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1 Introduction and summary

The possibility to modify the laws of gravity has been the subject of an intensive theoretical
research during recent decades [1–8], see [9] for review. This study has several motivations.
First, it aims at solving the problems faced by the Einstein’s theory of general relativity (GR)
at very short distances, where it loses the predictive power because of non-renormalizability,
as well as at very long — cosmological — scales where the standard paradigm leads to the
cosmological constant problem. Second, phenomenological models of modified gravity can
be used as proxies in the analysis of experimental data to put constraints on deviations
from GR at various scales within a consistent framework. The third motivation is a deeper
theoretical understanding of the principles underlying GR and the consequences implied by
relaxing or replacing some of these principles.

An interesting class of modified gravity models involves violation of the local Lorentz
invariance. The possibility of such violation is often attributed to the effects of quan-
tum gravity, see [10, 11] and references therein. In particular, it has been suggested by
P. Hořava [12] that the quantum theory of gravity can be rendered perturbatively renormal-
izable by abandoning Lorentz invariance as a fundamental symmetry at high energies. The
rigorous proof of renormalizability in a version of this proposal has been given in [13, 14].
In this framework some amount of Lorentz symmetry breaking persists at all scales and
at low energies the theory reduces to GR coupled to a scalar field with non-zero timelike
gradient describing a preferred foliation of the spacetime [15, 16].

Hořava gravity is closely related [17–19] to the so-called Einstein-aether model [20, 21]
where the effects of the dynamical preferred frame are encoded by a vector field um (“aether”)
constrained to have unit norm,1

umu
m = −1 . (1.1)

In the formal language, this vector belongs to the coset SO(3, 1)/SO(3) of the Lorentz group
over the group of spatial rotations around the direction of um that remain unbroken. This
construction is similar to the sigma-model description of non-linearly realized simmetries
in particle physics. The most general action for the aether interacting with gravity and
containing up to two derivatives reads,

S = 1
2κ2

∫
d4x
√
−g
[
R−Kmn

sr∇mus∇nur + λ(umum + 1)
]
, (1.2)

where λ is a Lagrange multiplier enforcing the constraint (1.1) and

Kmn
sr ≡ c1g

mngsr + c2δ
m
s δ

n
r + c3δ

m
r δ

n
s − c4u

mungsr . (1.3)

The theory contains four dimensionless parameters ci, i = 1, 2, 3, 4. When the constraint (1.1)
is solved explicitly and the action is written in terms of independent components of um,
it contains non-linear derivative self-interactions of these components. This restricts the
domain of validity of the model to energies below M∗ ≡ κ−1√c, where c is the characteristic

1We use Latin letters from the middle of the alphabet for spacetime tensor indices; Latin letters from the
beginning of the alphabet will be used for indices in the local Lorentz frame and Greek letters will be used
for spinor indices. The signature of the metric is (−,+,+,+); the Minkowski metric will be denoted by ηmn.
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value of the couplings ci. At higher energies the model becomes strongly coupled and
requires an ultraviolet (UV) completion. By analogy with sigma-models, the scale M∗ can
be identified with the scale of the Lorentz symmetry breaking,2 the product (κM∗)2 = c

controlling the strength of Lorentz violating effects in gravity. Phenomenology of this model
has been extensively studied resulting in constraints on the couplings ci [21–26], see [27]
for review. It was also proposed to use Hořava gravity and Einstein-aether models for
holographic description of strongly coupled non-relativistic systems [28–30].

It has long been envisaged that an important role at high energies can be played by
supersymmetry (SUSY). In particle physics SUSY is usually considered as an extension
of the Poincaré group. However, as pointed out in [31, 32], the SUSY algebra reduced by
removing the boost generators closes on itself. In other words, SUSY does not necessarily
require Lorentz invariance. Conversely, a general non-relativistic SUSY consisting of space-
and time-translations, spatial rotations and supercharges in the spinor representation of
SO(3) is equivalent to the standard SUSY algebra without boosts [33]. Remarkably, SUSY
enforces emergence of Lorentz symmetry at low energies in the Standard Model, even if
the high-energy theory is not Lorentz invariant [31–33]. This could explain the exquisite
precision with which Lorentz invariance is satisfied in particle physics3 [10, 11, 34].

It is natural to ask whether the local generalization of SUSY leading to the theory of
supergravity (SUGRA) is also compatible with the existence of a preferred frame. Clearly,
as in the case of ordinary gravity, this frame must be dynamical. The first step in answering
this question was made in ref. [33] which has constructed the supersymmetric extension of
the aether model in flat spacetime. In the superspace formalism, the aether is promoted to
a chiral vector superfield U c,

D̄α̇U
c = 0 , (1.4)

where D̄α̇ is the superspace covariant derivative.4 The lowest component of U c is identified
with the complexified aether uc. This choice of multiplet is motivated by the following
considerations. Imposing on the superfield a constraint similar to (1.1),

UcU
c = −1 , (1.5)

forces aether to develop a vacuum expectation value (VEV) that breaks the Lorentz
symmetry. As a consequence, the latter is realized non-linearly on the perturbations around
the vacuum. On the other hand, since the aether is the lowest component of the superfield,
its VEV preserves SUSY which remains linearly realized.5 This is interesting from the
phenomenological perspective as it admits the mechanism of refs. [31–33] for protection

2It is worth stressing that, unlike the case of the usual spontaneous symmetry breaking, Lorentz invariance
need not be restored above M∗. On the contrary, violation of Lorentz invariance can become increasingly
more important at high energies, as it happens in Hořava gravity.

3Soft breaking of SUSY with superpartner masses parametrically below the scale of Lorentz violation
preserves the suppression of Lorentz-violating effects in the Standard Model [31–33].

4We use the notations and conventions of [35] for the objects related to the spinor algebra and superspace
geometry.

5This is different from the setup considered in the context of supersymmetric effective theory of inflation [36,
37] where not only the Lorentz group, but also SUSY is realized non-linearly.
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of Lorentz invariance in the matter sector. A different embedding (i.e. not as the lowest
component of a supermultiplet) would break SUSY together with Lorentz invariance and
hence lead to unsuppressed propagation of Lorentz violation to the matter fields. In addition
to the aether, the superfield U c describes its superpartner — “aetherino”.

Upon an eventual soft SUSY breaking aetherino and the imaginary part of the aether
acquire masses, whereas the action for the real part reduces to the flat-spacetime limit
of (1.2) with a special choice of the couplings,6

c2 + c3 = c4 = 0 . (1.6)

The coupling c1 remains unrestricted. The analysis in flat spacetime is insufficient to decide
whether SUSY constrains the parameters c2 and c3 separately or just their sum. For the
Minkowski metric the c2 and c3 terms in the aether Lagrangian differ by a total derivative
and only the sum c2 + c3 remains in the action after integration by parts.

In this paper we construct the interaction of the super-aether theory of ref. [33] with
linearized supergravity. The latter is invariant only under the linearized version of the local
Lorentz symmetry. Hence, we also need to linearize the super-aether field describing the
spontaneous breaking of this symmetry. In other words, we expand the super-aether into a
constant background wc and fluctuations V c,

U c = wc + V c , (1.7)

and keep terms up to quadratic order in V c in the action.
The reason to focus on the linearized theory is twofold. First, this restriction allows us to

bypass the complications associated to the construction of the curved superspace [35, 42–44]
and use instead the transparent formalism of flat superspace. In this way we classify all
possible supersymmetric terms in the Lagrangian and thereby analyze the uniqueness of the
action. We find that local SUSY highly constrains the aether sector leaving only a single
free parameter that is identified with c1 in the low-energy theory, whereas the parameters
c2 and c3 are forced to vanish. Second, this path directly leads us to the quadratic action
for perturbations in components, which we use to analyze the dispersion relations of various
physical modes.

We will follow two complementary approaches: the fully off-shell superfield formal-
ism and the “on-shell” approach where one works only with physical component fields.
In complete analogy with linearized gravity that is invariant both under linearized dif-
feomorphisms and the global Poincaré group, linearized SUGRA prossesses two sets of
supersymmetries: global and local ones. The superfield formalism has the advantage of
manifestly implementing the global SUSY as translations in the superspace. On the other
hand, the local SUSY transformations are more complicated. They are encoded in linearized
super-diffeomorphisms acting as gauge transformations on the superfields. The superspace
gauge group is, however, too large. Its partial gauge fixing down to the physically relevant
subgroup requires augmenting the auxiliary sector with a compensator multiplet.

6Soft SUSY breaking introduces corrections to these relations suppressed by the SUSY breaking scale.
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The chirality constraint that we want to impose on the aether superfield forces us to
use the non-minimal off-shell formulation of SUGRA [38–40]. To see this, recall the general
form of the anti-commutator of two spinor derivatives acting on a vector superfield [35],

{D̄α̇, D̄β̇}U
c = −T b

α̇β̇
DbU c − T γ

α̇β̇
DγU c − T γ̇

α̇β̇
D̄γ̇U c + U bR c

α̇β̇b
, (1.8)

where T C
AB and R D

ABC are respectively torsion and curvature in the superspace.7 In the
minimal SUGRA all components of the torsion appearing in (1.8) vanish, whereas Rα̇β̇bc is
in general non-zero [35]. This implies that the chirality constraint cannot be imposed in
a covariant way as it is incompatible with (1.8). On the other hand, in the non-minimal
formulation the supercovariant derivatives can be chosen such that [41, 42]

T b

α̇β̇
= T γ

α̇β̇
= R c

α̇β̇b
= 0 (1.9)

and therefore the covariant chirality constraint

D̄α̇U c = 0 (1.10)

is consistent with (1.8). We classify all terms in the superspace Lagrangian that can be
constructed from the linearized SUGRA and aether superfields and then fix the coefficients
in front of them by imposing the invariance under super-diffeos.

In the “on-shell” approach the situation is in a sense reverse. Here the local gauge
invariance is realized as simple gradient transformations of the metric and gravitino. The
construction of the aether-supergravity interaction amounts to the classification of the
possible aether energy-momentum tensors (EMTs) and supersymmetry currents coupled
respectively to the metric perturbations and gravitino. The interaction, however, deforms
global SUSY transformations and the invariance of the Lagrangian with respect to them must
be checked explicitly. We work out the on-shell SUSY and perform this check perturbatively
up to second order in the strength of the aether-gravity coupling.

The paper is organized as follows. In section 2 we review the formalism of linearized
non-minimal SUGRA. While most of this material is standard, we present new derivations
of several relations that are used in the rest of the paper. In particular, we work out in detail
the gauge fixing in non-minimal linearized SUGRA and give explicit expressions for the
superspace connection in terms of the gravity and compensator superfields. Supplementary
material for this section is contained in appendices A and B.

In section 3 we introduce breaking of Lorentz invariance and the linearized aether
superfield. We classify all inequivalent terms in the quadratic Lagrangian, derive their
variations under super-diffeomorphisms and find the most general invariant superfield action.
Appendix C contains technical details of this derivation.

In section 4 we derive the bosonic part of the Lagrangian in components. We first
present the full off-shell action and then integrate out the auxiliary fields perturbatively in
the aether coupling.

In section 5 (complemented with appendices D, E) we switch to the “on-shell” formalism
and work out the most general form of the linearized aether EMT and supercurrent.

7Capital Latin letters A,B, . . . are used for the general superspace indices.
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This provides us with an alternative proof of the uniqueness of the aether-supergravity
coupling. We reconstruct the fermionic part of the Lagrangian and derive the on-shell SUSY
transformations.

In section 6 we analyze some physical implications of the model. Notably, we find
that the velocity of gravitons necessarily exceeds the speed of light,8 thereby manifesting
violation of the Lorentz invariance in the low-energy theory. This is in contrast with
the Standard Model matter and gauge fields which are protected by SUSY from Lorentz
symmetry violation at low energies [31, 32]. The excess of graviton velocity over unity is
interesting from the viewpoint of SUSY representations as it leads to an enhancement of the
graviton multiplet by additional states with helicities 3/2 and 1. The dispersion relations
for the correspoding modes are derived in appendix F and they are shown to match that of
the graviton. We also briefly discuss the phenomenological constraints on the model.

Section 7 is devoted to conclusions.

2 Linearized non-minimal supergravity

2.1 Field content and gauge fixing

We follow [43, 44]. The basic ingredient of the linearized SUGRA is a real vector superfield
Hm transforming as9

δLHαα̇ = D̄α̇Lα −DαL̄α̇ (2.1)

under the linearized super-diffeomorphisms parameterized by the spinor superfield Lα. To
understand the physical content of Hm let us decompose it in components [45],

cm = Hm

∣∣ , χαββ̇ = DαHββ̇

∣∣ , am = −1
4D

2Hm

∣∣ , (2.2a)

emn = −∆mHn

∣∣ , ψmα = i

16 σ̄
mβ̇βD̄2DβHαβ̇

∣∣ , dm = 1
32{D

2, D̄2}Hm

∣∣ , (2.2b)

where the vertical line denotes evaluation at zero fermionic coordinates θ = θ̄ = 0, and

∆mHn ≡
1
4 σ̄

α̇α
m [D̄α̇, Dα]Hn . (2.3)

We see that the multiplet contains a spin-2 field emn that is identified with the perturbation
of the tetrad, as well as the spin-3/2 field ψmα describing gravitino. Introducing also the
components of the gauge parameter Lα,

ξm≡ ξRm+iξIm = iσ̄α̇αm D̄α̇Lα
∣∣ , εα =−1

4D̄
2Lα

∣∣ , µmα = iσ̄mβ̇βDαD̄β̇Lβ
∣∣ , (2.4a)

λ β
α =−1

4DαD̄
2Lβ

∣∣ , κm =− i4σ
m
αα̇D

2D̄α̇Lα
∣∣ , ρα = 1

16D
2D̄2Lα

∣∣ , (2.4b)

8Superluminal propagation of signals does not lead to any inconsistencies in theories with a preferred
reference frame. In particular, absence of Lorentz invariance at the fundamental level prevents from creating
closed timelike curves, see e.g. discussion in [21, 23].

9Throughout the text Dα, D̄α̇ denote the covariant derivatives of the flat superspace preserving the
global SUSY. They should not be confused with the derivatives covariant under local SUSY transformations
that are denoted by Dα, D̄α̇.
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one obtains from (2.1) the following transformation laws:

δLcm =−ξIm , δLχαββ̇ = i

2σmββ̇µ
m
α +2εαβ ε̄β̇ , δLam = i

2κm , (2.5a)

δLemn = ∂mξ
R
n +(σmn)αβλαβ−(σ̄mn)α̇β̇λ̄α̇β̇+ 1

2ηmn(λαα−λ̄ α̇
α̇ ) , (2.5b)

δLψ
m
α = ∂mεα−

i

2σ
m
αβ̇
ρ̄β̇ , δLdm =−1

2�ξ
I
m+

[
i

4(σnσ̄m)αγ∂nλαγ+h.c.
]
, (2.5c)

where � ≡ ηmn∂m∂n. It follows from (2.5a) that the imaginary part of ξm and the
components µmα , κm can be chosen to impose the Wess-Zumino gauge,

cm = χαββ̇ = am = 0 . (2.6)

Note that this implies the relation between the gauge parameters µmα and εα,

µmα = 2iσm
αβ̇
ε̄β̇ . (2.7)

The remaining transformations contain infinitesimal diffeomorphisms with the parameter
ξRm, local Lorentz transformations parameterized by the symmetric part of λαβ and local
SUSY corresponding to εα. The trace part λαα and the spinor ρα give rise to extra
symmetries: Weyl invariance and superconformal transformations. The latter symmetries
are not generally present in SUGRA. They are removed by introducing a compensator.

In the minimal linearized SUGRA the compensator is chosen to be a chiral scalar
superfield. However, as discussed in the Introduction, the minimal formulation does not
admit a coupling to the super-aether theory. The next-to-simplest choice of the compensator,
which leads to the non-minimal formulation, is a linear superfield Γ,

D̄2Γ = 0 , (2.8)

with independent components,

γ = Γ
∣∣ , ω̄α̇ = D̄α̇Γ

∣∣ , φα = DαΓ
∣∣ , (2.9a)

B = −1
4D

2Γ
∣∣ , qm ≡ qRm + iqIm = ∆mΓ

∣∣ , ν̄α̇ = 1
4D

2D̄α̇Γ
∣∣ . (2.9b)

It transforms under the super-diffeomorphisms as

δLΓ = − n+ 1
4(3n+ 1)D̄

2DαLα + 1
4D̄

α̇D2L̄α̇ , (2.10)

where n 6= −1
3 , 0 is a real parameter enumerating different versions of the non-minimal

SUGRA. The gauge transformations of the components read,

δLγ= n+1
3n+1∂mξ

m+ n+1
3n+1λ

α
α+λ̄α̇α̇ , δLω̄α̇ = 2ρ̄α̇ , (2.11a)

δLφα = 2(n+1)
3n+1 ρα+ n+1

3n+1∂mµ
m
α −2iσmαα̇∂mε̄α̇ , δLB= n+1

3n+1∂mκ
m , (2.11b)

δLqm = i(n+1)
3n+1 ∂m∂nξ

n+ i(n+1)
3n+1 ∂mλ

α
α−2i(σ̄mn)α̇β̇∂nλ̄α̇β̇ , δLν̄α̇ =−2�ε̄α̇ . (2.11c)
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They suggest to fix away the gauge parameters λαα and ρα by imposing the conditions,

γ = n+ 1
3n+ 1e

m
m , (2.12a)

ωα + φα + 4in
3n+ 1σ

m
αα̇ ψ̄

α̇
m = 0 . (2.12b)

Note that the coefficient in front of the term with gravitino in eq. (2.12b) has been chosen
in such a way that the contributions with ε̄α̇ cancel out from the transformation of the l.h.s.
when the relation (2.7) is imposed. The choice of the relative coefficients between ωα and
φα will be discussed shortly.

Further, we can use the symmetric part of λαβ to render the tetrad symmetric,

emn = enm = 1
2hmn , (2.13)

where hmn are the perturbations of the metric. To preserve this gauge, the parameters λαβ
must be related to the linearized local translations as

(σmn)αβλαβ − (σ̄mn)α̇β̇λ̄α̇β̇ = −1
2∂mξ

R
n + 1

2∂nξ
R
m . (2.14)

This completes the gauge fixing procedure that will be used when considering the formulation
of the theory in components. It leaves only the linearized diffeomorphisms and the local
SUSY transformations, under which the metric perturbations and garvitino transform in
the standard way,

δLhmn = ∂mξ
R
n + ∂nξ

R
m , δLψ

m
α = ∂mεα . (2.15)

In addition to the local super-diffeomorphisms, the linearized supergravity is invariant
under the global SUSY transformations, whose coordinate-independent parameter will be
denoted by ζα. This symmetry is manifest in the superfield formalism. In appendix A
we work out the global SUSY transformations of the component fields and discuss how
they are affected by the gauge fixing. In particular, we show that the special choice of
coefficients in the gauge condition (2.12b) brings the SUSY transformation of the metric
into the canonical form in terms of gravitino [35],10

δ̃Ghmn = 2i(ζσmψ̄n + ζσnψ̄m + ζ̄σ̄mψn + ζ̄σ̄nψm) . (2.16)

The action of the linearized non-minimal SUGRA has the form [44],

SSG =
∫
d4x

∫
d2θd2θ̄ LSG , (2.17a)

with the superspace Lagrangian,

LSG = 1
κ2

[
1
4
(
(∂kHm)2−(∆kHm)2

)
+n+1

2n (∂mHm)2+n+1
2 (∆mH

m)2

−i3n+1
2n ∂mH

m
(
Γ−Γ̄

)
+ 3n+1

2 ∆mH
m
(
Γ+Γ̄

)
+ 9n2−1

8n (Γ2+Γ̄2)+ (3n+1)2

4n ΓΓ̄
]
.

(2.17b)
10Note that our definition of gravitino differs by a factor −1/2 from that adopted in [35].
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It is straightforward to verify that it is invariant under the transformations (2.1), (2.10). The
above expressions simplify considerably for the choice n = −1. However, we are not going
to restrict to this case as we want to study the most general coupling of the super-aether
to gravity.

Using the general formula
L = 1

32{D̄
2, D2}L

∣∣ (2.18)

that relates the component Lagrangian L to that in superspace one obtains the off-shell
Lagrangian of non-minimal SUGRA in terms of the component fields. Its bosonic part reads,

Lbos
SG = 1

2κ2

{
1
4hkm�hkm+n−1

8n ∂khkm∂lhlm−
n+1

4(3n+1)h�h

+ 3n+1
2n qIm∂khkm−qIm∂mh−

3n+1
2n qImq

I
m

−2(n−1)dmdm+2(3n+1)dmqRm−
3(3n+1)

2 qRmq
R
m+ (3n+1)2

2n B B̄

}
,

(2.19)

where h ≡ hmm. After integrating out the auxiliary fields qm, dm and B it takes the
well-known form of the linearized Einstein-Hilbert action

LEH = 1
2κ2

(1
4hkm�h

km + 1
2∂

khkm∂lh
lm − 1

2∂kh
km∂mh+ 1

4∂mh∂
mh

)
. (2.20)

The fermionic part of the action upon elimination of the auxiliary fields is also well-known
and is given by the Rarita-Schwinger Lagrangian,

LRS = 4
κ2 ε

klmn ψ̄k σ̄l ∂mψn , (2.21)

where εklmn is the totally antisymmetric tensor, ε0123 = 1.

2.2 Lorentz transformations in superspace and covariant derivatives

In non-linear superspace formulation of SUGRA the most general transformation of a
superfield consists of super-diffeomorphisms and local Lorentz rotations [35]. The particular
realization of the linearized supergravity using the fields Hm, Γ corresponds to a (partial)
gauge fixing of this symmetry linking the superspace translations and local Lorentz rotations
to the single spinor superfield Lα. Thus, the transformations of a scalar superfield Ψ and a
superfield with a Lorentz index ΨA read respectively,

δLΨ = lM (Lα) ∂MΨ , δLΨA = lM (Lα) ∂MΨA + ΨBM A
B (Lα) ,

where capital letters denote general — vector or spinor — indices. The only non-vanishing
components of the matrix M A

B are M α
β , M β̇

α̇, M a
b and satisfy the structural relations of

the SL(2) algebra,

Mαβ = Mβα , Mα̇β̇ = −(Mαβ)∗ , Mab = 1
2 σ̄

α̇α
a σ̄β̇βb (εα̇β̇Mαβ − εαβMα̇β̇) . (2.22)

Our present goal is to work out the expressions for M B
A in terms of Lα.
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We start from the expression for the differential operator describing local superspace
translations given in ref. [45],11

L̂ ≡ lM (Lα) ∂M = −1
4(D̄2Lα)Dα −

1
4(D2L̄α̇)D̄α̇ + i

2(D̄α̇Lα +DαL̄α̇) ∂αα̇ . (2.23)

As discussed in [45], this form is fixed by the requirement that scalar chiral superfields
should admit covariant generalizations. Covariant derivatives of a scalar must transform as
spinors or vectors. In particular,

δL(DαΨ) = L̂DαΨ + (DβΨ)Mβα . (2.24)

On the other hand, the covariant derivatives are related to the ordinary derivatives through
the superspace vielbein E M

A ,
DAΨ = E M

A ∂MΨ . (2.25)

At linear order the vielbein can be written as

E M
A = E

(0)M
A − I B

A E
(0)M
B , (2.26)

where E(0)M
A is the vielbein of the flat superspace. On general grounds, the tensor I B

A must
be linear in the SUGRA fields12 Hb, Γ, with the precise expressions yet to be determined.
Substituting eqs. (2.25), (2.26) into the l.h.s. of eq. (2.24) and using E(0)M

A ∂MΨ = DAΨ
we obtain,

δL(DαΨ) = δL(DαΨ− I B
α DBΨ) = DαL̂Ψ− (δLI B

α )DBΨ ,

where in the second equality we neglected terms of the form I B
α DBL̂Ψ as they are quadratic

in the deviations from the flat superspace geometry. Equating the coefficients in front of
different derivatives DAΨ in eq. (2.24) we obtain a system of equations for Mαβ and the
variations of the vielbein components I β

α , Iαβ̇ , I b
α . To solve this system, we observe that

the symmetric part of Iαβ can be removed by a local superfield Lorentz transformation
acting on the index A in eq. (2.26). In other words, its choice corresponds to a residual
local Lorentz symmetry of the linearized SUGRA. To fix this symmetry completely we set
Iαβ + Iβα = 0. Then we obtain the unique solution,

Mαβ = 1
4DαD̄

2Lβ + 1
8εαβDγD̄

2Lγ , (2.27)

δLI
β

α = −1
8δ

β
αDγD̄

2Lγ , δLIαβ̇ = 0 , δLI
b

α = i

2σ
b
ββ̇
Dα

(
D̄β̇Lβ −DβL̄β̇

)
. (2.28)

From (2.27) using the structural relations (2.22) we obtain the rotation matrix for Lorentz
vectors,

Mab = 1
4(σab) α

β DαD̄
2Lβ + 1

4(σ̄ab)α̇β̇D̄
β̇D2L̄α̇ . (2.29)

Note that its lowest component reads,

Mab

∣∣ = (σab)αβλαβ − (σ̄ab)α̇β̇λ̄α̇β̇ , (2.30)
11We choose the representation of the super-diffeos that preserves real superfields.
12At the linearized level we do not distinguish the spacetime and Lorentz indices whenever it does not

lead to confusion.
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which is precisely the matrix of local Lorentz transformations acting on the physical tetrad,
see eq. (2.5b).

Equations (2.28) allow us to determine the vielbein components entering them in terms
of the fields Hb, Γ. The unique combinations of these fields with the required transformation
properties are,

I β
α = −δβα

1
2Γ̄′ , Iαβ̇ = 0 , I b

α = −iDαH
b , (2.31)

where

Γ̄′=−(3n+1)(n−1)
4n Γ̄− (3n+1)(n+1)

4n Γ− (n+1)2

8n D̄α̇DαHαα̇+n2−1
8n DαD̄α̇Hαα̇ . (2.32)

Thus, the spinor covariant derivative of a scalar field takes the form,

DαΨ =
(

1 + Γ̄′

2

)
DαΨ + iDαH

b ∂bΨ . (2.33)

The expression for D̄α̇Ψ is obtained by complex conjugation. Determination of the remaining
components of the linearized vielbein I β

a , I b
a requires invoking the constraints on the

superspace torsion imposed in non-minimal SUGRA [42]. This analysis is performed in
appendix B.

For a superfield with spinor or vector indices the covariant derivatives should be
supplemented with a connection term,

DAΨB = E M
A ∂MΨB + (−1)|A||B|ΨC Φ B

AC , (2.34)

where13

|B| =

0, for B = b

1, for B = β or β̇

The connection coefficients Φ B
AC obey the structural relations of SL(2) analogous to

eqs. (2.22),

ΦAγβ = ΦAβγ , Φαγ̇β̇ = −(Φα̇γβ)∗ , Φα̇γ̇β̇ = −(Φαγβ)∗ , Φaγ̇β̇ = −(Φaγβ)∗ ,

ΦAcb = 1
2 σ̄

γ̇γ
c σ̄β̇βb (εγ̇β̇ΦAγβ − εγβΦAγ̇β̇) . (2.35)

In the linearized SUGRA the connections are expressed in terms of the fields Hb, Γ. Below
we will need explicit formulas for the components Φ B

α̇C . These are found simultaneously
with the vielbein from the torsion constraints, see appendix B. The result reads,

Φα̇βγ = −1
8
(
D̄2DβHγα̇ + D̄2DγHβα̇

)
, Φα̇β̇γ̇ = 1

2
(
εα̇β̇D̄γ̇Γ + εα̇γ̇D̄β̇Γ

)
. (2.36)

Note that these formulas do not depend on the parameter n. The connection in the vector
representation is obtained from the structural relation (2.35),

Φα̇bc = −1
4(σbc) β

α D̄2DαHβα̇ − (σ̄bc)β̇ α̇D̄β̇Γ . (2.37)

13Following [35], we assume that the fields carrying even (odd) number of spinor indices take commuting
(anti-commuting) values.
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Note that under the linearized super-diffeos the connections transform as

δLΦ B
α̇C = −D̄α̇M

B
C . (2.38)

This is consistent with the transformations of the corresponding covariant derivatives (2.34)
in the appropriate representations of SL(2).

3 Breaking Lorentz invariance

3.1 Perturbations of super-aether

We now want to generalize the linearized SUGRA to the case when Lorentz invariance is
broken down to the SO(3) subgroup of spatial rotations by a vacuum expectation value
(VEV) of a timelike vector field. To this end, we introduce [33] a chiral vector superfield
Ua obeying the constraint (1.5). As a consequence of this constraint, the field develops a
c-number VEV wa satisfying the relations,

Rewa Rewa − Imwa Imwa = −1 , Rewa Imwa = 0 .

They imply that Rewa is always timelike and Imwa is spacelike. Thus, unless Imwa = 0,
the vacuum breaks both Lorentz and rotational symmetries. In this paper we are interested
in quadratic theory around a rotationally invariant vacuum, so we focus on the case of real
wa. Then there is a preferred Lorentz frame where wa has the form,

wa = (1, 0, 0, 0) . (3.1)

It is important to stress that, despite the breaking of Lorentz invariance, all SUSY generators
are preserved as they corresponds to translations in the superspace that leave the aether
VEV invariant [31–33].

Next, we expand the super-aether field about its VEV as in eq. (1.7). As already
mentioned in the Introduction, this expansion is forced on us by the fact that we work with
the linearized SUGRA. Indeed, the latter is invariant under the linearized version of the
local Lorentz and coordinate transformations contained in the parameter Lα, see section 2.1.
Let us look at the original Einstein-aether theory (1.2) and ask what sector of it is invariant
under these linearized transformations. Clearly, this sector corresponds to the quadratic
part of the action expanded in metric and aether fluctuations around the background. In
particular, it would be inconsistent to expand only in the metric while keeping the aether
nonlinear: the latter transforms non-trivially under the local spacetime symmetries and the
invariance would be lost. Returning to the SUSY case, we conclude that the requirement of
invariance with respect to the linearized local SUSY requires restricting the equations of
motion (action) to the linear (quadratic) order in the super-aether perturbation V c.

The constraint (1.5) expanded to linear order translates into

waV
a = 0 , (3.2)

whereas the chirality condition reads,

D̄α̇V
c = −wbΦα̇b

c . (3.3)
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Here we expanded the covariant derivative (2.34) to linear order both in aether perturbations
and SUGRA fields. Note that the explicit form of the connection (2.37) implies that it is
chiral and hence the aether perturbation V c is linear, D̄2V c = 0. The aether perturbations
transform non-trivially under super-diffeomorphisms,

δLV
a = wbM a

b , (3.4)

where M a
b is the matrix of Lorentz rotations (2.29).

We define the components of the aether supermultiplet as follows,

va≡ vR,a+ivI,a =V a
∣∣ , ηaα =DαUa

∣∣= (DαV
a+wcΦαc

a)
∣∣ , Ga =−1

4D
2V a

∣∣ . (3.5)

Note that in the definition of the aetherino ηaα we used the covariant spinor derivative acting
on the full aether, which we expanded to the linear order in the second equality. Due to
this definition, the aetherino is invariant under the linearized super-diffeos, as it follows
from the transformation laws (3.4) and (2.38). The same is true also for the auxiliary field
Ga due to the property D2M a

b = 0 implied by the expression (2.29). Thus, we have,

δLη
a
α = δLG

a = 0 . (3.6a)

On the other hand, the lowest component va transforms non-trivially. From eqs. (2.30)
and (2.14) we find,

δLv
a = −1

2wb
(
∂bξR,a − ∂aξR,b

)
(3.6b)

The transformations of the super-aether components under global SUSY are derived in
appendix A.

The component fields will be used in sections 4, 5. Now our goal is to find the most
general superspace action quadratic in the superfields V a, Ha, Γ and invariant under the
transformations (2.1), (2.10), (3.4).14

3.2 Possible terms in the Lagrangian

First we notice that the only possible term in the superpotential is the term enforcing the
constraint (3.2) by means of a chiral Lagrange multiplier Λ (cf. [33]),

Lconstr =
∫
d2θ ΛwaV a + h.c. . (3.7)

The combination waV a is chiral due to the relation (3.3) and anti-symmetry of the connection
coefficient Φα̇bc in the last two indices. No other chiral combination can be constructed from
V a and the SUGRA fields without using the spinor derivatives D̄α̇. On the other hand, the
terms in the superpotential that involve D̄α̇ can be equivalently written as contributions to
the Kähler potential. For example,∫

d2θ D̄α̇ΓD̄α̇Γ ' −2
∫
d2θd2θ̄ Γ2 ,

14It is worth noting that this action cannot be found simply by a linear gauging of the super-aether action
of [33]. Such gauging does not capture the terms quadratic in the SUGRA fields Hb and Γ which are present
in the resulting super-aether action and are important for the analysis of its physical content, see below.
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and similarly for other contributions. Here the sign ' means ‘equal up to a total derivative’.
Thus, it is enough to consider the Kähler potential only.

By analogy with (1.2), we search for the action in the form

S = 1
κ2

∫
d4x

∫
d2θd2θ̄ L̃ ,

where the gravitational coupling with the mass dimension [κ−2] = 2 has been factored
out in front of the Lagrangian. All other parameters in the Lagrangian are assumed to be
dimensionless. This implies that the superspace Lagrangian L̃ must be constructed from
terms with zero mass dimension. The dimensions of the object at our disposal are

[Ha] = −1 , [wa] = [V a] = [Γ] = 0 , [Dα] = [D̄α̇] = 1/2 , [∂a] = [∆a] = 1 . (3.8)

Once the aether VEV wa is included as the spurion to compensate for the breaking of
the Lorentz symmetry, the Lagrangian becomes a scalar with respect to global Lorentz
transformations. Besides, the Lagrangian must be real.

As our goal is to find the most general super-aether action, we proceed as follows.
We first classify all inequivalent terms in the quadratic Lagrangian satisfying the above
requirements. In the next subsection we will look for their linear combinations invariant
under the non-linearly realized super-diffeomorphisms.

Operators quadratic in V a. We have a single operator in this class,

VaV̄
a . (3.9)

The combination VaV a and its complex conjugate can be rewritten purely in terms of the
SUGRA fields Ha and Γ using the relation (3.3). Indeed,∫

d2θd2θ̄ VaV
a ' −1

4

∫
d2θD̄2(VaV a) = −1

2

∫
d2θ wbwcΦα̇baΦα̇ a

c .

As discussed above, the expression on the r.h.s. can be cast in the form of a contribution
into the Kähler potential.

Operators linear in V a. In total, there are four independent combinations,

waV b∂aHb , waV b∂bHa , waV b∂cHdεabcd , V aD2Ha , (3.10)

plus their complex conjugate. From all other terms the aether perturbation can be eliminated
by performing integration by parts and using (3.3). For example,

V aD̄2Ha ' (D̄2V a)Ha = 0 ,

waV b∆aHb = waV b
(
−i∂a+ 1

2 σ̄
α̇α
a D̄α̇Dα

)
Hb ' −iwaV b∂aHb+

1
2 σ̄

α̇α
a wawcΦ b

α̇c DαHb ,

and so on.
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Operators without V a. This is the most numerous group of terms. On the other
hand, their role is in a sense auxiliary: as discussed below, they are needed to compensate
the variation of the quadratic aether term (3.9) and do not give rise to any independent
Lagrangians. We relegate their classification to appendix C.2. We find a total of 27 terms
that are not equivalent to each other upon integration over the superspace.

3.3 The invariant action

The action for linearized SUGRA with broken Lorentz invariance is obtained as a linear
combination of the independent operators listed in the previous subsection that is invariant
under the gauge transformations (2.1), (2.10), (3.4). To find this combination, let us analyze
the variations of individual operators. We start with the term quadratic in the aether
perturbations,

δL
(
VaV̄

a)=wbMbaV̄
a+wbMbaV

a

'−wbwcLβ(σba) γ
β

(1
4D̄

2Φ a
γc +i∂γγ̇Φγ̇ a

c

)
+h.c.

=Lβ
(
− i2w

awb(σak) γ
β D̄2Dγ∂

kHb+
i

4w
awbD̄2Dβ∂aHb−

i

8D̄
2Dβ∂kH

k

−iwawbσaββ̇D̄
β̇∂bΓ−

i

4σkββ̇D̄
β̇∂kΓ− 3

16D̄
2DβΓ̄

)
+h.c. ,

(3.11)

where in the second line we used the chirality condition (3.3). One observes that this
variation is independent of V a and is expressed exclusively in terms of the SUGRA fields
Hb and Γ. The final expression is at most quadratic in the spurion field wa. It also contains
terms without the spurion altogether. The same type of terms appear in the variation of
the Lorentz invariant supergravity operators. They come from the contractions of the form
waw

a = −1 which arise upon substitution of the superspace connection into the second line.
On the other hand, the variations of the operators (3.10) contain contributions linear

in V a,

δL(waV b∂aHb) 3 −
1
2 L̄β̇σ̄

β̇β
b waDβ∂aV

b , (3.12a)

δL(waV b∂bHa) 3 −
1
2 L̄β̇σ̄

β̇β
a waDβ∂bV

b , (3.12b)

δL(waV b∂cHdεabcd) 3 −
1
2 L̄β̇σ̄

d β̇βwaDβ∂
cV bεdacb , (3.12c)

δL(V aD2Ha) 3 Lβ
[
− 4i(σka) β

γ Dγ∂kV a + 2iDβ∂aV
a] . (3.12d)

It is straightforward to see that these cannot be canceled among themselves or against varia-
tions of any other operators in the Lagrangian. Thus, we conclude that the operators (3.10)
do not appear in the invariant action.

The fact that there is only a single operator (3.9) with the aether fluctuation V a which
can enter the super-aether action suggests that this action must be unique. Indeed, it would
be surprising to obtain independent Lorentz-violating Lagrangians that at the quadratic
level would consist purely of the gravitational fields. We presently verify this intuition by
explicitly solving the constraints imposed by the linearized super-diffeos.

– 14 –



J
H
E
P
1
0
(
2
0
2
1
)
2
1
4

To this aim we need to derive the variations of the 27 “auxiliary” operators from
appendix C.2. This technical task is performed in appendix C.3. Let us note here that
it is simplified by classifying these operators according to their transformation properties
under the R-symmetry and CP . The operators with different R-charges and CP -numbers
do not mix under the action of linearized super-diffeomorphisms and thus can be considered
separately.

For the CP -even sector the conditions that the variation of the action under the
super-diffeos cancels lead to a system of 17 linear equations for 17 unknowns — coefficients
in front of the operator (3.9) and 16 operators (C.13). This system is degenerate and has
a general solution with two free parameters. One of them is just the usual gravitational
coupling κ2 and one recovers the SUGRA action (2.17) as part of the general solution. The
second free parameter can be chosen as the coefficient in front of the operator (3.9) and the
corresponding contribution into the action reads,

SÆ = C

2κ2

∫
d4xd4θ

[
VaV̄

a + iwawb∂aHb(Γ− Γ̄) + wawb∆aHb(Γ + Γ̄)

+ 1
4
(
∆kHm∆kHm − ∂kHm∂

kHm − (∆mH
m)2 + (∂mHm)2)

+ i

4∂mH
m(Γ− Γ̄) + 1

4∆mH
m(Γ + Γ̄) + 3

8(Γ2 + Γ̄2)
]
,

(3.13)

where C is a dimensionless coupling. This action is rather simple and its invariance under
the linearized super-diffeos can be verified in a straightforward manner. Curiously, it
does not depend on the choice of the parameter n labeling the off-shell realizations of the
non-minimal SUGRA. Note that, along with explicitly Lorentz-violating terms in the first
line, it contains contributions that are Lorentz-invariant. There is no contradiction here:
these terms are needed to cancel the variations of the terms from the first line which, as
pointed out above, include Lorentz-invariant contributions.

Finally, the requirement of vanishing gauge variation in the CP -odd sector leads
to a system of 13 equations for only 8 unknowns which has only a trivial solution (see
appendix C.3). We conclude that (3.13) combined with (2.17) gives the most general
action for supersymmetric aether coupled to non-minimal linearized SUGRA with linear
compensator.

4 Bosonic Lagrangian

To understand the physical consequences of the action (3.13), we compute the corresponding
Lagrangian in components. We start with the bosonic part.

The components of the SUGRA fields Hm, Γ and of the super-aether V a have been
introduced in (2.2), (2.9) and (3.5), respectively. We impose the Wess-Zumino gauge (2.6)
and the symmetry of the tetrad (2.13). Further, due to the relation (2.12a) fixing the Weyl
invariance, the lowest component of Γ is not independent and is expressed through the trace
of the metric perturbation. Applying the formula (2.18) to the superspace action (3.13) we
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obtain after a somewhat tedious, but straightforward calculation,

Lbos
Æ = C

2κ2

{
− ∂mva∂mv̄a +GaḠa

+ vR,awb
(
− 2εabkm∂kdm −

1
2∂a∂khkb + 1

2∂b∂khka + ∂bq
I
a − ∂aqIb + εabkm∂kq

R
m

)
+ vI,awb

(
2∂adb − 2∂bda −

1
2εabkm∂k∂lhlm − ∂bq

R
a + ∂aq

R
b + εabkm∂kq

I
m

)
− 1

8DcaD̄ca + n+1
4(3n+1)w

awb
(
hab�h− h∂a∂khkb

)
+ 1

2w
awbqIm

(
∂mhab − ∂ahmb

)
+ 2wawbdbqRa + 1

2w
awbhnbεnakm∂kq

R
m −

3
2dmdm −

1
8hkm�hkm −

5
32∂khkm∂lhlm

− 2n+ 1
8(3n+ 1)h∂k∂lhkl + n(3n+ 2)

8(3n+ 1)2h�h−
1
8q

I
m∂khkm −

1
4(3n+ 1)q

I
m∂mh

+ 3
8q

I
mq

I
m −

3
8q

R
mq

R
m + 1

2dkq
R
k

}
, (4.1)

where

Dca = −wc
[
qa + 2da −

i

2∂khka + i
n

3n+ 1∂ah
]

+ ηacwb
[
qb + 2db −

i

2∂khkb + i
n

3n+ 1∂bh
]

+ wbεbmac

[
iqm − 2idm + 1

2∂khkm −
n

3n+ 1∂mh
]

− iwb∂bhac + iwb∂ahcb + wbεbcmn∂mhna − wbεmnac∂mhnb .

(4.2)

Note that the parameter C multiplies the kinetic term for the aether perturbations in (4.1)
and hence must be positive to ensure the positivity of the kinetic energy. The full bosonic
action of the theory is obtained by adding the standard supergravity Lagrangian (2.19).

The next step is to integrate out the auxiliary fields. Clearly, the fields B, Ga simply
vanish on the equations of motion. On the other hand, the fields dm, qm take non-zero
values. The result of integrating them out in the general case is rather cumbersome and
not illuminating. For the sake of clarity, we will perform an explicit calculation under the
assumption C � 1. To properly capture the mixing between the aether and gravity in the
first non-trivial order in C, we canonically normalize the aether perturbations so that their
leading kinetic term becomes of order 1,

vR,Ia 7→ v̂R,Ia =
√
C vR,Ia .

We are interested in the contributions to the Lagrangian through order O(C) in terms of
the new fields. To this end, it is sufficient to find the auxiliary fields through order O(

√
C).

However, later we will need also order O(C) contributions into the fields dm and qRm, so in
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deriving them we go one order further. We obtain,

dm =
√
C

[1
2wm∂av̂

I,a− 1
2w

a∂av̂
I
m−

1
4w

bεbkam∂
kv̂R,a

]
−C8 w

awdεabcm∂
bhcd+O(C3/2) , (4.3a)

qRm =
√
C

[
n

3n+1wm∂av̂
I,a− n

3n+1w
a∂av̂

I
m−

n+1
2(3n+1)w

bεbkam∂
kv̂R,a

]
− C(n+1)

4(3n+1)w
awdεabcm∂

bhcd+O(C3/2) , (4.3b)

qIm = 1
2∂

khkm−
n

3n+1∂mh+
√
Cn

3n+1
[
wm∂av̂

R,a−wb∂bv̂Rm−wbεbkam∂kv̂I,a
]
+O(C) . (4.3c)

Substituting this back into (2.19), (4.1) we arrive at,

Lbos
SG+Lbos

Æ = 1
2κ2

{1
4hkm�h

km + 1
2∂

khkm∂lh
lm − 1

2∂kh
km∂mh+ 1

4∂mh∂
mh

− ∂mv̂Ra ∂mv̂R,a − ∂mv̂Ia∂mv̂I,a +
√
C v̂R,awb

(
∂b∂

khka − ∂a∂khkb
)

− C

4 w
awb

(
∂ahmn − ∂mhna

)(
∂bh

mn − ∂mhnb
)
− C

2 w
awb∂av̂

I,m∂bv̂
I
m

+ C

2 (∂av̂I,a)2 − Cwbwcεbkam∂kv̂R,a∂cv̂I,m +O(C3/2)
}
. (4.4)

where have made a further rescaling of the fields,(
1 + C n

4(3n+ 1)

)
v̂Ra 7→ v̂Ra ,

(
1− C n

4(3n+ 1)

)
v̂Ia 7→ v̂Ia . (4.5)

One notices that the parameter n has dropped from the Lagrangian and, apart from the
usual gravitational coupling, the theory is described by a single dimensionless constant C.
When restricted to the case of real aether, v̂Ia = 0, the Lagrangian (4.4) coincides with the
quadratic part of the Einstein-aether Lagrangian (1.2) for the choice of couplings15

c1 = C , c2 = c3 = c4 = 0 . (4.6)

Thus we conclude that the supersymmetrization of the Einstein-aether model based on
the embedding of aether into a chiral vector supermultiplet reduces the number of free
parameters in the theory from four down to one.

5 Fermionic Lagrangian

In principle, the fermionic part of the Lagrangian can also be obtained from the superfield
action (2.17), (3.13) by the application of eq. (2.18) and subsequent integration out of the
auxiliary fields. However, we will take a different route and adopt the “on-shell” formalism
where one constructs the Lagrangian directly in terms of the dynamical fields: the metric

15In this comparison one should recall that va stands for the perturbation of the aether field in the tetrad
basis. It is related to the perturbation in the tangent space by δum = vm − 1

2h
mawa.
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perturbation hmn, gravitino ψmα , aether perturbation va and aetherino ηaα. Apart from
leading more directly to the final answer, this approach will provide us with a transparent
proof of uniqueness of the aether-supergravity coupling, not relying on the rather tedious
classification of the superfield operators in sections 3.2, 3.3.

5.1 Gauging the super-aether action

We start with the action of super-aether in flat spacetime [33], which at the quadratic level
can be written as

Sflat
Æ = 1

2κ2

∫
d4x

[
− ∂mv̂Ra ∂mv̂R,a − ∂mv̂Ia∂mv̂I,a −

i

2
¯̂ηaσ̄m∂mη̂a

]
, (5.1)

where we have rescaled the aetherino in the same way as the aether perturbations, η̂aα =√
C ηaα. This action is invariant under global spacetime translations and global SUSY

transformations,

δGv̂
R
a = 1

2(ζη̂a+ζ̄ ¯̂ηa) , δGv̂
I
a =− i2(ζη̂a−ζ̄ ¯̂ηa) , δGη̂aα = 2i(σmζ̄)α∂m(v̂Ra +iv̂Ia) , (5.2)

where ζα is a coordinate independent parameter. These transformations form a closed
algebra on-shell, i.e. when the fields satisfy the equations of motion,

�v̂Ra = �v̂Ia = σ̄m∂mη̂a = 0 . (5.3)

Coupling to supergravity can be viewed as gauging of the above symmetries [46]. At
linear order in the SUGRA fields, the coupling must have the form,

Lint = 1
2T

mnhmn − Smαψmα − S̄mα̇ ψ̄α̇m , (5.4)

where T mn is the symmetric super-aether energy-momentum tensor (EMT) and Smα is the
supercurrent corresponding to the invariance under (5.2) via the Noether theorem. Both
the EMT and the supercurrent are conserved on-shell,

∂mT mn = ∂mSmα = 0 . (5.5)

Further, to allow for a consistent gauging, their SUSY transformations have to be related
on-shell as [47],

δGTmn = −1
2
(
ζσmk∂

kSn + ζσnk∂
kSm + ζ̄σ̄mk∂

kS̄n + ζ̄σ̄nk∂
kS̄m

)
, (5.6a)

δGSmα = −2i(σnζ̄)αTnm − 4εmkln(σk∂lΞ̄n)α . (5.6b)

Here Ξnα is the spin-vector appearing as the leading correction to the on-shell SUSY
transformation of gravitino. For completeness we review the derivation of eqs. (5.6) in
appendix D.

The coupling (5.4) contributes into the quadratic action if the EMT and supercurrent
contain terms linear in v̂R,Ia , η̂aα. On the other hand, the Noether procedure applied to the

– 18 –



J
H
E
P
1
0
(
2
0
2
1
)
2
1
4

action (5.1) yields expressions quadratic in these fields. Thus, the linear terms in the EMT
and supercurrent must be of pure “improvement” type (see e.g. [48]),

T mn = ∂kMkmn , Smα = ∂kN kmα , (5.7)

where the differentiated (spin-)tensors are anti-symmetric in the first pair of indices,

Mkmn = −Mmkn , N kmα = −Nmkα . (5.8)

It is worth stressing that (5.7) are on-shell equations and may or maynot hold off-shell.
Our task now is to work out the most general form of the linearized aether EMT and the
supercurrent.

Let us start with the on-shell EMT. The tensorMkmn must be constructed from terms
that are linear in the aether perturbations v̂Ra or v̂Ia, can contain one or several insertions of
the VEV wc and, on dimensional grounds, must include a single derivative ∂n. Recalling
the orthogonality of wc and v̂a, we arrive to the following linear combination,

Mkmn = A1(wk∂mv̂R,n − wm∂kv̂R,n) +A2(wk∂nv̂R,m − wm∂nv̂R,k)
+A3(wn∂kv̂R,m − wn∂mv̂R,k) +A4(ηknwm∂av̂R,a − ηmnwk∂av̂R,a)
+A5(ηknwa∂av̂R,m − ηmnwa∂av̂R,k) +A6(wkwnwa∂av̂R,m − wmwnwa∂av̂R,k)
+A7 ε

kmnawa∂bv̂
R,b +A8 ε

kmnawb∂bv̂
R
a +A9 ε

kmabwa∂
nv̂Rb

+A10(εknabwm∂av̂Rb − εmnabwk∂av̂Rb ) +A11(εknabwa∂mv̂Rb − εmnabwa∂kv̂Rb )
+A12(εknabwa∂bv̂R,m − εmnabwa∂bv̂R,k) +A13(ηknεmabc − ηmnεkabc)wa∂bv̂Rc
+A14 ε

kmabwnwaw
c∂cv̂

R
b + terms with v̂Ia , (5.9)

where Ai, i = 1, . . . , 14, are dimensionless coefficients. We show explicitly only the terms
containing v̂Ra , the part with v̂Ia has similar form with 14 more parameters Ãi. In deriving
this expression we omitted the terms that vanish identically upon taking the divergence
and simplified the part with three vectors wc by using the identity,16

wkwaε
almn − wlwaεamnk + wmwaε

ankl − wnwaεaklm + εklmn = 0 . (5.10)

Eq. (5.9) is quite lengthy. However, the number of independent terms is drastically reduced
by imposing that T mn obtained from Mkmn must be symmetric,17 T mn = T nm. This
leaves only six free parameters: A1, A3, A11 and their tilded counterparts. The resulting
EMT reads,

T mnon-shell = A1(wa∂a∂mv̂R,n + wa∂a∂
nv̂R,m)−A3(wn∂m∂av̂R,a + wm∂n∂av̂

R,a)
− (A1 −A3)ηmnwa∂a∂bv̂R,b +A11(εmabcwa∂n∂bv̂Rc + εnabcwa∂

m∂bv̂
R
c )

+ terms with v̂Ia

(5.11)

where we have omitted terms proportional to the equations of motion (5.3).
16To prove it one notices that the combination on the l.h.s. is totally antisymmetric in the indices k lmn.

On the other hand, its contraction with the vector wk vanishes. In four dimensions a tensor with such
properties is identically zero.

17Note thatMkmn itself need not, and actually cannot, be symmetric in the indices m and n.
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So far, the analysis was restricted on-shell. The off-shell expression for T mn can contain
in addition to (5.11) two more terms,

∆T mn = −A (wm�v̂R,n + wn�v̂R,m)− Ã (wm�v̂I,n + wn�v̂I,m) . (5.12)

On the other hand, one obtains further constraints by requiring the off-shell invariance of
the aether Lagrangian under linearized diffeomorphisms. With respect to the latter the
metric perturbation hmn transforms in the standard way (2.15), whereas for the aether
perturbations we have (cf. eq. (3.6b)),

δLv̂
R
a = −

√
C

2 wb(∂bξRa − ∂aξRb ) , δLv̂
I
a = 0 . (5.13)

Assuming, as before, that C is a small parameter, the sum of the flat-space action (5.1)
and the interaction term (5.4) must be invariant at order O(

√
C). Assuming further that

all coefficients in the EMT are of order
√
C/(2κ2), we get the relations,

A1 =
√
C

2κ2 +A , A3 =
√
C

2κ2 −A , Ã1 = −Ã3 = Ã , A11 = Ã11 = 0 .

Thus, the general off-shell expression for the linearized EMT reads,

T mn =
√
C

2κ2
(
wc∂c∂

mv̂R,n − wn∂m∂cv̂R,c
)

+A
(
wc∂c∂

mv̂R,n + wn∂m∂cv̂
R,c − ηmnwc∂c∂bv̂R,b − wm�v̂R,n

)
+ Ã

(
wc∂c∂

mv̂I,n + wn∂m∂cv̂
I,c − ηmnwc∂c∂bv̂I,b − wm�v̂I,n

)
+ (m↔ n) .

(5.14)

We observe that the terms proportional to
√
C yield, upon integration by parts, precisely

the aether-metric mixing in the Lagrangian (4.4). One can check that the extra parameters
A and Ã correspond to non-minimal couplings of the complex aether to the Ricci tensor
Rmn of the form,

Rmnu
mūn , Rmn(umun + ūmūn), iRmn(umun − ūmūn) ,

where um = wm + vR,m + ivI,m is the full non-linear aether field. Only two free parameters
appear at the linearized level because the first two operators have the same expansion at
the quadratic order.

Up to now, we have not imposed any restrictions due to supersymmetry. To do this,
we construct the general linear supercurrent of the form (5.7) and require that it is related
on-shell to the transformation of the EMT by eq. (5.6a). This will turn out to be sufficient
to completely fix the form of the current and EMT: in particular, we will not need to use
the second eq. (5.6b). The spin-tensor N kmβ must be linear in the aetherino field and,
by dimensionality, cannot contain derivatives. Guided by the form of the EMT (5.14), we
consider only terms linear in wa. Recall also that wa and η̂aβ are orthogonal. We are left
with four possible operators,18

N kmβ = a1 (wkη̂mβ − wmη̂kβ) + a2 (wkσmaη̂βa − wmσkaη̂βa )

+ a3 (waσakη̂mβ − waσamη̂kβ) + a4ε
kmabwaη̂

β
b ,

(5.15)

18In this derivation we eliminated the term εkabcw
aσbmη̂cβ − (k ↔ m) by using the identity σbm =

(i/2)εbmnlσnl.
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with free coefficients a1,...,4. The resulting on-shell current reads,

Smβon-shell =
(
a1 + a3

2
)
wk∂kη̂

mβ −
(
a1 −

a2
2
)
wm∂kη̂

kβ

+ a2w
kσma∂kη̂

β
a − a3waσ

am∂kη̂
kβ + a4ε

mabcwa∂bη̂
β
c .

(5.16)

We substitute it into the relation (5.6a), use equations of motion to simplify the result
and compare the coefficients in front of independent terms. We find that eq. (5.6a) can be
satisfied only if

A = Ã = a2 = a3 = a4 = 0 , a1 = −
√
C

κ2 .

We conclude that the linear supercurrent is unique and has the form,

Smβ = −
√
C

κ2
(
wc∂cη̂

mβ − wm∂cη̂cβ
)
. (5.17)

This implies the uniqueness of the aether coupling to linear supergarvity. Notice that the
above supercurrent is conserved identically (not only on-shell). Therefore, the gravitino
coupling in eq. (5.4) is automatically invariant under the local SUSY transformations (2.15).
We presently discuss its invariance with respect to the global SUSY.

5.2 On-shell supersymmetry

The interaction (5.4) gives rise to terms of order O(
√
C) in the total action. We saw that

in the bosonic Lagrangian the next corrections come at order O(C). In principle, the same
could happen in the fermionic part. However, we now argue that this is not the case and
the total fermionic Lagrangian through order O(C) reads,

Lferm
SG +Lferm

Æ = 1
2κ2

{
8εklmnψ̄kσ̄l∂mψn−

i

2
¯̂ηkσ̄m∂mη̂k (5.18)

+2
√
Cwc(ψk∂cη̂k−ψc∂kη̂k)+2

√
Cwc(ψ̄k∂c ¯̂ηk−ψ̄c∂k ¯̂ηk)+O(C3/2)

}
.

To show this we need to work out the global SUSY transformations of the physical component
fields. These are obtained by substituting the on-shell values of the auxiliary fields into the
general formulas of appendix A.

We start with the gravity sector. The on- and off-shell transformations of the metric
coincide and are given by eq. (2.16). For gravitino we use eq. (A.5), where we substitute
B = 0 and dm, qRm from eqs. (4.3). This yields,

δ̃Gψmα = 1
2(σknζ)α∂khnm

+
√
C

[
− i

4w
c(σcσ̄mζ)α∂bv̂I,b + i

4w
c(σbσ̄mζ)α∂cv̂I,b −

i

4ζαw
cεcklm∂

kv̂R,l
]

− iC

8 ζαw
cwbεcklm∂

khl b +O(C3/2) . (5.19)

One can check that the term of order O(
√
C) here matches the extra piece Ξmα in the

on-shell transformation (5.6b) of the supercurrent (5.17).
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The aether sector requires more work. First, from eq. (A.6a) one observes that to get
the transformation of v̂Ra to order O(C) one needs to know the fermionic auxiliary field ωα
through order O(

√
C). In appendix E we describe how this field can be found using the

superspace equations of motion. The result reads,

ωα =
√
Cn

3n+ 1w
b(σbcη̂c)α +O(C) . (5.20)

Second, one should remember the rescaling of the aether components at order O(C), eq. (4.5).
In addition, it turns convenient to redefine the aetherino field as follows,(

1− C

4(3n+ 1)

)
η̂aβ + Cn

2(3n+ 1)P
b
a (σbcη̂c)β 7→ η̂aβ , (5.21)

where
P ba ≡ wbwa + δba (5.22)

is the projector on the hyperplane orthogonal to wa. Collecting everything together and
substituting into eqs. (A.6) we arrive at

δ̃Gv̂
R
a = 1

2ζη̂a+
√
Cwc(iζσcψ̄a−iζσaψ̄c)+ Cn

4(3n+1)P
b
a ζσbcη̂

c+h.c. , (5.23a)

δ̃Gv̂
I
a =− i2ζη̂a+ iCn

4(3n+1)P
b
a ζσbcη̂

c+h.c. , (5.23b)

δ̃Gη̂aβ = 2i(σmζ̄)β∂mv̂a+i
√
Cwc(σkζ̄)β [∂chak−∂ahck]−iCwbwcεcmna(σmζ̄)β∂bv̂I,n

+ Cn

2(3n+1)
[
−iP ca(σmζ̄)β∂c ¯̂vm+iP ca(σcζ̄)β∂m ¯̂vm+P caεckmn(σkζ̄)β∂m ¯̂vn

]
, (5.23c)

where we have used the identity (5.10) to simplify the η̂aβ variation. Corrections to these
expressions are of order O(C3/2).

It is now a matter of a straighforward calculation to verify that the Lagrangian given
by the sum of (4.4) and (5.18) is invariant under SUSY transformations (2.16), (5.19), (5.23)
through order O(C). We leave it as an exercise to the reader.

We have also checked that the SUSY algebra closes on shell, up to the gauge trans-
formations (2.15), (3.6b). Namely, the commutator of two SUSY transformations with
parameters ζ1 and ζ2 reads,

[δ̃G1, δ̃G2]hmn = −2Zk∂khmn + ∂mξ
R
n + ∂nξ

R
m , (5.24a)

[δ̃G1, δ̃G2]ψmα = −2Zk∂kψmα + ∂mεα + e.o.m. , (5.24b)

[δ̃G1, δ̃G2]v̂Ra = −2Zk∂kv̂Ra −
√
C

2 wb(∂bξRa − ∂aξRb ) , (5.24c)

[δ̃G1, δ̃G2]v̂Ia = −2Zk∂kv̂Ia , (5.24d)
[δ̃G1, δ̃G2]η̂aβ = −2Zk∂kη̂aβ + e.o.m. , (5.24e)

where
Zk = i

(
ζ1σ

kζ̄2 − ζ2σ
kζ̄1
)
, ξRn = Zkhkn , (5.25)
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and the fermionic gauge parameter εα is linear in the fields ψmα, η̂aβ; we do not write its
explicit expression as it is rather cumbersome. The terms denoted by “e.o.m.” vanish on
the fermionic equations of motion obtained from the Lagrangian (5.18). This proves that
the fermionic action (5.18) is complete as any additional terms of order O(C) would spoil
the supersymmetry.

Notice the following peculiarity. While the component Lagrangians (4.4), (5.18) are
independent of the non-minimal SUGRA parameter n, the transformations (5.23) contain
n-dependent pieces. These pieces cancel among each other in the variation of the total
Lagrangian. This corresponds to an additional supersymmetry of the flat-space aether
action (5.1), besides the standard SUSY (5.2). Coupling to SUGRA breaks the extra SUSY
and ties it to the first one. The preserved linear combination of symmetry generators is
different for different n. We do not know if this leads to the dependence of the Lagrangian on
n at higher orders in C or such dependence can always be eleiminated by a field redefinition.
Investigating this issue goes beyond the scope of the present paper.

6 Physical implications

6.1 Particle spectrum, enhancement of graviton multiplet

Let us discuss the spectrum of modes described by the Lagrangians (4.4), (5.18). We
will work in the frame where the VEV wa is purely timelike as given by (3.1), so that
the rotational symmetry is preserved. As the Lagrangian is quadratic both in space- and
time-derivatives, all modes have linear dispersion relations,

E = s · p , (6.1)

where E and p are the energy and the absolute value of the mode’s momentum, s is the mode’s
velocity. Due to invariance with respect to spatial rotations, the modes are also characterized,
as in the familiar Lorentz invariant case, by the projection of the angular momentum on
the direction of motion, i.e. helicity. The maximal helicity present in the spectrum is 2,
which corresponds to the transverse-traceless excitations of the metric — gravitons. It is
straightforward to see from (4.4) that the corresponding squared velocity is (cf. [49]),

s2
h=2 = 1

1− C ≈ 1 + C , (6.2)

which differs from 1 whenever Lorentz invariance is broken (C 6= 0). This is in contrast
with the situation for chiral and gauge SUSY multiplets which, under broad assumptions,
retain unit propagation velocity even in the presence of Lorentz symmetry breaking [31, 32].

The deviation of the graviton velocity from one has interesting consequences for the
structure of the gravitational supermultiplet. Indeed, consider the representation of the
SUSY algebra corresponding to the dispersion relation of the form (6.1). Following the
standard procedure [35] one rotates the direction of the particle momentum to align with
the third axis. With this choice, the anticommutators of the supercharges take the form,

{Qα, Q̄β̇} = 2E
(

1 + s−1 0
0 1− s−1

)
(6.3)
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Note that unitarity requires the anticommutator of two conjugate operators to be non-
negative. Comparing with (6.3) we conclude that in supersymmetric theories the velocity
of particles is always greater or equal to one, s ≥ 1. If s = 1, as it happens, in particular, in
the standard Lorentz invariant case, the lower right element in the above matrix is zero
implying that one pair of the supercharges vanish identically, Q2 = Q̄2̇ = 0. The other pair
of the supercharges Q1, Q̄1̇ describes fermionic annihilation and creation operators. Thus,
starting from the state with the lowest helicity h, annihilated by Q1, one can create a single
state with helicity (h+ 1/2) by applying Q̄1̇. As a consequence, in the Lorentz invariant
case the gravitational multiplet consists of just two states with helicities h = −2 (graviton)
and h = −3/2 (gravitino).19 However, whenever s > 1, the anticommutator of Q2 and
Q̄2̇ does not vanish and they form an independent pair of creation-annihilation operators.
It implies that the multiplet must contain two additional states: one with h = −3/2 and
another with h = −1. We conclude that the gravitational multiplet gets enhanced.

In the model of this paper the additional states come from the aether superfield. Indeed,
its aetherino component η̂mα carries both a spinor and a vector index and decomposes into a
pair of h = ±3/2 states and two pairs of h = ±1/2 states. The above reasoning implies
that the first pair is absorbed by the graviton multiplet. The aether itself, represented by
v̂R,Im , contains two pairs of h = ±1 states and a pair of h = 0 states. One of the h = ±1
pairs must join the graviton multiplet. We verify this by computing the velocities of the
fermionic and bosonic modes in appendix F. As expected, we find that for the helicity-3/2
modes and one pair of helicity-1 modes the velocities coincide with that of gravitons,

s2
h=3/2 = s2

h=1,(1) = 1 + C . (6.4)

We identify these modes as belonging to the graviton multiplet. On the other hand, the
remaining pair of helicity-1 modes, the helicity-1/2 modes and helicity-0 modes have unit
velocities,20

s2
h=1,(2) = s2

h=1/2 = s2
h=0 = 1 . (6.5)

Thus, apart from the graviton multiplet, the theory contains 4 bosonic degrees of freedom
propagating with unit velocity that match the two pairs of h = ±1/2 fermionic states
contained in η̂mα .

6.2 Comments on phenomenology

As discussed in refs. [31–33], supersymmetry suppresses a direct coupling of aether to the
Standard Model fields. As a result, the non-gravitational dynamics of the Standard Model
sector is essentially relativistic. In particular, the electromagnetic waves propagate with
unit velocity.

Thus, all constraints on the model come from the gravitational sector. We observe
that at low energies SUSY must be broken which gives mass to the imaginary part of the
aether perturbations [33]. The precise value of the mass depends on the SUSY breaking
pattern; nevertheless generically one expects the corresponding Compton wavelength to

19The states with opposite helicities +2, +3/2 appear upon the CPT conjugation.
20Up to possible corrections of order O(C2) that we neglect in our analysis.
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be much shorter than astronomical scales. Then at these scales the imaginary part of the
aether is irrelevant and the model reduces to the (linearized) Einstein-aether theory with
the parameters (4.6).21 Hence we can use the constraints on the general Einstein-aether
theory [50] by restricting them to the case (4.6). Let us briefly review them.

We have seen that the velocity of gravitons, and hence gravity waves, in the super-aether
model necessarily exceed unity. Detection of the gravity wave signal from the neutron
star merger GW170817 [51] in coincidence with the electromagnetic counterpart [52, 53]
places a stringent bound on such deviation [54]. This translates into the limit on the model
parameter C,

C < 1.4× 10−15 (GW170817) . (6.6)

This is the strongest constraint on the model to date.22 It can be viewed as the limit on
the energy scale of the Lorentz symmetry violation, M∗ ≡ κ−1√C . 1011 GeV.

Independent, though weaker, limits come from the tests of general relativity within the
Solar System and from the observations of solitary pulsars. The Solar System tests place
bounds on the values of the post-Newtonian parameters α1, α2 describing deviations from
Lorentz invariance [56],

|α1| . 10−4 , |α2| . 10−7 . (6.7)

The post-Newtonian parameters for the Einstein-aether model were derived in [23]; for the
choice (4.6) they reduce to

α1 = 0 , α2 = − 2C
2− C . (6.8)

Hence the bound (6.7) translates into

C . 10−7 (Solar System) . (6.9)

A more stringent bound
|α̂2| < 1.6× 10−9 (6.10)

on the analog of the parameter α2 for strong gravitational field has been obtained in [57] by
analyzing the dynamics of solitary pulsars. Strictly speaking, application of this bound to our
model requires its non-linear generalization which is beyond the scope of the present work.
However, due to the uniqueness of the Einstein-aether theory, this non-linear generalization
must reduce to it below the SUSY breaking scale, with the SUSY origin of the theory still
being encoded in the values (4.6) of the parameters. The relations between the strong- and
weak-field parameters in the Einstein-aether theory have been derived in the ref. [25]. In
general, they involve the sensitivities characterizing the change in the binding energies of
neutron stars due to their motion with respect to the preferred frame. These depend on the
masses of the stars which complicates the translation of the bound (6.10) into constraints

21SUSY breaking can, in principle, introduce deviations from the values (4.6) in the low-energy theory.
However, these deviations are small if the SUSY breaking scale in the aether sector lies hierarchically below
the scale of Lorentz symmetry breaking set by M∗ = κ−1√C. We assume that this is the case.

22A very strong indirect lower bound on the graviton velocity follows from the absence of gravitational
Cherenkov radiation by ultra-high energy cosmic rays [55]. However, it is automatically satisfied for
superluminal gravitons.
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on the model parameters. However, for the choice (4.6) the sensitivities drop out of the
relation between α̂2 and α2 and one gets simply α̂2 = α2. This gives the bound,

C < 1.6× 10−9 (solitary pulsars) . (6.11)

7 Conclusions

We have constructed a linearized supergravity theory where Lorentz invariance is broken
down to the subgroup of spatial rotations by a VEV of a timelike vector field. This provides
a supersymmetric extension of the well-known Einstein-aether model. Our construction is
based on embedding aether as the lowest component into a chiral vector superfield which
ensures that aether VEV does not break SUSY. Using both the superfield formalism and
the “on-shell” component-field approach, we showed that the linearized action contains,
in addition to the usual SUGRA parameters, a single free dimensionless coupling. This
is to be contrasted with the non-supersymmetric Einstein-aether model possessing four
arbitrary couplings.

We have derived the Lagrangian in terms of the physical component fields and analyzed
the spectrum of the theory. Due to breaking of Lorentz invariance, the excitations with
helicity 2 (graviton) and 3/2 (gravitino) acquire the propagation velocity exceeding the
speed of light. We showed that this leads to the extension of the on-shell gravity multiplet
by two additional states with helicities 3/2 and 1. The extra states enter the theory as part
of the aether superfield and have the same superluminal velicity as graviton and gravitino.
The theory also contains one more pair of helicity ±1 modes, two pairs of helicity ±1/2
modes and two helicity 0 modes, all propagating at the speed of light. It is worth stressing
that presence of superluminal modes does not lead to physical inconsistencies as the theory
features a preferred reference frame defined by the aether VEV (cf. [21, 23]).

At low energies, upon SUSY breaking, the phenomenology of the model reduces to
that of the Einstein-aether theory with three out of the four couplings equal to zero. The
strongest constraints on the model come from the observation of the gravitational wave signal
from the neutron star merger GW170817 together with its electromagnetic counterpart
that limits the deviation of the gravity wave velocity from unity. It can be translated into
an upper bound on the energy scale of Lorentz violations M∗ . 1011 GeV. Independent,
though weaker constraints are imposed by the dynamics of the Solar System and pulsars.

A natural development of our work will be its generalization to the full non-linear
supergravity case. This will open the way to study possible manifestations of the super-
aether model in cosmology, in particular, the effects of the additional fermionic and bosonic
fields present in the model on the dynamics of the early universe. We plan to address this
topic in future. As another direction, it would be interesting to investigate applications of
the model to the holographic description of strongly coupled non-relativistic systems.

Similarly to the non-supersymmetric Einstein-aether theory, the model presented in
this paper is a valid effective theory below the scale M∗. One may wonder if and how
the model can be UV completed above this scale. In particular, if the completion can be
achieved along the lines of Hořava gravity [12]. We do not know the answer to this question
and only note that a supersymmetric extension of Hořava gravity would need to overcome
a number of important obstructions discussed in [33].
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A Global SUSY transformations in components

Global SUSY acts on a general superfield Ψ by translations in the superspace with a
coordinate-independent spinor parameter ζα,

δGΨ = (ζαQα + ζ̄α̇Q̄
α̇)Ψ ,

where the supercharges Qα, Q̄α̇ are realized as differential operators on the superspace [35].
Let a component field ψ be defined as

ψ = OΨ
∣∣ ,

where O is an operator constructed of covariant derivatives Dα, D̄α̇. Then its transformation
equals to,

δGψ = O(ζQ+ ζ̄Q̄)Ψ
∣∣ = (ζQ+ ζ̄Q̄)OΨ

∣∣ = (ζD + ζ̄D̄)OΨ
∣∣ ,

where the second equality holds because the supercharges anti-commute with the covariant
derivatives and the last equality holds because the difference between Qα and Dα vanishes
at zero θ, θ̄. Applying this formula to the component fields defined in eqs. (2.2), (2.9), (3.5),
we obtain:

for the gravitational supermultiplet,

δGcm = ζχm + ζ̄χ̄m , (A.1a)
δGχαm = 2ζαam − (σnζ̄)αenm + i(σnζ̄)α∂ncm , (A.1b)
δGam = −ζ̄σ̄nσmψ̄n + iζ̄σ̄n∂nχm , (A.1c)
δGemn = −iζ∂mχn + iζ̄∂mχ̄n + iζσmψ̄n + iζσnψ̄m + iζ̄σ̄mψn + iζ̄σ̄nψm

− iηmn(ζσkψ̄k + ζ̄σ̄kψ
k) + εmnkl(ζσkψ̄l − ζ̄σ̄kψl) , (A.1d)

δGψ
m
α = i

4(σnσ̄mζ)α�cn + 1
2(σlσ̄mσnkζ)α ∂kenl −

i

2(σnσ̄mζ)α dn , (A.1e)

δGdm = 1
2ζ�χm + 1

2 ζ̄�χ̄m + 1
2ζσnσ̄kσm∂

nψ̄k − 1
2 ζ̄σ̄nσkσ̄m∂

nψk ; (A.1f)

– 27 –



J
H
E
P
1
0
(
2
0
2
1
)
2
1
4

for the compensator supermultiplet,

δGγ = ζφ+ ζ̄ω̄ , (A.2a)
δGω̄α̇ = (ζσm)α̇ qm − i(ζσm)α̇ ∂mγ , (A.2b)
δGφα = 2ζαB + (σmζ̄)α qm + i(σmζ̄)α ∂mγ , (A.2c)
δGB = −ζ̄ ν̄ + iζ̄σ̄n∂nφ , (A.2d)
δGqm = iζ∂mφ− iζ̄∂mω̄ − iζ̄σ̄mσk∂kω̄ + ζσmν̄ , (A.2e)
δGν̄α̇ = −i(ζ̄σ̄kσm)α̇ ∂kqm + ζ̄α̇�γ ; (A.2f)

for the aether supermultiplet,

δGvb = ζηb + 2iwcζσmσ̄cbψ̄m − wcζσcbω + 2iwcζ̄σ̄mσcbψm − wcζ̄σ̄cbω̄ , (A.3a)
δGηbα = 2i(σmζ̄)α ∂mvb+2ζaGb−2iwc(σnmσcbσkζ̄)α∂nemk−2iwc(σkσ̄cbσ̄nmζ̄)α∂nemk

+ wc(σcbσmζ̄)α(�cm−2dm+i∂mγ̄+q̄m) + wc(σmσ̄cbζ̄)α(�cm−2dm−i∂mγ+qm) ,
(A.3b)

δGGb = iζ̄σ̄m∂mηb − 2wcζ̄∂bψ̄c + 2wcζ̄∂cψ̄b + 2iwcεcbmnζ̄∂mψ̄n − 2wcζ̄σ̄mσnσ̄cb∂mψ̄n
− iwcζ̄σ̄mσcb∂mω + wcζ̄σ̄cbν̄ . (A.3c)

Note that the transformations of the super-aether components depend on the supergravity
fields. This is a consequence of the dependence of the covariant chirality constraint (3.3)
and the definition of aetherino (3.5) on the superspace connection.

One observes that the above transformations in general violate the gauge condi-
tions (2.6), (2.12), (2.13). To restore the gauge, they must be supplemented by appropriate
gauge transformations with the parameters depending on ζα and the fields. This leads to
modified global SUSY transformations which we denote with δ̃G.

Let us find the parameters of the restoring gauge transformations. Comparing the first
three of eqs. (A.1) with (2.5a) we see that to preserve the Wess-Zumino gauge we have to
choose,

ξIm = 0 , µmα = −2i(σnζ̄)α enm , κm = 2ζ̄σ̄nσmψ̄n . (A.4a)

Next, preserving the gauge conditions (2.12) requires,

λαα = (3n+ 1)(n+ 1)
4n (ζφ+ ζ̄ω̄) + (3n+ 1)(n− 1)

4n (ζ̄φ̄+ ζω) + i(n+ 1)(ζσkψ̄k + ζ̄σ̄kψ
k) ,

(A.4b)

ρ̄α̇ = i

2(σ̄mζ)α̇∂kekm −
i

2(σ̄mζ)α̇∂mekk − n(σ̄mζ)α̇dm + 3n+ 1
2 (σ̄mζ)α̇qRm −

3n+ 1
2 ζ̄α̇B̄ .

(A.4c)

Finally, the symmetry of the tetrad is preserved if we choose,

(σmn)αβλαβ − (σ̄mn)α̇β̇λ̄α̇β̇ = −εmnkl(ζσkψ̄l − ζ̄σ̄kψl) . (A.4d)

The remaining parameters ξRm and εα do not need to be adjusted and describe the uncon-
strained gauge symmetries.
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The modified global SUSY transformations are obtained by adding to (A.1), (A.2), (A.3)
the gauge shifts (2.5), (2.11), (3.6) with the parameters given by (A.4). We work them out
only for the physical fields emn, ψmα , vb and ηbα. Using the expressions (A.4b), (A.4d) we
find for the tetrad,

δ̃Gemn = iζσmψ̄n + iζσnψ̄m + 3n+ 1
4 ηmn ζ

(
ω + φ+ 4in

3n+ 1σkψ̄
k
)

+ h.c.

Notice that the linear combination in brackets is the same as in the gauge condition (2.12b).
Setting it to zero we eliminate the term proportional to ηmn and arrive to the canonical
SUSY transformation of the metric (2.16). For gravitino, we use eq. (A.4c) and the symmetry
of the tertrad to simplify the expression. This yields,

δ̃Gψ
m
α = 1

2(σknζ)α∂kh m
n + iζαdm + i(n+1)

2 (σmσ̄nζ)α
[
dn −

3n+1
2(n+1)q

R
m

]
+ i(3n+1)

4 (σmζ̄)αB̄ .
(A.5)

Finally, for aether and aetherino upon using the gauge conditions and some simplifications
we obtain,

δ̃Gvb = ζηb+iwc(ζσcψ̄b−ζσbψ̄c+ζ̄σ̄cψb−ζ̄σ̄bψc)−wc(ζσcbω+ζ̄σ̄cbω̄) , (A.6a)
δ̃Gηbα = 2i(σmζ̄)α∂mvb+2ζαGb+iwc(σkζ̄)α(∂chkb−∂bhkc)

− i2w
c(σcζ̄)α∂khkb+

i

2w
c(σbζ̄)α∂khkc+

in

3n+1w
c(σcζ̄)α∂bh−

in

3n+1w
c(σbζ̄)α∂ch

+iwcεcbmn(σmζ̄)α(2dn−qR,n)+iwc(σcζ̄)αqIb−iwc(σbζ̄)αqIc . (A.6b)

Notice that the additional terms containing the gravitational fields in (A.6a) are purely
real and thus contribute only to the transformation of vRb . The expressions (A.5), (A.6) are
used in section 5 to derive the “on-shell” SUSY algebra.

B Torsion constraints in linearized SUGRA

In this appendix we linearize the constraints on the torsion in superspace and use them
to derive the expressions for the superspace connection in terms of the fields of linear
non-minimal SUGRA. At the linearized level the torsion tensor is related to the connection
and vielbein as follows [42],

T A
CB = T

(0) A
CB + Φ A

CB − (−1)|B||C|Φ A
BC +DCI

A
B − (−1)|B||C|DBI

A
C

+ T
(0) D
CB I A

D − I D
C T

(0) A
DB + (−1)|B||C|I D

B T
(0) A
DC ,

(B.1)

where the tensor I A
B describing fluctuations of the vielbein has been defined in (2.26) and

T
(0) A
CB is the flat-superspace torsion whose only non-vanishing components are T (0) a

γβ̇
=
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T
(0) a
β̇γ

= 2iσa
γβ̇

. The torsion (B.1) satisfies the following constraints [42],

T a
γβ = T γ̇β̇a = Tγβα̇ = T γ̇β̇α = 0 , (B.2a)

T a

γβ̇
= T a

β̇γ
= 2iσa

γβ̇
, (B.2b)

T β̇
γ α̇ = (n− 1)δβ̇α̇ Tγ , T γ̇ α

β = (n− 1)δαβ T̄ γ̇ , (B.2c)

T α
γβ = (n+ 1)(δαγ Tβ + δαβ Tγ) , T γ̇β̇α̇ = (n+ 1)(δγ̇α̇ T̄ β̇ + δβ̇α̇ T̄

γ̇) , (B.2d)

T a
γb = 2nδab Tγ , T γ̇ a

b = 2nδab T̄ γ̇ , (B.2e)

T a
cb = 0 , (B.2f)

where the Bianchi identities imply that the superfield Tγ and its conjugate obey

DαTγ +DγTα = 0 , D̄α̇T̄γ̇ + D̄γ̇ T̄α̇ = 0 . (B.3)

Our strategy is to apply the constraints (B.2) to the relation (B.1) and, using the components
of I A

B found in section 2.2, derive the equations for the remaining vielbein components
and connection.

The first set of constraints (B.2a) are trivially satisfied by the vielbein (2.31) and do not
provide any further information. Inserting (2.31) into (B.2b) we read off the components

I b
a = −δba

1
2(Γ′ + Γ̄′)−∆aH

b . (B.4)

From (B.2c) and (B.2e) we get respectively

(n− 1)δαβ T̄γ̇ = Φ α
γ̇β + D̄γ̇I

α
β + 2iI α

βγ̇ , (B.5a)

2nδab T̄γ̇ = Φ a
γ̇b + D̄γ̇I

a
b − ∂bI a

γ̇ − iσaδγ̇ σ̄
β̇β
b I δ

ββ̇
, (B.5b)

where we have introduced I δ

ββ̇
≡ σb

ββ̇
I δ
b . Let us take the trace of these equations. This

eliminates the connection, which is traceless, and one is left with,

2(n− 1) T̄γ̇ = D̄γ̇I
β
β + 2iI β

βγ̇ , (B.6a)

8n T̄γ̇ = D̄γ̇I
b
b − ∂bI b

γ̇ + 2iI β
βγ̇ . (B.6b)

This system can be solved for the two unknowns T̄γ̇ , I β
βγ̇ . Using the expressions (2.31), (B.4)

we obtain,

I β
βγ̇ = iD̄γ̇Γ + i

8D̄
2DβHβγ̇ , (B.7a)

T̄γ̇ = 3n+ 1
8n D̄γ̇Γ̄ + 3n− 1

8n D̄γ̇Γ + n− 1
32n D̄2DαHαγ̇ −

n+ 1
16n D̄γ̇D

αD̄α̇Hαα̇ . (B.7b)

Note that the expression for T̄γ̇ satisfies the condition (B.3). We now use the remaining
information contained in eqs. (B.5). We take the symmetric part of eq. (B.5a),

2Φγ̇αβ + 2i(Iαγ̇β + Iβγ̇α) = 0 , (B.8a)
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where we have used the symmetry of the connection in the last two indices. Multiplying
eq. (B.5b) by (σba)αβ and (σ̄ba)α̇β̇ and using the constitutive relation (2.35) we obtain,

−2Φγ̇αβ−i(Iαγ̇β+Iβγ̇α) =−(σba)αβD̄γ̇Iba+(σba)αβ∂bIγ̇a , (B.8b)

−2Φγ̇α̇β̇ =−(σ̄ba)α̇β̇D̄γ̇Iba+(σ̄ba)α̇β̇∂bIγ̇a−iεα̇γ̇I
γ

γβ̇
−iεβ̇γ̇I

γ
γα̇ , (B.8c)

where we put on the r.h.s. the components that are already known. This system allows us
to find the connection components Φγ̇αβ, Φγ̇α̇β̇ and the symmetrized perturbation of the
vielbein Iαγ̇β + Iβγ̇α. The results for the connections are given in eqs. (2.36) of the main
text, whereas for the vielbein adding the trace part (B.7a) we obtain,

I β
αα̇ = i

2δ
β
αD̄α̇Γ− i

8D̄
2DαH

β
α̇ . (B.9)

This completes the determination of the linearized vielbein. The connection Φγ̇ab follows
from the constitutive relation (2.35) and is given in eq. (2.37). Alternatively, it can be
found from eq. (B.5b) using the expressions for the vielbein. One can check with the
formulas derived above that the constraints (B.2d) are automatically satisfied. Finally, the
constraint (B.2f) provides an equation for the connection components Φ a

cb , which we do
not use in this paper.

C Calculus in superspace

C.1 Relations between superfield operators

The number of independent operators that can appear in the superfield Lagrangian for
linearized SUGRA with broken Lorentz symmetry is reduced by various relations between
them arising as a consequence of spinor algebra. The following properties of the superspace
differential operators are used in the calculation:

commutators:

[D̄α̇, D
2] = 4i∂γα̇Dγ , [D̄2, Dβ ] = 4i∂βγ̇D̄γ̇ , [∆a,∆b] = 2εabmn∂m∆n ; (C.1)

rules for integration by parts:

Ψ1D
2Ψ2 ' (D2Ψ1)Ψ2 , Ψ1D̄

2Ψ2 ' (D̄2Ψ1)Ψ2 , Ψ1∆Ψ2 ' (∆Ψ1)Ψ2 , (C.2)

where Ψ1,2 are arbitrary superfields and the sign ' stands for equality up to a total
derivative. Using these relations one derives the identities,

∂aH
(b∆cH

d)' 0 , (C.3a)

∂aH
(bD2Hd)'∆aH

(bD2Hd)' 0 , (C.3b)

D2H(bD̄2Hd)'−2∆mH
b∆mHd−6∂mHb∂mHd , (C.3c)

∆(aH
b∆c)H

d' ∂(aH
b∂c)H

d+ 1
4ηac(∆mH

b∆mHd−∂mHb∂mHd) , (C.3d)
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∆aHk∆cH
k' ∂aHk∂cH

k+ 1
4ηac(∆mHk∆mHk−∂mHk∂

mHk) , (C.3e)

∆aH
k∆kHb'−∆aHb∆kH

k+2∂aHb∂kH
k+ 1

2(∆mHa∆mHb−∂mHa∂
mHb) , (C.3f)

∆aH
[c∆bH

d]'−εabmn∂mH [c∆nH
d] , (C.3g)

∆[aH
c∆b]H

d'−εabmn∂mHc∆nH
d , (C.3h)

εamnk∂
mHb∆nHk'−∆aHb∆kH

k+∂aHb∂kH
k+ 1

4(∆mHa∆mHb−∂mHa∂
mHb) (C.3i)

εamnk∂bH
m∆nHk'−εamnk∆bH

m∂nHk−2∆aHb∆kH
k+2∂aHb∂kH

k

+ 1
2(∆kHa∆kHb−∂kHa∂

kHb)

+ηab
(

(∆kH
k)2−(∂kHk)2− 1

4∆mHk∆mHk+ 1
4∂mHk∂

mHk
)
. (C.3j)

Here the round (square) brackets denote symmetrization (antisymmetrization) over the
corresponding indices.

C.2 Operators without aether perturbation

It is convenient to further subdivide these terms according to the number of insertions of
the spurion wa. It is straightforward to see that the maximal number of insertions is 4.
Thus, we have:

4 insertions of wa. There is a single independent operator,

wawbwcwd∂aHb∂cHd . (C.4)

Two other possible operators would be

wawbwcwd∂aHb∆cHd , wawbwcwd∆aHb∆cHd .

However, the first of them is a total derivative, see eq. (C.3a) in appendix C.1, whereas the
second is expressed in terms of (C.4) and contributions with fewer insertions of wa due to
the relation (C.3d).

3 insertions of wa. This group is actually empty. The operators that can be written
using three wa-insertions are

wawbwc∂aHbD
2Hc , wawbwc∆aHbD

2Hc

and their complex conjugate. However, they vanish upon integration over the superspace,
see eq. (C.3b).

2 insertions of wa. There are in total 12 independent operators that we choose as follows,

wawb∂aHb∂cH
c , wawb∂aHc∂bH

c , wawb∂cHa∂
cHb , (C.5a)

wawb∆aHb∆cH
c , wawb∆cHa∆cHb , (C.5b)

wawb∂aHb∆cH
c , wawb∂cH

c∆aHb , (C.5c)
wawbεacde∂

cHd∆bH
e , (C.5d)

wawb∂aHbΓ , wawb∂aHbΓ̄ , wawb∆aHbΓ , wawb∆aHbΓ̄ . (C.5e)
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Other operators that can be written using two wa insertions are

wawb∆aHc∆bH
c , wawb∆aHc∆cHb , (C.6a)

wawb∂aHc∆bH
c , wawb∂cHa∆cHb , wawbεacde∂bH

c∂dHe , (C.6b)
wawbεacde∆bH

c∆dHe , wawbεacde∆cHb∆dHe , (C.6c)
wawbεacde∂

cHb∆dHe , wawbεacde∂bH
c∆dHe , (C.6d)

wawbD2HaD̄
2Hb . (C.6e)

Using the identities (C.3) one shows that the contributions of the latter operators into
the Lagrangian are degenerate with the operators (C.5): for the two operators (C.6a) this
is due to the relations (C.3e) and (C.3f); the terms (C.6b) vanish upon integration; the
operators (C.6c) and (C.6d) are eliminated using (C.3g)–(C.3j); the operator (C.6e) is
eliminated due to (C.3c).

1 insertion of wa. There are 2 terms,

wa∂bH
bD2Ha , waD2HaΓ , (C.7)

and their complex conjugate. One more operator

wa∂aHbD
2Hb

is a total derivative, see (C.3b). Also, a replacement of the ordinary derivative ∂a by ∆a in
the above operators does not generate new contributions due to the anti-chirality of the
field D2Ha.

No insertions of wa. 12 independent operators are,

(∂aHa)2 , ∂aHb∂
aHb , (C.8a)

(∆aH
a)2 , ∆aHb∆aHb , (C.8b)

∂aH
a∆bH

b , (C.8c)
∂aH

aΓ , ∂aH
aΓ̄ , ∆aH

aΓ , ∆aH
aΓ̄ , (C.8d)

Γ2 , Γ̄2 , ΓΓ̄ . (C.8e)

The five remaining combinations,

∂aHb∆aHb , D2HaD̄
2Ha , ∆aHb∆bHa , εabcd∆aHb∆cHd , εabcd∂

aHb∆cHd , (C.9)

produce degenerate contributions into the action, as it follows from eqs. (C.3a), (C.3c), (C.3f),
(C.3g), (C.3i).

C.3 Transformations of the superfield operators

In this appendix we derive the gauge variations of various superfield operators that can
potentially enter into the quadratic Lagrangian. The operators (3.9), (3.10) have been
discussed in the main text. Here we focus on the operators from appendix C.2.

We start with the operator (C.4). Its variation reads,

δL(wawbwcwd∂aHb∂cHd) ' Lβwawbwcwdσ̄β̇βa D̄β̇∂b∂cHd + h.c. , (C.10)
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and manifestly contains four insertions of wa. There are no other operators whose variation
would have this property and therefore (C.4) is also absent from the invariant action.

To proceed, we notice that the remaining operators split into several sectors which do
not mix under the linearized super-diffeomorphisms. These sectors are characterized by the
properties of the operators under the action of the R-symmetry and CP . The R-symmetry
rotates the phases of the spinor derivatives,

Dα 7→ e−iϕDα , D̄α̇ 7→ eiϕD̄α̇ , (C.11)

with the superfields Ha, Γ, V a and the ordinary derivatives ∂a kept intact. Correspondingly,
the operators (C.5), (C.8) have zero R-charge, whereas the R-charge of the operators (C.7)
is −2. The R-charge is preserved by the super-diffeos, provided one assigns R = −1 to the
gauge parameter Lβ. This implies that if the operators (C.7) entered into the invariant
action, their variations would have to cancel with each other. However, it is straightforward
to see that this is impossible. We omit the operators (C.7) in what follows.

Next we turn to the properties of the operators under parity. Pure parity does
not preserve the SUSY algebra and thus cannot be defined on the superspace. To be
compatible with SUSY, parity must be supplemented by the charge conjugation [43]. In
the Lorentz frame where the spatial components of the aether VEV vanish, see (3.1), the
CP transformations have the form,23

Vi 7→ −V̄i (C.12a)
H0 7→ −H0 , Hi 7→ Hi , Γ 7→ Γ̄ (C.12b)
∂0 7→ ∂0 , ∂i 7→ −∂i , (C.12c)

∆0 7→ −∆0 , ∆i 7→ ∆i , (C.12d)

where i = 1, 2, 3 denote the spatial indices. Notice that (Va + V̄a), ∂a transform as vectors,
whereas (Va− V̄a), Ha, ∆a are pseudo-vectors. Clearly, the SUGRA action (2.17) is CP -even.
It is convenient to choose the basis of operators having definite CP quantum numbers. Out
of (C.5), (C.8) we construct the following combinations:

CP -even:

wawb∂aHb∂cH
c , wawb∂aHc∂bH

c , wawb∂cHa∂
cHb , (C.13a)

wawb∆aHb∆cH
c , wawb∆cHa∆cHb , wawbεacde∂

cHd∆bH
e , (C.13b)

iwawb∂aHb(Γ−Γ̄) , wawb∆aHb(Γ+Γ̄) , (C.13c)
(∂aHa)2 , ∂aHb∂

aHb , (∆aH
a)2 , ∆aHb∆aHb , (C.13d)

i∂aH
a(Γ−Γ̄) , ∆aH

a(Γ+Γ̄) , Γ2+Γ̄2 , ΓΓ̄; (C.13e)

CP -odd:

wawb∂aHb∆cH
c , wawb∆aHb∂cH

c , (C.14a)
wawb∂aHb(Γ + Γ̄) , iwawb∆aHb(Γ− Γ̄) , (C.14b)
∂aH

a∆bH
b , ∂aH

a(Γ + Γ̄) , i∆aH
a(Γ− Γ̄) , i(Γ2 − Γ̄2) . (C.14c)

23Note that in this frame V0 = 0 due to the constraint (3.2).
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To the first group one has to add the CP -even operator (3.9). The gauge variations of
operators should cancel separately within each group.

We expand the variations as linear combinations of independent contributions. For the
CP -even sector the coefficients of this expansion are listed in table 1 and for the CP -odd
sector in table 2. Each column in the tables corresponds to a given operator and rows to
the terms in the expansion of its variation. The notations for the rows are,

O1 = Lβw
awbσ̄β̇βa D̄β̇∂b∂kH

k , (C.15a)

O2 = Lβw
awbσ̄β̇βk D̄β̇∂

k∂aHb , (C.15b)

O3 = Lβw
awbσ̄β̇βk D̄β̇∂a∂bH

k , (C.15c)

O4 = Lβw
awbσ̄β̇βa D̄β̇�Hb , (C.15d)

O5 = Lβw
awb(σak) β

γ D̄2Dγ∂bH
k , (C.15e)

O6 = Lβw
awb(σak) β

γ D̄2Dγ∂kHb , (C.15f)
O7 = Lβw

awbD̄2Dβ∂aHb , (C.15g)

O8 = Lβw
awbεaklmσ̄

kβ̇βD̄β̇∂b∂
lHm , (C.15h)

O9 = Lβw
awbσ̄β̇βa D̄β̇∂bΓ , (C.15i)

O10 = Lβw
awbσ̄β̇βa D̄β̇∂bΓ̄ , (C.15j)

O11 = Lβ(σkl) β
γ D̄2Dγ∂kH l , (C.15k)

O12 = Lβσ̄
β̇β
k D̄β̇∂

k∂lH
l , (C.15l)

O13 = Lβσ̄
β̇β
k D̄β̇�H

k , (C.15m)

O14 = LβD̄
2Dβ∂kH

k , (C.15n)

O15 = Lβσ̄
β̇β
k D̄β̇∂

kΓ , (C.15o)

O16 = Lβσ̄
β̇β
k D̄β̇∂

kΓ̄ , (C.15p)

O17 = LβD̄
2DβΓ̄ . (C.15q)

We focus only on the part of the variations proportional to Lβ; the terms with L̄β̇ are
obtained by complex conjugation. For example, from the second column of table 1 one reads,

δL(wawb∂aHb∂cH
c) ' 1

2O1 + 1
2O2 + h.c. ,

where ' stands, as usual, for ‘equal up to a total derivative’.
A gauge invarinat linear combination of operators with a vector of coefficients X

corresponds to a solution of the system of equations,

M ·X = 0 , (C.16)

whereM is the matrix of table 1 (2) for the CP -even (odd) sector respectively. In the case
of CP -even operators a non-trivial solution of this system exists and is parameterized by
two free variables. The corresponding invariant action is presented in the main text. For
the CP -odd case eq. (C.16) has only a trivial solution, X = 0.
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δ L
(V
a
V̄
a
)

δ L
(w

a
w
b
∂
a
H
b
∂
c
H
c
)

δ L
(w

a
w
b
∂
a
H
c
∂
b
H
c
)

δ L
(w

a
w
b
∂
c
H
a
∂
c
H
b
)

δ L
(w

a
w
b
∆
a
H
b
∆
c
H
c
)

δ L
(w

a
w
b
∆
c
H
a
∆
c
H
b
)

δ L
(w

a
w
b
ε a
cd
e
∂
c
H
d
∆
b
H
e
)

δ L
( iwa

w
b
∂
a
H
b
(Γ
−

Γ̄)
)

δ L
( wa w

b
∆
a
H
b
(Γ

+
Γ̄)
)

δ L
( (∂

a
H
a
)2)

δ L
(∂
a
H
b
∂
a
H
b
)

δ L
( (∆

a
H
a
)2)

δ L
( ∆

a
H
b
∆
a
H
b
)

δ L
( i∂ a

H
a
(Γ
−

Γ̄)
)

δ L
( ∆

a
H
a
(Γ

+
Γ̄)
)

δ L
(Γ

2
+

Γ̄2 )

δ L
(Γ

Γ̄)

O1
1
2

1
2

O2
1
2

1
2

n+1
3n+1 − n+1

3n+1

O3 1
O4 1 1
O5 − i

4 − i
2

O6 − i
2 −3i

4 −2i i
2

i
2

O7 − i
4 − i

4 −i in
2(3n+1)

i(n+1)
4(3n+1)

O8 i

O9 −i i
2

i
2

O10 − i
2

i
2

O11 − i
4 − i

2
3i
2 2i − i

2

O12 1 1 n+1
3n+1 − n+1

3n+1

O13 1 1

O14
i
8 − i

4 −i in
2(3n+1)

i(n+1)
4(3n+1)

O15 − i
4

i
2

i
2 −3i

2 i

O16 − i
2

i
2 − i(n+1)

3n+1

O17
3
16 −1

8
1
2 −1

2 − n+1
4(3n+1)

Table 1. The coefficients in the gauge variations of CP -even operators. Only non-zero entries are shown.
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δ L
( wa w

b
∂
a
H
b
∆
c
H
c
)

δ L
(w

a
w
b
∂
c
H
c
∆
a
H
b
)

δ L
( wa w

b
∂
a
H
b
(Γ

+
Γ̄)
)

δ L
( iwa

w
b
∆
a
H
b
(Γ
−

Γ̄)
)

δ L
(∂
a
H
a
∆
b
H
b
)

δ L
( ∂ aH

a
(Γ

+
Γ̄)
)

δ L
( i∆ a

H
a
(Γ
−

Γ̄)
)

δ L
( i(Γ

2
−

Γ̄2 )
)

O1 − i
2

i
2

O2
i
2 − i

2 − i(n+1)
3n+1 − i(n+1)

3n+1

O5 −1
4

O6
1
4

1
2

O7
3
8 −1

8 − 2n+1
2(3n+1) − n+1

4(3n+1)

O9
1
2 −1

2

O10
1
2

1
2

O11 −1
4 −1

2

O12 − i(n+1)
3n+1 − i(n+1)

3n+1

O14 −1
8

3
8 − 2n+1

2(3n+1) − n+1
4(3n+1)

O15 −1
2

1
2

3
2

O16
1
2

1
2

O17
i
8 − i

2
i
2

Table 2. Same as table 1, but for the CP -odd operators.

D The supercurrent multiplet

Here we remind some general facts about the supercurrent multiplet. Consider a supersym-
metric theory coupled to supergravity. The action can be written as

S = 1
κ2SSG[gmn, ψmα] + Smat[Φi; gmn, ψmα] + . . . ,

where SSG is the pure SUGRA action depending on the metric and gravitino, Smat is the
action of the matter sector, and Φi collectively denotes the matter fields (both bosons and
fermions). We assume that the auxiliary fields have been integrated out, so that we are
working only with the physical fields. Note that we have factored out the (inverse of) the
gravitational coupling κ−2 in front of the SUGRA action. The matter action is of zeroth
order in κ. Dots denote possible extra terms proportional to positive powers of κ2 that
appear upon integrating out the auxiliary fields.

Let us expand the action around Minkowski spacetime as a power series in the metric
perturbation hmn and gravitino. Further, it is convenient to rescale the fields of the gravity
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sector by introducing
ĥmn = κ−1hmn , ψ̂mα = κ−1ψmα . (D.1)

One obtains,

S = S
(2)
SG[ĥmn, ψ̂mα] + S

(0)
mat[Φi] + κ

∫
d4x

(1
2T

mnĥmn − Smαψ̂mα − S̄mα̇
¯̂
ψα̇m

)
+ . . . , (D.2)

where S(2)
SG is the quadratic part of the SUGRA action, S(0)

mat is the matter action in flat
spacetime, T mn and Smα are the energy-momentum ternsor (EMT) and the supercurrent.
Dots stand for terms that are of cubic and higher order in ĥmn, ψ̂mα or are proportional to κ2.

The action is invariant under local SUSY transformations which we also expand as power
series in ĥmn, ψ̂mα (but not in the matter fields). The parameter of these transformations
will be denoted by ζα(x). Then, up to terms quadratic in ĥmn, ψ̂mα, the transformations of
the metric perturbation and gravitino read,

δζ ĥmn = 2i(ζ̄σ̄mψ̂n + ζ̄σ̄nψ̂m) + h.c. , (D.3a)

δζψ̂mα = 1
κ
∂mζα + 1

2(σknζ)α∂kĥnm + κ Ξmα[Φi] + . . . , (D.3b)

where the model-dependent spin-vector Ξmα is constructed of matter fields and the omitted
terms are of higher order in κ. Notice that the first of these equations coincides with
eq. (2.16) which has the same form irrespectively of whether ζα is coordinate dependent or
not. Whereas the gravitino transformation is simply a combination of eqs. (2.15) and (A.5)
with the identification εα = ζα. The matter field transformations can also be written as an
expansion in κ,

δζΦi = δ
(0)
ζ Φi + κ δ(1)

ζ Φi + . . . , (D.4)

where the first term is the transformation in flat spacetime and the remaining terms describe
corrections due to the supergravity coupling. Then the invariance of the action implies,

0 =
∫
d4x

[
κ
(
4εklmnΞ̄kσ̄l∂mψ̂n + h.c.

)
+ δS

(0)
mat
δΦi

(
δ

(0)
ζ Φi + κ δ(1)

ζ Φi
)

+ κ
2 δζT

mn ĥmn + κ
2 T

mn δζ ĥmn − κ
(
δζSmα ψ̂mα + Smα δζψ̂mα + h.c.

)]
+ . . . ,

(D.5)

where we have used the explicit form of the Rarita-Schwinger Lagrangian for gravitino and
took into account that the SUGRA action itself is invariant in the absence of matter. Let
us consider the consequences of this equation order by order in κ.

At the zeroth order we have the variation of the flat-space matter action. This is
invariant under global SUSY with constant ζα. Hence, its variation is proportional to the
gradient of ζα. The Noether theorem identifies the proportionality coefficient with the
supercurrent, ∫

d4x
δS

(0)
mat
δΦi

δ
(0)
ζ Φi =

∫
d4x

(
Smα∂mζα + h.c.

)
.

We see that the gradient term in the transformation of gravitino (D.3b) precisely cancels
this variation, as it should be. This cancellation happens for arbitrary configuration of the
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matter fields. On the other hand, we can restrict the fields Φi on shell, i.e. consider only
the configurations that satisfy the flat-space equations of motion,

δS
(0)
mat
δΦi

= 0 . (D.6)

Then the variation of the matter action vanishes by itself and the invariance of the remaining
gravitino-matter coupling implies ∂mSmα = 0, which is nothing but the on-shell conservation
of the SUSY current.

Consider now eq. (D.5) at order O(κ). In general, the matter fields’ transformations get
corrected at this order in a non-trivial model-dependent way. Thus, inferring any off-shell
statements is problematic. However, the situation dramatically simplifies on shell, where
the variation of the matter action vanishes due to eqs. (D.6). Restricting also to constant
ζα, so that the part neglected in eq. (D.5) cannot produce any O(κ) contribution, one
is left with the terms containing variations of the gravity fields, EMT and supercurrent.
Substituting the explicit formulas (D.3) and equating the combinations in front of ĥmn,
ψ̂mα to zero one obtains the relations (5.6) from the main text. Notice that the variations
of the matter fields inside T mn and Smα are taken at the zeroth order corresponding to the
flat-space global SUSY.

To sum up, we have shown that in any supersymmetric theory the EMT and supercurrent
describing the coupling of the theory to supergravity belong to the same global SUSY
multiplet with on-shell transformation rules (5.6). The transformation of T mn is completely
universal, whereas that of Smα depends on the model through the spin-vector Ξmα.

E Auxiliary field ωα

In this appendix we derive the on-shell value of the fermionic auxiliary field ωα that enters
into the SUSY transformation of the aether. We treat the coefficient C in the super-aether
action (3.13) as a small parameter and work up to terms of order O(

√
C). In principle, one

could use the same strategy as for the bosonic sector: first derive the full off-shell fermionic
Lagrangian and then find from it the equations of motion of the auxiliary fields. We find it
simpler, however, to act in the reverse order: first obtain the equations of motion in terms
of superfields and then project them on the appropriate components.

The superspace equations of motion are obtained by taking the variation of the sum
of the actions (2.17) and (3.13) with respect to the superfields. One has to remember,
however, that the superfields Γ and V a are constrained: Γ is linear, whereas V a satisfies the
orthogonality and chirality conditions (3.2), (3.3). We implement these constraints using
Lagrange multipliers. Thus, the action is supplemented with the term,

Sconstr = 1
κ2

∫
d4x d4θ

[
Λ̄1D̄

2Γ + Λ1D
2Γ̄ + Λ̄2w

aVa + Λ2w
aV̄a

+ Λ̄ a
3β̇(D̄β̇Va + wcΦβ̇

ca) + Λ β
3a(DβV̄

a + wcΦ a
βc )

]
,

(E.1)

where the Lagrange multipliers Λ1, Λ2, Λ β
3a are general scalar and spin-vector superfields.24

Once this term is added, all superfields in the action can be treated as unconstrained.
24An alternative way to enforce the orthogonality constraint (3.2) is to use a chiral Lagrange multiplier as

in eq. (3.7).
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Recalling the expression (2.37) for the connection in terms of the SUGRA superfields and
taking the variation with respect to Γ̄, V̄ a we obtain,

i
3n+ 1

2n ∂mH
m + 3n+ 1

2 ∆mH
m + 9n2 − 1

4n Γ̄ + (3n+ 1)2

4n Γ

+D2Λ1 + wc(σca) γ
β DγΛ

aβ
3 = 0 , (E.2a)

waΛ2 +DβΛ
β

3a +
√
C

2 V̂a = 0 , (E.2b)

where we have neglected terms of order O(C) in the first equation and in the second equation
renormalized the aether superfield canonically, V̂a =

√
CVa. The neglected terms do not

affect the expression for ωα at order O(
√
C). We now take the covariant derivative Dα of

these two equations and restrict them to the origin of spinor coordinates θ, θ̄. Using the
definition of the component fields (2.2), (2.9), (3.5) we find,

−3n+ 1
2n ωα + 1

2w
c(σca)βαD2Λ aβ

3
∣∣ = 0 , (E.3a)

waDαΛ2
∣∣+ 1

2D
2Λ3aα

∣∣+ √C2 η̂aα = 0 , (E.3b)

where we again neglected the terms of higher order in C and used the gauge condi-
tions (2.6), (2.12b). Combining these equations to eliminate the Lagrange multipliers we
arrive at the expression (5.20) from the main text.

F Velocities of elementary excitations

F.1 Bosonic modes

Here we analyze in detail the sector of modes described by the Lagrangian (4.4). We work in
the frame where the aether VEV has vanishing spatial components, see eq. (3.1). In this frame
the time-components of aether perturbations vanish due to the constraint (3.2), v̂R,I0 = 0.

Transverse traceless (helicity ±2) modes are contained only in the metric. Thus, we
insert the Ansatz,

hij = httij , ∂ih
tt
ij = httii = 0 , i, j = 1, 2, 3,

with all other fields vanishing. The Lagrangian becomes

Lh=2 = 1
2κ2

[
− 1− C

4 httij ḧ
tt
ij + 1

4h
tt
ij∆httij

]
, (F.1)

where we use ∆ to denote the spatial Laplacian, ∆ = ∂i∂i; as we are not going to use the
operator (2.3) in this appendix, this should not lead to confusion. Decomposing the field
into plane waves with momentum p and energy E we find the dispersion relation

E2 = p2

1− C ≈ (1 + C) p2 , (F.2)

which corresponds to the propagation velocity (6.2).
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We now turn to modes with helicities ±1. The metric perturbations are taken in the form

h00 = 0 , h0i = ni , hij = ∂iξj + ∂jξi ,

with all vectors being transverse,

∂ini = ∂iξi = ∂iv̂
R
i = ∂iv̂

I
i = 0 .

The Lagrangian (4.4) in this sector reads,

Lh=1 = 1
2κ2

[
− 1

2ni∆ni + 1
2ξi∆ξ̈i − ṅi∆ξi − v̂

R
i

¨̂vRi + v̂Ri ∆v̂Ri

−
(

1− C

2

)
v̂Ii

¨̂vIi + v̂Ii ∆v̂Ii −
√
Cv̂Ri n̈i +

√
Cv̂Ri ∆ξ̇i + Cεijk v̂

R
i ∂j

˙̂vIk
]
,

(F.3)

where εijk is the 3-dimensional antisymmetric tensor, ε123 = 1. In deriving this expression
we kept only the leading-order terms in the gravitational part of the Lagrangian: the omitted
corrections affect the dynamics of helicity-1 modes only at order O(C3/2) or higher. Note
a peculiar mixing term between the real and imaginary parts of the aether perturbations.

Varying (F.3) with respect to ξi and setting the gauge ξi = 0 afterwards one finds,

ni = −
√
C v̂Ri (F.4)

up to corrections of order25 O(C3/2). Substituting this into the equations for the aether
perturbations we obtain,

−
(

1− C

2

)
¨̂vRi + ∆v̂Ri + C

2 εijk∂j
˙̂vIk = 0 , (F.6a)

−
(

1− C

2

)
¨̂vIi + ∆v̂Ii −

C

2 εijk∂j
˙̂vRk = 0 . (F.6b)

To solve this system, we take v̂R,Ii as a sum of circularly polarized plane waves with energy
E and momentum p,

v̂R,Ii =
(
e

(+)
i fR,I+ + e

(−)
i fR,I−

)
e−iEt+ipx ,

where
e

(±)
i = e

(1)
i ± i e

(2)
i ,

and the unit vectors e(1), e(2) form together with e(3) ≡ p/p a right-handed triad. Substi-
tuting these expressions into eqs. (F.6) and diagonalizing the resulting eigenvalue matrix
we find the dispersion relations for the modes:

25The variation of (F.3) with respect to ni yields the equation

∆ni +
√
C ¨̂vRi = 0 . (F.5)

By combining this with (F.4) one could naively conclude that the velocity of the excitations described by v̂Ri
is equal to 1. This is true only at the zeroth order in C: equations (F.4), (F.5) are valid only up to O(C3/2)
corrections and hence do not allow to capture the O(C) terms in the velocity, which we are interested in.
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i) modes with f I± = ±ifR± =⇒ E2 = p2

ii) modes with f I± = ∓ifR± =⇒ E2 = (1 + C) p2

In the latter case the dispersion relation coincides with that of gravitons, see eq. (F.2),
which identifies the corresponding modes as members of the gravitational supermultiplet.
Note that these modes are an essential mixture of real and imaginary aether components
with the admixture of metric perturbations, see eq. (F.4).

Let us comment on the consequences of SUSY breaking. As discussed in [33], it leads
to the generation of mass for the imaginary part of the aether v̂Ii . Then the dispersion
relation for the remaining component v̂Ri is obtained from (F.6a) by simply dropping off the
last term, which yields E2 = (1 + C/2) p2. We conclude that the SUSY breaking modifies
the velocity of the helicity 1 modes, so that its deviation from unity is twice smaller than
that for gravitons. This coincides with the result in the Einstein-aether model [49] for the
choice of parameters (4.6).

Finally, we consider the helicity 0 sector. Here the Ansatz reads,

h00 = N , h0i = ∂iB , hij = δij ϕ+ ∂i∂jE , v̂R,I = ∂iυ
R,I .

Substitution into the Lagrangian yields,

Lh=0 = 1
2κ2

[3
2ϕϕ̈−

1
2ϕ∆ϕ+N∆ϕ− 2ϕ∆Ḃ + ϕ∆Ë + υR∆ϋR − υR∆2υR

−
√
CυR∆ϕ̇−

√
CυR∆Ṅ +

√
CυR∆B̈ +

√
CυR∆2B −

√
CυR∆2Ė

+
(

1− C

2

)
υI∆ϋI −

(
1− C

2

)
υI∆2υI

]
,

(F.7)

where we again omitted terms of order O(C) in the purely gravitational part. We see right
away that the mode υI decouples and has unit velocity. The mode associated with the real
part of the aether requires a bit more work. Varying with respect to N and ϕ and then
setting N = B = 0 by a gauge fixing we obtain the constraints,

∆ϕ = −
√
C∆υ̇R , ∆Ë = −3ϕ̈+ ∆ϕ−

√
C∆υ̇R .

Substituting the above expressions into the equation obtained by variation with respect
to υR,

2∆ϋR − 2∆2υR −
√
C∆ϕ̇−

√
C∆2Ė = 0 ,

we observe that υR satisfies the relativistic wave equation. Thus, this mode also has unit
velocity. One can check that variation with respect to B and E does not give any new
relations.

F.2 Fermionic modes

In the fermionic sector we find it more convenient to work directly with the equations of
motion. From the Lagrangian (5.18) we have,

4εabcdσ̄b∂cψd −
√
Cwa∂b ¯̂ηb +

√
Cwb∂b ¯̂ηa = 0 , (F.8a)

−iσb∂b ¯̂ηa + 4
√
Cwb∂aψb − 4

√
Cwb∂bψa = 0 . (F.8b)

– 42 –



J
H
E
P
1
0
(
2
0
2
1
)
2
1
4

We again perform the (3 + 1) split of all quantities into temporal and spatial components.
Upon reduction to the spatial rotations, the dotted and undotted spinor indices can be
identified because the fundamental representation of SU(2) is equivalent to its complex
conjugate. More precisely, a spinor χα with lower index and its complex conjugate with
upper index χ̄α̇ transform in the same way and can be treated as just two-component
columns. We impose the gauge ψ0α = 0 and recall that ¯̂ηα̇0 = 0 due to the orthogonality
condition (3.2). Further, we use the explicit form of the σ-matrices [35], σ0 = σ̄0 = 1,
σ̄i = −σi, where σi, i = 1, 2, 3, are the usual Pauli matrices. Then eqs. (F.8) imply,

−4εijkσi∂jψk −
√
C∂i ¯̂ηi = 0 , (F.9a)

−4εijkσjψ̇k − 4εijk∂jψk +
√
C ˙̂̄ηi = 0 , (F.9b)

i ˙̂̄ηi − iσj∂j ¯̂ηi − 4
√
Cψ̇i = 0 , (F.9c)

where all tensor indices run from 1 to 3. Note that the first equation (F.9a) does not contain
time derivatives and thus represents a constraint reflecting the gauge invariance of the
gravitino field.

Next step is to perform decomposition into plane waves. In addition, we decompose
the fields in the basis of unit vectors e(r), r = 1, 2, 3, that form a right-handed triad, e(3)

being aligned with the momentum (cf. section F.1). Thus we write,

ψi =
(∑

r

F(r) e
(r)
i

)
e−iEt+ipx , ¯̂ηi =

(∑
r

G(r) e
(r)
i

)
e−iEt+ipx , (F.10)

where F(r), G(r) are spinor coefficients. Substituting into eqs. (F.9) we obtain,

4(σe(1))F(2) − 4(σe(2))F(1) −
√
C G(3) = 0 , (F.11a)

4
[
− E(σe(3)) + p

]
F(2) + 4E(σe(2))F(3) −

√
CEG(1) = 0 , (F.11b)

4
[
E(σe(3))− p

]
F(1) − 4E(σe(1))F(3) −

√
CEG(2) = 0 , (F.11c)[

E + (σp)
]
G(r) + 4i

√
CE F(r) = 0 , r = 1, 2, 3 . (F.11d)

The system is simplified by introducing the linear combinations,

F(±) = (σe(2))F(1) ± (σe(1))F(2) , G(±) = (σe(1))G(1) ∓ (σe(2))G(2) . (F.12)

Then the (+) and (−) modes decouple. In the (+) sector we obtain,

4
[
E(σe(3)) + p

]
F(+) −

√
CEG(+) = 0 , (F.13a)[

E(σe(3))− p
]
G(+) − 4

√
CE F(+) = 0 . (F.13b)

Mupliplying (F.13a) by the operator
[
E(σe(3))− p

]
and substituting G(+) from (F.13b) we

arrive at a linear equation for F(+) which implies the dispersion relation E2 ≈ (1 + C) p2

coinciding with that of gravitons. One can show that the (+) modes have helicities ±3/2.
For a given momentum there are two linearly independent modes with positive energy and
two modes with negative energy. Thus, in total we find four helicity ±3/2 states that belong
to the graviton multiplet, as discussed in section 6.1.
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The equations in the (−) sector read,

−4F(−) −
√
C G(3) = 0 , (F.14a)

−4
[
E(σe(3)) + p

]
F(−) + 8iE(σe(3))F(3) −

√
CEG(−) = 0 , (F.14b)[

E(σe(3))− p
]
G(−) − 4

√
CE F(−) = 0 , (F.14c)[

E(σe(3)) + p
]
G(3) + 4i

√
CE(σe(3))F(3) = 0 . (F.14d)

Expressing F(−) and (σe(3))F(3) from the first two equations and substituting the result
back into the third and fourth ones we arrive at,[

E(σe(3))− p
]
G(−) + CEG(3) = 0 ,

(2− C)
[
E(σe(3)) + p

]
G(3) + CEG(−) = 0 .

We see that the mixing between G(−) and G(3) is of order O(C). It contributes to the
dispersion relations only at higher orders and can be neglected. Then we obtain two
decoupled equations for the modes G(−) and G(3) leading to relativistic dispersion relations
E2 = p2. There are two linearly independent modes with positive energy and two modes
with negative energy. In total, they comprise four helicity ±1/2 states that complement
the fermionic sector of the theory.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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