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1 Introduction

Although the RNS formalism for the superstring has a beautiful geometric foundation
coming from worldsheet super-reparameterization invariance, the lack of manifest space-
time supersymmetry complicates the computation of multiloop scattering amplitudes and
the description of Ramond-Ramond backgrounds. As shown in [1], spacetime super-
symmetry generators qα can be constructed in this formalism which satisfy the algebra
{qα, qβ} = γmαβP̃m where P̃m =

∫
dz e−φψm.

The usual spacetime supersymmetry algebra would be {qα, qβ} = γmαβPm where
Pm =

∫
dz ∂xm is the translation generator, and the operators P̃m and Pm are related

by an operation called “picture-changing”. This operation changes the effective ground
state for the bosonic worldsheet ghosts and can be used to change the “picture” of any
physical operator, i.e. any operator which is BRST-invariant. But since the picture-changing
operation which relates P̃m with Pm is only valid on physical operators, the spacetime super-
symmetry algebra only closes on onshell states which means that spacetime supersymmetry
is not manifest.

On the other hand, the pure spinor formalism for the superstring [2] has manifest
spacetime supersymmetry and can describe Ramond-Ramond backgrounds, but lacks a
geometric foundation where the pure spinor BRST operator comes from gauge-fixing a
worldsheet symmetry. There is complete agreement between all scattering amplitudes which
have been computed using the two formalisms, but equivalence has not yet been proven
and multiloop amplitudes in the two formalisms have different types of subtleties.

In this paper, the RNS and pure spinor formalisms will be shown to be equivalent
by relating them to a manifestly spacetime supersymmetric generalization of the RNS
formalism. In addition to the usual RNS matter and ghost variables, this generalization
will involve non-minimal variables that include both pure spinor variables and the fermionic
θα and conjugate momenta dα variables of the Green-Schwarz-Siegel formalism.1 Since
the new formalism includes features of the pure spinor, RNS and Green-Schwarz-Siegel
formalisms, it will be called the B-RNS-GSS formalism.

1The Green-Schwarz formalism is usually described with only (xm, θα) worldsheet variables, whereas the
Siegel version of this formalism also includes the conjugate momenta dα variables [3].
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The first step to making spacetime supersymmetry manifest in the RNS formalism is
to work in the “large” Hilbert space including the ghost zero modes (ξ0, η0) and to define
the extended BRST operator Q′ = QRNS − η0. As discussed in [4] and [5], picture-changing
can be interpreted as a BRST-trivial gauge transformation using Q′ in the large Hilbert
space. The next step is to add non-minimal variables to the RNS formalism and construct
an operator ρα such that {q′α, q′β} = γmαβ

∫
dz ∂xm where q′α = qRNS

α +Q′(ρα). And the final
step is to find a similarity transformation which maps q′α into the spacetime supersymmetry
generators of the Green-Schwarz-Siegel formalism.

The resulting worldsheet action and BRST operator for this B-RNS-GSS formalism
are manifestly spacetime supersymmetric, and BRST-invariant vertex operators are easily
constructed in terms of d=10 superfields. Furthermore, a field redefinition is found which
maps this worldsheet action, BRST operator and vertex operators into the worldsheet
action, BRST operator and vertex operators of the pure spinor formalism. It is hoped that
by studying this intermediate B-RNS-GSS formalism, the relation between the multiloop
subtleties in the RNS and pure spinor formalisms will be better understood.

2 B-RNS-GSS formalism

The B-RNS-GSS worldsheet action will be constructed from the usual RNS matter and
ghost variables (xm, ψm; b, c, β, γ) for m = 0 to 9, together with the Green-Schwarz-Siegel
fermionic spacetime spinor variables (θα, pα) for α = 1 to 16, the unconstrained bosonic
spacetime spinor variables (Λα,Ωα), and the bosonic and fermionic pure spinor variables
(λα, wα) and (rα, sα) satisfying the pure spinor constraints λγmλ = λγmr = 0.

The left-moving contribution to the worldsheet action and stress tensor are

SB-RNS-GSS = SRNS +
∫
d2z

[
Ωα∂Λα + wα∂λ

α + pα∂θ
α + sα∂rα

]
, (2.1)

TB-RNS-GSS = TRNS − Ωα∂Λα − wα∂λ
α − pα∂θα − sα∂rα, (2.2)

where the RNS worldsheet action, stress tensor, and BRST operator are defined as

SRNS =
∫
d2z

(1
2∂x

m∂xm + 1
2ψ

m∂ψm + β∂γ + b∂c

)
, (2.3)

TRNS = −1
2∂x

m∂xm −
1
2ψ

m∂ψm − β∂γ −
1
2∂(βγ)− b∂c− ∂(bc), (2.4)

QRNS =
∫
dz
(
cTRNS + γψm∂xm + γ2b− bc∂c

)
, (2.5)

and the right-moving variables will be ignored throughout this paper. Although only the
open superstring will be discussed in this paper, all results can be easily generalized to the
closed superstring by taking the “left-right product” of two open superstrings.

The natural BRST operator for this extended formalism is

Qnonmin = QRNS +
∫
dz[Λαpα + wαrα] (2.6)

since the non-minimal term
∫
dz[Λαpα + wαrα] implies that states in the cohomology of

Qnonmin are states in the cohomology of QRNS which are independent of the spacetime
spinor variables [Λα,Ωα, θ

α, pα, λα, w
α, rα, s

α].
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In the RNS formalism [1], the spacetime supersymmetry generator in the −1
2 picture

is qα =
∫
dze−

1
2φΣα where the (β, γ) ghosts have been fermionized as β = ∂ξe−φ and

γ = ηeφ, and Σα is the spin field of conformal weight 5
8 constructed from ψm by splitting

the ten ψm variables (after Wick rotation) into 5 complex variables ψa± for a = 1 to 5,
bosonizing ψa± = e±iσa , and defining Σα = e

i
2 (±σ1±σ2±σ3±σ4±σ5) with an even number of +

signs. Since {qα, qβ} = γmαβ
∫
dz e−φψm, the spacetime supersymmetry algebra only closes

up to picture-changing. Note that {QRNS,
∫
dz ξe−φψm} =

∫
dz ∂xm, so

∫
dz e−φψm is the

translation generator in the −1 picture where the picture P is defined by P =
∫
dz(∂φ− ξη)

so that enφ carries picture P = n and the (β, γ) ghosts carry picture P = 0.
As discussed in [4] and [5], picture-changing can be treated as a BRST-trivial operation

if one extends the space of states to the “large” Hilbert space which includes the zero mode
of ξ and defines the BRST operator as

Q′ = QRNS − η0 (2.7)

where η0 =
∫
dz η. Picture-changing from V to {QRNS, ξV } is expressed by the BRST-trivial

operation V → V + Q′(ξV ) = QRNS(ξV ). And it is easy to show that any state in the
cohomology of Q′ can be expressed as a state in the small Hilbert space in the cohomology
of QRNS. For example, suppose that Q′V = 0 where V = VP + VP+1 and VP carries picture
P . Then by separating the terms of different picture in Q′V = (QRNS−η0)(VP +VP+1) = 0,
one finds

η0VP = QRNSVP − η0VP+1 = QRNSVP+1 = 0. (2.8)

So V ′ = V +Q′(ξVP ) satisfies QRNSV
′ = η0V

′ = 0.
By working in the large Hilbert space with Q′ = Qnonmin − η0 and shifting qα by a

BRST-trivial quantity, one can now make spacetime supersymmetry manifest by defining
the generator

qα =
∫
dz
[
e−

1
2φΣα +Q′(ρα)

]
(2.9)

where ρα is chosen such that {qα, qβ} =
∫
dz ∂xmγ

m
αβ and will be discussed below. Further-

more, after performing a similarity transformation qα → e−Rqαe
R, this generator can be

mapped to the Green-Schwarz-Siegel supersymmetry generator [3]

qGSS
α =

∫
dz

[
pα + 1

2

(
∂xm + 1

12θγ
m∂θ

)
(γmθ)α

]
. (2.10)

The resulting BRST operator QB-RNS-GSS = e−R(Qnonmin − η0)eR is manifestly space-
time supersymmetric and is

QB-RNS-GSS =
∫
dz

[
Λαdα + wαrα + 1

2ξe
−φ(ΛγmΛ)ψm − e−

1
2φΛαΣα (2.11)

+ γψmΠm + γ2(b+ Ωα∂θ
α + sα∂λα) + cT − bc∂c

]
− η0

where
dα = pα −

1
2

(
∂xm + 1

4θγ
m∂θ

)
(γmθ)α, Πm = ∂xm + 1

2θγ
m∂θ (2.12)
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are the usual GSS spacetime supersymmetric operators [3] for fermionic and bosonic mo-
menta. Note that T of (2.2) can be written in the manifestly spacetime supersymmetric form

T = −1
2ΠmΠm−dα∂θα−Ωα∂Λα−wα∂λα−sα∂rα−

1
2ψ

m∂ψm−β∂γ−
1
2∂(βγ)−b∂c−∂(bc).

(2.13)
To find the shift ρα and similarity transformation R that map the supersymmetry

generator and BRST operator into (2.10) and (2.11), first consider the shift and similarity
transformation

ρ̃α = −Ωα + 1
2ξe

−φψm(γmθ)α, (2.14)

R̃ =
∫
dz

[
c(Ωα∂θ

α + sα∂λα) + e−
1
2φΣαθ

α + 1
2ξe

−φ(θγmΛ)ψm
]
. (2.15)

One finds that up to terms proportional to θα, e−R̃Q′eR̃ is equal to QB-RNS-GSS of (2.11) and
e−R̃

∫
dz[e−

1
2φΣα +Q′(ρ̃α)]eR̃ is equal to qGSS

α of (2.10) where Q′ = Qnonmin− η0. But since
θα is a non-minimal variable, cohomology arguments imply that these terms proportional to
θα can be written as [Q′, f(θ)] for some function f(θ) which is at least quadratic order in θα.
For example, because of the term

∫
dzΛαpα in Q′, any operator annihilated by Q′ with linear

dependence on θα must be of the form fαβΛ[αθβ] where Q′fαβ = 0. But this is equal to
[Q′, fαβθαθβ ]. Therefore, QB-RNS-GSS = e−RQ′eR and qGSS

α = e−R
∫
dz[e−

1
2φΣα +Q′(ρα)]eR

where R = R̃+ f(θ), ρα = ρ̃α + fα(θ), and f and fα are terms of quadratic or higher-order
in θα.

Using the similarity transformation R, vertex operators in the cohomology of QB-RNS-GSS
can be obtained from the usual RNS vertex operators as V = e−RVRNSe

R. However, it is
simpler to solve the condition that QB-RNS-GSSV = 0 and one finds that the unintegrated
and integrated massless vertex operators are [6]

V = ΛαAα(x, θ)− γψmAm(x, θ)− γ2ΩαW
α(x, θ) (2.16)

+ c

[
∂θαAα(x, θ) + ΠmAm(x, θ) + dαW

α(x, θ)

− 1
2

(
ψmψn − 1

2ΛγmnΩ
)
Fmn(x, θ)− γψmΩα∂mW

α(x, θ)
]
,

∫
dz U =

∫
dz

[
∂θαAα(x, θ) + ΠmAm(x, θ) + dαW

α(x, θ) (2.17)

+ 1
2

(
−ψmψn + 1

2ΛγmnΩ
)
Fmn(x, θ)− γψmΩα∂mW

α(x, θ)
]
,

where (Aα, Am,Wα, Fmn) are the usual d = 10 super-Yang-Mills superfields satisfying

DαAβ +DβAα = γmαβAm, DαAm − ∂mAα = (γm)αβW β ,

DαW
β = 1

2(γmn)αβ∂mAn = 1
4(γmn)αβFmn, (2.18)

and Dα = ∂
∂θα + 1

2(γmθ)α∂m is the d = 10 supersymmetric derivative.
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Note that the similarity transformation of (2.15) mixes different pictures, but one can
choose a representative of the BRST cohomology so that the massless super-Yang-Mills
vertex operator V of (2.16) is in the zero picture. And by constructing massive superstring
vertex operators from the OPE’s of massless vertex operators, one can similarly find vertex
operators at zero picture for all GSO-projected onshell superstring states. For states which
are not GSO-projected, i.e. which have square-root cuts with e−

1
2φΣα, the vertex operator

will need to involve spin fields in Λα and θα so that the operator does not have square-root
cuts with the term

∫
dz Λα(dα − e−

1
2φΣα) in the BRST operator of (2.11).

For the gluon component of the superfield with polarization εm, one finds from (2.16)
that

V = εme
ik·x

[
V m

RNS −
i

2ckn(ΛγmnΩ + θγmnp) +Om(θ)
]

(2.19)

where V m
RNS = −γψm + c(∂xm − iknψnψm) is the usual RNS vertex operator and Om(θ)

denotes terms which are linear or higher-order in θα. It is easy to verify that the terms Om(θ)
and (ΛγmnΩ + θγmnp) in (2.19) decouple from gluon scattering amplitudes since there are
no extra dα’s to contract with the Om(θ) term and since contractions of (ΛγmnΩ + θγmnp)
with itself cancel because of opposite signs from the bosonic and fermionic contributions.
So the scattering amplitudes for external gluons in the B-RNS-GSS formalism are identical
to the amplitudes in the usual RNS formalism.

However, the vertex operator for the gluino component of the superfields in (2.16)
is very different from the gluino vertex operator in the RNS formalism. Just as the
spacetime supersymmetry generator of (2.10) does not involve the spin field Σα, the
gluino vertex operator in the B-RNS-GSS formalism does not involve the spin field. So the
amplitude computation for external fermions looks very different from the RNS computation.
Nevertheless, the two computations are guaranteed to give equivalent results since they are
related by a similarity transformation.

3 Relation with pure spinor formalism

In this section, the BRST operator of (2.11) in the B-RNS-GSS formalism will be mapped
to the pure spinor BRST operator by a field redefinition and similarity transformation. The
field redefinition will “dynamically twist” the RNS variables ψm of spin 1

2 and (β, γ) of spin
(3

2 ,−
1
2) into the variables (Γm,Γm) of spin (0, 1) and (β̂, γ̂) of spin (2,−1) [7]. The twisting

of the ψm variables to (Γm,Γm) variables shifts their central charge contribution from +5
to −10, and is compensated by the replacement of the (β, γ) with (β̂, γ̂) variables which
shifts their central charge contribution from +11 to +26. After performing a similarity
transformation, the BRST operator of (2.11) in terms of these twisted variables is mapped
to Qpure − η̂0 where Qpure =

∫
dz(λαdα + wαrα) is the pure spinor BRST operator and η̂0

is the zero mode coming from fermionizing β̂ = ∂ξ̂e−φ̂ and γ̂ = η̂eφ̂.
To dynamically twist the ten ψm spin-half variables into five spin-zero and five spin-one

variables, it will be useful to construct a pure spinor λα out of Λα and λα as

λα = Λα − 1
2(Λλ)

(ΛγmΛ)(γmλ)α. (3.1)

– 5 –
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So λα and λα satisfy λγmλ = λγmλ = 0, and their 11 complex components (in Wick-rotated
Euclidean space) parameterize the complex space SO(10)

U(5) ×C. Using the pure spinor variables
(λα, λα) to covariantly choose the direction of the twisting, one can now dynamically twist
the ten spin-half ψm variables to spin-zero Γm variables and spin-one Γm variables defined by

Γm = 1
2(λλ)

γ(λγmγnλ)ψn, Γm = 1
2(λλ)

1
γ

(λγmγnλ)ψn, (3.2)

so that
ψm = γΓm + 1

γ

(λγmγnλ)
2(λλ)

Γn. (3.3)

Γm will be constrained to satisfy Γm(γmλ)α = 0, and since ψm of (3.3) is invariant under
the gauge transformation δΓm = εγmλ generated by this constraint, only half of the Γm

and Γm components are independent.
After expressing ψm in terms of Γm and Γm, GSO-projected states only depend on

even powers of the γ ghost. So it will be useful to define

γ̂ ≡ (γ)2 (3.4)

which carries conformal weight −1, and define β̂ of conformal weight +2 to be the conjugate
momentum to γ̂. Fermionizing (γ̂, β̂) as γ̂ = η̂eφ̂ and β̂ = ∂ξ̂e−φ̂ and requiring that (η̂, ξ̂, φ̂)
have no poles with Γm or Γm, one finds that

η̂ = e−
1
2φλαΣα, ξ̂ = e

1
2φ

1
(λλ)

λαΣα, (3.5)

eφ̂ = η∂ηe
5
2φ

1
(λλ)

λαΣα, e−φ̂ = ξ∂ξe−
5
2φλαΣα.

One can also express the unhatted ghost variables in terms of the twisted variables as

η = e−2φ̂ (λγmnpqrλ)
120(λλ)2 ΓmΓnΓpΓqΓr, ξ = 1

120e
2φ̂(λγmnpqrλ)ΓmΓnΓpΓqΓr. (3.6)

In terms of these twisted variables, the BRST operator of (2.11) is

QB-RNS-GSS =
∫
dz

[
λαdα + wαrα + Γm (λγmγnλ)

2(λλ)
Πn − η̂ − e−2φ̂ (λγmnpqrλ)

120(λλ)2 ΓmΓnΓpΓqΓr

+ um(Γm + (λγmd)
2(λλ)

− ξ̂e−2φ̂ (λγmnpqrλ)
24(λλ)2 ΓnΓpΓqΓr)

+ γ̂(b+ ΓmΠm + Ωα∂θ
α + sα∂λα) + cT − bc∂c

]
(3.7)

where um is defined by Λα = λα + 1
2(λλ)u

m(γmλ)α,

T = −1
2∂x

m∂xm − Γm∂Γm − β̂∂γ̂ − ∂(β̂γ̂)− b∂c− ∂(bc) (3.8)

− pα∂θα − vm∂um − wα∂λα − ŵ
α
∂λα − sα∂rα,

– 6 –
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β̂ = 1
2γβ −

1
2γ2 ΓmΓm, vm and Γm are constrained to satisfy vm(γmλ)α = Γm(γmλ)α = 0,

and wα and ŵα are defined to have no poles with each other or with (Γm,Γm). In terms of
wα and ŵα, one finds that

Ωα = 1
4(λλ)

[1
2(λγmn)α(λγmnw) + λα(−λβwβ + 4umvm)

]
(3.9)

+ 1
γ̂

(λλ)(λγmγn)α + λα(λγmγnλ)
4(λλ)2 ΓmΓn + (λγm)αvm,

wα = ŵ
α + 1

2(λλ)

[
−um(γmΩ)α + 2vmumλα − (λγmγn)α

(
ΓmΓn − 1

2 γ̂ΓmΓn
)]

. (3.10)

The next step to relating (3.7) to the pure spinor BRST operator is to perform the
similarity transformation QB-RNS-GSS → e−R

′
QB-RNS-GSSe

R′ where

R′ =
∫
dz

[
−ξ̂e−2φ̂ (λγmnpqrλ)

120(λλ)2 ΓmΓnΓpΓqΓr + ξ̂e−φ̂
(λγmnpr)
24(λλ)2 ΓmΓnΓp

]
. (3.11)

One finds that

e−R
′
QB-RNS-GSSe

R′ = (3.12)∫
dz

[
λαdα + w̃

α
rα + cT − bc∂c− η̂ + Γm (λγmγnλ)

2(λλ)
Πn

+ ΓmΓn
[

(λγmnpr)
8(λλ)2 Πp + (rγmnpr)

8(λλ)2 Γp
]

+ ΓmΓnΓp
[

(λγmnp∂λ)
24(λλ)2 − (λθ)(λγmnpr)

12(λλ)2

]

+ γ̂

(
b+ ΓmΠm + ΓmΓn

4(λλ)
(λγmnr) + sα∂λα + Ωα∂θ

α

)

+ um

(
Γm + 1

2(λλ)
λγmd− (λγmγnpr)

8(λλ)2 Nnp

)]

where
w̃
α ≡ ŵα + 1

2(λλ)
(λγmγn)α(umvn − ΓmΓn), Nmn = 1

2(λγmnw). (3.13)

Since w̃α of (3.13) commutes with the constraints vm(γmλ)α = Γm(γmλ)α = 0 up to the
gauge transformation δw̃α = fm(λγm)α, one can easily verify that (3.12) also commutes
with these constraints.

The BRST operator of (3.12) is constructed out of the operators discussed in [7] where
the last line of (3.12) is um times the constraint in [7] for Γm and the second-to-last line
of (3.12) is γ̂ times the composite b ghost expressed in terms of Γm. After applying the
similarity transformation O → e−R

′′′
e−R

′′OeR′′
eR

′′′ where

R′′ =
∫
dz

1
2(λλ)

Γm
[
−λγmd+ (λγmγnpr)

4(λλ)
Nnp

]
, (3.14)

R′′′ =
∫
dzγ̂vm

(
Πm + (λγmγnr)

4(λλ)
Γn

)
,

– 7 –
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(3.12) reduces to

e−R
′′′
e−R

′′
e−R

′
QB-RNS-GSSe

R′
eR

′′
eR

′′′ = (3.15)∫
dz

(
λαdα+w̃αrα−η̂+γ̂

[
b−B+vm (λγm)α∂

(
Γn(γnλ)α

2(λλ)

)]
+umΓm+cT−bc∂c

)

where B is the usual composite pure spinor b ghost (ignoring normal ordering terms)

B=−sα∂λα+λα(2Πm(γmd)α−Nmn(γmn∂θ)α+λβwβ∂θα)
4(λλ)

(3.16)

− (λγmnpr)(dγmnpd+24NmnΠp)
192(λλ)2 + (rγmnpr)(λγmd)Nnp

16(λλ)3 − (rγmnpr)(λγpqrr)NmnNqr

128(λλ)4 .

Finally, the similarity transformation O → e−UOeU where

U =
∫
dzc(B − vm(λγm)α∂

(
Γn(γnλ)α

2(λλ)

)
− β̂∂c) (3.17)

transforms (3.15) into

e−Ue−R
′′′
e−R

′′
e−R

′
QB-RNS-GSSe

R′
eR

′′
eR

′′′
eU =

∫
dz
(
λαdα + w̃

α
rα + γ̂b+ umΓm

)
− η̂0.

(3.18)

The usual quartet argument implies that the cohomology of (3.18) is independent of(
um, v

m; Γm,Γ
m; γ̂, β̂; b, c;λα, w̃

α; rα, sα
)
, (3.19)

so one recovers the original pure spinor BRST operator Qpure =
∫
dzλαdα in the small

Hilbert space defined with η̂0. Note that this last similarity transformation with U of (3.17)
shifts the Virasoro b ghost to

e−UbeU = b+B − vm(λγm)α∂
(

Γn(γnλ)α

2(λλ)

)
− β̂∂c− ∂(β̂c). (3.20)

So after twisting the spin-half ψm variables into spin-zero and spin-one variables and
performing a similarity transformation, the B-RNS-GSS BRST operator has been mapped
into the pure spinor BRST operator. Finally, after gauging away the dependence on the
non-minimal variables in (3.19), the unintegrated and integrated vertex operators of (2.16)
and (2.17) are mapped into the usual pure spinor massless vertex operators

V =λαAα(x,θ), U =
∫
dz

[
∂θαAα(x,θ)+ΠmAm(x,θ)+dαWα(x,θ)+ 1

2N
mnFmn(x,θ)

]
.

(3.21)
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