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ABSTRACT: The QCDxQED factorization is studied for two-body non-leptonic and semi-
leptonic B decays with heavy-light final states. These non-leptonic decays, like B?s) —
D(J;)W_ and Bg — DTK~, are among the theoretically cleanest non-leptonic decays as
penguin loops do not contribute and colour-suppressed tree amplitudes are suppressed in
the heavy-quark limit or even completely absent. Advancing the theoretical calculations
of such decays requires therefore also a careful analysis of QED effects. Including QED
effects does not alter the general structure of factorization which is analogous for both
semi-leptonic and non-leptonic decays. For the latter, we express our result as a correction
of the tree amplitude coefficient a;. At the amplitude level, we find QED effects at the
sub-percent level, which is of the same order as the QCD uncertainty. We discuss the
phenomenological implications of adding QED effects in light of discrepancies observed
between theory and experimental data, for ratios of non-leptonic over semi-leptonic decay
rates. At the level of the rate, ultrasoft photon effects can produce a correction up to a
few percent, requiring a careful treatment of such effects in the experimental analyses.
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1 Introduction

Recently, the QCD factorization formula for non-leptonic B decays into two light mesons [1,
2] has been generalized to include QED [3]. In this paper, we discuss the implications of
QED on the factorization of non-leptonic heavy-to-heavy decays, specifically B — D™ L
where L is a light meson L = m, K*), p. Schematically, in QCD [2]

(DYLIQiIB) = FF=P" x Ty x 6, (1.1)

which is valid in the heavy-quark limit applied to both bottom and charm mesons. The
factorization formula describes the matrix element of operator (); in terms of the heavy-to-
heavy transition form factor FB—=P <*), the light-cone distribution amplitude (LCDA) ¢r,
of the light-meson L and their convolution with the perturbatively calculable scattering
kernel T;. Contrary to B decays into two light mesons, here only the “form factor” term
contributes, while “spectator scattering” is power suppressed in the Agcp/mg counting
and thus absent at leading order, where mg is the heavy quark mass.

The QCD corrections to the short-distance kernels 7; are already known to O(a?)
(NNLO) [4]. Recently, these heavy-to-heavy decays have received renewed attention, due to
deviations between theoretical predictions and experimental measurements of Bg — DYK~

and B?S) — D(J;)ﬂ* [5—8]. Such decays are dominated by colour-allowed tree topologies



described by the topological tree-amplitude a1 (D1 L™). Taking as a specific example Bg —
DT K~ the amplitude becomes [2]:

A(BY = DK") =i SV Vi (DY) fic (my = ) B D) (1.2)
where fx is the kaon decay constant. The coefficient a; (DT K™) is known up to NNLO [4].
Power corrections of O(Aqcp/mg) were discussed in [2] and were estimated to be at the
subpercent level at most in [5] using sum-rule techniques. Not included in these estimates
are QED effects, which are expected to be smaller.

In this paper, we discuss the impact of QED on heavy-to-heavy non-leptonic decays ex-
tending our work in [3]. Once including QED effects, the branching fraction and amplitudes
are no longer infrared-finite, and the process that should be considered is B — D(*)L('y)
where «y is any number of soft photons with total energy less than AFE in the B meson
rest frame. At scales above AFE, QED corrections are purely virtual. The factorization
of the so-called “non-radiative” amplitude along the lines of [3] can then be formulated
it AE < Aqep. We calculate these virtual corrections to non-radiative B = Dt~
decays and combine them with ultrasoft radiation to obtain the infrared finite physical
branching fractions.

The paper is organized as follows: first, we give the QED generalized factorization
formula and the explicit results for the hard scattering kernels. We then discuss the ultrasoft
effects and the phenomenological implications of QED on Standard Model predictions.

2 Factorization formula

In this work we consider the decay of a B(S) meson into a heavy Dg))Jr meson and a
light meson L~ (L = 7, p, K, K*) mediated by the current-current operators for b — ¢
transitions, given by the weak Hamiltonian

G
Heog = 7; Vi Ve (C1Q1 + C2Q3) + h.c. (2.1)

with the CMM operator basis [9]

Q1 = [ T(1 = 5)b][Dy, T*(1 — v5)ul,
Q2 = [ev"(1 — v5)b][Dyu(1 — v5)ul, (2.2)

and D = d or s. T® denotes the SU(3) colour generator in the fundamental representa-
tion. In general, the B meson decays to D™ L via (a combination of) quark topologies,
corresponding to colour-allowed tree decay (class-I), colour-suppressed tree decay (class-II)
and via weak annihilation. QCD and electroweak penguin topologies do not contribute.
Both, the colour-suppressed tree and weak annihilation topologies are power-suppressed
with respect to the colour-allowed tree topology [2]. In the following, we consider only
B?S) — D((:))+L_ decays which proceed (predominantly) through the colour-allowed tree
topology. As in the derivation of the QCD factorization formula [2], we adopt the power
counting z = m2/mj ~ O(1).
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Figure 1. One-loop qepy-contributions to b — cuD transitions of the operator Qs.

Similar as for B decays into two light mesons, the QCD factorization formula can be
extended to include QED as

_ 1
<D+ L7|Qi B> = 4iEpEL (5P (m}) /0 duH; o, (u,2) fr®r(u), (2.3)

where here fr, is the renormalization-scale independent QCD decay constant.! The kernels,
form factors and LCDAs depend on the electric charge @ of the light meson L. These
objects are generalized to include virtual short- and long-distance photon exchange. As
given in (2.3), these objects are single-scale quantities. We shall later replace the HQET
form factor CgLD by a suitable physical quantity, making use of the fact that an analogous
factorization theorem holds for the non-radiative semi-leptonic B — D¢~ 7, amplitude at
the kinematical point ¢> = m? and E, = my(1 — 2)/2 (as discussed in section 3.2 and [3]).
This procedure is akin to using the full QCD rather than HQET B — D form factor in
QCD alone. As stated above, we only consider L™, with @ = —1. In the following,
we therefore omit the @, subscript. In (2.3), we choose a specific normalization for the
form factor, where Ep = (m% + m% — m?)/(2mp) and Er, = (m% — m% + m?)/(2mp)
are the energies of the D and L mesons in the B rest frame, respectively. As we treat
the charm quark as heavy, the scattering kernels H; depend on z = m?/ mg as well as on
the momentum fraction u. Finally, we note that the factorization formula also holds for
B — D*TL~ and Ay — A} L™, as was the case without QED.

3 Details on the calculation

To derive the factorization formula already given in (2.3), we follow the procedure discussed
in detail in [3] for B decays into two light mesons. There all the relevant QED generalized
operator definitions were given. The heavy-to-heavy calculation in this paper is in fact
simpler than that of the B into two light mesons as now only QCDxQED — SCET;
matching is required. In the following, we compute the O(aemal) contributions to the

scattering kernel H;. The corresponding quark-level diagrams are shown in figure 1.

!This definition differs slightly from [3] where a QED generalized decay constant was introduced. Here
all QED effects are put into the definition of the LCDA &, as discussed in detail in [10].



We proceed by matching the QCD operators )12 onto the QED generalized SCETy
operators

O+(1) = ¥t )= (1 =26 (0) B (O, (1 10)S0 OB (0), (31)

where the bottom (charm) quark is treated as a static quark h, (h,) with velocity v (v').
Here n} is a light like reference vector defined along the direction of motion of the light
meson L, and n* refers to the opposite direction such that n? i = n? =0and nyn_ = 2.
The difference with QCD is the presence of the soft QED Wilson line that depends on the
electric charge of the light meson L [3]:

Sﬁgm(m) = exp {—iQLe/O dsnyAs(z + Sni)} :

The QCD part of the soft Wilson line cancels in (3.1), because the operators are colour
singlets. In pure QED, to all orders in aep,

(DWLIQIIB) = (Q1) =0, (32)
because the colour-octet QCD operator ()1 cannot match onto the colour-singlet SCET
operators Ox. The renormalized matrix element of ()2 is matched as’

(Q2) = H (O-) + H(O4). (3:3)
The matching coefficients Hy and H_ can be expressed as
0 Qlem 1 1 1 0
L AP S A0 4 )y 2 A0 (3.4)
He=""a0), (3.5)

4m
where the superscript indicates the expansion coefficients in powers of aep/(47). Here

Ago_) (Aglaz) are the bare tree-level (one-loop) on-shell matrix elements of operator Q2. We

note that Hy = 0 if m. — 0, because the chirality flipped operator does not contribute for
light final states. The one-loop QED operator renormalization constants are given by Z;;
n (16) of [3], where j also runs over evanescent operators [11] (see also [4]). The external

(1)

ﬁeld renormalization contribution Zg;

accounting for the one-loop on-shell renormalization
of the b-quark and c-quark fields is

3 3
74 = —Qd[ + Lb+2} Q2{ + Lb——lnz—|—2 (3.6)
where
e 3.7
Ly=In—. .
b=1M "9 (3.7)

b
Similar to [3], we write the SCET operator renormalization factor Y in two parts:

YO (u,0) = Z})6(u—v) + 25 (u,v) (3.8)

where Zg)(u, v) is the anti-collinear kernel computed in (22) in [3]. The generalized heavy-
to-heavy current is now defined as

har (0)gh, (1 = 75) SH9E) (0) 1y (0), (3.9)

®The hard-scattering kernels are functions of ¢ and their product with Oz is in fact a convolution.
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Figure 2. agpy-corrections to the heavy-to-heavy current. Here the dot represents the soft Wilson
line Sy,

where the soft Wilson line S;,, arises from the soft decoupling of the anti-collinear fields.
We obtain Zj; at one-loop by calculating the diagrams in figure 2 by regularizing the
infrared (IR) divergences with an off-shellness kg for the ¢ = u,d quarks. As discussed in
appendix A of [12] (see also [3]), this also requires modifying the soft Wilson line propagator.
In the MS scheme, we obtain

1 1+
Z’gl):e{_Q?l(l
1 u?
2 (Zomf g
+QL<e+n25§ ’

where 0z = k:g /(n—_kgq) is the off-shell regulator in the soft Wilson line. For neutral L,
this reduces to the QCD result (see (39) in [4]) after replacing the charge factors Q% —
Cr,Qr, — 0. Finally, Y can be obtained using (3.8) by adding (3.10) and Zg from (22)
n [3]. It is independent of the IR regulator dz as it should be.

zlnz+2) 12004 < tim 1)
(3.10)

3.1 Hard matching coefficients
(0)

At tree level, only A;” = 1 contributes. At one-loop, we obtain the hard-scattering kernels

by computing the on-shell matrix elements A;F) from the diagrams in figure 1. The hard-
scattering kernels are obtained using the renormalization factors in (3.4). The 1/e poles
properly cancel, and we find

Y = - Q2 {L2+Lb(5—2ln( (1—2))>+h(u(1—z))+2+7}

2 12
e (Geom-am (0 (s (1- 1))+ 5 7]
+ QuQu {[f I; — 6L, + 2Ly (2 — In(a(1 — 2)))
oL, (1—m+1n (ulgz)) +g(a(1—z))+g<u (1— i)) +7§—12}
+ QaQuf(2), (3.11)
HY = - Q3zw (u(l - 2)) — Qi\}g w (u (1 - i)) — QiQuVz 1111_22 7 (3.12)



where we have defined
2 2
‘ v

2= T chln“’—_Lb—lnz, L,=1In-2.
mb m

—, (3.13)

my

AN

where v refers to the scale of the Wilson coefficient Cy(v). In addition, we defined the

functions
s—1
h(s) =
(s (*)
3slns
o(s) = his) — 212
—s
1+ 2 lnz /1 (3.14)
f(z) = (1— 1_zlnz)Lb+1 . (2(1+z)lnz—2—z> ,
(s) = 1—s+slns
W)= (1—s)2

To extract the imaginary parts from these functions z is understood as z — ie. The func-
tion f(z) contains the entire contribution of the last diagram of figure 1. For the other
contributions in H(_l) in (3.11), we note the symmetry when exchanging the contributions
involving the charm and bottom quarks, as they are both treated as heavy quarks. Explic-
itly, the Q2 term, arising from the fourth diagram in figure 1, is obtained from the Qz term
(first diagram) when switching Ly — L., Qq — Qu,u — u and z — 1/z. The second and
third diagram in figure 1 give the Q, Q4 terms, which are symmetric under the exchange of
z —1/z,u — u and L, — L.. We emphasize that the hard-scattering kernel H_ in (3.11)
diverges when taking the z — 0 limit:

2
H(_l)(z —0) = Qu (ln z—(2Ly+1)In z) + finite terms, (3.15)
HY(z=0=0 (3.16)
+ o '

In pure QCD, this limit can be smoothly taken as the collinear divergences between the
diagrams where the gluon couples to the charm quark cancel, and the only divergences
remain in the factorizable diagrams (given in the second line in figure 1). In QCD, these
terms are then absorbed into the form factor. In QED, the collinear divergences will be
cancelled when normalizing to the semi-leptonic decay as discussed below (see also [3]).
Taking now the matrix element of (3.3), requires the QED generalized light-meson
LCDA &, introduced in (51) of [3] and further discussed in [10]. The matrix element is
normalized by E;, = (m% —m?, +m?)/(2mp) and is multiplied by the soft rearrangement
factor RgQL). This rearrangement, discussed in detail in section 4.1 of [3], removes the
overlap of the soft and collinear sectors and ensures the renormalizability of the light-
meson LCDA. In addition, we need to introduce QED generalized HQET form factors (5P

and ¢(BP" which we define similar to (52) of [3] by replacing the xo — hy:
Dt SH@)(o B) =4F 3.17
<|RQ v (0)7h (0)ho(0)|B) = 4Ep (5, . (3.17)



where our normalization differs from the standard HQET Isgur-Wise function. For the D*,

we define
1 - - *
* Q — * BD
(D |@hw(0)¢ﬂ5sjbg 2)(0)hy(0)|B) = —4Ep- ¢ - v (5", (3.18)
where €* is the D* polarization vector and Ep.) = (m% +m%(*) —m?)/(2mp). Due to the

Wilson line S’&zL ) and due to the soft-subtraction term REQL ), the form factor ¢ depends
on the charge of the light meson. In the following, as we only consider charged L™, we
omit this additional subscript. Defining then H = H_ 4+ H; and H* = H_ — H, allows
us to write the factorization formula, already quoted in (2.3), as

(D*L71QalB) = 4iBnErCP? [ du H(u,2) frs o). 3.19)
0
(D*YL7|Qq|B) = 4iEp-Ey, € - v ¢BP” /1 du H*(u, 2) fr.®r(u) . (3.20)
0

Finally, we note that the above holds also for longitudinally polarized vector mesons (L =
p, K*), while decays to transversely polarized states are power suppressed.

3.2 Semi-leptonic decay
3.2.1 Factorization formula

The QCD x QED factorization formulas for the non-radiative semi-leptonic B — DT*)¢~ 5,
amplitude are very similar to those of non-leptonic B— D)L~ decays in (3.19) and (3.20).
We define

=) Gr o _
AL Ty o (DY ,|Qg| BY 3.21
non-rad \/5 b 1< K|Ql| > ( )
where the semi-leptonic operator is Qg = ¢y*(1—~5)b 577“(1 —75)v. Cgy is the semi-leptonic
hard Wilson coefficient. Following [3], the QCDxQED — SCET matching of the amplitude
gives
(DY~ |Qu|B) = 4iEpEq Zy (PP (Ey, ¢*)Ha(Fy, ¢°, 2) (3.22)

where we defined the spinor product

iEq = u(pe) (1 = 75)vu, (Puy) - (3.23)

2
Zy denotes the renormalized leptonic matrix element as defined in [3]. The factorization for
B — D* is obtained by replacing EFp — Ep+ €* - v. In full generality, the hard-scattering

CBDM depend on the lepton energy Ey and ¢° = (pg+py,)? and we

kernels and form factor
defined as H, S(l*) = Hg _+Hg 4, where the upper (lower) sign applies to D (D*). Comparing
the semi-leptonic factorization in (3.22) with (3.19), we observe that they are analogous
under the replacements Ey f1®; — EqZy and H — Hgj, with the same HQET form factor
¢BP in the appropriate kinematic limits. In addition, the hard Wilson coefficient that

appears in the full amplitude is replaced by Cy — Cg.



3.2.2 Physical form factor

Similar to [3], for charged L we replace the HQET form factor with the corresponding
physical form factor FBP ®) obtained from the non-radiative semi-leptonic amplitude at
the kinematic point ¢% = m% and at the maximal lepton energy at this point: Ej** =

(EL +/E? —m?2)/2. We define

]:BD — lim non-
Eq—EPx GF/\fVlAZEDES]

(3.24)

and equivalently for D* by replacing Ep — Ep«€*-v. For ¢* = m%, the spinor product for
massless leptons becomes

8Emax\/EmaX(4E£Emax _ m%)

0 l y4
Esl(q2 — m%) — /Eénax — E@ 4(E?13X)2 — m% s (325)

which goes to zero in the strict limit F, — E7***, as the non-radiative amplitude goes to
fB D)

zero at the kinematic endpoint. The physical form factor however remains finite in

this limit. Comparing with (3.22), we find
(%) (%) *
FEPY = Ca 20 PP (B ) HY (B dP. 7). (3.26)

Finally, the relevant semi-leptonic hard-scattering kernels are

:—Qsz{2+Lb(1—2ln(1—z))—l—h(1—z)+2+5}

12
+Qqu{L2—3L 3Ly — 2L, <1—m+1n<1j)>+g<1—i>+7;—6}
+QuQuf () - @3 (Lo +2) - QQ( Lo+2), (3.27)
In 2

sl + =—QaQu/zw(l—2z) — Qqu\f

(3.28)

where we used Ey = my(1 — z)/2 for consistency as in the short-distance kernels we use the
quark masses.

Replacing now the HQET form factor (8P ) using (3.26), we find the factorization
formula:
_ Py
Cy (D L7|Qa|B) = 4@EDEL—.7-'BD / duT (u, z) Z( v) (3.29)
where we defined )
H *
76 () = () (3.30)

sl

The factorization formula for B — DL~ is obtained by replacing Ep — FEp« €* - v.
n (3.29), we multiplied with the hard Wilson coefficient C to make the different con-
tributions explicit. We note that the drawback of (3.29) is that the physical form factor



FBP includes electroweak-scale physics. On the other hand, the benefit of introducing this
physical form factor is that (3.24) provides an explicit prescription allowing to extract it
from experimental data. The procedure applied here is similar to the standard procedure
in QCD alone, where the HQET B — D™ form factor is replaced by the full QCD form
factor. This can be seen explicitly, when taking the limit cen, — 0 and redefining the form
factors in terms of the kinematical factors:

N 4EpE
BD _ DEL BD BD
.F = m2 — m2 ./—" m FO s (331)
B D em
ppp* — 2B BL pppe 40t (3.32)
mpmpg Qem— 0

where Fy and Aj are the QCD form factors defined in [2]. The one-loop electromagnetic
correction to the hard-scattering kernel is given by

TW = Q3 {2LyInu — h(u(l —2)) +h(1—2)}
+Q3{—3Ly+3Lb — Lo(3—2Ina)—h (u (1 — 1)) +g (1 - i) - 11}

z

+ QaQu {BLV —2LyInu —2L.Inu+g(u(l —2))+g <u (1 - 1))

—h(l—z)—g(l—i)—ll}
1

—/z {Qﬁ (w(u(l=2)) —w(l-2))+ Qi%w (u (1 - z)) + QaQuw(l — 2’)] )
(3.33)

and the corresponding T* is obtained by setting /2 — —y/z. Unlike H_, the hard-
scattering kernel 7" in (3.33) is free from collinear divergences when taking the limit z — 0.
In this limit, (3.33) reduces to (73) in [3].

4 QED corrections to branching fractions and ratios

In this section, we discuss the phenomenological implications of the QED effects on B —
D™ L decays, where we focus on L = 7, K. Our formalism also holds for vector meson
final states L = p, K* and baryon decays, which we briefly discuss at the end of section 4.1.
We divide the QED effects in three groups arising at different scales:

o corrections to Wilson coefficients above the scale my,
« corrections to the kernels, form factors and LCDA from scales between my, and Aqcp,
e corrections to the decay rate from ultrasoft photon radiation below Agcp.

The first two corrections contribute at the amplitude level and can be included via

A(B = DWL) = Agpe ar(DWL), (4.1)



where a1 parametrizes the colour-allowed tree-amplitude and

Cr
V2

A similar expression holds for D* with the replacement Ep — Ep« €* - v. In QCD, taking
the limit aey, — 0, App in (4.2) reduces to

App = i—=V 5V fr AELEpFBP (m?) . (4.2)

GF .
App = i—& VipVeafr(mb —mp)FgP (m}), (4.3)
V2
while for D*, we have
A = _'ﬁv* V. 2 * ABD" (12 4.4
BD* = Zﬁ wpVebfL2mp~ € - pp 0 (mL). (')

To parametrize the QED effects, we can now factor out this QCD expression by writing

* J—:.BD(*) CD * *
A(B = DWL) = Ay (Fme) [aP°P(DWL) + 5ay (DY L) (4.5)
in terms of the reduced form factors Fype defined in (3.31) and (3.32). In addition,
for B — D*, we have FPP" = APBP". The shift da; encodes the O(aem) QED correction
coming from the Wilson coefficient, the hard-scattering kernel, and the LCDA, respectively:

sa1(DWL) = §a)YC(DW L) + 6aX(DW L) 4 sa}(DML). (4.6)

Due to the replacement of the HQET form factor by Fpzp, this includes QED effects
from the semi-leptonic Wilson coefficient Cy in 5a¥vc, from Hg in 5@{( and the leptonic
matrix element Z, in dal, as can be seen from (3.29). However, da; does not include
QED corrections to the form factor, which are contained in the ratio Fgpw /FEP “ =
1+ O(qem)-® These QED corrections cancel in ratios with semi-leptonic decays, for which
we provide numerical estimates in section 4.3. For our numerical analysis, we use the inputs
given in table 1. For completeness, we also evaluate the pure QCD NNLO a4 (DL) using [4]

with our inputs:

a?“P (DT K™) = 1.008 + [0.024 + 0.009]x7.0 + [0.029 + 0.029]xN1.0

0.017 0.025

(4.7)

where the uncertainty is fully dominated by the scale variation my/2 < pu < 2my around
the central value 1 = m;. Here we used the Gegenbauer coefficients from [13] evolved
to my with NLL accuracy. The uncertainty coming from the charm mass is negligible.
Even when allowing very conservative variations of both 1.3GeV < m, < 1.7GeV and

3Explicitly, the QED corrections to the physical form factor defined in (3.26) are
S () ()
FEP (mi) = FPP (m3) (1+5a¥¥c+5a§+5a§1+5a5) ,

which includes the QED corrections to the Wilson coefficient Cs), Hs, Z;, and HQET form factor CBD(*),
respectively.

~10 -



Coupling constants and masses [GeV]

Gem(mz) =1/127.96  as(myz) = 0.1181 mp = 5.279 my = 91.1876

Decay constants [MeV] and masses

fr=1302+14 fk =155.6 £04 my = 4.78 GeV me = 1.67 GeV

CKM parameters
|Viua| = 0.97370 4+ 0.00014 |Vus| = 0.2245 £ 0.0008

Wilson coefficients and coupling constants at v = 4.8 GeV

CRCP = _0.258 CRCP = 1.008 Otem = 1/132.24 alt) = 0.21617

Parameters of distributions amplitudes at = 1 GeV
af =0.15 aX =0.06 aX =0.14
ah =0.17 alt” =0.06 al” =0.16

Coupling constants at = 1 GeV
Ctom = 1/134.05

Table 1. Inputs used to obtain QCD NNLO predictions and QED effects. The Gegenbauer
coefficients of the m and K are taken from [13] and evolved to 1 GeV with LL accuracy. The p and

K* Gegenbauer coefficients are taken from [14], which uses Lattice QCD results from [15]. We use

a§4) with four flavours and the three-loop running, while the Wilson coefficients were matched to

the full SM at the electroweak scale g = my,. The quark masses are to be understood as two-loop
pole masses.

4.5GeV < my < 4.9GeV, it is one order of magnitude smaller than the one from the scale
variation in (4.7). Our result differs slightly from [4] (see also [5]) due to different inputs
and because we do not re-expand the Wilson coefficients as a series in ag, but treat the
values provided in table 1 as inputs. Numerical values of a; for final states other than
DT K~ are summarized in table 2. We note that the numerical differences between D and
D* final states are small.

4.1 QED corrections to a;

At the amplitude level, at linear order in «eny, there are four separate QED corrections,
three of which contribute to da; defined in (4.6). We remind the reader that by definition
the QED corrections in FBP ™ are not included in the shift dai. The QED correction to
the Wilson coefficient was obtained in [3] (see [16, 17]). As here we only deal with charged
L mesons, for which only Cs contributes, we need

5a\O(DWL) = 6C, — 6CuCY® = —0.39 - 1072, (4.8)
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where 0Cy is the contribution from the semi-leptonic Wilson coefficient (as seen from (3.29)
and discussed below (4.6)). Neglecting O(asaem) corrections for consistency, we have de-
fined the tree-level Wilson coefficient C%7*® = 1.03 (see (104) in [3]). The kernel contribution
sa¥ is

47

where ¢, is the QCD LCDA for which we use the standard Gegenbauer expansion. O(cem)
QED effects from the QED-generalized LCDA are parametrized by dal:

Sal = COCD () /0 oy (q)LZS‘) _ ¢L(u)> . (4.10)

s (D0+ 1) = 2 62D () [ gy 70w, ) ), (19)
0

The QED corrections from the QED generalized light-meson LCDA éal require long-
distance calculations. The generalized QED light-meson LCDA &, is discussed in detail
in [10]. In principle, it has to be obtained either by lattice QCD simulations or directly
from experiment. Although some progress has been made including QED corrections to
the form factors of light mesons (see e.g. [18]), such calculations are not available yet for
B — D™ form factors, nor for the 7 and K LCDAs. In the following, to discuss the QED
effects on aj, we therefore neglect the corrections from dak.

For the convoluted kernel results, we truncate the Gegenbauer expansion at the second
moment, and write

1
/ du TOO (u, 2)¢,(w) = Vi (11, 2) + ab () VOO (1, 2) + ad () ViV, 2), (4.11)
0

where af o are the first two Gegenbauer coefficients of the QCD light meson LCDA. Analytic

(*)(1)(

expressions for V; w, z) are given in appendix A. At u = 1 GeV and v = 4.8 GeV, we find

sa(DVYL7) = %ZTEM) [_1.81 — 8715 — (0.49 + 1.18i)a¥ (1) — (0.92 + 1.971')@5(#)} :
sa(DT L) = O‘ezl(“) [—1.69 — 7.30i + (0.07 — 0.76i)ak (1) — (0.51 + 1.96@')@5(#)} ,
7

(4.12)

where we kept the Gegenbauer coefficients unevaluated. Using their numerical values at
1= 1GeV from table 1, we obtain

§aX(D*r) = 0‘925“) :—1.95 - 9.012': — (~0.12 — 0.53i) - 1072, (4.13)
SaX(DK™) = aeziu) :—1.97 - 9.062‘: = (—0.12 — 0.54i) - 1072, (4.14)
Sal¥ (D7) = O‘ezi“) :—1.77 - 7.602‘: = (—0.10 — 0.45i) - 1072, (4.15)

S (D K~) = O‘GZ‘;“) :—1.76 - 7.62@‘: = (—0.10 — 0.45i) - 1072 (4.16)
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al - +

DM+ LO NLO NNLO QED NLO

ai T . . b . b . iy
D+ 1.008  1.032750%:  1.06470512  1.05910015

|ay (D" 7)) 1.008  1.03170:02  1.06370020  1.058%09%

lay(DTK)) 1.008  1.03279920 106240017 1.057F0017

lar(D*TK7) 1.008  1.031%992% 10617907 105670917

Table 2. Results for |a;(DL)| at LO, NLO and NNLO using [4] for the NNLO expressions with
inputs from table 1. In the last column, we added the QED NLO corrections daX and da}Ve.

Comparing to QCD, we find that the imaginary part is about 15% of the QCD imaginary
part in (4.7), while the real part is around four times smaller.

In table 2, we summarize our results adding dal* and 6a}"C to the NNLO QCD expres-
sions, the latter obtained using the ancillary files of [4] and the inputs in table 1. Comparing
to QCD, we find that the QED effects are somewhat smaller than the QCD uncertainty.
Therefore, the quoted uncertainty in the final column is that of the QCD NNLO prediction
and we do not assign an additional QED uncertainty. The QED effects on the real part
and absolute values of a; are dominated by 5@})\’0. Our results also apply to non-leptonic
two-body Bs — Ds and A, — A, decays with

a1(DTL7)=a1(DfL7) = a1 (AJL7), (4.17)

which holds in QCD and also for the QED correction da;. Finally, we stress that (4.12)
holds also for light vector-meson final states with L = p, K*. Taking the Gegenbauer
moment coefficients as listed in table 1, we find

Sa(DVp7) = (—0.12 — 0.544) - 1072, (4.18)
6a(DTK*™) = (—0.12 — 0.543) - 1072, (4.19)

However, as finite-width effects may play an important role (see [19]), we do not discuss
these results further in detail.

4.2 Ultrasoft effects

In the previous section, we considered the QED effects to the non-radiative amplitude. At
the level of the decay rate also ultrasoft-photon effects have to be included to render the
observable IR finite. We define the ultrasoft-photon-inclusive rate I'[B — D®L|(AE) as
the I'[B — D™ L+ X,] where X consists of photons and electron-positron pairs with total
energy AE < Aqcp. For general D™ final states, the ultrasoft-photon-inclusive rate
factorizes as

I'[B — DYL|(AE) = |[A(B — DWL)|? S (AE), (4.20)

where ® = (Qp, Q1) and

Qem 1%
AFE)=1 1 4F,
S@( ) + 8b® n<2AE) + ®

47

+0 (a2) - (4.21)
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In the double-logarithmic approximation (but not as simple beyond, see e.g. [20]) Sg ex-
ponentiates to

Sg = exp <O:Srn g)> , (4.22)

which will be used below. For B — D* L™, the functions b(4+,—y and F(4 _y are given by [21]

L v o, PR
g (20 S (329)

oo (0) re (50) e (5227) -2 (52))

_lnil (ij§)+4ln <1+Aﬁ) In <1 £>+(A——>A+) ;
(4.24)

where 3=+/(1— (rp +rp)?)(1 — (rp — rp)?), and we defined r,=mr/mpg, rp=mp/mg,
and Ay =14 72 F1r%. Expression (4.21) agrees with the energy-dependent correction
factor (5) in [21], when setting © = mp and dropping the virtual contributions Hjy and
Njz in that reference. The conceptual differences between the approach of [21] and ours
are discussed in detail in section 6 of [3].

The scale p in (4.21) is related to the IR divergence of the non-radiative amplitude [3].
In the present case, the generalized form factor and LCDA must be understood as properly
IR subtracted and thus as scheme-dependent quantities. As we can compute only the UV
scale dependence of these objects with perturbative methods, we are forced to choose p
in (4.21) to be of the order of the collinear scale to correctly resum all large logarithms. In
the following we restrict ourselves to the resummation of double logarithms only, except for
logarithms in AFE, as was done in [3]. We note that these double logarithmic contributions
arise entirely from QED effects. After soft rearrangement, all large double logarithms are
removed from the heavy-to-heavy current. This can be seen by looking at the UV poles
n (3.10): the potentially large logarithm in the second line involves the off-shell regulator,
and is cancelled after dividing by RéQL). Hence, we only have to consider the two Sudakov
factors of the hard-scattering kernel (Sg), and the QED generalized light-meson LCDA
(S¢, see eq. (4.26) in [12]):

Sw (i, pp) ZeXP{ emQLl 2 :;} (4.25)
Qem 9 9 Me 9 1

~ e Er) = — 1 — In* — . 4.2

Se(ps pie; Er) eXP{ o QL(H 5E; n 2EL)} (4.26)

Multiplying the two gives the universal Sudakov factor that resums large double-logarithms
between the hard and the collinear scale:

_ _ Qem 9, 9 He
SL(kbs pe) = exp{ 5 Qrln ub} ; (4.27)

— 14 —



where we used

H 2 He 2 M 2 Hb I Hb
In? = +1In —In“—=In"——-2In—1In——, 4.28
Hb 2B 2E] He pe 2EL (4.28)
and dropped the second term on the right-hand side in the double-logarithmic approxima-
tion, since 2E, = O(up).
Combining this with the exponentiated ultrasoft function at u = p., allows us to write
the ultrasoft-photon-inclusive width as

(B~ DWL| (AB) =1 [B— DYWL UDML), (4.29)

where the non-radiative amplitude I'® is defined as the square of the factorized virtual
B — DL~ amplitude, |A(BY — Dt L7)|?, divided by the factor in (4.27). The U factor
is given by

cem o) (2AEN\ 7 2be
U(DWL) = |eStlmme) 285" — () X to(tie) , (4.30)
mp
with
teo (j1c) :exp{o‘em % In FC —Q2m2 He 1 gy } (4.31)
™ mp mp

As discussed, we restrict ourselves to the double-logarithmic approximation (except for
logarithms in AF). Expanding up to leading order in mr/mp = O(Aqcp/mp), gives

mpmy,
b y=14+Inl ———"—5 4.32
iy =1 I ) (432
and
F — _p2 Lms_ 4.3
(+,-) n me —md (4.33)

where in the expression for F(; )y we only kept the double-logarithmic terms. In this
approximation (4.31) reduces to

2
Qlem o [ ML mp
t(+’7)(uc) = exp {7‘( [— hl < e M)] } . (434)

Since my, = O(j¢), no large double logarithms remain, tg = 1 in this approximation, and

as expected, the . dependence in (4.30) cancels.

Numerically, some of the sub-leading logarithmic terms in tg turn out to be at the
percent level when setting p. = 1 GeV. A consistent treatment of sub-leading logarithms
would however require a non-perturbative matching of SCET onto an effective theory of
point-like mesons, which is beyond the scope of the present work. In the remainder, we
therefore consider ultrasoft effects following from U (D™ L) as defined in (4.30) with tg = 1
and bg in (4.32), similar as in the QCDxQED factorization of the B to two light meson
decay [3]. However, as these ultrasoft contributions are the dominant QED effects, we take
the difference between the double-logarithmic approximation of (4.30) with tg = 1 and
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the full tg () using (4.23) and (4.24) evaluated at p. = 1 GeV as a two-sided conservative
uncertainty on U(D™L). Taking AE = 60 MeV as in [3, 12], we find

(D+K ) = 0.960 + 0.001, (4.35)
U(D*r~) =0.938 +0.005, (4.36)
U(D*"K~) = 0.962 + 0.001, (4.37)
U(D* 7~) = 0.940 £ 0.005 . (4.38)

Finally, we stress that in principle the semi-leptonic rate used to normalize our expressions
also gets an ultrasoft correction U(D™)¢). We discuss this in more detail in the next section
and note that we refer to contributions coming from U as ultrasoft effects.

4.3 Ratios of semi-leptonic and non-leptonic rates

Previously, we focused on the QED corrections to aj, and ignored contributions from
FBDb (*)/ FBP “) as these are presently not known. It is therefore of interest to consider
ratios of non-leptonic over semi-leptonic decays as is generally done to suppress the effect of
the form factors. In this way, the coefficients |a; (D™*)* L™)| can be extracted directly from
experimental data allowing for a clean test of QCD and QCD xQED factorization [2, 6, 22].
The dominant QED effects are from (ultra)soft radiation. In the following, we assume
that the non-leptonic rate always includes soft photons. Following the definition in (4.29)
this is denoted by I'(By — D®*L7)(AE). Contrary to QCD, we now define two ratios of
non-leptonic versus semi-leptonic decays depending on whether or not in the semi-leptonic
rate soft-photon radiation is included, or whether the non-radiative rate is considered.
Assuming that the non-radiative semi-leptonic rate was extracted from data, we define

I'(By — DW*TL7)(AE)

(0),(%) _
R AFE) = =
L ( ) dF(O)(Bd—>D( )+ I/g)/dq |2_m

2
= 672 [Vup[2U(DWL) 12 [aRP (D)D) + b0y (DWL)|” X[

R{|qcp (14 dqen(DWL) +57(AE)) (4.39)

where
2Re(6a}VC + daXk + dal)alree

SQED = a0 (4.40)

The ultrasoft effects are 58)) = U(D™L) — 1 which can be obtained from (4.35)(4.38).
Second, we consider the ratio where both the semi-leptonic and the non-leptonic rates are
the soft-photon inclusive:

['(By — DY*L™)(AE)

(*) —
R, (AFE) = _
L ( ) dP(Bd — D(*)+€_Dg)(AE)/dq2 |q2:m%

(4.41)

which can be expressed as (4.39) but now also the ultrasoft factor U(D®*)¢) should be in-
cluded by replacing U(D®L) — U(DWL)/U(D®¢) and 62 — 6y = U(DWL) /U (D™ )~
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1. The latter only differs from zero due to the small differences in mass between L and
¢ = p. For AE = 60MeV we find

Sy(DTn™) = dy(DT™ 7 ) = 0.005 £ 0.009, (4.42)
Su(DTK™) = 6y(DT™K™) = 0.028 £ 0.008.. (4.43)

In the ratios (4.39) and (4.41) the form factor FBDY cancels. Neglecting dal in the
following, dqrp only contains QED corrections to the kernel and the Wilson coefficients.
We find:

dqep (D7) = —0.90 - 1072, (4.44)
Sqep(DK) = —0.90- 1072, (4.45)
Sqep(D*m) = —0.88 - 1072, (4.46)
Sqep(D*K) = —0.88-1072. (4.47)
For the QCD contribution, we include the form factor effects to the ratio Ry which
enter via
2
o (i, — Fo(m)
[m% — (mp — myp)?|[my; — (mp +mp)?] | Fi(m3) (4.48)
| Ao(m7)[?

X} = [mh — (mp- —mp)?|[m} — (mp- +mr)?| ;
mi Yo+ [Hi(mi)[?

where we neglect the lepton mass but keep the light-meson mass as it can be relevant
for kaons, see (4.50). The form factors Fyy, F; and Ag are defined in [22] and Ho(q?) and
H+(q?) are the helicity amplitudes defined in the appendix of [22]. Using the large-recoil
relations for the form factors (see [23]), and expanding X, in powers of m? /m% gives [22]

4m%mBmD
XL:1+7( 2 22
"B T D (4.49)
. 4m%mBmD* 4m2L
XL == ]. + p)

(m% —mp.)? ~ (mp —mp)?
Numerically, using the approximation (4.49) gives
X, =100(1.00), Xx=1.02(1.01), X*=099(1.00), X} =0.93(0.95). (4.50)

For comparison, we give in brackets numerical results obtained with the full expression
in (4.48) using the QCD sum-rule results from [24]. We note that for B — D* decays the
corrections can be at the percent-level. Due to the excellent agreement between the two
approaches, for our numerical analysis we take the first number as the central value and
add the difference as an additional uncertainty. The uncertainty thus obtained is in fact
the same as the uncertainty on X7, obtained using the form factors from [24].

Finally, combining the NNLO QCD value for a; listed in table 2, the X factors
in (4.50), our QED results in (4.44)—(4.47) and éy (in brackets (5[80)), we obtain the new
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R\ LO QCD NNLO  +4qgp +6u (69

R: 0.969 +£0.021  1.0787095  1.069705%  1.07473945 (1.00375:032)
R 0.962+0.021  1.069%005; 105970017 1.06570 055 (0.99670059)
Ri - 102 7.47 +£0.07 8.280-2t 8.21702t 8.4470-29 (7.88+0.26)
Ri-10° 6814016  7.547030 74793 7.681033 (7.19703)

Table 3. Theoretical predictions for R(L*) expressed in GeV? at LO, NNLO QCD and subsequently
adding dqrp given in (4.44) and the ultrasoft effects du (or in brackets 5%0 )). The last column
presents our final results.

predictions for RS) listed in table 3. For the QCD NNLO results, we include uncertainties
coming from a?CD as before and those from CKM factors and fr. The final uncertainty is
dominated by the uncertainty on al . For the QED contribution, the quoted uncertainty
is the QCD NNLO uncertainty with the uncertainty from U(D®*) L) given in (4.35) added
in quadrature. This uncertainty is rather conservative and therefore we do not include

other uncertainties for the QED contributions.

5 Discussion

We discussed the QCD xQED factorization of B meson decays into heavy-light final states.
Compared to the light-light final states [3], the factorization is simpler as spectator scat-
tering does not play a role, but the hard-scattering kernels are more complicated due to an
additional dependence on the heavy charm-quark mass. After discussing the generalized
factorization formula, we presented new predictions for the tree-level coefficient a; includ-
ing NNLO QCD and the leading O(aem) QED corrections. We find sub-percent QED
effects coming from the hard-scattering kernels and Wilson coefficients, at the same level
as the QCD uncertainties. On the other hand, for the decay rate, ultrasoft effects play a
dominant role which can be several percent.

In table 3, we presented our results for observable ratios Ry between the non-leptonic
and semi-leptonic rates. The last column of table 3 shows our final results which consists
of the NNLO QCD predictions including QED effects for the Ry, (AFE) as defined in (4.41)
(for Rg))(AE) as defined (4.39)). We stress the importance of the consistent handling
of the ultrasoft effects between theory and experiment; the values and those in brackets
differ significantly. Therefore, we do not give the current experimental values for the ratios
which depend on the treatment of ultrasoft effects in the semi-leptonic rate (and in fact
also of that in the non-leptonic rate). Preferably either the non-radiative or the soft-photon
inclusive semi-leptonic differential decay would be given by the experimental collaborations
directly.

Finally, we note that we did not present updated results of the branching ratios, as
those would require inputs on the form factors for which QED effects are currently not
known. This problem can be circumvented using the ratio R;. However, in principle,
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our results for a; in table 2 plus the ultrasoft effects in (4.35) provide predictions for the
branching ratios employing a specific form factor parametrization with a possible addi-
tional uncertainty for the neglected QED form factor effects. Even in that case, the QED
corrections would be dominated by ultrasoft effects. Comparing the theory predictions
with experimental data then requires a careful study to ensure that the same observable
is compared. FExperimentally, QED effects are usually implemented using the PHOTOS
Monte Carlo [25], and have been studied in a multitude of B decays (see e.g. [26-28]).
However, in light of the recent attention given to B — DL decays and the discrepancies
that were observed between the experimental data and the theoretical predictions for the
branching ratios [5, 6], a renewed and more detailed study of these ultrasoft effects seems
timely.
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A Convoluted kernels

The convoluted kernels are deﬁned as

/OlduT(*)( (u, z) or.(u Zak [ ):I:\ka (2)| =

1 5Ly, 2L, 2(22%—-622—6z+1)_,
ME) = S T gy M)
2(z — 3)22 12 4B+ (=3 —im)2? + 3imz+ 2+ 1)z
— 5 1INz
3(z—1)3 3(z—1)3
—42* 4+ 1523 — 222 4+ 82+ 1
3(z—1)2z
N 24imzt 4+ 4(—19 — 29im + 72) 23 + 3(45 + 52im — 47?) 22
18(z — 1)3
—6(25 + 18im + 2m2)z + 272 + 4diT + 91
18(2 — 1)3 ’

Inz

In(1 —2)

(A.2)

W,y L 22(82% + 122 +5) _ . M
ViZ(@)=—-5+ o) Lis(2) + G
22(—52% + 6i(4m + 5i)z* + 3(11 + 6im)z + 2)
3(z—1)4

In? 2

Inz
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(2323 + 14522 + 1272 + 5)
6(z —1)3

1012* + 168823 + 5422 + 247%(82% + 122 + 5)z
72(z — 1)*

2447 (112% 4 5623 — 6022 — 82 + 1) — 19762 + 133
72(z —1)4 '

In(1 —2)

Ly, 12z(42° 1
V(i)(z):—& 2(42° +62+1)

, 122%(z 4+ 1)
5V o PP

(z—1)°
4z(23 + (9 — 6im)2? + (=9 — 6im)z — 1)
In z
(z—1)°
n (324 + 2323 4 46322 + 1632 + 8)
5(z — 1)*
N —86125 + 15802* — 3361023 + 2706022 — 60072 (422 + 62 + 1)z
300(z — 1)°
N —120i7(2° 4+ 52* 4+ 10023 — 10022 — 5z — 1) + 50952 + 736
300(z — 1)5 ’

In? 2

In(1 — 2)

(A.4)

1), 2(42% +10z + 1)
VEH— (Z) - 3(2 _ 1)3
4((=5 + 2im)2? + (4 + 4im)z + 1) (2023 + 1222 — 32 4+ 1)
1 In(1 —
* 3(z — 1)3 nE 3(2 — 1)222 n(l—2)
—(93 + 120im + 87%) 23 + 4m(—5m + 244)2% + (99 + 24im — 27%)z — 6
+ )
18(z — 1)3z

Lig(z) +

1 2(423 + 2222 + 132+ 1) _. 42(2% + 52 + 2)
V1(+)(z) =— 1) Lig(z) — o1 In? 2

N 4((19 — 6im) 23 + (9 — 30im) 22 + (=27 — 12im)z — 1) "
3(z—1)*
772% 4+ 140z + 23 25923 4+ T712% + 672 (423 + 2222 + 132 + 1)
- In(l —2)+
3(z—1)3 18(z — 1)*
N 24im(1923 + 922 — 272 — 1) — 879z — 151
18(z — 1)4 ’

(A.6)

1 4(42* + 4223 + 6022 + 182 + 1
v () = ( )

82(2% + 1022 + 122 + 2)
= Lig(z) —+
(z—1)°

(z=1)°
N 4((—45 4+ 12im) 2% + 8i(15m + 174)23 + 36(3 + 4im)2% + 24(3 + im)z + 1) "
3(z—1)°

In? 2

—90 —



(18123 + 79722 + 4732 + 49) —10032* — 806823 + 160222

In(1 —
3(z— 1)1 n(l—2)+ 36(z — 1)5
N —2m2(42* + 4223 + 6022 + 182 + 1) — 4im(452* + 13623 — 10822 — 722 — 1)
3(z—1)°
70122 + 457
36(z —1)°

(A7)
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