).

– 3 –



J
H
E
P
1
0
(
2
0
2
1
)
2
3
2

The equation governing the cosmological evolution can be derived by using the Fried-
mann equation. In our study, we will obtain the modified Friedmann equations due to the
contribution from higher dimension via AdS/CFT correspondence. In other words, the
modified terms come from the regulated stress-energy tensor of the dual conformal field the-
ory residing on the four-dimensional boundary hypersurface. Adopting the mixed-boundary
condition, we can write our action as the following

S = 1
16πG5

(∫
M
d5x

√
−detg5Lgravity

5D −
∫
∂M

d4x
√
γ2K

)
+ 1

16πG4

∫
∂M

d4x
√
−detg(0)(R− 2Λ4) +

∫
∂M

d4x
√
−detg(0)Lmatter

4D , (2.8)

where g5 is a five-dimensional metric, and the second integral is the Gibbons-Hawking
boundary term needed to get an action that only depends on first derivatives of the
metric [40]. We define Lgravity

5D as the Lagrangian representing the five dimensional Einstein
gravity with negative cosmological constant. Notice that g(0) is the leading order in metric
of a four dimensional boundary hypersurface corresponding to FG coordinate introduced
in (2.5). Mixed-boundary condition implies that the total stress-energy tensor, which include
TCFT
µν , T 4D

µν , and Tmatter
µν is zero so that the variational principle still holds [38, 41]. Thus, the

five dimensional dual field theory will contributes to the stress-energy tensor and modified
the equation of motion. Finally, we define Lmatter

4D as the Lagrangian from ordinary matter.
Adding appropriate counterterms to the regulated diverging action of five dimensional
gravity yields renormalized stress-energy tensor defined as 〈TCFT

µν 〉 so that (2.8) yields

Rµν −
1
2g(0)µνR+ Λ4g(0)µν = 8πG4

(〈
TCFT
µν

〉
+ Tmatter

µν

)
. (2.9)

The Ricci tensor and scalar are calculated from the zeroth order boundary metric g(0)µν .
The stress-energy tensor

〈
TCFT
µν

〉
and Tmatter

µν are obtained from the AdS5/CFT4 correspon-
dence and from four-dimensional gravity theory with cosmological constant, respectively.
The stress-energy tensor from the dual field has conformal anomaly since the boundary
has an even dimension. This conformal anomaly will be remedied by the holographic
renormalization.

3 Modified Friedmann equations in a AdS5

In this section, we begin by briefly introducing the five-dimensional scalar charged AdS
black hole solution [50, 58, 59] with the following Lagrangian in (2.8),

Lgravity
5D = R−W (φ)F 2 − 1

2(∂φ)2 − V (φ) , (3.1)

with a potential V (φ) and a coupling W (φ) of the form

V (φ) = − 1
L2

(
8eφ/

√
6 + 4e−2φ/

√
6
)
, W (φ) = 1

4e
2φ/
√

6 . (3.2)
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Scalar field which non-minimally coupled to guage field is considered here because minimal
coupling scalar field will result in the trivial solution. As a result, it is out of our interest.
A scalar charged Reissner-Nordström black hole solution of the given action is

ds2 = e2C(−hdt2 + d~x2) + e2D

h
dr2 (3.3)

where

C = log
(
r

L

)
+ 1

3 log
(

1 + Q2

r2

)
, D = − log

(
r

L

)
− 2

3 log
(

1 + Q2

r2

)
,

h = 1− ML2

(Q2 + r2)2 , φ = 2√
6

log
(

1 + Q2

r2

)
, A =

(
−Q
√

2M
Q2 + r2 + Q

√
2M

Q2 + r2
h

)
dt.

(3.4)

Here Q is the charge and M is the mass of the black hole. The horizon rh is defined such
that h(rh) = 0. By introducing a new coordinate defined as follow

dt =

 ȧL2

a2R
(
1− ML2

(Q2+a2R2)2

) (
1 + Q2

a2R2

) − 1
a

(
1 + Q2

a2R2

) 1
3
 dV

+

 aL2

a2R2
(
1− ML2

(Q2+a2R2)2

) (
1 + Q2

a2R2

)
 dR . (3.5)

Also, one can transform the metric into the EF coordinates of the form

ds2 = 2dvdr − he−2Ddv2 + e2Cd~x2. (3.6)

Comparing with the metric expression given in (2.2), we have

f(r) = he−2D and Σ(r) = eC . (3.7)

The next step is to transform this EF coordinates to the FG coordinates for the sake of
holographic renormalization. In order to do that, we first consider a power series expansion
of coordinates R and V near z = 0 regime which reads

V (τ, z) =
∑
n=0

V(n)z
n, R(τ, z) =

∑
n=0

R(n)z
n−1. (3.8)

The followings are coefficients (up to fifth order) obtained by calculating (2.6) with the
given black hole geometry order by order,

V(0) = τ, V(1) = −1, V(2) = 0, V(3) = −6aä+ 3ȧ2 + 4Q2/L4

36a2 ,

V(4) = 3a2a(3) + 3ȧ3 + 2ȧ
(
Q2/L4 − 3aä

)
72a3 ,

V(5) = 1
720a4

(
−6a3a(4) + 24a2ä2 − 20Q2aä/L4 − 9ȧ4 − 18a2ȧa(3)

+6aȧ2ä+ 54M/L6 + 10Q4/L8
)
. (3.9)

– 5 –



J
H
E
P
1
0
(
2
0
2
1
)
2
3
2

V0 = τ is chosen because V becomes a time τ at the boundary. Similarly, the expansion for
R starts from 1/z and R(0) = L2 since z ∼ L2/R near the boundary.

R(0) = L2, R(1) = L2ȧ

a
, R(2) = −6aä+ 9ȧ2 − 2Q2/L4

12a2/L2 ,

R(3) = 3a2a(3) + 12ȧ3 − ȧ
(
15aä+ 4Q2/L4)

18a3/L2 ,

R(4) = 1
72a4

(
−3a3a(4) + 6a2ä2 + 10Q2aä/L4 + 39ȧ4 + 21a2ȧa(3)

−ȧ2
(
63aä+ 22Q2/L4

)
+ 9M/L6 +Q4/L8

)
, (3.10)

where and hereafter we set L = 1 for simplicity. The metrics in the FG coordinates is
computed (up to fourth order) applying with a profile of V and R in (3.9) and (3.10) to (2.5)

g(0)ττ = −1, g(2)ττ = 6aä− 3ȧ2 − 2Q2/L4

6a2 ,

g(4)ττ = 24Q2aä− 36L4a2ä2 − 9L4ȧ4 + ȧ2 (36L4aä− 12Q2)+ 8Q4/L4 + 108M/L2

144L4a4 ,

g(0)ijdx
idxj = a2dΩ2

3, g(2)ijdx
idxj =

(
Q2

3L4 −
1
2 ȧ

2
)
dΩ2

3,

g(4)ijdx
idxj = 12Q2ȧ2 + 9L4ȧ4 − 8Q4/L4 + 36M/L2

144L4a2 dΩ2
3 . (3.11)

The zeroth order is the FRW metric as intended.
The expansion of scalar field in terms of (τ , z) is

φ(τ, z) =
∑
n=0

φ(n)(τ)zn. (3.12)

Coefficients are obtained using the scalar field given in (3.4) and listed in the following (up
to sixth order).

φ(2) =
√

6Q2

3L4 a2, φ(4) = Q2 (3ȧ2 −Q2/L4)
3L4
√

6a4 ,

φ(6) = Q2 (27L4ȧ4 − 36Q2ȧ2 − 36M/L2 + 8Q4/L4)
72
√

6L8a6 .

(3.13)

Note that the zeroth order term vanishes. This is an obvious result since any field having a
dual operator should vanish at the boundary.

The one form dt in the gauge field A in (3.4) can be converted to the EF coordinates
using (3.5). Then the gauge field becomes

A = AV dV +ARdR, (3.14)

where

AV =
(
− Q

√
2M

Q2 + a2R2 + Q
√

2M
Q2 + r2

h

) ȧL2R(
1− ML2

(Q2+a2R2)2

)
(Q2 + a2R2)

− 1
a

(
1 + Q2

a2R2

) 1
3
 ,

AR =
(
− Q

√
2M

Q2 + a2R2 + Q
√

2M
Q2 + r2

h

) aL2(
1− ML2

(Q2+a2R2)2

)
(Q2 + a2R2)

 . (3.15)
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The gauge field in the FG coordinates can be obtained easily from the expression in the EF
coordinates.

A = AV

(
∂V

∂τ
dτ + ∂V

∂z
dz

)
+AR

(
∂R

∂τ
dτ + ∂R

∂z
dz

)
≡ Aτdτ +Azdz . (3.16)

The power series expansions of V and R with respect to z gives the expansion solution for
Aτ and Az of the form

Aτ (τ, z) =
∑
n=0

A(n)
τ (τ)zn, Az(τ, z) =

∑
n=0

A(n)
z (τ)zn. (3.17)

Coefficients are given as (up to fourth order)

A(0)τ = − Q
√

2M
a
(
Q2 + r2

h

) , A(2)τ = Q
√

2M
(
3aä− 6ȧ2 + 6r2

h/L
4 + 4Q2/L4)

6a3 (Q2 + r2
h

) ,

A(4)τ = Q
√

2M
(
−12r2

haä− 10Q2aä+ 36r2
hȧ

2 − 12ȧ4 + 32Q2ȧ2 + 9L4aȧ2ä− 8Q4/L4)
24L4a5 (Q2 + r2

h

) ,

A(1)z = Q
√

2Mȧ

a2 (Q2 + r2
h

) , A(2)z = 2Q3√2M
3L4a3 (r2

h +Q2) , A(3)z = −Q
√

2M
(
2r2
hȧ+ 2Q2ȧ− L4ȧ3)

2L4a4 (Q2 + r2
h

) .

(3.18)

Before we start to consider the renormalized stress-tensor which in Maxwell field, we
want to point out that the field strength tensor F(0)µν = 0 as a result of (3.18). Terms due
to gauge field are the same as the minimal coupling case as the nonminimal coupling term
converges to one at the boundary. As a result, all the terms given in terms of F(0)µν as
shown in [45] will vanish. We show such term just for consistency with the action. The
appropriate boundary expansion of the gauge field is [44, 45]

Aµ = Ã(0)µ + Ã(2)µz
2 + B̃(2)µz

2logz2 + · · · (3.19)

In order to obtain the modified Friedmann equation the renormalized stress-energy tensor
TCFT
µν is needed. We adopt the ready-to-use equations obtained in [44] for culoumb branch

flow stress-energy tensor and the current in dual theory to be

〈TCFT
µν 〉 = 1

4πG5

(
g(4)µν + 1

8[Trg̃2
(2) − (Trg̃(2))2]g(0)µν −

1
2(g̃2

(2))µν + 1
4 g̃(2)µνTrg̃(2)

)
+ 1

16πG5

(1
3(ϕ̃2

(0) − 3ϕ(0)ϕ̃(0))g(0)µν + nϕ2
(0)g(0)µν + 1

8TrF
2
(0)g(0)µν −

1
2F

2
(0)µν

)
,

(3.20)

and

〈Jµ〉 = 1
8πG5

gµν(0)

(
Ã(2)ν + B̃(2)ν

)
, (3.21)

respectively. We define TrF 2
(0) = F(0)

σ
α
F(0)σ

α and F 2
(0)µν = F(0)µρF(0)ν

ρ. From (3.18), we
can fix Ã(2)ν , while B̃(2)ν = (1/4)∇ρF(0)ν

ρ = 0. Notice that we introduce constant n to the
scheme dependent term which can be adjusted after adding the local finite counterterms
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proportional to conforaml anomaly due to matter. Also, in order to adopt (3.20), which
mainly base on the boundary analysis, g̃(2) need to be the same as pure gravity case without
scalar contribution. Thus, we do not use g(2)µν obtained in (3.11), but it is determined by

g̃(2)µν = 1
2

(
Rµν [g(0)µν ]− 1

6R[g(0)µν ]g(0)µν

)
. (3.22)

Furthermore, from boundary expansion in Einstein’s equations, one cannot determined
g(4)µν from the leading terms, but only its trace and divergence. Even though this is enough
to obtain trace and divergence of 〈TCFT

µν 〉, the expression in (3.20) will not provide explicit
form in each component of the tensor needed for ττ−component of the modified Friedmann
equation. However, in our case, g(4) with scalar contribution can be determined from (3.11).
First, we need to introduce the boundary expansion of φ as

φ(τ, z) = z2
(
ϕ̃(0) + z2ϕ̃(2)

)
+ z2logz2

(
ϕ(0) + ϕ(2)z

2 + z2logz2ψ(2)
)

+ · · · . (3.23)

From (3.13), we can fix

ϕ̃(0) = φ(2) =
√

2
3
Q2

a2L4 , (3.24)

while ϕ(0) will be fixed by using the trace relation between g(4) and g̃(2). Again, from the
boundary analysis [43–45],

ϕ(0) = −1
2 ϕ̃(0) = − 1√

6
Q2

a2L4 (3.25)

Trg(4) −
1
4Trg̃

2
(2) = −2

3
(
ϕ2

(0) + 2ϕ̃2
(0)

)
− 1

48TrF
2
(0)

= − Q2

18a4L4

(
3aä− 6ȧ2 + 4Q2/L4

)
. (3.26)

It follows from (3.25) and (3.26) that

ä = 1
3a
(
6ȧ2 + 14Q2/L4

)
. (3.27)

After fixing ϕ(0), ϕ̃(0) and using (3.27), we can see that if n = 31/6 the trace of 〈Tµν〉
in (3.20) is

Tr〈TCFT〉 = 1
48L8πG5a4

(
5Q4 − 42L4ȧ2Q2 − 18L8ȧ4

)
− 1

64πG5
TrF 2

(0)

= −2ϕ(0)〈Oφ〉+Ag +Aφ (3.28)

where
Ag = 1

16

(
RµνR

µν − 1
3R

2
)
, Aφ = 2ϕ2

(0), (3.29)

which are the correct trace anomaly due to gravity and matter respectively, and 〈Oφ〉 = 2ϕ̃(0)
is the scalar operator 〈Oφ〉 = 2ϕ̃(0) obtained in [42], and the last term in (3.28), just to
clarify, comes from boundary expansion in (3.26), but not a result from the traceless Maxwell
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stress tensor in (3.20). Fixing ϕ(0), ϕ̃(0), and n allow us obtain the covariant divergence
of g(4),

∇νg(4)µν = 1
4∇

ν

(
−1

8[Trg̃2
(2) − (Trg̃(2))2]g(0)µν + 1

2(g̃2
(2))µν −

1
4 g̃(2)µνTrg̃(2)

−1
3

(
ϕ̃2

(0) −
33
2 ϕ

2
(0)

)
g(0)µν −

1√
6ϕ̃(0)

(
∇µϕ̃(0)∇νϕ̃(0)

))

−∇ν
( 1

48TrF
2
(0)g(0)µν

)
+ 1

2
(
A(2)ν +B(2)ν

)
gνρ(0)F(0)µρ. (3.30)

Using (3.20), (3.21) and (3.30), one can check that

∇µ〈TCFT
µν 〉 = − Q4ȧ

12πL8a5G5
= −〈Oφ〉∇νϕ(0) + F(0)µν〈Jµ〉 (3.31)

Notice that there is no term 〈Jµ〉A(0)µ in (3.28) and A(0)ν∇µ〈Jµ〉 in (3.31) because 〈TCFT
µν 〉

in (3.20) does not explicitly depend on the source A(0)µ. Using (3.18) and (3.21) we obtain

∇µ〈Jµ〉 = Q (a ...a − 3ȧä)
8
√

2Lπa3G5
, (3.32)

so the current of the dual field theory is not conserved which is due to A(0)τ playing a role
of dynamical chemical potential. Notice that we have used r2

h = L
√
M −Q2. Using (3.20)

and (3.27), the explicit formula for the stress-energy tensor and dual charge is

〈TCFT
ττ 〉 = 9L8ȧ4 + 12L4Q2ȧ2 + 36L2M + 23Q4

192πa4G5L8 ,

〈TCFT
ij 〉 = −63L8ȧ4 − 156L4Q2ȧ2 + 36L2M + 31Q4 + 12Q4

576L8πa2G5
δij .

(3.33)

The energy density, pressure and charge density Q = 〈Jτ 〉 read

〈ρCFT〉 = 9L8ȧ4 + 12L4Q2ȧ2 + 36L2M + 23Q4

192πa4G5L8 ,

〈pCFT〉 = −63L8ȧ4 − 156L4Q2ȧ2 + 36L2M + 31Q4 + 12Q4

192L8πa2G5
.

Q =
Q
(
3aL4ä− 6L4ȧ2 + 6L

√
M − 2Q2

)
24
√

2L5πG5a3

(3.34)

The ττ -component of the Einstein equation in (2.9) gives a modified Friedmann equation
by using (3.20) and (3.27)(

1− βQ2

6a2L4

)
H2 = β

8

(
36L2M + 23Q4

9a4L8 +H4
)

+ 8πG4
3 ρ+ Λ4

3 , (3.35)

where H = ȧ/a and β = G4/G5. Similarly, the ij-component of (2.9) gives

7β
24H

4 +
(

13βQ2

18a2L4 −
5
3

)
H2 = β

(
36L2M + 43Q4

216a4L8

)
+ 8πG4

3 p− Λ4
3 (3.36)
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Notice that ij-component can also be derived from ττ -component and the trace of (2.9).
The trace is

β

2H
4 +

(
7βQ2

6a2L4 − 3
)
H2 = 5βQ4

36L8a4 + 14Q2

3L4a2 + 4πG4
3 (3p− ρ)− 2Λ4

3 , (3.37)

which can be another check for stress-energy tensor in (3.20). In the Q → 0 limit, the
scalar field and the gauge field vanish and the potential becomes a cosmological constant in
the five dimensional AdS. This means that the hairy black hole geometry reduces to the
AdS-Schwarzschild black hole geometry. The modified Friedmann equation (3.35) should
also reduce to the one derived from the five-dimensional AdS-Schwarzschild black hole. The
relevant equation has been derived in [37] (note that there is a typo in the original paper)
and is found to be the same with the (3.35) in the Q → 0 limit. Terms proportional to β on
the right hand side of each equation are from the conformal field theory dual to the gravity.
If there are no such terms, the equation falls into the standard expression, the Friedman
equation in the ΛCDM model.

One last thing worthwhile to mention here is the temperature of the universe. As
the black hole in the bulk has the finite Hawking temperature TH , this contributes to the
boundary temperature. As the radial coordinates was scaled when we choose the boundary,
the temperature of the universe is also scale by the scale factor a(V ). So the temperature
of the universe has additional TH/a(V ) term. The overall temperature of the boundary
attributes to the bulk black hole and the real particles on the boundary.

4 Fitting models to the observational data

In this section, using the modified Friedmann equation (3.35) and numerical techniques
developed in [52], we test our model in (3.1) against the observational data and present our
results of MCMC analysis.

4.1 Models

The evolution of the universe for our model is governed by the modified Friedmann
equation (3.35), which can be rewritten as

0 = H4

H4
0
−
[

8
βH2

0
− 4Q2

3L4H2
0

(1 + z)2
]
H2

H2
0

+
(

36L2M + 23Q4

9L8H4
0

)
(1 + z)4

+ 8
βH2

0

[
Ωr(1 + z)4 + Ωm(1 + z)3 + ΩΛ

]
,

(4.1)

where a(τ) = a(τ0)/(1 + z) is used. The solution for above equation is

H2

H2
0

= 1
2Ωβ

[
1−ΩQ(1+z)2±

√
[1−ΩQ(1+z)2]2−4Ωβ

[
Ω̃r(1+z)4 +Ωm(1+z)3 +ΩΛ

]]
,

(4.2)
where Ω̃r ≡ Ωr + ΩM and the density parameters are defined as

Ωβ ≡
βH2

0
8 , ΩQ ≡

4Q2

3L4H2
0

Ωβ , ΩM ≡
36L2M + 23Q4

9L8H4
0

Ωβ , Ωm,r ≡
8πG4ρ

0
m,r

3H2
0

, ΩΛ ≡
Λ4

3H2
0
,

(4.3)
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and H0 is the current value of the Hubble parameter, H0 = 100h km s−1 Mpc−1. By
taking (4.2) at z = 0, i.e., H0 ≡ H(z)|z=0, we obtain a relation between different energy
components as follows

1 = 1
2Ωβ

[
(1− ΩQ)±

√
(1− ΩQ)2 − 4Ωβ (ΩM + Ωr + Ωm + ΩΛ)

]
. (4.4)

We obtain from the last equation that

ΩΛ = 1− Ωm − Ω̃r − ΩQ − Ωβ , (4.5)

where we introduced Ω̃r due to the fact that they have the same evolution hence the number
of free parameter reduces by one.

4.2 Data

In our numerical analysis, we use two different observational data sets from the low-redshift
measurements including the Supernovae Type Ia (SnIa) and the direct measurements of the
Hubble expansion rate. In particular, we use the Pantheon compilation of SnIa data [46]
and the cosmic chronometric data on H(z) [48]. There are two ways of deriving H(z);
by the clustering of galaxies or quasars and by the differential age method. The first
method provides direct measurements of the H(z) by measuring the BAO peak in the
radial direction from the clustering of galaxies or quasars [60] while the second method
obtains the H(z) via the redshift drift of distant objects over significant time periods, which
is possible as in GR the H(z) can be expressed in terms of change in the redshift, i.e.,
H(z) = −1/(1 + z)dz/dt [61]. As a result, these methods provide 36 data points of the
H(z) between 0.07 ≤ z ≤ 2.36. We then compute the total likelihood function Ltot, which
can be written as the product of likelihood functions of each data set, Ltot = LSnIa × LH0 .

The likelihood function can be converted into the sum of the total χ2, χ2
tot = χ2

SnIa + χ2
H0
,

where χ2
tot = −2 logLtot is used. In the following, let us explain the data sets used in the

likelihood analysis.

4.3 MCMC analysis and model comparison

By using on the χ2 functions for each data set, we perform a MCMC sampling analysis for
the cosmological parameters including Ωm, Ωbh

2, h, Ωβ , and ΩQ. We plot one-dimensional
probability distribution and two-dimensional observational contours in figure 1 and 2 for
both hairless and hairy BH cases, respectively. The main results regarding the best-fit
values are listed in table 1 in comparison to that of the ΛCDM model.

The ΛCDMmodel, which is currently regarded as the best cosmological model explaining
the observational data among all existing ones, can be recovered in our study when Ωβ = 0.
Thus, our models on the four-dimensional conformal boundary of the AdS5 BH can be
treated as a simple extension to the ΛCDM model hence the direct comparison between the
models can be done.

In regard to comparing the statistical significance our model with the ΛCDM model,
χ2

min cannot make a fair comparison because of the fact that a model with more parameters
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Parameters ΛCDM Hairless BH model Hairy BH model
Ωm 0.2848± 0.0187 0.2872± 0.0191 0.2852± 0.0141
h 0.6853± 0.0169 0.6849± 0.0181 0.6855± 0.0143
Ωβ — (5.5431 ± 2.6235) × 10−4 (5.1275 ± 2.6600) × 10−4

ΩQ — — (2.3937 ± 1.2845) × 10−3

χ2
min 1056.56 1056.62 1056.81

∆AIC 0 2.06 4.25
∆BIC 0 7.01 14.15

Table 1. The best-fit values of cosmological parameters and their uncertainties with 68.3% C.L.

0.64

0.66

0.68

0.70

0.72

0.74

h

0.22 0.24 0.26 0.28 0.30 0.32 0.34

0.0000

0.0004

0.0008

0.0012

Ωm

Ω
β

0.64 0.66 0.68 0.70 0.72 0.74

h

0.0000 0.0004 0.0007 0.0011

Ωβ

Figure 1. The 68.3% and 95.4% confidence contours between parameters for the Hairless BH case
and their 1D marginalized likelihood. The vertical dashed lines and black dots indicate the mean
MCMC values at (Ωm, h, Ωβ) = (0.2855 , 0.6837 , 5.5431× 10−4).
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0.64

0.66

0.68

0.70

0.72

0.74

h

0.0000

0.0004

0.0007

0.0011

Ωβ

0.22 0.24 0.26 0.28 0.3 0.32

0.0000

0.0018

0.0036

0.0054

Ωm

ΩQ

0.64 0.66 0.68 0.70 0.72 0.74

h

0.0000 0.0004 0.0007 0.0011

Ωβ

0.0000 0.0018 0.0036 0.0054

ΩQ

Figure 2. The 68.3% and 95.4% confidence contours between parameters for the Hairy BH case
and their 1D marginalized likelihood. The vertical dashed lines and black dots indicate the mean
MCMC values at (Ωm, h, Ωβ , ΩQ) = (0.2765 , 0.6849 , 5.4624× 10−4 , 2.3937× 10−3).

has more tendency to have a lower value of χ2
min in general. Compared to the ΛCDM

model, our models have one additional parameter (Ωβ) for the hairless BH case and two
(Ωβ and ΩQ) more for the hairy BH case. Thus, in order to make a fair comparison, we
use well known Akaike information criterion (AIC) [62] and Bayesian information criterion
(BIC) [63] in our study.

The AIC and BIC estimators are defined as AIC ≡ −2 lnLmax + 2k and BIC ≡
−2 lnLmax + k lnN , where Lmax, k, and N indicate the maximum likelihood, the number
of free parameters, and the number of data points we use in our model-to-data fitting,
respectively. Assuming Gaussian errors, one can use χ2

min = −2 lnLmax. The usual
interpretation of the AIC and BIC estimator is that a model with a smaller AIC value means
a better model in terms of data fitting, while a smaller BIC value indicates that such a model

– 13 –



J
H
E
P
1
0
(
2
0
2
1
)
2
3
2

is economically favorable if further data points are implemented. The ΛCDM is used as a
reference model in our study. Thus, we need to use the pair difference between our model and
ΛCDM model; ∆AIC = AICour model−∆AICΛCDM and ∆BIC = BICour model−∆BICΛCDM.
This can be translated as ∆AIC = ∆χ2

min−2∆k and ∆BIC = ∆χ2
min−∆klnN , respectively.

The ∆AIC and ∆BIC can be interpreted similarly to the χ2
min, i.e., a relative value

signifies a better fit to data. In other words, this relative difference can be interpreted with
the Jeffreys’ scale as follows: 0 < ∆AIC ≤ 2 indicates the consistency between two models,
4 < ∆AIC < 7 suggests a positive evidence against the model with higher value of AICmodel,
and ∆AIC > 10 can be interpreted as an indication of essentially no support with respect
to the reference model. For the BIC, the relative difference ∆BIC = BICmodel − BICΛCDM
provides the following situations: ∆BIC ≤ 2 indicates that the model of interest is consistent
with the reference model, 2 ≤ ∆BIC ≤ 6 implies the positive evidence against the model,
and ∆BIC ≥ 10 suggests that such evidence becomes strong.

Let us highlight key results of our study in the following. In figure 1 and 2, we show the
68.3% and 95.4% confidence contours for the hairy and the hairless BH models, respectively,
along with the 1D marginalized likelihood for various parameter combinations. The figures,
as well as the table, seem to show that our models explain the observational data as good as
the ΛCDM model does. Moreover, as is seen in table 1, we find that the relative difference
2 < ∆AIC < 7 and which suggests a positive evidence against our model (both hairy and
hairless cases). However, if we take the smallness of AIC and BIC into an account, ΛCDM
model is still favored over our model. The ∆BIC values presented in table 1 indicate that,
if more data is used, ∆AIC between the two models might be increasing in some extent.
Thus, more data can tell us how well these models relatively fit the observational data.

In figure 3, and using the best-fit values from table 1, we plot the low-redshift evolution of
the Hubble parameter in our models (4.2). As is seen in the figure, our models can explain the
observational data [48] as good as the ΛCDMmodel does in the redshift 0 ≤ z ≤ 2.36 interval,
and the deviation from the ΛCDM model noticeable in the redshift increasing direction.
We also find the redshift zda of the cosmological deceleration-acceleration transition at
zΛCDM
da ' 0.7125, zHairless

da ' 0.7091, and zHairy
da ' 0.6954 for each cosmological models we

discuss in this study. Here, the zda indicates the time that our universe transitioned from
non-relativistic (baryon and cold dark) matter dominated phase to the current dark energy
dominated phase; hence, ä = 0 at zda. The result in figure 3 indicates that our universe
entered the phase of cosmic acceleration slightly later in the holographic models than the
ΛCDM model. Thus, in order to explain the current observational data as good as the
ΛCDM model does, our two holographic models develop a faster expansion rate, a larger
H(z), at each redshift after the time of deceleration-acceleration transition; hence a longer
history of our Universe to the CMB time.

5 Conclusion

We studied the background cosmological evolution from the four-dimensional boundary of
a five-dimensional Anti-de Sitter (AdS5) black holes in this work. The four-dimensional
conformal boundary takes the FRW geometry with a scale factor, a(τ). To see the FRW

– 14 –



J
H
E
P
1
0
(
2
0
2
1
)
2
3
2

ΛCDM Hairless Hairy
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Figure 3. The redshift evolution of (4.2) in light of the observational data [48], where the numerical
inputs for each model are from table 1. The ΛCDM model with H(z) = H0

√
1− Ωm + Ωm(1 + z)3

is reflected in the solid black line.

spacetime on the boundary, we employed so-called EF coordinates and used the scale-
invariant property of the bulk geometry.

Modified Friedmann equations, which is our main result of this work, are derived on the
FRW boundary of an AdS5 BH through the AdS/CFT correspondence and its background
evolution has further investigated. Since the late-time accelerating universe is our main
concern here, we treated the extra contributions coming from the bulk side as dark energy
and performed MCMC analysis using observational data. Compared to the ΛCDM, our
models contain additional free parameters that are associated to the charge Q and mass M
of the BH. Thus, to make a fair comparison, we have used AIC and BIC in our analysis.
Albeit the forms of equations we derived look far different from that in the standard model
of cosmology, the cosmological evolution of the universe for our model found to be similar to
that of the ΛCDM model. The connection with braneworld models can be found in ref. [64]

The key results of our numerical work are presented in table 1 and figure 1–3. The
figures, as well as the table, have shown that our models explain the observational data as
good as the ΛCDM model does for the current data. However, if we take the smallness of
∆AIC and ∆BIC into an account, ΛCDM model is still favored over our model. Moreover,
the ∆BIC values presented in table 1 indicate that, if more data is used, ∆AIC between
the two models might be increasing in some extent. Thus, more data can tell us how well
these models relatively fit the observational data.
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