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1 Introduction

The last couple of years has seen considerable progress in the understanding of the black
hole information problem [1] which poses a tension between the unitary time evolution of
black hole and the independence of the Hawking radiation on the initial state of matter [2].
Recently [3, 4] addressed the problem for a black hole in two-dimensional Anti-de Sitter
space (AdS2) attached to an auxiliary system in Minkowski space, which is further justified
in the doubly holographic realization [5] (for an introductory review see [6]). A key to the
resolution for the problem is called the island formula [5]

S(Rad) = min
I

[
ext

I

[Area(∂I)
4GN

+ Smat(Rad ∪ I)
]]
, (1.1)

that accounts for the Page curve for a unitary black hole evaporation process [7, 8] by
incorporating a region I (island) inside the black hole into a region Rad (radiation or ther-
mal bath) outside where we measure the (entanglement) entropy of the Hawking radiation.
This is seen as a generalization of the Ryu-Takayanagi formula [9–13] for holographic
entanglement entropy which derives from the gravitational path integral on the replica
spacetime [14–16], and the island region I arises from replica wormholes connecting the in-
terior of the black hole in the gravitational path integral picture [17, 18] (see also [19–21]).
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Statistical mechanics Rényi analogue
Inverse temperature: β

Hamiltonian: H

Partition function: Z(β) = Tr
[
e−β H]

Free energy: F (β) = −β−1 logZ(β)
Energy: E(β) = −∂β logZ(β)

Thermal entropy: S(β) = β2 ∂βF (β)
Heat capacity: C(β) = −β ∂βS(β)

Replica parameter: n

Modular Hamiltonian: HA = − log ρA
Replica partition function: Z(n) = TrA

[
e−nHA

]
Replica free energy: F (n) = −n−1 logZ(n)

Replica energy: E(n) = −∂n logZ(n)
Refined Rényi entropy: S̃(n) = n2 ∂nF (n)

Capacity of entanglement: C(n) = −n∂nS̃(n)

Table 1. An analogy between statistical mechanics and Rényi entropic quantities. ρA denotes the
density matrix associated with a subsystem A. Under the identifications β = n and H = HA, the
entanglement entropy and the capacity of entanglement are equivalent to the thermal entropy and
the heat capacity, respectively.

The virtue of the formula is that, once we believe it, we do not have to worry about replica
calculation in the same way as the Ryu-Takayanagi formula.

The island formula has been applied to a wide range of black holes with and without
evaporation and shown to yield the Page curves consistent with their unitary evolution in
various backgrounds such as asymptotic flat spaces [22–28], de-Sitter spaces [29–33], two
disjoint universes [34–36], gravitating thermal baths [36–38], shock-wave excited geome-
tries [19, 39, 40] and extended theories of gravity [41]. By considering holographic matter,
the formula has been justified from the doubly holographic models [5, 42–61] combining
the AdS/BCFT models [62, 63] and the brane world holography [64–66] (see also [67–69]
for wedge holography). Moreover islands have been examined through other measures
including entanglement negativity [70], reflected entropy [71, 72], relative entropy [73],
complexity [55, 58, 74, 75], and make manifest themselves and play a central role in baby
universes [76–79], global symmetry violation [73, 80, 81], bra-ket wormholes [82, 83], moving
mirror models [84–86] (see also [87–113] for related studies).

In the prequel [85] we examined a different quantum information measure than en-
tanglement entropy known as the capacity of entanglement in toy models of black holes
with Hawking radiation and proposed that it can be an invaluable probe of the forma-
tion of island regions or equivalently the phase transition of dominant replica wormholes.
Originally, the capacity of entanglement was suggested as a useful quantity to characterize
topologically ordered states in condensed matter physics [114, 115]. It is a quantum in-
formational counterpart of the heat capacity in statistical mechanics as shown in table 1.
As in statistical mechanics, the capacity of entanglement provides a different kind of in-
formation about quantum entanglement than the entanglement entropy. While there have
been considerable amount of works on entanglement entropy, the capacity of entanglement
has attracted less attention so far due to its calculational complexity and only a fraction
of works has been done in field theories [116–118] and holography [119].1 This situation

1For a certain class of supersymmetric theories there are exact results on the supersymmetric Rényi
entropy [120] in various dimensions [121–133], for which the corresponding capacity can be defined and
calculated in principle.
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prompts us to continue to explore to what extent the capacity of entanglement can discrim-
inate replica wormholes in more realistic setups of an evaporating black hole than those in
the previous work [85].

The main objective of this paper is to derive a formula for the capacity of entanglement
applicable for a two-dimensional dilaton gravity coupled to a matter CFT with a large
central charge. We extend the gravitational path integral formulation [14, 15, 119] for the
generalized entropy [18] to higher order in the replica parameter n away from n = 1, ending
up with the formula:

C = −
∑
wi∈∂I

∂Φ(n)(w)
∂n

∣∣∣∣
n=1,w=wi

+ Cmat , (1.2)

where Φ(n) is the on-shell dilaton field on a spacetime dynamically determined by the
equation of motion for fixed n. This formula does not fix the dominant saddle of the gravi-
tational path integral by itself, but should rather be evaluated on a saddle solution follows
from the island formula (1.1). If there is a phase transition between two saddles the en-
tropy is continuous at the Page time when the two saddles switch with each other, whereas
the capacity can be discontinuous in general. Thus it may be phrased in thermodynamic
language that the Hawking radiation is a second-order phase transition between the black
hole and replica wormhole solutions.

While the entanglement entropy can be determined by the island formula (1.1) without
knowing the replica geometries other than n = 1, the capacity of entanglement involves the
derivatives of dilatons with respect to n at the conical singularities, which is intrinsically
associated with the information beyond the n = 1 solution. On the one hand, this is the
virtue of the capacity as it can quantify the fluctuation around a dominant saddle in the
gravitational path integral, which is inaccessible to the entanglement entropy. On the other
hand, the n dependence prevents us from applying the formula (1.2) to the calculation of
the capacity for a class of evaporating black holes due to the so-called conformal welding
problem [5], which can be solved numerically [93] but the analytic solutions have been
given in very limited cases such as in the high temperature limit.

To circumvent the welding problem we consider an eternal black hole in AdS2 space
coupled to a flat bath region in the high temperature limit. We probe the Hawking radiation
by the entanglement entropy for a radiation region extending to the infinity in the bath
and show the replica wormhole with an island region has a lower value than the black hole
without an island. Thus the replica wormhole always dominates in the gravitational path
integral in the limit and there is no phase transition between dominant saddles. We then
calculate the capacity by applying the formula (1.2) to the replica wormhole in the limit,
where the n-dependence of the dilaton can also be determined analytically. We find both
entanglement entropy and capacity are saturated by the thermal entropy and capacity of
the black hole as observed in the previous study [85] for a toy model of radiating black holes.

This paper is organized as follows. In section 2 we perform the gravitational path
integral derivation of the capacity formula (1.2) in a two-dimensional dilaton gravity ex-
tending the Jackiw-Teitelboim (JT) gravity coupled to a CFT with a large central charge,
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and comment on some implications and limitations of the formula. In section 3 we consider
an eternal black hole in AdS2 coupled to a flat bath in the high temperature limit where
the welding problem becomes trivial and the n-dependence of the dilaton can be solved
simultaneously. The replica wormhole solution is shown to always be favored in the island
formula (1.1) and we evaluate the capacity by applying (1.2) to the solution. We then
show both the entanglement entropy and the capacity of entanglement are saturated by
the thermal counterparts of the black hole solution in the high temperature limit. Sec-
tion 4 discusses open problems and future directions. Two appendices complement some
calculations given in the main text.

2 Gravitational path integral in JT gravity

Entanglement entropy can be seen as an analogue of thermodynamic entropy at a fixed
temperature in the replica trick calculation when the replica parameter n is regarded as the
inverse temperature. Given this analogy, one can introduce the capacity of entanglement
as a counterpart of heat capacity in thermodynamics (see e.g. [119]). The capacity of
entanglement has potential applications as an indispensable probe of quantum fluctuation
of matter and spacetime in various fields [114, 116, 117, 119, 134].

In section 2.1, we expand on the gravitational path integral derivation [17, 18] of the
island formula (1.1) in a two-dimensional dilaton gravity coupled to a CFT with a large
central charge and derive a similar formula for a refined version of the Rényi entropy,
which plays a role of thermal entropy at the inverse temperature proportional to n. In
section 2.2 we define and derive the capacity of entanglement as a derivative of the refined
Rényi entropy with respect to n in the gravitational path integral. Section 2.3 discusses an
implication of the capacity formula for the Hawking radiation and we speculate that the
capacity typically shows a discontinuity at the Page time in contrast to the entanglement
entropy that is continuous. Section 2.4 reviews the conformal welding problem which makes
it difficult to calculate the capacity analytically even near n = 1.

2.1 Rényi entropy

Let us consider a two-dimensional dilaton gravity theory coupled to matter which is as-
sumed to be a two-dimensional CFT with a large central charge. In the semiclassical limit,2
we have the action:

logZ = −Igrav + logZCFT . (2.1)

The matter CFT theory lives on the metric g determined by the equation of motion.
For concreteness, we will consider a general dilaton gravity which extends the Jackiw-

2When the central charge c satisfies 1 � c � 1/GN , we can decouple the matter theory from the
dynamical gravity while keeping the dominant contribution of the gravitational part.
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Teitelboim (JT) gravity [135–137] and CGHS model [138]:

Igrav = Idil + IEH + Ibdy ,

Idil = − 1
16πGN

∫
Σ2

Φ
[
R+ U(Φ)(∇Φ)2 + V (Φ)

]
,

IEH = − S0
16πGN

∫
Σ2
R ,

Ibdy = − S0
8πGN

∫
∂Σ2
K − Φb

8πGN

∫
∂Σ2
K + Idil bdy .

(2.2)

Below we set 4GN = 1 for simplicity. Φ represents the dilaton and U(Φ), V (Φ) are generic
functions of Φ. The terms proportional to S0 detects the topology of Σ2 through the Euler
characteristic. The JT gravity can be recovered by setting U(Φ), V (Φ) to special values:

JT gravity : Φ = φ , U = 0 , V = Λ . (2.3)

The cosmological constant Λ will be set to Λ = 2 for AdS2.
We use the replica trick to derive a refined version of the Rényi entropy [15, 119] (also

known as the improved Rényi/modular entropy):

S̃(n) ≡ ∂ 1
n

( 1
n

log Tr ρn
)
. (2.4)

In quantum field theory, the calculation of Tr ρn amounts to computing the partition func-
tion on the replica manifold M̃n which is the n-fold cover of the original spacetime. We
assume the system has the replica Zn symmetry that shifts the ith sheet to the (i + 1)th
modulo n. Then we can define another manifold Mn = M̃n/Zn which has the same vol-
ume as the original space M̃1. Note that the replica manifold M̃n has conical singularities
only in regions without gravity while regions coupled with gravity are smooth as dictated
by the Einstein equation. On the other hand, the orbifold Mn has conical singularities
only in the regions with gravity and the no-gravity regions become smooth. The on-shell
actions on M̃n andMn are related by [14, 15, 119, 139]

1
n
Igrav[M̃n] = Igrav [Mn] +

(
1− 1

n

)
A(n) , (2.5)

where A(n) is the area term from conical singularities. In the two-dimensional dilaton
gravity theory, the area term can be written by the constant term coming from topology
of the orbifold and the value for the dilaton at the conical singularities:

A(n) =
∑
i

[
S0 + Φ(n)(wi)

]
, (2.6)

where we denote the n dependence for the dilaton explicitly by Φ(n). The positions wi
of the conical singularities are determined by the equation of motion which results from
extremizing the action onMn with respect to wi [18]:

−
(

1− 1
n

)
∂wiΦ(n)(wi) + ∂wi

(
logZCFT[M̃n]

n

)
= 0 . (2.7)
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Note that this reproduces the quantum extremal surface (QES) condition in n→ 1:

∂wi [S0 + Φ(wi) + Smat] = 0 , (2.8)

where Φ represents the dilaton at n = 1 and the entanglement entropy for the matter CFT
is given by Smat = limn→1

1
1−n logZCFT[M̃n].

Now we turn to the derivation of the refined Rényi entropy. It follows from (2.5) that
the partition function on the replica manifoldMn becomes

− 1
n

log Tr ρn = 1
n
Igrav[M̃n]− 1

n
logZCFT[M̃n]

= Igrav[Mn] +
(

1− 1
n

)
A(n) − 1

n
logZCFT[M̃n] .

(2.9)

Substituting it into (2.4) we end up with

S̃(n) = A(n) + 1
n

δ logZ[M̃n]
δgµν

∂ 1
n
gµν −

1
n

δIgrav[M̃n]
δΦ ∂ 1

n
Φ + ∂ 1

n

( 1
n

logZCFT[M̃n]
) ∣∣∣∣

g

=
∑
i

[
S0 + Φ(n)(wi)

]
+ S̃

(n)
mat , (2.10)

where the total action is logZ[M̃n] = −Igrav[M̃n] + logZCFT[M̃n] and we have imposed
the equations of motion on M̃n in the second line. The refined Rényi entropy of the matter

S̃
(n)
mat = ∂ 1

n

( 1
n

logZCFT[M̃n]
) ∣∣∣∣

g

, (2.11)

is calculated by taking the n-derivative of the matter partition function on the replica
manifold M̃n with the metric determined by the equation of motion.

Having the application of the formula to the Hawking radiation in mind we consider the
JT gravity on an AdS2 black hole and couple it to an exterior flat space without gravity
that plays a role of a heat bath. We also impose the transparent boundary condition
for the matter CFT at the boundary between the gravity region and the flat bath. The
time evolution of the black hole is probed through the entanglement (Rényi) entropy of a
radiation region Rad in the bath, where we collect the radiation particle from the black
hole. The partition function for the matter on the replica geometry M̃n reduces to the
correlation function of twist operators at the branch points (conical singularities) of the
replica Zn symmetry on the original sheet M̃1. If we make gravity non-dynamical, all the
branch points are located on the boundaries of the radiation region. With gravity turned
on in a part of the spacetime, however, there appear the Zn-fixed points in the gravity
region which form additional branch points at the boundaries of the so-called island region
I. This implies that, after the island formation, the matter entropy should be evaluated on
the union of the island region in the gravitational region and the radiation region in the flat
bath. In the gravitational path integral derivation, it is manifest that the replica geometry
becomes a replica wormhole constructed by gluing n copies of M̃1 along the island region
cyclically. In particular (2.10) amounts to the island formula in the n = 1 limit:

S(Rad) = min
I

[
ext

I

[∑
∂I

(S0 + Φ(∂I)) + Smat(Rad ∪ I)
]]

. (2.12)
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We also impose the QES condition (2.8) as the extremization over the island region. The
replica partition function is evaluated in the path integral by summing up all replica geome-
tries, but in semiclassical approximation the on-shell solution with least action becomes
dominant, justifying the minimal prescription above. Thus the island formula gives a
complete answer for a gravitational fine-grained (entanglement) entropy in the semiclassi-
cal limit.

Back to the discussion on the refined Rényi entropy, we should also impose the extrem-
ization condition (2.7) and evaluate the formula (2.10) on the dominant saddle solution in
the gravitational path integral in the same way as the island formula for the entanglement
entropy. The simple-looking formula (2.10) is however not more pragmatic in use than the
island formula for at least two reasons. One has to solve the dilaton equation of motion
and fix the positions wi of the conical singularities by the condition (2.7) at the same time.
Namely, we need a solution of the dilaton in the presence of conical singularities located at
generic points. Moreover, if the gravity region is coupled to a non-gravitating bath we also
have to solve the conformal welding problem to calculate the matter partition function.
We will revisit the latter issue in more detail in section 2.4.

2.2 Capacity of entanglement

Since we have already derived the refined Rényi entropy (2.10) in the previous subsection, it
is straightforward to obtain the nth capacity in the dilaton gravity coupled to a matter CFT.
The nth capacity of entanglement is defined as the derivative with respect to n [114, 119]:

C(n) ≡ −n ∂S̃
(n)

∂n
. (2.13)

Note that S̃(n) is evaluated on a gravitational saddle satisfying the equation (2.7). For the
capacity (2.13) to be well-defined as the derivative of S̃(n), we assume that the gravitational
saddle varies smoothly for an infinitesimal change of n.

The contribution from the dilaton gravity can be written as

∂A(n)

∂n
=
∑
i

∂Φ(n)(w)
∂n

∣∣∣∣
w=wi

+
∑
j

∂Φ(n)(wi)
∂wj

∂wj
∂n

 . (2.14)

The first and second terms originate from the n dependence of the dilaton field and the
positions of conical singularities respectively. Including the contribution from the matter
CFT, the capacity becomes

C(n) = −n
∑
i

∂Φ(n)(w)
∂n

∣∣∣∣
w=wi

+ C
(n)
mat − n

∑
i

∂wi

(
Φ(n)(wi) + S̃

(n)
mat

) ∂wi
∂n

, (2.15)

where C(n)
mat ≡ −n∂S̃

(n)
mat/∂n is the nth capacity for the matter part.

In what follows we will be interested in C ≡ C(n=1), which we call the capacity of
entanglement for simplicity, that simplifies due to the QES condition (2.8):

C = −
∑
i

∂Φ(n)(w)
∂n

∣∣∣∣
n=1,w=wi

+ Cmat . (2.16)

– 7 –
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It follows from our assumption stated below (2.13) that the gravitational saddle the dilaton
(and the matter capacity) depends on varies smoothly with respect to the replica parameter
around n = 1. Thus the capacity (2.16) should be evaluated on the same saddle as the
generalized entropy determined by the island formula (2.12).

A few comments are in order on the formula (2.16):

• While the island formula can determine a dominant saddle solution in the gravita-
tional path integral the capacity (2.16) does not play a similar role, but rather be
applied to the saddle chosen by the island formula.

• Since we imposed the QES condition (2.8) for n = 1 to derive (2.16) from (2.14) the
positions wi of the conical singularities in the formula (2.16) are to be fixed by (2.8)
as well.

• The first term in (2.16) represents the n-derivatives of the dilaton at the conical
singularities, which requires us to solve the dilaton equation of motion in the replica
geometry at least of order O(n− 1).

• In contrast to the island formula, the capacity has no topological term S0, which
essentially makes it jump around the Page time. We will explain this mechanism in
section 2.3.

• The conformal welding problem complicates the calculation of Cmat in (2.16) as will
be touched on in section 2.4.

2.3 Discontinuity of capacity due to topology change

The island formula (2.12) picks up a dominant saddle with the least entropy, so if two saddle
solutions compete with each other they have the same entropy at the Page time. For an
evaporating black hole, we expect the black hole solution is dominant at early time, but it
is taken over by the replica wormhole solution at late time. The black hole entropy SBH
grows linearly in time while the generalized entropy SRWH of the replica wormhole typically
saturates or decreases, reproducing the expected Page curve. Incidentally the entropy is
always continuous at the Page time where the two entropies coincide: SBH = SRWH.

In the previous section 2.2 we derived the formula (2.16) for calculating the (first)
capacity of entanglement in the two-dimensional dilaton gravity. In contrary to the island
formula for the entropy, (2.16) does not fix the dominant saddle for a radiation region
of interest by itself. The capacity is rather given by evaluating (2.16) on a dominant
saddle chosen by the island formula. Hence there is no reason for the capacity to be
continuous at the Page time across which the black hole phase is superseded by the replica
wormhole phase.

Let us consider the case where conformal matter is given by free fermions and there
are black hole and replica wormhole phases with the entropies:

SBH = Sferm(Rad) ,
SRWH =

∑
wi∈∂I

[S0 + Φ(wi)] + Sferm(Rad ∪ I) . (2.17)

– 8 –
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It follows from (2.16) that the capacity of each phase takes the following form:

CBH = Cferm(Rad) ,
CRWH = −

∑
wi∈∂I

∂nΦ(n)(wi)|n=1 + Cferm(Rad ∪ I) . (2.18)

Note that the topological term S0 is invisible to the capacity CRWH itself as opposite to
the entropy SRWH. The Rényi entropy of c Dirac fermions for p intervals ⋃pi=1[ui, vi] on a
conformally flat space with the metric ds2 = Ω−2 dw dw̄ can be read off from the result on
the flat space [140] as

S
(n)
ferm = c

6

(
1 + 1

n

)
log

 ∏
i,j |ui − vj |

εp
∏
i Ω(ui)

1
2 Ω(vi)

1
2
∏
i<j |ui − uj | |vi − vj |

 . (2.19)

The arguments of the logarithm can depend on the replica parameter n due to the conformal
welding map as we will review in section 2.4. This is a highly non-trivial problem to solve
even in the vicinity of n = 1, so we assume for a moment there are cases where the conformal
welding problem becomes trivial and there still exists a phase transition between the black
hole and replica wormhole. In such a case, the n dependence simplifies in the Rényi entropy
and the capacity turns out to equal to the entanglement entropy [117]:

Cferm = Sferm (when the welding problem is trivial) . (2.20)

It follows that the discontinuity ∆C ≡ CBH − CRWH of the capacity at the Page time
(SBH = SRWH) becomes

∆C =
∑
wi∈∂I

[
S0 + Φ(wi) + ∂nΦ(n)(wi)|n=1

]
. (2.21)

Since Φ(n)(wi) and ∂nΦ(n)(wi)|n=1 are independent of S0, the discontinuity ∆C can be
made nonzero for some choice of S0. The topological term S0 is generated by topology
change between the black hole and replica wormhole. It implies that the topology change
can be an essential source of the discontinuous jump of the capacity at the Page time.

While we could not find an illustrating example where all the assumptions made so
far hold, we expect that the n dependence of the conformal factor Ω does not change the
above consideration drastically and the capacity is discontinuous in general.

2.4 Conformal welding problem

Behind the simplicity of the formula for the capacity of entanglement (2.16), it involves
practical difficulties coming from the conformal welding problem. Here we give a brief
review of the conformal welding problem and how it complicates the calculation of the
capacity of entanglement in the JT gravity on the AdS2 spacetime coupled to a non-
gravitating thermal bath [18, 19, 141].

The conformal welding problem is to create a new Riemann surface out of two Riemann
surfaces by cutting a circle out of each and gluing them smoothly at their boundary circles.
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|w| < 1

w = eiθ(τ)

v = eiτ

|v| > 1 z

G(w)

F (v)

Figure 1. In the conformal welding problem two regions parametrized by |w| ≤ 1 and |v| ≥ 1 are
glued together along their boundaries, by finding holomorphic functions: G(w), F (v) subject to the
boundary condition (2.22). In the JT gravity on an AdS2 black hole coupled to a flat bath region,
we parametrize the former by w and the latter by v.

This problem is phrased in the language of complex analysis, by parametrizing these two
Riemann surfaces, each with a disk removed, by |w| ≤ 1 and |v| ≥ 1, so that |w| = 1
and |v| = 1 represent their respective boundary circles. One cannot naively extend one
coordinate holomorphically to the other beyond its boundary. Nevertheless, the Riemann
mapping theorem assures the existence of holomorphic maps G(w) and F (v) that can map
both regions |w| ≤ 1 and |v| ≥ 1 onto a complex z-plane with the images of the both
boundaries glued together (see figure 1):3

z =
{
G(w) for |w| ≤ 1
F (v) for |v| ≥ 1

, with G
(
eiθ(τ)

)
= F

(
eiτ
)

at the boundaries . (2.22)

The whole new Riemann surface is covered by the z coordinates. In general, it is impossible
to find analytic expressions of the welding maps: F and G, since they depend non-locally
on the boundary mode θ(τ).

Let us turn to a more concrete setup where the JT gravity on an AdS2 spacetime is
coupled to a flat bath region without gravity. The conformal welding problem is trivial as
the two regions can be glued smoothly just by imposing transparent boundary condition.
However, it becomes complicated when it comes to the evaluation of entanglement entropy
and the capacity of entanglement. As discussed around (2.12) the calculation of the en-
tanglement entropy of the Hawking radiation via the replica method amounts to inserting
twist operators on the bath region and additional conical singularities induced dynamically
due to non-perturbative effects in the gravitating region. The gluing procedure is quite
non-trivial in the presence of conical singularities that distort the geometry of the gravi-
tating region such that its boundary mode depends on n through the equation of motion
from the transparent boundary condition.

To illustrate the difficulty associated with the conformal welding problem more con-
cretely, let us focus on a single interval [P, T ] stretching from a point P inside the AdS2

3There is an SL(2,R) redundancy for each map.
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Figure 2. This figure shows the single interval [P, T ] in the JT gravity on AdS2 plus a non-
gravitating bath. As we will see in section 3.2, we can interpret this as the Euclidean island/replica
wormhole configuration of our main interest throughout this paper.

region |w| ≤ 1 to a point T in the flat bath region |v| ≥ 1 as in figure 2. To evaluate
the capacity of entanglement (2.16) on the interval, it is necessary to obtain the dilaton
solution at P and the n dependent conformal welding maps up to the first order in (n−1).
The latter n dependence comes in the matter Rényi entropy as

S
(n)
mat = c

12

(
1 + 1

n

)
log

[
(F (B)−G(A))2

ε2 F ′(B)G′(A) Ωads(A)

]
, (2.23)

where we parametrized P by w = A and T by v in their respective coordinate systems.
Ωads(A) is an n independent Weyl factor coming from the AdS2 region. The entanglement
entropy Smat = S

(n=1)
mat is independent of the welding map as they are trivial, F = G = 1

for n = 1 [18], but the capacity of entanglement C(n=1)
mat = −2∂nS(n)

mat
∣∣
n=1 depends on n

through the derivatives ∂nF (B)|n=1 , ∂nG(A)|n=1. So the calculation of the capacity of
entanglement requires us to solve the conformal welding problem and to find the explicit
form of the welding maps at least of order O(n− 1).

Even for the simplest single interval case, it is a rather hard task to solve the conformal
welding problem analytically once the replica parameter n is shifted away from one, except
for the high temperature limit κ ∝ β → 0 where the welding maps turn out to be trivial
(see appendix A).4 In section 3, we will implement the formula (2.16) and calculate the
capacity of entanglement for a single interval in the high temperature limit. We will also
reproduce the same result by another method using the boundary mode in appendix A.

3 Example: AdS2 eternal black holes at high temperature

We have derived the formula (2.16) for the capacity of entanglement in the two-dimensional
dilaton gravity through the careful analysis of the gravitational path integral on the replica
geometry. Despite the practical difficulties due to the conformal welding problem, the
capacity of entanglement is expected to exhibit a discontinuity around the Page time and
serve as a new probe of the island formation/replica wormhole.

4The numerical analysis of the Rényi entropy for 1 ≤ n < 2 is performed in [93], from which the capacity
of entanglement for a single interval can be read off numerically even at finite temperature. We thank
M.Mirbabayi for the correspondence on this point.
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In this section, we consider an analytically tractable model of a radiating black hole to
which the capacity formula (2.16) can be applied: the high temperature limit of the AdS2
eternal black hole coupled to a flat bath in the JT gravity. In section 3.1 we start with re-
viewing the Lorentzian geometry of the model. Then we proceed to study the entanglement
(Rényi) entropy and the capacity of entropy in section 3.2 and 3.3 respectively.

While the replica wormhole saddle always dominates and there is no phase transition
to the black hole saddle in this example the capacity has an alternative way to calculate
using the boundary mode as performed in appendix A, so it serves as a consistency check
of the formula (2.16). Finally, in section 3.4 we compare the entropy and capacity of
entanglement with the thermal counterparts and find they match at high temperature.

3.1 Coordinate system

We introduce the coordinate y±R and y±L in the right/left Rindler wedges [42]:

y±R = tR ± σR , y±L = tL ∓ σL . (3.1)

In these coordinates, the classical solution of the JT gravity on the AdS2 eternal black hole
with inverse temperature β is given in the right Rindler wedge by

ds2
ads = −

(2π
β

)2 dy+
R dy−R

sinh2 π(y−
R−y

+
R)

β

, φ = 2π
β

φr

tanh π(y−
R−y

+
R)

β

, (3.2)

and similarly for the left Rindler wedge by replacing y±R → y±L , where we use the notation
for the JT gravity (2.3). The thermal baths attached to both sides of the AdS2 boundaries
are flat spaces. We introduce the cutoff σR = −ε for the right conformal boundary of the
AdS2. The metrics outside the AdS2 spacetime are fixed so that the boundaries are glued
smoothly. The metric outside the right Rindler wedge is

ds2
bath = −dy+

R dy−R
ε2

, (3.3)

and similarly for the left side.
To cover the full Cauchy slice of the AdS2 plus thermal bath spacetime let us introduce

new coordinates W± as follows:

W± = ±e±
2π
β
y±
R , W± = ∓e∓

2π
β
y±
L . (3.4)

The right and left AdS2 boundaries are characterized by W± = ±e±
2π
β

(tR∓ε) and W± =
∓e∓

2π
β

(tL±ε) respectively or more simply by the condition W+W− = −e−
4πε
β (see figure 3).

The new coordinates cover the whole spacetime with the conformally flat metric

ds2 = −Ω−2 dW+dW− , (3.5)

where the conformal factor Ω is given in the AdS and flat bath regions respectively by

Ωads = 1 +W+W−

2 , Ωbath = 2πε
β

√
−W+W− . (3.6)
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W
−

=
0

W+

W
+
=

0

W−

tR

−∞

+∞

σR

+∞
−∞

tL

−∞

+∞

σL

+∞

W+W− = −e−4πε/β

Figure 3. The AdS2 eternal black hole in Lorentzian signature (colored in blue). We introduce
three coordinates y±

R , y
±
L and W±. We show the patch described by y±

R , y
±
L as the shaded regions.

W± covers inside the dashed square.

3.2 Entanglement entropy

Now we probe the Hawking radiation from the AdS2 black hole by the entanglement entropy
of a semi-infinite line Rad = [T,∞R) in the right flat bath as in figure 4. In what follows
we consider a single-end island configuration I = (∞L, P ] extending from the right Rindler
wedge of the AdS2 to the left flat bath as in the left panel of figure 5.

We employ the island formula (2.12) to find the dominant saddle in the gravitational
path integral. In this setup, the entanglement entropy of the region Rad suffers from an
infrared divergence due to the infinite length. On the other hand, when we consider the
entanglement entropy of the region Rad ∪ I, the island region purifies the Hawking quanta
in the right Rindler wedge, and the entropy is not affected by the infrared divergence.
Thus, the replica wormhole solution in the gravity region has less entanglement entropy
than the black hole solution without an island region, always being the dominant saddle in
the path integral. We confirm the dominance of the island solution at the high temperature
explicitly in this section.

For the island configuration the position P is fixed by solving the QES condition (2.8).
To this end it is convenient to parametrize the endpoints P and T by

P : y±R = ta ∓ a , T : y±R = tb ± b , (3.7)

as shown in figure 5. In the W± coordinates, they are written by

P : W±P = ±e±
2π
β

(ta∓a)
, T : W±T = ±e±

2π
β

(tb±b) . (3.8)
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∞L ∞R

T Rad

(a)

T

Rad

Flat

AdS2

(b)

Figure 4. (a) The Lorentzian setup of a semi-infinite line region Rad = [T,∞R) in the flat bath.
The entanglement entropy of Rad is IR divergent. (b) The Euclidean configuration where AdS2
black hole (hyperbolic disk) is glued to the flat space.

∞L ∞R

I P T Rad

(a)

TP

Flat

AdS2 RadI

(b)

Figure 5. (a) The Lorentzian setup of the island configuration with the region Rad∪I = (∞L, P ]∪
[T,∞R). The island region I purifies the entanglement between the left and right Rindler wedges
and makes the entanglement entropy of Rad finite. (b) The Euclidean configuration where the
Hartle-Hawking vacuum is prepared for the AdS2 black hole plus flat bath. Since it is a pure state
in the whole space, the entanglement entropy of Rad ∪ I equals that of the complementary region
Rad ∪ I = [P, T ].

Once the island region is formed Smat is given by the entanglement entropy for the
region Rad∪ I = (∞L, P ]∪ [T,∞R), but it equals the entropy of the complementary region
Rad ∪ I = [P, T ] as the vacuum state on the Cauchy surface traversing the left and right
AdS and bath regions is pure. Since the spacetime is conformally flat the entanglement
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entropy of the matter follows from the flat space result [142]:5

Smat = c

6 log
(

l2

ε2 ΩP ΩT

)
, (3.9)

where we introduced the UV cutoff ε, which is independent of the spacetime cutoff ε, and
the length of the interval l is given by

l2 =
∣∣∣∣e 4πb

β + e
− 4πa

β − e
2π
β

(tb+b−ta−a) − e
2π
β

(ta−a−tb+b)
∣∣∣∣ . (3.10)

The conformal factors at the endpoint P and T can be read off from (3.6) as

ΩP = 1− e−
4π
β
a

2 , ΩT = 2πε
β

e
2πb
β . (3.11)

To fix the location of the island we extremize the generalized entropy in (2.12) with re-
spect to P . Since the conformal factor and the area term do not depend on ta, the QES
condition (2.7) with respect to ta becomes

sinh 2π(ta − tb)
β

= 0 , (3.12)

which yields ta = tb. Then the generalized entropy reduces to

Sisland = S0 + 2π
β

φr

tanh 2πa
β

+ c

6 log

 2β
πε2ε

sinh2 π(a+b)
β

sinh 2πa
β

 . (3.13)

Further extremizing S over a determines the island configuration:

∂aSisland = 0 → 1
sinh 2πa

β

= βc

12πφr
sinh π(a−b)

β

sinh π(a+b)
β

. (3.14)

In the high temperature limit where the effective gravitational coupling is weak

κ = βc

24πφr
� 1 , (3.15)

the QES condition (3.14) can be solved by a = ∞ at the leading order for κ � 1. This
means that the endpoint P of the island region is dynamically chosen to be the center of
the AdS2 space in the high temperature limit, and we find the generalized entropy for the
solution with the island:

Sisland = S0 + 2πφr
β

+ c

6 log
[
β

πε2ε
e

2πb
β

]
≈ S0 + 2πφr

β
+ πc

3β b ,
(3.16)

5As explained below (2.23), the conformal welding problem does not affect the entanglement entropy as
the welding map becomes trivial when n = 1.
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where we drop off the UV cutoff dependence and make the approximation in the second
equality, which is valid for b & β

2π in the high temperature limit.
The entanglement entropy for the solution without the island is given just by the

matter entropy similarly to (3.9):

Sno-island = c

3 log
[
β

2πεε e
πΛ
β

]
, (3.17)

where we introduced the IR cutoff ∞R = (tb, σR = Λ� b) for the radiation region. This is
always larger than (3.13) due to the IR divergence, so the island solution has less entropy
and is favored in the high temperature limit.

3.3 Capacity of entanglement

In section 3.2 we found the endpoint (P ) of the island is fixed at the center of the AdS2 by
the QES condition in the high temperature limit (κ → 0). It follows from (2.16) that the
capacity of entanglement is given by

C = −∂nφ(n)(P )|n=1 + Cmat . (3.18)

To evaluate the two terms that appear on the right hand side of this expression it is
necessary to fix both the welding maps for the matter part and the n dependence of the
dilaton solution on the geometry with the island region, whose Euclidean geometry is given
by the replica wormhole with a branch cut extending from the center P of the AdS2 to
the point T in the flat region (see figure 2). The first problem can be solved in the high
temperature limit where the welding map trivializes for any n [18].6 Furthermore, in the
same limit, the second problem simplifies as the Euclidean replica geometry has a conical
singularity at the center of a disk on which the equation of motion for the dilaton can be
solved analytically by imposing the asymptotic boundary condition on the boundary. We
exploit the high temperature limit to trivialize the welding maps and concentrate on the
second problem below.

We begin with setting up the Euclidean geometry of the AdS2 region with n = 1, which
is related to the Lorentzian counterpart (3.2) through the Wick rotation tL 7→ −i θ:

ds2
ads
∣∣
n=1 =

(2π
β

)2 dθ2 + dσ2

sinh2
(

2πσ
β

) , φ(n=1) = −2π
β

φr

tanh
(

2πσ
β

) , (3.19)

where θ ∼ θ + β, −∞ < σ < −ε and ε is a regularization of the asymptotic boundary.
Note that the left and right Rindler wedges are glued by the Euclidean time evolution by
β/2. To envision the replica calculation we introduce the complex coordinates w, w̄ by
w = e

2π
β

(σ+iθ). Then the metric and the dilaton take the forms:

ds2
ads
∣∣
n=1 = 4|dw|

(1− |w|2)2 , φ(n=1) = 2πφr
β

1 + |w|2
1− |w|2 , (3.20)

6We only keep the leading term in the κ→ 0 limit while [18] includes the subleading term.

– 16 –



J
H
E
P
1
0
(
2
0
2
1
)
2
2
7

×

w w̃

w̃ = w
1
n

Figure 6. Two ways of describing a conical singularity. In the w = e
2π
β (σ+iθ) coordinates, the

orbifoldMn has an n dependent metric with the inverse temperature β. On the other coordinates
w̃ = e

2π
β (σ̃+iθ̃), the geometry is uniformized and its metric realizes an AdS2 disk with the inverse

temperature β/n.

with |w| ≤ e
− 2πε

β . Hence, the topology of the Euclidean AdS2 black hole is a hyperbolic
disk of circumference 2π and the dilaton field lives on the background.

Now we focus on the high temperature limit where the island has the endpoint at the
center of the AdS2 (see section 3.2). In Euclidean signature, the endpoint is at the origin
w = 0 in the w coordinates, so it is enough to solve the dilaton equation of motion on the
hyperbolic disk with a conical singularity at the origin in order to evaluate the first term
in the right hand side of (3.18).

We proceed with the replica geometry on the orbifoldMn where the conical singularity
is introduced so that the metric has an explicit n dependence while keeping the periodicity
of the Euclidean time θ ∼ θ + β. To determine the n dependent dilaton profile in the
presence of the conical singularity, it is convenient to use another equivalent description on
the geometry (see figure 6), which is obtained by following uniformization of the coordinates

w̃ = w
1
n . (3.21)

After the uniformization, the metric in the w̃ coordinates becomes independent of n:

ds2
ads = 4|dw̃|2

(1− |w̃|2)2 , (3.22)

but the Euclidean time for the tilde coordinates defined through w̃ = e
2π
β

(σ̃+iθ̃) has the n
dependent periodicity θ̃ ∼ θ̃ + β/n.

The dilaton equation of motion can be solved straightforwardly in the w̃ coordinates as

φ = 2πφ̃r
β

1 + |w̃|2
1− |w̃|2 (3.23)

by imposing the boundary condition

φ|bdy = φ̃r
ε̃
, w̃ = e

2π
β

(−ε̃+iθ̃)
, ε̃→ 0 , (3.24)
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where φ̃r is the renormalized dilaton in the w̃ coordinates. To find the dilaton solution in
the w coordinates we impose a similar boundary condition

φ|bdy = φr
ε
, w = e

2π
β

(−ε+iθ)
, ε→ 0 . (3.25)

The conformal map (3.21) between the w and w̃ coordinates reduces to the relation between
the cutoffs ε̃ = ε/n. Then the comparison between the two asymptotic boundary conditions
leads to the relation φ̃r = φr/n. Since the dilaton is a scalar field, its transformation law
is trivial. As a result, we obtain the dilaton solution in the presence of conical singularity
at the origin:

φ(n) = 2πφr
nβ

1 + |w| 2n
1− |w| 2n

= − 2π
nβ

φr

tanh 2πσ
nβ

. (3.26)

In appendix B, we verify that this expression reproduces the local solution around the
conical singularity and near the disk boundary at the leading order of n− 1 by solving the
dilaton equation on the w coordinates.

Now we are ready to compute the capacity of entanglement by the formula (2.16). It
follows from (3.26)

−∂nφ(n)∣∣
n=1 = 2πφr

β
(a→∞) , (3.27)

where we fix the location of the conical singularity by the QES condition as in section 3.2.
For conformal matters, the replica partition function with a single interval takes the form:

logZCFT[M̃n] =
(

l2

ε2 ΩP ΩT

)−∆n

, ∆n = c

12

(
n− 1

n

)
, (3.28)

where we drop off the n dependence of the welding maps, which is valid in the κ→ 0 limit.
Thus the capacity for matter CFT equals to the entanglement entropy (3.9). In total the
capacity for the island phase in the high temperature limit becomes

C ≈ 2πφr
β

+ πc

3β b , (3.29)

where we drop the UV cutoff dependence. For a consistency check we rederive the same
result from the gravitational path integral on the boundary curve in appendix A.

3.4 Relation to thermodynamic quantities

We have demonstrated the calculations of several quantum information measures for the
replica wormhole in the familiar model of Hawking radiation. To gain some physical in-
tuition behind the results and examine the validity of our formula (2.16) for the capacity
of entanglement, we will discuss their relations to thermodynamic quantities, the coarse-
grained or black holes entropy and capacity in the current model.

The Euclidean geometry of the model in section 3.1 consists of a disk region with
dynamical gravity and a cylinder region without gravity (see the left panel of figure 7).
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σ = 0 σ = b

AdS2

Flat

T

σ

τ ∼ τ + β

Conformal

mapping
AdS2

Flat

b

T

Figure 7. The Euclidean geometry of the model is the semi-infinite cylinder anchored on the
boundary of the gravitating disk region [Left]. It can be conformally mapped to the finite cylinder
geometry [Right], which is used to calculate the thermal free energy.

The former is the Euclidean AdS2 black hole of inverse temperature β with the metric (3.19)
and the latter is the flat bath region. On this background, we can estimate the thermal
free energy semiclassically by using the on-shell value of the JT gravity action (2.2) and
the thermal partition function of the matter:

I(β) ' Ion-shell
grav (β)− logZCFT(β) . (3.30)

To interpret the results (3.16) and (3.29) as thermodynamic quantities, we will consider
the disk and cylinder regions separately. On the disk region, the on-shell gravity action is
evaluated with a proper counterterm as

Ion-shell
grav (β) = −S0 −

φb
2π

∫ β

0
dτ√γ (K − 1)

= −S0 −
πφr
β

+O(ε) ,
(3.31)

where φb is the boundary value of the dilaton, φb ≡ φr/ε and γ is the induced metric on
the boundary circle at σ = −ε. For conformal matter on the disk, we see from dimensional
analysis that the partition function should be a function of the dimensionless constant β/ε
and does not depend on the size of the region b. It is either zero or UV divergent, so may
be canceled by adding an appropriate counterterm. We do not take this contribution into
account in the following consideration.

Next let us move to the flat bath region without gravity, which is the semi-infinite
cylinder whose boundary is glued to the boundary circle of the disk (the left panel of
figure 7). In the replica calculation of the entanglement entropy, we probe the Hawking
radiation through the radiation region extending from a point T to the infinity. In the Eu-
clidean picture, the semi-infinite cylinder has the same radiation region extending from the
point T where a conical singularity arises in the replica calculation. Having the comparison
with the results in the previous subsection in mind, we consider the semi-infinite cylinder
with a small hole around the point T . This configuration is conformally equivalent to a
finite cylinder (the right panel of figure 7), so we calculate the matter partition function
on the latter with circumference β and length b. The matter partition function on the
cylinder becomes

logZCFT(β) ' πc

6β b , (3.32)

– 19 –



J
H
E
P
1
0
(
2
0
2
1
)
2
2
7

in the high temperature limit (β → 0) up to boundary entropy contributions that are
independent of β [143]. Combining the disk and cylinder contributions, we find the thermal
entropy Sth(β) and capacity Cth(β) in the high temperature limit:7

Sth(β) ≡ (β∂β − 1)I(β) ' S0 + 2πφr
β

+ πc

3β b , (3.33)

Cth(β) ≡ −β2∂2
βI(β) ' 2πφr

β
+ πc

3β b . (3.34)

These precisely coincide with (3.16) and (3.29) derived from the island (2.12) and capacity
formula (2.16) respectively.

The reason for the coincidence between the quantum informational and thermodynamic
quantities for the matter part may be understood as follows. At the leading order in the
high temperature limit, the entanglement entropy for the single interval on the semi-infinite
cylinder matches the thermal entropy (3.33) as

S = c

3 log
(
β

π
sinh πb

β

)
≈ πc

3β b . (3.35)

A similar consideration also works for the capacity, explaining why the two different quan-
tities match in the high temperature limit.

Let us expand on the relations for the gravity part in the island phase at high tem-
perature. In the island or replica wormhole phase, all of the n replicated disk boundaries
are fused to one disk with circumference nβ. Thus it is expected that the replica worm-
hole is described by the black hole of inverse temperature nβ. Under this assumption the
refined Rényi entropies in the high temperature equals the thermal entropy with inverse
temperature nβ:

S̃
(n)
island ≈ ∂1/n

( 1
n

log Z(nβ)
(Z(β))n

)
= Sth(nβ) . (3.36)

It follows that the entropy and capacity in the island phase coincide with the thermal
quantities (3.33) and (3.34):

Sisland = Sth(β) , Cisland = Cth(β) . (3.37)

These coarse-grained values reproduce the results (3.16) and (3.29) derived from the for-
mulas (2.12) and (2.16). The coincidence implies that the classical or thermal mixture for
the n replicas of CFTs via gravity plays a key role in the island phase.

Here we observe the coincidence between the entanglement entropy and the thermal
entropy, the capacity of entanglement and the heat capacity. A similar observation to
this subsection was also made in the end-of-the-world brane model [85]. Reproducing the
thermodynamic counterpart can be seen as giving a piece of evidence for the validity of
our formula (2.16).

7For the derivation from the boundary curve viewpoint in the JT gravity, see [144].
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4 Discussion

In this paper, we discussed the capacity of entanglement in a two-dimensional dilaton
gravity coupled to conformal matter with a large central charge, which is the setup that the
island formula of the entanglement entropy for the Hawking radiation was proposed [3–5].

In the setup, we proposed the formula (2.16) for the capacity of entanglement based on
the replica wormhole prescription [17, 18]. Since the gravitational part of the capacity is
essentially a derivative of the corresponding part of the entropy with respect to the replica
parameter, the capacity has no topological term which the entanglement entropy has. We
argued based on the formula that the capacity shows a discontinuity at the Page time when
the entropy smoothly transits to the island saddle from the black hole one.

In contrast to the entanglement entropy, the capacity cannot be calculated without
solving the conformal welding problem in general. To avoid the problem, we focused on
a simple setting, the high temperature limit of an eternal AdS2 black hole background in
the JT gravity glued with an auxiliary Minkowski space as a heat bath. We calculated the
entropy (3.16) and capacity (3.29) in the island phase that always dominates in this limit
and observed that they correspond to the thermodynamic quantities, which we expect to
be a universal phenomenon in the late time of the Hawking radiation.

From the observer in the radiation system, what distinguishes the island and no-island
phases is the difference of the classical mixture among the n-copies of CFTs triggered by the
island or replica wormhole formation. The n-copies of CFTs are separated gravitationally
and have no mixture in the no-island phase but they are thermally mixed in the island
phase. If we add matter contributions in more general setups, this difference will cause a
phase transition at the Page time when the Page curve of the entropy bends. We speculate
that the classical mixture should be a source of the discontinuous jump (2.21) of the
capacity in the phase transition.

There are a number of issues that we hope to address in future. The first investigation
that comes to mind is to study the capacity in various backgrounds in which the island
formula for the entropy was already discussed. While the conformal welding problem
remains to be an obstacle to the analytic studies it would deserve to examine if the capacity
becomes discontinuous in a tractable setup and verify our conjecture.

A more practical approach to the conformal welding problem is to implement the
numerical calculation as is carried out in [93] for the replica wormhole with 1 < n ≤ 2.
The numerical analysis of the capacity will make an important cross-check of our results
and expand them into general parameter regions in which the phase transition can happen.

It is also interesting to consider the capacity in the doubly holographic setups. As
discussed in [117, 119], the holographic dual of the capacity is described by the graviton
fluctuation around the minimal codimension-two surface associated with the holographic
entanglement entropy, but it should be generalized to the AdS/BCFT setup [62, 63] to
incorporate the gravity region on the boundary theory. In particular, it is worthwhile
to understand how the welding problem that matters for the capacity is dualized in the
holographic setup.
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In this paper, we only discussed the leading gravitational contributions to the capacity
from the semiclassical saddles. At the leading level, we expect that the capacity can
probe the phase transition between the two saddles bridged via non-perturbative instanton
corrections as the discontinuity at the Page time. Beyond the semiclassical regime, however,
there are O

(
G
−1/2
N

)
corrections from graviton quantum fluctuation around the saddles.

As shown in our previous work in the end-of-the-world-brane model [85], the quantum
correction can smooth out the discontinuity of the capacity and the phase transition reduces
to a crossover. The quantum corrected behavior of the capacity around the Page time may
be accessible by applying the fixed area state prescription [145–147] to the current setup.
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A Capacity of entanglement from replica wormhole

We used the island formula to determine the position of the conical singularity at the origin
of AdS2 spacetime in section 3.2. The aim of this appendix is to determine the location of
the singularity and reproduce the capacity of entanglement from the boundary curve. We
focus on the single-end island in AdS2 as in the previous analysis.

A.1 Gravitational path integral on boundary curve

Below we work in Euclidean geometry, setting the inverse temperature of the AdS2 black
hole to β = 2π for simplicity.8 We use the w = e−r+iθ coordinate inside the disk introduced
in the section 3.3. The boundary of the disk is characterized by the coordinate θ. We
parametrize the boundary curve by the time τ along the circle.

We describe the JT gravity on the finite n replica wormhole by the boundary mode
θ(τ). Assuming the replica symmetry, the replica wormhole in the n-fold cover has Zn-fixed
points. After orbifolding by Zn, we need the cosmic brane term that supplies the conical
singularity at a generic point w = A = e−a. In our setup, the relation (2.5) between the

8We will recover β dependence from the dimensional analysis later.
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action of the replica wormhole M̃n and its Zn-orbifoldMn becomes [18]

− 1
n
Igrav[M̃n] = S0

4π

[∫
R+

∫
2K
]

+
∫

φ

4π (R+ 2) + φb
4π

∫
2K −

(
1− 1

n

)
[S0 + φ(A)] ,

(A.1)

where the right hand side integrates over the orbifold Mn except for the terms where the
extrinsic curvature appears, which are integrated over the boundary ∂Mn. Substituting
the on-shell curvature into the action, we get the action for the boundary mode θ(τ) [18]:

− Igrav(n) ≡ −Igrav[M̃n] = S0 + n
φr
2π

∫ 2π

0
dτ
[
{eiθ, τ}+ 1

2

(
1− 1

n2

)
R(θ)

]
, (A.2)

with

R(θ) = −(1−A2)2 (∂τθ)2

|1−Aeiθ|4
, (A.3)

where we used the relation between the boundary value of the dilaton φb and the renor-
malized dilaton φr in approaching the boundary w = e−ε+iθ: φb = φr/ε.

We can treat the dynamics of the JT gravity by the boundary mode action (A.2).
Now we want to consider the equation of motion for the boundary mode and vary the
gravitational part as follows:

− 1
n
δIgrav = φr

2π

∫
dτ
[
δ{eiθ, τ}+ 1

2

(
1− 1

n2

)
δR(θ)

]
. (A.4)

To derive the equation of motion for the time evolution with respect to τ we consider
the variation δθ(τ) of the boundary mode θ. Then, the chain rule tells us that (A.4)
becomes [18]

− 1
n
δIgrav = φr

2π

∫
dτ
[
∂τ{eiθ, τ}+ 1

2

(
1− 1

n2

)
∂τR(θ)

]
δθ

∂τθ
. (A.5)

Note that in the parenthesis the ADM energy M of the system appears

M = −φr2π

[
{eiθ, τ}+ 1

2

(
1− 1

n2

)
R(θ)

]
. (A.6)

The equation of motion including conformal matters leads to the conservation of energy
between the ADM energy and the flux of matter fields [144]:

φr
2π

[
∂τ{eiθ, τ}+ 1

2

(
1− 1

n2

)
∂τR(θ)

]
= i [Tyy(iτ)− Tȳȳ(−iτ)] , (A.7)

where Tyy is the stress tensor in the coordinate y outside the disk. The state preparation
on the AdS2 plus flat space requires the coordinates which holomorphically cover the whole
space. Then, we are forced to solve the conformal welding problem to get the stress tensor
in the y coordinates. Assuming that the welding map outside can be written as F (ey), we
get the boundary equation [18]:

∂τ

[
{eiθ(τ), τ}+ 1

2

(
1− 1

n2

)
R(θ(τ))

]
= iκ e2iτ

[
−1

2

(
1− 1

n2

)
F ′(eiτ )2

F (eiτ )2 − {F, e
iτ}
]

+ c.c. ,

(A.8)
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where κ = cβ/(24πφr) ∝ β with recovering the β dependence. In the high temperature
limit κ→ 0, we get the equation of motion

∂τ

[
{eiθ(τ), τ}+ 1

2

(
1− 1

n2

)
R(θ(τ))

]
= 0 , (A.9)

which implies the conservation of ADM energy of the AdS2 spacetime. In the next section,
we solve this boundary equation at the order O(n− 1).

We are going to define another action for a later convenience:

În = 1
n
Igrav(n)− Igrav(1)− 1

n
logZCFT[M̃n] + logZCFT[M̃1] . (A.10)

This relates with the entanglement entropy and the capacity of entanglement through the
derivative for n. If we act the derivative with respect to n on this action În, then we get
the entanglement entropy S and the capacity of entanglement C through the refined Rényi
entropy and nth capacity of entanglement [119, 148]:

S̃(n) = n2∂nÎn → S = ∂nÎn|n=1,

C(n) = −n∂n(n2∂nÎn) → C = −∂2
nÎn

∣∣
n=1 − 2∂nÎn|n=1.

(A.11)

We apply this formula to derive the generalized entropy and the capacity of entropy in
gravity.

Substituting the on-shell action (A.2) to (A.10), we obtain

În = Îgrav(n) + Îmat(n) , (A.12)

where we divide the action into two parts, the gravitational and matter sectors:

Îgrav(n) =
(

1− 1
n

)
S0+ φr

2π

∫ 2π

0
dτ
[
{eiθ, τ}

∣∣
n=1−{e

iθ, τ}
∣∣
n

]
− φr4π

(
1− 1

n2

)∫ 2π

0
dτR(θ) ,

(A.13)

Îmat(n) =− 1
n

logZCFT[M̃n]+logZCFT[M̃1] . (A.14)

We reproduce the generalized entropy following [18]. First, we act the derivative with
respect to n on the action În:

∂nÎgrav(n) = 1
n2 S0 −

φr
2π

∫ 2π

0
dτ ∂n{eiθ, τ}|n −

φr
2πn3

∫ 2π

0
dτR(θ)

− φr
4π

(
1− 1

n2

)∫ 2π

0
dτ ∂nR(θ) , (A.15)

∂nÎmat(n) = 1
n2 logZCFT[M̃n]− 1

n
∂n logZCFT[M̃n]

∣∣
g
, (A.16)

where the metric on the n-fold cover M̃n is fixed to AdS2, so (A.16) does not contain any
n dependence through the metric of M̃n. On the other hand, (A.16) has the n dependence
of the conformal welding map because we evaluate the matter entropy on the geometry
where the conformal welding is implemented in order to prepare the state for CFT.
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(A.15) and (A.16) leads to the refined Rényi entropy:

S̃(n) = n2∂nÎn

= S0 −
φr

2πn

∫ 2π

0
dτR(θ) + logZCFT[M̃n]− n∂n logZCFT[M̃n]

∣∣
g

− n2 φr
2π

∫ 2π

0
dτ ∂n{eiθ, τ} − φr

4π (n2 − 1)
∫ 2π

0
dτ ∂nR(θ)

= S0 −
φr

2πn

∫ 2π

0
dτ R(θ) + S̃

(n)
mat .

(A.17)

The second line reduces to the third line by the equation of motion for the boundary mode
in the high temperature limit, which is obtained by the same procedure as (A.5) but with
varying θ with respect to n while fixing τ .

We proceed onto the capacity of entanglement. All we have to do is to act one more
derivative with respect to n on terms (A.17). Then, the capacity of entanglement is

C = −n∂S̃
(n)

∂n

∣∣∣∣
n=1

= −φr2π

∫ 2π

0
dτ R(θ)|n=1 + φr

2π

∫ 2π

0
dτ ∂nR(θ)

∣∣
n=1 + Cmat

(A.18)

where we use Cmat = −n∂nS̃(n)
mat
∣∣
n=1. The second term implies that we have to solve the

boundary mode θ(τ) at the order O(n− 1).
We have derived the entanglement entropy and the capacity of entanglement in terms

of the gravitational path integral in the on-shell Schwarzian action. The capacity of en-
tanglement is shown to depend on the boundary curve of the order O(n − 1). Next, we
solve the equation of motion for the boundary mode and obtain a consistent answer with
the previous formula of the capacity of entanglement.

A.2 Replica solution as n → 1

We solve the equation of motion for the boundary mode

∂τ

[
{eiθ, τ}+ 1

2

(
1− 1

n2

)
R(θ)

]
= 0 , (A.19)

where the right hand side is vanishing in the high temperature limit. The capacity of
entanglement (A.18) needs the solution of the order O(n−1), so we perturbatively expand
the boundary mode θ(τ) near n = 1:

θ(τ) = τ + (n− 1) δθ(τ) +O
(
(n− 1)2

)
. (A.20)

Then, the equation of motion (A.19) boils down to

∂2
τ (∂2

τ + 1) δθ(τ) = 4A(1−A2)2 sin τ
|1−Aeiτ |6

. (A.21)

Now we impose some conditions for the boundary mode θ(τ):

• periodicity: θ(τ + 2π) = θ(τ) + 2π → δθ(τ + 2π) = δθ(τ) .

• odd function: θ(τ) = −θ(−τ) → δθ(τ) = −δθ(−τ) .
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In order to solve the boundary equation (A.21), we expand δθ by the Fourier modes that
satisfy the above conditions:

δθ =
∑
m>0

cm sin(mτ) . (A.22)

With this, the right hand side of the equation (A.21) can be expanded as
4A(1−A2)2 sin τ
|1−Aeiτ |6

=
∑
m>0

2mAm(1 +A2(1−m) +m)
1−A2 sin(mτ) . (A.23)

Then, the equation of motion is∑
m>0

cmm
2(1−m2) sin(mτ) =

∑
m>0

2mAm(1 +A2(1−m) +m)
1−A2 sin(mτ) . (A.24)

The important point is that the left hand side for m = 1 is vanishing regardless of the
coefficient cm, but the right hand side for m = 1 has the Fourier coefficient 2A/(1 − A2).
In order to satisfy the boundary equation, we have to impose

2A
1−A2 sin(τ) = 0 . (A.25)

Then, the equation of motion for the boundary mode yields that the position of the conical
singularity must be A = 0, the origin of AdS2. This is consistent with the previous result
derived from the QES condition.

To get the formula for the capacity of entanglement, we consider the boundary mode
θ(τ) when the singularity is at the origin of AdS2. In this case, the boundary equation
simply becomes ∑

m>0
cmm

2(1−m2) sin(mτ) = 0 . (A.26)

The solution is then given by

δθ(τ) = c1 sin(τ) , (A.27)

where the indefinite coefficient c1 is real. When the conical singularity is at the origin of
AdS2, the terms in the capacity of entanglement (A.18) become

−φr2π

∫ 2π

0
dτ R(τ) = φr ,

φr
2π

∫ 2π

0
dτ ∂nR(θ) = −φr

π

∫ 2π

0
dτ ∂τδθ(τ) = 0 ,

(A.28)

where we use R(θ) = −(∂τθ)2 at A = 0. Finally, we get the capacity of entanglement

C = φr + Cmat . (A.29)

The boundary mode solution (A.27) comes from the ambiguity of the Schwarzian derivative.
We can fix it into θ(τ) = τ by using the redundancy of the conformal welding map inside
the disk, which can absorb the indefiniteness of the first order perturbative equation (A.21).
When the gluing function is trivial (θ(τ) = τ), the welding map is also trivial. Then, the
matter capacity is not affected by the conformal welding problem in the high temperature
limit. If we transform the coordinate y = β

2π logw and replace φr → 2πφr/β at the same
time, this reproduces the island phase of the capacity of entanglement.
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B Local analysis for dilaton

We check the consistency of the dilaton solution (3.26) on the orbifoldMn by solving the
equation of motion in two different regions, around the singularity and near the boundary
of the hyperbolic disk. We also show that the backreaction from the matter can be ignored
at the leading order of n − 1 in the high temperature limit. In this appendix, we first
set β = 2π for simplicity. Later we recover β-dependence via an appropriate dimensional
analysis and take the high temperature limit where the welding maps are trivialized. In
this case, the coordinate w defined inside the disk |w| ≤ 1 can be extended to the outside,
where |w| ≥ 1. We concentrate on the case when the conical singularity settles down to
the origin w = 0, justified by the QES condition.

We proceed in the conformal gauge inside the disk

ds2 = e2ρdwdw̄ . (B.1)

The equations of motion for the dilaton in the conformal gauge are

∂2
wφ− 2∂wρ∂wφ = −2πTww ,
∂2
w̄φ− 2∂w̄ρ∂w̄φ = −2πTw̄w̄ ,
2∂w∂w̄φ− e2ρφ = −4πTww̄ ,

(B.2)

where Tab in the right hand side is the matter stress tensor in the curved background. In
order to find the solution at order n− 1, we expand the conformal factor, the dilaton and
the matter stress tensor in n− 1:

ρ = ρ(0) + (n− 1) δρ , φ = φ(0) + (n− 1) δφ , Tab = T
(0)
ab + (n− 1) δTab . (B.3)

Substituting (B.3) into (B.2), we obtain the equations of order O(n− 1):(
∂2
w − 2 ∂wρ(0)∂w

)
δφ = −2π δTww + 2 ∂wδρ ∂wφ(0) ,(

∂2
w̄ − 2 ∂w̄ρ(0)∂w̄

)
δφ = −2π δTw̄w̄ + 2 ∂w̄ δρ ∂w̄φ(0) ,(

2 ∂w∂w̄ − e2ρ(0))
δφ = −4π δTww̄ + 2 e2ρ(0)

δρ φ(0) ,

(B.4)

where we know the solutions in the leading order [19]:

e2ρ(0) = 4
(1− |w|2)2 , φ(0) = φr

1 + |w|2
1− |w|2 . (B.5)

Around the conical singularity. Now we solve the equations of motion near the conical
singularity |w| ∼ 0. First, we consider whether the matter stress tensor can be neglected
in the high temperature limit. Since the background metric is curved, the Weyl anomaly
contributes to the CFT stress tensor:

−2π Tww = −2π T flat
ww −

c

6
(
∂2
wρ− (∂wρ)2

)
, (B.6)
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where Tww is the stress tensor in the curved background ds2 = e2ρ dwdw̄ and T flat
ww is the

one on flat plane ds2 = dwdw̄. On the other hand, in the vicinity of the twist operator,
the stress tensor in the flat space becomes

−2π T flat
ww = c

24

(
1− 1

n2

) 1
w2 −

(
1− 1

n

)
∂AS

flat
n |A=0
w

+O(w0) , (B.7)

where Sflat
n represents the matter Rényi entropy of the interval [A,B] in the flat metric

and O(w0) denotes the regular term from the matter part below the order w0. Substitut-
ing (B.7) into (B.6), the double pole term vanishes by the Weyl anomaly and we get the
stress tensor [19]:

−2π Tww = −(n− 1) ∂ASmat|A=0
w

+O(w0) +O((n− 1)2) . (B.8)

The entanglement entropy Smat contains the conformal factor Ω at n = 1 rather than the
flat metric due to the Weyl anomaly:

Smat = Sflat
mat −

c

6 log Ω(A) , Ω(A) = 1− |A|2
2 , (B.9)

where we define limn→1 S
flat
n = Sflat

mat. The order O(n− 1) term of the stress tensor can be
read off as

−2π δTww = −∂ASmat|A=0
w

+O(w0) , (B.10)

where we explicitly write the singular term. Note that the stress tensor has only a simple
pole term rather than double pole. The metric near the conical singularity is given by

δρ = −1
2 logww̄ . (B.11)

Then, the right hand sides of the first two equations on (B.4) become

−2π δTww −
∂wφ

(0)

w
, (B.12)

and similarly for Tw̄w̄. Expanding the dilaton term ∂wφ
(0) by w, the above equation has

the matter part plus the dilaton term in each order of w. Then, we can write each term
in (B.12) as

−2π δTww =
∞∑

n=−1
cnw

n , −∂wφ
(0)

w
=

∞∑
n=−1

dnw
n . (B.13)

We can consider the inverse temperature β by introducing the coordinate y = β
2π logw and

the replacement φr → 2πφr/β. After that, the dilaton terms dn are proportional to φr/β.
On the other hand, the matter terms cn are proportional to the central charge. Therefore,
at the high temperature limit κ = βc/(24πφr)� 1, the dilaton contribution dominates the
matter part in each order of w in (B.12). This implies that the matter contributions Tww
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and Tw̄w̄ drop from the dilaton equations near the conical singularity at the zeroth order of
high temperature expansion. Note that the Weyl anomaly also contributes to the diagonal
part Tww̄ = −cR/96 where R is the Ricci scalar of the curved background. Since there
is a conical singularity in the orbifold, the Ricci scalar is R = −2 + 4π√

g (1 − 1
n) δ2(w, w̄).

The metric is divergent at the singularity, so we eliminate the delta function and solve the
dilaton around the singularity.

The right hand side is approximated at small w by

2 ∂wδρ ∂wφ = − w̄
w

2φr
(1− |w|2)2 ∼ −2φr

w̄

w
,

2 ∂w̄δρ ∂w̄φ = −w
w̄

2φr
(1− |w|2)2 ∼ −2φr

w

w̄
,

2 e2ρ δρ φ = −4φr (1 + |w|2)
(1− |w|2)3 log |w|2 ∼ −4φr log |w|2 .

(B.14)

We also have the approximated forms:

e2ρ ∼ 4 , 2 ∂wρ = 2 w̄
1− |w|2 ∼ 2 w̄ , 2 ∂w̄ρ = 2w

1− |w|2 ∼ 2w . (B.15)

As a result, we get the differential equations

∂2
wδφ− 2 w̄ ∂wδφ = −2φr

w̄

w
,

∂2
w̄δφ− 2w ∂w̄δφ = −2φr

w

w̄
,

∂w∂w̄δφ− 2 δφ = −2φr log |w|2 .

(B.16)

In order to solve the differential equation, we have to find the special solution at |w| ∼ 0:

δφ = −2φr|w|2 log |w|2 . (B.17)

This special solution vanishes at the conical singularity w = 0. We can add the general
solution without the source term, which is the right hand side in (B.4). Then we get the
general solution near the conical singularity

δφ = α1 φr
1 + |w|2
1− |w|2 − 2φr |w|2 log |w|2 , (B.18)

for real α1.

Near the boundary. We proceed to find the solution near the boundary |w| ∼ 1. The
metric near the boundary is expanded as follows:

ds2 = 4 |dw|2
(1− |w|2)2

[
1 + 1

12

(
1− 1

n2

)
(1− |w|2)2 + . . .

]
. (B.19)

The conformal factor at first order is

δρ = 1
12(1− |w|2)2 . (B.20)
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Then, the equations of motion are

∂2
wδφ−

2 w̄
1− |w|2 ∂wδφ = −2φr

3
w̄2

1− |w|2 ,

∂2
w̄δφ−

2w
1− |w|2 ∂w̄δφ = −2φr

3
w2

1− |w|2 ,

∂w∂w̄δφ−
2

(1− |w|2)2 δφ = 2φr
3

1
1− |w|2 ,

(B.21)

where we use |w| ∼ 1. Note that we neglect the matter stress tensors because they are
regular at the boundary but the geometric contribution is divergent as shown in the right
hand side of the above equations. The special solution of these differential equations are

δφ = −φr3 (1− |w|2) . (B.22)

This solution vanishes at the boundary |w| = 1. We can add the general solution without
the source term as in the case near the conical singularity. Then, we have the general
solution near the boundary:

δφ = α2 φr
1 + |w|2
1− |w|2 −

φr
3 (1− |w|2) , (B.23)

for real α2. Now we impose the boundary condition

δφ|bdy = 0 , (B.24)

which means α2 = 0. However, generally, α1 6= α2 because the special solution may
contribute to the term proportional to α1.

Consistency check. In the previous section, we use the conformal map w̃ = w
1
n to get

the dilaton on the orbifold:

φ = φr
n

1 + |w| 2n
1− |w| 2n

. (B.25)

From this result, we can easily get the dilaton of the order O(n− 1)

δφ = ∂nφ|n=1 = −φr
1 + |w|2
1− |w|2 −

2φr |w|2 log |w|2
(1− |w|2)2 . (B.26)

We can check that this solution satisfies with (B.18) when α1 = −1 around the conical
singularity and (B.23) when α2 = 0 near the boundary.
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