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1 Introduction

In the AdS/CFT correspondence, an increasingly important role has been assumed by the
question of how the bulk geometry is encoded in the boundary field theory. The Ryu-
Takayanagi formula [1] provides a connection between the entanglement entropy SA of a
spatial subregion A on the boundary and a codimension two minimal surface γA homologous
to A in the bulk,

SA = Area(γA)
4GN

. (1.1)

This is a clear indication that the entanglement structure of the field theory state is vital to
understanding the encoding between bulk geometry and boundary data, subsumed under
the slogan “entanglement builds geometry” [2–4].

However, it is also known that the entanglement entropy between spatial subsets of
the field theory degrees of freedom as measured by the RT formula (1.1) is not enough to
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reconstruct the full bulk geometry. In particular, there are so-called entanglement shad-
ows [5–7] — certain subregions of the bulk geometry close to black hole horizons or naked
singularities — which are not penetrated by any RT surface. Thus, knowledge of the RT
surfaces does not translate into knowledge about the spacetime inside the entanglement
shadow, precluding attempts of reconstructing this part of the bulk geometry from en-
tanglement data. A particular striking example of an entanglement shadow occurs in a
two-sided black hole. In this case, the growth of the area of a Cauchy slice through the
wormhole asymptoting to a fixed time t on the two boundaries is only captured by the
RT formula for a short period in t [8], which has lead to the proposal that features other
than the entanglement entropy of the boundary state are needed to describe the part of
the wormhole geometry behind the horizon [9–11].

In this publication, we investigate a generalization of the RT formula capturing en-
tanglement for a subset of the degrees of freedom that includes a part of the base space
where the boundary theory is defined as well as the target space spanned by the fields of
the boundary theory. In other words, we are considering entanglement between both the
spatial degrees of freedom and between different fields of the boundary theory. The entan-
glement between such degrees of freedom has been studied previously for conical defects
in AdS3, where it has been given the name “entwinement” [6, 12–14]. In the conical defect
case, it was found that entwinement is dual to the length of a non-minimal geodesic winding
a certain number of times around the naked singularity in the bulk [6, 12], in contrast to
the RT geodesics for the ordinary entanglement entropy between spatial subregions which
have zero winding number. The non-minimal geodesics probe the entire bulk geometry
including the entanglement shadow around the conical defect.

We study notions of entanglement for such non-spatially organized degrees of freedom
in the case of thermal states dual to the BTZ black hole and thermal AdS3. Concretely, we
work in the setting of the D1/D5 system (see [15] for a review). We start our investigation
at the orbifold point in the moduli space where the boundary CFT is given by the weakly
coupled SN orbifold theory. We use the following new ingredients to define our generalized
entanglement measure compared to the ordinary entanglement entropy of spatial subregions
as used in RT formula:

1. We resolve different twisted sectors. The SN orbifold theory includes sectors where
the fields (collectively denoted by X1, . . . , XN ) obey non-trivial boundary conditions
Xi(φ+2π) = Xg(i)(φ) for some permutation g ∈ SN . By projecting onto some subset
of these sectors, we are able to resolve the contribution of states with particular
boundary conditions which are dual to collections of string worldsheets with non-
trivial winding numbers.

2. We consider entanglement for a subset of the degrees of freedom consisting of different
fields localized in different subregions. For the ordinary entanglement entropy, the
degrees of freedom considered consist of all fields Xi localized in the same subregion
A. Here, on the other hand, we consider different subregions Ai for different fields Xi.
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Figure 1. Geodesics winding around the black hole penetrate the entanglement shadow (shown
in gray) while non-winding Ryu-Takayanagi geodesics with minimal length stay outside of the
entanglement shadow.

By choosing the subregions Ai and projections onto twisted sectors appropriately, we obtain
an entanglement entropy result which is proportional to the length of a geodesic winding
around the horizon of the BTZ black hole (see figure 1). Such winding geodesics penetrate
the entanglement shadow, allowing for an explicit reconstruction of the entire bulk geometry
up to the horizon from boundary data. This generalizes to the two-sided case, where we
find dual geodesics stretching between the two asymptotic boundaries which in the limit
N →∞ can probe the entire wormhole geometry, including the region behind the horizon
for an arbitrarily long time. Finally, we comment on the string theory interpretation of
our results and on deformations of the boundary CFT away from the orbifold point.

2 SN orbifold at large N

We begin by introducing the SN orbifold theory and reviewing the relevant features of this
CFT which we will need in the following. See for instance [15] and references therein for
more details.

The SN theory is constructed by taking N copies of a seed CFT with central charge
c̃,1 and identifying the copies under the SN permutation symmetry. In the case of the
D1/D5 system, the seed theory is given by a free supersymmetric CFT with target space
T 4, however we will not need the specific form of the seed theory in the following and will
thus leave it unspecified. The total central charge is given by c = Nc̃. To obtain a modular
invariant theory, it is necessary to introduce twisted sectors which implement non-trivial
boundary conditions for the fields of the orbifold theory. A twisted sector is labeled by
a conjugacy class of SN corresponding to a collection of cycles along which the fields are
fused together into a single strand by the boundary conditions. Thus, a twisted sector is
specified by the number nm of cycles of length m. We denote such a twisted sector by
(1)n1(2)n2 . . . (N)nN . The total length of the cycles is given by the number of copies of the
seed theory,

N =
∑
m

mnm. (2.1)

1We use the convention that quantities with a tilde belong to the seed theory, while quantities without
a tilde belong to the SN orbifold theory.

– 3 –



J
H
E
P
1
0
(
2
0
2
1
)
1
8
7

The thermal partition function of this theory is determined from the following recursion
formula (see appendix A),

ZN (τ) = 1
N

N∑
k=1

bN/kc∑
l=1

k−1∑
j=0

Z̃

(
τ l + j

k

)
ZN−kl(τ), (2.2)

where Z̃(τ) is the partition function of the seed theory. In the following, we restrict to
purely imaginary τ = iβ

2π . At large N , the partition function (2.2) is equal to the universal
form valid for general two dimensional holographic CFTs [16],2

logZN (τ) =


c̃N

12 β +O(N0), β > 2π

c̃N

12
4π2

β
+O(N0), β < 2π.

(2.3)

This is derived in [16] by noting that Z̃(τ) can be bounded by

Z̃(τ) ≤ p(β) exp
(
c̃

12β
)

exp
(
c̃

6
4π2

β

)
, (2.4)

for any seed theory, where p(β) is some polynomial in β. Inserting this into (2.2), we see
that at large N the leading terms come from the k = 1, j = 0 terms if β > 2π and the
l = 1, j = 0 terms if β < 2π. Other terms in ZN are exponentially suppressed with e−N .

In the following, we will also need the decomposition of (2.2) into twisted sectors. The
contribution of a single cycle of length m is given by

Z(m) = 1
m

m−1∑
j=0

Z̃

(
τ + j

m

)
. (2.5)

In general, a twisted sector contains multiple cycles which in total give a contribution to
the partition function of

Z(1)n1 ...(N)nN =
N∏
m=1

1
nm

nm∑
k=1

Z(m)(kτ)Z(m)nm−k(τ), (2.6)

where Z(m)nm−k(τ) is the contribution of the (m)nm−k twisted sector recursively determined
from (2.6). The total partition function (2.2) is given by summing over all sectors. The
dominant contribution to ZN comes from the untwisted (1)N sector for β > 2π, while for
β < 2π all sectors contribute. This can be seen explicitly by comparing (2.6) with the
dominant contributions to (2.2).3

2In this publication, we take “universal” to mean dependent only on the central charge of the CFT and
not on details of the spectrum or OPE coefficients.

3Another argument can be given as follows. From [16], it is known that the identity character χ1(τ)
belonging to the untwisted sector dominates the partition function for β > 2π, while for β < 2π, the
modular transformed identity character χ1(−1/τ) dominates. The modular transformation exchanges the
time and space directions of the torus on which the CFT lives. The identity character includes a sum over
spin structures with all possible SN boundary conditions along the time direction. Hence, the modular
transformed identity character includes a sum over spin structures with untwisted boundary conditions in
the time direction and all possible SN boundary conditions along the space direction.
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3 Entanglement in the SN orbifold theory

We now turn to the calculation of entanglement entropies in the SN orbifold theory. Usually
in the AdS/CFT context, entanglement entropy is defined by the von Neumann entropy of
the reduced density matrix ρA of a spatial subregion A,

SA = −Tr(ρA log ρA). (3.1)

In contrast to (3.1), we now project the partition function onto some subset S of the twisted
sectors and consider the entanglement between non-spatial degrees of freedom.

The projection onto the subset S is defined as follows. The thermal density matrix of
the SN orbifold theory decomposes into a sum over twisted sector contributions,

ρ =
⊕
{nm}

p{nm}ρ{nm}, (3.2)

where ρ{nm} is a normalized density matrix (Trρ{nm} = 1) for the {nm} twisted sector and
p{nm} ∈ [0, 1]. We split up ρ into a part belonging to a particular collection S of twisted
sectors and a part for the remainder S̄,

ρ = pSρS ⊕ pS̄ρS̄ , (3.3)

where again ρS and ρS̄ are normalized and pS , pS̄ denote the corresponding probability
factors. We then choose a particular subset A of the degrees of freedom in S described
below and trace out the complement Ā to obtain a reduced density matrix ρA,S = TrĀρS .4

From this, we define the entanglement entropy

SA,S = −Tr(ρA,S log ρA,S). (3.4)

In this section we only consider the projection onto a S = Sn subset of the twisted sec-
tors of the full SN group, while projections onto single twisted sectors are considered in
appendix A. See also appendix B for details on the probability factors p{nm}.

Explicitly, the Sn subset we use is defined as follows. Let n ∈ N and consider the
subset S of twisted sectors containing only cycles whose length is a multiple of bN/nc.
Furthermore, we take n to be proportional to N in the limit N →∞, which we implicitly
use in all of the following calculations. In the case that n is not a divisor of N , there will be
O(N0) remaining cycles which can be chosen in an arbitrary way without influencing the
leading order in N of the entanglement measure we are computing. Thus, in the following
we will assume w.l.o.g. that n is a divisor of N . The thermal partition function for the
subset S is then given by

ZSn (τ) = 1
n

n∑
k=1

bn/kc∑
l=1

k−1∑
j=0

Z(N/n)

(
τ l + j

k

)
ZSn−kl(τ) (3.5)

where Z(N/n) is the contribution of a single cycle of length N/n determined from (2.5).5

4Formally, we first need to enlarge the Hilbert space to include non SN invariant states before taking the
partial trace, because as typical for a gauge theory the Hilbert space of the SN orbifold does not factorize
into a tensor product HA ⊗HĀ (see e.g. [14]).

5Note that even though ZSn (τ) takes on the form of a Sn orbifold partition function, it is not modular
invariant since the equivalent of the seed partition function, Z(N/n), in this case is not modular invariant.
Since we are projecting onto a subset of the Hilbert space, this is expected and does not lead to any
contradictions in the subsequent calculations.
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What is left to do is to choose a subset A of the degrees of freedom for which to
calculate the entanglement entropy. States of the SN orbifold theory are given by SN
invariant combinations

1
N

∑
g∈SN

g|ψ〉. (3.6)

Applying g onto |ψ〉 leaves the number of cycles nm of the twisted sector to which |ψ〉
belongs invariant, but changes which fields Xi are connected in a cycle. Thus to specify the
subsetA, we choose first a fixed SN element gψ giving the boundary conditionsXi(φ+2π) =
Xgψ(i)(φ) for |ψ〉 and then second a spatial subregion Ai for each Xi. This is to be done
separately for each twisted sector in S. Proper SN invariant states in A are then obtained
from by applying (3.6) for the states in the chosen Hilbert space subset.

3.1 Single interval

We first consider a subset consisting of k̂ fields Xi(φ ∈ [0, 2π]), . . . , X i+k̂−1(φ ∈ [0, 2π])
in the full space together with a single field Xi+k̂(φ ∈ [0, z2]) in some spatial subregion
[0, z2] where i ∈ (N/n)N. The SN element gψ is given such that all of the fields in A are
continuously connected by the twisted boundary conditions in the sense that Xi+j(φ+2π) =
Xi+(j+1)mod(N/n)(φ) for all j ∈ {0, . . . , N/n − 1}. We refer to this choice of degrees of
freedom as the single interval case, since the boundary conditions effectively connect N/n
fields together into a single field, where we consider the degrees of freedom of a single
interval touching k̂ + 1 fields (see figure 2).

The entanglement entropy (3.4) is obtained via the replica trick [17]: we first calculate
the Rényi entropy

S
(α)
A,S = 1

1− α log TrραA,S (3.7)

for integer α and then analytically continue to α → 1 to obtain (3.4). The Rényi entropy
is in turn obtained from the partition function ZSα,replica(A) on a higher genus surface con-
structed by gluing together α copies of the system along the entangling interval determined
by A,

SA,S = − lim
α→1

∂α
ZSα,replica(A)

(ZS1,replica(A))α
. (3.8)

The replica partition function ZSα,replica(A) decomposes into conformal blocks,

ZSα,replica(A) =
∑
p,q

ap,qFα(hp, hq;A)F̄α(hp, hq;A), (3.9)

where ap,q denotes the contribution of the OPE coefficients and multiplicities. At large c,
the conformal blocks exponentiate: F(hp, hq;A) = e−c/6fcl.(hp/c,hq/c;A).

For the ordinary entanglement entropy of a spatial subregion defined by (3.1), the cal-
culation proceeds as follows: the replica partition function ZSNα,replica(A) is dominated by the
identity zero-point conformal block on the higher genus replica surface at low temperature
and its modular transformation τ → −1/τ at high temperature [18]. By identity block
we mean a conformal block whose internal operators all have vanishing conformal weight,
hp = hq = 0. Contributions from other conformal blocks are suppressed by e−c factors
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X1,X2 X3;X4

X1

X2
X3

X4

generalized entanglement entropy

X1 X2 X3 X4

X1,X2

X3 X4

X1,X2 X3,X4

X1

X2

X3

X4

etc.

ordinary entanglement entropy

Figure 2. Boundary conditions and degrees of freedom for the ordinary and generalized entangle-
ment entropy in the example of N = 4, n = 2 and k̂ = 1. A circle in the figure with m field labels
attached to it corresponds to a cycle of length m in the group element defining the twisted boundary
conditions. The red intervals mark the degrees of freedom for which the entanglement entropy is
defined. For the ordinary entanglement entropy, we consider all twisted sectors and all fields on the
same interval [0, z2]. For the generalized entanglement entropy, we consider only cycles of length
m ∈ 2N and the intervals as given as [0, 2π] for X1,3 and [0, z2] for X2,4. The boundary conditions
effectively connect the intervals for the X1, X2 as well as the X3, X4 fields into a single interval of
size 2πk̂ + z2. Note that we draw only one realization of each twisted sector. Symmetrization over
the SN group would yield further realizations by exchanging the field labels in the above picture.

because fcl. is an increasing function with increasing hp/c, hq/c and ap,q grows subexpo-
nentially with c [19].6 This statement is known as vacuum block dominance and holds for
CFTs with large central charge c, a sparse spectrum of light operators and at most expo-
nentially growing OPE coefficients [19], including the SN orbifold studied here [16]. The
semiclassical conformal blocks are obtained from the solution of an auxiliary differential
equation via a monodromy method [18, 19], yielding

SA =


c

3 log
(
β

2πε sinh
(

2π2(z2 − z1)
β

))
, β < 2π

c

3 log
(1
ε

sin (π(z2 − z1))
)
, β > 2π

(3.10)

for an entangling interval A = [z1, z2] and UV cutoff ε.7

6For exponentially growing ap,q, the conformal block will still be dominant for smalls intervals, but the
vacuum block dominance argument cannot exclude phase transitions at some finite value of the interval
size [19].

7There is also a phase transition for high temperatures and large entangling intervals which we haven’t
shown in (3.10).
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The calculation of the entanglement entropy (3.4) considered here is then a straight-
forward generalization of the above calculation. We refer to [18, 19] for a more detailed
explanation of the procedure and only explain the differences to the ordinary entanglement
entropy of a spatial subregion in following.

Low temperatures. The first important difference is that in the sum over states in the
thermal partition function, the untwisted sector and thus the character for the identity op-
erator is projected out for the subset S. Hence, by the vacuum block dominance argument,
the leading contribution to the thermal partition function at low temperature comes from
the character of the operator with lowest conformal weight that is not projected out. In
our case this is the twist operator Σ creating the ground state of the (N/n)n twisted sector
with conformal weight

hΣ = h̄Σ = nc̃

24

(
N

n
− n

N

)
. (3.11)

We confirm this by a direct calculation of the thermal partition function of the Sn subset
in appendix A.

Therefore, at low temperature, the leading contribution to the replica partition function
for the Sn subset comes from the zero-point block where the internal operator originating
from the sum over states in the thermal partition function is given by Σ instead of the
identity. The projection onto the Sn subset of twisted sectors does not spoil the argument
that this conformal block is dominant up to e−c corrections since projecting out a part of
the spectrum can only decrease the multiplicities and does not change the OPE coefficients.
Note that all descendants of a primary operator Σ are in the same twisted sector as Σ,
thus the projection does not change the conformal blocks themselves. The modification
of the entangling intervals also necessitates a change in the monodromy conditions used
to derive the conformal block in [18]: instead of trivial monodromy around an entangling
interval A = [0, z2] we impose trivial monodromy around a path encircling k̂ times the
spatial circle combined with the interval [0, z2]. Due to the projection onto the subset S
of twisted sectors considered, this choice of monodromy conditions is well defined since all
of the fields touched by this path are sewn together into a continuous cycle by the twisted
boundary conditions.

To compute the entanglement entropy, we then need to derive the zero-point conformal
block on the replica surface for internal operators 1 and Σ. This may be achieved in a
perturbation expansion in α− 1 using the monodromy method derived in [18]. The zeroth
order in α − 1 gives the hΣ character as expected. The first order in α − 1 yields the
semiclassical zero-point block on the replica surface, analytically continued in α,

f1 = n

N
log(sin(π(z2 + k̂)n/N)), (3.12)

related to ZSα,replica by

ZSα,replica ∝ χΣ(τ)χ̄Σ(τ̄)e−c/6(α−1)(f1+f̄1). (3.13)

– 8 –
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The proportionality constant includes OPE coefficients and multiplicity factors which drop
out in the end. Thus we find from (3.8)

SA,S = nc̃

3 log
[
N

nε
sin
(
π
(
z2 + k̂

)
n

N

)] (
β > 2πN

n

)
. (3.14)

The crossover point β = 2πN/n between the low and high temperature limits can be derived
from the thermal partition function (see (A.8)). Eq. (3.14) is proportional to the length of a
geodesic in thermal AdS3 with opening angle 2π(z2 + k̂)n/N . Note that the proportionality
constant between the geodesic length and the entanglement entropy is smaller by a factor
of n/N compared to the RT formula (1.1) due to there being only n branch cuts in the
replica surface in total, compared to N branch cuts in the ordinary entanglement entropy
of spatial subregions.

High temperatures. In the high temperature case, the leading contribution to the
replica partition function comes from the identity block like in the case of the ordinary
entanglement entropy of a spatial subregion. This can be seem from the fact that the
modular transformed identity character χ1(−1/τ) includes contributions from all twisted
sectors, which implies that the high temperature result for the thermal partition function of
the Sn subset is equal to the one for the full SN theory — up to a proportionality constant
that drops out for the entanglement entropy in normalizing the reduced density matrix to
one. Hence, the entanglement entropy for the Sn subset at high temperature is also given
by a modular transformation of the identity block like the entanglement entropy for the full
SN orbifold. Differences between the two quantities come a different subregion A and thus
a different monodromy condition: as at low temperatures, we impose trivial monodromy
around a path encircling k̂ times the spatial circle combined with the interval [0, z2].

We obtain at high temperatures and for small intervals

SA,S = nc̃

3 log
[
β

2πε sinh
(

2π2(z2 + k̂)
β

)] (
β < 2πN

n

)
. (3.15)

This is proportional to the length of a geodesic in the BTZ geometry with opening angle
2πz2 and winding number k̂, again with a proportionality factor n/N times smaller than
that of the RT formula (1.1). Note that for 2πN/n > β > 2π, the dual geometry is in
fact thermal AdS3 while we still obtain an entanglement entropy dual to the length of a
geodesic in the BTZ black hole.

For large intervals, there is phase transition as in the ordinary entanglement entropy
case in [18],

SA,S = Nc̃

3
2π2

β
+ nc̃

3 log
[
β

2πε sinh
(

2π2(N/n− z2 − k̂)
β

)]
. (3.16)

Eq. (3.16) is dual to the thermal entropy of the BTZ black hole plus the length of a
geodesic in the black hole geometry with opening angle 2π(1 − z2) and winding number
N/n − k̂ − 1. Under the assumption that vacuum block dominance holds for all values of
z2 and k̂, the entanglement entropy is given by the minimum of (3.15) and (3.16) with a
sharp crossover point.
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3.2 Multiple intervals and two-sided black holes

Let us now consider a subset A of the degrees of freedom consisting of multiple disconnected
components along a continuously connected cycle of N/n fields. We specify this subset by a
collection of an even number of coordinates za ∈ [0, N/n] with za < za+1. If the coordinate
z = φ + j belonging to the field Xi+j for some i ∈ (N/n)N is contained in one of the
intervals [z2a, z2a−1], then the degrees of freedom of the field Xi+j at the coordinate φ
belong to the subset A in consideration. The arguments given above then generalize to the
multiple interval case in the same way as for the ordinary entanglement entropy in [18],
yielding

SA,S = nc̃

3
∑
(i,j)

log
[
N

nε
sin
(
π(zi − zj)

N

n

)]
(3.17)

for low temperature (β < 2πN/n) and

SA,S = nc̃

3
∑
(i,j)

log
[
β

2πε sinh
(

2π2(zi − zj)
β

)]
(3.18)

for high temperature (β > 2πN/n) and small intervals. Moreover, there is a phase transi-
tion for high temperatures and large intervals analogous to (3.16). Which combination of
pairs (i, j) to take depends on the interval sizes. As for the ordinary entanglement entropy,
the combination that gives the lowest entanglement entropy dominates the replica partition
function ZSα,replica if the vacuum block dominance property holds.

Of particular interest is the case of two intervals on opposite sides of a two-sided black
hole. This is obtained by placing one of the two intervals at an offset +τ/2 on the torus of
the boundary theory. For two intervals of equal size L < N/n, we obtain the entanglement
entropy

SA,S =


2nc̃
3 log

[
β

2πε cosh
(

4π2t

β

)]
, t < tc

2nc̃
3 log

[
β

2πε sinh
(

2π2L

β

)]
, t > tc

(3.19)

where tc = β
4π2 arcosh sinh(2π2L/β) ≈ L/2. For early times t < tc, eq. (3.19) is proportional

to the length of two geodesics stretching from the endpoints of the entangling interval
through the wormhole to the other side, while for late times t > tc, the dual picture is
given by two geodesics that do not enter the wormhole and wind bLc times around the
horizon. Thus, the entanglement entropy for the degrees of freedom considered here can
probe the wormhole growth of the BTZ black hole for a time tc ≈ L/2 that can be much
larger than the one for the ordinary entanglement entropy of a spatial subregion which is
restricted to L < 1. For N =∞, tc can be arbitrarily large.8

8For finite but large N , eq. (3.19) is valid in a series expansion in N to the leading order if n = O(N) and
L = O(N0). To probe the wormhole growth for longer times in this case, it would be necessary to consider
projections onto a smaller subset of the twisted sectors, for which the calculation methods used here no
longer work. In [9–11], it was proposed that for finite N the growth of the wormhole should continue for a
time exponential in N . Naively extrapolating our calculation for the Sn subset for large n to the case n = 1
corresponding to projecting onto the maximally twisted sector, it seems that the entanglement entropy will
probe the wormhole growth only for a time that is linear in N .
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4 String theory interpretation

In this section, we explain the interpretation of the projection onto twisted sectors in the
dual string theory picture. At the orbifold point, the string theory is in the tensionless
limit [20–24]. In this limit, the string theory partition function on a thermal AdS3 resp. BTZ
black hole background was derived in [25] and shown to agree with the orbifold partition
function (2.2). The leading contributions in the large N limit come from spherical and
toroidal string worldsheets [25]. Moreover, the moduli of the torus worldsheets localize on
holomorphic covering spaces of the boundary torus, meaning that the only contribution
of torus worldsheets comes from strings that wind an integer number of times around the
time or space circle of the boundary torus [25].

From the equality of partition functions, it can be seen that each cycle of length m

in a twisted sector of the boundary theory corresponds to a string with winding number
m around the space circle of the boundary torus. Therefore, the restriction to certain
twisted sectors in the boundary theory amounts to considering only string worldsheets with
particular winding numbers around the spatial circle. For example, the untwisted sector
corresponds to N strings winding once around the spatial circle. The Sn subset considered
in section 3 corresponds to projecting onto the gravity degrees of freedom consisting of
strings with winding number kN/n for k ∈ N.

This makes it clear why the projection onto twisted sectors in the boundary theory
leads to geodesics with non-zero winding number in the bulk: we are only considering
strings with non-zero winding numbers and large enough subsets of the degrees of freedom
on these strings such that we probe the winding around the non-contractible cycle in the
bulk geometry. We note, however, that of course the classical geometric description of the
bulk spacetime for which the notion of a geodesic makes sense is not a good description in
the tensionless limit and thus this interpretation is somewhat limited in its applicability.

5 Deformations of the SN orbifold

At the orbifold point, the boundary theory is weakly coupled dual to a strongly coupled
gravity theory. In this section, we investigate which properties of the entanglement entropy
expressions derived in section 3 survive the deformation away from the orbifold point.9

The SN orbifold theory possesses 20 exactly marginal operators which can be used to
deform the boundary theory to another CFT [15]. 16 of those operators are in the untwisted
sector. These are simple to handle since they leave the orbifold structure invariant: they
just deform the CFT to a SN orbifold of a different seed theory. But since the results
of section 3 are independent of the seed theory, these deformations do not change the
entanglement entropy.

The 4 exactly marginal two-cycle twist operators are more interesting because they
deform the CFT away from the weak coupling point [15, 35]. In the following, we derive
how this deformation affects the entanglement entropy to the first non-trivial order in
conformal perturbation theory and at leading order in large N . The derivation is based

9For previous work on deformations of the SN orbifold, see [26–43].
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on the assumption that the deformed theory possesses the same vacuum block dominance
properties (i.e. sparse spectrum of low dimension operators and at most exponentially
growing OPE coefficients) as the SN orbifold. The fact that the RT formula at strong
coupling gives the same entanglement entropy result (3.10) as we obtain at the weakly
coupled orbifold point indicates that this assumption is likely justified, although we have
not proven it from first principles. Under this assumption, the entanglement entropy is
obtained from the conformal block whose internal operators have the lowest dimension
compatible with the projection onto the subset S of twisted sectors, since we project out
the same operators in the deformed theory as in the SN orbifold.

Therefore, it remains to determine the anomalous dimensions of the primaries of the
SN orbifold theory. The conformal weight of the identity operator in the deformed theory
is given by h = h̄ = 0 as in the SN orbifold. Moreover, in appendix D, we argue that
the anomalous dimension of operators in twisted sectors that consist of n = O(N) cycles
of length bN/nc together with an arbitrary collection of cycles for the remaining N − n
fields vanishes up to O(N0) corrections to second order in conformal perturbation theory.
Under the assumption of vacuum block dominance, this implies that the partition functions
considered in section 3 are invariant under deformations up to O(N0) corrections. This
holds for both the thermal partition function ZSn function for the Sn subset as well as for
the replica partition function ZSα,replica since these partition functions are dominated by
characters or conformal blocks of the aforementioned operators which only receive small
corrections to the conformal weight in the large N limit.10 Note that while the insertion
of two-cycle twist operators into the replica partition function changes the boundary con-
ditions for some of the fields of the SN orbifold and thus the monodromy conditions for
the conformal blocks may differ from those of section 3, as long as we insert only a O(N0)
number of such operators, this will not change the leading order in N of the entanglement
entropy result.

Thus we conclude that the entanglement entropy is invariant up to corrections of order
O(N0) for deformations to second order in conformal perturbation theory. It is likely that
similar arguments can be used to show invariance also to higher orders, although the
growing complexity of the involved conformal blocks and OPE coefficients quickly makes
the calculation intractable.

6 Discussion

The generalization of the RT formula to geodesics with non-zero winding number found
in this publication considerably strengthens the “entanglement builds geometry” proposal

10For the high temperature phase, this argument assumes that the projection onto the Sn subset in the
deformed theory does not project out exactly those twisted sectors that are responsible for the leading order
contribution to the thermal partition function at high temperatures. It seems unlikely for this to happen,
because projections with different n project out different subsets of the twisted sectors and thus the leading
order for the thermal partition function would have to come from the contributions of a very small subset
of the twisted sectors that includes neither the vacuum (which we know not to be dominating for high
temperature) nor any of the sectors that we project onto for some n. Furthermore, the results of section A
show that this does not occur for the SN orbifold theory.
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in the AdS/CFT correspondence. Due to the fact that the BTZ black hole is given as a
quotient of pure AdS3, the winding geodesics whose field theory dual we have found cover
the entire black hole geometry up to the horizon in the one-sided case. Moreover, in the
two-sided case the non-minimal geodesics also include the wormhole geometry behind the
horizon. The correspondence between entanglement entropy and geodesic lengths then al-
lows explicitly reconstructing the full bulk geometry from boundary data.11 It is likely that
the correspondence will also extend to other asymptotically AdS3 spaces, since these geome-
tries are all obtained as quotients of pure AdS3 that naturally include winding geodesics.
This includes in particular conical defects, for which the correspondence between the en-
tanglement entropy of non-spatial degrees of freedom and the length of winding geodesics
has already been worked out under the catchphrase of “entwinement” [6, 12–14].

Hence, we conjecture that entanglement — at least if one includes entanglement be-
tween non-spatial degrees of freedom and allows for resolving contributions of different
twisted sectors — is in fact enough to reconstruct the entire bulk geometry of asymptotically
AdS3 spaces up to extremal surface barriers. Extremal surface barriers are codimension one
surfaces which are not penetrated by any extremal surface of arbitrary codimension [55].
Examples of such surfaces include the black hole horizon for the one-sided BTZ black hole,
which as we have seen is the deepest point in the bulk that the winding geodesics can reach.
This is not unexpected from since we are working in a thermal average on the boundary
instead of a specific black hole microstate.

Note that although our results were obtained at the orbifold point in the D1/D5 sys-
tem, we expect them to hold more generally. In particular, it is likely that the entanglement
entropy results from section 3 are invariant — up to subleading corrections in the large cen-
tral charge limit — under deformations away from the weak coupling limit of the boundary
theory, equivalent to turning on the string tension in the gravity theory. For the ordinary
entanglement entropy of a spatial subregion, which is a special case of our more general
setup, this is certainly true given that the RT formula gives the same results in the strong
coupling limit as what is obtained for the SN orbifold theory at weak coupling. We explic-
itly confirmed the invariance of our generalized entanglement measure under deformations
to the first non-trivial order in conformal perturbation theory in section 5.

Furthermore, we expect the interpretation of the restriction to string worldsheets with
particular winding numbers as a resolution of particular (twisted) subsectors of the dual
CFT to generalize to other top-down constructions of AdS3/CFT2 models. This would
allow one to define the entanglement measure proposed here for any AdS3/CFT2 model
in which there exists a map between worldsheets with particular winding numbers and
Hilbert space subsectors of the CFT.

The generalized entanglement entropy defined in this work is related to other entan-
glement measures as follows.

First, it can be seen as a generalization of entwinement [6, 12–14]. While we discussed
only thermal states, the procedure for calculating the generalized entanglement measure

11For instance from integral geometry techniques which naturally incorporate winding geodesics [44–50]
or using the bit threads formulation [51–54].
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defined in this publication — project onto a subset of the twisted sectors and then consider
the entanglement entropy of non-spatially organized degrees of freedom — works for any
state in an orbifold theory. For the special case of a pure state in a twisted sector containing
only cycles of a fixed length, the resulting generalized entanglement measure is equal to
entwinement.12 In addition, taking the limit of the mass of the BTZ black hole going to
zero, we find agreement with the results of [12], where the generalized entanglement entropy
for the massless BTZ black hole was calculated as a limit of the entwinement results for
conical defects.

Second, let us also mention a similarity between our entanglement entropy definition
and recent work on symmetry resolved entanglement [56–70]. Symmetry resolved entangle-
ment is defined for a system with a global symmetry, for instance particle number conserva-
tion. This symmetry induces a decomposition of reduced density matrices ρA =

⊕
Q pQρA,Q

in subsectors of fixed subregion charge Q, i.e. in the example of a conserved particle number
the reduced density matrices decomposes into a sum over configurations with fixed number
of particles in the subsystem A. The symmetry resolved entanglement entropy SA,Q is
then defined as the von Neumann entropy of the normalized density matrix ρA,Q. The
setup considered here is very similar, with the main difference being that in the symmetry
resolved case, the decomposition into fixed charge subsectors happens only for the reduced
density matrix while the total density matrix is assumed to have fixed total charge. In
contrast, in our case the density matrix (3.2) of the full system already decomposes into
multiple sectors, which in turn leads to a similar decomposition of the reduced density
matrix for the subsystem. In our setup the analogue of the subregion charge Q is the given
configuration of strings with particular winding numbers corresponding to a conjugacy
class of SN .

We close with mentioning possible future directions. First of all, it would be interest-
ing to investigate the correspondence between the entanglement of non-spatial degrees of
freedom and geometric quantities in the bulk in higher dimensions. While the situation
in three dimensions is certainly special due to the BTZ black hole being a quotient of
pure AdS3, projections onto sectors of the boundary theory describing strings with certain
winding numbers around black hole horizons or naked singularities might also be possible
in higher dimensions. A further point warranting further study is the possibility of finding
a proof of the proposed relation between geodesic lengths and entanglement entropy in the
spirit of [71, 72]. Moreover, it would be interesting to investigate whether analogues of
entanglement wedges exist for the non-minimal winding geodesics in the bulk.
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A Partition function of the SN orbifold

This appendix contains further results on the partition function of the SN orbifold theory.

A.1 Recursion formula

We first derive the recursion formula (2.2) for the SN orbifold partition function ZN from
its generating function Z[p] [73–76],

Z[p] =
∑
N≥0

pNZN (τ) =
∏
n>0

∏
m,m̄

(1− pnqm/nq̄m̄/n)−d(m,m̄)δ(n)
m−m̄ . (A.1)

Here,

δ
(n)
m−m̄ =

{
1, m− m̄ divides n
0, otherwise.

(A.2)

The partition function is obtained by differentiating

ZN (τ) = 1
N !

∂N

∂pN
Z[p]

∣∣∣∣∣
p=0

. (A.3)

The first derivative w.r.t. p is given by

∂

∂p
Z =

∑
n

∑
m,m̄

nd(m, m̄)δ(n)
m−m̄

p(p−nq−m/nq̄−m̄/n − 1)
Z. (A.4)

Using that for any α,

∂l−1

∂pl−1
1

p(p−nα− 1)

∣∣∣∣
p=0

= (l − 1)!
∑
k|l

δn,k
αl/k

, (A.5)

we find the following recursion formula for the partition function,

ZN (τ) = 1
N

N∑
l=1

∑
k|l

k−1∑
j=0

Z̃

(
τ
l

k2 + j

k

)
ZN−l(τ). (A.6)

The second sum in this formula is performed over all divisors k of l. Finally, we perform a
resummation in k such that all terms with the same k are grouped together, yielding (2.2).

A.2 Sn partition function at large n

We now derive the thermal partition function for the Sn subset S in the large N limit.
Here, we give an argument from the decomposition of the partition function into characters
before deriving the same results using the orbifold structure in the next subsection.

In general, the partition function of a large c holographic CFT is obtained from the
identity character χ1(τ) at low temperature and its modular transformation χ1(−1/τ) at
high temperature [16, 18]. That is, only descendants of the identity operator contribute to
the sum over states in the partition function at low temperature. As explained in section 3,
the identity operator is projected out of the partition function for the subset S and thus
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the leading contribution comes from the character of the operator Σ with weight (3.11).
Thus, at low temperatures the partition function is dominated by the character

χΣ(τ) ∝ qhΣ−c/24 = q−
c̃
24
n2
N , (A.7)

where q = e2πiτ = e−β and the proportionality constant includes only O(N0) factors. At
high temperatures, the partition function is dominated by the modular transformed vacuum
character similar to the partition function for the full SN group, such that we obtain

ZSn (τ) ∝


exp

(
c̃

12β
n2

N

)
, β > 2πN

n

exp
(
c̃

12
4π2

β
N

)
, β < 2πN

n
,

(A.8)

where the proportionality constant includes a n,N dependent prefactor for high tempera-
tures. This prefactor can not be derived by the above argument, however it may easily be
obtained by inserting the results of the following subsection into (3.5).

A.3 Contribution of single twisted sectors at large N

At large N , the partition function of the SN orbifold takes on the universal form (2.3).
This extends to the contribution of certain twisted sectors to the partition function. In
particular, we show that the contribution of a large number nm = O(N) of short cycles
with length m = O(N0) is universal. Similarly, the contribution of a small number of long
cycles with length m = O(N) is also universal in the large N limit.

Short cycles. Let us start with the case of the untwisted sector which includes N cycles
of length 1. The corresponding contribution to the partition function is given by

Z(1)N (τ) = 1
N

N∑
k=1

Z̃(kτ)Z(1)N−k(τ). (A.9)

We now want to show that in the large N limit, this contribution is proportional to

Z(1)N (τ) = e
Nc̃
12 β . (A.10)

up to subleading terms in N . Note that this holds for all temperatures in contrast to the
total partition function (2.2) where the contribution of the untwisted sector is dominant
only for β > 2π. To show (A.10), we employ the same techniques that were used in [16]
to show the universality of the total partition function. For this we define the generating
function of (A.9),

Z(τ) =
∞∑
N=0

pNZ(1)N (τ) =
∏
h,h̄

(
1− pqh−c̃/24q̄h̄−c̃/24

)−d̃(h,h̄)
. (A.11)

Here d̃(h, h̄) is the density of states of the seed theory,

Z̃(τ) =
∑
h,h̄

d̃(h, h̄)qh−c̃/24q̄h̄−c̃/24. (A.12)
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The right hand side of (A.11) can easily be verified by differentiating w.r.t. p. We now
employ a trick of [76, 77] by rewriting Z(τ) in terms of p̂ = pq−c̃/24q̄−c̃/24 and factoring
out the contribution of the vacuum h = h̄ = 0 which we assume to be unique,

Z(τ) = 1
1− p̂

∏
h,h̄>0

(
1− pqhq̄h̄

)−d̃(h,h̄)
= 1

1− p̂R(p̂). (A.13)

Series expanding R(p̂) =
∑∞
k=0 akp̂

k, we see that Z(1)N (τ)e−
Nc̃
12 β =

∑N
k=0 ak and thus

Ẑ(1)∞(τ) = lim
N→∞

Z(1)N (τ)e−
Nc̃
12 β =

∞∑
k=0

ak = R(1). (A.14)

To prove (A.10), we need to show that log Ẑ(1)∞ converges. This is readily achieved by
series expanding the log(1− qhq̄h̄) terms in log Ẑ(1)∞ , giving

log Ẑ(1)∞(τ) =
∞∑
k=1

1
k

(
(qq̄)kc̃/24Z̃(kτ)− 1

)
. (A.15)

Due to the vacuum contribution having been factored out in (A.13), (qq̄)c̃/24Z̃(τ)− 1 can
be bounded by (see [16])

(qq̄)c̃/24Z̃(τ)− 1 ≤ p̃(τ)qh1 q̄h̄1e
c̃
6

4π2
β , (A.16)

where p̃(τ) is some polynomial in τ and h1, h̄1 the conformal weight of the lowest non-
vacuum primary of the seed theory. Inserting this back in (A.14), we see that the sum
over k converges and thus log Ẑ(1)∞(τ) < ∞. This derivation easily generalizes to the
contribution of nm short cycles of length m since Z(m)(τ) from (2.5) can be bounded by
Z(m)(τ) ≤ p(τ)Z̃(τ/m) (the sum in (2.5) can be bounded by a factor times its largest
term), which implies

Z(m)nm (τ) = e
c̃
12βnm/m, (A.17)

up to terms subleading in nm ∝ O(N).

Long cycles. To show the universality of cycles cycle contributions, we start with the
maximally twisted sector. The corresponding contribution to the partition function is
given by

Z(N)(τ) = 1
N

N−1∑
j=0

Z̃

(
τ + j

N

)
. (A.18)

In the large N limit, this scales as

Z(N)(τ) = 1
N
e
c̃
12N

4π2
β , (A.19)

up to e−N corrections. Note that unlike for the untwisted sector, (A.19) includes a prefactor
scaling polynomially in N . Eq. (A.19) is a straightforward consequence of the Cardy
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formula. For small j, the argument (τ + j)/N of the seed partition function Z̃ in (A.18)
goes to zero as N →∞, therefore Z̃

(
τ+j
N

)
is well-approximated by

Z̃

(
τ + j

N

)
∝ e

c̃
12

βN

j2+(β/2π)2 . (A.20)

For large j (i.e. j scaling proportional to N), we apply a modular transformation to get

Z̃

(
τ + j

N

)
= Z̃

(
− 1
Nτ

+ ĵ

N

)
. (A.21)

If j scales proportional to N , then ĵ scales proportional to N0, thus we can again apply
the Cardy formula to obtain

Z̃

(
τ + j

N

)
∝ e

c̃
12

βN

1+(ĵβ/2π)2 . (A.22)

Now β
j2+(β/2π)2 ≤ 4π2

β and β

1+(ĵβ/2π)2 ≤ 4π2

β , thus the leading contribution to (A.18) in the
large N limit is given by the j = 0 term (A.19). More generally, for multiple long cycles
we obtain for the contribution of nm cycles of length m ∝ O(N) using (2.6),

Z(m)nm (τ) = 1
mnmnm!e

c̃
12mnm

4π2
β (A.23)

up to terms subleading in N .

B Probability factors for the decomposition into twisted sectors

In this section, we calculate the probability factors p{nm} of the decomposition (3.2). These
factors determine the relation between the total entanglement entropy SA and the entan-
glement entropy contribution SA,{nm} resolved w.r.t. a single twisted sector,

SA =
∑
{nm}

(
p{nm}SA,{nm} − p{nm} log p{nm}

)
. (B.1)

Such a decomposition occurs in a number of different contexts (see for instance [56, 78–81]),
where the first term of (B.1) has been called configurational or accessible entropy, while
the second term is known as fluctuation, measurement or number entropy defined as

Sfluct. = −
∑
{nm}

p{nm} log p{nm}. (B.2)

The p{nm} factors are defined by

p{nm} = 1
Z(τ)Z(1)n1 ...(N)nN (τ). (B.3)

Using the results of appendix A, we can easily evaluate (B.3) in the large N limit. For
β > 2π, only the untwisted sector contributes, therefore p{nm} is one for the untwisted
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sector and zero otherwise. For β < 2π, p{nm} vanishes if the {nm} sector contains a
large number of short cycles, i.e. if one of the nm is proportional to N . Otherwise,
p{nm} = (

∏
mm

nmnm!)−1. Note that
∑
{nm}(

∏
mm

nmnm!)−1 = 1 as is appropriate for a
probability distribution. The above formulas for p{nm} hold up to corrections of order e−N .

The corresponding fluctuation entropy vanishes for β > 2π and scales sublinearly in N
(roughly proportional to

√
N) for β < 2π. Note that this entropy contribution drops out

in the total thermal entropy, which is given by

S(β) = −Tr(ρ log ρ)

= −
∑
{nm}

Tr
(
p{nm}ρ{nm} log(p{nm}ρ{nm})

)
=
∑
{nm}

p{nm}S{nm}(β) + Sfluct.,

(B.4)

where S{nm}(β) is the thermal entropy of the Z(1)n1 ...(N)nN (τ) contribution to Z(τ). This
can be seen from the definition of the thermal entropy in terms of the partition function,

S(β) = logZ(τ)− β∂ logZ(τ)
∂β

=


0, β > 2π
2c̃N
3β , β < 2π.

(B.5)

For β > 2π, the fluctuation entropy vanishes identically. For β < 2π, Z(1)n1 ...(N)nN (τ) =

p{nm}e
c̃N
12

4π2
β and the p{nm} prefactor cancels with the Sfluct. contribution. Since the re-

duced density matrix ρA for the ordinary entanglement entropy of a spatial subregion
in the full SN theory is obtained by tracing out the complement of A in each of the
twisted sectors separately, the entanglement entropy contains the same fluctuation entropy
contribution as the thermal entropy and therefore the same cancellation happens for the
entanglement entropy.

C Entanglement entropy for single twisted sectors

This section contains a discussion about the entanglement entropy resolved for single
twisted sectors S = (1)n1 . . . (N)nN of the SN orbifold theory. In particular, we discuss for
which subsystems A we obtain universal results independent of the seed theory of the SN
orbifold in the limit N → ∞. The most general A consists of the union of an arbitrary
number of intervals [z(j)

m,2i−1, z
(j)
m,2i] in the j-th cycle of length m where 1 ≤ j ≤ nm. As in

section 3 we use the convention that an interval may contain the degrees of multiple fields
connected by the boundary conditions if the size of the interval |z(j)

m,2i − z
(j)
m,2i−1| is larger

than one. The contribution of a particular twisted sector to the thermal partition function
is determined from (2.6), which decomposes into a product of contributions

Z(m)nm (τ) = 1
nm

nm∑
k=1

Z(m)(kτ)Z(m)nm−k(τ) (C.1)
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from cycles of the same length m. This product structure extends to the replica partition
function, thus it is sufficient to consider the contribution SA,S,m to the entanglement en-
tropy of cycles with the same length m separately. The total entanglement entropy is then
obtained by summing over all m,

SA,S =
∑
m

SA,S,m. (C.2)

We first consider the case of a number nm of short cycles of length m = O(N0).
As shown in section A, the contribution Z(m)nm of these cycles to the thermal partition
function becomes universal if nm = O(N) (see eq. (A.17)). If we can use the methods
from section 3 to argue for vacuum block dominance of the contribution Z(m)nm ,α to the
replica partition function, then the universality extends to Z(m)nm ,α. For a general A, this
is not possible because the methods of section 3 rely on the entangling interval to be equal
in each cycle, i.e. the z(j)

m,i ≡ zm,i are equal for all j. That is, treating Z(m)nm ,α as the
partition function of a large central charge CFT on a branched cover of the torus and then
applying the decomposition of this partition function into conformal blocks only works if
the branch cuts for the fields of this auxiliary CFT all lie at the same position. If this
holds, then we obtain for instance for a single interval the following universal contribution
to the entanglement entropy,

SA,S,m = c̃

3nm log
(1
ε

sin
(
π(zm,2 − zm,1)

m

))
. (C.3)

For long cycles of length m = O(N), the contribution to the entanglement entropy is
determined from the replica partition function Z(m)nm ,α which decomposes into a number
of (replica) seed partition functions with modular parameter that goes to zero as N →∞.
For a general collection of entangling intervals, this will again not give a universal result.
However, if the entangling intervals are small in the sense that |z(j)

m,2i − z
(j)
m,2i−1| = O(N0),

then the size of corresponding entangling intervals in the replica seed partition function
goes to zero and the entangling intervals become well separated as N →∞. For example,
in the case of a single interval [z(j)

m,1, z
(j)
m,2], the leading contribution to the replica parti-

tion function in limit α → 1 is given by
∏
j Z̃

(j)
α (τ/m) where Z̃(j)

α (τ/m) includes a single
entangling interval from z

(j)
m,1/m to z

(j)
m,2/m the size of which goes to zero as m → ∞.

Contributions from other Z̃α, for instance Z̃(j,k)
α (2τ/m) which includes two entangling in-

tervals [z(j)
m,1/m, z

(j)
m,2/m] and [(z(k)

m,1 + τ)/m, (z(k)
m,2 + τ)/m], are suppressed by e−N factors

as in the thermal partition function in section A. The corresponding entanglement entropy
contribution is equal to

SA,S,m = c̃

3
∑
j

log

 β

2πε sinh

2π2(z(j)
m,2 − z

(j)
m,1)

β

 . (C.4)

We note that (C.3) and (C.4) are valid for all temperatures. The phase transition observed
in section 3 comes only into play if one considers the contribution of a large number of
twisted sectors including both those with long and those with short cycles.
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D Anomalous dimensions for primaries of the SN orbifold

In this section, we determine bounds on the scaling with N of the anomalous dimension of
a general primary Σ in an arbitrary twisted sector of the SN orbifold theory.

Let us first consider the untwisted sector. It is easy to see that the contribution
of the untwisted sector to the thermal or replica partition function is invariant under
deformations to all order in perturbation theory. Every CFT possesses an identity operator
with conformal weight h = h̄ = 0 which must be in the untwisted sector since twisting
the boundary conditions incurs an energy cost. Since conformal blocks of the identity
operator give the dominant contribution to the ordinary entanglement entropy of spatial
subregions under the assumption of vacuum block dominance, this implies that the ordinary
entanglement entropy is invariant under deformations.

To determine the anomalous dimension of an operator Σ in some other twisted sector of
the SN orbifold, we insert the deformation operator exp

(
λ
∫
d2wΦ(w, w̄)

)
in the two-point

function 〈Σ(z1, z̄1)Σ(z2, z̄2)〉 and expand in the deformation parameter λ,

〈Σ(z1, z̄1)Σ(z2, z̄2)eλ
∫
d2wΦ(w,w̄)〉=〈Σ(z1, z̄1)Σ(z2, z̄2)〉+λ

∫
d2w〈Φ(w,w̄)Σ(z1, z̄1)Σ(z2, z̄2)〉

+λ2

2

∫
d2w1d

2w2〈Φ(w1, w̄1)Φ(w2, w̄2)Σ(z1, z̄1)Σ(z2, z̄2)〉

+O(λ3). (D.1)

Here, Φ(z, z̄) denotes one of the exactly marginal two-cycle twist operators of the SN
orbifold theory. To determine the anomalous dimensions hΣ(λ) and h̄Σ(λ), this is to be
compared with the expansion of the two-point function in the deformed theory,

〈Σ(z1, z̄1)Σ(z2, z̄2)〉λ = 1
(z1 − z2)2hΣ(λ)(z̄1 − z̄2)2h̄Σ(λ)

. (D.2)

The n-th order in the series expansion of the anomalous dimension is then obtained from
the n + 2-point function of Σ and Φ in (D.1). The first order in λ of the anomalous
dimension vanishes because the OPE coefficient CΦ

ΣΣ vanishes between the two-cycle twist
operator Φ and any Σ. For the second order, we expand the four-point function in (D.1)
in conformal blocks (see figure 3),

〈Φ(w1, w̄1)Φ(w2, w̄2)Σ(z1, z̄1)Σ(z2, z̄2)〉 =
∑
Ξ

(CΞ
ΦΣ)2FΞ

ΦΣ,ΦΣ F̄Ξ
ΦΣ,ΦΣ

=
∑
Ξ
CΞ

ΣΣC
Ξ
ΦΦFΞ

ΣΣ,ΦΦ F̄Ξ
ΣΣ,ΦΦ.

(D.3)

In the large N limit the conformal blocks exponentiate, F ∼ e−c/6fcl. . The fact that the
semiclassical blocks fcl. increase with increasing weight hΞ of the internal primary operator
Ξ,13 ensures that the leading contribution comes from the conformal block with lowest
hΞ. Note that conformal blocks in different channels exchange dominance as z1, z2, w1, w2
are varied, thus we need to consider all possible channels. This is essentially a vacuum

13This can be seen numerically from the series expansion of the conformal blocks [19].
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Φ

Φ Ξ
Σ

Σ

Φ

Φ 1

Σ

Σ
≈

Σ

Σ

Φ Σ

Φ Σ
Ξ

Φ Σ

Φ Σ
Σ ≈

Σ

Σ

Figure 3. The leading contribution to the anomalous dimension of hΣ comes from the conformal
block where ΦΦ fuse together into Ξ = 1 (upper part) or ΦΣ fuse together into Ξ = Σ (lower part).
Due to the conformal weight of Φ being of order N0, these blocks are approximately equal to the
two-point function 〈ΣΣ〉 in the large N limit.

block dominance argument, only this time applied to the four-point function on the plane.
Conformal blocks for other Ξ are suppressed by factors of e−N . The leading contribution
at large N is then equal to the two-point function 〈ΣΣ〉 without insertions of Φ(z, z̄)
(see figure 3).

However, in general other contributions to the anomalous dimension at linear order in
N come from the OPE coefficients and multiplicities. Below, we show that such contri-
butions are absent for states in twisted sectors that consist of n = O(N) cycles of length
bN/nc together with an arbitrary collection of cycles for the remaining N − n fields. Thus
the conformal weight of the corresponding operators Σ is invariant up to O(N0) corrections.

We now determine the combinatorical factors for the OPE coefficients contributing
to the anomalous dimension of the deformed SN orbifold. To second order in conformal
perturbation theory, the relevant OPE coefficients come from the decomposition (D.3).
Therefore, the task at hand is now to determine the scaling with N of the OPE coefficients

CΞ
ΦΣ, C

Ξ
ΣΣ, C

Ξ
ΦΦ. (D.4)

and the multiplicity factor, i.e. the number of operators Ξ with lowest weight hΞ which are
not suppressed by e−N factors from the conformal block.

The computation of the large N scaling properties is achieved using combinatorics of
the SN group. A gauge invariant operator Σ of the SN orbifold theory is obtained from a
reference operator Σ̂ by conjugating with elements of the SN gauge group,

Σ = 1√
AΣ

∑
g∈SN

gΣ̂g−1, (D.5)

where AΣ is a normalization factor. The twist selection rule of the SN orbifold theory
states that an n point function 〈Σ̂1 . . . Σ̂n〉 with boundary conditions for the operators Σ̂i

determined by the SN group element gi is non-vanishing only if the product of all gi is
the identity, ∏

i

gi = 1. (D.6)

Therefore, the combinatorical factors we are interested in are computed by employing the
twist selection rule (D.6) to count how many terms of the sum in (D.5) contribute to
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the three-point function determining the OPE coefficients (D.4). See for instance [82, 83]
for related computations of OPE coefficients of the SN orbifold theory using the
same techniques.

First, we determine the normalization factor AΣ for a general Σ in the twisted sector
determined by {nm} by demanding that the two-point function 〈Σ(0)Σ(∞)〉 be equal to
one. It is easy to see that we can fix one of the two operators in 〈Σ(0)Σ(∞)〉 to the reference
operator Σ̂, i.e. one of the two sums over g ∈ SN drops out. This yields an N ! factor. The
boundary conditions for the other operator must inverse to those of Σ̂. This happens only
if the g element in the remaining sum over SN is in the stabilizer subgroup NΣ of Σ̂. This
subgroup is of size |NΣ| =

∏
mm

nmnm!, yielding in total

AΣ = N !
∏
m

mnmnm!. (D.7)

In the next step, we determine the OPE coefficients. We take Σ to be in a generic
(1)n1 . . . (N)nN twisted sector. As a shorthand notation we use

ĈΣ1
Σ2Σ3

∼
√
AΣ1AΣ2AΣ3N !|NΣ2 ||NΣ3 |C

Σ1
Σ2Σ3

. (D.8)

The ∼ symbol denotes that we are considering only the combinatorical factors from the
SN orbifold and not further dependencies on excitations in the seed theory.

We start with CΞ
ΦΣ. The action of the two-cycle twist operator Φ on Ξ is to either splice

together two cycles (m1)(m2)→ (m1 +m2) or to split apart a single cycle (m1 +m2)→
(m1)(m2). If we splice together two cycles of the same length m, this gives a contribution
ĈΞ

ΦΣ = m2 1
2(nm + 1)(nm + 2) since for CΞ

ΦΣ to be non-vanishing there must be nm + 2
cycles of length m in Ξ and thus 1

2(nm+1)(nm+2) possibilities to choose 2 cycles to splice
together and m possibilities to choose an element inside each cycle. Thus,

CΞ
ΦΣ ∼

√
m3n2m(nm + 1)(nm + 2)

N(N − 1) . (D.9)

Splicing two cycles of different lengths m1,m2 together yields ĈΞ
ΦΣ =m1m2(nm1 +1)(nm2 +1)

with an analogous counting argument,

CΞ
ΦΣ ∼

√
2m1m2(m1 +m2)nm1+m2(nm1 + 1)(nm2 + 1)

N(N − 1) . (D.10)

Similarly, for splitting apart a cycle into two cycles of equal length m, we get ĈΞ
ΦΣ =

m(n2m + 1) for cycles with the same length m since there are n2m + 1 cycles to choose and
in each cycle we have m possible splittings, yielding

CΞ
ΦΣ ∼

√
m3nm(nm − 1)(n2m + 1)

N(N − 1) . (D.11)

Splitting apart a cycle into two cycles of different lengths m1,m2 gives ĈΞ
ΦΣ = (m1 +m2)

×(nm1+m2 + 1),

CΞ
ΦΣ ∼

√
2m1m2(m1 +m2)nm1nm2(nm1+m2 + 1)

N(N − 1) . (D.12)
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Next, we consider CΞ
ΣΣ and CΞ

ΦΦ. The latter OPE coefficient only allows

Ξ ∈
{

(1)N , (1)N−3(3), (1)N−4(2)2
}
, (D.13)

thus we need to compute CΞ
ΣΣ only for these Ξ. The case Ξ ∈ (1)N is simple since for the

identity operator all combinatorical factors drop out,

CΞ
ΣΣ ∼ CΞ

ΦΦ ∼ 1. (D.14)

In the other two cases, CΞ
ΦΦ is obtained as a special case of the CΞ

ΦΣ OPE coefficient derived
above, giving

CΞ
ΦΦ ∼

√
12(N − 2)
N(N − 1) , Ξ ∈ (1)N−3(3)

CΞ
ΦΦ ∼

√
2(N − 2)(N − 3)

N(N − 1) , Ξ ∈ (1)N−4(2)2

(D.15)

It remains to compute CΞ
ΣΣ. In order for CΞ

ΣΣ to be non-vanishing Ξ applied to Σ must give
an operator in the same conjugacy class as Σ. For the case Ξ ∈ (1)N−3(3), we note that
the non-trivial 3 cycle permutation in Ξ applied onto a single cycle of length m ≥ 3 again
yields a cycle of length m in

(m
3
)
cases. Moreover, the 3 cycle can also act on two cycles

(m1)(m2) with m1 < m2 at the same time, giving again another two (m1)(m2) cycles in
m1m2 cases. Thus, for Ξ ∈ (1)N−3(3) we obtain

CΞ
ΣΣ ∼

√
3

N(N − 1)(N − 2)

 N∑
m=3

nm

(
m

3

)
+

N∑
m1=1

N∑
m2=m1+1

nm1nm2m1m2

 . (D.16)

Finally, for the Ξ ∈ (1)N−4(2)2 case, the two non-trivial 2 cycle permutations can act on
either 1, 2 or 3 cycles simultaneously to give the same cycle structure again. For one cycle
(m) → (m), there are

(m
4
)
possibilities. For two cycles (m1)(m2) → (m1)(m2) there are

m1m2(m2 − 2) possibilities for m1 < m2 and 1
2m

2(m − 1) possibilities for m1 = m2 = m.
In the three cycle case (m1)(m2)(m1 + m2) → (m1)(m2)(m1 + m2), one of the 2 cycle
permutations splices (m1)(m2) together into a (m1 + m2) cycle while the other 2 cycle
permutation splits apart (m1 +m2) into (m1)(m2). There are m1m2(m1 +m2) possibilities
in this case if m1 < m2 and m3 possibilities if m1 = m2 = m. In total, we find

CΞ
ΣΣ ∼

√
8(N − 4)!

N !

[
N∑
m=4

nm

(
m

4

)
+

N∑
m1=1

N∑
m2=m1+1

nm1nm2m1m2(m2 − 1)

+
N∑
m=1

1
4nm(nm − 1)m2(m− 1)

+
N∑

m1=1

N/2−m1∑
m2=m1+1

nm1nm2nm1+m2m1m2(m1 +m2)

+
N/4∑
m=1

1
2nm(nm − 1)n2mm

3
]
.

(D.17)
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Let us now consider an operator Σ comprised of n = O(N) cycles of length bN/nc =
O(N0) and any number of cycles in the remaining N − n elements. For this operator,
nm = nδm,bN/nc +O(N0). Inserting this in the above expressions, it is easy to see that all
OPE coefficients scale at most as O(N0). We further note that hΞ ≥ hΣ +O(N0) for the
CΞ

ΦΣ coefficients and hΞ ≥ 0 for the CΞ
ΦΦC

Ξ
ΣΣ coefficients. At the minimum value for hΞ,

the conformal block reduces to the two-point function 〈ΣΣ〉 times the OPE coefficients and
a multiplicity factor. Moreover, the multiplicity factor for the Σ in consideration is also of
order O(N0): there are only an O(N0) number of twisted sectors in which Ξ can lie. Any
O(N) number of excitations on top of the ground states of these twisted sectors will also
cause hΞ to shift by an O(N) term. The contribution of these excited Ξ is suppressed by
powers of e−N from the conformal blocks and can be neglected.

More general Σ, however, may receive large corrections. For instance all Σ that are in
a twisted sector containing at least one long cycle of length m = O(N) have multiplicities
and OPE coefficients that scale with O(N). Thus, we cannot use the above techniques
to argue for the absence of O(N) corrections to the anomalous dimension for operators in
these twisted sectors.

Nevertheless, a partition or correlation function that for λ = 0 is dominated by confor-
mal blocks with operators whose scaling dimension is invariant under deformations will be
dominated by the same conformal blocks in a perturbation expansion in λ. Let for instance
the partition function Zλ(τ), given by

Zλ(τ) =
∑
Σ
χΣ,λ(τ)χ̄Σ,λ(τ̄), (D.18)

be dominated by Σ0 for λ = 0,

Z0(τ) ≈ χΣ0(τ)χ̄Σ0(τ̄). (D.19)

Then, the logarithm of Zλ(τ) is expanded in λ as follows,

logZλ(τ) = logZ0(τ) + ∂λZλ(τ)|λ=0
Z0(τ) λ+O(λ2), (D.20)

where (using that in the large N limit χΣ(τ) ≈ e−β(hΣ−c/24))

∂λZλ(τ)|λ=0 ≈ −β
∑
Σ
e−β(hΣ(0)+h̄Σ(0)− c

12 )

× ∂λ(hΣ(λ) + h̄Σ(λ))
∣∣∣
λ=0

.

(D.21)

Due to hΣ(0) scaling with O(N) and hΣ(0) > hΣ0(0) together with analogous statements
for h̄Σ, ∂λZλ(τ)|λ=0 is dominated by the Σ = Σ0 term non withstanding any polynomial
corrections in N to hΣ(λ) for Σ 6= Σ0. It is easy to see that similar arguments work
for any correlation function which obeys the vacuum block dominance property for SN
orbifold theory.
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