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ABSTRACT: In this paper, we will obtain quantum work for a quantum scale five dimen-
sional Myers-Perry black hole. Unlike heat represented by Hawking radiation, the quantum
work is represented by a unitary information preserving process, and becomes important
for black holes only at small quantum scales. It will be observed that at such short dis-
tances, the quantum work will be corrected by non-perturbative quantum gravitational
corrections. We will use the Jarzynski equality to obtain this quantum work modified by
non-perturbative quantum gravitational corrections. These non-perturbative corrections
will also modify the stability of a quantum Myers-Perry black hole. We will define a
quantum corrected information geometry by incorporating the non-perturbative quantum
corrections in the information geometry of a Myers-Perry black hole. We will use sev-
eral different quantum corrected effective information metrics to analyze the stability of a
quantum Myers-Perry black hole.
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1 Introduction

It is known that black holes are maximum entropy objects, and this maximum entropy of
black holes scales with the area of their horizon [1, 2]. So, the maximum entropy of a region
scales with its area rather than its volume. This scaling of maximum entropy with the area
of a region has motivated the development of the holographic principle [3, 4]. It has been
suggested that the relation between area and entropy can be modified due to quantum
gravitational corrections [5, 6, 8]. However, as the corrected entropy is still a function of
the area of the horizon, these corrections can also be investigated using the holographic
principle [9, 10]. In fact, as AdS/CFT correspondence is a concrete realization of the
holographic principle, it has been used to obtain such quantum corrections to the entropy
of black holes [11-15]. Such quantum correction have also been obtained using extremal
limit of black holes [16, 17]. The quantum corrections to the entropy of a black hole
can be obtained from a conformal field theory, using the density of microstates associated
with conformal blocks [18]. As the Cardy formula can be used to obtain the entropy of a
conformal field theory, it has been used to calculate the quantum corrections to the black
hole entropy [19]. The quantum corrected entropy of a black hole has also been obtained
using the Rademacher expansion [20]. Thus, various different approaches have been used
to obtain quantum corrected entropy of black holes.

The geometry of space-time emerges from thermodynamics in the Jacobson formal-
ism [21]. So, it is expected that quantum fluctuation of space-time can be obtained from
the thermal fluctuations in the Jacobson formalism [22]. As it is possible to obtain the
perturbative thermal fluctuations to the thermodynamics of various black holes [23-27], it
has been argued that such perturbative thermal fluctuations can be used to obtain pertur-
bative quantum fluctuations [21, 22]. In fact, perturbative quantum corrections to various
black holes have been constructed using the perturbative thermal fluctuations [28-31]. As
the temperature of black holes scales inversely with its size, the thermal fluctuations can
be neglected for large black holes. Since the quantum fluctuations can be obtained using
thermal fluctuations [21, 22], we can also neglect the quantum fluctuations of large black
holes. However, these quantum corrections become important for smaller black holes, and



they cannot be neglected after a certain scale. The small perturbative quantum correc-
tions to various black holes can be obtained using thermal perturbations near the equilib-
rium [28-31]. These perturbative corrections are valid for black holes, where the thermal
fluctuations are small enough for them to be expressed as small perturbations near the
equilibrium. Thus, they are expressed in terms of the original equilibrium entropy and
temperature [23-27]. However, for black holes whose size is comparable to Planck scale,
the corrections to the entropy cannot be described as perturbative corrections near the
equilibrium. At such a short distance, we need to consider the full non-perturbative quan-
tum gravitational corrections to the thermodynamics of black holes. It is expected that
such non-perturbative quantum gravitational corrections produce non-trivial modifications
to the entropy of black holes. In fact, it has been demonstrated that the corrected entropy
of such quantum black holes can be expressed as an exponential function of the original en-
tropy [32]. Such non-perturbative corrections to the entropy of a black hole have also been
obtained from the Kloosterman sums [33]. To obtain such non-perturbative corrections, the
near horizon behavior of mass-less supergravity fields was investigated using the AdS/CFT
correspondence [34, 35]. Now, as these non-perturbative corrections [32, 33| have been
analyzed using string theoretical effects [34, 35|, it is important to investigate such non-
perturbative corrections to the extra dimensional geometries motivated by string theory.
As string theory is only consistent in extra dimensions, it is possible to motivate the
study of extra dimensional black holes from it. So, using such string theoretical motivation,
it is possible to study a five dimensional Myers-Perry black hole [36]. The Myers-Perry
black hole rotates in two independent planes, and can be considered as a generalization of
the Kerr black hole to extra dimensions. The thermodynamics of such a five dimensional
Myers-Perry black hole has been investigated [37, 38]. The effect of perturbative quantum
corrections to the thermodynamics of the Myers-Perry black hole has also been studied [40].
So, we will analyze the effects of non-perturbative corrections to a five dimensional quantum
Myers-Perry black hole. As these non-perturbative corrections cannot be analyzed as
small fluctuations near the equilibrium, it is important to use non-equilibrium quantum
thermodynamics to analyze them [60-63]. It is possible to define a quantum analog of
classical work in quantum thermodynamics. It may be noted that as quantum work is
associated with a quantum process, it cannot be obtained using a single measurement of
a quantum observable. However, it possible to obtain quantum work using the quantum
Crooks fluctuation theorem, by making two measurements [64, 65]. As it is possible to
obtain Jarzynski equality from quantum Crooks fluctuation theorem, the Jarzynski equality
has been used to relates quantum work with the difference of equilibrium free energies [66,
67]. Now as we can obtain the equilibrium free energies for a black hole, it can be used
to obtain information about the quantum work done during its evaporation. Thus, the
Jarzynski equality has been used to obtain quantum work for black holes [68, 69]. It may be
noted that here quantum work is obtained from the original Bekenstein-Hawking entropy of
the black holes. This original Bekenstein-Hawking entropy is obtained from semi-classical
approximations by using quantum field theory in curved space-time [1, 2]. Hence, for the
original Bekenstein-Hawking entropy quantum gravitational effects are neglected. However,
at such scales, quantum gravitational corrections cannot be neglected, and we need to



consider the non-perturbative quantum gravitational corrections [32, 33] to quantum work.
So, in this paper, we will analyze the non-perturbative quantum gravitational corrections
to the quantum work of a Myers-Perry black hole during its evaporation. It may be
noted that the information geometry of the Myers-Perry black hole has also been studied
using different information metrics [41]. We will analyze the non-perturbative quantum
gravitational corrections to the information geometry of the Myers-Perry black hole, by
defining quantum corrected effective informational metrics.

2 Non-perturbative corrections

In this section, we will analyze the non-perturbative corrections to a Myers-Perry black
hole. The Myers-Perry black hole is a five dimensional black hole, which rotates in two
independent planes. The metric for such a five dimensional Myers-Perry black hole can be
expressed as (in Planck units) [36, 37],

b 2
ds? = —di® + Trdﬂ + %d6% + (r2 + a?) sin? 0d?
2
+ 72 cos? 0d¢? + % (dt — asin® Hdgo) , (2.1)

where a is angular momentum and p is mass parameter. It may be noted that usually the
general form of Myers-Perry black hole solution is parameterized by m, a1, as, and here
we have taken m = p,a; = a,ay = 0, for simplification. Here ¥ = r? + a?cos?#, and
A =1%(r? 4+ a? — u), are suitable functions in the metric [37]. It is possible to express the
radius of the horizon in terms of u which is a parameter related to mass, and a which is
a parameter related to the angular momentum, as r, = \/p — a®. The explicit mass and
angular momentum of the Myers-Perry black hole can expressed in terms of u and a as
M = 3u/8 and J = 2aM /3. We have expressed the Myers-Perry black hole using (M, J)
as the non-perturbative corrections to the information geometry can be directly obtained
using (M, J).

The surface gravity of these solutions given by [42],

Th

= . 2.2
" r? 4 a? (22)

The temperature of the Myers-Perry black hole can now be written as T' = k/2x [42]. By
using the horizon radius, the Myers-Perry black hole temperature can obtain in terms of
mass and angular momentum as,

V96 M3 — 81.J2

T= " (2.3)

In figure 1 we can see behavior of temperature in terms of M by variation of the angular
momentum. We can see that there is a lower limit for M in presence of J.

The rotation parameter has an upper bound, which is given by a < \/8M /3. Now for
quantum sized black holes, we can write M < 1. So, using J? < %M 3 for quantum sized
black hole (with M < 1), we observe J < 1. It may be noted that the entropy of a back
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Figure 1. Temperature of the Myers-Perry black hole in terms of mass.

hole can be obtained from microstates of a conformal field theory [52-55]. The microstates
of black holes with angular momentum have been studied, and it has been observed that
they can be described as a function of its mass and angular momentum Q(M, J) [56-59).
So, we can write the entropy of a Myers-Perry black hole in terms of its microstates as

27296 M3 — 81.J2
5 .

So=InQ(M,J)= (2.4)
This original entropy of the Myers-Perry black hole will get modified by quantum grav-
itational corrections at short distances. This is because the relation between entropy and
area of the horizon of any black hole (including a Myers-Perry black hole) is expected to be
modified due to the quantum gravitational corrections at short distances. It may be noted
that in the Jacobson formalism, geometry of space-time emerges from thermodynamics [21],
and so these quantum corrections can be obtained from the thermal fluctuations [22]. In
fact, perturbative thermal fluctuations have been used to obtain perturbative quantum
corrections to the geometry of black holes [28-31]. Such corrections are universal, and can
be obtained from microstates of a conformal field theory [52-55]. It has been demonstrated
that perturbative correction to the entropy of a black hole can be obtained from modu-
lar invariance. of the partition functions for a conformal field theory [52-55], and scales

as [23-27]
Sper = f(2) ~In(Sp) + ..., (2.5)

where Sy is the original equilibrium entropy of the black hole. These corrections to the
original equilibrium entropy have been obtained by analyzing small fluctuations around
the equilibrium. This is done by first noting that from modular invariance of the partition
function for the conformal field theory [52-55], we can write S(5) = af8"™ + bs™, with the
constant a,b,n,m,> 0. Now as S(f) has an extremum Sy = (nb/ma)l/m+” = T, these

perturbations can be expressed in terms of the original equilibrium entropy Sy = S(f5o)



(with the original equilibrium temperature T' = 1/8y) [23-27]. These perturbative correc-
tions become important when the black hole is small, and can be neglected when it is very
large. However, as the black hole reduces further, this perturbative description does not
hold, and we need to consider non-equilibrium corrections to the thermodynamics of black
holes. These non-equilibrium corrections will correspond to non-perturbative quantum cor-
rections to the geometry of black holes. Such non-perturbative corrections would modify
the original entropy of a black hole. In fact, it has been argued that the non-perturbative
corrections to the black hole would scale as [32-35]

1
Sm = 6 ~ e_SO‘ (26)

So, we will analyze the effects of such non-perturbative corrections [32-35] on a Myers-
Perry black hole. We can express the corrected entropy of a Myers-Perry black hole as
S = Sy + ne~%0, by introducing a parameter 1. This parameter controls the strength of
the non-perturbative corrections, and has been motivated from the use of such a control
parameter in perturbative corrections [23-27]. The value of 7 is fixed in such a way that
for a large black hole, these corrections are negligible, and they only change the behavior
of thermodynamics for small quantum scale Myers-Perry black holes. So, we can explicitly
write the non-perturbatively corrected entropy for such a small quantum scale Myers-Perry
black holes as

S =

(2.7)
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This exponential non-perturbative quantum correction to the original entropy of a Myers-
Perry black hole is neglected at large distances. It has been argued that perturbative
correction to the entropy can produce interesting modifications for the thermodynamic
behavior of the system [23-27]. Thus, we expect that the non-perturbative correction [32—
35] would also produce non-trivial modifications to the quantum thermodynamics of this
system. So, we will be using the non-equilibrium quantum thermodynamics [60-63] to
analyze such a system, as at such small quantum scales, with non-perturbative quantum
corrections, non-equilibrium description has to be used to study a quantum Myers-Perry
black hole.

3 Quantum work

In previous section, we have analyzed the quantum gravitational corrections to a quantum
sized Myers-Perry black hole. We also observed that at such a scale, we cannot express the
system as a equilibrium system, and we need to use non-equilibrium quantum thermody-
namics to investigate it. It is known that the quantum work is one of the most important
quantities in quantum thermodynamics [60-63]. The quantum work can be obtained from
the quantum Crooks fluctuation theorem using Jarzynski equality [64, 65]. The Jarzynski
equality relates the non-equilibrium measurements of the work done on a system to dif-
ference between equilibrium free energies. As it is possible to calculate the free energies
between two thermodynamical states of a black hole, the quantum work done during the



evaporation of a black holes has also been obtained using the Jarzynski equality [68, 69)].
Even though the non-equilibrium thermodynamics of black holes has been previously stud-
ied [68, 69], the quantum gravitational corrections [32, 33| to the non-equilibrium thermo-
dynamics were neglected in those investigations. However, at such small scales, at which
the system cannot be described as an equilibrium system, we cannot neglect quantum
gravitational corrections to it [32, 33]. Hence, we investigate the effect of such quantum
gravitational corrections [32, 33] on quantum work done during the evaporation of the
Myers-Perry black hole.

As the Myers-Perry black hole evaporates, the number of its microstates changes. So,
a Myers-Perry black hole with initial microstates Q(Ms, J2) can evaporate to a Myers-
Perry black hole with microstates (M, J;). This change is produced due to Hawking
radiation, whose temperature scales with surface gravity as T = /27 [42]. Now when
the black hole is large, its temperature is small, and the rate of change of microstates is
much smaller than the original microstates. However, as the black hole becomes small, its
temperature increases, and the rate of change of mircostates also increases. Furthermore,
as the microstates are proportional to the entropy, the total number of microstates also
decreases as the black hole becomes small. Thus, at a sufficient small size, we cannot neglect
the effect of the rate of change of microstates, and at this stage, we cannot consider the
system in equilibrium. It may be noted that for Myers-Perry black hole, large is defined
in a thermodynamic sense, as the microstates are functions of both mass and angular
momentum, and their combined effect defines the size of thermodynamic system. So, for
small quantum sized black holes, we have to explicitly analyze the effects of such changes
between two thermodynamic states, and use non-equilibrium quantum thermodynamics to
analyze it [68, 69)].

As the microstates are related to the entropy, at quantum scales, we need to investigate
the change in the entropy of the Myers-Perry black hole due to a change in its microstates.
Now at small scales, we have to also consider the effects of non-perturbative quantum
gravitational corrections to the entropy of such a Myers-Perry black hole [32-35]. So, we
can express the change in the quantum gravitationally corrected entropy of a Myers-Perry
black hole as AS = S(Ms, Jo) — S(Mjy, J1). This can be explicitly written as

272
AS = - [\/96M§ — 8LJ3 — /9607 — 81J12]

272, /96 M3 — 81.J3 272, /96 M} — 81.J2
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This change in the entropy can be used to obtain a change in the internal energy of this
Myers-Perry black hole. This can be done by first noting that the internal energy of quan-
tum Myers-Perry black holes (where we have neglected O(J*) terms), can be expressed as

U~ —128 M* + 297M J?
—128M3 + 3782
n —179272 M + 41587272 M3 + 243v/6.J2M 3
- 28 T2 M2(—64M3 + 189.J2) '

(3.2)



Then, we can define the change in internal energy as AU = U(Ma, Jo) —U (M, J1). So, we
can express such a change in the internal energy of a Myers-Perry black hole evaporates as
 —128M3 +297MoJ3  —128MY + 297My J}

AU = -
—128M3 + 378.J3 —128M3 + 378J7

3
o —1792m MS + 415872 J3 M3 + 243V/6.J5 M
28 w2 M3(—64M3 + 189.J3)

3
n —1792w2 M + 415872 JZ M3 + 243v/6J2 M

n 3.3
28 w2 MZ(—64M7 + 189.J3) (3:3)

This quantity does not vanish, and the internal energy of the Myers-Perry black hole
changes, as it evaporates from Q(Ms, J2) to Q(My, J1). Now it is important to analyze
the amount of quantum work done as the internal energy of the Myers-Perry black hole
changes from U(Mas, J2) to U(My, J;). This is because apart from Hawking radiation, a
part of the internal energy of the black hole does quantum work during its evaporation. It
may be noted that for equilibrium processes, where we can neglect change in the area of
the black hole, we can also neglect this quantum work term. However, for quantum sized
black holes, the change in the area is of the same order as the area, and we cannot neglect
the quantum work done as the black hole evaporates. So, change in the total energy of
the black hole is given by the energy radiated by the Hawking radiation, and the energy
spend in doing quantum work W, as the black hole contracts. Now let the total amount of
heat in Hawking radiation be denoted by @, as the black hole evaporates from Q(May, J2)
to Q(Mi, J1), then we can write [43]

AU =Q — (W) (3.4)

where (W) is the average quantum work done as the black hole evaporates from Q(Ma, J2)
to Q(My, J1). We can use the Jarzynski equality to obtain this quantum work done as the
Myers-Perry black hole evaporates from Q(Ma, J2) to (M, J1) [64, 65]. Thus, using the
Jarzynski equality [66, 67], we can write the quantum work in terms of difference of the
equilibrium free energies of these two states [68, 69]

(e7PW)y = fAF (3.5)

So, it is possible to relate the quantum work done by the Myers-Perry black hole to the
difference of free energies F'(Ma, J2) and F'(My, J1). It is important to note that unlike heat
(represented by Hawking radiation), the quantum work done on a system is represented
by a unitary information preserving process [44, 45]. Thus, there is an unitary information
preserving process associated with the evaporation of black holes. This unitary information
preserving process, which corresponds to quantum work, can be neglected at large scales,
but cannot be neglected at quantum scales. It could be possible that information can
leak out of a black hole due to such a process. So, it is possible that the black hole
information loss paradox [46, 47] occur only due to the use of equilibrium thermodynamics
to describe the evaporation of a black hole down to Planck scale. However, at such a small



scale, we have to analyze the system using non-equilibrium quantum thermodynamics.
As quantum work, which is represented by an unitary information preserving process,
becomes important at that scale, it is possible that black hole information paradox can be
resolved by the use of non-equilibrium quantum thermodynamics. It would be interesting
to use the relation between quantum information theory and non-equilibrium quantum
thermodynamics to investigate the black hole information paradox [48, 49]. This can be
done by using the results obtained in this paper, along with the relation between quantum
work and information theory [48, 49]. The presence of this unitary information preserving
process might be the reason that the black hole information paradox does not occur in gauge
gravity duality [50, 51]. So, it would be interesting to explicitly analyze the holographic
dual to quantum work, and its consequences on black hole information paradox. However,
here we will only analyze the effect of quantum gravitational corrections on quantum work
for a quantum sized Myers-Perry black hole.

Now, we can obtain the quantum work corrected by non-perturbative corrections using
quantum corrected free energy. We can write this modified free energy, which has been
corrected by non-perturbative quantum gravitational corrections as

2 - _sm Vv IOMTTelJ®
M 9 < VI6M® — 817 ) ) o~ TR Ly (36)

F=—y—- 4+ 1
3 T 1602 T o

8 M3 V96 M3 —81.J2

Now, for a quantum scale Myers-Perry black hole, we can approximate (neglecting O(J%))
the free energy as

_128MP 41350 g
T 382 26881 2 2

896 M 272 +945M 2 2 J2 +336+/6 M3 — 81\/6J2} .
(3.7)

So, as the Myers-Perry black hole with microstates (M, J;) evaporates to microstates
Q(May, Ja), the change of free energy can be expressed as AF = F(Ma, Jo) — F(My, Jy).
Thus, using Jarzynski equality, we can write the quantum work as

<e—BW> — 6BAF

exp B 128M35 +135J2 128 M3} + 1357
= X —
P 38402 38407
T 3
— # [896M22 72 + 945 M2 723 + 3366 M5 — 81 \fGJQQ}
2688 M. 72
7 3
+# [896Mf 72 + 945 M2 72 T3 + 336V6 M3 — 81\/5J12] . (3.8)
2688 M 72

Thus, we have obtained quantum work for a Myers-Perry black hole. We observe that it
depends on the strength of non-perturbative corrections.

We can write the partition function for a Myers-Perry black using its microstates [58].
So, as the microstates change from Q (M, J1) to Q(Ma, J2) during evaporation, the parti-
tion function changes from Z;[Q2(Mi, J1)] to Z2[Q2( My, J2)]. We can relate these partition
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Figure 2. AF of the Myers-Perry black hole in terms of (a) final mass with n = 0.95, J; = 0.1,
and Jy = 0.2; (b) final angular momentum with n = 0.95, M; = 0.5, and M = 1.

functions for a Myers-Perry black hole to the quantum work done as the black hole evap-
orates between these two microstates. So, if the black hole with a partition function 2
evaporates to a black hole with a partition function Zs, then we can use the Jarzynski
equality to obtain [66, 67]

)

Z

As Z5/Zy has been expressed in terms quantum work, we can also express the relative

() =

weights of the partition function in terms of the difference between the equilibrium free
energies as exp(SAF) = Zy/Z;.

Now, we can use Jensen inequality to relate the average of exponential of quantum
work to exponential of the average of quantum work for a Myers-Perry black hole as
el < (e7BW). So, by using this inequality we can obtain an inequality for the quantum
work done during the evaporation of a Myers-Perry black hole. This can be written in terms
of the difference of the free energy, which in term can be written in terms of the masses
M, M> and angular momentum Jq, Jo as

(W) > AF
_ 128MF +135JF  128M7 + 13577
- 384M3 384M7
z 3
-1 [896M22 7% + 945 M7 72 J3 + 336V60M3 — 81\/6J22]
2688 M 2
z 3
+—1 [896M12 7 + 945 M2 72 JF + 336V6 M7 — 81\/6J12] : (3.9)
2688 M 2

Here, (W) = AF for processes at equilibrium. It may be noted that in figure 2, we have
analyzed the effect of non-perturbative corrections on the difference of free energy between
two states of a Myers-Perry black hole. This was done by first analyzing the variation of
the difference of free energy with mass, and then analyzing the variation of difference of
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free energy with angular momentum. As the quantum work is bounded in terms of the free
energy, we can view this as the correction to the bound on the quantum work corrected by
non-perturbative corrections.

In the figure 3, we will investigate the effects of non-perturbative corrections to the rel-
ative weights of the partition functions. As these relative weights can be expressed in terms
of the difference of free energies, and this difference is corrected by non-perturbative cor-
rections, these weights are also corrected by non-perturbative corrections. It may be noted
that weights can also be related to the exponential of quantum work using the Jarzynski
equality [66, 67]. Here, again we investigate the variation of these relative weights with the
difference of mass and difference of angular momentum of the Myers-Perry black hole. We
can observe that non-perturbative quantum effects can produce interesting modifications
to the relative weights of such partition functions.

As the quantum work is done during the evaporation of a Myers-Perry black hole, it
is important to analyze the effects of these non-perturbative corrections to the stability
of these quantum scale Myers-Perry black hole. This can be done by analyzing the non-
perturbative corrections to the specific heat of a Myers-Perry black hole

2 —
1672 M3v/96 M3 — 81.J2 (1 _ne_%\/W)

¢= 81.J2 — 24 M3

(3.10)

The information about the stability of this thermodynamics system can be obtained from
the sign of this corrected specific heat. We plot the specific heat for the different values
of M in figure 4. We observe that the original Myers-Perry black hole with large value
of M is in an unstable phase. However, there is a minimum mass, at which specific
heat vanish C' = 0. So, at this stage the black hole does not exchange energy with the
surroundings. Furthermore, at this stage T' = 0, and the Myers-Perry black hole stops
radiating Hawking radiation. So, at this stage it forms a stable Myers-Perry black remnant.

~10 -
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Figure 4. Specific heat of the Myers-Perry black hole in terms of mass.

The non-perturbative quantum corrections change this behavior, as can be observed from
the left part of plot in figure 4. So, due to the non-perturbative quantum corrections,
the specific heat of a quantum scale Myers-Perry black hole becomes negative, and it
becomes unstable.

At large scales, the original Myers-Perry black hole in an unstable phase. At such
a large scale, the effects from non-perturbative quantum corrections can be neglected.
However, a first order phase transition occurs at a critical scale, for the original Myers-
Perry black hole. After this phase transition, the original Myers-Perry black is in a stable
phase. The black hole mass at this critical point, where such a phase transition occurs is

1/3
M, = Bé <J2 + (%)ﬂ . (3.11)

It is denoted by a circle line in left plot of figure 4. However, at such a small quantum

given by

scales (M < M,), non-perturbative quantum corrections become important, and cannot
be neglected. We observe that due to these non-perturbative quantum corrections, the
Myers-Perry black hole becomes unstable, at such small scales. It is interesting to note
that the situation is different, when the angular momentum is neglected, J = 0. Here, the
original black hole (Schwarzschild black hole) is initially unstable, and the non-perturbative
corrections make it stable at small scales, as illustrated by right plot of figure 4. Thus, we
see that the behavior of quantum corrected specific heat depends on both J and M. We
also observe that the stability of the Myers-Perry black holes is non-trivially modified by
the non-perturbative quantum corrections at small scales.

4 Information geometry

It is possible to investigate the stability of black holes using information geometry [70, 71].
The phase transitions for black holes can be investigated using divergences of the Ricci
scalar of the information geometry [72-77]. This Ricci scalar is obtained using from a
specific form of the information metric. There are different information theoretical metrics,
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which represent different amount of information about a thermodynamic system. In fact, it
has been observed that the information about phase transition of different black holes can
only be represented by certain informational theoretical metrics. Thus, it is important to
use various information theoretical metrics to analyze the phase transition in a black hole.
The phase transition in a charged Gauss-Bonnet AdS black holes has been studied using
a Ruppiner metric [79], and the phase transition in a Park black hole has been studied
using a Weinhold metric [80]. However, it has been demonstrated that both the Weinhold
and Ruppiner metrics cannot be used to obtain information about the phase transition
of a charged AdS black hole with a global monopole [78]. It is possible to obtain such
information about the phase transition of such a charged AdS black hole with a global
monopole from Quevedo and HPEM metrics [78]. The phase transition of a black hole
surrounded by the perfect fluid in Rastall theory has been studied using the Ruppiner
and HPEM metrics, and it has been observed such a phase transition cannot be analyzed
using Weinhold and Quevedo metrics [81]. It has been demonstrated that for such a
black hole surrounded by the perfect fluid in the Rastall theory, it is possible to extract
more information from the HPEM metrics than the Ruppiner metric [81]. Thus, different
amount of physical information about the phase transition can be extracted from different

information theoretical metrics.

We have observed that at quantum scales, the quantum gravitational corrections can-
not be neglected. These quantum gravitational corrections are expected to modify the
information theoretical metrics for a black hole. So, we need to modify the original formal-
ism of the information geometry to incorporate these quantum gravitational effects. As
these information theoretical metrics are expressed in terms of the mass of a black hole,
we need to define a novel quantum mass of a Myers-Perry black hole to construct effective
quantum corrected information metrics. This can be done by directly incorporating the
effect of non-perturbative quantum gravitational corrections into the quantum mass of a
Myers-Perry black hole. Furthermore, as the quantum gravitational corrections can be
neglected for a Myers-Perry black hole at large scales, this quantum mass should reduces
to the original mass of the Myers-Perry black hole at such large scales.

Such a quantum mass for a Myers-Perry black hole can be defined by first observing
that the original entropy (without quantum gravitational corrections) of the Myers-Perry
black hole is a function of original mass and angular momentum [37, 38]. So, the origi-
nal mass can be expressed as a function of the original entropy and angular momentum.
Now as the quantum gravitational corrections modify the original entropy, the quantum
gravitationally corrected entropy can be used to define this novel quantum mass for the
Myers-Perry black hole. Thus, the quantum mass can be expressed as function of the
quantum corrected entropy

—

g, (4.1)

3 472 n 2 U 2
M(S,J) = 3.3 [16# Jo+4LW (—6S> + 8SLW (—es) + 45

where LW (z) is Lambertw function. Here, we can consider the parameter 7 as a new
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thermodynamic variable with conjugate X, which is given by,

96 M3 — 81J2 _ 2x2\/o6M3 8172
X =T e . (4.2)

Now, we can obtain the non-perturbative corrections for other thermodynamic quantities as

a function of S and J. So, we can write the quantum gravitationally corrected temperature
(T = (0M/08S)) as

_ &

T — W, (4.3)
We can also express the quantum gravitationally corrected specific heat (C' = T'(05/0T))

as )

_ &1 &2 &3 -
= 8622/37T4/3 _1295/3774/3 + 8g2/374/3 ’ (4.4)

where
2
(LW (—17 e*S)) SLW (17 e*S)
=-38 8LW (ne ) —8 85 4.5
S 1+ LW (—ne9) * (ne ) 1—|—LW(ne_S)+ ’ (45)
2

£ =167 J% + 4 (LW (—77 e*S)) +8SLW (77 e*S) +452, (4.6)

LW (n e—S) 8 SLW (n e_S) +16 (LW (—n e—S))2

T Iw e s) (1+ LW (-ne=5))*
8 (LW (—n e—S))3 +8SLW (n e—S)
- (1+ LW (~pe=5))°

&3

+8. (4.7)

We have plotted the behavior of these thermodynamic quantities and investigated the ef-
fects of non-perturbative gravitational quantum corrections on them. Now from figure 5,
figure 6, figure 7 and we observe that the quantum corrected mass, temperature and spe-
cific heat depends on 7 and J. This is expected as 7 is the parameter which measures
the strength of non-perturbative quantum corrections. Also, the angular momentum can
change the effect of the non-perturbative quantum corrections on the thermodynamics of
a Myers-Perry black hole. Here it has been demonstrated how the quantum gravitational
corrections are first directly incorporated in the quantum mass, and then their effect on the
angular momentum is obtain from this quantum mass. This analysis can be generalized for
charged black holes, and other black hole solutions with different topology. As the informa-
tion geometry of a black hole could be expressed using its mass, we can use the quantum
mass to study the quantum gravitational corrections to the information geometry for a
quantum Myers-Perry black hole. This will be done by analyzing the quantum gravita-
tional corrections to different information theoretical metrics [82-88, 92, 93] of a quantum
Myers-Perry black hole. We use different informational theoretical metrics to ensure that
we do not lose important physical information about the effects of the non-perturbative
quantum gravitational corrections on phase transitions.

We will start this analysis using the Ruppeiner metric. The Ruppeiner metric was
proposed to define a geometry for the space of thermodynamical fluctuations [82, 83]. Now
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Figure 5. Variations of mass in terms of horizon radius r,, for the Myers-Perry black hole in
five dimensions.
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Figure 6. Variations of temperature in terms of horizon radius rp, for the Myers-Perry black hole
in five dimensions.
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Figure 7. Variations of the specific heat in terms of horizon radius rp, for the Myers-Perry black
hole in five dimensions.

we can define the quantum corrected effective Ruppeiner metric as
1
ds? = —TMgf;dX“de. (4.8)

The Weinhold metric was motivated using the connections between Gibbs-Duhem relation
and scaling of thermodynamic potentials [84, 85]. So, we can write the quantum corrected
effective Weinhold metric as

ds? = Mgl dXdX?. (4.9)

The Quevedo (I and II) metrics are constructed using Legendre invariant set of metrics
in the phase space [86, 87]. It may be noted that their pullback produces the required
information metrics on the space of equilibrium states. Now motivated by the original
Quevedo (I and IT) metrics, we can define the quantum corrected effective Quevedo (I and IT)
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metrics as
ds® = (SMyg + aMy)(—MggdS® + Maada®), (4.10)

and
ds* = SMg(—MgsdS? + Muada?). (4.11)

The HPEM information metric has been constructed by using a different conformal than
the Quevedo metrics [88-91]. Thus, the quantum corrected effective HPEM metrics can

be expressed as
SMg

92Mm\3
(5¥)

It is also possible to define NTG metric by changing coordinates of the thermodynamic

ds? = (—MssdS? + Moada®) (4.12)

space by Jacobean transformation [92, 93]. Now the quantum corrected effective NTG
metric can be written as

ds? = % (~MssdS? + Maqda?) . (4.13)
In these quantum corrected effective metrics, My is the second order differentiation with
respect to X and Y variables. It may be noted that they have been obtained using the
quantum corrected mass.

Now, we can use plots to investigate the behavior of quantum corrected effective Ricci
scalars, and compare it with the behavior of the specific heat (see figures 8, 9). We find
that quantum corrected effective Weinhold metric does not have any divergences, where
the specific heat diverges or becomes zero (see figures 8(a)). Furthermore, from figure 8(b),
we observe that the quantum corrected effective Ruppeiner metric has a divergence, where
the specific heat becomes zero. So, the divergence of the scalar curvature for the quantum
corrected effective Ruppeiner metric corresponds to a phase transition in this system. The
situation is different for the quantum corrected effective Quevedo (I, IT), quantum corrected
effective HPEM, and quantum corrected effective NTG metrics. The divergences of the
scalar curvature of these quantum corrected effective metrics can provide better informa-
tion about the phase transition points for a Myers-Perry black hole (see figures 8(c), (d)
and 9(a)—(d)). In fact, we observe that the divergent points of the quantum corrected ef-
fective Ricci scalar for the quantum corrected effective Quevedo (I, II), quantum corrected
effective HPEM and quantum corrected effective NTG metrics contain important informa-
tion about phase transitions type in this system. The divergent points of the quantum
corrected effective Ricci scalar for these quantum corrected effective metrics coincide with
both zero and divergent points of the specific heat. So, these quantum corrected effec-
tive metrics contain more information about the phase transition in this system. Thus,
quantum corrected effective Quevedo (I, IT), quantum corrected effective HPEM and quan-
tum corrected effective NTG metrics can be used to obtain important physical information
about the phase transition in a quantum Myers-Perry black hole. Here we observe that
different quantum corrected informational metrics also contain different amounts of infor-
mation about the system. It is interesting to note that the information geometries have
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black hole.

been constructed by incorporating quantum gravitational corrections in the effective in-
formational metrics, which were obtained from a novel quantum mass of a Myers-Perry
black hole.

5 Conclusion

In this paper, we analyzed quantum work for a quantum scale Myers-Perry black hole. It
was observed that the quantum work was corrected by non-perturbative correction for a
quantum scale Myers-Perry black hole. As these corrections changed the relation between
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entropy and area of a Myers-Perry black hole, they also produces corrections in free en-
ergy of a Myers-Perry black hole. So, the difference of corrected free energy was used to
obtain the corrections to the quantum work. We used the Jarzynski equality to obtain the
corrected quantum work for this black hole.

It may be noted that it is possible to use the original entropy Sy of the black hole
to obtain quantum work. As the original entropy Sy = A/4 is obtained by semi-classical
approximations (using quantum field theory in curved space-time), the equilibrium ther-
modynamic quantities obtained from Sy correspond to this approximation [1, 2]. Now
as the difference between such equilibrium free energies can be related to quantum work
using the Jarzynski equality, the Jarzynski equality has been used to obtain the work cor-
responding to the original entropy Sy of black holes [68, 69]. However, for quantum scale
black holes, it has been argued that non-perturbative quantum gravitational corrections
will correct this original entropy [32-35]. These non-perturbative quantum gravitational
corrections produce corrections to the original semi-classical entropy Sy, which can be
represented as S = Sy + nexp(—Sp) [32-35]. Now it is possible to obtain the quantum
gravitational corrections to the free energies from this quantum corrected entropy, we ob-
tain quantum gravitational corrections to the quantum work for a Myers-Perry black hole.
These quantum gravitational corrections are controlled by a parameter, and the behavior
of the quantum work explicitly depended on this control parameter. It is possible to use
the mircostates of a black hole to construct its partition function. As the black hole evap-
orates, its microstates change, and this changes the partition function of the system. We
obtained the relative weights of such partitions functions using the Jarzynski equality for
a quantum Myers-Perry black hole. Unlike heat represented by Hawking radiation, this
quantum work is represented by a unitary information preserving process. So, there is an
unitary information preserving process associated with the evaporation of black holes, and
this can have implication for black hole information paradox. As quantum work was done
during the evaporation of a Myers-Perry black hole, we also investigated the effect of such
corrections on the stability of a Myers-Perry black hole. It was observed that even though
the original Myers-Perry black hole become stable at short distance, the non-perturbative
quantum corrections changed this behavior. These corrections depended on the angular
momentum of the black hole. So, in absence of angular momentum, these corrections sta-
bilized the quantum scale Myers-Perry black hole. We analyzed the quantum corrected
information geometry of these black holes with different quantum corrected effective infor-
mation metrics. It was observed that quantum corrected effective Quevedo (I, IT), quantum
corrected effective HPEM and quantum corrected effective NTG metrics contain more in-
formation about the phase transition in this system, than the quantum corrected effective
Weinhold and quantum corrected effective Ruppeiner metrics. These results obtained by
incorporating quantum gravitational corrections in effective informational metrics, which
was obtained using a novel quantum mass of a Myers-Perry black hole.

It is known that the entropy of a back hole can be obtained from microstates of a con-
formal field theory. The microstates of black holes with angular momentum have also been
studied using the AdS/CFT correspondence. Thus, it is possible to analyze the microstates
of a rotating black hole using a conformal field theory dual to such a system. Furthermore,
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in this paper, we could derive the expression for work done during the evaporation of a
Myers-Perry black hole. This was done using the Jarzynski equality for such a system. It
is possible to investigate this using the AdS/CFT correspondence, and find the field theory
dual to such work done during the evaporation of a black hole. We could analyze the quan-
tum corrected information geometry of black holes using the AdS/CFT correspondence. It
is expected that these different information theoretical metrics would be produce interest-
ing dual structures for a Myers-Perry black hole. It is possible to extend this work to other
black holes. These are solutions for an extended objects surrounded by event horizons. It is
known that these exotic solutions still have the unusual causal structure. It is also possible
to relate the black strings to fundamental strings of the string theory. It has been known
that these black strings can have the usual properties associated with black holes. Thus, it
is possible to analyze the thermodynamics of black strings, and even use the information
theoretical metrics to analyze phase transitions in black strings. So, it would be interesting
to investigate the effect of these non-perturbative quantum corrections on the thermody-
namics of black strings. It is possible to investigate this modified thermodynamics of black
strings using different information theoretical metrics. We can also obtain the quantum
work for black stings using the Jarzynski equality for such a system. We could explicitly
obtain the quantum work for black strings using the difference of their free energies.

It is known that in the Jacobson formalism, space-time emerges from the thermody-
namics of the system. Now, it has been observed that the thermodynamics is corrected due
to non-perturbative quantum corrections. So, it is possible to use this quantum corrected
thermodynamics for the Myers-Perry black hole to obtain a quantum corrected effective
metric for such black holes. These quantum corrections in this effective metric are ex-
pected be proportional to the coefficient of the non-perturbative corrections. Thus, at
large distances, this quantum corrected geometry of a Myers-Perry black hole could be ap-
proximated by its classical metric. However, the quantum corrections to the metric would
become important at short distances. It would be interesting to investigate the Raychaud-
huri equation for such quantum gravitationally corrected effective geometries. This could
then be used to investigate the effect of quantum corrections on the singularity theorems.
It is expected that the geometry flow would also be modified by such non-perturbative
quantum corrections. So, it would also be interesting to investigate what such effects for
a Myers-Perry black hole, when its thermodynamics is modified from non-perturbative
quantum corrections.

As we analyzed the effect of quantum gravitational corrections on a Myers-Perry black
hole, it would be also interesting to analyze quantum work for fuzzballs. It is possible
to analyze the black holes in string theory with fuzzball proposal. In this proposal, the
singularity at the center of a black hole is smoothed out. This is done by assuming that
the entire region inside the horizon of a black hole is made of string states, and these
string states resemble a black hole. As the effective classical description of a fuzzball still
resembles a black hole, it is consistent with large scale gravitational experiments conducted
on large scale astrophysical black holes. The large scale thermodynamics from fuzzballs
also resembles classical black holes. However, we do expect that short distances physics
of fuzzballs to be different from black holes. So, it would be interesting to investigate
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the effect of quantum corrections on fuzzballs. It would also be possible to obtain the
quantum work for fuzzballs by analyzing quantum thermodynamics of fuzzballs. It is
also expected that the quantum work of fuzzballs would be corrected from short distance
quantum corrections. It is possible to investigate such corrections to quantum work for
fuzzballs using the Jarzynski equality. Thus, we can first try to obtain the equilibrium
thermodynamic quantities for a fuzzball. The difference of two equilibrium free energies
at two different states can then be related to the average quantum work. In fact, this
average quantum work is related to the different weights of the partition functions, and the
partition functions can be calculated in a fuzzballs in terms of string microstates. So, it
would be interesting to related such partition functions using quantum work for a fuzzball.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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