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1 Introduction

String theory extends our concepts of space-time geometry and symmetry in various
directions. Besides the well known and widely explored concepts of T-duality, mirror
symmetry and the AdS/CFT correspondence, there is the less explored idea of timelike
T-duality, which has far reaching consequences. Firstly, in Minkowski signature, it relates
the type-II string theories to the so-called type-IT* string theories, which realize ‘twisted’
versions of the standard N' = 2 supersymmetry algebras [1]. Secondly, together with
standard (i.e. spacelike) T-duality and with S-duality, it creates a web of type-1I string
theories which covers all possible space-time signatures (¢, s), t+s = 10 in ten dimensions [2].
This type-II network is related to three versions of eleven-dimensional M-theory with space-
time signature (1, 10), (2,9), (5,6). While the interpretation of theories with multiple time
dimensions is not obvious, these exotic theories are arguably part of the configuration space
of string theory, and therefore their properties deserve detailed investigation. The effective
field theories of type-* theories contain fields with negative kinetic energy, but are, as full
string theories, equivalent to standard type-II theories, at least as long as the timelike circle
has finite radius. Type-* theories admit de Sitter solutions, and theories with multiple times
may admit interesting brane world models. Both formal and phenomenological aspects
of exotic string theories, by which we refer to type-* as well as non-Minkowksi signature
theories, have been investigated in more detail in [3, 4].



Supersymmetry and supergravity in Euclidean and other non-Lorentzian signatures
have been studied to some extent in the literature. Supersymmetry algebras in arbitrary
signature have been discussed in [5]. Lower-dimensional supergravity theories in non-
standard signatures have been constructed using dimensional reduction in [6-11]. A
Euclidean version of the special geometry of A/ = 2 vector and hypermultiplets has been
developed in [12-15], while N' = 2 vector multiplets in arbitrary signature were constructed
in [16, 17]. Four-dimensional supersymmetric solutions in neutral signature have been
investigated in [18, 19], brane-like solutions in arbitrary dimension and signature have
been constructed in [20] and supersymmetric solutions of five-dimensional vector multiplets
coupled to supergravity have recently been studied for arbitrary signature in [21].

The concrete form of the supersymmetry algebra varies from dimension to dimension,
and from signature to signature, depending on whether the supercharges are Dirac, Majorana,
Weyl or Majorana-Weyl spinors. The main result of this paper is a universal construction,
which generalizes the idea underlying symplectic Majorana spinors, and applies it to any
dimension and signature. The general idea is to start with a complex, hence signature
independent supersymmetry algebra and then to impose reality conditions which select a
space-time signature and reduce the complex R-symmetry group to one of its real forms. As
we will see the possible reality conditions include, besides standard Majorana and symplectic
Majorana conditions, the ‘twisted” or O(p, ¢) Majorana conditions which were used in [2] to
describe the supersymmetry algebras of ten-dimensional type-II string theories in general
signature. Our formalism provides a systematic way of identifying reality conditions that
define real supersymmetry algebras by selecting real forms of the complex R-symmetry
group. Such a uniform approach useful if one wants to explore the web of string dualities
across dimensions and signatures, as we illustrate using type-II string theories and their
compactifications as an example. One advantage of our formalism is that it disentangles the
actions of the spin and R-symmetry groups, making the R-symmetry group manifest. This
allows one to easily distinguish between non-isomorphic supersymmetry algebras which
have the same number of supercharges, and to identify Lorentz signatures where twisted
(type-*) supersymmetry algebras exist. For example the ten-dimensional type-I1IB and
type-I1IB* algebras have R-symmetry groups O(2) and O(1,1), while the standard and
twisted four-dimensional N' = 2 supersymmetry algebra have R-symmetry groups U(2) and
U(1,1), respectively. We present tables where we classify the possible R-symmetry groups
appearing in our construction up to dimension 12 for all signatures.

1.1 Background

Before we give an overview of our construction, we need to provide some background.
The following section is partly based on [22], whose method, notation and terminology
we have adopted. Given a real vector space V = R%*, equipped with a scalar product
(non-degenerate real bilinear form) of signature (¢, s), the associated Poincaré Lie algebra is

go=s0(V)+V, (1.1)



where so(V') = so(t, s) is the ‘Lorentz Lie algebra’ (Lie algebra of infinitesimal isometries of
the scalar product), and where V is the Lie algebra of translations.! To extend this to a
Poincaré Lie superalgebra g = go + g1 one adds a real Spin(V') module g;, which may be
reducible, and introduces a Zs-grading under which gq is even, while g; is odd,

g=gotgr=s0(V)+V +g:. (1.2)

We will use the terms g-module, G-module, or module for short, for a vector space carrying
a representation of a Lie algebra g or of a Lie group G. The group Spin(V') = Spin(t, s),
which is a two-fold cover of special orthogonal group SO(V) = SO(t,s), is contained
in the real Clifford algebra, Spin(V) C CI(V) = Cl;s. The same applies to its Lie
algebra spin(t, s) = so(t,s).? The vector space g; is a finite sum of irreducible real spinor
representations which, depending on signature, can be Dirac spinors, Majorana spinors, Weyl
spinors, or Majorana-Weyl spinors. Note that complex representations can be regarded as
real representations by ‘forgetting the complex structure,” and that it is this underlying real
representation that is relevant for the construction and classification of real supersymmetry
algebras. In signatures where Majorana spinors do not exist, the elements of the irreducible
real spinor representations are Dirac or Weyl spinors.

While the action of so(V') on g; is determined by the spinor representations we have
chosen, it can be shown that the translation algebra V must operate trivially on g;, and
that the only freedom besides the choice of g; is the choice of a superbracket, that is of a
symmetric bracket

Im: gixg—-V, ()‘7X)'_>H()‘aX):{>‘7X}7 (1'3)

which is covariant with respect to the action of so(V'). Mathematically, such a bracket
corresponds to a real, symmetric, non-degenerate, spin-equivariant, vector-valued bilinear
form II on the spinor module g;. In the physics literature the superbracket is usually
defined by writing down the anti-commutation relations of the supercharges Q;,, where «
is a spinor index corresponding to an irreducible representation, while i = 1..., A labels
copies of the irreducible real spinor representation. Let us illustrate this using the case
where the irreducible real spinor representation is given by Majorana spinors. Then the
N-extended supersymmetry algebra® takes the form

{Qia Qjs} = Mij(*C ") apPy . (1.4)

Note that we need to include the inverse C ! of the charge conjugation matrix C in order to
lower one index of the matrix v* = (v ?), see appendices A.1-A.3 for our index conventions.

Depending on context, V = R"® denotes either a vector space, or the affine space modelled on this
vector space (interpreted as a flat spacetime), or the Lie algebra of translations acting on the affine space.

2All standard facts about Clifford algebras and their relation to spin groups used in this paper can be
found in [23].

3We use the term ‘supersymmetry algebra’ for the supertranslation algebra V + g1, whose only non-trivial
algebraic relation is the Q-Q anti-commutator. As mentioned before, this is the only ‘moving part’ in our
analysis once g1 has been chosen.



Since the bracket is symmetric, the right-hand side must be symmetric in the multi-indices
(ia), (j8).

We will prefer to work with vector-valued bilinear forms on g;, which allows us to
suppress spinor indices. In this language the relation (1.4) is expressed using a bilinear form

B (SERV)x (S@RM) =R, B\ x)=W)TCx Mj;, (1.5)

where we have written out the spinor module g; in terms of irreducible real Spin(t,s)
modules S, which in our case are Majorana representations:

g1 =SeRV=Se...¢S (N — times). (1.6)

Since we take a sum of isomorphic modules, we can rewrite the A/-fold sum as a tensor
product with an internal ‘multiplicity space’ RVN. Then the spin group only acts on the
first factor but not on the internal space. Our strategy for disentangling the spin group and
R-symmetry group will be to have the R-symmetry group acting only (or almost only) on
the internal space, as we will discuss in more detail below.

The bilinear form £ is scalar-valued. Vector-valued bilinear forms, and, more generally,
bilinear forms valued in antisymmetric tensors are obtained by substituting antisymmetrized
products v®) = 1 te = Al ~kel of Aomatrices into the first argument. In particular,
the vector-valued bilinear form ) = g (+vH-,-) allows us to express the superbracket (1.4) as

BN, x) = (Y*X)TOx Mj; . (1.7)

To recover the superbracket (1.4) from (1.7) one expands the spinors A, x in a basis given
by the supercharges, A = N“Qjn, x = x’? Qjs. We refer to appendix A.3 for details. Up
to isomorphism the superbracket only depends on a few invariants of the bilinear forms
defined by the matrices C = (C*?) and M = (M,;).

To define a superbracket, the vector-valued bilinear form (7*:,-) must be symmetric
and equivariant (covariant) with respect to the spin group. As shown in [22] this is achieved
by using admissible bilinear forms [ which are characterized by having a definite symmetry
o € {1,—1} and type 75 € {1, —1}, where*

BN x) = 08B0, A), BN X) =788\ 7X)- (1.8)

The vector-valued bilinear form B(y#-,-) is symmetric if og7g = 1. Therefore such brackets
B will be called super-admissible. It can be shown that any super-admissible bracket
B on a spinor module g; defines a supersymmetry algebra. In particular the vector-
valued bracket is automatically spin-equivariant, and the super-Jacobi identity required
to make so(V) + V + g; a Lie superalgebra holds automatically. Conversely, the space of
real, symmetric, spin-equivariant vector-valued bilinear forms, and, hence, the space of

4With regard to the symmetry, note that we work with commuting spinors in this paper. The translation
to a formalism with anti-commuting spinors is straightforward and only introduces an additional sign. Using
anti-commuting spinors is required when discussing properties of spinor bilinears in Lagrangians, a subject
that we will not discuss in this paper. See, however, [16] where our formalism has been used to construct
five-dimensional vector multiplets for arbitrary signature.



real Poincaré Lie superalgebra structures related to a given spinor module g; is a finite-
dimensional real vector space which admits a basis given by forms of the type S(~*-, ),
where [ is super-admissible. In this sense all extended Poincaré Lie superalgebras are
known for all dimensions and signatures. A basis of super-admissible bilinear forms has
been constructed in [22].5 Since any linear combination of super-admissible bilinear forms
defines a Poincaré Lie superalgebra (as long as it is non-degenerate, which is the generic
case), superbrackets form continuous families. This raises the question of classification, that
is to decide which brackets define non-isomorphic Poincaré Lie superalgebras. To address
this question one needs to study the Schur group C*(g1), which is defined as the subgroup of
automorphism group Aut(g;) = GL(g1) of the real vector space g1 whose action commutes
with the action of spin(V),

C*(g1) = {Z € Aut(g1)[[Z, spin(V)] = 0} = Zgr,(qy) (spin(V)) (1.9)

that is, the centralizer of spin(V') C GL(g1). Any two superbrackets which are in the same
orbit of the action of the Schur group on the space of super-admissible bilinear forms are
isomorphic. For later use we also define the Schur algebra C(g1) = Zgnd(q,)(spin(V')), which
is the centralizer of spin(V') in the algebra End(g;) of endomorphisms of g;.

C(g1) = {Z € End(g1)|[Z, spin(V)] = 0} = Zgpg,) (spin(V)) (1.10)

The Schur group is the group of invertible elements of the Schur algebra.

The classification problem for Poincaré Lie superalgebras with odd part g; is almost,
but not quite, equivalent to the problem of classifying the orbits of the Schur group on the
space of superbrackets on g;.% The reason is that elements of the pin group Pin(V') which
are not contained in the spin group Spin(V) may lead to isomorphisms between brackets
which belong to different orbits. Recall that Pin(V") is a double cover of the full orthogonal
group O(V'), while Spin(V') is a double cover of the special orthogonal group SO(V). Both
groups are contained in the Clifford algebra CI(V'). A precise criterion for two Poincaré
Lie superalgebras to be isomorphic is given by Theorem 1 of [17]. As illustrated in [17] by
the classification of four-dimensional supersymmetry algebras with eight real supercharges
for arbitrary signature, this classification can be done case by case but requires some work.
However there is a sufficient condition for two supersymmetry algebras to be non-isomorphic
which is easier to check, namely that their R-symmetry groups are different. We define the
R-symmetry group of a superbacket as the subgroup of the Schur group under which this
superbracket invariant (its stabilizer group):

Gr={ReC (g)|B(v'R:, R:) = B(v"*-, )} (1.11)

Note that our definition does not depend on how the R-symmetry group acts on the fields
in particular field theoretic realizations of the algebra. Moreover, with our definition the

®One can also include poly-vector charges (BPS charges), that is additional terms in the supersymmetry
anti-commutator which transform as antisymmetric Lorentz tensors [24]. The inclusion of such charges in
our formalism will be left for future work.

SWe will use the terms super-admissible bilinear form and superbracket interchangeably.



R-symmetry group is not necessarily a connected group. This may lead to slight differences
when comparing our tables to the literature.

We will also need to consider the complexification g© of a Poincaré Lie superalgebra.
In this context one can define complex versions of the Schur algebra, Schur group and
R-symmetry group, which will be denoted Cc(g}), Ci (%), and G&.

1.2 Overview of the construction

To explain the main idea of our construction, recall how supersymmetry can be formulated
in terms of symplectic Majorana spinors. In signature (1,3) the unique (up to isomorphism)
irreducible real spinor representation is the Majorana representation, and the smallest or
N =1 supersymmetry algebra is based on supercharges Q, which are Majorana spinors.
The standard A/ = 2 algebra can be written in terms of two Majorana spinors, or of a single
Dirac spinor, but there also is a third option, namely to take two Dirac spinors Q;,, and
to impose a reality condition. The supersymmetry algebra is then defined by a complex
superbracket, subject to a reality condition:”

{Qia,Qjp} = Miyj("#C NapPy, (@) =aBQ Ly, i,j=1,2, (1.12)

where in our specific case M;; = L;; = €;;, the charge conjugation matrix C' is antisymmetric,
and B satisfies BB* = —Id, indices 4, j are raised and lowered using ¢;;, €/, and « is a
conventional phase. A pair of Dirac spinors A\* which satisfies

(\)* = aBNej;

is called a pair of symplectic Majorana spinors.

The same construction can be applied in signature (1,4), where Majorana spinors do
not exist and Dirac spinors are irreducible, so that the smallest supersymmetry algebra
has eight real supercharges. As in signature (1,3) one can replace a Dirac spinor by a pair
of symplectic Majorana spinors, with the supersymmetry algebra taking the form (1.12).
While one also can express the supersymmetry algebra in terms of Dirac spinors (see for
example [12]), the formulation using symplectic Majorana spinors is the standard one in
five dimensions. One of its advantages is its manifest R-symmetry: the group which leaves
both the complex superbracket and the reality condition invariant is USp(2,R) = SU(2).

Formuling the supersymmetry algebra in terms of symplectic Majorana spinors can
be interpreted as complexifying the space of Dirac spinors S, and then imposing a reality
condition. The space S of Dirac spinors, which is also called the complex spinor module, is
obtained by restricting an irreducible representation of the complex Clifford algebra C1(V°),
where V€ = V @p C, to the real spin group Spin(V). The complexification of S, regarded
as a real spin module, is S® = S ®g C. Since S admits a spin invariant complex structure,
its complexification is self-conjugate, S¢ =S @ S, where S is the complex-conjugate module.
Moreover, in any dimension and signature one can find a Spin(¢, s) invariant matrix B

"When formulating this algebra using Majorana spinors, one uses a different charge conjugation matrix
C’, which is symmetric, and a different matrix B’, which satisfies B'B™* = +Id. See tables 1 and 2 for
information about the properties of the matrices C' and B in arbitrary dimension and signature.



acting on S which satisfies BB* = +Id. Therefore the complex spinor module S always
carries either an invariant real structure or an invariant quaternionic structure, and thus is
self-conjugate, S = S as Spin(t, s) as module. Therefore

SC=SerC=SaS2SOpS=S®cC2.

In the last step we have rewritten the sum S @ S as a complex tensor product, where the
second factor is an auxiliary multiplicity space which encodes that we have two copies of S.
This corresponds to the expression for the complex superbracket in (1.12) where we use a
pair of Dirac spinors Qjq, with the index i = 1,2 referring to the multiplicity space C2.

The complex superbracket (1.12) defines a complex Poincaré Lie superalgebra so(V®) @
Vea g(lc, where V€ = V @g C is the complexified translation algebra, so(V°) the complex-
ified Lorentz Lie algebra and g(lc = S the complexified spinor module. By imposing the
reality condition (1.12) we recover the real supersymmetry algebra as a real form of this
complex algebra.

We already mentioned that the multiplicity space CX = C? is useful in making explicit
the action of the R-symmetry group. In five dimensions, where S is irreducible, the Schur
group acts trivially on the factor S in S ®c C? and therefore the complex Schur group is
GL(2,C).® The R-symmetry group of the complex supersymmetry algebra is the subgroup
which in addition preserves the bilinear form defined by M;; = €;; on C2, that is G =
Sp(2,C). The R-symmetry group G of the real supersymmetry algebra is the real form of
G% which also preserves the reality condition in (1.12), that is Gr = USp(2,R) = SU(2).
In four dimension, S becomes reducible, which enlarges the R-symmetry group to U(2).”

The observation that we will expand on in this paper is that the construction of real
supersymmetry algebras based on symplectic Majorana spinors can be adapted to arbitrary
dimension and signature. This requires of course to also consider other types of reality
conditions. Extended real supersymmetry algebras are included by enlarging the internal
multiplicity space.

Thus, schematically, the idea is:

Complex bilinear form (superbracket),

Real supersymmetry algebra <> { (1.13)

Reality condition.

Depending on the signature, there either is a unique (up to isomorphism) irreducible
real spinor representation given by Dirac or Majorana spinors, or there are two inequivalent
ones, given by Weyl spinors or Majorana-Weyl spinors. For simplicity we first explain how
our construction works when the irreducible real spinor module is unique.

1. We start with a complex supersymmetry algebra with spinor module given by K copies
of the complex spinor module, g& = S ® CX. We will sometimes refer to this as the
K-extended spinor module, or extended spinor module for short. To define a complex

8To be precise, by Schur’s lemma the R-symmetry group acts on S by scalar multiplication, which we
can absorb into its action on C2.

9We will explain how to deal with this in due course. In appendix D we present two methods which allow
to disentangle the spin and R-symmetry groups.



supersymmetry algebra, we need to specify a complex super-admissible bilinear form
(5. Since the Gram matrix of such a bilinear form has precisely the properties of a
charge conjugation matrix C, this amounts to choosing a charge conjugation matrix.
If the bilinear form is super-admissible we can extend it to S@ CK as 8 = C ® 4,
where 0 is the complex bilinear form on CX defined by the unit matrix. If C is not
super-admissible, we can still obtain a super-admissible bilinear form on S® CX for K
even, if we extend C as f = C ® ¢, where € defines a non-degenerate anti-symmetric
bilinear form. Charge conjugation matrices are classified by their symmetry ¢ and
type 7. In odd dimensions charge conjugation matrices are unique up to isomorphism,
while in even dimensions there are two inequivalent ones, denoted Cy = C_, which
are of opposite type 7, see table 2. We can now write down the possible complex
supersymmetry algebras in any dimension, and for any value of K, and determine
their Schur groups and R-symmetry groups.

2. Then we choose a signature (¢,s) and a Spin(t,s) invariant reality condition on
gf = S®CX. In odd dimensions S admits either a spin invariant real structure or
a spin invariant quaternionic structure, defined using the matrix B which relates
the y-matrices to their complex conjugates. In even dimensions there are two non-
equivalent such matrices, B, and, depending on signature, S admits two inequivalent
real structures or two inequivalent quaternionic structures, or one of each type. We
emphasize that while B+ can be constructed out of C, the choice of a reality condition
is independent of the choice of the bilinear form on S, that is, there are four possible
combinations of Cy with By in our formalism. To define a real supersymmetry
algebra we need a real structure on S ® CX, which can be obtained either as a
product of two real structures or of two quaternionic structures on the factors. The
real or quaternionic structure on C¥ is chosen such that it defines a real form Gp
of the complex R-symmetry group G&, that is, we construct it using an involutive
automorphism of the Lie algebra of G%. We can then list, for all dimensions and
signatures, the real supersymmetry algebras that result from a consistent pairing
of complex superbrackets with reality conditions, and determine their R-symmetry
groups.

There are two additional issues in even dimensions, where Dirac spinors are reducible and
decompose into Weyl spinors, S= S, $S_.

o Firstly, there are signatures with two inequivalent irreducible real spinor representa-
tions, which can be either Weyl spinors or Majorana-Weyl spinors. If this happens
there potentially are supersymmetry algebras based on spinor modules of the form
g(ic =S,. @CE+ @S_®CK-, where K1 can be chosen independently.'® The existence
of such chiral supersymmetry algebras requires more than the existence of inequivalent

0 A5 it is clear from context that S; and CX+ are considered as complex modules, we have written ®
rather than ®c. Similarly, we will simply write ® in the future when the tensor product is between a
complex spin representation and an auxiliarly complex multiplicity space, which encodes copies of equivalent
representations.



irreducible real spinor modules. Firstly, there must exist a superbracket which pairs
S+ with S4 and S_ with S_, while vanishing between S, and S_. This can be decided
using an invariant of the charge conjugation matrix C, its isotropy ¢. Superbrackets
are either orthogonal, ¢ = 1, which means that they are non-degenerate on S x S;
and S_ x S_ but vanish on S; x S_ and S_ x S, or they are isotropic, ¢ = —1, which
means that they are non-degenerate on S; x S_ and S_ x S; but vanish on S; x S
and S_ x S_. The isotropy of a superbracket only depends on the dimension, and we
will see that superbrackets are orthogonal in dimensions 2,6, 10, .... An orthogonal
complex superbracket is necessary, but not sufficient for a chiral supersymmetry
algebra to exist, because in order to obtain a real superbracket we also need to impose
a reality condition. A reality condition can either respect chirality, in which case we
call it “Weyl compatible’ or it can flip it, in which case we call it ‘Weyl incompatible’.
Weyl compatibility is a signature dependent property, and therefore the existence of
chiral supersymmetry algebras is signature dependent.

Chiral supersymmetry algebras require both an orthogonal complex bilinear form
and a Weyl compatible reality condition, and therefore Weyl (in-)compatibility is a
signature dependent property.

e Secondly, since S is reducible the R-symmetry acts non-trivially on S. However it acts
irreducibly, and therefore as a multiple of the identity Id on the complex irreducible
Weyl spinor modules S} and S_. This can be used to determine the R-symmetry group.
The details depend on whether the complex bilinear form is orthogonal or isotropic, and
on whether the reality condition is Weyl compatible or Weyl incompatible. Since there
are four cases to consider, the classification of R-symmetry is somewhat involved in
even dimensions. Using a certain block matrix notation one can manifestly disentangle
the actions of the spin and R-symmetry groups.

1.3 Organisation of the paper

The program described above is carried out as follows in the bulk of this paper.

e In section 2 we provide the necessary background on Clifford and spin representations,
with further details relegated to appendices A, B and C.

e In section 3 we obtain complex supersymmetry algebras by constructing super-
admissible bilinear forms on the complexified extended spinor module gt, where
g =S@CKor gf =S, ® CE+ @S_ @ CK-. To do so we first have to study
admissible bilinear forms on the spaces S and Si of Dirac and Weyl spinors, and
bilinear forms on C¥. The resulting complex supersymmetry algebras are classified by
their R-symmetry groups which are listed in table 2. This table contains all relevant
information about the superbrackets that we use in our construction.

« In section 4 we systematically construct spin invariant reality conditions on g}. These
are built out of real and quaternionic structures on S, S+ and C¥. To discuss real and
quaternionic structures in parallel, we use the unifying concept of an e-quaternionic



structure. For dimensions up to twelve, and for all signatures, table 1 lists all inequiv-
alent real and quaternionic structures on the complex spinor module S, and their
properties. This table encodes all relevant information about reality conditions used
in our formalism, and, in particular, allows to read off the Schur algebras C(S).

In section 5 we analyze how reality conditions can be imposed consistently on complex
superbrackets in order to define real supersymmetry algebras.

In section 6 we classify the real R-symmetry groups which arise in our construction.
Table 3 shows how the real forms of the complex R-symmetry groups listed in table 2
arise from reality conditions. Table 4 lists all possible real R-symmetry groups in odd
dimensions up to 11. In even dimensions the possible supersymmetry algebras and
R-symmetry groups fall into four classes, depending on whether the bilinear form is
orthogonal or isotropic, and whether the reality condition is Weyl-compatible or Weyl-
incompatible. In orthogonal Weyl-incompatible signatures the real R-symmetry group
only depends on the dimension, while the real R-symmetry groups for orthogonal, Weyl-
compatible signatures are listed in table 5 and for isotropic signatures with either reality
condition in table 6. For reference and convenience, we also provide a master table,
table 9, for general even dimensions and a master table, table 10, for all dimensions.

In section 7 we explain why real supersymmetry algebras constructed by our method
are classified by their R-symmetry group, together with the choice of a relative sign
for chiral supersymmetry algebras. Details about the isomorphisms required to show
this have been relegated to appendix E.

In section 8 we apply our results to study supersymmetry algebras of type-11I string the-
ories in dimensions 10 and 9 and of their Calabi-Yau compactifications to dimensions
4 and 3. We show how our formalism allows one to identify which theories exist in a
given signature, and how to determine their mutual relations by spacelike and timelike
reduction and T-duality. For four-dimensional N' = 2 theories and three-dimensional
N = 4 theories we explain how the geometry of the scalar manifold can be read off
from the R-symmetry group. Tables 12, 13 and 14 provide summaries.

In section 9 we make some concluding remarks and provide an outlook onto open
questions and future work.

In order to keep the bulk of this paper as short as possible, some details have been

relegated to appendices, together with additional background information that is helpful

but would have interrupted the flow of the main narrative. In appendix A we summarize our

conventions and notation, and in particular explain how the (partially) index free notation

based on bilinear forms that we use in the main part of the paper relates to the standard

notation using anti-commutators of supercharges. We also list various formulae which are

used in the main part of this paper. In appendix B we explain the relation between real

spinors and real semi-spinors, as defined in the mathematics literature, to Majorana, Weyl

and Majorana-Weyl spinors, as defined in the physics literature. In appendix C we present
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details on the complexification of spinor modules, which are relevant for understanding
the precise relation between the odd parts g; and g% of real and complex supersymmetry
algebras. In appendix D we review the matrix notation for Weyl spinors introduced in [17],
which is used in the main part to disentangle the actions of the spin and R-symmetry
group in even dimensions by doubling the auxiliary multiplicity space of our construction.
Alternatively one can work without doubling, in which case the R-symmetry group operates
on spinor indices, in a way that we also explain in appendix D. In appendix E we provide
the details of several isomorphisms which are needed to show that the supersymmetry
algebras that we have constructed are classified, essentially, by their R-symmetry groups.
In appendix F we collect formulae which allow one to carry out the spacelike and timelike
dimensional reduction of spinors, superbrackets and reality conditions.

2 Clifford and spinor representations

In this section we review the necessary background on Clifford algebras, spin groups and
their representations for arbitrary signature. Our presentation is partially based on [25],
whose conventions we follow except for some tweaks where we follow [12, 22, 24]. We
will also use certain facts about Clifford algebras and real associative algebras, see for
example [23, 26].

2.1 Clifford and spinor modules

We consider flat space-times V' = R%® of arbitrary signature (¢, s) and dimension D =t + s.

Our convention for the metric is n = diag(—1,...,—1,1,...,1) with ¢ entries —1. The
associated Clifford algebras Cl; ; are the real algebras with generators v#, p=1,...,n and
relations

{97 =291, (2.1)

Clifford algebras are real, associative algebras with a unit, and isomorphic to real,
complex or quaternionic matrix algebras of the form R(n), C(n), H(n), 2R(n), 2H(n), where
K(n) is the algebra of n x n matrices over K = R, C, H, where 2K(n) := K(n) & K(n), and
where n = 2[57. By allowing complex linear combinations of the generators v* one obtains
the complex Clifford algebras Cl;ys = Cl; s @r C, which are isomorphic to matrix algebras of
the form C(n) in even dimensions and to matrix algebras of the form 2C(n) = C(n) @ C(n)
in odd dimensions.!

Algebras of the form mK(n) have m inequivalent irreducible representations, where
one of the summands K(n) acts on K" by matrix multiplication, while the other summands
act trivially. Therefore Clifford algebras have either one to two inequivalent irreducible
representations. Clifford representations give rise to spinor representations by restriction,
because the real and complex spin groups are naturally embedded into the real and complex
Clifford algebras. The even subalgebra Cl?,s C Clys of the real Clifford algebra is the
subalgebra which is generated by even products of the generators v*. This subalgebra is

itself a Clifford algebra. The spin group Spin(¢, s) is the subgroup of (the group of invertible

"See for example tables I and IT of [23] for a complete list of Clifford algebras as matrix algebras.
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elements of) Cl?}s which is generated by unit norm elements. Therefore irreducible Cl?}s
modules become irreducible Spin(¢, s) modules by restriction. The real spinor module S is
the Spin(¢, s) module obtained by restricting an irreducible Cl; ¢ module. As a real spin
representation, S is either irreducible, or decomposes into two irreducible real semi-spinor
modules S+, S =S4 + S—. The real semi-spinor modules can be isomorphic to each other,
Sy = S_ or non-isomorphic, S4 £ZS_. One can decide which of these three cases is realised
by comparing the matrix algebras realizing Cl; ; and C’lg s, and using that K(n) has one,
while 2K(n) has two inequivalent irreducible representations. We can also determine the
Schur algebras C(S) and C(S4) by using corrolaries to Schur’s Lemma, see [26]. For the
case at hand, the relevant statements are:

o If ¥ = K" is an irreducible module of the real spin group Spin(t, s) C C’lg <, then its
Schur algebra is K.'?

o If X183 is the sum of two irreducible modules of the real spin group Spin(¢, s) C C’lg o
then the Schur algebra is 2K if X1 2 ¥y and K(2) if X1 = ¥,.

The complex spin group Spin(¢ + s, C) is the subgroup of unit norm elements of the
even subalgebra Clf,, C Cliys. The complex spinor module S is the Spin(t, s)-module
obtained by restricting an irreducible Cl;;s-module. Its elements are the Dirac spinors.
Since CIY ' s = Clyys-1, it follows that S is irreducible in odd dimensions, but decomposes
into two irreducible complex semi-spinor modules S in even dimensions, S =S +S_. The
elements of Sy are also called Weyl spinors. Note that while Sy are non-isomorphic as CIY Ls
modules, they may or may not be isomorphic as real Spin(¢, s)-modules. The decomposition
of S into irreducible Spin(¢, s)-modules can be obtained by comparing the matrix algebras
realizing Cli44, Cl; s and C’lg - This also allows one to determine the complex Schur algebras
Cc(S), Cc(S+), and the real Schur algebras C(S), C(S+). The complex Schur algebra of an
irreducible representation of Spin(t + s,C) C CI? ¢ is C, while the complex Schur algebra
of the sum of two irreducible complex representations is 2C if the representations are not
equivalent and C(2) if they are equivalent.

As an example, consider the case where (¢, s) = (1,3). Then Cly = C(4) and CI} = 2C(2)
which implies S = C* and S+ = C? which are the Dirac and Weyl spinors respectively. Since
S+ are complex irreducible, their complex Schur algebras are Cc(S+) = C, and since they are
inequivalent as complex modules, Cc(S) = 2C. Since Cly 3 = R(4), the real spinor module is
S = R*. This implies that S = S ®r C and shows that in this case real spinors are Majorana
spinors, that is, they arise by imposing a reality condition on Dirac spinors. The even part
of the real Clifford algebra is C’l?73 = C(2) and since C? = R*, real spinors are irreducible.
There are no real semi-spinors (which would be Majorana-Weyl spinors), and Majorana
spinors are equivalent, as real spin representations, to Weyl spinors S = S4.'3 The Schur

12The cases where K = R, C,H correspond to what is usually called real, complex and quaternionic
representations, respectively. In all cases we are interested in the underlying real representation. Complex
and quaternionic representations are thus viewed as real representations with additional invariant structures
that are encoded by the Schur algebra.

13This is reflected by the familiar fact that in this case the N' = 1 supersymmetry algebra can be
equivalently expressed using Majorana spinor or Weyl spinors.
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algebra of the real spinor module S = C? is C; 3(S) = C. Since Sy are equivalent as real
spin modules, the Schur algebra of S, considered as a real spin module, is C; 3(S) = C(2).

It is instructive to compare this to the case (¢,s) = (3,1) which is Minkowski space
with a mostly minus convention for the metric. In this case the real Clifford algebra is
Cl31 = H(2) and therefore the real spinor module is S = H? 22 C* = S. Now real spinors
are Dirac spinors, and because C’l‘g?1 = C(2) they are reducible and decompose into real
semi-spinors, S = S, @& S_, where Sy = C2 =~ R*. For dimensional reasons Sy = Sy . Since
C’lgl 2 C(2) only has one inequivalent irreducible representation, Sy are isomorphic as real
spin modules. Therefore the Schur algebra of S = §'is C31(S) = C3,1(S) = C(2). In summary,
real semi-spinors and complex semi-spinors are equivalent to each other and correspond
to Weyl spinors of either chirality, which are equivalent, as real spin representations, to
Majorana spinors.'*

For more examples we refer to [16, 17] where the spinor modules and Schur algebras
have been worked for D = 4,5 for all signatures. This already provides examples of all
possible cases.

2.2 Spinor representations in arbitrary signature

The Clifford generators can be realized explicity as y-matrices, which like the abstract
generators we denote by v*. These are complex 2031 x 2151 matrices and can be constructed
as tensor products of the Pauli matrices and the 2 x 2 identity matrix, see for example [25].
The y-matrices generate a representation of the real Clifford algebra Cl; s on (C[%, which
extends to an irreducible representation of its complexification Cl;4s. By restriction to
Spin(t, s), this becomes the complex spinor module S introduced above. Its elements are
the Dirac spinors.

The ~-matrices can be changed by equivalence transformations, which can be used to
select representations which are convenient for performing computations. We impose that
timelike y-matrices are anti-Hermitian, while spacelike y-matrices are Hermitian:

-, p=1,...,t
(,y,u)T: T M ) ) (2.2)
Y, op=t+1,...t+s=D.

The remaining freedom of performing unitary transformation will be used later to impose
further conditions. In odd dimensions the product w = ~;---vp commutes with all
generators 7, and distinguishes between the two inequivalent representations of Cl; s (which
define equivalent spin representations). In even dimensions w anti-commutes with all
generators, and commutes with the spin generators v*¥ = %[7“,7” ]. Therefore w can be
used to decompose the complex spinor module S into complex semi-spinor modules S4.
Depending on signature, w? = (—1)'1 or w? = (—=1)!T11. Setting v, = +w or v, = +iw one
obtains an operator which satisfies 72 = 1 and therefore can be used to define projectors
3(1£7.) onto the complex semi-spinor modules. For Lorentz signature (1, D — 1) (or, using
a ‘mostly minus’ convention (D — 1,1)) -, is the chirality operator which defines Weyl

spinors. We will therefore refer to complex semi-spinors as Weyl spinors. For computational

MWe do not distinguish between Majorana and Pseudo-Majorana spinors, but see for example [2].
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purposes it is convenient to fix the relation between -, and w. We choose
D

7= (=1)2 b (2.3)

One can always construct matrices A, B, C which relate the y-matrices to their Hermi-
tian conjugates, complex conjugates, and transposed, respectively:

()1 = (-1 dyra, (2.4
()" = (~1)ir By B,
()7 = 70y (2.6)

where 7 = 41, with the allowed values depending on the dimension D.'® One possi-
ble choice for A is the product 7 -- -~ of all timelike y-matrices. In Lorentz signature
(1, D — 1), this gives the usual A = ~, where we have shifted the range of Lorentz indices
tou=0,...,D—1.'6 We remark that our choice for A is not unique, and for Lorentz
signature there are conventions which differ from ours by a factor —1 or =+i.

The matrix C'is the charge conjugation matriz. One can always choose a representation
where C' is Hermitian and unitary,

cl=ct=C. (2.7)
C is either symmetric or antisymmetric
ot =oC, (2.8)

where ¢ = +1.17 Which values of 7 and o are possible depends on the dimension D, and we
have listed these values in table 2. The well known periodicity modulo 8 of the classification
of real Clifford algebras implies that this table is periodic modulo 8, so that it encodes
the values for arbitrary dimension. While in odd dimensions there is only one charge
conjugation matrix up to equivalence, there are two inequivalent choices in even dimensions,
which are distinguished by the corresponding value of 7,

Cy:=0C_,. (2.9)

Both charge conjugation matrices are related through multiplication by the chirality

matrix y,:
Cy = W*CJF . (2.10)
157 is related to the parameter 7 in [25] by 7 = —n. Note that some authors, for example [2] use a
definition of n which is signature dependent. In our convention and the one of [25], 7 = —7 is signature

independent, and all signature dependent factors in the relations (2.3) are explicit factors (—1)*. This is
natural, because, as we will see later, 7 and another parameter o are invariants which characterize the
properties of a complex bilinear form with Gram matrix C', for which signature does not have an invariant
meaning.

15Tn general we use = 1,..., D, but for signature (1, D — 1) we may shift this to the conventional range.
We also shift the index range when performing a dimensional reduction, see appendix F.

75 is related to the parameter ¢ used in [25] by 0 = —e.
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With our choice (2.3) for the chirality matrix ., this implies

+iCr, forD=2,6,10,...
Cirye = (2.11)

Cx, for D =4,8,12, ...

see appendix A.4 for a collection of useful relations.
Given a choice of A and C, we can take B := (CA™)7. The matrix B satisfies

BB =1, BB*=el, (2.12)

where € = +1, depending on signature. B is not completely fixed by our choice of A,C
since aB, where « is a phase factor, has the same properties. The matrix B can be used to
define the (family of) complex-antilinear maps

J e of BRYT (2.13)

Since
J2(¢) = J(a*B**) = o*B*aBi = €y, (2.14)
the matrix B either defines a real structure (e = 1) or a quaternionic structure (e = —1) on

S, which is Spin(¢, s)-invariant. S carries a natural spin invariant complex structure

I s iv.

Since J is complex antilinear, I and J anticommute with each other and with their product
K :=1J. Since in addition

I?’=-1d, J*=K?=d, (2.15)

1,J generate a real four-dimensional algebra, which for ¢ = —1 is the algebra H of
quaternions. For € = 1, the resulting algebra H' is called the algebra of para-quaternions
(or split-quaternions). The algebra H’ is isomorphic to the algebra of real 2 x 2 matrices,
H' = R(2). Compared to the quaternions, the two generators J, K are not complex structures
(which square to minus the identity), but para-complex structures (which square to the
identity and have an equal number of eigenvalues +1). To be able to discuss both cases in
parallel, we will use the terms e-complex and e-quaternionic structure, and use the notation
JE = J&E) it (J(e))2 = eId. We will also use the notation H, where H_; = H and H; = I'.

The algebra H, is a subalgebra of the Schur algebra C(S) of the complex spinor module.
By comparison to the classification of Clifford algebras one can verify that this is in
fact the full Schur algebra in odd dimensions. In even dimensions one has two charge
conjugation matrices C'y which can be used to define two B-matrices B, which satisfy
B1 B} = e4ld. The corresponding e-quaternionic structures are denoted Jﬂ(f +) , where the
lower index encodes the corresponding B-matrix B, while the upper index encodes whether
the e1-quaternionic structure is a real or quaternionic structure.

The signs (e4,€e_) depend on the signature and are listed in table 1, which again is
periodic modulo 8 in dimension. Note that all three inequivalent combinations occur, that is,
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in even dimensions S either carries two spin invariant real structures, or two spin invariant
quaternionic structures, or one structure of each type. The algebras generated by these
structures are 2H' = H' @ H' for (e4,e_) = (1,1) (two real structures), 2H = H & H for
(e4,e—) = (—1,—1) (two quaternionic structures), and the algebra C(2) of complex 2 x 2
matrices for (e4,e_) = (£1,F1) (one real and one quaternionic structure). Note that in the
third case H C C(2) and H' C C(2), but C(2) 2 Hé& H’'. By comparison to the classification
of Clifford algebras one can verify that this is the full Schur algebra C(S) in even dimensions.
We refer to [17] for more details. Note that the entries in table 1 allow one to read off the
Schur algebras C(S) = Cy 5(S) for all signatures (¢, s).
In signatures where there exists a B-matrix which defines a real structure one can
impose the reality condition
V' =aBy (2.16)

on a Dirac spinor. We will refer to such spinors as Majorana spinors. Note that we do
not require that the v-matrices have real entries, and that we do not distinguish between
Majorana spinors and pseudo-Majorana spinors.'®

Note that Majorana spinors are not the same as real spinors, that is elements of the real
spinor module S. Depending on signature, either S 22 S, and real spinors are Dirac spinors,
or S = S ®g C, and real spinors are Majorana spinors. We remark that if S = .S, Majorana
spinors may still exist. In this case real spinors are reducible, S = S, @ S_, and Majorana
spinors correspond real semi-spinors. Note that in contrast to complex semi-spinors, real
semi-spinors can exist in odd dimensions. The interested reader is referred to appendix B

for details.

2.3 Complexification of spinor modules

The odd part g; of a Poincaré Lie superalgebra consists of copies of irreducible real
spinor representations. If the real spinor module S is the unique irreducible real spinor
representation, then the only choice we have is the number N of copies, g; = STV = S@RY.
If S is reducible, but the real semi-spinor modules are isomorphic, Sy = S_, we can
take g1 = SffN ~ S, @ RN without loss of generality. If the real semi-spinors are not
equivalent S 2 S_, we can choose their multiplicity independently, g; = SfNJ’ @ §ON- =~
S, @R+ @ S_ @ RN-.

The complexification g§ @g C of g; takes the form S® CK or S; ® CK+ @ S_ @ CK-,
where the relation between K, K, K_ and N, Ny, N_ depends on whether S, S1 carry a
Spin(t, s) invariant real structure, or not. Here we summarize these relations, while details
are given in appendix C. There are three cases, depending on the properties of the real
spinor module S:

1. S irreducible:

K=N, if S¥SeC,
K=2N,if S~§.

8This distinction may be relevant for deciding which type of terms, for example mass terms, can appear

glmczs@N@RC:S@c@K,{

in a supersymmetry Langrangian. This is beyond the scope of our paper, see for example [2] for a discussion.
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D| (0,D) |(1,D-1)|(2,D-2)|3,D-3)| 4D—-4)| (5,D—5) | (6,D—6)
1 +1 +1

2 | =1y, 41 | 41y +1 | 41, -1

3 -1 +1 +1 ~1

A | =1y, —1_ | 41y, —1_ | 414, +1_ | =14, +1_ | =14, —1_

5 -1 —1 +1 +1 —1 ~1

6 | +1ly,—1_ | =1y, —1_ | =1y, +1_ | 414, +1_ | 414, —1_ | =14, —1_ | =14, +1_
7 +1 —1 ~1 +1 +1 -1 —1

8 | Fly,+1_ | =Ly, +1_ | =1y, —1_ | 41y, —1_ | 41y +1_ | =1y +1_ | =14, —1_
9 +1 +1 —1 ~1 +1 +1 —1
10| =14, 41 | +1p, 41 | +14, -1 | =14, =1 | =14, 41 | +1,,4+1_ | +1,,-1_
11 —1 +1 +1 ~1 ~1 +1 +1
12| =14, =1 | +14, =1 | +14, 41 | =14, 41 | =14, —1_ | +1,,—1_ | +1,,4+1_

Table 1. This table lists the spin invariant real and quaternionic structures on the complex spinor
module S for all signatures (¢, s) in dimensions up to twelve. Note that the table is periodic modulo
8 in dimension and therefore covers all possible dimensions and signatures. It is also invariant
under (¢,s) <> (s,t), provided that in even dimension one exchanges Jﬂ(: ) with J(;). The entries
in the table are the values of € = +1 which tell us whether the e-quaternionic structure J(© is a
real structure, € = 1, or a quaternionic structure, ¢ = —1. In even dimensions the sign subscript
on *+14 indicates whether the corresponding e-quaternionic structure J(f )
using By or B_. Majorana spinors exists in signatures where at least one of the entries is +1,

has been constructed

while symplectic Majorana spinors exist whenever at least one entry is —1. In even dimensions, if
both entries are equal to each other, reality conditions are ‘Weyl-compatible,” that is they respect
chirality, whereas if they are different from each other, reality conditions are ‘Weyl-incompatible’,
that is, they flip chirality. Majorana-Weyl spinors exist when both entries are equal to +1. If both
entries are equal to —1 one has a quaternionic structure compatible with chirality and can define
‘symplectic Majorana-Weyl spinors.” If the signs are not equal, one has one real and one quaternionic
structures, which both flip chirality. The Schur algebra of the complex spinor module S is H, in odd
dimensions and either H, @ H, (for e; =€_) or C(2) (for e = —e_) in even dimensions. Some of
the above statements will only be proved in later sections.

2. 85=5,+S5_and Sy = S5_:
g1 9r C=SYY @r C =S ®cCK,
where K = N, since this only occurs when S = 51 Qg C.
3. §=84+S5_and S; ES_:
o1 9k C = (ST¥ & 82" ) gp C

Ki=Ni, if S 25, rC,

=S CE+ @ S_ ®¢ CX-
+®c @ ®c 7{Ki:2Ni,ifSi§Si.

Note that the relation between K, K1 and N, N1 is completely determined by the in-
formation whether S,S. admit invariant real structures or not. We remark that N, Ny
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do not count supersymmetries in multiples of the minimal supersymmetry algebra in a
given signature. The reason is that the definition of a supersymmetry algebra requires the
existence of a non-degenerate bracket g; x gy — V, which is not guaranteed. The convention
that we find convenient for labelling supersymmetry algebras in arbitrary signature is that
N = K in cases 1 and 2 and N4 = K4 in case 3. This means that we count in units
of Majorana and Majorana-Weyl spinors, irrespective of whether these exist in the given
signature. Thus in the non-chiral case the smallest supersymmetry algebra is labeled N = 1
if the supercharges form a single Majorana spinors and N = 2 if they form a Dirac spinor.
In the chiral case algebras based on a single Majorana-Weyl spinor are denoted (1,0) and
(0,1) while algebras based on a single Weyl spinor are denoted (2,0) or (0,2). We will
illustrate how our conventions compare to standard (1, D — 1) signature conventions using
explicit examples later, see in particular section 6.2.

3 Bilinear forms and complex supersymmetry algebras

The first step in our programme is to construct complex supersymmetry algebras with odd
part g(lc equal to

SeCk o  S;eCKres._ecCk-. (3.1)

This requires us to specify a complex superbracket, g x g¢ — VC, where V€ = Ct*s =~
R%® ®@g C. As explained in the introduction, this is equivalent to defining a complex
symmetric, spin-equivariant vector-valued bilinear form Ilg on g(lc, which in turn can be
defined using a super-admissible complex bilinear form 5 on g(g. In this section we show
how such forms are constructed out of bilinear forms on the complex spinor modules S and
S+, and on the auxiliary spaces CX and CK+.

3.1 Bilinear forms on the complex spinor module S

The definitions of symmetry oz and type 75 of a bilinear form 3 were given (1.8). Bilinear
forms of definite type and symmetry are called admissible and are automatically spin
invariant. The choice of an admissible complex bilinear form on S is equivalent to the choice
of a charge conjugation matrix C,

C:SxS—=C, C\x)=ACx =X C%y;5. (3.2)

We will refer to such bilinear forms as Majorana bilinear forms. The symmetry oc and
type 7¢ of the bilinear form C' are equal to the parameters o, T associated with a charge
conjugation matrix, o = o, 7 = 7¢. The values of o, 7 are listed in table 2.

Given an admissible bilinear form on S, we can define a spin equivariant vector valued
form

BU 1SxS = VE, (s,t) = B(y*s,t)e,, (3.3)

which is symmetric for o7 = 1 and anti-symmetric for o7 = —1. Symmetric vector valued
bilinear forms on S define a Poincaré Lie superalgebra with g¢ = S, and the associated scalar
bilinear forms are called super-admissible. Since we are interested in defining supersymmetry
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algebras with g(lc =S ® CK, we are not restricted to super-admissible bilinear forms, since
we have the additional freedom of choosing a bilinear form on C¥. Therefore all admissible
bilinear forms on S qualify as building blocks for superbrackets.

3.2 Bilinear forms on the Weyl spinor modules S

In even dimensions the complex spinor module decomposes into the complex semi-spinor
modules S, and we can define two inequivalent complex bilinear forms C_, = C1 using
the two available charge conjugation matrices. Let us consider the case where one argument
of the bilinear form C_; is a Weyl spinor, while the other is arbitrary. Using vy, A+ = AL
and (A.23) we find

iCr(, M), D=2 6,10,...

(3.4)
+C, (M), D=4,8,12,....

Cr(Az) = Cr( EmAs) = {

We observe that the two bilinear forms become proportional when we restrict one argument
to be a Weyl spinor. This shows that the two charge conjugation matrices and bilinear
forms only differ by a relative sign or factor of ¢ between their restrictions to the complex
semi-spinor modules. For any admissible bilinear form S on S =S, & S_ we can define an
associate admissible bilinear form 8’ = (-, v4-) which has opposite type and is proportional
to B when restricted to a definite chirality in one argument.

Admissible bilinear forms on (S; @& S_) x (Sy @ S_) have a third invariant besides the
symmetry og and the type 753. An admissible bilinear form 3 has isotropy tg¢ = 1 and is
called orthogonal if its restrictions to S; x S_ and S_ x S; are identically zero, and it has
isotropy tgo = —1 and is called isotropic if its restrictions to S; x S; and S_ x S_ are
identically zero. To determine the isotropy ¢3 9 we use that bilinear forms which differ by
the insertion of v, in one argument are proportional to one another when restricted to a
fixed chirality in one argument. We compute:

i, D=26,10,...
1,D=4,8,12,...

= 0.04(Aa,x4) = ko_C_(Ag,xz) = kk™'o_Cy(Ae, x4) = 0-Cy (Mg, x4),

Cir(At,xx) = kC-(As,x+), where k= {

where 04 = o¢,. Therefore either 0, = o_, or Cy and C_ are completely degenerate when
restricted to semi-spinors of the same chirality. On the other hand

i, D=26,10,...
—1,D=4,8,12, ...

= 0204 O xa) = ko C_(Ap, xa) = kR o_C1 (Mg, xa) = 0 C (Mg, xs)

Ci(Ai,xg) = K'C_(Ay,x5), where k' = {

Note that compared to the previous case we have obtained a minus sign, because the chirality
of the second argument has changed. In this case either 04 = —o_, or the bilinear forms
C are completely degenerate on semi-spinors of opposite chirality. Thus any admissible
bilinear form is either orthogonal or isotropic, and its isotropy is given by

LBy = 040_. (3.5)
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If we insert a «-matrix into the first argument, this flips the isotropy, since v* anti-commutes
with 7, in even dimensions. More generally, if we substitute p-fold anti-symmetrized products
of v-matrices into § the isotropy is given by

tgp=(—1Poro_, p=0,1,.... (3.6)

Since superbrackets are defined by vector-valued bilinear forms, the relevant isotropy is
tg,1, which we will therefore denote by ¢ = 13 := 151 in the following. By inspection of
table 2, we see that vector-valued bilinear forms Cy(v*:,-) are orthogonal in dimension
D = 2,6,10,... and isotropic in dimension D = 4,8,12,.... This is important because
‘chiral” supersymmetry algebras which only involve supersymmetry generators of one chirality
(or which, more generally, have different anti-commutation relations depending on chirality)
can only exist in dimensions where the vector-valued bilinear form is of orthogonal type.

3.3 Bilinear forms on the auxiliary space CK

To define a complex bilinear form on the extended spinor module S ® C¥, we also need to
choose a bilinear form M on C¥,

M:CKExCK -C, Mw,z2) =w2M; ij=1,....,M. (3.7)

Our index convention is chosen to be consistent with the NW — SFE convention in the
case where M is antisymmetric. Since the spin group does not act on the multiplicity
space CX| spin-equivariance is not an issue. If the bilinear form B we have chosen on S
is super-admissible, then M needs to be symmetric, if § is not super-admissible, then M
needs to be antisymmetric, in order that 8 ® M defines a superbracket on S ® CX. The
symmetry of M is denoted oy,

M(w,z) = opyM(z,w), M;; = oy My, oy = £1. (3.8)

Non-degenerate symmetric and antisymmetric complex bilinear forms on CX are unique up
to isomorphism. In the symmetric case we will use the standard symmetric bilinear form
(-, -) with Gram matrix given by the Kronecker-symbol, M;; = ¢;;. In the anti-symmetric
case the bilinear form is only non-degenerate for K even. Since degenerate superbrackets
effectively involve a smaller spinor module g with a non-degenerate superbracket, we
don’t need to consider them separately.!” For K even, we use the standard non-degenerate
anti-symmetric bilinear form

(J)ij = (_ik ]10"“> K =2k, (3.9)

9The vector space of real superbrackets contains degenerate superbrackets, which correspond to higher
co-dimension orbits of the action of the Schur group. In particular, the completely degenerate bracket always
forms a zero-dimensional orbit. If superbrackets exist which are degenerate, but not completely degenerate,
they define smaller supersymmetry algebras with a lower number of supercharges. For example the N' =1
supersymmetry algebras in signatures (1,3) and (2,2) correspond to co-dimension one orbits in the space of
N = 2 superbrackets, see [17]. Such real superbrackets can also be obtained directly by imposing a reality
condition on a non-degenerate complex superbracket and the restriction to even K does not restrict the
generality of our method.
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(J2)i; is the Levi-Civita symbol €;;. The bilinear form represented by the Gram matrix
(JK)ij will be denoted J(-,-) or just J. The K subscript will be omitted when the context
is clear.

The groups acting linearly on C* under which these bilinear forms are invariant will be
denoted Gk . Depending on the symmetry of M the invariance group is either the complex
orthogonal group or the complex symplectic group:

O(K,C), for M =56,
GCK:{ (K,C), for (3.10)

Sp(K,C), for M = .

As we will see, the R-symmetry groups of the real supersymmetry algebras will be determined
by the groups G¢r, together with isotropy properties of the bilinear form and the reality
conditions.

3.4 Complex supersymmetry algebras

By combining our previous results, we can now define complex superbrackets.

3.4.1 0Odd dimensions

In odd dimensions, the complexified spinor module is always of the form S ® CK, and
bilinear forms can be built by taking tensor products of bilinear forms on each factor. We
will use the notation g = C'® M, where

B:(SaCK)yx (SeCk) = C, B\ x)=N)TCx M. (3.11)

It will be useful to display indices referring to the multiplicity space CX explicitly while
suppressing spinor indices.

The symmetry of 3 is the product of those of C' and M, while the type is inherited from
C since the y-matrices do not act on C¥: og = ocon, 73 = T¢. To define a superbracket
we need o373 = ocTcom = 1.

3.4.2 Even dimensions

In even dimensions we have to distinguish two cases. If the real spinor module is irreducible
then the extended spinor module has the same form S ® CX as in odd dimensions, and
everything works like there. In signatures where the real spinor module decomposes into
non-isomorphic real semi-spinor modules the extended spinor module is S; @ CX+ @ S_ ®
CX-. How we proceed depends on whether the vector-valued Majorana bilinear forms are
orthogonal or isotropic on S = S, @ S_, which is determined by ¢ = 131 = —o40_. This
only depends on the dimension and is unaffected by the CX factor.

For orthogonal vector-valued bilinear forms we can have K, # K_, and the correspond-
ing bilinear forms on CX* will be called M. We can choose bilinear forms on each Weyl
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spinor module individually:

BY (S, ® CK+) x (Sy @ CK+) = Vg, (3.12)
BV A x+) = (VHAi)TCXiMﬂi,
AW (s_ @ CE-) x (S_ @ CK) = 1, (3.13)

B-(3#A=,x=) = (PAL)TCXL M.

Note that we have suppressed an additional ‘+’ related to the choice of the charge conjugation
matrix Cy for notational simplicity. Also note that without loss of generality we can choose
the same Majorana bilinear form on S; and S_, since choosing different Majorana bilinear
forms only changes the bilinear form on the extended spinor module Sy ® CX+ by an
overall factor.

For an isotropic vector-valued Majorana bilinear form we necessarily need K, = K_ to
define a non-degenerate bracket. The vector-valued bilinear form is

AL . (S: ® CK) x (S: @ CK) = 1, (3.14)
B A, xF) = (VM)\ZE)TCXQMJ@'-

The extended spinor module is Sy ® CX @ S_ ® CX, and it is natural to combine
the Weyl spinors into Dirac spinors, \! = )\fF + A\, so that one works with S ® CX. For
even dimensions with isotropic bilinear forms (D = 4,8,12,...) we will therefore construct
superalgebras with supercharges that are elements of the K -extended spinor modules S®@ CK
regardless of whether the real spinor module is reducible or irreducible.

This completes our construction of complex supersymmetry algebras. The superbracket
is defined by the choice of a charge conjugation matrix. This is unique in odd dimensions,
while in even isotropic dimensions there are two inequivalent choices. In even orthogonal
dimensions we can choose complex superbrackets independently in each chiral sector. The
resulting R-symmetry groups will be determined in section 3.5, and in section 7 we will
show that complex supersymmetry algebras are determined by their R-symmetry group.
See table 2 for a list of superadmissible complex bilinear forms, complex supersymmetry
algebras, and their R-symmetry groups.

3.5 Complex R-symmetry groups

The R-symmetry group is defined as the subgroup of the invariance group of the vector-
valued bilinear form (and hence of the associated superbracket) that commutes with the
Lie algebra of the spin group. Equivalently, it is subgroup of the Schur group (centralizer of
the spin Lie algebra), which leaves the superbracket invariant. The R-symmetry group of
the complex vector-valued form bilinear form on g,

G ={ReC*(g)) BB R) = B(+", ")}, (3.15)

is called the complex R-symmetry group. The complex R-symmetry group only depends on
the dimension. There are three distinct cases: superalgebras in odd dimensions, in even
orthogonal dimensions (D = 2,6, 10,...) and in even isotropic dimensions (D = 4,8,12,...).
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D o T L M Gex G%

1 +1| 41 | N/JA| 6 | O(K,C) O(K,C)

2 Cy| -1 —-1] 41 | J | O(K,C) | O(K4+,C)xO(K_,C)
C_|+1] +1 | 41 | § | O(K,C)

-1| -1 |N/A| ¢ | O(K,C) O(K,C)

4 Cy|—-1|—-1| -1 | § | O(K,C) GL(K,C)
c_|-1|+1]| -1 | J | Sp(K,C)

5 -1|+1|N/A| J | Sp(K,C) Sp(K, C)

6 Cy|+1| —-1] +1 | J | Sp(K,C) | Sp(K4,C) x Sp(K_,C)
C_|—-1] 41| 41 | J | Sp(X,C)

7 +1| -1 | N/A | J | Sp(K,C) Sp(K,C)

8 Cy|+1| —-1] -1 | J | Sp(K,C) GL(K,C)
C_|+1| 41| -1 | § | O(K,C)

9 +1 | +1 | N/A| § | O(K,C) O(K,C)

10 C4| -1 -1 | +1 | J | OK,C) | O(K4+,C)xO(K_,C)
C_|+1| +1 | 41 | § | O(K,C)

11 -1| -1 |N/A| ¢ | O(K,C) O(K,C)

12 Cy | -1 —-1] -1 | § | O(K,C) GL(K,C)
cC_|-1|+1]| -1 | J | Sp(K,C)

Table 2. This table provides a list of complex supersymmetry algebras. For each dimension we
list the inequivalent Majorana bilinear forms (charge conjugation matrices) C together with their
invariants o (symmetry), 7 (type), and, where applicable ¢ (isotropy). For each C we list the
corresponding choice of a bilinear form M on the internal space CX which makes f = C @ M
super-admissible, thus defining a complex supersymmetry algebra. Ggx is the isometry group of M
and G% the resulting complex R-symmetry group. The pattern in this table repeats modulo 8, and
since C; and C_ define isomorphic superbrackets, complex supersymmetry algebras are classified
by their R-symmetry groups.

3.5.1 0Odd dimensions

In odd dimensions the extended spinor module is S ® CX, and the complex spinor module
S is complex-irreducible. By Schur’s lemma the R-symmetry coincides with the invariance
group Gex of the bilinear form M on CX. The complex bilinear form M is symmetric
(anti-symmetric) if the vector-valued Majorana bilinear form C(y#-,-) on S is symmetric
(anti-symmetric). In odd dimensions there is only one inequivalent charge conjugation
matrix C, whose symmetry ¢ = o¢ and type 7 = 7¢ therefore determines the complex
R-symmetry group:

O(K,C), D=1,3,911,...
G%:{( ) (3.16)

Sp(K,C), D=5,7,...
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We will use the following notation for R-symmetry transformations, which reflects that R
does not act on spinor indices (which have been suppressed):

N = RN, dij=1,... K. (3.17)

The corresponding R-symmetry Lie algebra element is written rij such that Rij = exp(rij).

3.5.2 Even dimensions, orthogonal bilinear form

In even dimensions the complex spinor module is reducible, S =S, & S_, and the complex
semi-spinor modules S; are inequivalent as complex modules. Therefore R-symmetry
transformations act block-diagonally on the associated multiplicity spaces CX+. Further
details depend on whether the bilinear form preserves or flips chirality.

In orthogonal dimensions D = 2,6, 10, ..., the vector-valued bilinear form preserves
chirality, and therefore the complex R-symmetry group acts independently on left- and
right-handed spinors. Using the matrix notation explained in appendix D, they take the form

A, A A0\ (A A0 (N

= - R =+ — =+ = J N j_ 3.18
(6 n() =5 6= (G 5 )W) 1
with¢=1,..., K} and i=1,...,K_. The matrices Aij and B% act only on the internal

spaces CK+ and CK- because Sy are complex irreducible and by Schur’s lemma R-symmetry

transformations are inert on the spinor indices.?’

Invariance of the vector-valued bilinear form defined by the matrices M, M’ implies

M 0 M 0
RT R= 3.19
which, after inserting the components of R, becomes
ATMA 0 M 0
T = e (3.20)
0 B'MB 0 M
By inspection of table 2 o474 = o_7_ in orthogonal dimensions D = 2,6, 10,..., that

is, M and M’ are either both symmetric or both anti-symmetric, though they can have
different size. Since o417+ =1 for D = 2,10, ... and o174 = —1 for D =6, . . ., the complex
R-symmetry groups in orthogonal dimensions are:

O(K,,C) x O(K_,C), D =2,10,
G¢ { (K+,C) x O ) (3.21)

* 7 Sp(K L. C) x Sp(K_,C), D=6

20To be precise they can act by multiplication with non-zero complex numbers, which we absorb into the
action on the auxiliary space.
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3.5.3 Even dimensions, isotropic bilinear forms

In isotropic dimensions D = 4,8,12,... R-symmetry transformations still have to act
block-diagonally, but since the vector-valued bilinear form flips chirality, the blocks A and
B must have the same size K, = K_ = K,

0)-+()-(OE)- (2 e

Invariance of the vector-valued bilinear form implies

0 M 0 M
RT<M O>R:<MO>' (3.23)

This leads to

0 ATMB 0 M
<BTMA 0 >_ (M 0)' (8:24)

This is solved by B = M~Y(AT)~'M and therefore

R— (‘3 o (XT)_1M> . (3.25)

A must be invertible but is otherwise unconstrained, i.e. A € GL(K,C). We observe
(M~ ATY M) (M (AT M) = M ((AANT) M (3.26)
Therefore the complex R-symmetry group in isotropic dimensions is
G% = GL(K,C), D =4,8,12, (3.27)

and acts as the direct sum of the fundamental representation A — A with the representa-
tion A — M~1(AT)~'M which is equivalent to the dual (contragradient) representation
A— (AT,

3.5.4 Summary table

Our results for complex R-symmetry groups are summarized in table 2, together with
information about the bilinear form M, the charge conjugation matrices and their invariants.
The invariants were taken from [25], which uses the notation ¢ = —o and n = —7. While the
pattern repeats modulo 8, we have included all dimensions up to 12 for convenience. In even
dimensions there a two different choices Cy for the charge conjugation matrix, but we will
show in section 7 that there is a map which relates the superbrackets defined by C+ to one an-
other. Therefore complex supersymmetry algebras are classified by their R-symmetry groups.
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4 Reality conditions and e-quaternionic structures

So far we have constructed complex Poincaré Lie superalgebras. To obtain real supersym-
metry algebras we need to impose reality conditions, which must be Spin(¢, s) equivariant
and compatible with the superbracket. In this section we deal with the first condition, while
the second condition will be the subject of the next section.

Since g‘f is the product of a complex spinor or complex semi-spinor module with an
auxiliary complex vector space, the natural way to obtain reality conditions is to either
take the product of two real structures or of two quaternionic structures. It is therefore
convenient to use the terminology of e-quaternionic structures introduced in section 2.2.

4.1 e-quaternionic structures on the complex spinor module S

We have seen in section 2.2 that using the matrices A and C we can define a new matrix B
B=(CA™HT, (4.1)

which satisfies B*B = €l. It can be shown that
B*B = o(—7){(-=1){HD/27 (4.2)

where o, T are the symmetry and type of C, and where ¢ is the number of timelike dimensions.
Through the dependence on t the type of the structure varies with the signature. While in
odd dimensions C' and B are unique up to equivalence, there are two inequivalent choices
of C, and hence of B, in even dimensions, denoted B_, = (C_,A~1)T. Given the matrix B
we can define a one-parameter family of Spin(¢, s)-invariant maps

JO@ X5 o*B A, o] =1, (4.3)

which are complex anti-linear and satisfy (J((®)2 = eId. The presence of the phase
reflects that while we have conventionally fixed B in terms of A and C, there remains the
freedom of multiplying B by a phase. The freedom of choosing « is important if one wants
to impose that expressions which are obtained by imposing a reality condition on a complex
expression are real-valued, rather than just being restricted to a generic real subspace. We
will use this in section 5 to insure that the vector-valued bilinear form obtained by imposing
a reality condition on the complex vector-valued form is real-valued. See also [16, 17] for
how this freedom is used when constructing supersymmetric theories. To simplify notation,
we will omit the superscript («) whenever the value of the phase is unimportant.

In even dimensions, we have two possible charge conjugation matrices and two corre-
sponding Spin(t, s)-invariant e-quaternionic structures

JOD NS ot BN, ol =1 (4.4)
The subscript on Jj(f (@) yefers to By being used to define the structure. Later, we

will admit different numbers of copies of S, that is, K, # K_, and then the phase a will
also acquire a subscript, a4, since we can use different types of structures on each Weyl
spinor module.
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The values of € depend on the signature and are listed in table 1 for both odd and
even dimensions up to dimension 12. In even dimensions a subscript & indicates whether
the value 1 of € refers to Jy or J_. As discussed in section 2.2, in even dimensions there
can either be two real structures, or two quaternionic structures, or one of each type. We
have made use of the natural (¢, s) <> (s,t) symmetry, though in even dimensions one must

)

then also replace J&? with Jﬁe). For example, if we have JE_I

)

In even dimensions, the matrices C+ and hence the matrices B4 are related to each

in signature (t, s), then in
signature (s,t) there will be a quaternionic structure JJ(r_l . See appendix A.5 for details.

other through multiplication with the chirality operator v, see appendix A.4 for explicit
expressions which involve factors +1, £¢. This means that the difference between Cy, B4
and C_, B_ lies in how they act on the complex semi-spinor modules S;. We need to
investigate this further in order to fully understand reality conditions on extended spinor
modules of the form S; ® CX+ @S_ ® CK-. We start from the observation that the matrices
By either both commute or both anti-commute with ., depending on the signature.
Combining (A.25) and (A.26) from appendix A.4, we find

(-1)"'y.By, D=2,6,10,...
Beye = { (4.5)

~l(=1)'By, D=4,812,...

Since 7, is real, the e-quaternionic structure JS_f ) (anti-)commutes with ~, if and only if By

does. Therefore Jj(f ) either preserves chirality and restricts to an e-quaternionic structures

on the semi-spinor modules S, or it flips chirality and maps the two semi-spinor modules
to one another

J9 sy Sy, or J9 Sy Sy, (4.6)

We will refer to e-quaternionic structures which preserve chirality as Weyl-compatible and
to those which flip chirality as Weyl-incompatible. Since Weyl compatibility only depends
on the space-time signature, we will also use the terminology of Weyl-compatible signatures
and Weyl-incompatible signatures.

The Weyl (in-)compatibility of Jf(f ) is correlated with JJ(:) and J9 being of the same
or of the opposite type. Using (A.26) and (A.27) from appendix A.4 we obtain

iB*~v,By (-1)"'B*B_ D =26,10,

i s (4.7)
B*y.B,., =(-1)'B*B_ D =4,8,12.

B By = {

which by comparison to (4.5) shows that two e-complex structures Jj(f ) are either of the
same type and both Weyl-compatible, or of opposite type and both Weyl-incompatible.
These properties alternate with signature, which is due to the fact that the increase of
timelike directions adds one «-matrix to the matrix A, and hence to Bi. The pattern
is shifted between the orthogonal dimensions D = 2,6,10 and the isotropic dimensions
D = 4,8,12. The values of ¢ for Jj(f) have been listed in table 1.

We also note that in Weyl-compatible signatures the Schur algebra of S is semi-simple,
while in Weyl-incompatible signatures it is simple. This reflects that Cy and, hence, B4
and Jg ) are related through multiplication by ~,. In the case of semi-simple Schur algebra
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H, & H,, the e-quaternionic structures in each factor are of the same type which leads
to a Weyl-compatible action of the Schur group which respects the decomposition into
semi-spinor modules. Indeed, using (A.27) we can see explicitly that the Weyl-compatible
e-complex structures JJ(f) and JE‘) become proportional when restricted to Weyl spinor
modules

(@) BN =i B AL =90y, D=26,10
BN = Fa'BT AL = J(E)(:Fa)()\i) : D =4,8,12

=

>

t
I

If the Schur algebra is the simple algebra C(2), there are two e-quaternionic structures of
opposite type, which are related by the generator ., but this time they map the Weyl
spinor modules to each other.

Let us note the implications for the construction of supersymmetry algebras, in particular
for the existence of chiral supersymmetry algebras where supersymmetry acts differently on
left-handed and right-handed supercharges, including the option to have a different number
of left- and right-handed supercharges. In Weyl-compatible signatures the Weyl spinor
modules carry an e-quaternionic structure and are therefore self-conjugate, i.e Si = Si.
Since the Schur algebra is H, & H, it follows that the real spinor module is reducible
S =85, 4 5_, and that the real semi-spinor modules are inequivalent S; 2 S_. Therefore
the extended spinor module is of the form S; ® CX+ @ S_ ® CX-. To be able to define
chiral real supersymmetry algebras, we also need to be in an orthogonal dimension where
the complex bilinear form can be restricted to a fixed chirality S+ ® CK+, as discussed in
section 3.2. Thus chiral supersymmetry algebras can be constructed when the dimension
is orthogonal (D = 2,6,10,...) and the signature is Weyl-compatible, e, = e_, where ey
is the type of Ji. Isotropic bilinear forms require an equal number of spinors of both
chiralities, and these can naturally be combined into Dirac spinors. In this case we will
require, even in Weyl compatible signatures, that the same reality condition is imposed on
both chiralities, so that supercharges and fermions can be combined into Dirac spinors. The
extended spinor module is then S ® CX. In Weyl incompatible signatures the real spinor
module is either irreducible, or it is reducible and the real semi-spinors are equivalent, since
in this case the Schur algebra of S is R(2) C C(2). Therefore the extended spinor module
takes again the form S @ C¥.

4.2 e-quaternionic structures on the auxiliary space CK

Next, we need to define e-quaternionic structures on CX. Given a complex K x K matrix
L = (L;j) which satisfies L*L = €1, we can define an e-quaternionic structure

392t = () Ly, (4.9)

where the indices 4, j, ... comply with the NW-SE convention. Spin invariance is trivially
realized, since the spin group does not act on C¥. Since we want to pick a real form of a
complex supersymmetry algebra, we choose reality conditions on CX such that it picks a
real form of the isometry group G¢x of the complex bilinear form M. We will see later that
this has the effect of reducing the complex R-symmetry group G% to one of its real forms.
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Let = € gc be an element of the Lie algebra of the group Gex which acts on CX in
the fundamental representation. The complex linear action z — Lz of L on C¥ defines an
involution

b x— Lol ¢ =1 (4.10)

of gc, provided that we require that L is real, L = L*, so that L*L = el implies L? = €l
and gb% = 1. We require in addition that ¢, is compatible with the Lie algebra structure,
that is an involutive Lie algebra automorphism. Given an involutive automorphism (4.10),
we can define a real structure

i x — Lzl ™! (4.11)

on the complex Lie algebra gc. The real points (fixed points) (gc)?t of the action of
¢, define a real Lie algebra g with complexification g¢, called a real form of ge. It is a
standard result that all real forms of a complex semisimple Lie algebra arise from involutive
automorphisms.?’ Moreover, two involutive automorphisms define the same real form if
they are related through conjugation by an automorphism of gc.

We have two cases to consider.

1. The bilinear form M on C¥ is symmetric, with standard choice M = §. Then the
Lie algebra of infinitesimal isometries is o(K, C), and up to conjugation all involutive
automorphisms are given by the following choices for L:

1, 0 0 1
Lk, Ipvq:<0p_]l>» JK:(—]lk Ok>, K=p+qg=2k. (412)
q

L = 1k, I, , define a real structure @ = i while L = Jg, where K must be
even, defines a quaternionic structure j(© = j(=1).

2. The bilinear form M is antisymmetric, with standard choice M = J, and the Lie
algebra of infinitesimal isometries is sp(K, C). In this case K = 2k is necessarily even,
and we have the following inequivalent possibilities for L:

0 14 10
1 Tk = Iy = ly when K = 2 4.13
K K <—]1k O)’ 1,1 <0_1> (only when ), ( )
1, 0 0 0
. 0 -1, 0 0 Is 0
I — (™ . k=r+s.
2710 0 1, 0 (0 I) tre
0 0 0 -1,

Note that j27~’23 cannot be used when K = 2, where I; 1 takes it place, and that in
general conjugation with I, , is not an involutive automorphism for sp(K,C). For
L=1g, 11, 1:%28 we obtain a real structure j(e) = j(H), and for L = Jg we obtain
a quaternionic structure j(e) = j(_l).

21See for example [27] for real forms of complex semisimple Lie algebras.
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We will refer to the above choices of representatives for L as ‘standard’ or ‘canonical’ in the
following. The complex R-symmetry group G%, that is the invariance group of 5 = C ® M
agrees with G¢ if the dimension of space-time is odd. In even dimensions G% also depends
on whether 3 is orthogonal or isotropic. Real R-symmetry groups will be discussed in detail
in section 6. The real forms selected by the above automorphisms are listed in table 3.

4.3 Real structures on S ® CK and S; ® CE+ @ S_ @ CK-

By combining information about e-quaternionic structures on S and C¥, we obtain Spin(t, s)-
invariant real structures on S ® CX, and, in even dimensions on S, ® CK+ @ S_ @ CK-.

4.3.1 0Odd dimensions

We can define a real structure p on S ® CK either as the product of two real or of two
quaternionic structures.

p=J9 @59 X 5 aB* (V) L. (4.14)

Which option is available depends on the signature. In odd dimensions we have only
one Spin(t, s)-invariant structure at our disposition, which is either a real structure or a
quaternionic structure. The restriction of any tensor-valued bilinear forms to this subspace
is either real or purely imaginary (and therefore real after multiplication by 7). We choose
the phase a so that the vector-valued bilinear form is real.

When K is odd, we cannot define quaternionic structures on C* because a quaternionic
structure requires an even number of complex dimensions. This does not impede defining a
real structure on S ® C¥, because K is only odd if S has a real structure, so that we need a
real structure on C¥ in order to impose a reality condition on extended spinors. Similarly,
in cases where we only have access to a quaternionic structure on S the extended spinor
modules are always of the form S ® C*¥ so once again we can always define a real structure
on the product space because there is no impediment to defining a quaternionic structure
on C2K. A corollary is that in signatures without a real structure on S we cannot have
theories with an odd number of supersymmetries.

4.3.2 Even dimensions

In even dimensions we have two Spin(¢, s)-invariant structures for each signature. There
are two cases to be distinguished. Either the two structures are Weyl-compatible, then they
are of the same type and map Si to Si. Or they are Weyl-incompatible, then they are of
opposite type and map S to S+.

Weyl-compatible e-quaternionic structures work in the same way as e-quaternionic
structures in odd dimensions, except that we replace the Dirac spinor module with either
Weyl-spinor module. Real structures can be defined on each Weyl spinor module individually:

(ML) = aBEki)(AZ:L)*Lﬁ, (4.15)

where B*B = L? = €. The canonical choices of L were listed above. The total real structure
is then p = p4 + p_. For superalgebras with both chiralities present, we can have different
real structures defined on each chirality.
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Weyl-incompatible signatures link the two Weyl spinor modules. In terms of Weyl
spinors, the real structure is of the form

p(N) = aBly) ()" L. (4.16)

Which choice we make for B makes a difference, as B} By = —B* B_, and therefore the
choice of L depends on the choice of B. The reality condition can be written as a reality
condition on S @ CK:

5 Real supersymmetry algebras

At this point we have all the elements in place that we need to define a real supersymmetry
algebra.

1. The odd part g({: of the complex supersymmetry algebra takes the form S®CX for odd
dimensions and in even-dimensional signatures with isotropic bilinear forms or with
Weyl-incompatible reality conditions, while it takes the form S, ® CK+ @ S_ ® CK-
in even-dimensional signatures with orthogonal vector-valued bilinear forms and
Weyl-compatible reality conditions.

2. On g(f we have shown how to construct a super-admissible complex bilinear form £
(that is, forms with og7g = 1). The associated complex vector-valued bilinear form

BY =By, of xof = Ve (5.1)

is symmetric and Spin(¢+ s, C)-equivariant and defines a complex superbracket, which
gives s0(Vg) @ Ve @ gt the structure of a complex Poincaré Lie superalgebra.

3. On g we have constructed Spin(t, s) invariant real structures p, which allow us to
impose a spin-invariant reality condition and thus to obtain real forms g; of g, that
is Spin(t, s)-modules whose complexification is g.

The data that we have to specify in order to define a real supersymmetry algebra are the
complex form g$ of its odd part, a super-admissible complex bilinear form C' ® M to define
the complex superbracket, and the matrices B and L defining a real structure p on g(f,
which then selects a real form g; = (g})? of g§. The final step to be taken in this section is
to verify that if we restrict the complex vector-valued bilinear form 8 to spinors satisfying
the reality condition p, this defines a real, symmetric, Spin(¢, s)-equivariant vector-valued
bilinear form

B =By, )+ g xg =V (5.2)

on g1 = (g%)?. The only property that we need to verify is that B becomes real-valued
when restricted to spinors which satisfy the reality condition, as the other properties hold
by construction.
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5.1 Reality conditions and superbrackets

Let us start with the simpler case where g = S ® CX, equipped with the complex super-
admissible bilinear form §. The real structure p defines the real subspace g; by

p(N) = X' & (X\)* = aBN Lj;. (5.3)
From section 2.3 we know that
g1 = (S® CK)yP = gON (5.4)

where S is the unique irreducible real spinor module.
We need to verify that the vector-valued bilinear form becomes real-valued when
restricted to g1,

([C® M](Y"A, x))* = [C @ M](Y*A,x), for A x € (g7)" =01 (5.5)

At this point it is important to take into account that our reality conditions contain an
arbitrary phase factor . We compute

([C @ M](v* X, x))* = [(7*\) T Cx My)*
= o?(Y"BX*Ly,;))T C* BX' L Mj; (5.6)
= 27p(— 1) (" A) T BT C* By (LMLT) .

Note that in even dimensions we can choose the matrix B = B, which defines the reality
condition, independently from our choice of C = CL, which defines the bilinear form.
Therefore we have written 75 to indicate that we refer to the sign in (2.3). To further
evaluate the right hand side requires to fix the signature. However, it is clear that we
can always choose « such that the bilinear form is real-valued, since, for all signatures,
BTC*B = +C and LT ML = +M,?? so that a® = +1 is sufficient to make the bilinear form
real. This fixes o up to a sign, so that either a = +1 or o = 4i. The sign is conventional,
since changing the overall sign of the superbracket is an isomorphism of Poincaré Lie
superalgebras, see for example [17].

The second case is where g = Sy ® CK+ & S_ ® CK-. Here the bilinear form and real
structure are sums of two terms, 8 = 8+ + f— and p = p4+ + p_, respectively. According to
section 2.3 the real form of g¥ is

(S; ® CE+ )P+ g (S_ @ CK-)P- = g8V g 5OV (5.7)

where S 2 S_ are the real semi-spinor modules. Since we have two inequivalent spin
representations and an orthogonal superbracket, we must require that the restrictions of the
vector-valued bilinear form to Sy xS and S_ x S_ are both real valued. This fixes the phases
a4 of pi up to sign. While the overall sign of the superbracket is conventional, the relative
sign between a4 and a_ is not and distinguishes non-isomorphic supersymmetry algebras.

22Here we use the properties of the canonicial choices for L specified in section 4.2. Note that M is real
and either symmetric or antisymmetric.
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In particular, we will see in section 8.1 that this distinguishes between the type-IIA and type-
ITA* algebras in ten dimensions, which both have the same (discrete) R-symmetry group.

Our convention is to fix a complex superbracket and then to determine the phase a by
imposing that the superbracket is real-valued on fixed points of the chosen real structure.
While we find this convenient, there are other conventions in the literature, where the phase
« is fixed but arbitrary, and the reality of the superbracket is achieved by changing the
bilinear form M by a phase factor if necessary. This is for example done in [2]. In section 8.1
we will see in an example how the two conventions are mapped to one another.

5.2 Real supersymmetry algebras with g(f =S®CK

In this section we take a closer look a supersymmetry algebras with g(lc >~ S®CK. All these
algebras are defined by specifying a complex vector-valued bilinear form = C ® M,

BN X) = (PN)TCx? @ Mj; (5.8)

and a reality condition
(\)* =aBNLj; . (5.9)

As mentioned in the introduction and explained in detail in appendix A.3 this is equivalent
to the anti-commutation relations

{QL, Q%) = MY (4#C ™) o Py, (5.10)
with supercharges Q' = (Q°,) that satisfy the reality condition p(Q?) = @, i.e.
(@) = aBQ'Ly;. (5.11)

In odd dimensions the superbracket is unique, as there is a single choice for C' and this
fixes the choice of M. Real supersymmetry algebras are then determined by the choice of
L, subject to the condition that B and L together define a real structure. Note that if C'
is not super-admissible, M is antisymmetric so that the range of 7, j is necessarily even,
preventing the existence of supersymmetry algebras based on a single irreducible spinor of
supercharges.

In even dimensions we have to distinguish between orthogonal dimensions where the
vector-valued bilinear form preserves chirality, and isotropic dimensions where chirality is
flipped. In the orthogonal case the bilinear forms CL are either both super-admissible, or
both are not, and therefore require the same M to define a super-admissible C+ ® M. One
can write the superbracket in terms of chiral supercharges if desired,

{Qéu /JB} = {Qia? i—ﬁ} + {Qifom QJ_B}7 (512)

but note that we are currently considering the case where the real semi-spinor modules are
equivalent.

In isotropic dimensions one Majorana bilinear form is super-admissible, and one is
anti-super-admissible. Let us denote the super-admissible bilinear form C, and the anti-
super-admissible bilinear form C’ (either could be Cy depending on dimension). There are
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two potentially non-equivalent superbrackets:

{QL, Q%) = 69 ("C) 4Py (5.13)
{QL, Q%) =TI (3"C') 3 Py (5.14)

In section 7.4 we will show that the two bilinear forms in fact define isomorphic real
supersymmetry algebras if (any) Weyl-compatible reality condition is imposed. The rela-
tions between real algebras with Weyl-incompatible reality conditions will be discussed in
section 7.5. If desired these algebras can be written in terms of chiral supercharges

QL. QL ={Q' 0. Q" 5} +{Q 0. @5} = 2{Q" . @7 5} (5.15)
5.3 Real supersymmetry algebras with g(f =5+ ® CE+ pS_ ® CK-

Orthogonal Weyl-compatible signatures are special, since we can restrict the superbracket
to real semi-spinor modules which are not isomorphic to each other. This allows to define
chiral supersymmetry algebras where the positive and negative chirality supercharges are
neither related by the superbracket nor by the reality condition and thus are completely
independent.

The supersymmetry anti-commutators take the form

{Qh0r @ 5} = MT(3CapPu, {Q14,Q7 5} = M7 (3C")agPy (5.16)

where 7,7 = 1,...N; and 7,5 = 1,...N_, and where C,C’ are the restrictions of the
charge conjugation matrix to Si.

If the Majorana bilinear forms on the semi-spinor modules are super-admissible, then
M M'J are symmetric and we can define a supersymmetry algebra using a single Weyl
spinor module. Since N} counts supercharges in multiples of Majorana-Weyl spinors,
the smallest chiral supersymmetry algebras have the form (N}, N_) = (1,0), (0,1) if the
supercharges are Majorana-Weyl spinors and (2,0), (0,2) if they are Weyl spinors. If the
restrictions of the Majorana bilinear form to S+ are not super-admissible, we need to choose
an antisymmetric bilinear form on C¥ which is only non-degenerate if K is even. In this
case the minimal chiral superalgebras involve two semi-spinor modules and take the form

(2,0),(0,2).%

6 R-symmetry groups

So far we have shown that we can construct, in a uniform way across dimensions and
signatures, real supersymmetry algebras with given odd part g; using the data (C, M, B, L)
defined on its complexification gt. These data are not independent, and, moreover, different
sets may define isomorphic supersymmetry algebras. As a first step towards classification,

ZNote that since in Weyl compatible signatures Si carries either a real or a quaternionic structure,
we can always impose a reality condition St ®c C? to define a (2,0) or (0,2) algebra, that is, (4,0) and
(0,4) algebras are never minimal. In other words, whenever Majorana-Weyl spinors do not exist, we define
‘symplectic Majorana-Weyl spinors’.

~ 34—



we will construct and classify the R-symmetry groups that can occur in our construction.
Supersymmetry algebras with different R-symmetry groups are clearly not isomorphic. In
section 7 we will show that all supersymmetry algebras which arise from our construction
are indeed classified up to isomorphism by their R-symmetry groups, together with a choice
of the relative sign between a4 and a_ for chiral supersymmetry algebras.

6.1 Determination of R-symmetry groups

We now turn to the determination of the real R-symmetry groups, that is the R-symmetry
groups of the real supersymmetry algebras that we obtain by imposing Spin(¢, s)-invariant
reality conditions,

Gr={R€GR |o(R)=Ro()} . (6.1)

The R-symmetry groups for all signatures with dimension < 12 will be calculated in
the following sections. As we now have to include reality conditions into our considerations,
we have to distinguish between Weyl-compatible and Weyl-incompatible signatures. As a
result there are five cases in total: odd dimensions, and the four cases in even dimensions:
Weyl-compatible orthogonal, Weyl-compatible isotropic, Weyl-incompatible orthogonal and
Weyl-incompatible isotropic. The results will be summarized in various tables.

6.1.1 Odd dimensions

In odd dimensions the extended spinor module is S ® C¥ and the complex R-symmetry
group is O(K,C) or Sp(K,C). We impose a reality condition of the form

(A\)* = aBNLj;, (6.2)

where B defines an e-quaternionic structure on S and where (L;;) € GL(K, C) is an involutive
automorphism of G%.

Invariance under an R-symmetry transformation leads to
(R,)*Ly; = R/, Lj; & R*L" = L"R. (6.3)

All canonical choices for L have a definite symmetry, i.e. L7 = +L, such that the above
equation can be written

R*L =LR. (6.4)
Lie algebra elements rij obey the same equation
L =Lr = r=L"Y*L. (6.5)

This is indeed the type of equation that defines a real form of the complex Lie algebra
O(K,C) or Sp(K,C). To determine which real forms can occur as a real R-symmetry in a
given signature, we need to know whether L defines a real or a quaternionic structure on
CK. This information is summarized in table 3. By imposing that e must have the same
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G% Gr € L
O(K,C) O(K) +1 )
O(p,q) +1| Ly
SO*(K) -1 Jk
Sp(K,C) | Sp(K,R) | +1 )
USp(2r,2s) | +1 | Iaras
USp(K) 1| Jx

Table 3. In this table we list the real forms of the complex Lie groups O(K, C) and Sp(K, C), which
are the building blocks of the complex R-symmetry groups. Note that p+ ¢ = K and 2r + 2s = K.
The third column specifies whether the reality condition which defines the real form provides the
auxiliary space C¥ with a real structure (e = 1) or with a quaternionic structure (e = —1). This
decides which reality conditions are available to define a real structure on gf = S ® CX. In the
fourth column we list the standard or ‘canonical’ choices for the matrix L which defines the reality

condition.
D (0,D) (1,D—1) (2,D —2) (3,D — 3) (4,D — 4) (5,D —5) | (6,D — 6)
1 O(p,q) O(p, q)
3 SO*(K) O(p,9) O(p,q) S0*(K)
5 USp(K) USp(K) |Sp(K,R), USp(2r,2s) | Sp(K,R), USp(2r,2s) USp(K) USp(K)
7 | Sp(K,R), USp(2r,2s) | USp(K) USp(K) Sp(K,R), USp(2r,2s) | Sp(K,R), USp(2r,2s) | USp(K) | USp(K)
9 O(p, q) O(p, q) SO*(K) S0*(K) O(p,q) O(p,q) | SO*(K)
11 SO*(K) O(p, q) O(p, q) SO*(K) SO*(K) O(p,q) | O(p,q)

Table 4. This table lists the real R-symmetry groups which can occur in odd dimension with any
signature, p+ q¢ = K.

value as for the e-quaternionic structure on S, we arrive at the table 4 of real forms in odd
dimensions up to D = 11.

These two tables make manifest how the R-symmetry groups of real supersymmetry
algebras vary across dimensions and signatures. Firstly, in signatures where S carries a
real structure, in other words where Majorana spinors exist, there is a broader range of
R-symmetry groups since apart from O(K) or Sp(K,R) there are further real forms O(p, q)
or Sp(2r,2s) which preserve real bilinear forms with indefinite signature. These correspond
to ‘twisted’ Majorana conditions which introduce relative signs between the Majorana
conditions imposed on different spinors. This phenomenon is known for Lorentz signature
from Hull’s type-* supersymmetry algebras and we will relate our formalism to the slightly
different formalism used in [2] later when looking into specific examples. In signatures
where S carries a quaternionic structure the R-symmetry group is fixed to be SO*(K) if
the Majorana bilinear form is super-admissible or USp(K) if it is not. The latter case
corresponds, for K = 2, to symplectic Majorana spinors. For K = 1 the only possible group
is O(1) = Zy, which is discrete. According to our counting conventions for supersymmetries,
where N/ = K, so that we count in multiples of Majorana spinors, such algebras are N’ = 1
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G% Gr €
O(K4,C) x O(K_,C) O(p+,q+) X O(p—,q-) +1
SO*(K.) x SO*(K_) 1

Sp(K4,C) x Sp(K_,C) | (sp(x+.B) or USp(2ry.251)) x (Sp(K_.R) or USp(2r_,2_)) | +1
USp(K ) x USp(K_) 1

Table 5. Here we list the real R-symmetry groups which can occur in orthogonal Weyl-compatible
signatures. Note that p1 + ¢+ = Kyt and 2ry + 2s1+ = K1. The last column shows which type of
e-quaternionic structure on S is correlated with a given real form of the complex R-symmetry group.

algebras. A/ = 1 algebras only exist in signatures where the entry in our table 4 is O(p, q).
In all other cases the minimal value of N'= K for a non-degenerate supersymmetry algebra
is V' = 2, that is, the supercharges form a Dirac spinor. For example, in five dimensions
the smallest supersymmetry algebra is the N' = 2 algebra, for all signatures. Note that
while Majorana spinors exist in signatures (¢, s) = (2, 3), (3, 2), there is no non-degenerate
superbracket which would allow to define an N' = 1 supersymmetry algebra, as already
observed in [16].

In 11 dimensions (and as well in 3 dimensions) the R-symmetry group alternates
between O(p, q) and SO*(K). The latter requires K even and is related to quaternionic
structures on S and C¥X. According to table 1, Majorana spinors, and, hence, N' = K =1
algebras exist in 11 dimensions for signature (1,10), (2,9) and (5,6). These algebras are
realized in M-, M*- and M’-theory, respectively [2]. In some cases R-symmetry groups can
be rewritten using accidental isomorphism between Lie groups. In particular, for K = 2 we
note that SO*(2) = SO(2), Sp(2,R) = SU(1,1) and USp(2) = SU(2).

6.1.2 Orthogonal Weyl-compatible signatures

In orthogonal Weyl-compatible signatures we can define superbrackets independently for
the two Weyl spinor modules, and for each of them the situation is the same as for the
spinor module in odd dimensions. The complex R-symmetry groups were found to be

o {O(K+,(C) x O(K_,C) D =210, 6

") Sp(K.,C) x Sp(K_,C) D =6.

We can also impose reality conditions independently for each chirality. But since Weyl-
compatibility implies that JJ(:) and Jf) are either both real structures or both quaternionic
structures, the allowed combinations are quite restricted. In table 5 we have listed the
possible R-symmetry groups for orthogonal Weyl-compatible signatures.

6.1.3 Orthogonal Weyl-incompatible signatures

For orthogonal Weyl-incompatible signatures the complex vector-valued bilinear form
preserves chirality while the reality condition flips it. Therefore the extended spinor module
is of the form S ® CX, but R-symmetry transformations can still act differently on the Weyl
spinor modules.
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In matrix notation, invariance of the real superbracket requires

(o0)-w(5)

Since the e-quaternionic structure flips chirality,

(oL (oL
(08 (0 D) o

Using that the complex R-symmetry group acts diagonally, we obtain

0 A*L 0 LB
= 6.9
(B*L 0 ) (LA 0 > ’ (6.9)
which leads to
B=L'A*L. (6.10)
Thus, we see that
A 0
= A1
R (0 L—IA*L> ’ (6 )

where A € O(K,C) or Sp(K,C).

This is a reducible representation of O(K,C) or Sp(K, C), given by the direct sum of the
fundamental representation with a representation that is equivalent to the anti-fundamental
representation (complex conjugate of the fundamental representation). Using table 2, it
follows that the real R-symmetry group for orthogonal Weyl-incompatible signatures is,
O(K,C) Cc O(K,C) x O(K,C) in dimensions D = 2,10, ... (where both Majorana bilinear
forms are super-admissible) and Sp(K,C) C Sp(K,C) x Sp(K,C), in dimensions D =6, ...
(where both Majorana bilinear forms are anti-super-admissible). Note that due to the
Weyl-incompatible reality condition we are restricted to the case K, = K_ = K, and
that the complexifications of O(K,C) and Sp(K,C), considered as a real Lie groups, are
O(K,C) x O(K,C) and Sp(K,C) x Sp(K, C), respectively.

6.1.4 Isotropic Weyl-compatible signature

Previously we found that for isotropic signatures R-symmetry transformations take the form

A
R= (0 M‘l(,fT)_lM> : (6.12)

To simplify the following calculations we pass to the Lie algebra by setting A = e® and
R =¢", so that (6.12) takes the form

a 0
r = <0 _M_laTM> . (613)
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In isotropic signatures, the two Majorana bilinear forms have opposite superadmissibility
so that we need to consider both M = and M = J. We remark that we will see below
that the R-symmetry group only depends on whether the e-quaternionic structure on C¥ is
a real or quaternionic structure, but is insensitive otherwise to the choice of M and L.

We now specialise to Weyl-compatible signatures, where the reality condition preserves

.(Lo\ (Lo
r <0 L>_<O L)r. (6.14)

For r given in (6.13) this implies

chirality, so that r must satisfy

a=L" L, M '"M=L"'M1d"M)L. (6.15)
Rearranging the final equation in (6.15) we get
a=(MLM Y a*(MLM™). (6.16)

For M = § we obviously have M LM ~' = L, and the same is true for M = J for all possible
choices Id, fgr,gs, J for L. Therefore the only condition is

a=L"'a*L. (6.17)

In Weyl-compatible signatures the possible choices for L are further restricted by the fact
that both e-quaternionic structures on S have the same type.

Real structures on S. We first consider the case where S carries two real structures.
Then for M = ¢ we can have L = 1d, I, ;, and for M = J we can have L = Id,jgngs.

For L = Id equation (6.17) directly tells us that a € gl(K,R), and we will now show
that we obtain the same Lie algebra in all other cases. For L = I, , we see that

a=1I"la"T,, — a= (ZZ Z:) , (6.18)
where w is a p X p real matrix, z is ¢ X ¢, x is p X ¢ and y is ¢ X p. We see that a is a
K x K matrix depending on K? real numbers. Since the form of a is preserved under
matrix multiplication and hence under commutators, matrices of the form a define a
K?2-dimensional real Lie subalgebra of gl(K,C) which on dimensional grounds must be
isomorphic to gl(K,R). As already mentioned we will give explicit maps between different
reality conditions later.

If M = J we need to consider L = Id and L = I~27~725. For L = Id we see directly that
a € gl(K,R). For L = fgms we find that a must have the form

W X
a= <Y Z)’ (6.19)
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where W, X, Y, Z are % X % matrices that obey V' = I, ;V*I,. s for V.= W, XY, Z. Therefore

all four blocks are of the form
Vi iV,
V = . 6.20
(V v ) (6.20)

By the same reasoning as in the previous case, matrices of this structure form a real Lie
subalgebra of gl( K, C) which is isomorphic to gl(K,R) for dimensional reasons. This means
that r € gl(K,R) in isotropic Weyl-compatible signatures with real structures, regardless of
the choice of M and L. The R-symmetry group is GL(K,R).

Quaternionic structures on S. In signatures where S has two quaternionic structures
the only choice for L is L = J. Matrices a € gl(K, C) which satisfy (6.17) have the form

a=<x y), 7,y € M (C). (6.21)

_y* x*

This defines the Lie subalgebra u*(K) = gl(%, H) of gl(X, C).
Upon exponentiation these matrices retain their form,

X Y K
A=¢e%"= XY L{— . 22
e (_Y*X*>, YeaL(3.c) (6.22)

The matrix r is determined by a and provides a reducible representation of u*(K). The
R-symmetry group is U*(K).

6.1.5 Isotropic Weyl-incompatible signatures

The last case are signatures where both the complex bilinear form and the reality condition
pair opposite chiralities. Computations are conveniently carried out at the group level. To
commute with the reality condition, R must obey

(oL (oL
(08 () o

Substituting in the form (6.12) that R takes in isotropic dimensions, this becomes

0 AL\ (0 LMY (AT)"'M
(M—l(AT)—lML >_<LA 0 ) (6.24)

This is two copies of the equation
AT(MLYA = (ML), (6.25)

which defines the pseudo-unitary group U(p, q) where (p, q) is the signature of the matrix
M L. For some choices of M and L their product M L will not be diagonal, so that matrices
of the form A provide a non-standard matrix realization of this group. Let us consider all
possible combinations in turn. For M = § the signature depends entirely on L and is (K, 0)
for L =1d, (p,q) for L = I, , and (k,k) for L = J (where K = 2k). If either M = J or
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M| L Gr M| L Gr
welol| o |our) [[wilo] 6 | v
1) I,, | GL(K,R) ) Iq | U, q)
5 U*(K) s | 7 [un
7| s ek R 7| & [vkr
J | Iy2s | GL(K,R) J | Loros | Uk, k)
7|1 7 | vm 7| 7 | v

Table 6. In isotropic dimensions the R-symmetry groups are real forms of GL(K,C). Depending
on whether the signature is Weyl-compatible (WC) or Weyl incompatible (WI), this table lists the
R-symmetry groups for all possible combinations of a bilinear form M with a reality condition L.
Note that K =2k =2r+2s=p+gq.

L = J (but not both), the matrix M L is antisymmetric and therefore has purely imaginary
eigenvalues. It can be diagonalized by a unitary transformation, and after pulling out a
factor ¢ it defines a Hermitian form. The signature of this Hermitian form is (k, k) for
L=Idand L = er’Qs, and (K,0) when L = J. In the last two cases we have made a choice
of overall sign, which is conventional since U(p, ¢) = U(q, p). Table 6 lists the R-symmetry
groups for isotropic signatures.

6.2 Real supersymmetry algebras and their R-symmetry groups

In even dimensions R-symmetry groups vary much more than in odd dimensions, since
we have to distinguish between orthogonal and isotropic dimensions, and between Weyl-
compatible and Weyl-incompatible signatures. In this section we provide tables for easy
access, which expose patterns and provide information that one needs in applications.
The first set of tables collects the supersymmetry algebras with a minimal number of
supercharges. Recall that our convention is that A/, and N4 count supersymmetries in
multiples of Majorana and Majorana-Weyl spinors, irrespective of whether such spinors, or a
supersymmetry algebra based on such spinors, exist in the signature under consideration. In
the next section we will show that the supersymmetry algebras constructed by our method
are classified, up to the relative sign between a; and a_ for orthogonal Weyl-compatible
algebras, by their R-symmetry group. Therefore our tables provide a classification of
supersymmetry algebras and not only of R-symmetry groups.

6.2.1 (1,0) or (0,1) algebras

In table 7 we list those signatures in even dimensions where the minimal superalgebras have
ds /> real supercharges, where dg is the complex dimension of the complex spinor module S.
In this case the supercharges form a single Majorana-Weyl spinor. This is only possible in
orthogonal Weyl-compatible signatures, which can be read off from table 2, which in addition
must admit Majorana-Weyl spinors, that is ¢ — s must be 0 modulo 8, or, equivalently
(é4,€6-) = (1,1) in table 1. We denote these algebras as (N1, N_) = (1,0),(0,1). The real
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D|©D) | (1,D-1)|(2D-2)|B3,D-3)| (4D—-4)| (5,D-5) | (6,D—6)
2 | — Zs —

4 I — I I I

6 I - S I I — I

8 I J— S I I — -

0] — s — — — Zs —

12| — — — — — — —

Table 7. In this table we list chiral (M, N_) = (1,0), (0,1) supersymmetry algebras, where the
supercharges form a single Majorana-Weyl spinor (4 /2 real supercharges, where dg = dim¢ S). Where
such algebras exist, they are represented by their discrete R-symmetry group O(1) = Z,. A dash
means no such algebra can be defined.

R-symmetry group is the discrete group O(1) = Zg, the same as for algebras based on a
single Majorana spinor in odd dimensions.

In 10 dimensions the only signatures that allow a supersymmetry algebra with a single
Majorana-Weyl supercharge are (1,9) and (5,5) (as well as (9,1)). In Lorentz signature these
algebras are realized by type-I and heterotic string theories and the corresponding super-
gravity theories (which are usually denoted N' = 1). Note that in many signatures which
admit Majorana-Weyl spinors, no algebra based on a single Majorana-Weyl spinor exists.
In particular, there are no (1,0) and (0, 1) algebras in isotropic dimensions D = 4,8,12,.. ..
Moreover, even in orthogonal dimensions, signatures where Majorana-Weyl spinors exist,
such as (¢,s) = (3,3), may not admit (1,0) and (0, 1) algebras, because none of the two
Majorana bilinear forms are super-admissible. In this case the bilinear form on CX+# is anti-
symmetric, which forces K1 to be even and prevents one to define supersymmetry algebras
based on a single irreducible spinor module. The corresponding orthogonal dimensions are
D =6,14,..., with complex R-symmetry groups Sp(K,C) x Sp(K_,C) in table 2.

6.2.2 (0,2),(1,1),(2,0) and N =1 algebras

We now turn to even-dimensional signatures which admit supersymmetry algebras with
ds real supercharges, which form a Majorana spinor or a Weyl spinor. The possible R-
symmetry groups are listed in table 8. Chiral (2,0) or (1, 1) supersymmetry algebras only
exist in orthogonal dimensions D = 2,6, 10, ..., while supersymmetry algebras in isotropic
dimension D = 4, 8,12, ... are necessarily non-chiral and thus denoted N = 1.

In orthogonal dimensions, the Majorana bilinear forms are either both super-admissible
(D = 2,10,...) or both are anti-super-admissible (D = 6, ...). In Weyl-compatible signatures
the e-quaternionic structures Jﬂ(f ) on S+ are either both real or both quaternionic. For
orthogonal Weyl-compatible signatures with a super-admissible Majorana bilinear forms
and Jf ) both giving real structures we can define a (1, 1) superalgebra with R-symmetry
Zg X Zs or (2,0) superalgebras with R-symmetry group O(1,1) or O(2). If, however, we
have super-admissible Majorana bilinear forms, but Jg ) are quaternionic structures on
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D| (0,D) (1,D—1) (2,D—2)|(3,D—3)|(4,D—4) (5,D —5) (6,D — 6)
2| zZy |0(1,1),002),Z2 x Zy|  Zs

4] — U(1) SO(1,1) | U®) —

6] — SU(2) — SU(1,1) — SU(2) —

8 |so(1,1) U(1) — U(l) | so(,1) U(1) —

10 Zy |0(1,1),002),Zs x Zy|  Zo SO(2) Zy | 0(1,1),0(2),Zy x Zo | Zy

12 — U(1) SO(1,1) | U®) — U(1) SO(1,1)

Table 8. R-symmetry groups for N' = 1 and (N ,N_) = (2,0),(1,1),(0,1) supersymmetry
algebras with dg real supercharges in even dimensions. A dash indicates signatures where no such
supersymmetry algebra exists.

S+, then we can only define a (2,0) superalgebra with SO(2) R-symmetry.?* When the
Majorana bilinear forms are anti-super-admissible we can only define a (2,0) algebra, with
R-symmetry group given by SU(2) if J(9* are quaternionic structures or SU(1, 1) if they
are real structures.

Orthogonal Weyl-incompatible signatures can only have a (1,1) superalgebra which
therefore needs a super-admissible Majorana bilinear form. The result is a Zo R-symmetry
group because the reality condition links the R-symmetry transformations on the two Weyl
spinor modules.

Consider finally the non-chiral A/ = 1 algebras in isotropic dimensions. Here the
R-symmetry group is SO(1, 1) in isotropic Weyl-compatible signatures, and U(1) in isotropic
Weyl-incompatible signatures.

Let us consider a few examples for illustration. In signature (1,9) the supersymmetry
algebra with Zs x Zs R-symmetry is that of Type ITA or IIA* theories. These have the
same R-symmetry group but opposite relative signs oy = +a_, as is further discussed in
section 8.1. The supersymmetry algebra with O(2) R-symmetry is realized in type-1IB
supergravity and string theory, and that with O(1,1) R-symmetry in type-IIB*.

In signature (1,5), which is orthogonal and Weyl compatible, the entry SU(2) represents
the minimal supersymmetry algebra, which is a chiral (2,0) algebra based on a single Weyl
spinor, which for this signature is the same as a real semi-spinor (S = Sy, Sy 2 S_). This
algebra is usually denoted (1,0) in the literature, but with our conventions the notation
(1,0) is reserved for algebras based on Majorana-Weyl spinors, which do not exist in this
signature. In four dimensions we see the standard minimal supersymmetry algebra in
Lorentz signature (1,3) or (3,1) with R-symmetry group U(1). The minimal supersymmetry
algebra in neutral signature (2,2) has R-symmetry group SO(1,1). All these algebras are
based on Majorana spinors. Note that while Majorana-Weyl spinors exist in signature (2, 2),
there is no (M, N_) = (1,0) supersymmetry algebra, since four is an isotropic dimension
and the restriction of the N' = 1 superbracket to Majorana-Weyl spinors is degenerate, as
already observed in [17].

24The quaternionic structure fixes the orientiation of the auxiliary space, which reduces the R-symmetry
group from O(2) to SO(2).
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D| (0,D) (1,D—1) (2,D—2) (3,D—3) (4,D — 4) (5,D —5) (6,D — 6)
2| OW,C) [O(p+,q4+) x O(p—,q-) | OW.,C)

41 UW) U(p, q) GL(NR) U(p,q) U*(V)

6 | Sp(W,C) | USp(N;) x USp(N-) | Sp(WNV,C) X Sp(WN,C) | USp(Ny) x USp(N-) | Sp(N,C)
8 | GLW,R) U(p, q) U*(N) U(p,q) GL(V,R) U(p,q) U*(N)
10] OW,C) |O(p+,q+) x O(p—,q-) | OV, C) |SO*(N;) x SO*(N_) | O(N,C) | O(p+,q+) x O(p—,q-) | ON,C)
12] U"(WV) U(p, q) GL(V,R) U(p,q) U*(N) U(p, q) GL(V,R)

Table 9. R-symmetry groups possible in even dimension with any signature. Note that p, +q. = N,
p— +q- = N_ and N + N_ = 2N. X = (Sp(N4,R) or USp(2r4,2sy)) x (Sp(N_,R) or
USp(2r_,2s_)).

Any signatures without an entry in this table have a minimal superalgebra with 2dg real
supercharges, that is the supercharges form a Dirac spinor. With our convention these are
(2,2) superalgebras in orthogonal dimensions, and N' = 2 algebras in isotropic dimensions.
For example, in spacetime signature (t,s) = (0,4) the minimal supersymmetry algebra is
the N = 2 algebra.

6.2.3 General (N;,N_)

We conclude this section by providing further tables for reference. Table 9 lists the R-
symmetry groups for general extended supersymmetry algebras in even dimensions and
arbitrary signature. This is followed by a master table, table 10, which combines our results
on R-symmetry groups in even and odd dimensions.

7 Isomorphisms and classification

So far we have shown that we can construct a real supersymmetry algebra given the
following data: a complex bilinear form C'® M on the complex extended spinor module
g(lc = S ® CK, a real structure p on this space, which is determined by an e-quaternionic
structure B on the complex spinor module S, and a map L on the auxiliary space C¥, which
determines a real form of the complex R-symmetry group. In orthgonal Weyl-compatible
signatures we can choose these data independently for the chiral sectors. While algebras
with distinct R-symmetry groups cannot be isomorphic, there is, to our knowledge, no
rigorous statement asserting the converse, that is, that supersymmetry algebras are classified
by their R-symmetry groups. Still, by inspection of our classification tables, we observe
that different sets of data (C, M, B, L) on g¥ often lead to the same R-symmetry group,
and previous experience tells one that in such cases one can often construct isomorphisms
between the corresponding supersymmetry algebras. See in particular [17] on which we
will now elaborate to show that, with one qualification applying to the orthogonal Weyl-
compatible case, the supersymmetry algebras which we have constructed in this paper are
classified by their R-symmetry groups. We proceed by discussing each of the five cases in
turn, and investigate which isomorphisms need to exist in order to relate all supersymmetry
algebras with the same R-symmetry group to each other. Details of these isomorphisms are
given in appendix E.
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7.1 0Odd dimensions

In odd dimensions there is only one inequivalent choice for C, which fixes M. Thus complex
supersymmetry algebras with a given odd part g&c are unique, and in particular classified
by their R-symmetry group. For real supersymmetry algebras we have to pick a reality
condition, which is defined by a choice of L which is compatible with our choice of B. Since
B is unique, real supersymmetry algebras are classified by the choice of L, that is by their
R-symmetry group.

7.2 Orthogonal, Weyl-compatible signatures

In orthogonal dimensions, C'y are either both super-admissible or both are not, which
means that M is fixed by the dimension. It remains to be seen whether the choice of
C+ has an effect. As far as complex supersymmetry algebras are concerned, showing
that Cy lead to isomorphic supersymmetry algebras implies that these are classified by
their R-symmetry group. For real supersymmetry algebras we have to choose a B-matrix.
In Weyl-compatible signatures By are either both real structures or both quaternionic
structures, and therefore they combine with the same set of L’s to define a real structure.
To show that real supersymmetry algebras are classified by the choice of L, we need to
show that we can replace B4 by Bz in the reality condition without changing the complex
bilinear form. We also need to show that we can replace C'+ by C+ without changing the
reality condition.

To be precise, an additional complication arises because there are two independent
phase factors a in the reality conditions for the two chiral sectors. As we discussed before,
imposing reality of the superbracket fixes these factors to be either £1 or +i. While the
overall sign of the pair a4 corresponds to an isomorphism of supersymmetry algebras, the
relative sign distinguishes non-isomorphic supersymmetry algebras, in particular the ITA
and ITA* algebras in ten dimensions, compare section 8.1. This is a particular feature of the
orthogonal Weyl-compatible case, where both the superbracket and the reality condition
are compatible with chirality. Therefore the best statement we can aim for is that real
supersymmetry algebras are classified by their R-symmetry group together with a choice of
the relative sign between oy and a_.

As shown in appendix E the R-transformation (E.1) maps the orthogonal bilinear forms
C1 ® M to one another, while preserving the reality condition up to an irrelevant overall
phase factor. Moreover, (A.25) implies that in orthogonal dimensions Biv, = FiB+ and
therefore the reality condition (\.)* = ayxB_ )\iLji is equivalent to the reality condition
()\ﬁt)* = :l:iaiBJr)\Z_LLﬂ. This shows that the choice of B4 only matters to the extent
that it is correlated with the relative sign between a4 and a—_. In other words the real
supersymmetry algebra only depends on the choice of L, that is on its real R-symmetry
group, and on the relative sign between o and a_. For complex supersymmetry algebras
the choice of reality conditions and thus of relative signs is irrelevant, and we note as a
corrolary that complex supersymmetry algebras in orthogonal dimensions are classified by
their R-symmetry groups.
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7.3 Orthogonal, Weyl-incompatible signatures

Here we again have two options C'y for C, while M is fixed by dimension. Concerning
reality conditions, one of B+ defines a real, the other a quaternionic structure and therefore
the choice of B is determined by L being a real or quaternionic structure. We have shown
in section 6.1.3 that the R-symmetry group is O(K, C) if Cy are super-admissible, and M
is symmetric, while it is Sp(K, C) if C'y are not super-admissible and M is antisymmetric.
Since the R-symmetry group is determined by the dimension, we need to show that all pos-
sible choices of C, L are equivalent. In appendix E we show that the R-transformation (E.1)
exchanges the orthogonal bilinear forms, while preserving Weyl-incompatible reality condi-
tions. Moreover, we show in appendix E that we can use the transformation S;-1 defined
in (E.11) to map any reality condition to the one with L = Id. For a given M, the canonical
choices for L were specified in section 4.2. For these L-matrices, the bilinear form is invariant
under Syp-1, or, in the case M = J, L = I anti-invariant, which can be compensated by
an overall phase in the reality condition.

7.4 Isotropic, Weyl-compatible signatures

In isotropic dimensions C1 have opposite super-admissibility properties. The choice of C'
determines the choice of M, which for complex superalgebras implies that they are classified
by their R-symmetry group. If the signature is Weyl-compatible, then B_ either both define
a real or both define a quaternionic structure, and are thus compatible with the same set
of L’s. According to our classification, there are two possible R-symmetry groups: if L
(and thus By ) defines a real structure, the R-symmetry group is GL(K,R), if L defines a
quaternionic structure, then the R-symmetry group is U*(K'). Thus the R-symmetry group
is determined by the signature. According to table 6 there are four combinations of (M, L)
with R-symmetry group GL(K,R) and two combinations of (M, L) with R-symmetry group
U*(K). To show that real supersymmetry algebras are classified by their R-symmetry
groups the following statements are sufficient:

1. For L = § and L = J the bilinear forms C ® § and C' ® J, define isomorphic
supersymmetry algebras, where C' denotes the super-admissible C-matrix and C’
the non-super admissible C-matrix. This can be done using the transformation Sy
defined in appendix E.2, which exchanges the bilinear forms while preserving L = ¢
and L = J.

2. For C ® 0, the reality conditions with L = § and L = I, ;, define isomorphic super-
symmetry algebras, while for C’ ® J the reality conditions with L = § and L = I~2r723
define isomorphic supersymmetry algebras. This can be done using the transformation
T, defined in appendix E.3 which maps the L’s as required, while preserving the
corresponding bilinear forms.

3. The R-transformation, defined in appendix E.1 exchanges By without changing the
bilinear form. Therefore it does not matter which B we use in the reality condition.
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7.5 Isotropic, Weyl-incompatible signatures

In this case C'y have opposite super-admissibility and By have opposite e-type. Therefore
(C, B) are determined by (M, L). By inspection of table 6 there are seven distinct combina-
tions of (M, L) which correspond to only three distinct types of R-symmetry groups, U(K),
U(p, q), with p # ¢, and U(k, k). To show that real supersymmetry algebras are classified
by their R-symmetry groups, we need to show that

1. R-symmetry group U(K): real supersymmetry algebras defined using (M,L) =
(0,0),(J,J) are isomorphic.

2. R-symmetry group U(k,k): real supersymmetry algebas defined using (M,L) =
(0,J), (6, I k), (J,6), (J, jgrvgs) are isomorphic.

These statements can be proved using the transformations Sy, F, G as indicated in the
following diagram:

F

(67 5) (57 J) (57 Ik,k) (57 Ipﬂ)vp 7é q
Sy Sy
G N
(Ja J) (Ja 5) (J7 127",23) (71)
U(K) U(k, k) Up,q),p #q

Details are given in appendix E.4.

7.6 Remarks on the general classification problem

In this paper we have constructed Poincaré Lie superalgebras with odd part g; by specifying
a discrete set (C, M, B, L) of data, which is subject to certain consistency conditions. Within
this construction we have shown that the resulting supersymmetry algebras are classified
by their R-symmetry groups, together with a choice of the relative sign between «; and
a_ for orthogonal Weyl-compatible algebras. However, this does not necessarily provide
a classification of N-extended Poincaré Lie superalgebras in arbitrary signature up to
isomorphism. The general classification problem can be stated as follows. Firstly, for a
given g1 one needs to find the space of all superbrackets, that is of symmetric, vector-valued
Spin(t, s)-equivariant bilinear forms. This problem was solved in [22], where explicit bases
in terms of super-admissible bilinear forms have been constructed. Secondly, one needs a
criterion which allows one to decide when two symmetric, vector-valued Spin(¢, s)-equivariant
bilinear forms define isomorphic Poincaré Lie superalgebras. This question is answered
by Theorem 1 of [17], which specifies necessary and sufficient conditions for two Poincaré
Lie superalgebras to be isomorphic. Up to checking certain discrete transformations, the
classification up to isomorphism amounts to identifying the orbits of the Schur group on the
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space of symmetric vector-valued Spin(t, s)-equivariant bilinear forms. The third step is the
classification of Schur group orbits for the spaces of superbrackets known from [22] (together
with checking for additional identifications by elements of Pin(¢, s)\Spin(t, s), see [17] for
details). Due to the mod 8 periodicity of the table of Clifford algebras, which imprints itself
on the data defining supersymmetry algebras, this is a finite problem. The classification
was carried out for algebras based on the complex spinor module S (N = 2) in five and
four space-time dimensions in [16, 17]. In this case the algebras in a given signature are
indeed classified by their R-symmetry groups, which is encouraging, and this may well be
true in general. However, there are potential subtleties which make the full classification
problem somewhat involved. Non-degenerate superbrackets correspond to open orbits of
the Schur group on the space of superbrackets, and the R-symmetry group is the stabilizer
group of the orbit. It may happen that two connected open orbits have the same stabilizer,
in which case one needs to carefully check whether there exists a discrete transformation
relating these two orbits which provides an isomorphism. Comparing to the work presented
in the paper this relates to the question whether the discrete data we use samples all orbits
of the Schur group. A priori, there could be open orbits with no representatives within our
construction, though we have no evidence that this is the case.

8 Applications to type-II string theories in D = 10,9,4, 3

8.1 N = 2 supersymmetry in signature (1,9) and type-II string theories

We start in signature (1,9) which is orthogonal Weyl-compatible, with two super-admissible
bilinear forms Cy and two real structures B4 on S. This signature admits two (1, 1) algebras
with R-symmetry Zo X Zo, which are distinguished by the relative sign a— = . We can
choose either of the C'y to define the Majorana bilinear form and, independently, either of
the B+ to define a reality condition, but all choices lead to equivalent real superbrackets.
For definiteness we choose C4, B4 in the following. The complex vector-valued bilinear
form is

(TN Cyx = (T*A) T Cyxy + (T2 Crx, (8.1)

where A4, x+ € S4. Following the conventions of appendix F we denote the ten-dimensional
Dirac matrices by I'*. To select the type-ITA or type-IIA* algebra, we impose the reality
conditions

(A...)* = OéB+)\+, ()\_)* = :|:OJB+)\_ . (82)

The + sign is the standard Majorana condition, while the — sign corresponds to a twisted
Majorana condition which selects the type-ITA* algebra. We remark that with our conven-
tions the complex bilinear form is fixed, and type-ITA and type-IIA* are distinguished by
their reality conditions. One could equivalently impose the same reality condition, but define
the type-IIA* theory using a modified complex superbracket. This amounts to A_ — iA_,
and we will come back to this option below. For reference, let us also write down how the
vector-valued bilinear form (8.1) translates into anti-commutators of supercharges:

{Q+,o¢7 Q—‘rﬂ} = (FHC-‘F)OLBPM) {Q—,a” Q—,,B’} = (F“C-‘r)oz’,@’Puy (83)
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where the spinor indices a, 3, ... and o/, 3, ... refer to S1. In the following we will prefer
to work with vector-valued bilinear forms as this allows us to suppress spinor indices.

Signature (1,9) also admits chiral N' = 2 algebras, and for definiteness we take
(N4, N_) = (2,0). The complex superbracket takes the form

(P“Ai)TC+XiMji, M;; = b5,

and the reality conditions are

(N =aByN, Ly, L= ((1) i01> . (8.4)
Depending on the choice of the sign in L;;, we obtain the type-IIB algebra with R-symmetry
group O(2) or the type-IIB* algebra with R-symmetry group O(1,1).

As is well known, the type-IIA/IIB algebras are realized in the type-1IA /IIB string
theories, whose massless sectors are described by type-IIA /IIB supergravity, and these two
string theories are related by T-duality. Moreover, it was shown in [1] that timelike T-duality
maps type-ITA/IIB string theory to type-IIB*/IIA* string theory. The corresponding type-
IT* supergravity theories differ from their type-II counter parts by a sign flip of the kinetic
terms for all Ramond-Ramond fields, as well as by factors of ¢ in their fermionic terms.

Apart from showing immediately the (potential) existence of type-II* theories, our
formalism also makes it straightforward to show how these algebras are related to one
another by T-duality. Two superstring theories are related by T-duality if theory A on
the background RS x S}{ is identical to theory B on the background RYs x Sl1 /R where
the radius R of the circle is measured in string units, and ¢’ + s’ = 9. To include timelike
T-duality, we allow the circle to be timelike. The ten-dimensional theories A, B which arise
in the two decompactification limits R — oo and R’ = 1/R — oo are then also said to be
T-dual to each other. Note that this does not imply that they are equivalent as theories on
R%$, t4 s = 10. In particular, type-IIA and type-IIB string theory are distinct as theories on
R'Y and in particular have supersymmetry algebras which are not isomorphic to each other.
Thus at the level of supersymmetry algebras T-duality is a map between supersymmetry
algebras, but in general is not an isomorphism. It relates ten-dimensional supersymmetry
algebra which upon dimensional reduction ‘contract’ to the same nine-dimensional algebra,
a fact that we will explore further in section 8.3.

In the following we use that in theories of closed strings T-duality can be viewed as
a ‘chiral reflection,” which only acts on the (say) the right-moving degrees of freedom. In
particular, on a ten-dimensional spinor A, T-duality acts by

T A=A =X, A —=A =T, T=p00Y |p=1, (8.5)

with I'Y for spacelike and I'Y for timelike T-duality. We have introduced an arbitrary phase
B which will be used later to interpolate between different conventions for supersymmetry
algebras.

We start from the type-IIA /IIA* algebras which are based on a spinor A subject to the
reality condition (8.2). We note that T-duality maps Sy & S_ — S; & S;, and therefore
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the image of a non-chiral type-ITA/ITA* supersymmetry algebra will be a chiral (2,0)
supersymmetry algebra.

The matrix T is unitary for both the spacelike and the timelike case. To verify that it
acts as a reflection in the 9-direction and in the 0-direction, respectively, we compute

TRl — —I'* for p=9/0, _ (8.6)
e, for u#9/0,

Since T-duality maps the matrices I'** to a new set I'*, this gives rise to new matrices A
and C:%°

A= A=TV AT =TATY, C, = C,=T""1C, T . (8.7)

We compute:?°

~ 1 -~ - . 1
spacelike T-duality: C4 = @CJF, A=A, B,=(C,AH = @BJH
8.8)
~ 1 - . 1 (
timelike T-duality: Ci = —@C+ , A=—-A, B, =(CAH = @B—F

Thus the difference between spacelike and timelike T-duality is a relative sign between the
transformation behaviour of Cy and B, which induces a corresponding sign in the relation
between the complex bilinear form and the reality condition.

To see this explicitly, we express A_, y_ in terms of the transformed spinors A, X— in
the bilinear form

AT Cox = @ I )Te T e = )T Yo m 1y

RS 1 - -
= (A )TCvx- = i@(F“)\,)TC’H@ :

The upper sign refers to spacelike, the lower sign to timelike T-duality.

Since the transformed spinors both have positive chirality, we prefer to use the notation
(AL, A%) instead of (A4, _), and we also relabel I'* — T'#, though this change needs to
be taken into account in the reality condition satisfied by /\i, see below. Combining both
chiral sectors, the new complex vector-valued bilinear form is

1 z. | 10
(TN O @(F“)\i)TCJrXi = (TN Cox Myi, My = (0 ii) ;
g

with +/— for spacelike/timelike T-duality. The reality condition (8.2) is mapped to the
new reality condition

i \* 5 Y 1J 10
(A" = a@BiAy = aBy X, Ly, Lij = (0 612> : (8.9)
B

5 A is the matrix defining the Dirac Hermitian sesquilinear form. In signature (1, D — 1) we take A = T'.
26The sign in the relation for Cy depends on that we have chosen C rather than C_, since we need to
make use of the relation 7 = —1.
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where we used that B, = B, when acting on )\}r = Ay, while B, = %BjL when acting
on )\i = A_. To account for the phases in the original reality condition (8.2) we have set
Q) = at =, ag) = a- = ea, with e = 1 if we start with type-IIA and with e = —1 if we
start with type-IIA*.

There are two natural choices for the phase (.

1. We can choose 3 such that the complex bilinear form has the canonical form M;; = 65,
which is the convention used in this paper. This requires § = +1 for spacelike and
B8 = 41 for timelike T-duality. In this case the real supersymmetry algebras are
distinguished by their reality conditions:

(M) = (; ﬁ’) (L) = (; f) . (5.10)

This shows that the type-ITA algebra, ¢ = 1, is mapped by spacelike T-duality to
the type-1IB algebra with R-symmetry group O(2), and by timelike T-duality to the
type-IIB* algebra with R-symmetry group O(1,1). Similarly, the type-IIA* algebra,
€ = —1, is mapped to the type-IIB* algebra by spacelike T-duality and to the type-1IB
algebra under timelike T-duality. In this convention it is manifest that the four real
algebras are different real forms of two complex algebras, because we have imposed
that the complex superbrackets assume a standard form, that is M;; = d;;.

2. We can choose g such that the reality conditions is a standard Majorana condition,
L;j = d;;, which requires 3% = €. In this case the real supersymmetry algebras are
distinguished by their bilinear form, and for the IIB* theories the bilinear form is
twisted by a relative minus sign:

(My5) = (é jje) , (Lij) = <(1) ?) (8.11)

This convention was used when the type-IIB* algebra was originally introduced as a
twisted version of the IIB algebra [1].

8.2 N = 2 supersymmetry in general ten-dimensional signatures

By inspection of table 8, there are three types of signature for ten-dimensional NV = 2
algebras.

o In signatures (1,9), (5,5) and (9,1) there are three possible R-symmetry groups
Zo x Z2,0(2),0(1,1). These are orthogonal Weyl-compatible signatures with two
real structures on S. We have discussed the case (1,9) before. Signature (9,1) can
be viewed as signature (1,9) with a mostly minus convention for the metric.?” Our
classification shows that in neutral signature (5,5) algebras of type IIA /IIA*/IIB/IIB*
exist and are related by T-duality. The existence of the corresponding string theories
is known from [2].

2"While the Clifford algebras are not the same, the resulting spin representations are isomorphic and we
have not found any indication that signatures (1,9) and (9,1) give rise to different physics.
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o In signature (0,10), (2,8), (4,6), (6,4), (8,2), (10,0) the unique R-symmetry group is
Zs. These are orthogonal Weyl incompatible signatures which only admit (1,1) alge-
bras. The existence of type-IIA string theories in these signatures was established in [2].

o In signature (3,7) and (7,3) the unique R-symmetry group is SO(2). These are
orthogonal, Weyl-compatible signatures with two quaternionic structures on S. This
implies that the only N = 2 algebras are chiral (2,0) (or (0,2)) algebras. The existence
of type-IIB string theories in these signatures was established in [2].

In summary, the network of ten-dimensional type-II string theories described in [2] exhausts
all ten-dimensional N/ = 2 supersymmetry algebras. To relate type-II string theories across
signatures, one needs to combine spacelike and timelike T-duality with S-duality. T-duality
changes the space-time signature if the string world-sheet has Fuclidean signature. S-duality
is needed to map type-IIB* string theory to type-IIB’ string theory. This exchanges the
fundamental string with the E2-brane, thus providing a fundamental string with Euclidean
world-sheet. Since we only consider the supersymmetry algebras, which do not distinguish be-
tween type-IIB* and type-IIB’, we can establish the relation between ten-dimensional A = 2
algebras in different signatures by relating them to the same nine-dimensional N = 2 algebra.

8.3 N = 2 supersymmetry in nine dimensions

‘Pure’, that is spacelike and timelike T-dualities, arise whenever after compactification
over space or over time, the limit R — 0 corresponds to an alternative decompactification
limit R’ = 1/R — oo. At the level of the supersymmetry algebras this requires that the
two ten-dimensional supersymmetry algebras give rise, by compactification, to the same
nine-dimensional supersymmetry algebra. Since ten-dimensional theories in signatures (t, s)
and (t — 1,5+ 1) can reduce to the same theory in signature (¢ — 1, s) by applying timelike
and spacelike reduction, respectively, this opens up the possibility of ‘mixed’ T-dualities,
where one reduces over time and decompactifies over space, or vice versa. Our formalism
gives a uniform description of superymmetry algebras across dimensions and signatures,
and allows to work out universal formulae for the spacelike and timelike reduction of these
algebras. We have collected the relevant formulae in appendix F. Using this machinery it is
straightforward to work out which of the ten-dimensional N/ = 2 algebras reduce to the
same nine-dimensional algebra, and are thus related by a pure (signature preserving) or
mixed (signature changing) T-duality.

8.3.1 Nine-dimensional N/ = 2 supersymmetry algebras

We start by surveying nine-dimensional N' = 2 supersymmetry algebras. In nine dimensions
the Majorana bilinear form on S is super-admissible, so we use a symmetric bilinear form on
CK, thus leading to R-symmetry groups that are real forms of O(K, C). The two Majorana
bilinears in ten dimensions are based on the two ten-dimensional charge conjugation matrices
C’j(cw), which have invariants (o, 7) = (F1, F1). The nine-dimensional charge conjugation
matrix C®) has invariants (o,7) = (4+1,+1). In 10D we will use " in this section
as this turns out to be convenient, and we know that both choices define the same real
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Signature (0,9) (1,8) (2,7) | (3,6) (4,5)
R-sym. Group | O(1,1) or O(2) | O(1,1) or O(2) | SO(2) | SO(2) | O(1,1) or O(2)

Table 11. N = 2 R-symmetry groups in nine dimensions, the R-symmetry group for (s,t) is the
same as (i, s).

supersymmetry algebra. The nine-dimensional N/ = 2 algebras and their R-symmetry
groups are listed in table 11.
There are two types of nine-dimensional signatures.

o In signatures (0,9), (1,8), (4,5), and those signatures obtained by flipping ¢ <+ s, the
complex spinor module S has an invariant real structure, which allows one to impose
a standard Majorana condition with R-symmetry group O(2) or a twisted Majorana
condition with R-symmetry group O(1,1).

o In signatures (2,7), (3,6) and those signatures obtained by flipping t <> s, the complex
spinor module S carries an invariant quaternionic structure, which allows one to impose
a symplectic Majorana condition. In this case the R-symmetry group is SO(2).

Explicitly, the reality conditions are:

(A =aB®)N — Gr=0(2), (8.12)
()\l)* = OJB(t’S))\jnji —— GR = O(l, 1), (8.13)
(A" = aB®Ne;; = Gr=S0(2). (8.14)

8.3.2 Reduction of Clifford algebras

Next, we give the explicit relations between ten- and nine-dimensional quantities. We
suppress most details, which are straightforward to work out using appendix F. The basis
for the ten-dimensional Clifford algebra is I',, within which we embed the nine-dimensional
gamma matrices, v,, according to

ln=7%®0, Toe=Ild®os or TI'o=ild®o3. (8.15)
The Majorana bilinear forms on the respective complex spinor modules are related by
c1 = cO g o, (8.16)
The 10D chiral projection matrix I'y, = (—z’)“‘gl‘l ...T'19 decomposes as
I.=1®o0;3. (8.17)

In non-chiral type-ITA theories we have two spinors of opposite chirality, denoted A4,
which decompose into nine-dimensional spinors 1! and 1? as

M=l (;) , (8.18)

A =9?® G) . (8.19)
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In chiral type-IIB theories we have two spinors of the same chirality, >\1+ and /\i, which
decompose into nine dimensional spinors, again denoted ' and 2, as

A=yl <(1)> : (8.20)

2 =9 <(1)> . (8.21)

8.3.3 Reduction of reality conditions

Next, we dimensionally reduce ten-dimensional reality conditions. For simplicity and without
loss of generality we will only consider BP9 (with p+ ¢ = 10). A spacelike reduction gives

B _ ) g g1 ) B “W@or for ¢ even, (8.22)
Bt @1 for t odd,

while a timelike reduction gives

iB%) @ g3 for t even,

8.23
—B®8) @ gy for t odd. (8.23)

B — BS) @ g0t = {

The second factor in the tensor products captures the Weyl-compatibility of the ten-
dimensional signature; we observe that when the ten-dimensional signature has an even
number of timelike directions we have a factor o7 or o9 that exchanges chiralities, as in
these signatures the reality condition is Weyl-incompatible. When the ten-dimensional
theory has an odd number of timelike directions the reality condition is Weyl-compatible,
so we get Id or o3 which do not mix the two chiralities.

As an example we reduce the type-IIA algebra in signature (0, 10) (this is the unique
(N, N_) = (1,1) algebra in this signature) to (0,9). The (0, 10) parent theory involves a sin-
gle Majorana spinor that can be written in terms of a Weyl-incompatible reality condition as

(Ae)* = aB ™0 (8.24)

Decomposing into nine-dimensional quantities, we see this reads

W) e (;) = a(B®) @ o)) (@02 ® (?)) = aB®y? g <1> : (8.25)
W)@ G) = (B @ 0y) (wl ® (é)) = aB®y' ¢ (é) : (8.26)

. 1 . .
Dropping the vector 0 we can simply write

e}

()" = aBODyin,,. (8.27)

This leads to a (0,9) N = 2 superalgebra with an O(1,1) R-symmetry group.
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8.3.4 Reduction of vector-valued bilinear forms

Next, we need to reduce the vector-valued bilinear form. A non-chiral, type-IIA vector-valued
bilinear form reduces as

(A TCU s+ (AT N = ()T OO 6,01 —i(4")TCO pin; 1. (8.28)

The second term is a scalar under the nine-dimensional Poincaré Lie algebra and therefore
gives rise to a central extension of the nine-dimensional supersymmetry algebra. This
term is only relevant for states which have momentum along the direction we reduce over,
as this momentum component corresponds to the central charge. We remark that the
ten-dimensional algebra also admits BPS extensions (poly-vector extensions) corresponding
to terms on the r.h.s. which transform as antisymmetric tensors under the Lorentz group.
While such terms are important since they encode the possible BPS branes of a theory,
we have decided to leave the inclusion of BPS extensions to future work. Neglecting the
central term, non-chiral, type IIA vector-valued forms therefore reduce as

(CA)TC %+ (AT () TCO g5, (8.29)
Similarly, chiral, type IIB vector valued forms reduce as
@N)T N 85 — (v TCO 5 (8:30)

8.3.5 Summary of relations between ten-dimensional and nine-dimensional
N = 2 supersymmetry algebras

We will not include further details of computations, as the principle is by now clear and the
various signatures only differ by sign factors. The results are summarized in the diagram
in table 12. This diagram shows in particular that by a sequence of timelike reductions
and spacelike oxidations, that is by mixed T-dualities, one can connect all signatures to
one another. While in generic ten-dimensional signatures there is a unique N = 2 algebra
which is chiral or non-chiral, there are two chiral and two non-chiral algebras in Lorentz
and in neutral signature, which then are mutually related by pure T-dualities.

8.4 Four-dimensional N' = 2 supersymmetry algebras and type-I1/IT*
Calabi-Yau compactifications

The compactification of type-IIA /IIB string theory in signature (1,9) on a Calabi-Yau
three-fold with Hodge numbers h''!, h?! leads to an N/ = 2 supergravity theory in signature
(1,3) with ny vector multiplets and ny hypermultiplets, where (ny,ng) = (h*!, h%1 + 1)
for type-IIA and (ny,ng) = (h%!, At 4 1) for type-IIB [28-30]. The four-dimensional
supersymmetry algebra is the standard N' = 2 supersymmetry algebra with R-symmetry
group Gr = U(2) = U(1) xSU(2). The target space geometries of vector and hypermultiplets
are projective special Kéahler and quaternionic-Kéhler, see [31] for a review. As already
shown in [17], there is a second, inequivalent N' = 2 algebra in signature (1,3), where the
supercharges obey a twisted Majorana condition and the R-symmetry group is U(1,1) =
U(1) x SU(1,1). The corresponding theory of rigid vector multiplets was constructed
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explicitly in [17], where it was shown that while the scalar geometry of the vector multiplets
is still special Kéhler, the modified supersymmetry transformations imply a relative sign
between the scalar and vector kinetic terms. While hypermultiplets for the supersymmetry
with U(1,1) R-symmetry have not yet been constructed, sign flips between the kinetic terms
of the hypermultiplet scalars are expected, and the factor SU(1, 1) suggests that the scalar
geometry is para-quaternionic Kahler rather than quaternionic Kéhler. The reason is as
follow: for the standard algebra with R-symmetry U(2) = U(1) x SU(2) the vector multiplet
and hypermultiplet scalars transform under U(1) and SU(2), respectively. The factor U(1)
acts on the vector multiplet scalar manifold as multiplication by the complex structure,
that is, as ‘multiplication by ¢’ Similarly, the factor SU(2) acts on the hypermultiplet
scalar manifold as multiplication by the unit quaternions SU(2) C H*. A change of the
R-symmetry group therefore indicates a change of the scalar geometry. For example, in
signature (0,4) the R-symmetry group is U*(2) = SO(1, 1) x SU(2), and the geometry of the
vector multiplet scalars is para-Kéahler, which differs from Kahler by replacing the complex
structure I,1? = —Id by a para-complex structure E # Id, E? = Id. The action of the
factor SO(1,1) C U*(2) on the vector multiplet scalar manifold is generated by the action
of the para-complex structure, see [12] for details. Similarly, the replacement of the factor
SU(2) € U(2) by SU(1,1) € U(1,1) indicates that the scalar geometry of hypermultiplets in
the twisted N' = 2 theory in signature (1,3) is para-hyper-Kéahler for rigid supersymmetry
and para-quaternion-Kéhler for local supersymmetry. By inspection of the four-dimensional
R-symmetry groups we can determine the scalar geometries of vector and hypermultiplets
for all signatures and inequivalent algebras, see table 13.

For some of these cases the scalar geometry has been verified by explicit construction,
while other cases will be the subject of future work. N' = 2 supergravity in signature (0,4)
arises from the compactification of the Euclidean (signature (0,10)) type-IIA theory on
a Calabi-Yau threefold. The R-symmetry group U*(2) = SO(1,1) x SU(2) indicates that
the vector multiplet geometry is special para-Kéhler while the hypermultiplet geometry is
quaternionic-Kéhler, which was indeed found in [10] by explicit dimensional reduction. In [32]
it will be shown that theories realizing the twisted A/ = 2 algebra in signature (1,3) arise
from the compactification of type-IIA*/IIB* string theory on Calabi-Yau three-folds, and
that their hypermultiplet geometry is indeed para-quaternion Kahler. A/ = 2 supergravity
in signature (2,2) arises from the compactification of the signature (2, 8) type-IIA theory on
a Calabi-Yau threefold. The R-symmetry group GL(2,R) 2 R>? x SL*(2,R) indicates that
the vector multiplet geometry is special para-Kahler while the hypermultiplet geometry
is para-quaternionic-Kéhler.?® This will be verified by dimensional reduction in [32].

8.5 Three-dimensional N/ = 4 supersymmetry algebras and their
hypermultiplet geometries

Three-dimensional N' = 4 supergravity theories can be realized by spacelike and timelike
reductions of four-dimensional N' = 2 supergravity. In three dimensions vector multiplets
can be dualized into hypermultiplets so that the scalar manifold is the product of two

BSLE(2,R) € GL(2,R) is the group of real 2 x 2 matrices with determinant 1.
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Signature | R-symmetry VM geometry | HM geometry
(0,4) U(2)* = SO(1,1) x SU(2) SPK QK
(1,3) U(2) 2 U(1) x SU(2) SK QK
U(1,1) =2 U(1) x SU(1,1) SK PQK
(2,2) GL(2,R) = SO(1,1) x SLi(Q,]R) SPK PQK

Table 13. Four-dimensional N' = 2 supersymmetry algebras, their R-symmetry groups and the
scalar geometries of vector multiplets (VM) and hypermultiplets (HM). SK = special Kéhler, SPK

= gpecial para-Kéhler, QK = quaternionic Kéhler, PQK = para-quaternionic Kéhler.

Signature | R-symmetry HM; geometry | HM> geometry
(0,3) SO*(4) 2 SL(2,R) x SU(2) PQK QK
(1,2) O(4) =2 SU(2) x SU(2) QK QK

0(1,3) — —

0(2,2) 2 SL(2,R) x SL(2,R) | PQK PQK

Table 14. Three-dimensional N' = 4 supersymmetry algebras, their R-symmetry groups and the
scalar geometries of the two hypermultiplet manifolds.

o~

hypermultiplet manifolds. The R-symmetry groups in three dimensions are SO*(4)
SL(2,R) x SU(2) in Euclidean signature (0,3) and O(p,q), p+ ¢ = 4 in Lorentz signature
(1,2). For all cases with the exception of O(1,3) this allows us to identify the hypermultiplet
geometries, see table 14. The case O(1, 3) is special in that it is the only one which does not
arise by dimensional reduction. For the other cases we note the embeddings U*(2) C SO*(4),
U(2) C O(4), and U(1,1) C O(2,2) of the respective R-symmetry groups.

For some of these cases the scalar geometry has been verified by explicit construction,
while others will be subject to future work. Dimensional reduction of vector multiplets from
signatures (0,4) or (1,3) to signature (0,3) leads to hypermultiplets with a para-quaternionic
Kéhler target space [15]. By comparing to table 12 we see that the resulting pattern of
spacelike and timelike reductions replicates the one for ten- and nine-dimensional type-II
theories, with the exception that in signature (1,3) there are only two rather than four
non-isomorphic supersymmetry algebras. However, compactifications of type-IIA and type-

IIB on the same Calabi-Yau threefolds lead to different theories since, as reviewed above,
the roles of vector and hypermultiplets are reversed. The resulting pattern of dimensional
reductions and oxidations, and the induced T-dualities between the four-dimensional theories
will be studied in detail in [32].

9 Conclusion and outlook

In this paper we have provided a construction of extended supersymmetry algebras which
works uniformly across dimensions and signatures. We have classified the resulting R-
symmetry groups, which ultimately leads to table 10. The resulting pattern of R-symmetry

— 59 —



groups is modulated by the properties of the complex bilinear form and of the reality
conditions. In some signatures multiple real forms lead to several non-isomorphic algebras
based on the same spinor module. This includes ‘type-*’ Lorentzian signature algebras with
non-compact R-symmetry groups such as O(p, ¢) in signatures (1,9) and (1,2), and U(k,!) in
signature (1,3) which correspond to non-standard, ‘twisted’ Majorana conditions imposed on
complex supercharges. Our formalism always starts with a standard complex superbracket,
so that the ‘twisting’ is encoded in the reality condition. This has the advantage that the
twisting is tied to selecting a real form of the complex R-symmetry group, which allows
us to see ‘twisting’ as part of the larger pattern of variation of R-symmetry group across
dimensions and signatures.

While we have provided evidence that supersymmetry algebras are classified by their
R-symmetry groups, together with the choice of one relative sign for chiral algebras, solving
the classification problem completely has been left to future work. The most promising
approach is to combine the formalism applied in this paper with the methods and results
of [22], as has been done for the special case of D = 4, N/ = 2 supersymmetry in [17].
BPS-charges can be included along the lines of [24], which will also allow to discuss the
tensor-valued bilinear forms needed to describe fermionic terms in the action [2, 16]. Our
formalism, which encodes the signature dependence completely in the reality condition,
while the superbracket is fixed in a given dimension allows to obtain the supersymmetry
transformations and actions in a given signature by imposing reality conditions on their
complex versions [16].

Apart from ab initio construction, dimensional reduction can be used to obtain su-
persymmetry transformations and actions. In section 8 we have discussed Calabi-Yau
compactifications of type-II superstring theories to theories in signatures (0,4), (1,3) and
(2,2) using their supersymmetry algebras and R-symmetry groups. The corresponding
bosonic actions which will be constructed explicitly in [32]. This will not only allow us
to verify the claims we have made regarding the target space geometries of four- and
three-dimensional hypermultiplets in arbitrary signature, but also prepare the ground for
studying solutions of ‘exotic’ supergravity and string theories in dimension 4 and 10. It was
observed in [33] that there is a correspondence between the planar cosmological solutions
of standard D = 4, N' = 2 supergravity with vector multiplets constructed in [34], and
planar black hole solutions of its twisted variant (with R-symmetry U(1,1)). As these
include solutions of the STU-model (and its twisted version), they can be lifted to 10 and 11
dimensions to solutions of type-II string theory and M-theory. In fact, in the untwisted case,
this leads to the same higher-dimensional brane configuration as the STU black hole [34].
The solutions of the twisted four-dimensional theory lift to brane configurations in type-I11*
theories, which strongly suggests that the duality between black hole and cosmological
solutions can be understood as a combination of time-like and space-like T-dualities. As
shown in [33] the horizons of the dual cosmological/black hole solutions satisfy the first
law of thermodynamics and have the same semi-classical Euclidean partition function.
Investigating this from the ten-dimensional point of view is likely to provide new insights
into the solutions of type-IT* theories. This is but one example how one can further explore
the network of type-II string theories described in [1, 2]. The work of [3, 4] shows that there
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are many field-theoretical as well as phenomenological aspects to be explored, including
signature change, de Sitter solutions, and brane world scenarios.

Another direction to explore is what can be learned about the symmetries underlying
string theories. Dimensional reduction exhibits hidden symmetry, and maximal symmetry
is reached when all directions, including time, are compactified [35]. However, if string
theories in general signature are part of the full configuration space of string/M-theory, then
dimensional reduction is not enough to exhibit the full symmetry of string theory. In order
to cover all possible spacetime signatures one can use complexification followed by exploring
all possible reality conditions. For example in [36, 37] a uniform description of M-theory and
type-1I theory was given based on the complex form of the ortho-symplectic Lie superalgebra
05p(32). The formalism presented in this paper may offer certain advantages, because it
does not rely on obtaining Poincaré Lie superalgebras as contractions, but instead works
directly with complex and real Poincaré Lie superalgebras. Another strategy to explore the
hidden symmetries of string theory is to use an extended spacetime, as is done in doubled
and exceptional field theory. In these formalisms exotic versions of type-II string theory
appear naturally, see for example [38], and the formalism presented in this paper should be
useful to investigate this further.
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A Conventions, notation and some useful formulae

In this appendix we collect information about our notations and conventions. In particular,
we explain our conventions for spinor indices, which we suppress where possible in the
paper. We also explain in detail how to relate the formulation of supersymmetry algebras
in terms of vector-valued bilinear forms to the usual one in terms of anti-commutators of
supercharges.

A.1 Spinor index conventions

For spinor indices we use the same conventions as [12]. Dirac spinors ¢ € S have lower
indices, ¥ = (1,). Since y-matrices represent endomorphisms on the spinor module S, their
index structure is v, = (VW/B ).

The matrices A and C relate the y-matrices to their Hermitian conjugate and to
the transposed matrices, respectively (2.4), (2.6). They have two upper spinor indices,
A = (A*8) and C = (C*P), and define a sesquilinear form (the Dirac bilinear form) and a
complex bilinear form (the Majorana bilinear form) on S, respectively:

AN X) = N A g, C(A X)) = AaCxp. (A1)

The inverse matrices are A~! = (A;[_lj) and C~! = (C3).

«,
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When using Dirac spinors with a sesquilinear form A, spinor indices are raised and
lowered using A and A~1, i.e. A\ = A8 Agand A\, = A;l)\ﬂ. Upper index spinors defined
this way are elements of complex-conjugate dual (transposed) Dirac spinor module, which
we can identify with S using the spin equivariant isomorphism provided by A. Similarly,
we can raise and lower Dirac spinor indices using C' and its inverse: \* = C*? Ag and
Ao = c:ﬁl M. If upper index spinors are defined this way, they are elements of the dual
(transposed) Dirac spinor module, which we can identify with S using the spin equivariant
isomorphism provided by C. In this paper we exclusively use C' and C~! to raise and lower
Dirac spinor indices. We use a convention where the matrix C' is equal to its inverse, so that
we can denote the components of C~1 simply by C,s. The matrix C is either symmetric or
antisymmetric. This is encoded by the invariant ¢ = o¢, which also is the symmetry of the
Majorana bilinear form,

CPe = oCP (A.2)

In the antisymmetric case some care is required when raising and lowering indices. For
example

CCoyCps = 00, C*P Cps = 0C.5. (A.3)

Note that the convention we use for spinor indices is not of the ‘NW-SE type.’ This is
different from our convention for ‘internal’ indices on spinors, see below. In the bulk
of this paper we work with expressions where spinor indices are contracted and can be
omitted. However, index conventions are relevant when comparing our results to the
literature. In particular, they are relevant for translating between vector-valued forms and
anti-commutators of supercharges, see below.

Equations like A = II,+, (where 7 runs over all timelike Lorentz indices), which equate
the matrix of a bilinear form (two upper indices) to a matrix representing an endomorphism
(one lower, one upper index) are equations between matrices, not between maps. Put
differently, once we have fixed a set of ~-matrices, we can make a choice for the matrix A,
but this choice is tied to our choice of y-matrices.

A.2 Index conventions for internal indices

For indices on the auxiliary space CX we will usually? use the NW-SE convention. This
reflects that our formalism generalizes symplectic Majorana spinors, where the R-symmetry
group SU(2) acts on these indices. Adopting this as the universal convention, bilinear forms
on C¥ take the form

M(z,w):ziijji, ,j=1,..., K.

Raising and lowering the indices is done using M;; and its contragradient (transposed of
inverse) M*% such that

L N C— LI
2= MYz, z =2z Mj.

29The only exception is the ‘matrix notation’ which we use when doubling the dimension of the auxiliary
space to completely disentangle the spin and R-symmetry groups for even-dimensional space-times, see
appendix D.
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Note that the NW-SE convention then implies
M My, = 6, (A.4)

so that for anti-symmetric bilinear forms the matrices (M%) and (M;;) are not each others
inverse, but the inverse multiplied by —1.

Our construction requires the choice of a non-degenerate complex bilinear form, which
is either symmetric or antisymmetric. Our preferred choices are the symmetric bilinear
form § and antisymmetric bilinear form .J, with Gram matrices

=1y, J 0 g

g f— 2
N> _]].5 0
2

We refer to these bilinears and matrices as ‘canonical.

A.3 Poincaré Lie superalgebras with and without indices

In this section we explain how the standard, index-based notation for supersymmetry is
related to the index-free description (or sometimes only partly index-free description) used
in [22] and in this paper.

A Poincaré Lie superalgebra, g, is a Zs-graded Lie algebra

g=go+t01, go=s0(V)+V, (A.5)

where the even part gg is the Poincaré Lie algebra based on the vector space V = R%*, that
is R'™ equipped with a real symmetric bilinear form with signature (¢, s). The Lie bracket
on go is

[A,B] = AB — BA, [A,v] = Av, [v1,v9] =0, (A.6)

where A, B € so(V) and v, v1,v9 € V.

The odd part g; of g is an arbitrary sum of irreducible spinor modules, that is of
spin(V) = so(V) modules obtained by decomposing irreducible modules of the real Clifford
algebra CI(V') = C1, s into irreducible modules of spin(V') C Cl; 5. The Lie algebra structure
on g is extended to a Lie superalgebra structure by the spinorial action pg of so(V') on g;
together with a trivial action of V on g, and a symmetric vector-valued bracket g; x g1 — V,
which is so(V') equivariant (covariant). The additional non-trivial relations are:

[A, A\ = ps(A)A, A x] =IO\ x) eV, Aeso(V), \x€g1, (A.7)

where I : g1 x g1 — V is a real, symmetric, Spin(t, s)-equivariant vector-valued bilinear
form.30

It was shown in [22] that the real, symmetric, Spin(¢,s)-equivariant vector-valued
bilinear forms on a spinor module form a vector space, which is spanned by vector-valued

bilinear forms which can be constructed out of so called super-admissible scalar-valued

3%Note that the required super-Jacobi identity is implied by these conditions.
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bilinear forms using Clifford multiplication. Given a bilinear form 3, the associated vector-
valued bilinear form Ilg is defined by

(s, x),v) = B(y(WAX), Ax€g,veV. (A.8)

Here (-, ) is the bilinear form on V = R and «(v)) is the Clifford multiplication of the
vector v with the spinor .

If we denote the generators of V' and so(V') by P, and M, respectively, the relations
of the Poincaré Lie algebra are [40]

[P, P, =0, [Mu,P,]=inu,P, —n,,P.), (A.9)
[M/un Mpa} = i(nupMua - nuaMVp - nupM,ua + nVUMp,p)a
where 7, is the Gram matrix of the bilinear form (-,-) on R%*. The generators of the

odd part g; are the supercharges @,. To translate (A.8) into anti-commutation relations
beween supercharges, we expand the spinors and vectors in their respective bases

A=AQ., X:XBQg, v=2v"P,. (A.10)

Clifford multiplication is an operation of V' on the spinor module which in terms of
components is given by the action of y-matrices on spinors,

PAQu = ,5Q; . (A.11)

Therefore
v Vxgi=a, 0,0 = %A =vPA =07, Qa, (A.12)

where (7“0‘6) = (y")T = 7Cy*C~! is the transposed of y*.3! Therefore

BOY@)A x) = v 7" N X7 B(Qa, Qp) - (A.13)

A non-degenerate bilinear form can be used to identify a module with its dual (also called
transposed module). Since f is required to be an admissible bilinear form this isomorphism
is spin-equivariant, and induces a map which maps the y-matrices to their transposed [12].
In other words the Gram matrix 8(Qa, @) of the bilinear form 3 can be interpreted as a
charge conjugation matrix C. With our index conventions the Gram matrix 5(Qq,@g) is
the inverse charge conjugation matrix C~1 = (Cng). Comparing to (A.8) we conclude that

s\ x) = [NXT ()%, Capl Py = 0N XTCpa (7)™ 1Py = ocTe N X7 (4") 5% Cay] Pa
(A.14)
Here we used CT = ¢C and (v*)T = 7Cy*C~!. Defining the superbracket using the
vector-valued bilinear form, {\, x} = IIz(\, x), we obtain

{Qﬁa Q’y} = 0-7—(7#0_1)67})# . (A]_5)

31Note that for 7 = —1 the matrices v* and ()7 are not related by raising/lowering indices using C

(extra sign).
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For this to be a symmetric bracket we need that
(y*CHT = VT (v = oCrCA*C7L = oyt C T = RO, (A.16)

that is o7 = 1. This shows explicitly how the symmetry of the superbracket is related to
the super-admissibility of the bilinear form f.

While we are ultimately interested in real supersymmetry algebras, all the above
concepts and statement naturally extend to complex Poincaré Lie superalgebras. Of course,
for complex bilinear forms the concept of signature loses its invariant meaning. We can use
this to pass from a real algebra to its complexification, and from there to other real forms.

In general, the spinorial module g; can be reducible. For sums of inequivalent modules
the contributions to the supersymmetry anti-commutator just add up ‘incoherently’, while
for sums of equivalent modules they can ‘mix. This is what gives rise to the larger R-
symmetry groups of extended supersymmetry algebras. Let us consider the case of N/ copies
of an irreducible module S, where g; = S @ ---® S = NS = S g KV, where K is R or C,
depending on whether S is a real or complex module. Denoting irreducible spinor indices by
a, f3,... and labeling copies by 7,7 = 1,... N, the supercharges are Q;, and spinors expand
as A = A®Q;,. The bilinear form on S ®k KV is B8 =C® M, where C is the bilinear form
defined by the charge conjugation matrix on the irreducible module S, and where M is
a symmetric or antisymmetric bilinear form on the multiplicity space K. By a similar
computation to the one above we find

BN X) = oA NPy TC s M = ooy NXTP (YO 1) ap Mij (A.17)
where o is the symmetry of M, that is M7 = o3, M. Therefore
{Qia, Qjs} = oo (Y C ™) apMij Py . (A.18)
The bracket is symmetric if
(VC™NasMij = (+"C7 1) gaMji (A.19)

which requires o7o; = 1. Since the y-matrices do not act on KV, it follows that oroy =
03Tg, that is the bracket is symmetric if the bilinear form 3 = C' ® M is super-admissible.
To summarize, given a super-admissible bilinear form g = C ® M,

BN, X) = N¥Cupx?P Mj; (A.20)
the corresponding anti-commutation relations are

{Qiav Qjﬁ} = (Vﬂc_l)aﬂMiqu . (A21)

For a given charge conjugation matrix C' one has either o7 = 1 or o7 = —1. Therefore a
charge conjugation matrix does not always define a supersymmetry algebra. However, by
taking an even number of copies and pairing C with an antisymmetric bilinear form on the
multiplicity space we can obtain a super-admissible bilinear form on the extended spinor
module. Our approach is to always double the spinor module and to use a super-admissible

— 65 —



bilinear form on the doubled space to define a complex algebra with relations (A.21). This
uses that the doubling can be interpreted as a complexification. Real algebras are obtained
by choosing a real form through imposing a reality condition of the form

(\)* = aBN Lj; (A.22)

where « is a phase and where B @ L defines a real structure p on g; ® g1 = g1 @ C = g§.
A.4 Useful formulae relating to chirality

The following formula are used extensively throughout this paper and are provided here for
easy reference. They can be found in, or straightforwardly obtained from [17, 25].

+iC-, D=2,6,10,
Come={ 7 (A.23)
C:, D=4,812,

+iCe, D=2,6,10,

7, Cy = * (A.24)
—C., D=4,8,12,
tioyo By = FiBe, D=2,6,10,

Biny, = OFOTOFR TR (A.25)
O-+0-7B:F:B$, D:4,8,12,
1) Fioyo By = +(-1)tiBy, D=2,6,10,

'Y*Bi _ ( ) +1040 + ( ) (Z=E+ (AQG)
+iBL . D=26,10,
BL, D=4,812.

For completeness we note that, as shown in the main text, the symmetry o1 of C'y satisfies
o4+ = —o_ in the Weyl compatible dimensions D = 2,6,10, and o4 = o_ in the Weyl
incompatible dimensions D = 4, 8,12.

A.5 Proof that a signature flip (¢,s) <> (s,t) exchanges By <> B_

This is the proof of a statement that we used in the main part of this paper. Consider the
(t,s) signature y-matrices, which obey
1, i<t
(7:)* = { (A.28)

+1, i>t.

We define the (s,t) signature y-matrices as v,, = iy(p_m41) (Where D =t + s) such
that they correctly obey

-1 i < s,
CAEEE S (A.29)
+1, 1> 5.

Both theories have the same charge conjugation matrices, C'y and C_ and A-matrices
A =~y Ly (A.30)
AN = Vi Vs =YD et
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We then see that, using C; = kC_~, (k is the constant from (A.23))

BS:’S) = (C (A= HT (A.31)
_ (kc_,y*(A(t,s))fl)T'

Using our definitions for A®%) we find

—1)*(=)" %41 (A.32)

such that

= (BY) B = (BUY)yBEY.

B Real (semi-)spinors and Majorana spinors

In this appendix we summarize the relation between complex and real spinors and semi-
spinors as defined in the mathematics literature and Dirac, Weyl, Majorana and Majorana-
Weyl spinors as defined in the physics literature. The complex and real spinor module S
and S are defined by restricting irreducible representations of the complex and real Clifford
algebras Clp and Cl; s to the real spin group Spin(¢,s). As Spin(¢, s)-modules S and S
can be isomorphic or non-isomorphic. Complex spinors 9 € S are Dirac spinors, while real
spinors @ € S are not always Majorana spinors. The following cases can occur, depending
on dimension and signature.

1. S 2 S, the complex and real spinor module are not isomorphic. Then S is the
complexification of S, S =5 g C and S is a real subset of S fixed under the action
of an invariant real structure p, S = SP. The elements of S are Majorana spinors. S
can be irreducible or reducible.

(a) S is irreducible. Then Majorana spinors are the unique irreducible spinor
representation. If, in addition, the dimension is even, Majorana spinors are
equivalent (as real Spin(¢,s) representations) to Weyl spinors: S = Sy = S_.
This is, for example, the case in signature (1, 3).

(b) S is reducible. Then real spinors decompose into real semi-spinors, S = S + S_.
Given that S = S ®g C, the real semi-spinor modules must be non-isomorphic,
since otherwise their complexifications S+ ®r C would be isomorphic as complex
modules, which is not true. The real semi-spinors S; 2 S_ are Majorana-Weyl
spinors. As is well known, Majorana-Weyl spinors exist if and only if £ — s is 0
modulo 8. In table 1 these are the entries where (e4,e_) = (1,1).
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2. S 2 S, the complex and real spinor module are isomorphic. Here we have three

subcases:

(a)

(b)

S is irreducible. Then Majorana spinors don’t exist (S does not admit an invariant
real structure) and Dirac spinors are the unique irreducible spinor representation.
This is realized in signature (1,4).

S=5,+5_,5; 25 . 5 is reducible and decomposes into non-isomorphic
semi-spinor modules. In this case real semi-spinors are the same as complex
semi-spinors, that is Weyl spinors, S+ = Sy. This happens in even dimensions
in those signatures where no invariant real structures, and hence no Majorana
spinors exist, for example in signature (4,0) or (0,4).

S=5.+5_,5=5_. 5 is reducible, and decomposes into isomorphic semi-
spinor modules. In this case S = § = S ® C carries an invariant real structure.
The elements of Sy are Majorana spinors, and we are in a signature where no
Majorana-Weyl spinors exist. There are two subcases:

i. If the dimension is even, then complex and real semi-spinors coincide and
all types semi-spinor modules are isomorphic as real modules: S; = S_ =
S4 = S_. This happens, for example, in signature (3,1).

ii. If the dimension is odd, no Weyl spinors exist, and we have S = § = SL ®rC.

This is realized, for example, in signature (3,2).

More details for the explicit examples we have mentioned can be found in [16, 17].

C Details on the complexification of spinor modules

In this appendix we provide details on the complexification of the odd parts g; = S®V =2

SORN g =SV > 5, @RY and g; = ST @ §V = 5, @ RN+ & 5 @ RV~ of real

supersymmetry algebras.

We start with the simpler case where D is odd and no Weyl spinors exist. The unique

real irreducible spinor representation is either S or Sy = S_. There are two cases.

1. S is irreducible. Then

g1 9r C = (S ®r C)®N = (S @ C) ®c CV .

There are two subcases.

()

(b)

S = S. The smallest spinor representation is given by Dirac spinors, and
g19rC = (SOrC)™ = (S®RC) ©c CN =S C?V.

This case is characterized by S not admitting an invariant real structure.

S ®r C = S. The smallest spinor representation is given by Majorana spinors,
and
g1®rC = (S@rC)®" 2S®cCV.

This case is characterized by S admitting an invariant real structure.
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2. S is reducible and Sy = S_. Then S= § = S, ®g C. The unique irreducible spinor
representation given by Majorana spinors Sy = S_, and

g1 ®r C = (S+ ®R(C)®N ~S®cCN.
In this case S admits an invariant real structure.

If D is even, then there is one additional case to consider, namely when S is reducible and the
real semi-spinor modules are non-isomorphic, S; ZS_. In this case the minimal spinors are
either Weyl spinors or Majorana-Weyl spinors. Since there are two inequivalent irreducible
real spinor representations, the general form of the odd part of the supersymmetry algebra
is gy = SfN+ @ S®N=. The additional third case is

3. §=584+5_, 5 ES_. There are two sub-cases:

1. S 2 S4. In this case S1 do not admit invariant real structures and the
inequivalent minimal spinors are Weyl spinors.
2. Sy =2 Sy ®r C. In this case S1 admit invariant real strucutures, and the

inequivalent minimal spinors are Majorana-Weyl spinors.

In both cases the complexification procedes analogous to case 1, with S replaced by
S+ and S_.

D Matrix notation for Weyl spinors

D.1 Explanation of the matrix notation

In this section, we will describe a notation which was introduced in [17], and makes
calculations easier when dealing with Weyl spinors in even dimensions. Using the natural
embedding S4+ C S we combine the two Weyl spinor modules into a single ‘doubled-again’
spinor module

(W) = (N, A0 ) = (AL, A L ) e s s B c g g et
(D.1)

Using a mixture of matrix notation and index notation, orthogonal and isotropic bilinear
forms take the form

[ — MZ 0 Xj
( Y, )\’_) < OJ M&) <Xjfr> (Orthogonal), (D.2)
Ji -
i i 0 Mj; Xj .
()\+,)\7) <Mj' Oj ) <X]t> (Isotropic). (D.3)
In the orthogonal case M is the bilinear form on the CX+ factor, M’ the one on the C*-

factor, 7,7 =1,..., K4 and 2,5 =1,...,K_. For isotropic signatures, necessarily M = M’
and K_|_ = K_.
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In addition, we have a real structure, p, which is either Weyl-compatible or Weyl-
incompatible. For a Weyl-compatible reality condition, we write this as

pN) = @B (L) Ly, p(N) = BB (N )L, (D.4)

X, a*B*Lj; 0 AN
= o) = (7 ) () 09

Here B and B’ can refer to either By.

Weyl-incompatible reality conditions are written as

=it ) om0 ) (5) - o

Often it is possible and convenient to suppress the indices ¢, j, and write expressions in
terms of vectors-of-vectors and block matrices

(iJrai—) (Ag ]\3’) (i?) (Orthogonal), (D.7)

(EJF,;_) (Z\Oi ]\04> (it) (Isotropic). (D.8)

When we do this, we will change the indices such that normal matrix multiplication
makes sense for the resulting expressions. This induces a sign if M = J is the anti-symmetric
bilinear form with components J;; = —Jj;:

(N x0) (2 JS) (ﬁ) = (A1) <_0J _oj> (i*) - (D.9)

For a final example, (D.5) is rewritten as

()

When using this notation the Schur group and consequently the R-symmetry group
acts by linear transformations on the expanded internal space CX++5-_but not on the
spinor indices. This disentangling of spinor and internal indices with respect to the action
of the Schur group is the main advantage of this notation. Without the additional doubling,
the Schur group can act non-trivially on spinors indices in even dimensions by acting
differently on spinors depending on their chirality. For example, in signature (1,3) positive
and negative chirality spinors carry opposite charge under U(1) C Gr = U(2), see [12]. By
doubling the auxiliary space, any chiral action of the Schur group is encoded in the larger
matrix acting on the doubled space. Afterwards, the effects on each Weyl spinor module can
be reconstructed and rewritten in terms of Id and . acting on the original spinor module.
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D.2 Action of R-symmetry transformations on the complex spinor module S

In even dimensions R-symmetry transformations act non-trivially on the complex spinor
module S, though only through a relative sign between complex semi-spinors, since R-
symmetry transformations by definition commute with the Lie algebra of the spin group.
We have shown that the actions of the spin group and R-symmetry group can still be
disentangled by doubling the internal space. In the following section we briefly describe how
our results translate to a more conventional notation, where we employ Dirac spinors and
do not double the internal space. R-symmetry transformations are then given by products
of actions on the internal space with an action of 1,, on Dirac spinors.

The chirality matrix 7, acts on the Weyl spinors A+ € S1 as v A+ = £A;1. We choose

b = (g f; ) , (D.11)

where 1 is the identity matrix acting on complex semi-spinors Si. In matrix notation,

a basis of S where

YAy = £N} acts on (A}, AL) as the matrix

Ix O
=7%®1 D.12
(0 _1K> T @1 (D.12)

D.2.1 Orthogonal bilinear forms

In orthogonal Weyl-compatible signatures the R-symmetry transformations act indepen-
dently on each Weyl spinor module and are specified by the action on the internal CK=+
factor. This is because the Weyl spinor modules are complex irreducible modules (so we can
apply Schur’s lemma exactly like in odd dimensions) and the reality condition is defined on a
Weyl spinor module alone. If K| # K_ we cannot combine Weyl spinors into Dirac spinors.

When K = K_, we can combine the Weyl spinors into Dirac spinors. Then R-symmetry
transformations act as follows. We know that a general element of the R-symmetry Lie

a0
r= (0 b) , (D.13)

where a, b are Lie algebra elements for the factor of the R-symmetry which acts on spinors

algebra has the form

of given chirality. We can rewrite this as

r= (g 2) + (g _Od> =([d®c) + (1w ®d), (D.14)

for c = 3(a+b) and d = £(a — b).

We can see that, at most, R-symmetry generators act as identity or -, on the S factor.
In this case, the re-writing is somewhat artificial since the Lie algebra elements a,b are
independent. But in the remaining cases, where we will do something similar, the two
transformations will depend on one another.
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For a Weyl-incompatible orthogonal signature, the reality condition links the two
chiralities, and we found that they take the form

a 0
" (0 La*L‘l) ’ (D19

where a acts entirely on S, while the corresponding transformation on S_ is La*L~!.This
can be recast into transformations that act on the entire spinor module § = S + S_.
Using that conjugation by L and complex conjugation are involutions, we can rewrite a
and La*L~! in terms of

1
ax = (ot La*L7Yy, (D.16)

so that

r= (C” °>+<“ ) )=<n®a+>+<%®a>. (D.17)

0 a4 0 —a_

This is slightly different from the previous case with Weyl-compatible signatures because
a4 and a_ are functions of a alone. However we see that similarly the generators of the
R-symmetry group can be written in a way where they act either as Id or v, on S.

D.2.2 Isotropic bilinear forms

For an isotropic vector-valued bilinear form, ~, generates a real one-parameter subgroup of
the R-symmetry group. Consider the transformation

A e N = AL eTWAL (D.18)
where w € C. A complex vector-valued bilinear form is invariant under this transformation:

BN x) = (PN)TON My + (7" M) TOxI M3
— (PN Ce™ o\ My + (e X )T Ce ™\ My = B(v* ), x).  (D.19)

In matrix notation the transformation in (D.18) is

<;+> — exp(wyx @ 1) <i+> . (D.20)

Imposing that (D.18) commutes with the reality condition in isotropic dimensions forces
w to be real in Weyl-compatible signatures and to be imaginary in Weyl-incompatible
signatures. The corresponding one-dimensional subgroups SO(1,1) and U(1) of the R-
symmetry group are often generated when performing a dimensional reduction from odd
to even dimensions. For example, the reduction of a supersymmetry algebra based on a
single Dirac spinor from five to four dimensions increases the R-symmetry group from SU(2)
to U(2) Hjocal SU(2) x U(1) for the reduction (¢,s) = (1,4) — (1,3) and to U*(2) Zjocal
SU(2) xSO(1,1) for the reduction (t,s) = (1,4) — (0,4) [12]. General R-symmetry elements
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act simultaneously as Id or v, on S and by a non-trivial transformation on the C¥ factor,
therefore the R-symmetry groups are only locally isomorphic to direct products.
The general form of an R-symmetry transformation in isotropic signatures is

a 0
r= (O —M‘laTM> . (D.21)

Since conjugation by M and transposition are both involutions, that we can split a into
eigen-matrices under the combination of these two operations

1
a=ay+a_, with ay = 5( + M~ taTM). (D.22)

Therefore we can write

ar O a_ 0
r = + =®ap) +(1®a_). D.23
(v 0 )+ (5 ) -oeanruen (0.23)

From this, we conclude that in isotropic signatures the only possible non-trivial action
of the R-symmetry generators on S is through multiplication by ~,.

E Details of isomorphisms

In this appendix we provide the details of the proof that real supersymmetry algebras
constructed using the data (C, M, B, L) on g(lc are classified by their R-symmetry group
(together with a choice of the relative sign between ay and «_ for orthogonal Weyl-
compatible signatures). This involves showing that certain sets of data can be swapped
without changing the complex superbracket and the reality condition. For this purpose it is
useful to introduce certain transformations, denoted R, Sy, T which allow one to establish
the required isomorphisms for orthogonal and isotropic Weyl-compatible signatures. The
isotropic Weyl incompatible case is a bit more involved and is therefore treated separately.

E.1 The R-transformation

We define an invertible map on g(lc by

. . 1 ,
R : N—= U= —(14 v\ E.1
ﬁ( V+) (E.1)
For reference, the inverse is given by
. 1 . A
A= — (1 — i) U

V2
E.1.1 Orthogonal dimensions

We claim that in orthogonal dimensions the R-transformation exchanges the bilinear forms
Cy ® M and C_ ® M and preserves the reality condition up to an overall phase factor.
To show this consider the chiral projections of the spinors,

i = \}5(1 + iy )Ny = \}5(1 +i)AL . (E.2)
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Recall that for an orthogonal bilinear form, if C'; ® M is super-admissible then so is C_ @ M.
Using (A.23) and (A.25) we find these two super-admissible bilinear forms are related by

(Cy @ M)(V*Ax, x,) = £i(C- @ M)(v*Ax, x,)- (E.3)
The R-transformation removes this factor of 4-:
(Cy @ M)A, x,) = (C- @ M) (v ¥y, Q). (E.4)

Additionally, we find that the R-transformation does not change the reality condition
(up to modifying « by a factor of 7). For definiteness, we take the reality condition to be
defined using B_. First let us consider Weyl-compatible reality conditions. Given A’ with
reality condition

(No)* = arB_N_Lj;, (E.5)
we find
(U)* = —iap B_ W, Ly, (E.6)

and we see the reality condition is unchanged, up to an overall phase.
Next we look at orthogonal Weyl-incompatible signatures, where we find that the reality
condition is invariant.

(\y)*=aB_N.Lj; = (V.)* =aB_ V)L (E.7)
E.1.2 Isotropic dimensions

In isotropic dimensions, we work with Dirac spinors, called A’ and . For a reality condition
of the form (A\)* = aBXN Lj; we find, using (A.25) and (A.26):

(\)* =aB_NL;; = (V)" = (-1)"YaB W Lj. (E.8)

Since the overall phase can be absorbed in «, the R-transformation can be used in isotropic
dimensions to exchange B_ and By. In Weyl-incompatible signatures this is not a useful
transformation, because B+ have opposite e-type and the result is not one of our reality
conditions. However in the Weyl-compatible case the R-transformation can be used to show
that reality conditions are independent of the choice By. For this to be an isomorphism of
supersymmetry algebras, we also need that the bilinear form is invariant. Using that in
isotropic dimensions v,Cy = C1,, we see that an isotropic vector-valued bilinear form is
unchanged by this transformation

. . 1 . .
(VAT Cax? My — SO+ i) )T O (1 + i)Y My (E.9)
= (’yM\Ifi)TCinMjZ’.

In section 7.4 the R-transformation is used (together with the S-transformation introduced
in the next subsection) to show that isotropic Weyl-compatible supersymmetry algebras are
classified by their R-symmetry group.
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E.2 The S-transformations

We define a family of invertible maps S = S by
Syt AL = XL AL = Mgy, (E.10)

where (sj;) is an invertible matrix. In matrix notation this reads

Ay A 10 A
T =S (T = . E.11
3)-=6)-65)6) i
For further analysis we need to distinguish between orthogonal and isotropic dimensions.

E.2.1 S-transformations and orthogonal bilinear forms

In orthogonal dimensions the bilinear forms are entirely chiral, and the S-transformation
leaves the vector-valued bilinear form (C' ® M)(y*A4+, x+) on positive chirality spinors
invariant by definition. On the negative chirality spinors S acts as follows:

(YNNI CXL My = (7R T OO Mjispasy;. (E.12)

To preserve M, that is Mj;sy;s;; = My, the matrix s needs to be orthogonal for M = ¢
and symplectic for M = J. This is the case in particular if s € {4,I,J} for M = § and
s € {6,1,J} for M = J. Note that these are the standard forms of L which are used to
impose reality conditions for a given M € {4, J} to select real forms of O(K, C) or Sp(K, C),
respectively.?? Since in orthogonal dimensions M is fixed by the dimension, it is useful to
note that the S-map does not change the bilinear form on CX. It does, however, change
the reality condition, see below for the case s = L which is relevant for the classification of
orthogonal Weyl-incompatible supersymmetry algebras.

E.2.2 S-transformations and isotropic bilinear forms

In the isotropic case the choice s = J is the only one which preserves the standard form
M € {4,J} for the bilinear form on CX. The map s; allows one to map Cy ® § to
C+ ® J, where we choose the upper or lower sign depending on which choice leads to a
super-admissible bilinear form.

Writing out the isotropic vector-valued bilinear form (Cy ® J)(y*-,-) explicitly gives:

(YN Cax Tji+ (VAT Cax Iy (E.13)
Using (A.23) we can re-write this in terms of the other charge conjugation matrix

(YN T Cox? Tji+ (PN T Canx T = — (YN T Cox T+ (P AT Crxd Jji (B14)

32 = I ; acts anti-isometrically for M = .J. This case needs to be treated separately when constructing
isomorphisms in the orthogonal Weyl-incompatible case, see appendix E.2.3. We don’t need to use S-
transformations for the orthogonal Weyl-compatible case.
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In our matrix notation, this equation is

y J .y J
s (B)()-rorone( 4)(8)
(E.15)

The other super-admissible bilinear form (Cy ® J)(v*-,-) is

i ' i j ; ; 0 8\ (&
(Y0 )T O 535 + (0L )T O30, = (W), (7#92)T) O (5.. 6) (Qj> '
] —
(E.16)

We look for a transformation of the form

A v
(Q) =S <\£> : (E.17)

which maps (E.15) and (E.16) to on another. Then S must satisfy

0 J 01
ST (_J 0) S = <1 0) , (E.18)

1 0
s (1), -

Note that this map is an isomorphism between the complex supersymmetry algebras based

which is solved by

on the bilinear forms C+ ® J and C+ ® 0 in isotropic signatures. When using it for real
supersymmetry algebras we need to take into account how it acts on reality conditions.
This requires us to distinguish between Weyl-compatible and Weyl-incompatible signatures,
and is done below.

E.2.3 S transformations and Weyl-incompatible reality conditions

Consider the Weyl-incompatible reality condition
(AL)* = aBM.Lj; (E.20)

We can apply an Ss-transformation with s = L~! to change the reality condition. Given
that

vo=N, =N L (E.21)

it is easy to see that
(W) = (\L)* = aBN. Lj; = aBY", (E.22)
(P1)* = (M) L' = aBN Ly L3 = aBY. (E.23)
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Thus we can map a reality condition defined by any L to a reality condition with L = §,
and by using the inverse transformations we can map any choice of L to any other choice
L'. In order to have isomorphic supersymmetry algebras, we need that the superbracket
is invariant. As mentioned above, this is the case if L is one of the canonical choices for
the given M listed in section 4.2, except for the combination M = J, L = I;; where
LTML = —M. In this case we use s;7, , which preserves the superbracket and modifies the
reality condition by an irrelevant overall phase factor. In section 7.3 S-transformations are
used to show that for orthogonal, Weyl-incompatible signatures supersymmetry algebras
are classified by their R-symmetry group.

E.2.4 S; transformations in the isotropic Weyl-compatible signatures

Consider spinors A that obey a generic Weyl-compatible reality condition
(NL)* = aBuyNy Ly, (E.24)
where the choice of B4 is independent of the chirality of the spinor. Under S; A\ is related to
U= 0l = N g (E.25)
Obviously \IIL obeys the same reality condition as /\i
(V)" = aBy) ¥, Lj;. (E.26)
Calculating the reality condition for ¥’ is not so trivial:

(U0 )* = —(aB)A" Lij)Jji (E.27)
= —aB )V JiLij Jji.

For the two choices L € {6, J} we find that A\, and U% obey the same reality condition:

=01,  Lij = dij,

S Ly Jji =
—Jiiy  Lijg = Jij.

(E.28)

This shows that S; exchanges the two bilinear forms C®4 and C'®.J, while preserving reality
conditions based on L = ¢ and L = J. This is used in section 7.4 to show that isotropic
Weyl-compatible supersymmetry algebras are classified by their R-symmetry group. To
complete the argument, one also needs the T-transformation introduced in the next section.

E.3 The T-transformation

This transformation is only used in isotropic, Weyl compatible signatures, where it maps
certain choices of L to one another, while preserving the bilinear form. There are two cases.
In the first case the bilinear form is C ® § and the reality condition is

(Ali)* = aB)‘i(Ip,q)ji . (E.29)
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In matrix notation this is

A\ Ig 0\ (A
(;) :aB< : 1) (;). (.30)

One can show that if

1, 0 0 0
v\ _ |0, 0 0 | (A (E31)
U 001, 0o |[\\,

00 0 —il,

v\ v
(qu) =aB (\i) (E.32)

where L = I, , has been replaced by L = . We remark that this transformation is not
particularly useful in orthogonal dimensions, because it changes the bilinear form, and the
result takes a non-standard form. However we only need to use 7" in isotropic dimensions,
where these reality conditions are paired with the bilinear form C' ® ¢ which is unchanged:

[C®dl(A x) = [C©(¥L,Q) (E.33)

In the second case the bilinear form is C’ ® J, and the reality conditions involve
L= jgrygs and L = §. These can be mapped using the T-transformation

L. 0 0 0 0 0 0 O
0,0 0 0 0 0 O
0 01, 0 0 0 O O
T 0 0 0140 0 O O ’ (E.34)
0 00 01, 0 0 O
0 000 0 —1,0 O
0o 0 0 00 0 1, O
0 0000 0 0 —d

which leaves invariant the bilinear form C’ ® J. Together with the S-transformation, the
T-transformation allows to show that isotropic Weyl-compatible supersymmetry algebras
are classified by their R-symmetry group, see section 7.4.

E.4 Relations between isotropic Weyl-incompatible supersymmetry algebras

We start with a generic Weyl-incompatible reality condition
(AL)* = aB)MLy;. (E.35)

In Weyl-incompatible signatures B+ have opposite e-type, and therefore the choice of B
is not free, but fixed by L. Here B4 refers to the choice which satisfies B*B = L? and
therefore in combination with L defines a real structure. B4 refers to the other B-matrix.
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E.4.1 Sj-transformation: (4,9) — (J,J) and (6,J) — (J,9)

Under the S;-transformation the transformed spinors, ¥% obey
(T')* = (Ny)* = aBuyN. Lj; = aBy U Jy;Lji = —aBg)W* Jy; Ly, (E.36)
(UL)* = —(AL)"Jj = —aBy N, Lij Jji = —aBy WX Ly Jji = —aBz) U Li; Jji , (E.37)

where in the last step we used (A.25) to re-write the reality condition in terms of the other
B-matrix. This is needed because L = § and L = J have opposite e-type. Using that

JkjOji = Jhis OkjTji = iy (E.38)
JkjJji = —O0ki,  Jkjdji = —Oki (E.39)

we find
()" =aBpX' = (V)" = —aBx ¥ Jji, (E.40)

(X)* = aBuyN Jji = (¥)" = aBg) V",

This shows that the algebras defined by the data (M,L) = (4,6) and (J,J), are related
by the s; transformation. These are in fact the standard Majorana and the symplectic
Majorana condition, both with R-symmetry group U(K'). This shows that the two ways of
realizing this R-symmetry group lead to isomorphic supersymmetry algebras, see section 7.5
and the diagram in (7.1). For the same reasons, the pairs (M, L) = (6, J) and (J,d) which
have R-symmetry group U(k, k) are also related to one another by S;. There are two other
ways of obtaining a U(k, k) R-symmetry group: with (M, L) = (6, I 1) and (J, fgr,gs), which
will now be discussed.

E.4.2 F-transformation: (4,J) — (9, I k)
We start with an algebra with (M, L) = (0, J), so the initial spinors have reality condition
()\Z:t)* = OCB(:I:))\;:in- (E.41)

To transform this to an algebra with (M, L) = (6, I ), we apply the transformation
(using the ‘doubled again’ matrix notation) ¥/ = A\’ F;; where

~ily 1y 0 0
C14d| 1, —ily, 00

F ) (E.42)
2 0 0 1, —ilyg
0 0 —ily 1
The transformed spinors obey the reality condition
(‘l’z)* = Z'OzB($)\I/j(Ik’k)ji. (E43)

Since J and I have opposite e-type we have used (A.25) to change the B-matrix
accordingly.

- 79 —



E.4.3 G-transformation: (J, Iz25) — (J,0)
Let A’ be the spinors from a supersymmetry algebra with (M, L) = (J, j:QT’QS) with reality

condition
(A)* = aByN (Iar2s) ji- (E.44)
We define U = \J Gj; where
1, 0 0 O
1

G= |V 00 (E.45)
0O 01, O
0 0 —ily

0
Note that this matrix has size (2r + 2s) x (2r + 2s), that is, we are not using the matrix
notation.
One can show that

(U")* = aB) V', (E.46)

so that G maps a reality condition with L = fgngs to a standard Majorana condition
with L = §. Moreover, one can show that the vector-valued bilinear form (C ® J)(v*-, )
is invariant. Therefore GG defines an isomorphism between isotropic Weyl-incompatible
algebras with (M, L) = (J, Ia;.25) and (J,6), as indicated in the diagram (7.1) in section 7.5.
This almost completes the classification of isotropic Weyl incompatible supersymmetry
algebras, except for one special case that is not covered by the G-transformation.

E.4.4 Remaining case (J,I1,1) — (J,0)

The reality conditions L = I~2r72 s only cover R-symmetry groups U(k, k) = U(r+s,r+s) with
k > 1, since r,s > 1. For k = 1 we have a different canonical representative, namely L = I ;.
However, this case was already covered in [17], where the isomorphisms between the isotropic,
Weyl-incompatible supersymmetry algebras in signature (1,3) with R-symmetry groups
U(2) and U(1,1) have been worked out. If one performs the same computation in any
other signature, the only detail which can change is which of the two matrices By defines a
real, and which defines a quaternionic structures. Since this does not change whether an
isomorphism exists or not, the results of [17] imply that all isotropic Weyl incompatible
supersymmetry algebras with R-symmetry group U(1, 1) are isomorphic.?® This completes
proving that isotropic, Weyl-incompatible supersymmetry algebra are classified by their R-
symmetry group, and as well all statements about classification of supersymmetry algebras
made in section 7.

F Dimensional reduction

In this section we derive the general formulas which allow one to perform spacelike and
timelike dimensional reductions starting in an arbitrary signature.

33The relevant transformation is called V in [17]. Note that there is a typo in the diagram which represents
the isomorphisms. Also note that the off-diagonal matrix 7 used in [17] is related to I11 by an additional
basis transformation.
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F.1 0Odd to even dimensions

In this section we describe how the reduction from odd to even dimensions works in general.
We use the following conventions: the space-time indices of the higher dimensional theory
are M = 0,...,D. When performing a spacelike reduction we remove the final direction
(when going from (D + 1) to D dimensions this is the D-th direction) and when performing
a timelike reduction we remove the 0-th direction. Therefore the lower dimensional space-
time indices are up = 1,..., D for a timelike reduction or p =0,...,D — 1 for a spacelike
reduction.

When we reduce from an odd to an even space-time dimension, the dimension of the
Dirac spinor module does not decrease, which makes reductions from odd to even dimensions
simpler than the second case. We relate the higher-dimensional spinors and ~-matrices to
the lower ones as follows:

; {Y%u Y(p+1) = 7%},  for spacelike reduction,

{70 = ivx, v}, for timelike reduction.

The ‘extra’ v-matrix of the higher-dimensional theory is proportional to the chirality
operator -y, of the lower-dimensional one. We choose representations such that for a spacelike
reduction I' py1) = 7« and for a timelike reduction I'g = 7v.. This is always possible.

The charge conjugation matrix of the (D + 1)-dimensional theory is equal to one of the
two charge conjugation matrices in the even D dimensions. From table 2 we can infer that
under reduction it becomes C, if the lower-dimensional theory is orthogonal, and C_ if it
is isotropic. The corresponding bilinear form of the reduced theory is C1 @ M or C_ @ M
with the bilinear form M inherited from the parent theory.

The reality condition is likewise inherited from the higher dimensional theory, though
one needs to rewrite the B-matrix in terms of the lower dimensional B matrices. When going
from odd to even dimensions the dimensionally reduced B matrices satisfy, for orthogonal
dimensions

B(t,s) _ (C(A(t,s))—l)T _ (C,(A(t’s_l))_l)T _ B_(:’S_l), (F2)
Bts) — (—1)t(—i0_(A(t_1’s))_l)T _ (_1)tB(t—115)’

and for isotropic dimensions

B(t’s) _ (C(A(t,s))—l)T — (C,(A(t’s_l))_l)T — B(t,s—1)7 (F3)

Bts) — (—1)t(—i0+(A(t_1’s))_1)T _ (—1)t+1iB_(:_LS).

At least one of the e-quaternionic structures in the reduced signature has the same € as the
e-quaternionic structure in the parent signature when going from odd dimensions to even
dimensions, so that the daughter theories can have the same L. More details which allow
to derive the above relations can be found in [17].

F.2 Even to odd dimensions

This case is a bit more complicated since the dimensionality of Dirac spinors halves as
we dimensionally reduce. Morally speaking we can equate the Weyl spinors of the parent
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theory with the Dirac spinors of the daughter theory. The charge conjugation matrices
and y-matrices reduce in size, too. Relating the two theories requires some care, though
fortunately there are not too many possibilities.

In the odd-dimensional daughter signature, we only have a single C', but it will always
be related to the C-matrix of one of its two even-dimensional parents. By inspection of our
tables, C' has the same invariants as C_ if the parent theory is orthogonal, while it has the
same invariants as C if the parent theory is isotropic. This explains why we can embed C'
into the higher dimensional C'y by

cP_cPge, D=59 o CcPV=cP g1, D=3711. (F4)

The bilinear form on the extended spinor module of the parent theory is C(P+1) @ M
with whatever C(P+1) is in the above formula and where M = {6, J} is the correct choice to
make the bilinear form super-admissible. If the standard bilinear form in the parent theory
is different from what is obtained this way, we can use the maps constructed in appendix E
to bring the bilinear form to its canonical form.

Finally we have to choose an embedding of the ~-matrices. Those in the parent theory
will be called I"py, with M =1,..., D + 1 if we are reducing along a spacelike direction and
M =0,...,D if we are reducing along a timelike direction. The y-matrices of the daughter
theory are v,, with = 1,..., D always. We embed the y-matrices as follows:

Fu:’y“®(71, F(D—i—l) =1®0cy or TI'g=1il® os. (F5)

We remove either I'(p 1) or I'g depending on whether we reduce along a spacelike or
timelike direction. We define I', according to the conventional

I, = (—i)?/* [ (F.6)
o

and choose the 7, such that
I'i=1®o3. (F.7)

Note that it is always possible, as the daughter theory is in odd dimensions. Therefore
there are two inequivalent representations of the Clifford algebra that are distinguished by the
sign of y(py. We can therefore choose the representation such that the above relation holds.

For completeness we then have the other charge conjugation matrix, from (A.23) given as

P -cP®ge D=59 o CPV=CcPgs D=3711. (FS8)

We can therefore decompose the D + 1 dimensional spinors into D-dimensional spinors
according to

N =yl g (é) AL =gitRe g (‘f) , (F.9)

where )\i+ and A\ are the spinors in D + 1 dimensions, of which we have K| and K_
respectively, and 1’ the spinors in d dimensions, of which we now have K, + K_. We
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may need to transform the 1)’ quantities to put the bilinear form and reality condition into
canonical forms.

We are now able to dimensionally reduce the vector-valued bilinear form. We have
two cases, namely orthogonal and isotropic vector-valued bilinear forms. We begin with an
orthogonal vector-valued bilinear form with K positive and K_ negative chirality spinors

(TMN)T O, My + (DAL T O+ M,

. T
= (y"p)TCP) i M; @ <Ul (é)) o1 (é) + (’V“z/ﬁ)TC(D)qﬁMﬁ ® <U1 (?)) o1 <(1)>

= ((v“w")TC(DWMﬁ - (7“¢Z)TC(D)¢JM5’€) ®1

= (y'yh)c Pl (]\04 Ag,) ®1. (F.10)
7t

Herei,j=1,...,K and 1,j = K, +1,..., K, + K_ until the final line where we have
combined the indices so that 4,5 =1,..., K. + K_. M and M’ will be of the same form,
either é or J, but are K, x K and K_ x K_ matrices in the reduced theory, respectively.

Note if M = § this is already correctly lined up so that the D-dimensional theory has
the vector-valued bilinear form

(YC D5, i=1,.. Ky +K_. (F.11)

However, if M = J we are not in the canonical form, in that

Jk, 0
J . F.12
( 0 JK_> # JK, +K_ (F.12)

We then need a change of basis for ¥ to realign the spinors into a canonical form (this will
also affect the reality condition).

For isotropic dimensions, where Ky = K_ and M = M’, we find the following

(TMN)T PN Ny (DMN) TP\ My,

T T
—(w%TC(D)qﬁM;i@(al (é)) <(1)>+(’V“¢E)TC(D)¢ij;®<01 (‘f)) (‘f)

_ T D) [0 M
= (v T CD) g (M 0)@1. (F.13)
Here i,j=1,...,K and 7,j = K +1,...,2K until the final line where we have combined
the indices so that i,j = 1,...,2K. In the final expression M represent the original K x K
Gram matrices inherited from the parent theory. We will then need a basis transformation
to obtain the canonical form.

Next we consider the reduction of reality conditions. Due to different embeddings of
C' into the parent theory, we have different factorisations of the B matrices depending on
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whether the parent is orthogonal or isotropic. For a spacelike dimension from (¢,s + 1) to

(t,s) we find
B+ _ —Bts) @ oloy  for orthogonal parent, (F.14)
B®t9) @ gt for isotropic parent, '
B+ _ Bts) @ JiH for orthogonal parent, (F.15)
- B®9) @ gtas  for isotropic parent. '
Along a timelike direction, from (¢t +1,s) to (¢, s) we find
BlHL) _ (-1)"*1iB"*) @ ¢t for orthogonal parent, (F.16)
iB"9) @ gy0t for isotropic parent, '
iB®3) @ goot™! for orthogonal parent,
Bg—‘rl,s) _ 0201 g b (F17)

(—1)1B"9) @ ot for isotropic parent.

Note the presence of powers of o! resulting from the decomposition of the matrix A, which

is the product of all timelike y-matrices.
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