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1 Introduction

Recently, the QCD factorization formula for non-leptonic B decays into two light mesons [1,
2] has been generalized to include QED [3]. In this paper, we discuss the implications of
QED on the factorization of non-leptonic heavy-to-heavy decays, specifically B → D(∗)L

where L is a light meson L = π,K(∗), ρ. Schematically, in QCD [2]〈
D(∗)L|Qi|B̄

〉
= FB→D

(∗)× Ti ∗ φL , (1.1)

which is valid in the heavy-quark limit applied to both bottom and charm mesons. The
factorization formula describes the matrix element of operator Qi in terms of the heavy-to-
heavy transition form factor FB→D(∗) , the light-cone distribution amplitude (LCDA) φL
of the light-meson L and their convolution with the perturbatively calculable scattering
kernel Ti. Contrary to B decays into two light mesons, here only the “form factor” term
contributes, while “spectator scattering” is power suppressed in the ΛQCD/mQ counting
and thus absent at leading order, where mQ is the heavy quark mass.

The QCD corrections to the short-distance kernels Ti are already known to O(α2
s)

(NNLO) [4]. Recently, these heavy-to-heavy decays have received renewed attention, due to
deviations between theoretical predictions and experimental measurements of B̄0

d → D+K−

and B̄0
(s) → D+

(s)π
− [5–8]. Such decays are dominated by colour-allowed tree topologies
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described by the topological tree-amplitude a1(D+L−). Taking as a specific example B̄0
d →

D+K−, the amplitude becomes [2]:

A(B̄0
d → D+K−) = i

GF√
2
V ∗us Vcb a1(D+K−) fK (m2

B −m2
D)FB→D0 (m2

K) , (1.2)

where fK is the kaon decay constant. The coefficient a1(D+K−) is known up to NNLO [4].
Power corrections of O(ΛQCD/mQ) were discussed in [2] and were estimated to be at the
subpercent level at most in [5] using sum-rule techniques. Not included in these estimates
are QED effects, which are expected to be smaller.

In this paper, we discuss the impact of QED on heavy-to-heavy non-leptonic decays ex-
tending our work in [3]. Once including QED effects, the branching fraction and amplitudes
are no longer infrared-finite, and the process that should be considered is B → D(∗)L(γ)
where γ is any number of soft photons with total energy less than ∆E in the B meson
rest frame. At scales above ∆E, QED corrections are purely virtual. The factorization
of the so-called “non-radiative” amplitude along the lines of [3] can then be formulated
if ∆E � ΛQCD. We calculate these virtual corrections to non-radiative B̄0 → D+(∗)L−

decays and combine them with ultrasoft radiation to obtain the infrared finite physical
branching fractions.

The paper is organized as follows: first, we give the QED generalized factorization
formula and the explicit results for the hard scattering kernels. We then discuss the ultrasoft
effects and the phenomenological implications of QED on Standard Model predictions.

2 Factorization formula

In this work we consider the decay of a B̄(s) meson into a heavy D
(∗)+
(s) meson and a

light meson L− (L = π, ρ, K, K∗) mediated by the current-current operators for b → c

transitions, given by the weak Hamiltonian

Heff = GF√
2
V ∗uDVcb (C1Q1 + C2Q2) + h.c. (2.1)

with the CMM operator basis [9]

Q1 = [c̄γµT a(1− γ5)b][D̄γµT a(1− γ5)u],
Q2 = [c̄γµ(1− γ5)b][D̄γµ(1− γ5)u], (2.2)

and D = d or s. T a denotes the SU(3) colour generator in the fundamental representa-
tion. In general, the B meson decays to D(∗)L via (a combination of) quark topologies,
corresponding to colour-allowed tree decay (class-I), colour-suppressed tree decay (class-II)
and via weak annihilation. QCD and electroweak penguin topologies do not contribute.
Both, the colour-suppressed tree and weak annihilation topologies are power-suppressed
with respect to the colour-allowed tree topology [2]. In the following, we consider only
B̄0

(s) → D
(∗)+
(s) L− decays which proceed (predominantly) through the colour-allowed tree

topology. As in the derivation of the QCD factorization formula [2], we adopt the power
counting z ≡ m2

c/m
2
b ∼ O(1).
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Figure 1. One-loop αem-contributions to b→ cūD transitions of the operator Q2.

Similar as for B decays into two light mesons, the QCD factorization formula can be
extended to include QED as

〈
D+L−|Qi|B̄

〉
= 4iEDEL ζBDQL (m2

L)
∫ 1

0
duHi,QL(u, z) fLΦL(u) , (2.3)

where here fL is the renormalization-scale independent QCD decay constant.1 The kernels,
form factors and LCDAs depend on the electric charge QL of the light meson L. These
objects are generalized to include virtual short- and long-distance photon exchange. As
given in (2.3), these objects are single-scale quantities. We shall later replace the HQET
form factor ζBDQL by a suitable physical quantity, making use of the fact that an analogous
factorization theorem holds for the non-radiative semi-leptonic B̄ → D+`−ν̄` amplitude at
the kinematical point q2 = m2

L and E` = mb(1− z)/2 (as discussed in section 3.2 and [3]).
This procedure is akin to using the full QCD rather than HQET B → D form factor in
QCD alone. As stated above, we only consider L−, with QL = −1. In the following,
we therefore omit the QL subscript. In (2.3), we choose a specific normalization for the
form factor, where ED = (m2

B + m2
D −m2

L)/(2mB) and EL = (m2
B −m2

D + m2
L)/(2mB)

are the energies of the D and L mesons in the B rest frame, respectively. As we treat
the charm quark as heavy, the scattering kernels Hi depend on z ≡ m2

c/m
2
b as well as on

the momentum fraction u. Finally, we note that the factorization formula also holds for
B̄ → D∗+L− and Λb → Λ+

c L
−, as was the case without QED.

3 Details on the calculation

To derive the factorization formula already given in (2.3), we follow the procedure discussed
in detail in [3] for B decays into two light mesons. There all the relevant QED generalized
operator definitions were given. The heavy-to-heavy calculation in this paper is in fact
simpler than that of the B into two light mesons as now only QCD×QED → SCETI
matching is required. In the following, we compute the O(αemα

0
s) contributions to the

scattering kernel Hi. The corresponding quark-level diagrams are shown in figure 1.

1This definition differs slightly from [3] where a QED generalized decay constant was introduced. Here
all QED effects are put into the definition of the LCDA ΦL as discussed in detail in [10].
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We proceed by matching the QCD operators Q1,2 onto the QED generalized SCETI
operators

O∓(t) = χ̄(D)(tn−)
/n−
2 (1− γ5)χ(u)(0) h̄v′(0)/n+(1∓ γ5)S†(QL)

n+ (0)hv(0) , (3.1)

where the bottom (charm) quark is treated as a static quark hv (hv′) with velocity v (v′).
Here nµ+ is a light-like reference vector defined along the direction of motion of the light
meson L, and nµ− refers to the opposite direction such that n2

+ = n2
− = 0 and n+n− = 2.

The difference with QCD is the presence of the soft QED Wilson line that depends on the
electric charge of the light meson L [3]:

S(QL)
n± (x) = exp

{
−iQLe

∫ ∞
0
ds n±As(x+ sn±)

}
.

The QCD part of the soft Wilson line cancels in (3.1), because the operators are colour
singlets. In pure QED, to all orders in αem,〈

D(∗)L|Q1|B̄
〉
≡ 〈Q1〉 = 0 , (3.2)

because the colour-octet QCD operator Q1 cannot match onto the colour-singlet SCET
operators O∓. The renormalized matrix element of Q2 is matched as2

〈Q2〉 = H−〈O−〉+H+〈O+〉 . (3.3)

The matching coefficients H+ and H− can be expressed as

H− = A
(0)
2− + αem

4π
{
A

(1)
2− + Z

(1)
ext − Y (1) + Z

(1)
2j A

(0)
j−

}
, (3.4)

H+ = αem
4π A

(1)
2+ , (3.5)

where the superscript indicates the expansion coefficients in powers of αem/(4π). Here
A

(0)
2− (A(1)

2∓) are the bare tree-level (one-loop) on-shell matrix elements of operator Q2. We
note that H+ = 0 if mc → 0, because the chirality flipped operator does not contribute for
light final states. The one-loop QED operator renormalization constants are given by Zij
in (16) of [3], where j also runs over evanescent operators [11] (see also [4]). The external
field renormalization contribution Z(1)

ext accounting for the one-loop on-shell renormalization
of the b-quark and c-quark fields is

Z
(1)
ext = −Q2

d

[ 3
2ε + 3

2Lb + 2
]
−Q2

u

[ 3
2ε + 3

2Lb −
3
2 ln z + 2

]
, (3.6)

where
Lb ≡ ln µ2

m2
b

. (3.7)

Similar to [3], we write the SCET operator renormalization factor Y in two parts:

Y (1)(u, v) = Z
(1)
hh δ(u− v) + Z

(1)
C̄

(u, v) (3.8)

where Z(1)
C̄

(u, v) is the anti-collinear kernel computed in (22) in [3]. The generalized heavy-
to-heavy current is now defined as

h̄v′(0)/n+(1− γ5)S†(QL)
n+ (0)hv(0), (3.9)

2The hard-scattering kernels are functions of t and their product with O∓ is in fact a convolution.
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Figure 2. αem-corrections to the heavy-to-heavy current. Here the dot represents the soft Wilson
line Sn+ .

where the soft Wilson line Sn+ arises from the soft decoupling of the anti-collinear fields.
We obtain Zhh at one-loop by calculating the diagrams in figure 2 by regularizing the
infrared (IR) divergences with an off-shellness k2

q for the q = u, d quarks. As discussed in
appendix A of [12] (see also [3]), this also requires modifying the soft Wilson line propagator.
In the MS scheme, we obtain

Z
(1)
hh = 1

ε

{
−Q2

d

(1 + z

1− z ln z + 2
)

+ 2QLQd
( ln z

1− z + iπ + 1
)

+Q2
L

(
1
ε

+ ln µ2

zδ2
c̄

− 1
)}

,

(3.10)

where δc̄ ≡ k2
q/(n−kq) is the off-shell regulator in the soft Wilson line. For neutral L,

this reduces to the QCD result (see (39) in [4]) after replacing the charge factors Q2
d →

CF , QL → 0. Finally, Y (1) can be obtained using (3.8) by adding (3.10) and ZC̄ from (22)
in [3]. It is independent of the IR regulator δc̄ as it should be.

3.1 Hard matching coefficients

At tree level, only A(0)
2− = 1 contributes. At one-loop, we obtain the hard-scattering kernels

by computing the on-shell matrix elements A(1)
2∓ from the diagrams in figure 1. The hard-

scattering kernels are obtained using the renormalization factors in (3.4). The 1/ε poles
properly cancel, and we find

H
(1)
− =−Q2

d

{
L2
b

2 + Lb

(5
2 − 2 ln(u(1− z))

)
+ h (u(1− z)) + π2

12 + 7
}

−Q2
u

{
L2
c

2 + Lc

(5
2 + 2πi− 2 ln

(
ū

1− z
z

))
+ h

(
ū

(
1− 1

z

))
+ π2

12 + 7
}

+QdQu

{
L2
b

2 + L2
c

2 − 6Lν + 2Lb (2− ln(ū(1− z)))

−2Lc
(

1− iπ + ln
(
u

1− z
z

))
+ g (ū(1− z)) + g

(
u

(
1− 1

z

))
+ π2

6 − 12
}

+QdQuf(z) , (3.11)

H
(1)
+ =−Q2

d

√
z w (u(1− z))−Q2

u

1√
z
w

(
ū

(
1− 1

z

))
−QdQu

√
z

ln z
1− z , (3.12)
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where we have defined

z ≡ m2
c

m2
b

, Lc ≡ ln µ2

m2
c

= Lb − ln z , Lν ≡ ln ν2

m2
b

, (3.13)

where ν refers to the scale of the Wilson coefficient C2(ν). In addition, we defined the
functions

h(s) ≡ ln2 s− 2 ln s+ s ln s
1− s − 2Li2

(
s− 1
s

)
,

g(s) ≡ h(s)− 3s ln s
1− s ,

f(z) ≡
(

1− 1 + z

1− z ln z
)
Lb + ln z

1− z

(1
2(1 + z) ln z − 2− z

)
,

w(s) ≡ 1− s+ s ln s
(1− s)2 .

(3.14)

To extract the imaginary parts from these functions z is understood as z − iε. The func-
tion f(z) contains the entire contribution of the last diagram of figure 1. For the other
contributions in H(1)

− in (3.11), we note the symmetry when exchanging the contributions
involving the charm and bottom quarks, as they are both treated as heavy quarks. Explic-
itly, the Q2

u term, arising from the fourth diagram in figure 1, is obtained from the Q2
d term

(first diagram) when switching Lb → Lc, Qd → Qu, u → ū and z → 1/z. The second and
third diagram in figure 1 give the QuQd terms, which are symmetric under the exchange of
z → 1/z, u→ ū and Lb → Lc. We emphasize that the hard-scattering kernel H− in (3.11)
diverges when taking the z → 0 limit:

H
(1)
− (z → 0) = Q2

u

2

(
ln2 z − (2Lb + 1) ln z

)
+ finite terms , (3.15)

H
(1)
+ (z → 0) = 0 . (3.16)

In pure QCD, this limit can be smoothly taken as the collinear divergences between the
diagrams where the gluon couples to the charm quark cancel, and the only divergences
remain in the factorizable diagrams (given in the second line in figure 1). In QCD, these
terms are then absorbed into the form factor. In QED, the collinear divergences will be
cancelled when normalizing to the semi-leptonic decay as discussed below (see also [3]).

Taking now the matrix element of (3.3), requires the QED generalized light-meson
LCDA ΦL introduced in (51) of [3] and further discussed in [10]. The matrix element is
normalized by EL = (m2

B −m2
D +m2

L)/(2mB) and is multiplied by the soft rearrangement
factor R(QL)

c̄ . This rearrangement, discussed in detail in section 4.1 of [3], removes the
overlap of the soft and collinear sectors and ensures the renormalizability of the light-
meson LCDA. In addition, we need to introduce QED generalized HQET form factors ζBD
and ζBD∗ which we define similar to (52) of [3] by replacing the χC → hv′ :

〈D| 1
R

(QL)
c̄

h̄v′(0)/n+S
†(QL)
n+ (0)hv(0)|B̄〉 = 4ED ζBDQL , (3.17)
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where our normalization differs from the standard HQET Isgur-Wise function. For the D∗,
we define

〈D∗| 1
R

(QL)
c̄

h̄v′(0)/n+γ5S
†(QL)
n+ (0)hv(0)|B̄〉 = −4ED∗ ε∗ · v ζBD

∗
QL

, (3.18)

where ε∗ is the D∗ polarization vector and ED(∗) = (m2
B +m2

D(∗)−m2
L)/(2mB). Due to the

Wilson line S(QL)
n+ and due to the soft-subtraction term R

(QL)
c̄ , the form factor ζ depends

on the charge of the light meson. In the following, as we only consider charged L−, we
omit this additional subscript. Defining then H ≡ H− + H+ and H∗ ≡ H− −H+, allows
us to write the factorization formula, already quoted in (2.3), as

〈D+L−|Q2|B̄〉 = 4iEDELζBD
∫ 1

0
du H(u, z)fLΦL(u) , (3.19)

〈D∗+L−|Q2|B̄〉 = 4iED∗EL ε∗ · v ζBD
∗
∫ 1

0
du H∗(u, z)fLΦL(u) . (3.20)

Finally, we note that the above holds also for longitudinally polarized vector mesons (L =
ρ,K∗), while decays to transversely polarized states are power suppressed.

3.2 Semi-leptonic decay

3.2.1 Factorization formula

The QCD×QED factorization formulas for the non-radiative semi-leptonic B̄ → D+(∗)`−ν̄`
amplitude are very similar to those of non-leptonic B̄→D+(∗)L− decays in (3.19) and (3.20).
We define

Asl,D(∗)

non-rad = GF√
2
VcbCsl

〈
D+(∗)`−ν̄`

∣∣Qsl
∣∣B̄〉 , (3.21)

where the semi-leptonic operator is Qsl = c̄γµ(1−γ5)b ¯̀γµ(1−γ5)ν. Csl is the semi-leptonic
hard Wilson coefficient. Following [3], the QCD×QED→ SCET matching of the amplitude
gives

〈D+`−ν̄`|Qsl|B̄〉 = 4iEDEsl Z` ζ
BD(E`, q2)Hsl(E`, q2, z) , (3.22)

where we defined the spinor product

iEsl ≡ ū(p`)
/n−
2 (1− γ5)vν`(pν`) . (3.23)

Z` denotes the renormalized leptonic matrix element as defined in [3]. The factorization for
B → D∗ is obtained by replacing ED → ED∗ ε

∗ · v. In full generality, the hard-scattering
kernels and form factor ζBD(∗) depend on the lepton energy E` and q2 = (p`+pν`)2 and we
defined as H(∗)

sl ≡ Hsl,−±Hsl,+, where the upper (lower) sign applies to D (D∗). Comparing
the semi-leptonic factorization in (3.22) with (3.19), we observe that they are analogous
under the replacements ELfLΦL → EslZ` and H → Hsl, with the same HQET form factor
ζBD, in the appropriate kinematic limits. In addition, the hard Wilson coefficient that
appears in the full amplitude is replaced by C2 → Csl.
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3.2.2 Physical form factor

Similar to [3], for charged L we replace the HQET form factor with the corresponding
physical form factor FBD(∗) obtained from the non-radiative semi-leptonic amplitude at
the kinematic point q2 = m2

L and at the maximal lepton energy at this point: Emax
` =

(EL +
√
E2
L −m2

L)/2. We define

FBD ≡ lim
E`→Emax

`

Asl,D
non-rad

GF /
√

2Vcb4iEDEsl
, (3.24)

and equivalently for D∗ by replacing ED → ED∗ε
∗ · v. For q2 = m2

L, the spinor product for
massless leptons becomes

Esl(q2 = m2
L) =

√
Emax
` − E`

8Emax
`

√
Emax
` (4E`Emax

` −m2
L)

4(Emax
` )2 −m2

L

, (3.25)

which goes to zero in the strict limit E` → Emax
` , as the non-radiative amplitude goes to

zero at the kinematic endpoint. The physical form factor FBD(∗) however remains finite in
this limit. Comparing with (3.22), we find

FBD(∗) = Csl Z` ζ
BD(∗)(E`, q2)H(∗)

sl (E`, q2, z) . (3.26)

Finally, the relevant semi-leptonic hard-scattering kernels are

H
(1)
sl,− =−QdQ`

{
L2
b

2 + Lb (1− 2 ln(1− z)) + h(1− z) + π2

12 + 5
}

+QuQ`

{
L2
c

2 − 3Lν + 3Lb − 2Lc
(

1− iπ + ln
(1− z

z

))
+ g

(
1− 1

z

)
+ π2

12 − 6
}

+QuQdf(z)−Q2
d

(3
2Lb + 2

)
−Q2

u

(3
2Lc + 2

)
, (3.27)

H
(1)
sl,+ =−QdQ`

√
z w (1− z)−QuQd

√
z

ln z
1− z , (3.28)

where we used E` = mb(1− z)/2 for consistency as in the short-distance kernels we use the
quark masses.

Replacing now the HQET form factor ζBD(∗) using (3.26), we find the factorization
formula:

C2
〈
D+L−|Q2|B̄

〉
= 4iEDEL

C2
Csl
FBD(m2

L)
∫ 1

0
duT (u, z)fL

ΦL(u)
Z`

, (3.29)

where we defined
T (∗)(u) ≡ H(∗)(u)

H
(∗)
sl

. (3.30)

The factorization formula for B̄ → D+∗L− is obtained by replacing ED → ED∗ ε
∗ · v.

In (3.29), we multiplied with the hard Wilson coefficient C2 to make the different con-
tributions explicit. We note that the drawback of (3.29) is that the physical form factor
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FBD includes electroweak-scale physics. On the other hand, the benefit of introducing this
physical form factor is that (3.24) provides an explicit prescription allowing to extract it
from experimental data. The procedure applied here is similar to the standard procedure
in QCD alone, where the HQET B → D(∗) form factor is replaced by the full QCD form
factor. This can be seen explicitly, when taking the limit αem → 0 and redefining the form
factors in terms of the kinematical factors:

F̂BD ≡ 4EDEL
m2
B −m2

D

FBD −−−−−→
αem→ 0

FBD0 , (3.31)

F̂BD∗ ≡ −2ED∗EL
mD∗mB

FBD∗ −−−−−→
αem→ 0

ABD
∗

0 , (3.32)

where F0 and A0 are the QCD form factors defined in [2]. The one-loop electromagnetic
correction to the hard-scattering kernel is given by

T (1) = Q2
d {2Lb ln u− h (u(1− z)) + h (1− z)}

+Q2
u

{
−3Lν + 3Lb − Lc(3− 2 ln ū)− h

(
ū

(
1− 1

z

))
+ g

(
1− 1

z

)
− 11

}
+QdQu

{
−3Lν − 2Lb ln ū− 2Lc ln u+ g (ū(1− z)) + g

(
u

(
1− 1

z

))
−h (1− z)− g

(
1− 1

z

)
− 11

}
−
√
z

[
Q2
d (w (u(1− z))− w(1− z)) +Q2

u

1
z
w

(
ū

(
1− 1

z

))
+QdQuw(1− z)

]
,

(3.33)

and the corresponding T ∗ is obtained by setting
√
z → −

√
z. Unlike H−, the hard-

scattering kernel T in (3.33) is free from collinear divergences when taking the limit z → 0.
In this limit, (3.33) reduces to (73) in [3].

4 QED corrections to branching fractions and ratios

In this section, we discuss the phenomenological implications of the QED effects on B →
D(∗)L decays, where we focus on L = π,K. Our formalism also holds for vector meson
final states L = ρ,K∗ and baryon decays, which we briefly discuss at the end of section 4.1.
We divide the QED effects in three groups arising at different scales:

• corrections to Wilson coefficients above the scale mb,

• corrections to the kernels, form factors and LCDA from scales between mb and ΛQCD,

• corrections to the decay rate from ultrasoft photon radiation below ΛQCD.

The first two corrections contribute at the amplitude level and can be included via

A(B → D(∗)L) = ABD(∗) a1(D(∗)L) , (4.1)
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where a1 parametrizes the colour-allowed tree-amplitude and

ABD = i
GF√

2
V ∗uDVcbfL 4ELEDFBD(m2

L) . (4.2)

A similar expression holds for D∗ with the replacement ED → ED∗ ε
∗ · v. In QCD, taking

the limit αem → 0, ABD in (4.2) reduces to

ABD ≡ i
GF√

2
V ∗uDVcbfL(m2

B −m2
D)FBD0 (m2

L) , (4.3)

while for D∗, we have

ABD∗ ≡ −i
GF√

2
V ∗uDVcbfL2mD∗ ε

∗ · pBABD
∗

0 (m2
L) . (4.4)

To parametrize the QED effects, we can now factor out this QCD expression by writing

A(B → D(∗)L) = ABD(∗)

(
F̂BD(∗)

FBD
(∗)

0

) [
aQCD

1 (D(∗)L) + δa1(D(∗)L)
]
, (4.5)

in terms of the reduced form factors F̂BD(∗) defined in (3.31) and (3.32). In addition,
for B → D∗, we have FBD∗0 ≡ ABD

∗
0 . The shift δa1 encodes the O(αem) QED correction

coming from the Wilson coefficient, the hard-scattering kernel, and the LCDA, respectively:

δa1(D(∗)L) ≡ δaWC
1 (D(∗)L) + δaK

1 (D(∗)L) + δaL
1 (D(∗)L) . (4.6)

Due to the replacement of the HQET form factor by FBD(∗) , this includes QED effects
from the semi-leptonic Wilson coefficient Csl in δaWC

1 , from Hsl in δaK1 and the leptonic
matrix element Z` in δaL1 , as can be seen from (3.29). However, δa1 does not include
QED corrections to the form factor, which are contained in the ratio F̂BD(∗)/FBD

(∗)
0 =

1 +O(αem).3 These QED corrections cancel in ratios with semi-leptonic decays, for which
we provide numerical estimates in section 4.3. For our numerical analysis, we use the inputs
given in table 1. For completeness, we also evaluate the pure QCD NNLO a1(DL) using [4]
with our inputs:

aQCD
1 (D+K−) = 1.008 + [0.024 + 0.009i]NLO + [0.029 + 0.029i]NNLO

= 1.061+0.017
−0.016 + 0.038+0.025

−0.014i ,
(4.7)

where the uncertainty is fully dominated by the scale variation mb/2 < µ < 2mb around
the central value µ = mb. Here we used the Gegenbauer coefficients from [13] evolved
to mb with NLL accuracy. The uncertainty coming from the charm mass is negligible.
Even when allowing very conservative variations of both 1.3 GeV < mc < 1.7GeV and

3Explicitly, the QED corrections to the physical form factor defined in (3.26) are

F̂BD
(∗)

(m2
L) = FBD

(∗)
0 (m2

L)
(
1 + δaWC

sl + δaK
sl + δaL

sl + δaF
sl
)
,

which includes the QED corrections to the Wilson coefficient Csl, Hsl, Z` and HQET form factor ζBD
(∗)

,
respectively.
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Coupling constants and masses [GeV]
αem(mZ) = 1/127.96 αs(mZ) = 0.1181 mB = 5.279 mZ = 91.1876

Decay constants [MeV] and masses
fπ = 130.2± 1.4 fK = 155.6± 0.4 mb = 4.78GeV mc = 1.67GeV

CKM parameters
|Vud| = 0.97370± 0.00014 |Vus| = 0.2245± 0.0008

Wilson coefficients and coupling constants at ν = 4.8GeV
CQCD

1 = −0.258 CQCD
2 = 1.008 αem = 1/132.24 α

(4)
s = 0.21617

Parameters of distributions amplitudes at µ = 1GeV
aπ2 = 0.15 aK̄1 = 0.06 aK̄2 = 0.14
aρ2 = 0.17 aK̄

∗
1 = 0.06 aK̄

∗
2 = 0.16

Coupling constants at µ = 1GeV
αem = 1/134.05

Table 1. Inputs used to obtain QCD NNLO predictions and QED effects. The Gegenbauer
coefficients of the π and K are taken from [13] and evolved to 1GeV with LL accuracy. The ρ and
K∗ Gegenbauer coefficients are taken from [14], which uses Lattice QCD results from [15]. We use
α

(4)
s with four flavours and the three-loop running, while the Wilson coefficients were matched to

the full SM at the electroweak scale µ0 = mW . The quark masses are to be understood as two-loop
pole masses.

4.5 GeV < mb < 4.9GeV, it is one order of magnitude smaller than the one from the scale
variation in (4.7). Our result differs slightly from [4] (see also [5]) due to different inputs
and because we do not re-expand the Wilson coefficients as a series in αs, but treat the
values provided in table 1 as inputs. Numerical values of a1 for final states other than
D+K− are summarized in table 2. We note that the numerical differences between D and
D∗ final states are small.

4.1 QED corrections to a1

At the amplitude level, at linear order in αem, there are four separate QED corrections,
three of which contribute to δa1 defined in (4.6). We remind the reader that by definition
the QED corrections in FBD(∗) are not included in the shift δa1. The QED correction to
the Wilson coefficient was obtained in [3] (see [16, 17]). As here we only deal with charged
L mesons, for which only C2 contributes, we need

δaWC
1 (D(∗)L) = δC2 − δCslC

tree
2 = −0.39 · 10−2 , (4.8)
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where δCsl is the contribution from the semi-leptonic Wilson coefficient (as seen from (3.29)
and discussed below (4.6)). Neglecting O(αsαem) corrections for consistency, we have de-
fined the tree-level Wilson coefficient Ctree

2 = 1.03 (see (104) in [3]). The kernel contribution
δaK

1 is

δaK
1 (D(∗)+L−) ≡ αem(µ)

4π CQCD
2 (ν)

∫ 1

0
du T (∗)(1)(u, z)φL(u) , (4.9)

where φL is the QCD LCDA for which we use the standard Gegenbauer expansion. O(αem)
QED effects from the QED-generalized LCDA are parametrized by δaL

1 :

δaL
1 ≡ C

QCD
2 (ν)

∫ 1

0
du

(ΦL(u)
Z`

− φL(u)
)
. (4.10)

The QED corrections from the QED generalized light-meson LCDA δaL
1 require long-

distance calculations. The generalized QED light-meson LCDA ΦL is discussed in detail
in [10]. In principle, it has to be obtained either by lattice QCD simulations or directly
from experiment. Although some progress has been made including QED corrections to
the form factors of light mesons (see e.g. [18]), such calculations are not available yet for
B → D(∗) form factors, nor for the π and K LCDAs. In the following, to discuss the QED
effects on a1, we therefore neglect the corrections from δaL

1 .
For the convoluted kernel results, we truncate the Gegenbauer expansion at the second

moment, and write∫ 1

0
du T (∗)(1)(u, z)φL(u) = V

(∗)(1)
0 (µ, z) + aL1 (µ)V (∗)(1)

1 (µ, z) + aL2 (µ)V (∗)(1)
2 (µ, z) , (4.11)

where aL1,2 are the first two Gegenbauer coefficients of the QCD light meson LCDA. Analytic
expressions for V (∗)(1)

i (µ, z) are given in appendix A. At µ = 1GeV and ν = 4.8GeV, we find

δaK
1 (D+L−) = αem(µ)

4π
[
−1.81− 8.71i− (0.49 + 1.18i)aL1 (µ)− (0.92 + 1.97i)aL2 (µ)

]
,

δaK
1 (D+∗L−) = αem(µ)

4π
[
−1.69− 7.30i+ (0.07− 0.76i)aL1 (µ)− (0.51 + 1.96i)aL2 (µ)

]
,

(4.12)

where we kept the Gegenbauer coefficients unevaluated. Using their numerical values at
µ = 1GeV from table 1, we obtain

δaK
1 (D+π−) = αem(µ)

4π

[
−1.95− 9.01i

]
= (−0.12− 0.53i) · 10−2 , (4.13)

δaK
1 (D+K−) = αem(µ)

4π

[
−1.97− 9.06i

]
= (−0.12− 0.54i) · 10−2 , (4.14)

δaK
1 (D∗+π−) = αem(µ)

4π

[
−1.77− 7.60i

]
= (−0.10− 0.45i) · 10−2 , (4.15)

δaK
1 (D∗+K−) = αem(µ)

4π

[
−1.76− 7.62i

]
= (−0.10− 0.45i) · 10−2 . (4.16)
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|a1(D(∗)+L−)| LO NLO NNLO +QED NLO

|a1(D+π−)| 1.008 1.032+0.024
−0.018 1.064+0.019

−0.017 1.059+0.019
−0.017

|a1(D∗+π−)| 1.008 1.031+0.023
−0.018 1.063+0.020

−0.017 1.058+0.020
−0.017

|a1(D+K−)| 1.008 1.032+0.024
−0.018 1.062+0.017

−0.016 1.057+0.017
−0.016

|a1(D∗+K−)| 1.008 1.031+0.023
−0.018 1.061+0.017

−0.016 1.056+0.017
−0.016

Table 2. Results for |a1(DL)| at LO, NLO and NNLO using [4] for the NNLO expressions with
inputs from table 1. In the last column, we added the QED NLO corrections δaK

1 and δaWC
1 .

Comparing to QCD, we find that the imaginary part is about 15% of the QCD imaginary
part in (4.7), while the real part is around four times smaller.

In table 2, we summarize our results adding δaK
1 and δaWC

1 to the NNLO QCD expres-
sions, the latter obtained using the ancillary files of [4] and the inputs in table 1. Comparing
to QCD, we find that the QED effects are somewhat smaller than the QCD uncertainty.
Therefore, the quoted uncertainty in the final column is that of the QCD NNLO prediction
and we do not assign an additional QED uncertainty. The QED effects on the real part
and absolute values of a1 are dominated by δaWC

1 . Our results also apply to non-leptonic
two-body Bs → Ds and Λb → Λc decays with

a1(D+L−) = a1(D+
s L
−) = a1(Λ+

c L
−) , (4.17)

which holds in QCD and also for the QED correction δa1. Finally, we stress that (4.12)
holds also for light vector-meson final states with L = ρ,K∗. Taking the Gegenbauer
moment coefficients as listed in table 1, we find

δaK
1 (D+ρ−) = (−0.12− 0.54i) · 10−2 , (4.18)

δaK
1 (D+K∗−) = (−0.12− 0.54i) · 10−2 . (4.19)

However, as finite-width effects may play an important role (see [19]), we do not discuss
these results further in detail.

4.2 Ultrasoft effects

In the previous section, we considered the QED effects to the non-radiative amplitude. At
the level of the decay rate also ultrasoft-photon effects have to be included to render the
observable IR finite. We define the ultrasoft-photon-inclusive rate Γ[B̄ → D(∗)L](∆E) as
the Γ[B̄ → D(∗)L+Xs] where Xs consists of photons and electron-positron pairs with total
energy ∆E � ΛQCD. For general D(∗)L final states, the ultrasoft-photon-inclusive rate
factorizes as

Γ[B̄ → D(∗)L](∆E) = |A(B̄ → D(∗)L)|2 S⊗(∆E) , (4.20)

where ⊗ = (QD, QL) and

S⊗(∆E) = 1 + αem
4π

[
8b⊗ ln

(
µ

2∆E

)
+ 4F⊗

]
+O

(
α2

em

)
. (4.21)
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In the double-logarithmic approximation (but not as simple beyond, see e.g. [20]) S⊗ ex-
ponentiates to

S⊗ = exp
(
αem
4π S

(1)
⊗

)
, (4.22)

which will be used below. For B̄ → D+L−, the functions b(+,−) and F(+,−) are given by [21]

b(+,−) = 1− 4−∆2
+ −∆2

− + 2β2

8β

[
ln
(∆+ + β

∆+ − β

)
+ ln

(∆− + β

∆− − β

)]
(4.23)

F(+,−) = ∆+
2β ln

(∆+ + β

∆+ − β

)
+ ∆−

2β ln
(∆− + β

∆− − β

)
+ 4−∆2

− −∆2
+ + 2β2

4β

×
[
Re
{
Li2

(
− β

∆−

)
− Li2

(
β

∆−

)
+ 1

2Li2
(∆− + β

2∆−

)
− 1

2Li2
(∆− − β

2∆−

)}
− ln 2

2 ln
(∆− + β

∆− − β

)
+ 1

4 ln2
(

1 + β

∆−

)
− 1

4 ln2
(

1− β

∆−

)
+ (∆− → ∆+)

]
,

(4.24)

where β≡
√

(1− (rL + rD)2)(1− (rL − rD)2), and we defined rL≡mL/mB, rD≡mD/mB,
and ∆± ≡ 1 ± r2

L ∓ r2
D. Expression (4.21) agrees with the energy-dependent correction

factor (5) in [21], when setting µ = mB and dropping the virtual contributions H12 and
N12 in that reference. The conceptual differences between the approach of [21] and ours
are discussed in detail in section 6 of [3].

The scale µ in (4.21) is related to the IR divergence of the non-radiative amplitude [3].
In the present case, the generalized form factor and LCDA must be understood as properly
IR subtracted and thus as scheme-dependent quantities. As we can compute only the UV
scale dependence of these objects with perturbative methods, we are forced to choose µ
in (4.21) to be of the order of the collinear scale to correctly resum all large logarithms. In
the following we restrict ourselves to the resummation of double logarithms only, except for
logarithms in ∆E, as was done in [3]. We note that these double logarithmic contributions
arise entirely from QED effects. After soft rearrangement, all large double logarithms are
removed from the heavy-to-heavy current. This can be seen by looking at the UV poles
in (3.10): the potentially large logarithm in the second line involves the off-shell regulator,
and is cancelled after dividing by R(QL)

c̄ . Hence, we only have to consider the two Sudakov
factors of the hard-scattering kernel (SH), and the QED generalized light-meson LCDA
(SC̄ , see eq. (4.26) in [12]):

SH(µ, µb) = exp
{
−αem

2π Q2
L ln2 µ

µb

}
, (4.25)

SC̄(µ, µc;EL) = exp
{
−αem

2π Q2
L

(
ln2 µc

2EL
− ln2 µ

2EL

)}
. (4.26)

Multiplying the two gives the universal Sudakov factor that resums large double-logarithms
between the hard and the collinear scale:

SL(µb, µc) = exp
{
−αem

2π Q2
L ln2 µc

µb

}
, (4.27)
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where we used

ln2 µ

µb
+ ln2 µc

2EL
− ln2 µ

2EL
= ln2 µb

µc
− 2 ln µ

µc
ln µb

2EL
, (4.28)

and dropped the second term on the right-hand side in the double-logarithmic approxima-
tion, since 2EL = O(µb).

Combining this with the exponentiated ultrasoft function at µ = µc, allows us to write
the ultrasoft-photon-inclusive width as

Γ
[
B̄ → D(∗)L

]
(∆E) = Γ(0)

[
B̄ → D(∗)L

]
U(D(∗)L) , (4.29)

where the non-radiative amplitude Γ(0) is defined as the square of the factorized virtual
B̄ → D+L− amplitude, |A(B̄0 → D+(∗)L−)|2, divided by the factor in (4.27). The U factor
is given by

U(D(∗)L) ≡ |eSL(µb,µc)|2e
αem
4π S

(1)
⊗ =

(2∆E
mB

)−αem
π

2b⊗
× t⊗(µc) , (4.30)

with
t⊗(µc) = exp

{
αem
π

[
2b⊗ ln µc

mB
−Q2

L ln2 µc
mB

+ F⊗

]}
. (4.31)

As discussed, we restrict ourselves to the double-logarithmic approximation (except for
logarithms in ∆E). Expanding up to leading order in mL/mB = O(ΛQCD/mB), gives

b(+,−) = 1 + ln
(

mDmL

m2
B −m2

D

)
, (4.32)

and
F(+,−) = − ln2 mLmB

m2
B −m2

D

, (4.33)

where in the expression for F(+,−) we only kept the double-logarithmic terms. In this
approximation (4.31) reduces to

t(+,−)(µc) = exp
{
αem
π

[
− ln2

(
mL

µc

m2
B

m2
B −m2

D

)]}
. (4.34)

Since mL = O(µc), no large double logarithms remain, t⊗ = 1 in this approximation, and
as expected, the µc dependence in (4.30) cancels.

Numerically, some of the sub-leading logarithmic terms in t⊗ turn out to be at the
percent level when setting µc = 1GeV. A consistent treatment of sub-leading logarithms
would however require a non-perturbative matching of SCET onto an effective theory of
point-like mesons, which is beyond the scope of the present work. In the remainder, we
therefore consider ultrasoft effects following from U(D(∗)L) as defined in (4.30) with t⊗ = 1
and b⊗ in (4.32), similar as in the QCD×QED factorization of the B to two light meson
decay [3]. However, as these ultrasoft contributions are the dominant QED effects, we take
the difference between the double-logarithmic approximation of (4.30) with t⊗ = 1 and
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the full t⊗(µc) using (4.23) and (4.24) evaluated at µc = 1GeV as a two-sided conservative
uncertainty on U(D(∗)L). Taking ∆E = 60MeV as in [3, 12], we find

U(D+K−) = 0.960± 0.001 , (4.35)
U(D+π−) = 0.938± 0.005 , (4.36)

U(D∗+K−) = 0.962± 0.001 , (4.37)
U(D∗+π−) = 0.940± 0.005 . (4.38)

Finally, we stress that in principle the semi-leptonic rate used to normalize our expressions
also gets an ultrasoft correction U(D(∗)`). We discuss this in more detail in the next section
and note that we refer to contributions coming from U as ultrasoft effects.

4.3 Ratios of semi-leptonic and non-leptonic rates

Previously, we focused on the QED corrections to a1, and ignored contributions from
FBD(∗)

/FBD
(∗)

0 as these are presently not known. It is therefore of interest to consider
ratios of non-leptonic over semi-leptonic decays as is generally done to suppress the effect of
the form factors. In this way, the coefficients |a1(D(∗)+L−)| can be extracted directly from
experimental data allowing for a clean test of QCD and QCD×QED factorization [2, 6, 22].

The dominant QED effects are from (ultra)soft radiation. In the following, we assume
that the non-leptonic rate always includes soft photons. Following the definition in (4.29)
this is denoted by Γ(B̄d → D(∗)+L−)(∆E). Contrary to QCD, we now define two ratios of
non-leptonic versus semi-leptonic decays depending on whether or not in the semi-leptonic
rate soft-photon radiation is included, or whether the non-radiative rate is considered.

Assuming that the non-radiative semi-leptonic rate was extracted from data, we define

R
(0),(∗)
L (∆E) ≡ Γ(B̄d → D(∗)+L−)(∆E)

dΓ(0)(B̄d → D(∗)+`−ν̄`)/dq2 |q2=m2
L

= 6π2 |VuD|2U(D(∗)L) f2
L

∣∣∣aQCD
1 (D(∗)L) + δa1(D(∗)L)

∣∣∣2 X(∗)
L

≡ R
(∗)
L |QCD

(
1 + δQED(D(∗)L) + δ

(0)
U (∆E)

)
, (4.39)

where
δQED ≡

2Re(δaWC
1 + δaK

1 + δaL
1 )atree

1

|aQCD
1 |2

. (4.40)

The ultrasoft effects are δ(0)
U ≡ U(D(∗)L) − 1 which can be obtained from (4.35)–(4.38).

Second, we consider the ratio where both the semi-leptonic and the non-leptonic rates are
the soft-photon inclusive:

R
(∗)
L (∆E) ≡ Γ(B̄d → D(∗)+L−)(∆E)

dΓ(B̄d → D(∗)+`−ν̄`)(∆E)/dq2 |q2=m2
L

, (4.41)

which can be expressed as (4.39) but now also the ultrasoft factor U(D(∗)`) should be in-
cluded by replacing U(D(∗)L)→ U(D(∗)L)/U(D(∗)`) and δ(0)

U →δU ≡ U(D(∗)L)/U(D(∗)`)−
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1. The latter only differs from zero due to the small differences in mass between L and
` = µ. For ∆E = 60MeV we find

δU(D+π−) = δU(D+∗π−) = 0.005± 0.009 , (4.42)
δU(D+K−) = δU(D+∗K−) = 0.028± 0.008 . (4.43)

In the ratios (4.39) and (4.41) the form factor FBD(∗) cancels. Neglecting δaL
1 in the

following, δQED only contains QED corrections to the kernel and the Wilson coefficients.
We find:

δQED(Dπ) = −0.90 · 10−2 , (4.44)
δQED(DK) = −0.90 · 10−2 , (4.45)
δQED(D∗π) = −0.88 · 10−2 , (4.46)
δQED(D∗K) = −0.88 · 10−2 . (4.47)

For the QCD contribution, we include the form factor effects to the ratio RL which
enter via

XL = (m2
B −m2

D)2

[m2
B − (mD −mL)2][m2

B − (mD +mL)2]

∣∣∣∣∣F0(m2
L)

F1(m2
L)

∣∣∣∣∣
2

,

X∗L = [m2
B − (mD∗ −mL)2][m2

B − (mD∗ +mL)2] |A0(m2
L)|2

m2
L

∑
i=0,± |Hi(m2

L)|2 ,
(4.48)

where we neglect the lepton mass but keep the light-meson mass as it can be relevant
for kaons, see (4.50). The form factors F0, F1 and A0 are defined in [22] and H0(q2) and
H±(q2) are the helicity amplitudes defined in the appendix of [22]. Using the large-recoil
relations for the form factors (see [23]), and expanding XL in powers of m2

L/m
2
B gives [22]

XL = 1 + 4m2
LmBmD

(m2
B −m2

D)2 ,

X∗L = 1 + 4m2
LmBmD∗

(m2
B −m2

D∗)2 −
4m2

L

(mB −mD∗)2 .

(4.49)

Numerically, using the approximation (4.49) gives

Xπ = 1.00 (1.00) , XK = 1.02 (1.01) , X∗π = 0.99 (1.00) , X∗K = 0.93 (0.95) . (4.50)

For comparison, we give in brackets numerical results obtained with the full expression
in (4.48) using the QCD sum-rule results from [24]. We note that for B → D∗ decays the
corrections can be at the percent-level. Due to the excellent agreement between the two
approaches, for our numerical analysis we take the first number as the central value and
add the difference as an additional uncertainty. The uncertainty thus obtained is in fact
the same as the uncertainty on XL obtained using the form factors from [24].

Finally, combining the NNLO QCD value for a1 listed in table 2, the XL factors
in (4.50), our QED results in (4.44)–(4.47) and δU (in brackets δ(0)

U ), we obtain the new
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R
(∗)
L LO QCD NNLO +δQED +δU (δ(0)

U )

Rπ 0.969± 0.021 1.078+0.045
−0.042 1.069+0.045

−0.041 1.074+0.046
−0.043 (1.003+0.042

−0.039)

R∗π 0.962± 0.021 1.069+0.045
−0.041 1.059+0.045

−0.041 1.065+0.047
−0.042 (0.996+0.043

−0.039)

RK · 102 7.47± 0.07 8.28+0.27
−0.26 8.21+0.27

−0.26 8.44+0.29
−0.28 (7.88+0.26

−0.25)

R∗K · 102 6.81± 0.16 7.54+0.31
−0.29 7.47+0.30

−0.29 7.68+0.32
−0.30 (7.19+0.29

−0.28)

Table 3. Theoretical predictions for R(∗)
L expressed in GeV2 at LO, NNLO QCD and subsequently

adding δQED given in (4.44) and the ultrasoft effects δU (or in brackets δ(0)
U ). The last column

presents our final results.

predictions for R(∗)
L listed in table 3. For the QCD NNLO results, we include uncertainties

coming from aQCD
1 as before and those from CKM factors and fL. The final uncertainty is

dominated by the uncertainty on aQCD
1 . For the QED contribution, the quoted uncertainty

is the QCD NNLO uncertainty with the uncertainty from U(D(∗)L) given in (4.35) added
in quadrature. This uncertainty is rather conservative and therefore we do not include
other uncertainties for the QED contributions.

5 Discussion

We discussed the QCD×QED factorization of B meson decays into heavy-light final states.
Compared to the light-light final states [3], the factorization is simpler as spectator scat-
tering does not play a role, but the hard-scattering kernels are more complicated due to an
additional dependence on the heavy charm-quark mass. After discussing the generalized
factorization formula, we presented new predictions for the tree-level coefficient a1 includ-
ing NNLO QCD and the leading O(αem) QED corrections. We find sub-percent QED
effects coming from the hard-scattering kernels and Wilson coefficients, at the same level
as the QCD uncertainties. On the other hand, for the decay rate, ultrasoft effects play a
dominant role which can be several percent.

In table 3, we presented our results for observable ratios RL between the non-leptonic
and semi-leptonic rates. The last column of table 3 shows our final results which consists
of the NNLO QCD predictions including QED effects for the RL(∆E) as defined in (4.41)
(for R(0)

L (∆E) as defined (4.39)). We stress the importance of the consistent handling
of the ultrasoft effects between theory and experiment; the values and those in brackets
differ significantly. Therefore, we do not give the current experimental values for the ratios
which depend on the treatment of ultrasoft effects in the semi-leptonic rate (and in fact
also of that in the non-leptonic rate). Preferably either the non-radiative or the soft-photon
inclusive semi-leptonic differential decay would be given by the experimental collaborations
directly.

Finally, we note that we did not present updated results of the branching ratios, as
those would require inputs on the form factors for which QED effects are currently not
known. This problem can be circumvented using the ratio RL. However, in principle,
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our results for a1 in table 2 plus the ultrasoft effects in (4.35) provide predictions for the
branching ratios employing a specific form factor parametrization with a possible addi-
tional uncertainty for the neglected QED form factor effects. Even in that case, the QED
corrections would be dominated by ultrasoft effects. Comparing the theory predictions
with experimental data then requires a careful study to ensure that the same observable
is compared. Experimentally, QED effects are usually implemented using the PHOTOS
Monte Carlo [25], and have been studied in a multitude of B decays (see e.g. [26–28]).
However, in light of the recent attention given to B → DL decays and the discrepancies
that were observed between the experimental data and the theoretical predictions for the
branching ratios [5, 6], a renewed and more detailed study of these ultrasoft effects seems
timely.
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A Convoluted kernels

The convoluted kernels are defined as∫ 1

0
duT (∗)(1)(u, z)φL(u) =

2∑
k=0

αLk (µ)
[
V

(1)
k− (z)±

√
zV

(1)
k+ (z)

]
≡

2∑
k=0

αLk (µ)V (∗)(1)
k (z) ,

(A.1)

where

V
(1)

0− (z) = −5Lb
3 − 2Lν

3 − 2(2z3 − 6z2 − 6z + 1)
3(z − 1)3 Li2(z)

− 2(z − 3)z2

3(z − 1)3 ln2 z + 4(z3 + (−3− iπ)z2 + 3iπz + z + 1)z
3(z − 1)3 ln z

+ −4z4 + 15z3 − 2z2 + 8z + 1
3(z − 1)2z

ln(1− z)

+ 24iπz4 + 4(−19− 29iπ + π2)z3 + 3(45 + 52iπ − 4π2)z2

18(z − 1)3

+ −6(25 + 18iπ + 2π2)z + 2π2 + 44iπ + 91
18(z − 1)3 ,

(A.2)

V
(1)

1− (z) = −Lb2 + 2z(8z2 + 12z + 5)
(z − 1)4 Li2(z) + 2z2(4z + 3)

(z − 1)4 ln2 z

+ 2z(−5z3 + 6i(4π + 5i)z2 + 3(11 + 6iπ)z + 2)
3(z − 1)4 ln z
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+ (23z3 + 145z2 + 127z + 5)
6(z − 1)3 ln(1− z)

− 101z4 + 1688z3 + 54z2 + 24π2(8z2 + 12z + 5)z
72(z − 1)4

− 24iπ(11z4 + 56z3 − 60z2 − 8z + 1)− 1976z + 133
72(z − 1)4 ,

(A.3)

V
(1)

2− (z) = −3Lb
5 + 12z(4z2 + 6z + 1)

(z − 1)5 Li2(z) + 12z2(z + 1)
(z − 1)5 ln2 z

− 4z(z3 + (9− 6iπ)z2 + (−9− 6iπ)z − 1)
(z − 1)5 ln z

+ (3z4 + 23z3 + 463z2 + 163z + 8)
5(z − 1)4 ln(1− z)

+ −861z5 + 1580z4 − 33610z3 + 27060z2 − 600π2(4z2 + 6z + 1)z
300(z − 1)5

+ −120iπ(z5 + 5z4 + 100z3 − 100z2 − 5z − 1) + 5095z + 736
300(z − 1)5 ,

(A.4)

V
(1)

0+ (z) = 2(4z2 + 10z + 1)
3(z − 1)3 Li2(z) + 4z(z + 2)

3(z − 1)3 ln2 z

+ 4((−5 + 2iπ)z2 + (4 + 4iπ)z + 1)
3(z − 1)3 ln z + (20z3 + 12z2 − 3z + 1)

3(z − 1)2z2 ln(1− z)

+ −(93 + 120iπ + 8π2)z3 + 4π(−5π + 24i)z2 + (99 + 24iπ − 2π2)z − 6
18(z − 1)3z

,

(A.5)

V
(1)

1+ (z) = −2(4z3 + 22z2 + 13z + 1)
(z − 1)4 Li2(z)− 4z(z2 + 5z + 2)

(z − 1)4 ln2 z

+ 4((19− 6iπ)z3 + (9− 30iπ)z2 + (−27− 12iπ)z − 1)
3(z − 1)4 ln z

− 77z2 + 140z + 23
3(z − 1)3 ln(1− z) + 259z3 + 771z2 + 6π2(4z3 + 22z2 + 13z + 1)

18(z − 1)4

+ 24iπ(19z3 + 9z2 − 27z − 1)− 879z − 151
18(z − 1)4 ,

(A.6)

V
(1)

2+ (z) = 4(4z4 + 42z3 + 60z2 + 18z + 1)
(z − 1)5 Li2(z) + 8z(z3 + 10z2 + 12z + 2)

(z − 1)5 ln2 z

+ 4((−45 + 12iπ)z4 + 8i(15π + 17i)z3 + 36(3 + 4iπ)z2 + 24(3 + iπ)z + 1)
3(z − 1)5 ln z
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+ (181z3 + 797z2 + 473z + 49)
3(z − 1)4 ln(1− z) + −1003z4 − 8068z3 + 1602z2

36(z − 1)5

+ −2π2(4z4 + 42z3 + 60z2 + 18z + 1)− 4iπ(45z4 + 136z3 − 108z2 − 72z − 1)
3(z − 1)5

+ 7012z + 457
36(z − 1)5 .

(A.7)
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