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ABSTRACT: The algebra of spacetime supersymmetry generators in the RNS formalism for
the superstring closes only up to a picture-changing operation. After adding non-minimal
variables and working in the “large” Hilbert space, the algebra closes without picture-
changing and spacetime supersymmetry can be made manifest. The resulting non-minimal
version of the RNS formalism is related by a field redefinition to the pure spinor formalism.
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1 Introduction

Although the RNS formalism for the superstring has a beautiful geometric foundation
coming from worldsheet super-reparameterization invariance, the lack of manifest space-
time supersymmetry complicates the computation of multiloop scattering amplitudes and
the description of Ramond-Ramond backgrounds. As shown in [1], spacetime super-
symmetry generators g, can be constructed in this formalism which satisfy the algebra
{Ga,q8} = ,yo%pm where P, = [dz e=%4,,.

The usual spacetime supersymmetry algebra would be {¢q,q3} = ’yo%Pm where
P,, = [dz Oz, is the translation generator, and the operators P, and P,, are related
by an operation called “picture-changing”. This operation changes the effective ground

¢

state for the bosonic worldsheet ghosts and can be used to change the “picture” of any
physical operator, i.e. any operator which is BRST-invariant. But since the picture-changing
operation which relates P, with P, is only valid on physical operators, the spacetime super-
symmetry algebra only closes on onshell states which means that spacetime supersymmetry
is not manifest.

On the other hand, the pure spinor formalism for the superstring [2] has manifest
spacetime supersymmetry and can describe Ramond-Ramond backgrounds, but lacks a
geometric foundation where the pure spinor BRST operator comes from gauge-fixing a
worldsheet symmetry. There is complete agreement between all scattering amplitudes which
have been computed using the two formalisms, but equivalence has not yet been proven
and multiloop amplitudes in the two formalisms have different types of subtleties.

In this paper, the RNS and pure spinor formalisms will be shown to be equivalent
by relating them to a manifestly spacetime supersymmetric generalization of the RNS
formalism. In addition to the usual RNS matter and ghost variables, this generalization
will involve non-minimal variables that include both pure spinor variables and the fermionic
6« and conjugate momenta d, variables of the Green-Schwarz-Siegel formalism.! Since
the new formalism includes features of the pure spinor, RNS and Green-Schwarz-Siegel
formalisms, it will be called the B-RNS-GSS formalism.

!The Creen-Schwarz formalism is usually described with only (z™,8%) worldsheet variables, whereas the
Siegel version of this formalism also includes the conjugate momenta d. variables [3].



The first step to making spacetime supersymmetry manifest in the RNS formalism is
to work in the “large” Hilbert space including the ghost zero modes (§p,70) and to define
the extended BRST operator Q" = Qrns — 7o. As discussed in [4] and [5], picture-changing
can be interpreted as a BRST-trivial gauge transformation using @’ in the large Hilbert
space. The next step is to add non-minimal variables to the RNS formalism and construct
an operator po such that {qy, q3} = 745 [ dz 0z, where qp, = g8 1 Q'(pa). And the final
step is to find a similarity transformation which maps ¢}, into the spacetime supersymmetry
generators of the Green-Schwarz-Siegel formalism.

The resulting worldsheet action and BRST operator for this B-RNS-GSS formalism
are manifestly spacetime supersymmetric, and BRST-invariant vertex operators are easily
constructed in terms of d=10 superfields. Furthermore, a field redefinition is found which
maps this worldsheet action, BRST operator and vertex operators into the worldsheet
action, BRST operator and vertex operators of the pure spinor formalism. It is hoped that
by studying this intermediate B-RNS-GSS formalism, the relation between the multiloop
subtleties in the RNS and pure spinor formalisms will be better understood.

2 B-RNS-GSS formalism

The B-RNS-GSS worldsheet action will be constructed from the usual RNS matter and
ghost variables (z™,v¢™;b, ¢, 3,7) for m = 0 to 9, together with the Green-Schwarz-Siegel
fermionic spacetime spinor variables (0%, p,) for a = 1 to 16, the unconstrained bosonic
spacetime spinor variables (A%, ), ), and the bosonic and fermionic pure spinor variables
(Ao, W) and (74, s%) satisfying the pure spinor constraints MY\ = \y™r = 0.

The left-moving contribution to the worldsheet action and stress tensor are

S5 rNs.Gss = SRS + / 2 [ QDA + TN+ padl + 531 | (2.1)
Ti.rNs-Gss = Trns — QaOAY — WaON" — padf™ — s“Or,, (2.2)
where the RNS worldsheet action, stress tensor, and BRST operator are defined as
Sps = / P2z (;axmaxm + %wﬁwm + B0y + b80> , (2.3)
TrNs = —%Gacm&vm - %wmﬁwm — BOy — %8(57) — bdc — 9(be), (2.4)
QRrNS = /dz (CTRNS + YY" Oy + ¥ — bCaC) ; (2.5)

and the right-moving variables will be ignored throughout this paper. Although only the
open superstring will be discussed in this paper, all results can be easily generalized to the
closed superstring by taking the “left-right product” of two open superstrings.

The natural BRST operator for this extended formalism is

Qnonmin = QRNS + /dZ[Aapa + @aroz] (26)

since the non-minimal term [ dz[A“p, + W*r,] implies that states in the cohomology of
Qnonmin are states in the cohomology of Q)rng which are independent of the spacetime

spinor variables [AY, Qq, 0%, Doy Ao, W, 7oy S



In the RNS formalism [1], the spacetime supersymmetry generator in the —% picture
is go = fdzeféd’Za where the (,7) ghosts have been fermionized as f = 9¢e~? and
v =ne?, and 3, is the spin field of conformal weight g constructed from ™ by splitting

the ten ¢ variables (after Wick rotation) into 5 complex variables ¢ for a = 1 to 5,
+o1+o2to3t04t05)

bosonizing 9§ = et and defining ¥, = esl with an even number of +
signs. Since {qa,q8} = YoB [ dz €%y, the spacetime supersymmetry algebra only closes
up to picture-changing. Note that {Qgrns, [ dz Ee~ Y™} = [dz 0z™, so [ dz e~P™ is the
translation generator in the —1 picture where the picture P is defined by P = [ dz(0¢ —&n)
so that e™® carries picture P = n and the (3,7) ghosts carry picture P = 0.

As discussed in [4] and [5], picture-changing can be treated as a BRST-trivial operation
if one extends the space of states to the “large” Hilbert space which includes the zero mode

of £ and defines the BRST operator as

Q" = Qrns — Mo (2.7)

where g = [ dz 1. Picture-changing from V to {Qrns, &V } is expressed by the BRST-trivial
operation V. — V + Q'(¢V) = Qgrns(£V). And it is easy to show that any state in the
cohomology of @)’ can be expressed as a state in the small Hilbert space in the cohomology
of Qrns. For example, suppose that Q'V = 0 where V = Vp + Vp, 1 and Vp carries picture
P. Then by separating the terms of different picture in Q'V = (Qrns —n0) (Ve + Vpi1) = 0,
one finds

noVp = QrnsVe — noVpi1 = QrnsVpi1 = 0. (2.8)

So V! =V + Q'(£Vp) satisfies QrnsV’' = oV’ = 0.

By working in the large Hilbert space with Q' = Quonmin — 70 and shifting ¢, by a
BRST-trivial quantity, one can now make spacetime supersymmetry manifest by defining
the generator

Qo = /dz [e—%@a + Q/(pa)] (2.9)

where p, is chosen such that {q,,qs} = [ dz Oz Vg and will be discussed below. Further-
more, after performing a similarity transformation g, — e Fg,e’?, this generator can be
mapped to the Green-Schwarz-Siegel supersymmetry generator [3]

1 1
g5 = / dz [ oty (axm + 12977”89) (%9)4 : (2.10)

The resulting BRST operator Qp.rns-gss = e‘R(Qnonmm — no)eR is manifestly space-

time supersymmetric and is
1
Qurs.ss = [ d2[A%a +0r + 56 (A" )i — BN, (211)
+ Y™, + 72 (b + Qa00% + sYON,) + T — bede| — g

where ) . )
do = pa — 5 (0xm + 4977”89) (YmB)a, ™ =0z™+ 5977”80 (2.12)



are the usual GSS spacetime supersymmetric operators [3] for fermionic and bosonic mo-
menta. Note that 7" of (2.2) can be written in the manifestly spacetime supersymmetric form

T= —%Hmﬂm—daﬁm Q0 ON* —TW*ONy — 5 67“04—1¢ O, — B@'y—%@(ﬁy)—bﬁc—a(bc).

(2.13)

To find the shift p, and similarity transformation R that map the supersymmetry

generator and BRST operator into (2.10) and (2.11), first consider the shift and similarity
transformation

1
Pa = —Qa + §§e_¢wm('ym0)a, (2.14)

- _ 1
R= /dz [C(Qaﬁeo‘ + 5Y0N\a) + e"39%,0% + §§e_¢(97mA)wm . (2.15)

One finds that up to terms proport1onal to 6%, e RQ’ R g equal to @p.rNs-gss of (2.11) and

-k [ dzle 2¢Z + Q' (pa)]e’ is equal to qGSS of (2.10) where Q" = Qnonmin — Mo- But since
0 is a non-minimal variable, cohomology arguments imply that these terms proportional to
6% can be written as [Q', f(#)] for some function f(€) which is at least quadratic order in 6*.
For example, because of the term [ dzA%p, in @', any operator annihilated by @’ with linear
dependence on 0% must be of the form fagA[aﬁfB] where Q' f,3 = 0. But this is equal to
@, fageaeﬁ] Therefore, Qp.rns-ass = ¢ Qe and ¢§5° = e~ [ dz[e_%‘ﬁEa + Q' (pa)]et
where R = R+ f(0), pa = pa + fa(8), and f and f, are terms of quadratic or higher-order
in 6.

Using the similarity transformation R, vertex operators in the cohomology of Q5.rNs-ass
can be obtained from the usual RNS vertex operators as V = e~ Vangel*. However, it is
simpler to solve the condition that Qp.rns.assV = 0 and one finds that the unintegrated
and integrated massless vertex operators are [6]

V = A%Ay(x,0) — y™ A (2,0) — V2 QoW (x, 0) (2.16)

c [89%%(3:, 0) + 11" A, (x,0) + daW*(z, 0)
1
-3 (wmw _ Aym”(2> Fon(,0) — wszaamwa(x,e)},
/dz U= / { 00° Ao (i, 0) + T A (2, 0) + do W (2, 0) (2.17)

;( Py + Awm"sz) Foun(,0) w’”ﬂaamWaW)]v

where (Aq, Apm, W, Fiyy,) are the usual d = 10 super-Yang-Mills superfields satisfying

DQA/B + DﬁAa = V%Ama Dy Ay — Ol = (’Ym)aﬁwﬁv

1
(™) P Frm, (2.18)

1
Dy, B= S (ymn aB mAn =
We=350"")a"0 1

and D, % + 3(7™0) a0y, is the d = 10 supersymmetric derivative.



Note that the similarity transformation of (2.15) mixes different pictures, but one can
choose a representative of the BRST cohomology so that the massless super-Yang-Mills
vertex operator V' of (2.16) is in the zero picture. And by constructing massive superstring
vertex operators from the OPE’s of massless vertex operators, one can similarly find vertex
operators at zero picture for all GSO-projected onshell superstring states. For states which
are not GSO-projected, i.e. which have square-root cuts with e_%‘pEa, the vertex operator
will need to involve spin fields in A® and 6% so that the operator does not have square-root
cuts with the term [ dz A%(d, — e_%‘z’Za) in the BRST operator of (2.11).

For the gluon component of the superfield with polarization €,,, one finds from (2.16)
that )

V = ene™™” | Vis = scka(Ay""Q+69™"p) + O™ (6) (2.19)
where Vg = —v¢™ + ¢(0x™ — ik, p™) is the usual RNS vertex operator and O™ ()
denotes terms which are linear or higher-order in <. It is easy to verify that the terms O™ (6)
and (Ay"™"Q + 64™"p) in (2.19) decouple from gluon scattering amplitudes since there are
no extra d,’s to contract with the O™ (6) term and since contractions of (Ay™"Q) + 64™"p)
with itself cancel because of opposite signs from the bosonic and fermionic contributions.
So the scattering amplitudes for external gluons in the B-RNS-GSS formalism are identical
to the amplitudes in the usual RNS formalism.

However, the vertex operator for the gluino component of the superfields in (2.16)
is very different from the gluino vertex operator in the RNS formalism. Just as the
spacetime supersymmetry generator of (2.10) does not involve the spin field X, the
gluino vertex operator in the B-RNS-GSS formalism does not involve the spin field. So the
amplitude computation for external fermions looks very different from the RNS computation.
Nevertheless, the two computations are guaranteed to give equivalent results since they are
related by a similarity transformation.

3 Relation with pure spinor formalism

In this section, the BRST operator of (2.11) in the B-RNS-GSS formalism will be mapped
to the pure spinor BRST operator by a field redefinition and similarity transformation. The
field redefinition will “dynamically twist” the RNS Vari/a\mbles Y™ of spin % and (3,7) of spin
(3,—3) into the variables (I, T',) of spin (0,1) and (5,7) of spin (2, —1) [7]. The twisting
of the 1™ variables to (I, T,,) variables shifts their central charge contribution from +5
to —10, and is compensated by the replacement of the (/3,v) with (B, 7) variables which
shifts their central charge contribution from 411 to +26. After performing a similarity
transformation, the BRST operator of (2.11) in terms of these twisted variables is mapped
to Qpure — Mo Where Qpure = [ dz2(A*dy + W ry) is the pure spinor BRST operator and 7
is the zero mode coming from fermionizing B = (%Ae_g and 4 = ﬁe(/g.

To dynamically twist the ten ¢™ spin-half variables into five spin-zero and five spin-one
variables, it will be useful to construct a pure spinor A* out of A® and \, as

o [e% 1 m N\«
A=A *m(A’Y A) (v ) (3.1)



So A* and ), satisfy Ay™\ = Ay = 0, and their 11 complex components (in Wick-rotated

Euclidean space) parameterize the complex space 888?) x C'. Using the pure spinor variables

(A%, Xa) to covariantly choose the direction of the twisting, one can now dynamically twist
the ten spin-half )™ variables to spin-zero I'"" variables and spin-one I' " variables defined by

m 1 m_ny ™ _ 1 l AT AT
r _Tmy(m YN, I = Q(AX)W(M V' N)Un, (3:2)

so that o
m 1 (A"

om (3.3)

P =T
™ will be constrained to satisfy T (ymA)® = 0, and since 1" of (3.3) is invariant under
the gauge transformation 6T, = ey A generated by this constraint, only half of the I'™
and T'" components are independent.

After expressing ¥ in terms of I and T, GSO-projected states only depend on
even powers of the v ghost. So it will be useful to define

7= () (3-4)

which carries conformal weight —1, and define BAof conformal weight +2 to be the conjugate
momentum to 7. Fermionizing (7, 3) as ¥ = fje® and 3 = d¢e~? and requiring that (7, £, ¢)
have no poles with I'™ or I',,, one finds that

1 ~ 1 1 —
=e2%0°%,, =29 2%, 3.5
i=c E=ct s (35)
3 50 1 ~ o -3 _Sdra
e¢:n8ne2¢(/\x))\a2 . e 9 =E0te 2P\,

One can also express the unhatted ghost variables in terms of the twisted variables as

y X mn, T‘X 1 y kol
n= 6—2¢Mrmr"rprqrr, €= ﬁe2¢’(A»ym"WA)Fmrnrprqrr. (3.6)

In terms of these twisted variables, the BRST operator of (2.11) is

()B-RNS-GSS = /dz [Aada + W + FmMH" -0 e’Q‘zA’MFmF"FPFqP’"

2(A\) 120(AN)2
= Aymd)  ~ —2$(X7mnpqrx)
(T — — — =PI
TV VIR VTSV Y )
+3(b + TppIl™ 4 Q2,00% + s“ON,) + T — bede (3.7)
: a _ \«o 1 m N\
where u,, is defined by A® = \* + TN (YmA)?,
1 — ~ ~
T= —anmaxm — I, 0™ — B0y — 0(57) — bOc — d(be) (3.8)

— D@8 — Uy OU™ — WEONY — W O — $VOTg,



E = % — ﬁfmFm, vm and Ty, are constrained to satisfy vy, (Y"\)* = T (™) = 0,

and w, and W" are defined to have no poles with each other or with (T,,,I™). In terms of
wy and W, one finds that

1 1 — _
TV {Q(M JaMYmnw) + Aa (=N wp + 4umv )} (3.9)

1 ()‘X) (XVm’Yn)a + Xoz()\’)’m’)’nx)
— _ Fmrn+ ™ U,
5 4002 (W™ av

~ 1 —=n 1 =m=n

w” =w N - m mQ @ 2 m m)\Oé - >\ m In @ Fmr - 7/\1_\ P . 1
w+2()\)\)[u(’y )Y+ 2vpu ("y’y)( 57 )] (3.10)

The next step to relating (3.7) to the pure spinor BRST operator is to perform the
similarity transformation QJg.rns.ass — e‘R/QB_RNS_GSSeR/ where

/ dz ge—%Mrmrnqurwge Mrmr"rl’. (3.11)
120(AN)2 24(N)2

One finds that

e 7 Qprrsasse™ = (3.12)

mrn Mﬂp—l— pr 4 rmrrT? M _ (X@)M

8(AA)? 8(AN)? 24(AN)? 12(AX)2

b T+ " (AY™) 4 5400 + Qa06°
S a @
4O 7
1 5 (My™y"™r)
o ( i 20" sz P
where . 1

=W+ 50 Mm ) (e = Tnla), - Non = 5 (Amnw). (3.13)

Since w" of (3.13) commutes with the constraints v™ (Y, \)® =T (ymA)® = 0 up to the
gauge transformation 0w~ = f™ (AYm)?%, one can easily verify that (3.12) also commutes
with these constraints.

The BRST operator of (3.12) is constructed out of the operators discussed in [7] where
the last line of (3.12) is u,, times the constraint in [7] for T and the second-to-last line
of (3.12) is 7 times the composite b ghost expressed in terms of I'". After applying the

similarity transformation @ — e 2" e~ B" Oel" eR" where
1 < (M™y"Pr)
R’ = /d ——TI" |- M"d+ ——=—LNpyp |, 3.14
20 7 A0 (3.14)

5 ") =
R/// — /d m Hm + (771—\71 ,
= ( 40N



(3.12) reduces to
eiRWeiR”eiR,QB_RNS_GSSeR/eR" eRW — (315)

~a o Fn(,ynX)a
dz | \%d,, o= b—B4v, (M) 0| ———
/ z( +W ro—N+75 +vm (AY™),, ( 200 >

+up L +cT — bc@c)

where B is the usual composite pure spinor b ghost (ignoring normal ordering terms)

Ao (2™ (Y, d)® — Ny (Y™00)* + N w00%)

B=—5%0\, = 3.16
s 0%t 400 (8.16)
~ (X,ymnpr)(dfymnpd—{—Qélean) " (T YmnpT) (Xrymd)N”P B (T’Ymnpr)(X’YPqTT)Nmanr
192(AN)2 16(AN)3 128(AN)4 '
Finally, the similarity transformation @ — e=YOeV where
Fn('?/nx)a 2
U:/d B — v (MY™)a0 | ——=—| — B0 3.17
2e(B ~ vn(0"™) <Q(M)>5c) (317)

transforms (3.15) into

eiUeiRWeiRNeiRIQB_RNS_GSSeR/eR”eRmeU _ /dz ()\ada + ﬁara + ab 4 umfﬂl) . ﬁo.
(3.18)

The usual quartet argument implies that the cohomology of (3.18) is independent of
(1, 0™ Do, T34, B b, €3 M, 057, 5% (3.19)

so one recovers the original pure spinor BRST operator Qpure = [ d2A%d, in the small
Hilbert space defined with 7jp. Note that this last similarity transformation with U of (3.17)
shifts the Virasoro b ghost to

Iy ('YT?)Q

-U U m
be” =b+ B — vy (M) 0
e “be + U (AY™) ( 200

) — Bdc — 9(Be). (3.20)

So after twisting the spin-half ¢ variables into spin-zero and spin-one variables and
performing a similarity transformation, the B-RNS-GSS BRST operator has been mapped
into the pure spinor BRST operator. Finally, after gauging away the dependence on the
non-minimal variables in (3.19), the unintegrated and integrated vertex operators of (2.16)

and (2.17) are mapped into the usual pure spinor massless vertex operators

V= \Au(2,0), U= / dz [aeaAa(a;,9)+Hm,4m(x,9)+dawa(:c,9)+;Nm”an(a;,e) .
(3.21)
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