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1 Introduction

The conformal bootstrap approach in two-dimensions [1] exploits the infinite-dimensional

Virasoro algebra together with the associativity of the Operator Product Expansion (OPE)
in the attempt to classify all possible Conformal Field Theories (CFTs). In short [2],
the associativity of the conformal algebra leads to functional relations between its special

functions dubbed conformal blocks, which can be solved, under certain assumptions on the

spectrum of the theory, either analytically or numerically.



In the last thirty years, the bootstrap technique allowed calculating exactly or with great
precision correlation functions of many two-dimensional critical statistical models [1]. Tt also
led to the solution of two-dimensional quantum gravity, the Liouville theory [3]. Despite
these successes, there are still critical phenomena in two dimensions for which a complete
bootstrap solution is lacking. We can mention for instance geometrical phase transitions
such as percolation [4], recently analyzed in deep in [5, 6], or disordered systems [7, §]. In
particular, the latter are described by coupling copies of the original pure CF'T to a relevant
field, and then flow to a new fixed point whose properties are largely unknown, see [9-11].

Besides their applications to disordered systems, CFTs on a replicated space-time
geometry are familiar also in the context of quantum information. Partition functions of
CFTs on Riemann surfaces with Zy symmetry can be interpreted as powers of reduced
density matrices for subsystems embedded into an extended quantum state, either pure
or mixed [12, 13]. From the reduced density matrix, one extracts entanglement measures
such as Rényi entropies [14-16] or the logarithmic negativity [17-19]. Finally, the study
of CFTs with cyclic or permutational symmetry has provided an explicit verification of
the AdS/CFT correspondence [20]. A possible approach to CFTs defined on a Zy (or
Sn) symmetric space-time exploits their mapping [21] to the orbifold theory CF TN /Zn.
Instead of considering a single theory on a Riemann surface with Zy symmetry and central
charge ¢, one studies the N-fold tensor product CFT®N /Zx with central charge Nc¢ on the
sphere. The multivaluedness of the correlators, when their argument encircles a ramification
point of the Riemann surface, is implemented by local fields called twist fields [22, 23].
Higher genus partition functions are then mapped to multipoint correlators of twist fields.

In this paper, we will analyze the CFT partition function on a one-parameter (0 < z < 1)
family of genus N — 1 Riemann surfaces, specified in section 2 and already considered in [24].
Due to the Zy symmetry of the space-time, the CF'T partition function can be expressed in
terms of the four-point correlator of the Zy twist field on the sphere. Modular invariance
of the partition function is implemented by the transformation z — 1 — z and reduces to
the crossing symmetry of the twist field four-point function, see also [25]. For N = 2 and
N = 3, the study of the crossing symmetry equations restricts respectively the operator
content and the OPE coefficients of the original conformal theory [26-29], with central
charge ¢, on the sphere.

Already for Zs-symmetric Riemann surfaces with genus two, the determination of
crossing symmetric twist field correlation functions is challenging. For instance, they are
not known explicitly even for the simplest CFTs such as the minimal models [1] with ¢ < 1.
On the one hand, if the seed CFT has a finite number of OPE channels, i.e. is rational,
the twist field correlators expand over a finite number of special functions dubbed orbifold
conformal blocks. On the other hand, differently from what happens on the sphere, the
latter cannot be calculated efficiently through a recursion relation [28, 30]. In practice,
one sets up a combinatorial expansion of the orbifold conformal blocks, which produces
a slowly convergent power series about x = 0. By truncating the power series in x, the
crossing symmetry properties of the twist field correlator, and the modular invariance of
the higher genus partition function, are poorly reproduced. Here, we revisit the problem by
focussing on the minimal models. We propose a systematic expansion of the Zs-orbifold



conformal blocks that allows building crossing symmetric twist field four-point functions
with significantly better accuracy than previous attempts [31, 32]. An alternative approach
which involves the formulation of differential equations satisfied by the partition functions
has been put forward in [33]. Applications to entanglement measures and the modular
bootstrap will be also investigated.

The outline of the paper is as follows. In section 2, we introduce our notations for a
CFT on a Riemann surface with Zy symmetry and briefly review the orbifold construction.
The orbifold conformal blocks at N = 2,3 and their small-x expansion, obtained through
the covering map [21] procedure, are discussed in section 3. It will be further presented a
regularization prescription for the singularities in the power series that are produced, for
¢ < 1, by the states with zero norm. The contribution of the CFT®Y descendants to the
small-z expansion reorganizes [24] into conformal blocks of primary fields with respect to a
Virasoro algebra with central charge Nc. Once this decomposition is found, we show in
section 4, how the convergence of the orbifold conformal blocks can be improved [31] by
using the elliptic recursion formula [34]. Refs. [31, 32] wrote down analogous expansions in
terms of Virasoro conformal blocks with central charge Nc¢ but they only took into account
the orbifold primary contributions.

We first apply the formalism to entanglement measures in tripartite systems at zero
temperature. In particular, we calculate in section 5 power series representations of the trace
of the third power of the reduced density matrix and its partial transpose for two disjoint
intervals. The two traces are distinguished field theoretically by the presence of fields
with non-zero conformal spins. Prior calculations of the partial transpose of the reduced
density matrix, which enters in the so-called logarithmic negativity, were performed for free
fermions [19, 35-42] or in the large central charge limit [43-45]. Our approach reproduces
the free fermion results [35]. Finally, in section 5, we show that for N = 3, our expansion
of the orbifold conformal blocks can incrementally improve the OPE fusion coefficients
bounds found in [28]. Moreover, we demonstrate that, within our scheme, the numerical
bootstrap approach to the genus two twist field correlation functions converges. These
new results and observations can pave the way to the solution of a long-standing problem:
the determination via a bootstrap approach of the mutual information and logarithmic
negativities in interacting CF'Ts.

2 CFT partition functions on Zpy-symmetric Riemann surfaces

Let us consider a CFT denoted by C, with central charge ¢, defined on a Riemann surface
Yg(x) of genus g. In the following, we will refer to C as the seed theory. We will restrict
to the family of Riemann surfaces ¥,(z) of genus ¢ = N — 1 described by the complex
algebraic curve

S Gt (2.1)

z—x

which has branch points of order N at z;, = 0, z, 1, and oo. Although eq. (2.1) can be
extended to complex values of z, in the following, we will always assume x to be a real

variable, z = z, with 0 < < 1. Eq. (2.1) can be interpreted [46] as a N-sheeted cover of the



compactified complex plane (Riemann sphere) CU{oo} with coordinate z. Furthermore, the
surfaces ¥4 (z) posses a Zy symmetry since eq. (2.1) is invariant under the transformation
w s N w, with £ =0,1,..., N —1. This transformation amounts to a cyclic permutation
of the IV sheets of the surface, where each sheet is labelled by the choice of the branch of
the N-th root in eq. (2.1).

The CFT partition function Z,(z) on ¥4(z) depends on the choice of the metric within
the same conformal class. We choose then a flat metric. The partition function with a flat
metric everywhere on the surface can be derived from the orbifold C®*V /Zx [21]. In this
theory, there exist Zy twist and anti-twist fields oy and 6, which are spinless primary
fields of conformal dimension [22, 23]

= c 1
h’O'N = h’O'N - ﬂ <N - N) . (22)

When inserted on the complex plane at the branch points of the algebraic curve in eq. (2.1),
they implement the multivaluedness of correlation functions under the analytic continuation
(z — 2,) = (2 — 2p)e*™. One then finds that

Z,(x) = eSenom (@) (57 (00)a N (1) on (x,2)F 5 (0)), (2.3)

where the prefactor e®Saom. () in eq. (2.3) is the Weyl anomaly which can be explicitly
calculated [21]. It takes into account that in the orbifold approach the metric employed to
determine the partition function on ¥4(x) is a flat metric on each sheet of the surface but
with conical singularities at the location of the twist fields. Consider, for instance, the case
N = 2, for which, under the Abel-Jacobi map [47], ¥1(x) is conformally equivalent to a flat

torus of modulus

r(z) = z’M, (2.4)

K(z)
where K (x) is the complete elliptic integral of first kind [48]. By evaluating the conformal
anomaly in eq. (2.3), one has [21]

Z1(z) = [282(1 — 2)| (0 (00)a(1)oa(x, 7)52(0)). (2.5)

The partition function Z4(x) is invariant under modular transformations [26, 49, 50]. For
the class of surfaces ¥4(z), the moduli space is one-dimensional and modular invariance
implies the crossing symmetry of the twist field four-point correlation function [27]

(on(00)an(1)on(l — 2,1 —2)on(0)) = (on(00)on(1)on(z, Z)an(0)). (2.6)

For example, if we consider a torus with modulus 7 that of eq. (2.4), then the modular
transformation 7 — —1/7 implies  — 1 — z. An analogous observation holds for ¥5(z), as
discussed in [27]. Eq. (2.6) can be actually extended analytically to complex values of z,
see for instance section 5.2.



3 Orbifold conformal blocks

The twist field four-point correlator in eq. (2.3) as a function of z € (0, 1) can be analytically
continued to z € C. In the orbifold C®*V /Zy, it admits the following decomposition

~ N\ ~ N N), —
(on(00)an(Don(2,2)5n(0)) = > D, 55 ()65 (2), (3.1)
h,h
where h = {h1,...,hn} and h; is the conformal dimension of a primary field of the seed

theory. The functions Q(E’]Z)(z), defined below, will be termed orbifold conformal blocks.
They are normalized such that for small |z|

G (z) = 2M=2hen 1 4 O(2)], (32)

C,

where |h| = >_j hj. In this section and section 4, we will show how to extract systematically,
by means of the orbifold conformal algebra, higher order terms in the expansion about
z=01in eq. (3.2). The case N = 3 has been discussed in [28] from which some notations
are borrowed. The structure constants Dy, , in eq. (3.1) are not algebraically determined
and instead characterize the specific bootstrap solution under consideration.

We focus first on the holomorphic sector of the seed CFT. We denote by ¢p,(z) the
holomorphic primary field with conformal dimension A and by qﬁﬁ/‘[ (z) one of its descendants.
The descendants are labelled by the partition M = {m,... ,mq}, 1<my <mg--- <my,
of the positive integer [M| = >>;m;. In terms of the Virasoro generators L_,,(2), defined
in eq. (A.1), the holomorphic field ¢/ (z) is then

op(2) = Lom(2) ¢n(z), where L_p(2) = Ly, (2) ... Lom,(2). (3.3)

The field ¢} () has conformal dimension h + |M|.

We will employ the field-state correspondence |¢p) = lim,_0 ¢(2)|0), with |0) the
vacuum in C, and the Virasoro scalar product [51]. The latter can be defined by constructing
the dual Hilbert space through the identification (¢p| = lim,_,o0 22" (0|¢p,(2), where (0| is
the dual of the vacuum state. Furthermore, we denote by G%h M, the matrix of scalar
products

GFZ(/Il,Mg = <¢hM1|¢242> (34)

If not stated otherwise, in what follows we consider irreducible Verma module represen-
tations [2], i.e. there are not descendant states with vanishing norm, referred here as null
vectors. The role of null vectors will be analyzed in more detail in section 3.4. The fields that
enter the correlation functions are specified by gluing the holomorphic and anti-holomorphic
sectors of C and are tensor products of the form

oM (2)p (2). (3.5)

In all applications, we will actually restrict ourselves to the case of diagonal seed CFTs,
i.e. theories that have a diagonal partition function on the torus [49]. In this case, in
eq. (3.5), only couplings between holomorphic and antiholomorphic fields with the same



labels h = h are possible. However, in this section we prefer to maintain the discussion
more general and include the possibility of non-diagonal couplings. In the tensor product
C®N an holomorphic primary ¢y, labelled by a set h of conformal dimensions, is the tensor
product of holomorphic primary fields of the seed theory

d)h('z) = ¢h1 (z) K ® ¢hN (z>7 (36)

and has conformal dimension |h|. If M = {Mj,..., My} stands for a collection of N
partitions of the positive integers |Mi],...,|My/|, then the descendants of ¢; will be
indicated by @M (2),

DRl (2) = oy (2) @ -~ @ 1Y (2). (3.7)
To complete the fields in eq. (3.7) to a basis for a representation of the tensor product of the
Virasoro algebra, we shall allow M; to be the empty set, with the convention that gzﬁ,‘f = On;-
The corresponding scalar product matrix G, of size H [ M2 % H ", | N; %, is defined

from the scalar product in C as

N

Ghin = (o0 |o8) H (3.8)

The construction of the anti-holomorphic sector is, under the replacement z — z, the same
as the one presented above and the fields in C®V are then the tensor products ¢ (z)q.’),—lM (2).
The expansion about z = 0 of gﬁ?(z) can be determined by inserting the resolution of the
identity in the representation h. By using the basis in eq. (3.7), i.e. including among the
elements of M and IN also the empty set, it follows that

G (2) = 2IMI=2hay Z ML b (Gl N1 s (3.9)

where p% and p%, are matrix elements between descendant fields. In terms of the orbifold
structure constants,

Chi = (bndrlon(DIon),  Chp = (dndglon(1)lon), (3.10)

one has Iy Iy
(Dn" dplon(1)|oN) o (@n” Prlon(Dlon)

P}]t/I = M
= , = _
Chﬁ Ch,ﬁ

(3.11)

The matrix elements p}M and ﬁ}j/[ are entirely fixed by the holomorphic part of the
orbifold conformal algebra. Even if it is not manifest in their expressions in eq. (3.11), they
are complex rational functions of the dimensions h; and the central charge c. We will show
how to compute them in the next section. Due to the symmetry properties of the cyclic
twist and anti-twist fields, ;3’](4 is the complex conjugate of pﬁ/I.

The structure constants in eq. (3.10), on the other hand, encode the way the holomorphic
and anti-holomorphic sector are glued to build the twist correlation function of the model
under consideration. Plugging eq. (3.9) into eq. (3.1), one concludes that

Dyj = Chﬁc‘h’,—l. (3.12)



3.1 The computation of the orbifold three-point functions

The computation of the twist field four-point function boils down to determine the orbifold
three-point functions, see eq. (3.11),

pir Cri = (D8 dplon(1)]oN). (3.13)

These quantities can be calculated by considering a N-to-one conformal map ¢ — z(t) with
branch points at z, = {0, 1} such that, near these points, it behaves as z — 21, ~ (t — t,) .
That is, the t-surface must be a N-sheeted cover with genus zero, a Riemann sphere, of
the complex plane with a branch cut along z € (0,1). Moreover, the point z = oo, where
the holomorphic field q’)hM in eq. (3.13) is inserted, must be mapped to N different points
too = {t1,...,tn} in the covering space. Let us denote by qg%] (tj) the images of the field

gb%j (c0) under the covering map ¢ +— z(t), that is

i) = ()™

L (t5) bn;(t5), (3.14)

t=t;

where £z, (t;) is the pullback of the Virasoro operator Ly, (2 = 00), see eq. (A.6). The
pullback is a linear combination of Virasoro generators acting at the point ¢; in the ¢-plane,
as we discuss in detail in appendix A. The holomorphic part of the three-point function of
the C®N /Zx orbifold in eq. (3.13) is then equal to the N-point function of the seed theory
C on a sphere

(dn (00)on (1)Gn(0)) = (¢ (1) -+~ p Y (). (3.15)
3.2 Case N = 2: the torus

We now illustrate the method discussed in the previous section when N = 2. In this
case, the orbifold three-point function of eq. (3.13) can be calculated by considering the

two-to-one map
(t+1)2
) =5

which transforms to, = {0, 00} into z = oo and has branch points of order two at z, = {0, 1}.

(3.16)

By applying eq. (3.14) and eq. (3.15), the three-point functions in eq. (3.13) reduce to scalar
products. In particular, one has, see also eq. (3.10),

Ch,l_L = <(;h1$ﬁl|(£h2($ﬁ2> = 5h1,h26f11’f12274(h1+h1)7 (317)
while p"+"2 is the symmetric |M;| x |M;| matrix (descendant fields at different levels are
orthogonal)

hi,h
Pargy = Loty Ohy [L 0y Bha YOy - (3.18)

The explicit expression of the pullback £_,, under the map of eq. (3.16) is written in eq. (A.8)
of appendix A. The matrix p""2 in eq. (3.18) can be easily calculated by exploiting the
Virasoro algebra commutation relations. Moreover, in the case N = 2, the twist and

anti-twist fields are identified (o2 = d2) and, from egs. (3.10) and (3.11), we conclude that
~ ~hi,h h1,h
Ch,f_L = Ch,f_l and p]\jl,]az = pj\jl,iJQ'
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Figure 1. On the left: matrix product representation of the genus one conformal block in eq. (3.19).
On the right: matrix product representation of the genus two conformal block in eq. (3.29).

Finally, by substituting eq. (3.18) in eq. (3.9), we arrive at a power series expansion of
the N = 2 orbifold conformal block

2

(2) _ hi+ho—¢ |My|+|Ma| hi,ho hj 1 hihe

Gl ho} (2) = Oni o2 DD Paian TGN, PNR- (3:19)
M7,M3 N1,N2 j=1

hi:h2 are symmetric, the coefficients of the combina-

By recalling that the matrices G and p
torial expansion in eq. (3.19) can be organized as matrix products, presented in the diagram
of figure 1. This observation helps with the organization of the bookkeeping of the states.

Eq. (3.19) shows that the number of N = 2 orbifold conformal blocks is the same
as the number of conformal families of the seed theory C. This conclusion is of course
consistent with the well known construction of the CFT partition function on a flat torus

as a sesquilinear form of the irreducible Virasoro characters x.pn(7(x)) [49, 50],

21(x) = >y Xe(T(2)) X (7(2))- (3.20)
h,h

We can relate the conformal block in eq. (3.19) and the Virasoro character by considering
theories with a diagonal partition function on the torus. In this case, the multiplicities in
eq. (3.20) are Ny g = 5h,i3 and only couplings between holomorphic and anti-holomorphic
fields belonging to the same Virasoro algebra representation are allowed. Eq. (3.17) must
be now supplemented by the constraint h = h and we then derive from eq. (3.12)

—16h
Dy gy = Onyhy O, O 27700 (3.21)

By substituting eq. (3.21) into eq. (3.1) and then comparing eq. (2.5) with eq. (3.20), one
eventually identifies [24]

Gy (@) = 2501 — )]/ x (@), (3.22)

which we will also use in section 3.4.



3.3 Case N = 3: Zg-symmetric Riemann surfaces with genus two

For N = 3, the orbifold three-point function in eq. (3.13) can be computed by introducing,
for instance, the three-to-one map [28]
(t + w)3 2mi

z(t) = 30l — )= 1)’ w=es. (3.23)

This transformation has branch points of order three at zp, = {0,1} and maps the points
too = {0,1,00} in the t-surface into z = co. The t-surface, which has again the topology
of a sphere, is then a triple covering of the complex plane with a cut along z € (0,1). By
recalling eq. (3.10) and applying egs. (3.14) and (3.15) one has

Ch = (Dm0, [ By (), (1) By bg,) = [Beo(1 — w)] 2P [3002 (1 — w2)] T —haha creed

(3.24)
where the structure constants C,Sle%d are calculated in the seed CFT, namely
Cped = (dny 97, 9o (1)1, (1) dns O, )- (3.25)

Analogously from eq. (3.11), it follows

h1,h2,h3 <£—M1 ¢h1 ’E—M2 (1)¢h2 (1) ‘ﬁ—M:a ¢h3>
hahy . 3.26
PA s B2 (1) ) (3.26)

The pullback £_,,(tx) of the Virasoro descendant L_,(z = co) under the conformal map in
eq. (3.23) are obtained, as in the case N = 2, by using eq. (A.6), see also eq. (A.10). The
elements of eq. (3.26) can be calculated by implementing in a computer algebra system the

Ward identities of appendix A. Finally, the structure constants C}, 7 and matrix elements

p ]\}Z}}\%hj@, which follow by exchanging twist with anti-twist fields in egs. (3.10) and (3.11),

are determined by considering the complex conjugate of the map of eq. (3.23). One finds

C’hi_L = [3w2(1 . w2)]7h1*h27h3 [Sw(l o w)]fi_nff_lzfi_zgcisle%d’ (327)
and
~h 7h 7h h 7h ,h‘
Pary aynas = (P31 Nponas]” (3.28)

The resulting expressions for the tensor pﬁjl’hj/}TM?) in eq. (3.26) can be then eventually

plugged into eq. (3.9) to get the expansion
3
3 2¢ Z | M 3 — *
gé?{)hl,hZ,hS}(z) = szzl b Z 2= p}ﬁfff/}ngs H [G%ijj} 1 [p}ll\flfzsé?ﬁfs} ’
{M; AN} j=1
(3.29)
which is also illustrated pictorially in figure 1. The conformal block gf{)hhh% hs} in eq. (3.29)
is manifestly symmetric under permutations of hy, he and hg, consistently with the Zsz (in
fact S3) symmetry of the orbifold CFT. From eq. (3.24), it follows that the N = 3 orbifold
conformal blocks are in one-to-one correspondence [27, 28] with the non-zero structure
constants of C. Indeed, if we insert egs. (3.24) and (3.27) into eq. (3.12), we conclude that,
see also eq. (3.1),

Dy 5 = 277 M-Il (Cseedy2, (3.30)



3.4 Minimal model orbifold conformal blocks

We consider now a seed theory which is built upon irreducible representations of the Virasoro
algebra, labelled by ¢ and h, constructed by removing all the null vectors [2]. A prominent
example of such CFTs are the minimal models [1] which have central charge

)2

c=cpy—1-6P—1" (3.31)

pq
being p and ¢ positive coprime integers. The minimal models are rational theories, that is
they contain a finite number of primaries ¢;r¢ with conformal dimensions

ppa — (Pr—as)* = (p—q)*
r,s 4pq

, 1<r<q—-1,1<s<p-1, (3.32)

whose OPE algebra closes. We will denote by hqeg = {hD7, HE, a set of N conformal

dimension as in eq. (3.32), the orbifold conformal block for a minimal model is then the
function Qg)v) (2).

hq
»d> eg
: p,q — KP4 — pPa

Due to the chain of resonances h> = k= o= h 0o

labelled by ¢, 4 and hl’? has an infinite series of null vectors at the levels rs, (¢ — ) (p —

= ..., the Verma module

s),(g+7)(p+s),.... As already emphasized, these states are absent from the spectrum of
C. Consequently, when calculating the combinatorial expansion in eq. (3.9) in a minimal
model, one has to choose a basis of descendants for each representation h>?, . which is free
of null vectors. Even if there are closed expressions for the null vectors, the construction of
such a basis becomes cumbersome at higher levels, due to the resonances mentioned above.
We refer to [52] where this particular issue is discussed in more detail. Here we will follow
an alternative path, inspired by the AGT approach to the minimal models [53-55], see
also [56].

The analytic properties of ggieg(z) for N =2 and N = 3 as a function of ¢ can be
understood by examining egs. (3.19) and (3.29) respectively. If there is a null vector at a

certain level in the Verma module with conformal dimension A9, , the matrix elements of
g 7—1
{Gh’rsﬂ' } have a simple pole. More precisely, they are order O((c — ¢,4) ') since the null

vector is orthogonal to all the states belonging to that level. At the same time, each factor
of p produces a single zero, namely is order O(c — ¢, 4). Indeed, for N = 2, the elements
of p, see eq. (3.18), are scalar products and therefore vanish when evaluated with a null
vector. For N = 3, the vanishing of the tensor p"r1:s1:/72:52:/3.53 is instead a consequence
of the fusion rules of the minimal model, see eq. (3.26). For eliminating the null vector
contribution from egs. (3.19) and (3.29), it is enough, if h # 0 where 0 = {0,...,0}, to
regularize the central charge differently in the p and G factors. In particular, we take

ples(e) = s (eng +2%), G (0) = G (eng o), (3.33)

with € > 0, in such a way that the null vectors contributions in eq. (3.9) are now zero in
the limit ¢ — 0. By recalling eq. (3.22), it is possible to check that at N = 2, the power
series about z = 0 of the regularized conformal block reproduces the analogous expansion
of the character X, p»e(7(2)) in the minimal model [51].
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The case h = 0 is slightly different since the Verma module of the identity contains a
null vector already at level one for any value of the central charge. Hence, we can follow a
similar strategy but modifying the dependence of the matrices G and p" on the conformal
dimensions rather than the central charge. We replace then

P=0e) = 0 (0), GM(e) > e, (3:34)

with § > 0 in eq. (3.9). The limit 6 — 0 defines the regularized conformal block géfg)(z)
for N = 2,3. In particular, it provides, for N = 2 upon using eq. (3.22), the character
of the irreducible representation of the identity. When N = 3, note that, if the identity
representation is present in only one of the replicas, for instance hy = 0, then, according to
eq. (3.24), we shall have the same conformal family in the other two replicas, i.e. hy = hs.
In order to find the correct conformal block, in this case, one must identify first ho = hg,
while keeping hi # 0, and then perform the limit A; — 0.

Let us see how the regularization procedure in egs. (3.33), (3.34) works in a particular
example: the Ising CFT, which corresponds to p = 4 and ¢ = 3, namely ¢43 = 1/2 in
eq. (3.31). For instance, for hy o = 1/16, the first few terms of the regularized expansion of
eq. (3.19) about z = 0 are

1722 18723  9163z*
=6 2 22 L 0 LT L oGP (3.35)

i1y = 16 512 | 8192 © 524288

2)
A3

W=
m""

The coefficient of the O(z*) term would be different if the regularization scheme in eq. (3.33)
was not implemented. Indeed the Verma module with conformal dimension A = 1/16 at
¢ = 1/2 possesses a null vector at level two. If this vector appeared on both replicas of the
seed theory, i.e. in the sector |M;| = |Ms| = 2 of eq. (3.19), it would modify the coefficient
of the O(z%) term in the conformal block. After implementing the regularization scheme in
eq. (3.33), its contribution is instead of order O(g?) and drops in the limit ¢ — 0.

As a second example, we analyze the regularized N = 3 orbifold conformal block for
¢=1/2, hy = hg = 1/16 and hg = 0; the result of the expansion in eq. (3.29) is

sy, T+ 1595 118405 o 26160455

g IOSZ 46656 5038848~ 1451188224~

+0(2°)] .
(3.36)
Again, when the null vector at level two in the Verma module with ¢ =1/2 and h = 1/16

09 =

M\H’\
a"“

pops up in the sum of eq. (3.29) simultaneously in two replicas, it alters the coefficient
of the O(z*) term. This spurious contribution is again of order O(¢?) once we apply the
regularization of eq. (3.33), and it is therefore removed in the limit ¢ — 0.

4 Orbifold conformal blocks in terms of sphere conformal blocks

Eq. (3.9) provides a small |z| expansion of the orbifold conformal block of the type

g( )( AP=2hoy Za 2. (4.1)
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However, the computation of the coefficients a; quickly becomes impossible to accomplish

and one has to approximate Qé?(z) by truncating the previous series at some value L,

L
Qéﬁ?(z) ~ 2IP=2hoy Zaj 2. (4.2)

In the case N = 3, for instance, we are able to reach L = 6.

A crucial point here is that the convergence of the series in eq. (3.9) is slow close to
|z| = 1. This, in turn, implies that, if the conformal block géﬁ)(z) is approximated by the
truncated sum of eq. (4.2), one misses the global properties of the twist field four-point
function and, in particular, the crossing symmetry of eq. (2.6). In [28], this problem was
tackled for N = 3 by using a transformation from the z-plane to the pillow frame introduced
in [57]. Ref. [28] derived then a series expansion in terms of the elliptic nome g(z) = ¢7(),
with 7(z) defined in eq. (2.4), of the form

Q (2) ZAl q(z (4.3)

The explicit expressions of the function A(g) and of the coefficient A; are given in section 5.2,
see eq. (5.20). This expansion drastically improves the convergence properties of the twist
field correlation function near |z| = 1.

In this section, we will reobtain the expansion in eq. (4.3) from a different perspective
and show how it could be further improved. As we discuss in detail in appendix B, the
orbifold algebra admits as a sub-algebra a Virasoro algebra with central charge Nc [58],
generated by the symmetric stress energy tensor in eq. (B.1). Then it is natural to expand
the orbifold conformal blocks ggﬁ)(z) as a linear combination of Virasoro sphere conformal
blocks with central charge Nc. More specifically,

ggli\i) Zal FNeh+1(2), (4.4)
1=0

where we have denoted by Fn.n(2) the Virasoro sphere conformal blocks with the four
external dimensions fixed to h,, and with internal channel of dimension h. The conformal
block Fpe,|nj+i(2) resums the contribution of the conformal family generated by a field
with conformal dimension |h|+ [, primary with respect to the orbifold Virasoro sub-algebra
of eq. (B.4). The coefficients af can be thought as Clebsch-Gordan coefficients for a
decomposition of a N-fold tensor product of Virasoro algebra representations into a direct
sum of irreducible representations with central charge Nc. A more detailed discussion
concerning the meaning of eq. (4.4) as well as the algebraic nature of the coefficients alh
can be found in section 4.1.
Now observe that, if we truncate eq. (4.4)

L
G0 (2) ~ 3l Fne (), (4.5)
=0
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then the coefficients alh can be easily derived by expanding F Nc’|h|+l(z) in power series and
identifying order by order the sums of eqs. (4.2) and (4.5). Eq. (4.5) is already a better
approximation than eq. (4.2), as each Fi |p|41(2) can be computed until orders much larger
than z/P=2hon+L Tn other words, this means that we can take into account the contribution
of certain very low descendants of the orbifold algebra that were previously unaccessible.

The second step is to express the F. n(z) as an expansion in terms of the elliptic nome
q(z) by using the elliptic Zamolodchikov recursion relation [34],

Fnen(z) = f(h,Ne,z) H(h,Nc,q(2)), (4.6)
where
F(h,Ne,2) = [16g(2)]" =75 [2(1 — )] 50 ~2hondga(q(z) 7 MOhen,  (47)
H(h,Nc,q) =1+ i a;j(h,Nc) ¢¥. (4.8)
=

The coefficients a;j(h, N¢) can be computed recursively to very large values of j, see ref. [34].
Finally, if the elliptic recursion is truncated at level L’ > L and then combined with
eq. (4.5), we get the following approximation for géj,\i)(z),

N L L+L
G (2) ~ Alg) (ZAZ =)'+ Y A q<z>’), (4.9)
=0

I=L+1

that provides sub-leading corrections to eq. (4.3). We distinguish between coefficients A; and
Aj because the former take into account the contribution from all the states at level [ < L.
The ¢' terms with I > L come from the contribution of the descendants of the primaries at
the levels [ < L in the orbifold sub-algebra. Therefore, although both egs. (4.3) and (4.9)
approximate the conformal block géﬁ)(z) with an error o(q(z)"), eq. (4.9) gives a better
approximation than eq. (4.3).

4.1 Orbifold conformal algebra and the coefficients alh

To illustrate the main idea behind eq. (4.4), it is sufficient to consider the first level
contribution to g(%)(z) for the case N = 3. If we explicitly calculate the first order term in
the expansion of eq. (3.29), we have that

1+ <|h|+1 <(h1_h2)2+ (hl_h3)2+(h2_h3)2>> z+0(22)] :

Gen(z) = =M1

t]

2 54 hs ho hy

(4.10)

where we recall that here h = {h1, ha, h3} and |h| = hi + ha + h3. The conformal block
gf”,l(z) is associated with the field ¢; = ¢, ® dn, ® ¢p, and its descendants. In particular,

the coefficient of the z!"1=2hox*1 term comes from the contribution of three descendants,

|v1) = L_10h, @Ony @Phy,  |V2) = Opy QL_10h, @0py,  [v3) = dp, @Pp, @L_1¢p,. (4.11)
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The symmetric linear combination of the three states above corresponds to the descen-
dant of the orbifold Virasoro sub-algebra of eq. (B.4)

Loy, = |on) + [oz) + Jos). (4.12)

This descendant contributes with the term with coefficient |h|/2 to the expansion of eq. (4.9).
This contribution is taken into account by the first Virasoro sphere conformal block in the
expansion of eq. (4.4), that is

h
Faen)(2) = 2IM72hon 11 4 |2|z +0(z%)]. (4.13)
Let us consider now the orthogonal complement to the span of the vector L_;¢,, in

eq. (B.4). This is a two dimensional real vector space that contains the states

th + )\hg

W) = pfon) + Mog) = 222 ), (1.14)

for A\, u € R. One can check that any vector in the orthogonal complement is a primary
of the 3¢ Virasoro sub-algebra of eq. (B.4), i.e. L,|¥) = 0 for all n > 0 and Lo|¥) =
(h1 + ha + hg + 1)|¥). The contribution of these states and their symmetric descendants
L_,/|¥) to the conformal block gf”,i(z) is given by

af Facjnp1(2), (4.15)

where

1 [ (b —hg)*  (h1—h3)*  (hg — h3)?
h
= — . 4.16

1~ 54 [ s kI (4.16)
The coefficient o can be determined by choosing an orthogonal basis {|¥1), | W)} for the

subspace in eq. (4.14). Then one can find the result in eq. (4.16) from the expression

1 [(‘I’1¢ﬁ|03(1)|5’3> (W1 glos(Dlos) | (Padyloa(1)[6s) (Vagloa(1)]os)
Dy (W1|W1) (W2 W)

(4.17)
where D), 7 is related to the structure constant as in eq. (3.12). As we already pointed out
for the matrix elements p and p, defined in eq. (3.11), the coefficients o are algebraic in
nature, despite the holomorphic and anti-holomorphic fields appear in the equation above.
This can be seen from the fact that they are rational functions of the central charge ¢ and
of the holomorphic dimensions A;.

The states L_pr¢pp, and L_ps|¥; 2) do not span the full space of descendants of ¢, for
levels larger than one. This is the reason why other Virasoro conformal blocks appear and
one finally gets the expansion of eq. (4.4). In fact, the previous analysis may be extended to
higher levels and generalized to any number of copies N. If we denote by p(l) the number
of partitions of the integer [, then there are p(l) symmetric descendants L_ ¢y, at level [.
However, for an arbitrary number of replicas N and assuming that there are no null vectors,
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it is easy to check that at level [ the total number Ny, of linearly independent descendants
of ¢y, is

l7y|
Nui= 3 al — T pGiv (). (4.18)
dy(Z)!j:1

yivi=t (N — |]'YD!HLZ:YJ
l7y 1SN

where Y denotes a partition of [. If we consider the Young tableau associated to Y, then
liy | and |jy| denote its number of columns and rows respectively, iy (j) is the number of
columns in the row j and dy (i) is the number of rows with 4 columns.

Therefore, at level [, we shall find a set of My, fields |¥;), j =1,..., My, orthogonal
to all the p(l) symmetric descendants at level [ and such that Lo|¥;) = (|h| + 1)|¥;)
L,|¥;) =0 for all n > 0. If there are no null vectors, the numbers M ; are defined by the

recursion relation
-1

Mg =Nyg— Y Mymp(l —m). (4.19)

m=0
The contribution of these new primaries fields, which all have conformal dimension |h| + [,
and their descendants L_/|¥;) is included into the sphere conformal block Fi. |p4:(2) in
the expansion of the orbifold conformal block, see eq. (4.4). The corresponding structure
constant af" is given by
n_ LN (Wgglon(Dlon) (8i¢glon(1low)
o = )

Dh,l_z j=1 <\Ijj’qjj>

and can be checked explicitly. The primary fields at different levels, as well as their

(4.20)

descendants, are orthogonal since they belong to different representations of the Virasoro
sub-algebra of eq. (B.4).

5 Applications

We now pass to discuss applications of the formalism developed in section 3 and section 4.
In section 5.1, we will focus on the determination of the Rényi entropies and the third
power of the partial transpose of the reduced density matrix for two disjoint intervals in a
minimal CFT. We further discuss how the expansion in eq. (4.9) can be used to improve
the bounds on the CFT structure constants analyzed in [28], see section 5.2 and section 5.3.

5.1 Entanglement of two disjoint intervals: Rényi entropies and the partially
transposed density matrix

Consider a critical one-dimensional quantum model in the ground state. Let us suppose
that the system is divided into two spatial regions A and B. The entanglement between
these two subsystems can be characterized by the moments Tr p% of the reduced density
matrix p4, defined in eq. (C.1) of appendix C. We will further assume that the subsystem
A consists of two disjoint regions Ay and As, i.e. A = A; U As. Then one can also study
the entanglement between A; and As, which can be quantified by the moments Tr(pzz)N
of the partial transpose of p 4, which we will denote by p:‘g? and defined in eq. (C.5).
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Now we suppose that the universal properties of the quantum model at the critical
point are determined by the CFT C. Without loss of generality, we can take as regions
Ay and Ay the intervals A; = (0,z) and Az = (1,00), with 0 < < 1. Then the moments
Trp and Tr(p’2)N are equal to [15, 16]

Trpl} = Kn(on(00)an(1)on(2)an(0)), (5.1)

and [18, 19]

Te(pt)™ = Kn(Gn(00)on(1on (2)an/(0)), (5.2)
where K is a non-universal constant. Note that the partial transposition crucially ex-
changes the twist and anti-twist operators at the points z = 1 and co. The crossing
transformation z +— 1 — z maps subsystem A = (0,z) U (1,00) into its complement
B = (—00,0)U (1 —=x,1). Thus the crossing invariance of the four-point correlation function
(on(00)dn(1)on ()5 N (0)) implies that Tr plY = Tr p’¥ and, therefore, the well-known prop-
erty that for a pure state the entanglement entropies of a subsystem and its complementary
are equal. This conclusion is no longer true in general for the moments Tr(p%)N and, in
fact, the four-point function (x5 (c0)on(1)on(z)on(0)) is not crossing invariant. The case
N = 2 is peculiar, since the twist and anti-twist fields are identified, o9 = &2, and therefore
Tr p% = Tr(pt)*.

The correlation functions of egs. (5.1) and (5.2) are related by the conformal transfor-

mation ;
y(z) = (5.3)

z—1’

which maps the points (0,z,1,00) into (0,z/(z — 1),00,1). We can rewrite then
(Fn(00)on(Von ()5 (0)) = (1 —2) "o (on(00)an (Don(z/(z —1)an(0),  (5.4)
and therefore eq. (5.2) can be recast in the form
Tr(p2)N = Kn(1 — 2)"on (on(00)an (1)an(z/(x — 1))an(0)). (5.5)

Thus, while for determining Trp?) it is enough to calculate the twist field four-point

N requires to extend this

correlator in the interval 0 < z < 1, the computation of Tr(,ojjf)
function to the domain z/(x — 1) < 0. The moments of the reduced density matrix can be

calculated directly from egs. (3.1) and (4.4), and we have

N ~
Trpl =Kn) > Dy, 5 F N n () Fve, g (@) (5.6)
h,h LU
with Dgl;—z = Dhﬁalhalrf. As previously emphasized, in order to obtain an analogous

expansion for the moments of the partially transposed density matrix one must determine
the analytic continuation of the twist field four-point function along the negative real axis.
Such analytic continuation can be straightforwardly calculated from the expression of the
orbifold conformal blocks in terms of the elliptic nome g(x) = ™™ (®) see eq. (4.9). Indeed,
one can easily prove that

7‘( e ) =7(x)+1, and q( a: ) = eq(z). (5.7)

r—1 r—1
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In other words, Tr(p’2)" can be again computed from egs. (3.1) and (4.4) but evaluating

now the Virasoro conformal blocks at ¢ g(x),

- LY ; i
Tr(py) = Kn(1—2)~ov 37" Dy i F e n+1(€" D) F e myr (€7 a)- (5.8)
h,h LU

Note that, for convenience, in eq. (5.8) and some more equations below, we have traded z for
the elliptic nome ¢ in the argument of Fy . Observe that, for N = 2, eq. (5.7) corresponds
to perform the modular transformation 7(z) — 7(z) 4+ 1 on the modulus of the torus 3 (z).
Then Z1(z) and Z;(xz/(z — 1)) are the partition functions of C on a flat torus of moduli
7(z) and 7(z) + 1 respectively. Taking into account egs. (5.1) and (5.5), the invariance of
the partition function on the torus under modular transformations, 2 (z) = 2Z(z/(z — 1)),
implies the identity Tr p% = Tr(p%)2 anticipated earlier.

We can recast eq. (5.8) in a simpler and instructive form. By recalling the Zamolodchikov
recursion for the sphere conformal blocks and applying the identities of the elliptic functions

D2(eF™q) = ¥/ N05(q),  V3(eFq) = Valq), Va(eFTq) = V5(q), (5.9)
 (a(g)\! (Y4
—(193@) ’ 1“””‘<793<q>> ’ (5:10)

ch,h(eiiWQ) _ e:l:iw(h—2th)(1 - x)Qh”N FNc,h(Q)~ (5.11)

and

one can show that

By plugging the last equality into eq. (5.8), the conformal block expansion of the moments
Tr(p’2)N can be eventually rewritten as

i (|h| =Rl H—1) L
Tr(ple)N = Ky Y > emirl-lhlt l)th,—lch,|h|+l(JU)]:NC,|E|+1/(55)' (5.12)
h,h LU

By comparing eq. (5.12) above with eq. (5.6), we conclude that the moments Tr(p’2)N

admit the same Virasoro conformal block decomposition as Tr p% , but with the structure
constants multiplied by a spin dependent phase. We can then state the main result of this
section as

TrpY —Tr(p’2)" =sum over the channels with conformal spin |h|—|h|+I—1' #2k, k€Z.

(5.13)
Note that, in the case N = 2, due to the identity Tr p?% = Tr(pEQ)Q, the channels indicated
above cannot appear in the conformal block decompositions of Tr p% and Tr(p%)z.

To the best of our knowledge, for ¢ < 1, analytic expressions of Tr pg and Tr(p%)N
have only been calculated for free theories; namely the compactified massless boson, the
massless Dirac and Majorana fermions [15, 16, 18, 19, 35, 59-61]. The latter corresponds
to the Ising CFT, which is a minimal model with ¢ = 1/2, and we shall focus on it first.
For comparing with the previous literature, let us rewrite the moments Tr p% and Tr(p?)N
in the form [15]

TrpfY = Ko~ Yhon (1 — )Mo Ry () (5.14)
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Figure 2. Analysis of the moments Tr pY and Tr(pg’")N for N = 3 in the free Majorana fermion
(Ising CFT). In the left panel, we consider the function Rs(x) defined in eq. (5.14). The dots
correspond to the exact values calculated using eq. (E.7). The continuous line has been obtained
by approximating, in eq. (5.14), Tr p% with its expansion in sphere conformal blocks, see eq. (5.6)
and appendix E, truncated at level L = 6. The dashed curve has been determined instead by
decomposing Tr p3 in terms of N = 3 orbifold conformal blocks, see egs. (5.1) and (E.1), and
approximating these functions with their power series about = 0 in eq. (3.29) up to L = 6. In
the right panel, we study the ratio Tr(p%)3 /Tr p%. The dots are the exact values computed from
egs. (5.14) and (5.15) by substituting eq. (E.7) for the function R3. The continuous line is the result
if we approximate Tr p% and Tr(p£2)3 with their expansions in terms of sphere conformal blocks up
to level L = 6. In all the cases, the sphere conformal blocks have been calculated using the elliptic
recursion of eq. (4.6), truncated at level L' = 8.

and [19]

Tr(p2)N = Kyaz~*hon (1 — z)honv Ry (w i 1) . (5.15)
In refs. [16, 35], an exact expression for the function Ry (z), z € C, was found in the Ising
CFT, which is also reported in eq. (E.7) of appendix E. We have checked that, for N = 2,3,
eq. (E.7) is exactly reproduced in the intervals 0 < x < 1 and z/(z—1) < 0 by the conformal
block expansions of egs. (5.6) and (5.12) respectively. In appendix E, we report the explicit
conformal block decomposition, with the values of the structure constants, of the twist field
four-point function in the Ising CFT for IV = 3 up to fifth order.

In figure 2 left, we plot the function Ry "#(z), see eq. (5.14). The continuous line has
been drawn by employing the regularized conformal block expansion of eq. (5.6) for Tr pf’4
and the dots are the exact values given by eq. (E.7). The agreement between both results
is excellent. Note that, due to the crossing symmetry of the twist field four-point function
and, therefore, of Tr p%¥, Ry (x) must satisfy in general that Ry (z) = Ry (1 — ). On the
other hand, if we decompose Trp? in N = 3 orbifold conformal blocks and we expand
them using the small = representation given in eq. (3.29), then the result is the dashed
curve, which clearly does not display this symmetry for x close to one. In figure 2 right,
we plot the quotient Tlr(p%)3 / Tr p%. The solid curve has been obtained by calculating the

conformal block expansions of eq. (5.6) and (5.12) for Tr p% and Tr(p’?)? while the dots
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Figure 3. Analysis of the moments Tr pY and Tr(pﬁQ)N for N = 3 in the Tricritical Ising CFT.
In the left panel, we plot the function R3(z), introduced in eq. (5.14), by replacing Tr p% with
its expansion in sphere conformal blocks, eq. (5.6), which we truncate at level L = 6. On the
other hand, the dashed line has been computed by decomposing Tr p% in N = 3 orbifold conformal
blocks and substituting their small x representation in eq. (3.29). In the inset of left panel, we
check the crossing symmetry of the continuous blue line. In the right panel, we study the ratio
Tr(p£2)3/ Tr p%. The curve has been obtained by applying the sphere conformal block expansions
for Tr p% and Tr(p’2)? of eqs. (5.6) and (5.12), up to level L = 6. As a comparison, we also plot the
result presented in figure 2 for the Ising CFT. The sphere conformal blocks have been computed
until level L' = 8 using the elliptic recursion of eq. (4.6).

represents the ratio of egs. (5.14) and (5.15), computed by applying eq. (E.7). Again the
conformal block expansion matches with the previously known results.

In refs. [31, 32], the function R3(z) for the Ising CFT was already studied by expanding
the twist field four-point function in sphere conformal blocks and employing the Zamolod-
chikov elliptic recursion to speed up its convergence rate. However, in our formalism, the
mentioned works only took into account in eq. (5.6) contributions from the Virasoro sub-
algebra primaries at the level [ = 0. As explained in section 4, the inclusion of the orbifold
descendants in eq. (3.29) permits to keep track instead of all the Virasoro sub-algebra
primaries up to level [ = 6 in eq. (4.5). By reaching higher levels in the conformal block
expansion, one obviously gets a much better cross-symmetric approximation for the twist
field correlator, cf. figure 2 of ref. [32]. Moreover, a complete understanding of the confor-
mal block expansion of the twist field four-point function allowed us to characterize field
theoretically, see eq. (5.12), the difference between the two partial traces Tr(p%)?’ and Tr p3,.

Finally, as a further application, in figure 3, we plot the results for the moments Tr pi
and Tr(p%)3 in the Tricritical Ising CFT with ¢ = 7/10 (see [62]). The Tricritical Ising CFT
appears at the quantum critical point of a device for quantum computation known as the
golden chain [63]. It is an interacting CFT for which, especially concerning entanglement of
disjoint intervals, there are no previous results available in the literature. In figure 3 left, we
plot the function R3(z) for this theory, extracted from the corresponding conformal block
decomposition of Tr pf’4. In appendix F, one can find the explicit conformal block expansion,
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as well as the values of the structure constants, of the twist field four-point function for
the Tricritical Ising CFT when N = 3 up to fifth order. In the inset, we check the crossing
invariance of Ri'(z) using the sphere conformal block expansion. We observe that the
function is symmetric under x — 1 — x for almost all z € (0,1). In the same plot, we also
included the curve (the dashed line) that one determines by decomposing Tr p% in N = 3
orbifold conformal blocks and employing the small x representation of eq. (3.29). As it is
clear from the plot, the result fails to be cross-symmetric. In figure 3 right, we plot the
ratio of moments Tr(,o%)3 / Tr p% determined from the conformal block decomposition of
egs. (5.6) and (5.12). Here we also compare with the results found for the Ising CFT, the
green line.

5.2 Constraints on the CFT structure constants

In ref. [28], the crossing symmetry of the twist field four-point function for the case N =3
was employed to extract some non-trivial constraints on the structure constants of the seed
theory C. For this purpose, the authors mapped the orbifold conformal block 953,3 (z) from
the z-plane to the 3-fold pillow frame, which makes apparent some positivity properties of
the block for unitary theories. As we already mentioned in section 4, this transformation
produces a series for the orbifold conformal block in terms of the elliptic nome ¢(z) of
the form of eq. (4.3). In this section, we will see how to rederive such constraints on the
structure constants from the expansion of the orbifold conformal blocks in terms of the ones
on the sphere, studied in section 4. This expansion results in a power series in ¢(z) of the
form of eq. (4.9) Therefore, as we will see, it provides slightly tighter constraints on the
structure constants than the expansion used in ref. [28].

First, as in ref. [28], we must recast the Zamolodchikov recursion relation, eq. (4.6),
for the Virasoro conformal blocks Fi. (%) in order to make manifest certain positivity
properties that we will need later. In ref. [57], the conformal block Fy.x(2), which is
defined on the sphere, is mapped to the pillow (the quotient of a flat torus by Zg, which is
topologically equivalent to a sphere with four conical singularities). The important result
for us is that the transformed blocks Fi ;(z) read

Fnen(q) = 93(q)hon = [2(1 — 2)2hon =3 Fyon(2). (5.16)
If F Ne,h(2) is interpreted as a sum over the states on the pillow, then it admits the expansion

)
h—Ne

Fnen(a) = 4" 20 Y an(h, Ne)g", (5.17)

n=0
where the coefficients a,(h, Nc¢) are sums of scalar products between the descendant states

at level n. Consequently, they are non-negative, a,(h, Nc) > 0, for unitary theories. On the
other hand, if the elliptic recursion of eq. (4.6) is applied in eq. (5.16), one concludes that

Fren(a) = (169)"~ % T (1-¢*) * H(h, Ne,q). (5.18)
k=1

This identity implies that the coefficients a,(h, Nc) are strictly related to the coefficients
a;(h, Nc), which in general are not positive definite, of the expansion of H(h, Nc,q), see

—90 —



eq. (4.8). In conclusion, we can rewrite the Virasoro conformal blocks in terms of the
(positive definite) coefficients a,(h, Nc¢),

th

Fren(z) =¢" 27 [2(1 — z)]%_Qh"N ﬁg(q)%_mh”l\’ > an(h,Nc)g™. (5.19)
n=0

If we now truncate at order L' > L the power series of eq. (5.19) and insert it into the
truncated expansion of G.p(z) in terms of Fy, p4i(2) of eq. (4.5), we get the following
approximation for the orbifold conformal blocks, cf. egs. (4.3) and (4.9),

L+L'
géf’\?(z) ~ q‘h‘_% [Z(l — z)]%_QhoN 193( 7—16th (Z Alq —|— Z A ) . (520)

I=L+1

The coefficients 4; and A are sums of terms of the form o a, (|h| + m, Nc), as one can
easily conclude from the combination of egs. (4.5) and (5.19). The structure constants af,
are, by their definition in eq. (4.20), non-negative in unitary theories. This implies that both
A; and Aj are also non-negative for any [. If we only consider the term with coefficients A,
the approximation of eq. (5.20) reduces to the one used in ref. [28] for the case N = 3. As
we already remarked in section 4, the expansion in Virasoro conformal blocks of eq. (4.5),
together with the elliptic recursion of eq. (4.6), allows to further incorporate the contribution
of some of the descendant states at higher levels, the term with coefficients Aj in eq. (5.20),
improving the approximation of ref. [28].

We can now apply the result of eq. (5.20) to derive some constraints on the structure
constants of the seed theory C. Using the decomposition of eq. (3.1) of the twist field
correlation function in terms of orbifold conformal blocks, we can rewrite the crossing
symmetry condition of eq. (2.6) in the form

Zth 65260 (2) -6 - g - 2] =o. (5.21)

In the rest of this section, we will restrict to the case N = 3, for which the coefficients Dy, 5,
are, according to eq. (3.30), proportional to the square of the structure constants C”Sf%d
of the seed theory C. If, as in the usual numerical bootstrap approach [64, 65], we act on
eq. (5.21) with a linear functional

Z YnmOLOT f (2, Z) , (5.22)

z2=z=

[NIE

where 7, ,, are real coefficients and f(z,z) an arbitrary function, then we can derive a set
28], let us take the

of linear equations for (C"Sle%d)2. To compare with the results of ref. |
1. If we apply it to
2

linear functional that only contains the first derivative, v = 0,|
eq. (5.21) for N = 3, we find the condition

z=Zz=

S 27 -l (oseedy2 g9 (1/9) azgg?’)(z)\z_l —0. (5.23)

h,h 2
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For unitary theories, (C’Sle%d)2 are positive and, in order eq. (5.23) to be satisfied, the factor

g,§3>(z)azg,§3) (z)lzzl /o must be negative on a domain Z of the space of triplets of conformal
dimensions {(hq, h2, h3) € R? | hy, ho, hs > 0}, and non-negative otherwise. The points
(h1, he, hg) where this factor vanishes are the boundary of the domain 2 and typically form
a compact surface. Thus eq. (5.23) implies that the structure constants corresponding to
points outside Z are bounded by those associated to points inside it.

The condition of being a point in the boundary of the domain & can be rewritten as

Welhi ha,hg) =0, with  We(hi, ha,hs) = 9:10g G ()] _, (5.24)
2
If we now apply the approximation found in eq. (5.20) for Q,(L?’)(z), then we find
WL (hy, hy, hs) bt h (1 420 )
K —_— p— — PR C

c 1, "2, h3 K(%)Q 1 2 + h3 3 T Ton
Sl LA™ + Zle_Lﬁ/—l ZAEGWZ] (5.25)
g Arem + I Al '

Observe that it is at this point that the positivity of the coefficients A; and Aj for unitary
theories previously discussed plays the crucial role, since it implies that the last term in
eq. (5.25) is positive too. This means that the domain 2y, 1, of points (h1, ha, h3) for which
WC(L’L/)(hl, ho,h3) < 0 shrinks as L and L’ increase and it converges to the domain 2,
D1, 1; — 2, in the limit L, L' — oo. If in the last term we only include the sum over the
coefficients A;, we recover the approximation considered in ref. [28] (cf. eq. (3.8) of that
reference). By including the contribution of some of the descendants of the sub-algebra
primary fields at the levels | = 1,..., L, we improve the convergence of eq. (5.25) and
produce a slightly smaller domain %y, 1/, as figure 4 shows. In any case, the convergence
with the domain & is very fast due to the exponential decay of those terms in eq. (5.25).

5.3 Bootstrapping genus two partition functions

In this final section, we implement a numerical bootstrap approach based on Virasoro
sphere conformal blocks to determine numerically the structure constants Dy 5 of eq. (3.1)
for N =2 and N = 3. For minimal seed theories and N = 2, 3, these constants are known,
see eq. (3.21) and eq. (3.30). However, the motivation of this section is twofold. First, we
show that, even in the simplest case, the stability of the numerical procedure is greatly
sensitive to the symmetry x +— 1 — x of the orbifold conformal blocks. As a matter of fact,
the numerical outcomes start to converge only if one uses the approximation of eq. (4.9).
Secondly, we hope that the results in this section could serve as a guide to set up a numerical
bootstrap scheme for higher genus (N > 3) or non-minimal theories.

As we already discussed in section 5.2, the combination of the decomposition of eq. (3.1)
and the crossing symmetry condition in eq. (2.6) leads to eq. (5.21). If we now normalize to
one the structure constant of the channel hy = hg = --- = hy = 0, that is Dg o = 1, then
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Figure 4. The continuous lines represent the points in the (hq, h3) plane that satisfy the equation
WC(L’L/)(hl, ho,h3) = 0 for ¢ = 4 and h; = 0.1 and several values of the truncation levels L, L’,
see eq. (5.25). The dashed lines are the points that satisfy the same equation but removing from

C(L’L/)(hl, ha, h3) the sums with coefficients Aj. This is the approximation considered in ref. [28].
The colouring of the dashed lines corresponds to take different upper bounds L in the sums with
coefficients A;. The panels b and ¢ are the magnification of the regions indicated by a box in the plot a.

eq. (5.21) can be rewritten as
> D[N Y @) - gV - 26N 0 - 2)
h,h

MRAOO =gl - )Gy (1-2) - G5 ()90 (2) (5.26)

C,

For the minimal models introduced in section 3.4, the number of channels in eq. (5.26) is
finite. For instance, for N = 2, it corresponds to the number of conformal families of C and
for N = 3, is the number of non-zero structure constants. Therefore, for a given point z,
the crossing symmetry relation is a linear equation in N, (the number of channels except
(0,0)) unknowns D), ;.. Note that this procedure boils down to choose a different linear
functional to be applied to the crossing equation than the one used in eq. (5.22).
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b Dpn
numerical bootstrap exact (eq. (3.21))
o | 0.65975046 (8.8 x 107°) 0.65975396
o' | 0.00781211 (8.0 x 107%) 0.00781250
£ 0.32987828 (6.4 x 107°) 0.32987698
e | 0.00128874 (1.9 x 1073) 0.00128858
e” | 5.92566 x 1078 (2.7 x 1071) | 5.96046 x 10~8

Table 1. Results of the numerical bootstrap for the Tricritical Ising CFT on the torus (N = 2). The
first column indicates the channel labelled by the corresponding primary field, see eq. (D.4). The
second column corresponds to the mean value for each structure constant calculated after considering
100 different sets of random points with x = 0.22. We have truncated the expansion in sphere
conformal blocks and the elliptic recursion at level L, L’ = 6. In brackets, the coefficient of variation.

As done in [66], we can draw uniformly N, random points {z;} in the square [1/2 —
k,1/2 + K] x [—ik,ik]. Let us also require that each point is separated from the real axis

and each other point by a distance
K

VNe

where k is an arbitrary positive number (which we will fix later). By imposing eq. (5.26)

5:

(5.27)

at each z = z;, one obtains a linear system with N, unknowns and NN. equations. By
truncating the expansion in eq. (4.9) of the conformal blocks ggﬁ) (z) at given L, L, it is
possible to calculate a set of structure constants Dh,E(Lv L) for any random realization of
the points {z;}. If the bootstrap converges, we expect that the variance of the solutions
Dy, 7(L, L") will be small and that Dy, 7 (L, L") — Dy, , for L, L' — oo.

As a first benchmark of the method, we have considered the Tricritical Ising CFT with
¢ ="T7/10 on a torus (N = 2). In appendix D, we gather the operator content of this model.
It belongs to the diagonal series of the minimal models, namely its partition function Z; on
the torus, see eq. (3.20), is

Z1(2) = Y Ixen(r(@)), (5.28)
h

for ¢ = 7/10 and the sum running over the conformal dimensions in eq. (D.4). We first
used the regularization prescription explained in section 3.4 to compute the combinatorial
expansion of eq. (3.19) until level L = 6. From it, we obtained the approximation for the
N = 2 orbifold conformal blocks of eq. (4.9), truncated at L, L’ = 6. In table 1, we have
considered 100 different sets of random points {z;} and we have calculated the mean and
the coefficient of variance (the standard deviation divided by the mean) of the values for
the structure constants derived by solving eq. (5.26) for each sample of random points. One
can see that the numerical bootstrap converges.

We have then applied the numerical bootstrap to determine the N = 3 twist field
correlation function for the following models: The Ising CFT (¢ = 1/2), the Lee-Yang
CFT (c = —22/5), and the Gaffnian CFT (¢ = —3/5) [67, 68]. Note that the last two
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Figure 5. We plot the values obtained for the N = 3 structure constants Dp, p, (rescaled by a factor
for representation purposes) in the Ising CFT by solving the cross-symmetry eq. (5.26) for 100
different sets of random points, choosing x = 0.22, and considering two different approximations for
the orbifold conformal blocks. On the left, we have taken the small z expansion derived for them in
eq. (3.29), truncated at order L = 6. On the right, we have expanded them in sphere conformal blocks,
as in eq. (4.5), until L = 6 and we have applied the elliptic recursion of eq. (4.6) to compute the latter
up to level L’ = 6. The solid lines correspond to the values expected for the structure constants.

theories are non-unitary, see refs. [33, 69] for related studies. All of them belong to the
diagonal series of minimal models and, therefore, only pairings between holomorphic and
antiholomorphic primaries with the same conformal dimensions (h = h) are possible. From
eq. (3.30) and eq. (5.26) we can extract numerically the seed CFT structure constant as
(C,Sl‘f;;d)2 = 272kl Dp, p. In appendix D, we remind the field content and the fusion rules of
the minimal models under consideration.

Table 2 shows the results of the N = 3 numerical bootstrap for these three CFTs: Ising
(top), Lee-Yang (center) and the Gaffnian (bottom). We consider again 100 different sets
{#;} of random points. In the second column of each chart, we write the mean and the
coefficient of variance computed for (C’}szd)2 after solving eq. (5.26) with each set of random
points. The third column collects the exact results for the square of the seed structure
constants [70]. The agreement between the two values is excellent.

Finally, in figure 5, we compare the numerical solutions of eq. (5.26) obtained by first
replacing the orbifold conformal blocks with their power series expansion about z = 0 (on
the left) and then by their representation in terms of sphere conformal blocks (on the right).
The results are shown for the Ising CFT. One can see that in the first case the bootstrap
approach cannot predict the correct structure constants. This ultimately can be traced
back to the z — 1 — z asymmetry that is visible in figure 2.

6 Conclusions

In this paper we analyzed conformal four-point twist field correlation functions in the Zy
orbifold. Such correlators can be also interpreted as CF'T partition functions on Riemann
surfaces of genus N — 1, with a cyclic symmetry. We focused in particular on seed theories
C which belong to the series of the minimal models with ¢ < 1. From a CFT perspective, we
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c=1/2

(1, ha, h3) (CrR)?
numerical bootstrap exact
(o,0,1) | 1.00001359 (9.7 x 107?) 1
(e,e,T) 1.00032363 (2.8 x 1073) 1
(0,0,¢) | 0.24993371 (2.0 x 1073) | 0.25
c=—-22/5
(h1, o, h3) (Ci)?
numerical bootstrap exact
(0,0, ) 0.99999804 (8.9 x 1079) 1
(0, 0,0) | —3.65310941 (8.5 x 107%) | —3.65311624
c=-3/5
(h1, ha, h3) ()"
numerical bootstrap exact
(0,0,1) 0.99981087 (4.1 x 10~%) 1
(,¢,1) 0.99983570 (1.0 x 1073) 1
(1,1, ) 0.99629757 (2.1 x 1072) 1
(0,0,6) | —0.27381762 (4.1 x 10~%) | —0.27373889
(e,e,¢€) —4.37665844 (2.2 x 1073) | —4.37982231
(0,6,9) 0.24859929 (1.1 x 1072) 0.25

Table 2. Results of the numerical bootstrap for the Ising (top), Lee-Yang (center), and the Gaffnian
(bottom) CFTs on a genus two Zs-symmetric Riemann surface (N = 3). For each minimal model,
the second column collects the mean value determined for each structure constant after performing
the bootstrap with 100 different sets of random points {z;}, fixing x = 0.22. The sphere conformal
block expansion and the elliptic recursion were truncated at level L, L’ = 6. In the brackets we write
the coefficient of variation. The third column contains the exact value of (C,Sf‘;ld)Q, calculated in [70]
for the minimal models.

extended the results in [28] in two directions. Firstly, we provided a regularization scheme
for the combinatorial expansion of the orbifold conformal blocks that gets rid of all the
null vectors when ¢ < 1. Then, we proposed a method to systematically expand the genus
N — 1 conformal blocks into sphere conformal blocks of central charge Nc. The latter are
more suitable for applications, since they can be calculated, by the recursion formula [34],
as power series in the elliptic variable q.
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The sphere conformal blocks, which appear in the decomposition, can be identified
order by order in ¢ only by comparison with the combinatorial expansion of the orbifold
conformal blocks that incorporates the descendant states in the replicated theory C®V. The
inclusion of the descendant contributions, and their evaluation through conformal mappings,
represents a substantial improvement to the previous power series in ¢ of the twist field
correlators [31, 32].

We examined in detail the case N = 3, i.e. genus two Riemann surfaces, and discussed
extensive applications of the formalism. In particular, we calculated Rényi entropies for two
disjoint intervals in minimal CFTs, reproducing with great accuracy the available results for
the free Majorana fermion and providing new ones for interacting theories. We also showed
how the partially transposed reduced density matrix for two disjoint intervals could be
calculated in a conformal block expansion and applied this result to the Tricritical Ising CFT.
The representation in terms of sphere conformal blocks of the twist field correlators was also
employed to refine the bound on the structure constants of unitary theories found in [28].

There are a couple of possible future directions that are worth to be mentioned. First,
it would be useful to investigate whether our formalism can be extended to arbitrary values
of the genus g = N — 1. This task involves the determination of the descendant N-point
function in eq. (3.15) for a rational CFT. We expect the latter to be analytic in g at least
for a free compactified boson, thus allowing to recover the results for the entanglement
entropy and negativity discussed in [15, 19, 42, 59, 61] from a different route. Also it will be
important to understand if a recursive formula for higher genus conformal blocks, such as
that put forward in [30], can be effectively implemented when ¢ < 1, due to the additional
null vector resonances.
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A Transformation properties of Virasoro descendants

Consider a CFT on the compactified complex plane (Riemann sphere) with coordinate z.
The Virasoro generators are defined by their action on the fields,

Lol ()= § 52 -2 TG o o), (A1)
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where C is a closed contour containing z and T'(z) is the stress energy tensor. From the
current-current OPE,

1
T(2)T(0) = — + —T(0) + —9T'(0) + regular terms, (A.2)
z
one obtains the Virasoro algebra

c
[£n(0), Lin(0)]¢3 (0) = {(n =) Logm(0) + 757(n* = 1)dntm,o i (0). (A.3)
The Virasoro generators acting on a field inserted at z = co are given by

Lon(z=o00) = — fé %z"“T(z). (A.4)

Let us see how these operators transform under a conformal map ¢t — z(t). By recalling the

transformation of the stress energy tensor when we apply it,

2\ 2 c
T(z)'—><i§t> T(t) — 35 {=(0). 1} (A.5)

where {z(t),t} is the Schwarzian derivative, the Virasoro descendant in eq. (A.4) is then
transformed into the linear combination of descendants acting on the point ¢, in the

t-surface whose image is z(to) = 00

Lonlte) = — 740

where C;__ is a contour encircling the point ¢, and T'(¢) can be expressed as

at
21

z -1 c
(flt) @I [T“)—m{z(t),t}, (A.6)

too

T(t> = Z (t - 7500)_m_2Lm(75 = 7500)' (A7)
meZ

The results in section 3.2 can be derived by evaluating eq. (A.6) with the map given in
eq. (3.16). In particular, we can write down the expansion of the Virasoro descendants in
eq. (A.6) by applying the residue theorem; if n > 1 one has

c
—nllsc) = nmLm t =1 oo -1 y too = s y A.
L_n(to) m;na ( )+ 55 —1) {0, 00} (A.8)
with
Lo [ 2n+1 B _
nm = lQ <m—|—n—|— 1>2F1(1,m n,m+mn+2,—-1)|. (A.9)

In the case N = 3, studied in section 3.3, the orbifold three-point function of eq. (3.24)
is calculated by applying the conformal map of eq. (3.23). The pullbacks £_,,(t~) of the
Virasoro descendants L_,(z = co) under this map can be also derived by using eq. (A.6).

We have, for n > 1,
. c
L_p(teo) = g a,5% L (t = too) + —27(71 —1), tew=10,1,00} (A.10)

m>n
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where the coefficients a‘, can be determined in closed form from the residue theorem, see
also eq. (2.9) of ref. [28].

The three-point correlations on the sphere that appear in the expansion in eq. (3.29) of
the N = 3 orbifold conformal block can be computed recursively by employing the following
Ward identities [71],

(Lndptdp (1)) = <¢%l\¢M2<1)\Ln¢A§3>

+ Z <n+1> (D | Ly (D)D), (A.11)
< |L n¢ Z <n+m 2) [<Lm+n¢%l‘¢%2(1)‘¢%3>

+ ()™ o G (D Lmaop®)] . (A12)

and

<¢h1 ‘(bhz (1) ’L—n¢h3> = <L—Tb¢h3 ’¢h2 (1) ‘¢h1>' (A.13)

B Orbifold Virasoro sub-algebra

In each sheet of the orbifold theory C®N /Zy, we can consider a copy T0) (2),j=1,...,N,
of the stress-energy tensor of the seed theory C. Then the stress-energy tensor of the orbifold
theory T'(z) is

N
2) =Y TU(z). (B.1)
j=1

It generates transformations affecting all the sheets in the same way. Its Fourier modes,

dz
L, = iy o B.2
= 5T (B.2)
where Cj is a contour encircling the point z = 0, are symmetric under the exchange of
sheets,
N
=>"LY, LV =19 9L, ® - o1, (B.3)
7j=1

and form a Virasoro algebra,

N
(Lo, Lin] = (0 — m) Ly + ~—n(n?

Tk

— 1)0n+m,0: (B.4)

with central charge Nec.

C Entanglement entropy and logarithmic negativity

Let us consider a generic quantum system that can be divided into two spatial regions,
which we call A and B, such that the total Hilbert space factorizes as H = Ha @ Hp. We
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suppose that the system is in a pure state |¥) € H. Hence the state of subsystem A is
described by the reduced density matrix

pa = Tryy [W) (W], (C.1)

with Try, denoting the partial trace in the space Hp. The entanglement between regions
A and B can be analysed using the moments of the reduced density matrix, Tr pg . In
particular, the entanglement entropy

Sa=—Tr(palogpa) (C.2)

can be calculated from the Rényi entanglement entropies

1
S(N) — log Tr pY (C.3)

by exploiting the so-called replica trick [12, 13]
— tim S™ - tim 9o N
Sa= lim S,/ = th+ Trpy . (C4)

If subsystem A consists of two disjoint regions A; and Asg, such that and Ha4 = Ha, @ Ha,,
then one can consider the partial transpose pﬂz of pa. If {|e§-l))} denotes a basis of the space

Ha,, then the matrix elements of p? are defined as

1 2
(el pllel) ey = (el [palel)) ). (C.5)

The moments Tr(p%)N encode the entanglement between regions A; and As. A particular
measure of the entanglement between these two regions is for instance the logarithmic
negativity [17],

£ =log Tr |p%2|, (C.6)

which can also be calculated through the replica trick [18, 19]

£ = lim logTr(p’?)", (C.7)

ne—1t

by taking the analytic continuation of the moments Tr(piz)N with even exponent N = ne.

D Operator content and fusion rules in the minimal models considered

In this appendix, we recollect the list of primary fields and fusion rules for the conformal
minimal models under consideration in the paper. The general expression for the central
charge ¢, , and the conformal dimension of the primaries of these models are respectively
given in egs. (3.31) and (3.32).

o Lee-Yang CFT: (p,q) = (5,2), c52 = —22/5

on h
o | —1/5

oxpe=I0+¢p (D.1)
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o Ising CFT: (p,q) = (4,3), ca3 = 1/2

on h oxo=1+¢
o | 1/16 exe=I (D.2)
e | 1/2 oXe=o0

» Gaffnian CFT: (p7 Q) = (573)7 C53 = _3/5

Pn h oxo=1+¢ oxe=o+

—1/2
Z 3//40 exe=l+4+e oxyp=c¢ (D.3)
. 1/5 Y xy=1I eExXY=c

o Tricritical Ising CFT: (p,q) = (5,4), c5.4 = 7/10

on h exe=14¢ oxo=14+ec+e +£"
U/ 3/80 e xe=1+¢ o xo =T+¢&"
7/16
’ 1/10 exe =e+¢" oxo =e+¢ (D.4)
€ / / / /
5/ 3/5 EX O =0 E XOo =0
e 3/2 exo=0d+o0o dxo=0c+0

E N = 3 orbifold conformal blocks for the Ising CFT

For the Ising CFT, according to its fusion rules in eq. (D.2), the conformal block decompo-
sition of eq. (3.1) of the Z3 twist field four-point function takes the form

. N (3) (3) 2
(05(00)53(1)03(2,2)63(0)) = |67}y ()] +3D0t[67}, 1 2)
(3) (3) 2
+ 3D55]I gl 11 (Z)‘ + 3Dooe g ; 11 (Z) ) (El)
3:{%,5.0} 61627
where 1 1 1
Dcra]l = wa Dse]l = @7 Daas = m (E2)

The N = 3 orbifold conformal blocks above have the following expansions in terms of

Virasoro sphere conformal blocks up to level L =5, cf. eq. (4.5),
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For the Ising CFT, the function Ry (z) that appears in egs. (5.14) and (5.15) is of the
form [16, 35]

Ismg 1 5 5 2

where
O[5](€) = Z eim(me)t-Q(m+e)+2mi(m+te)'-6

meZN-1

The characteristics of the Theta function above are half-integer vectors, €, € (Z/2)N 1.
The sum in eq. (E.7) runs over all the vectors €, § with components ¢;,d; € {0,1/2}, and
Q(z) is the symmetric (N — 1) x (N — 1) matrix
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in which
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Brn(2) =

F N = 3 orbifold conformal blocks for the Tricritical Ising CFT

If we take into account the fusion rules of eq. (D.4), the decomposition of the Z3 twist field
four-point correlation function in the Tricritical Ising CFT reads
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The structure constants Dy, p, ns above are determined, according to eq. (3.30), by the OPE
coefficients of the Tricritical Ising CFT, whose analytic values can be found for instance in
ref. [62].

The expansions in sphere conformal blocks until level L = 5 of the N = 3 orbifold
conformal blocks that appear in the previous expression read
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