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1 Introduction

In asymptotically flat Einstein gravity, leading [1-3], subleading/overleading [4-10] or
higher subleading/overleading [11, 12] relationships have been found in the infrared sector,
which relate symmetries [5, 6, 9, 13-21], memory effects [7, 12, 22-35] and scattering identi-
ties involving soft modes [36, 37]. Partial reviews include [38-41]. In cosmology, such rela-
tionships have also been described [42-47] which relate symmetries [42, 44, 48-50], memory
effects [47, 51-57] and consistency conditions for correlation functions [42, 44, 58-61]. In
this context, the main motivation of this work is to increase the understanding of symme-
tries in cosmological spacetimes with the aim to better understand their infrared structure.
In addition, the flat limit of cosmological spacetimes allows for an improved understanding
of the infrared structure of asymptotically flat spacetimes.

In our previous work [49], we found how to embed the (often called generalized) BMSy
symmetry algebra [5, 6, 18, 19, 62] within asymptotically locally anti-de Sitter or de Sitter
spacetimes in four-dimensional Einstein gravity. Two ingredients are necessary: a foliation
of the codimension one asymptotic boundary manifold, and a measure on the codimension
two manifolds induced by the foliation. This background structure suffices to uniquely
identify the A-BMS, algebra.! In this paper, we will further derive the surface charge
algebra associated with the A-BMS, algebra and match the BMS, charge algebra [9, 19]
in its flat limit.

The A-BMS, algebra arises in asymptotically locally de Sitter spacetimes by fixing
a boundary gauge without constraining the Cauchy problem. While the entire boundary
diffeomorphism algebra acts on the boundary metric [48], its A-BMS, sub-algebra captures
the entire set of charges that are constrained by Einstein’s equations, namely the Bondi
mass and Bondi angular momentum, which can be identified as the components of the
holographic stress-tensor along the foliation. In locally anti-de Sitter spacetimes, the A-
BMS, algebra also arises in the nAdS,/nCFTj3 correspondence (the generalization to four
dimensions of the nAdSy/nCFEFT; correspondence [68, 69]) where AdSy is coupled to an
external system with which it can exchange energy. Instead, in the AdS/CFT correspon-
dence, Dirichlet boundary conditions are imposed and break the A-BMS, algebra to the
standard SO(3,2) algebra [70].

In order to achieve a flat limit of the A-BMSy surface charge algebra, one new ingredient
will be required. We will need to sophisticate the technical definitions of the variational
principle and the symplectic structure in the presence of asymptotic boundaries with fluxes,
in the tradition of covariant phase space methods [40, 71-78]. More precisely, we will need
to complete the prescription given in [78] to take into account corner terms in the variational
principle in addition to the holographic counterterms [79-81]. As a result, we will find the
explicit realization of the full BMS, asymptotic symmetry group under the standard Dirac
bracket and prove that it does not admit central extensions at the corners of null infinity.

!Technically, it is an algebroid [18, 63-66] (also called soft gauge algebra [67]) instead of a Lie alge-
bra because its structure constants depend upon the boundary metric. We will still use the terminology
“algebra” for simplicity.



The rest of the paper is organized as follows. In section 2, we derive the renormal-
ized symplectic structure of generic asymptotically locally (A)dSs spacetimes using the
holographic renormalization procedure of the action [79-81] and of the symplectic struc-
ture [78]. We derive the surface charges associated to residual gauge transformations in
Starobinsky /Fefferman-Graham gauge [82, 83] and show that their algebra closes without
central extension under the adjusted bracket prescribed in [19]. In section 3, we particu-
larize our general results to obtain the A-BMS4 charge algebra after imposing boundary
Dirichlet gauge defined from a boundary foliation and measure. In section 4, we show that
the flat limit of the phase space associated with A-BMS, symmetry leads to the (general-
ized) BMS, phase space derived in [9]. In order for this limit to be smooth, we introduce
corner terms in the variational principle and we prescribe corresponding boundary terms
in the symplectic structure. We finally describe the BMS, surface charge algebra and its
corresponding flux algebra under the adjusted Lie bracket [19] and under the standard
Dirac bracket. We end with a discussion in section 5.

The main text is supplemented with several appendices in order to make the paper
self-contained. In appendix A, we set our notations and conventions. In appendix B, we
discuss Starobinsky /Fefferman-Graham and Bondi gauges in asymptotically locally (A)dSy
spacetimes. Furthermore, we provide some computational details on the holographic renor-
malization procedure, the surface charges, the adjusted Lie bracket and the adjusted Dirac
bracket. In appendix C, we provide a derivation of the explicit A-BMS, generators. Fi-
nally, in appendices D and E, we summarize useful results obtained in [49] concerning the
flat limit.

2 Charge algebra of asymptotically locally (A)dS, spacetimes

In this section, we first review the well-known holographically renormalized action for
asymptotically locally (A)dS, spacetimes (Al(A)dS4 spacetimes in short) in Einstein grav-
ity without matter. We then review how the action leads to a renormalized symplectic
structure and we derive the covariant Hamiltonian associated to all residual diffeomor-
phisms of Starobinsky/ Fefferman-Graham gauge, namely the Weyl rescalings and bound-
ary diffeomorphisms. We will prove from first principles that the surface charges associated
with Weyl rescalings are vanishing and therefore do not belong to the asymptotic symmetry
group. Instead, the boundary diffeomorphisms admit non-vanishing Hamiltonian surface
charges and do belong to the asymptotic symmetry group. The main result of this section
is the proof that these Hamiltonian surface charges obey an adjusted algebra which is iso-
morphic to the algebra of asymptotic symmetries without central extension. Throughout
this section, except the existence of a conformal compactification, no boundary conditions
are assumed.

2.1 Holographically renormalized variational principle
The variational principle for General Relativity without matter in AI(A)dS,4 spacetimes is

given by

S[g] =/ d433LEH[g]+/ dngGHYJr/ dgazLCH—/ d*z L. (2.1)
¥ s s s



The first term in the right-hand side of (2.1) is the Einstein-Hilbert action whose La-
grangian 4-form is

Linlg] = - (R—24) y=gd'x. (2.2)

The second term is the Gibbons-Hawking-York term

Leny[y] = GU\/ 17K, n = —sgn(A). (2.3)

Here, .# denotes the bulk spacetime and ¥ = 0.# its asymptotic boundary. The cosmo-
logical constant A = £3/¢2 can have either sign. The extrinsic curvature K of .# is defined
with respect to its 4-dimensional outward normal unit vector N, N¥N, = n. The latter
is defined in the vicinity of .# and determines a foliation of hypersurfaces. The induced
metric on such hypersurfaces is written as v,; and its determinant as . We denote as p
the Starobinsky /Fefferman-Graham coordinate that foliates the spacetime close to .# (lo-
cated at p = 0 with N, ~ d,p) [81-85]. Asymptotically locally (anti-)de Sitter (Al(A)dS4)

(0)

spacetimes are defined as spacetimes such that the boundary metric g " = 0 Yap|s exists.

Our notation and conventions are further explained in appendix A.

The Einstein-Hilbert action is supplemented by various boundary contributions. The
addition of the Gibbons-Hawking-York term is necessary and sufficient to admit a well-
defined variational principle for Dirichlet boundary conditions (i.e. dvqp| s = 59((11)) = 0).
The counterterm required to cancel the divergences arising from the variations of the

boundary metric is given by [79]

Let[y] = wf@\/gm [4? - RM] : (2.4)

Though this boundary Lagrangian does depend upon the foliation used to define the bound-
ary metric, the surface charges do not depend upon this choice, as will be derived in sec-
tion 2.3. This is a consequence of the absence of conformal anomaly in even-dimensional
(A)dS. The choice of boundary conditions might lead to adding a finite boundary La-
grangian L [¢(9] which is a function of g((l?)) and possibly other boundary fields. We assume
that the associated action is diffeomorphism and Weyl invariant. As an example without
additional boundary fields, one could add the gravitational Chern-Simons Lagrangian for

(0)

g, - Another example will be provided in section 4.2.

2.2 Holographically renormalized symplectic structure

The symplectic structure is defined in two steps. First, the presymplectic form is defined
from covariant phase space methods [72-74] as we shortly review (see also [40, 41]). Second,
it is renormalized in accordance with the action [78].

Taking the variation of the Einstein-Hilbert Lagrangian (2.2) we obtain

SLeulg) = ————(G" + Ag"")é g, d*z + dOru[dg; g], (2.5)
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where G, = R, — %Rg,w and Og[dg; g] is the Einstein-Hilbert presymplectic potential
explicitly given by

Ounlig: o) = L [V, (5} ~ V(36)",) (@) (2:6)

We use the Grassmann even convention for the variational operator . The indices of dg,,
are lowered and raised by g, and its inverse (i.e. (6g)** = g"“g"?8gap). The associated
presymplectic form is defined as

wEH[019, 029; 9] = 01OEH[027; 9] — 62OEH[019; g]. (2.7)

Both the Einstein-Hilbert presympletic potential and presympletic form are divergent
at .# if the boundary metric is varied. The renormalization of the action leads to a renor-
malization of the presymplectic potential/form. This renormalization can be performed
using the Starobinsky/Fefferman-Graham holographic fields ggl))) and T% defined in ap-
pendix B.1. As proven in appendix B.3 and in [78], the master equation governing this

renormalization reads as
1
Oby = 0Lcuy + 0Lt — 0,0% — 5V |9(0)|Tab59£) +O(p). (2.8)

where ©F, is defined from

0L, a
5Lct [’7] = Tt(s’yab + 8a@ct [67; ’Y]' (29)
Yab
We also note that

2 6L,

1 0) b
0 = 3Lolg"”] ~ 2,08(09: 9] = 5\ /9 OIS 09y, T = (210
2 ' V1g®lag )
Diffeomorphism and Weyl invariance of L, imply
g1t =0, DOTW® = 0. (2.11)

We now have the tools to define the renormalized presymplectic potential. Combin-
ing (2.8) and (2.10), we first define its component along the normal IN:

Ofen (005 8] = Ofy — 0Lguy — 0Let — 0 Lo + 0,05 + 0,03 (2.12)

where ¢ denotes all the fields, ¢ = {gu, Yab, gg(;), ... }. Alternatively, ¢ can be taken to
denote the metric g, and all background structures such as the foliation. The dots refer to
possible additional boundary structure used in the definition of L,. We consider that the
boundary structure is a background that is not varied. We now extend the definition to
other components by geometrizing the expression as follows. We define the co-dimension
1 forms Lgpy, Let and L, that admit a non-vanishing component only along the normal
N as Lguy = LGHy(d3m)p, L = Lct(d3x)p, L, = Lo(d3:1;)p. Similarly, we define the co-

a

. . . < 1. pa ap __
dimension 2 forms ©. and @, with only non-vanishing components O = -0, = 0%,

08" = —03” = ©2. We finally define the renormalized presymplectic potential as

Gren [5¢7 ¢] = GEH - 5LGHY - 5Lct — 0L, + d®ct +dO,. (213)



This geometric definition fixes the two standard ambiguities that arise in the covariant
phase space formalism [72-74], namely Ogu[0g; 9] — Oru[dg; g| — 0 A[p] +dY [d¢; ¢] where
A is a co-dimension 1 form and Y is a co-dimension 2 form that depend upon the back-
ground structure. Here A[¢] = Lauy + Let + Lo is fixed by the choice of boundary action
that is added to the Einstein-Hilbert action in (2.1) and Y'[0¢; ¢] = O + O, is fixed by
the boundary terms arising from the variation of the boundary actions (2.9) and (2.10).
Corner terms in the variation of the action arising at 0. are ignored here but will be
discussed in section 4.2. Under the shift (2.13) the presymplectic form is renormalized as

Wren[010, 6203 ¢] = wEH[019, 029; g] + d (61Y [020; ¢] — 02Y [016; @) . (2.14)

The boundary term A does not affect the presymplectic form. The resulting pull-back on
# of the renormalized presymplectic potential reads as

Orenlddidl| =~ /11T 365 (@), (2.15)

and the associated presymplectic form is

Wrenl 16,2656 | = _751 (FTM)> 529 (), — (152),  (2.16)

where T(‘ﬁ’)t) = T 4 T is the total stress-energy tensor.

2.3 Canonical surface charges

The co-dimension 2 form kg ;en[0¢; ¢] associated with the vector field £ and from which
one can deduce the infinitesimal surface charge difference between two neighbouring field
configurations is defined as [72-74, 76-78] (see also the reviews [40, 41, 86-88])

dk{,ren [5¢, (ZS] = Wren [5§¢a d9; ¢]7 (217)

where the metric and its variation are on-shell. The contracted variation of the metric is
an infinitesimal diffeomorphism, 6¢g,, = £L¢g,,. Remember that we are using the fields
¢ = {Guv> Yabs g((lb ,...} defined in Starobinsky/Fefferman-Graham gauge. A diffeomor-
phism preserving the gauge is parametrized by an arbitrary Weyl parameter o(x®) and
an arbitrary boundary diffeomorphism 5?0) (2%). The variation of the fields O¢Yabs 559((12)
under Weyl rescalings and boundary diffeomorphisms can be deduced from their defini-
tion, see appendix B.1. The fundamental relation (2.17) defines k¢ ren[0¢; @] up to an exact
co-dimension 2 form ambiguity. This ambiguity does not play any role when integrating
on a 2-sphere, assuming that the fields and the vector field are smooth, which will be the
case here.

We define a foliation ¢ (timelike for A < 0 and spacelike for A > 0) of the boundary
# such that each ¢ describes a boundary 2-sphere. The component of (2.17) relevant for
defining the surface charges as an integral over the boundary 2-sphere S2 is

Oakg'enl003 @] = wien[0¢d, 06; @] (2.18)



Using (2.16) we deduce after some algebra the explicit expression of the co-dimension 2
form

a 1
kgren[5¢; Qﬂ =0 ( ‘9(0)‘T(tot > f(0) | |£(0) tot 59[56) + (9( ) (2‘19)

The proof is given in appendix B.4. Integrating this last expression on S2 leads to the
surface charges of Al(A)dS4 spacetimes in terms of Starobinsky/Fefferman-Graham fields,

gt = [ 2 |8 (V0O Tl ) €y = 51/00 € Thopal? | 220)

Here 2(d2a:)pt = %aptAdeA A dzB (see appendix A for our conventions on differential
forms). The symbol § emphasizes that the charges are not integrable. This is the first main
result of this paper. While this expression appeared before in the literature in restricted
contexts, it is proven in more generality here. Let us make a few comments.

> The charges (2.20) are finite even if the boundary metric is varied. This is a conse-
quence of the holographic renormalization of the symplectic structure, itself deduced
from the holographic renormalization of the action as explained in sections 2.1 and 2.2.

> The charges are generically neither conserved nor integrable in the absence of bound-
ary conditions. These two features arise due to the presence of symplectic flux (2.16)
leaking through the boundary .. If one imposes boundary conditions such that this
© — 0 or Neumann 6§72

flux vanishes (for example, Dirichlet dg,, (tot) = 0 boundary

conditions), the charges become conserved and integrable.

> The charges are defined for arbitrary Al(A)dS, spacetimes obeying Einstein’s equa-
tions without matter and are associated with the most general vector field & that
preserves the Starobinsky /Fefferman-Graham gauge. This extends the results of [78]
(see their equation (3.15)) in three directions.

(1) The expression (2.20) is valid for arbitrary o, which proves that diffeomorphisms
inducing a Weyl transformation of the boundary metric are associated with
vanishing charges, as previously announced in section 2.1. This proves that
Weyl rescalings are trivial asymptotic symmetries. We expect that this feature is
specific to even dimensions while the Weyl anomaly leads to a charge associated
with the Weyl frame in odd dimensions [89, 90].

(74) It is valid for both signs of the cosmological constant: A > 0 and A < 0.

(7i7) It allows for field-dependent diffeomorphism generators 5210) and o, which will
be the case when considering the boundary conditions leading to the A-BMS,
asymptotic symmetry algebra [49], as we will discuss in section 3.

> The charges were deduced from integration of (2.18). Due to the presence of back-
ground structure independent from the bulk metric, the procedure of [72-74] that
brings the renormalization at the level of the co-dimension 2 form is not directly
applicable here and requires a generalization which will be discussed elsewhere.



In the presence of non-conservation and non-integrability, a prescription is required in
order to define the Hamiltonian, see discussions in [75, 91]. Here, we prescribe the split of
the surface charges (2.20) into the covariant Hamiltonian and the non-integrable surface
charge (or “heat term”) as

FHe[¢] = O He[9] + Ze[od; 9], (2.21)

where

ol = [ 2@t [\l Vel (222)
=dovil = [ 2 |-5/l00ely (Thndall)| - el 229

As we will show in the next section 2.4, it is the unique definition of the Hamiltonian that
leads to a charge algebra without central term. This definition also leads to the canonical
conserved surface charges for all derived boundary conditions in A1AdS, spacetimes namely
Dirichlet [70], Neumann [78] and Dirichlet-Neumann [49] boundary conditions.

2.4 Charge algebra under the adjusted Dirac bracket

The residual diffeomorphisms of Al(A)dS, spacetimes in Starobinsky/Fefferman-Graham
gauge are the Weyl rescalings and boundary diffeomorphisms parametrized by o(z®) and
5?0), respectively. See (B.2) and (B.3) for details. Weyl rescalings are trivial asymptotic
symmetries because their associated charges are zero. Instead, boundary diffeomorphisms
form the algebra of non-trivial asymptotic symmetries since they are associated with finite
surface charges, though these are not necessarily integrable nor conserved in the absence
of restrictive boundary conditions.

From general considerations [18, 65, 92], field-dependent asymptotic symmetries satisfy
an algebra, called the asymptotic symmetry algebra, under the adjusted Lie bracket. More
specifically, if £ and y denote two asymptotic Killing vectors, the adjusted Lie bracket is
defined as

(€, x)x = [§; x] = dex + 6x&- (2.24)

The first term in the right-hand side is the standard Lie bracket of vector fields, while the
two other terms take into account the field-dependence of the asymptotic Killing vectors.

Using the adjusted Lie bracket, we show in appendix B.5 that any asymptotic Killing
vectors & and y of Al(A)dS, spacetimes obey the following asymptotic symmetry algebra:

[6(0-57 é?o )7 X(Uxa )]* (U é(o)) with
oy = §(o>3b><(o> - 5<0) ame) — 0eX{0) + 0x&(o)
This is the second main result of this paper. In particular, if the parameters of the asymp-

totic Killing vectors are field-independent (i.e. d¢oy = 606 = 5§X((10) = 5X§flo) = 0), the
asymptotic symmetry algebra reduces to the semi-direct sum Diff(.#) ¢ R, where Diff(.#)



denotes the diffeomorphisms on the boundary .#, parametrized by 5?0)7 and R denotes the
abelian Weyl rescalings on the boundary, parametrized by o.

Let us now discuss the charge algebra in Al(A)dS, spacetimes. Following the seminal
work of [19], we define the adjusted Dirac bracket as

{He[0], Hy[0]}+ = 0\ He[d] + Ex[0e¢, ¢]- (2.26)

In appendix B.6, we show that, using this adjusted bracket, the charges of Al(A)dS, space-
time represent the algebra (2.25) without central extension,

{He[o], Hy[¢]}+ = Hig ., (9] (2.27)

This is the third main result of this paper. Let us make a few comments.

> Despite the generic lack of integrability of the canonical surface charges (2.20), the
Hamiltonian charges (2.22) obey an algebra under the adjusted bracket (2.26). It
is a remarkable fact that the adjusted bracket originally defined in the context of
asymptotically flat spacetimes [19] applies in different situations [9, 93-95]. As al-
ready emphasized in [96], it would be interesting to derive this adjusted bracket from
first principles in the covariant phase space formalism. It is also worth realizing
this bracket in the semi-classical theory as performed in asymptotically flat space-
times [10].

> Let us ponder the choice of prescription for the Hamiltonian or, in other words, the
split between the integrable and non-integrable parts of the surface charge that we
chose in (2.22)—(2.23). If we define instead the Hamitonian as H' = H + AH and so
the non-integrable heat term as &/ = = — 0AH for some AH = AH¢[¢], the charge

algebra becomes
[HLG), HY 6]} = Hig . [6] + Keo |6, (2.28)

where the (non-central) extension is
Key[9] = 0y AHe[¢] — 6¢AHy (] — AH[E,X]*[QS]- (2.29)

This extension trivially satisfies the 2-cocycle condition given by Kig ¢,),:¢; +
0¢, K¢ ¢, + cyclic(1,2,3) = 0, which ensures that the Jacobi identity is satisfied [19].
We therefore proved that the charge algebra holds for any split between a Hamilto-
nian and a non-integrable heat term but it generically exhibits a 2-cocycle extension.
Our definition of the Hamiltonian in (2.22) is the unique definition that allows to
absorb the 2-cocycle and is therefore preferred.?

> As discussed in [19, 97|, the charge algebra with the adjusted Dirac bracket allows
to derive the flux associated with the non-conservation of the Hamiltonian charges.
Indeed, taking the particular diffeomorphism generator x = 9; in (2.27), we obtain

o, He[p] + Zp,[0¢ 95 9] = He 9,1, [9)- (2.30)

2A similar situation where the 2-cocycle can be absorbed in the redefinition of the Hamiltonian was

recently discussed in [95] in the context of asymptotic symmetries in the vicinity of black holes horizons.



Using §; He[¢] = 0o, He[9] + £ Hel@), 5 Hel¢] = Hoel¢] = —He,),[¢] and the defi-
nition (2.15), we obtain the flux formula

d

 Hel9l = —Eo,[0¢ds 9] = _/32 i5, Oren[0e 3 B (2.31)

oo

This flux formula exactly reproduces eq. (4.9) of [48] and is the analogue of the flux
formula discussed in [75] for asymptotically flat spacetimes.

3 A-BMS, charge algebra

In the previous section, we obtained the surface charges of Al(A)dS, spacetimes associated
with boundary diffeomorphisms and we derived their centerless asymptotic symmetry alge-
bra. No boundary conditions were imposed. In this section, we will specialize this general
result after the Dirichlet boundary gauge fixing discussed in [49]. The resulting asymp-
totic symmetry algebra will be called the A-BMS, algebra. Dirichlet boundary gauge can
be reached from a diffeomorphism and, therefore, such gauge fixing does not restrict the
dynamics. While this boundary gauge fixing could also have an application for quantum
gravity in Al(A)dS4, we motivate its study here mainly because it allows us to take the
flat limit. As detailed in section 4 (see also appendix E), the asymptotic symmetry algebra
reduces to the (generalized) BMS, algebra in the flat limit A — 0 [5, 6, 9, 98].

3.1 Boundary gauge fixing and A-BMS, asymptotic symmetry algebra
Al(A)dS, spacetimes admit a 3-dimensional boundary metric 9((1?)) by definition. The A-
BMS, asymptotic symmetry algebra arises after the imposition of the following Dirichlet
boundary gauge fixing conditions [49]

o _ A (0) _ o AL =
9 = 37 9ia =0, |9( )| = 3 \/6 (3-1)

Here, we introduced a boundary structure consisting of (i) a boundary foliation of constant
t surfaces (where ¢ is timelike for AdS, and spacelike for dS4) and (i7) a fixed measure /q
(04/q = 0) on the hypersurfaces orthogonal to the foliation. These boundary gauge fixing
conditions can be reached by a diffeomorphism and do not restrict the bulk dynamics. We
will denote as T the 3-dimensional unit vector normal to the boundary foliation, 7% = £4'.
In the following, we will restrict our analysis to the branch of solutions containing global
(A)dSy where § = ¢, the determinant of the unit sphere metric Gap.

Remark that complete Dirichlet boundary conditions consist in further imposing that
the remaining components of the metric, gﬁ%, are those of the unit sphere metric [70]. We
do not impose these additional (dynamically restrictive) boundary conditions here.

For definiteness, we will derive the A-BMS, asymptotic symmetry algebra in Starobin-
sky/ Fefferman-Graham gauge though other bulk gauges could be used. The residual dif-
feomorphisms preserving Starobinsky/Fefferman-Graham gauge are given in (B.2)—(B.3).
Imposing the boundary gauge fixing conditions (3.1) yields algebraic and differential con-
straints on the parameters o and 5?0)' Explicitly, Legu = 0, Legia = 0 and Le/|g(0| =0

~10 -



lead, respectively, to
1 0 A 1 0
Oty = 3DWEh, Ol = —590 8ly, o= DN (3.2)
Using these equations, the adjusted Lie bracket (2.24) gives the following commutation
relations:
€€l €08, X (X0ps XD 1w = E(EL0) 8, (3.3)
where
ffo) 5( )aAX(o + 5 A X(o) 5£X - (€< x), (3.4)
5{%) = 5(0)(93)((0) - gffo)g(o) 8BXIEO) 5£X = (§ < x)-

This is a direct consequence of (2.25) and (3.2).3

The A-BMS, asymptotic symmetry algebra is infinite-dimensional. Its structure con-
stants are field-dependent due to the presence of g{“)g This is either called a Lie alge-
broid [18, 63-66] or a soft gauge algebra [67]. We can give explicit expressions for the
generators of the algebra in the case where gfi% is the unit sphere metric ¢4g. To do so,
we use the Helmholtz decomposition for the angular part of 5?0) as 52%) = ¢4 Bopd(t, 2°) +
eABORU(t, ) where é4P is the Levi-Civita tensor on the unit round sphere. The solution
of the A-BMS, constraint equations (3.2) is then given by ¥ = W(z4) which spans the
area-preserving diffeomorphisms on the sphere,

wy wrt .
Z[Almcos< / >+€Blmsm< 7 )] Yim(x ) if A <0,

lm

O(t,zt) = N1 y (3.5)
Z [Alm cosh <wé > + - ;i By, sinh <w€ )} Ylm(xA) if A >0.
lm
together with
Z |:Blm coS (?) — £ Ay, Sin <w2t>} wy Y}m(xA) if A <O,
lm
{1(50) (taxA) = wt (3.6)
-y [Blmcosh< ; >+€Almsmh< ; )]wlYlm(mA) if A >0,
lm

where Aj,, By € R, for any (I, m) € NxN with [m| <[, are smooth in the flat limit £ — oo,
w? = 11(1+1) and Y}, (2*) are the usual real spherical harmonics. The derivation of these
formulae is outlined in appendix C. The subalgebra spanned by the 10 conformal Killing
vectors of the boundary metric (i.e. the | = 0 and [ = 1 modes) is respectively SO(1,4)
for A > 0 and SO(3,2) for A < 0. In appendix E, we show explictly that the flat limit
of (3.5) and (3.6) reproduces the well-known expressions for the generators representing
the (generalized) BMS, algebra Diff(S?) ¢ Supertranslations [5, 6, 9].

3The algebra is presented here using the adjusted Lie bracket, which is the most appropriate when the
parameters are field-dependent, while it was presented under the standard Lie bracket in [49] (see eqgs. (4.7)
and (4.8)). Note that the terms d¢X{o) — 6x&(oy vanish in the flat limit as shown in appendix E.

“In particular, the existence of the A-BMS, Lie algebroid is not in contradiction with recent no-go
results [99] that were obtained for Lie algebra deformations. Here, we have a field-dependent Lie algebroid
deformation of the BMSy Lie algebra in Al(A)dS4 spacetimes.
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3.2 Symplectic structure, Hamiltonians and A-BMS, charge algebra

After imposing the boundary gauge fixing conditions (3.1) and taking into account the
trace conditions (2.11) and (B.7), the pull-back at .# of the renormalized presymplectic
potential (2.13) and presymplectic form (2.16) reduce to

@ren[5¢; ¢]‘] = \/>Jtot 5QAB(d3 ) (37)

327 GEQ

wienl016,02010)| | = 2o g (), — (13 2). (38)

32r GEQ

Here, we found convenient to define

3N (tot) _ (tot) L (0) (tot)C AB _ mA A
16WG£J§1;):T/§§) SOpTe™C, T =T+ T, (3.9)

Similarly, inserting the boundary gauge fixing conditions (3.1) into (2.20), (2.22)
and (2.23), we obtain the A-BMS, surface charges

JHE P (0] = 0 Hg P [g] + Z¢ 5065 0] (3.10)
where
S = e [ @t [Tl + T (3.11)
- 3n
=P[5 g] = oL /S 0 [doghort] - HEPSEL 12)

Here, d?Q = 24/¢(d*z),; denotes the measure on S%. This is the fourth main result of this
paper. As a corollary of (2.27), the surface charges represent the algebra of asymptotic
symmetries (3.3) without central extension

{HEPYS(0], Hy PP (o]} = Hig o) (3.13)

using the adjusted Dirac bracket (2.26).

As discussed in more generality in section 2, the non-integrability of the A-BMS,
infinitesimal surface charges (3.10) is caused by the presence of a non-vanishing symplectic
structure at .# (3.8). Physically, gravitational waves leak from the boundary in the absence
of restrictive boundary conditions. As already discussed in [49], the analogue in Al(A)dSy
spacetimes of the asymptotically flat Bondi news tensor is the couple (gap,J AB ) which,
if fluctuating, generally leads to energy flux through the boundary. Nevertheless, the
definition of the Hamiltonian (3.11) leads to the charge algebra (3.13) which is isomorphic
to the asymptotic symmetry algebra (3.3). The asymptotically flat limit of this charge
algebra will be described in section 4.3.
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4 Flat limit of the A-BMS, phase space

So far we used physical quantities defined in Starobinsky/Fefferman-Graham gauge which
are especially suitable to describe Al(A)dS, spacetimes but do not generically admit a
well-defined flat limit A — 0. It is therefore necessary to translate all results in a lan-
guage appropriate to take the flat limit. Bondi gauge (see appendix B.2) is a convenient
gauge for that purpose since we have already showed that the solution space and the
asymptotic symmetries can be mapped in a bijective correspondence between Bondi and
Starobinsky /Fefferman-Graham gauges [49, 100]. The asymptotic boundary .# becomes
the future null boundary .#* in the flat limit. In the first subsection we will review this
dictionary and extend the bijective map to all dynamical quantities, namely quantities that
can be constructed from the symplectic structure. We will then derive the flat limit using
Bondi variables, which will require to discuss the “corner” terms in the variation of the
action. We will show that the symplectic structure of asymptotically locally flat space-
times is obtained from the A — 0 of the holographically renormalized symplectic structure
once corner terms are taken into account. We will conclude with the explicit form of the
(generalized) BMS, surface charge algebra.

4.1 Dictionary between Starobinsky/Fefferman-Graham and Bondi

A diffeomorphism between Starobinsky/Fefferman-Graham gauge [81-85] and Bondi
gauge [13, 14] has been explicitly constructed [49, 100]. This allows to map each dynamical
quantity between the two gauges. While the flat limit A — 0 of Starobinsky/Fefferman-
Graham quantities such as the holographic stress-tensor is not well-defined, all quantities
in Bondi gauge admit a well-defined limit.

Using the diffeomorphism between Bondi and Starobinsky/Fefferman-Graham gauges
and imposing the boundary gauge fixing conditions (3.1) or, equivalently, (B.16),
the boundary metric gffj)g and the holographic stress-energy tensor T, defined in
Starobinsky /Fefferman-Graham gauge can be expressed in terms of the functions defined
in the Bondi gauge as [49]°

0 3n [ —-4MW 2Ny

0
= 5 T = 5 4.1
9aB = 4AB ab el —%N,&A) Jag + %M(A)QAB (4.1)

where  M®) (u, 1), NIEXA) (u,xP) and Jap(u,2P) are the boundary fields defined
in (B.22)—(B.24) and u can be substituted for ¢ at the boundary .#. The conservation
of the holographic stress-tensor (B.7) is equivalent to the constraints of the Bondi mass
and angular momentum (B.21) after using (B.18) and the dictionary (4.1).

Noting a% = 0 + O(p) where r is the Bondi radial coordinate and p the Starobin-
sky/ Fefferman-Graham radius [49, 100], it is immediate that the radial component of
the renormalized presymplectic potential transforms as O, = Of, + O(p). Since all dy-

namical quantities can be found from this presymplectic potential, it shows the dynamical
equivalence of all quantities in both gauges.

®Remember our sign convention change for T,; for A > 0 with respect to [49].
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Figure 1. Geometry of Al(A)dS, boundaries with background structure.

Finally note that the parameters of the A-BMSy generators in Starobinsky /Fefferman-
Graham gauge are related to those in Bondi gauge as

1
ffo) =/ f{(l)) = YA» 0= §DAYA- (4.2)
The constraints (3.2) can be expressed as

1 A
Ouf =5DaY", oyt =—2qopf,  w=0, (4:3)

where the Weyl transformation w was defined in (B.13).

4.2 Flat limit of the action and corner terms

So far we have considered the variation of the action taking into account the boundary
terms arising at .#. We have assumed the existence of a foliation T' of the boundary with
topological spheres as orthogonal surfaces of measure y/¢. The initial and final values of
the foliation parametrized by u define the “corner” boundaries which we denote as 0.7
(at w =wu") and OY_ (at u = u"), see figure 1.

Ignoring the boundary terms at fixed u = u®, the variation of the renormalized ac-
tion (2.1) is given on-shell by

3n
= Oren|d; 0 = — J (5 4.4
using (3.7) obtained after boundary gauge fixing which can be expressed in either Starobin-

sky/ Fefferman-Graham gauge (3.1) or Bondi gauge (B.16). Since such boundary gauge
fixing defines the boundary structure consisting of the foliation T' = ¢0,, and the measure
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g = ¢ on the unit sphere, we now assume that any boundary Lagrangian L, in (2.1) can

be defined as a function Lo = Lo[gap,T,q]. Using the definitions (3.9) and (2.10), the
dictionary (4.1) and the substitution /¢(d*z), = dud®Q we have, equivalently,

- /ﬁ eren[5¢7¢] - /ﬁdUd Q < 32 ‘] \/>6 AB) 6(] ) (45)

where Jyp is defined in (B.24).
The flat limit A — 0 can be obtained as follows. One first expresses J4p in terms of

CaB, qaB, Ngg, M and N4 where N;{g is the trace-free part of the Bondi news tensor
Nyp. In particular, all derivatives of the boundary metric d,qap need to be expressed in
terms of C'4p using (B.18). This is the procedure used in [49] to obtain the asymptotically
flat solution space from Al(A)dS, solutions (see appendix E.1 for a recap) The appendix D
lists useful relations for such a task. Using the form notation L, = du®d% 7 27, we obtain

_ dud®Q
- 167G | 2A

1
Oren[06; B)| » 8 D(AUB) - 4R[Q]CAB:| 56]AB + +O(A),

5B
(4.6)

where O(A) denotes terms that vanish in the A — 0 limit. We observe that there is a pole
~ A1 and the flat limit is not well-defined. However, when one writes the expression in
the equivalent form

dud®Q[ 3 1
Oren[06 9]l = T [%auw”éq“) 2(N + 5 Rldlg AB)écAB—D<AuB>6qAB
O0Lo . ap
+5 500”7 + O(A), (4.7)

it becomes clear that the divergence in the variation of the action is a corner term defined
at the boundaries 0.;, 0._ of the cylinder .#.
In order to make these corner terms explicit, we consider the total derivative boundary
Lagrangian
Lo =0uL¢clgan, T, 4], (4.8)

where the corner Lagrangian is

\f AB \/554 AC BD
Lclgas, T, q]—m(f Can = arc utaBTa Ouqcp- (4.9)

The Lagrangian L, is of the form considered in section 2.1. It is generally covariant on ¢
since we can rewrite it as

Vvl
0= op GOLT Lrgly) PP Lrgl)|. (4.10)

(0)

Here the projector onto surfaces orthogonal to T, Py, = g,, + 17141, is indeed a tensor on
#. Since L, = dL¢c where Lo = %LC = d2zLc, its stress-energy tensor (2.10) vanishes,
T = 0, which implies that the last term of (4.7) vanishes. In particular, it obeys our

hypotheses (2.11).
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In the action (2.1), the term associated with the Lagrangian (4.8) can be written as

/deduLo:/ d%LC—/ d*z Le. (4.11)
g M+ g

It is manifestly the difference of two corner terms at ., and d.#_. The variation of the
Lagrangian L, can be written as

5L
5Lo = O, (CanB> + 8,09, (4.12)
5QAB
0Lc 3VQ aB c 3vV4q AB
5qanB sancaVF O =5 mpdu(C %4a5) (4.13)

To obtain this result, we used (B.18) and dv/¢ = 0 (see also the useful relations of ap-
pendix D). We now define the corner presymplectic potential and corner presymplectic
form as

ef = d*ze¢, WS (81948, 02q48; qaB) = 01OF (d2qaB; qaB) — (1 < 2). (4.14)

We emphasize that they are defined on each sphere of the boundary .#, not only at 0.7.
The presymplectic potential @, of L, defined in (2.10) is given by the sum c?qLTcsquB +0¢.
We can now rewrite the divergent term in (4.7) as

3\/3 TF s AB dLc C
——— 0, (N = 0, =0L, — 0,097 . 4.1
327rGA6 (N4ipoqg™®) =0 6qAB5QAB ) 0,0 (4.15)

In parallel to the prescription (2.13), the presence of the corner terms leads us to propose
the total renormalized presymplectic potential pulled-back on &

G)ren,tot‘] = ®ren|f - 5dLC + d@g (416)

As already discussed under (2.13), such a prescription fixes the two standard ambiguities
that arise in the covariant phase space formalism. The associated presymplectic form is

wren,tot|f = wren‘f + dwc?- (4'17)

Before taking the flat limit, let us study how the incorporation of these corner terms
impacts the A-BMSy charge algebra (3.13). The surface charge co-dimension 2 form in-
cluding the contribution of the corner presymplectic form verifies

dkg)ﬁen [66; @] P = Wren,tot [5£¢7 d¢; ) ‘J’ (4.18)

from which we deduce

FHABVS[5] = SHABMS 4] 4 ZVBNS 5, 4] 4 /

) dQQ ng[équB,(SqAB]. (4.19)
S

oo

We dropped the dependence on gap in w¢ because it involves only its variation dgapg,
see (4.13)—(4.14). Since the corner presymplectic structure term is not integrable, we keep
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our definition (3.11) of the Hamiltonian, and add the corner presymplectic structure term
to the non-integrable term. Again, following the prescription of [19], the computation of
the charge algebra is straightforward and gives

{HAPMS[g], HEBMS 0]}, o

= S HEBSG) £ 2S5+ [ 20618 am.deaas)

A-BMS 2 C (4.20)
- [€:x]% [Qb] + 52 d Qwo [6XqAB>5§QAB]7
Ké\—XBMS,tot[qAB]
where Ké\.;(BMS’tOt[QAB] = —KQ.'&BMS’tOt[QAB] and satisfies the 2-cocycle condition

A-BMS, tot. A-BMS, tot
K[&,&a]*;ﬁa - 653K€1;£2
rise to a field-dependent 2-cocycle in the right-hand side of the A-BMSy charge algebra.

Let us now consider the flat limit of the symplectic structure. Taking A — 0, the

+ cyclic(1,2,3) = 0. Hence the corner terms naturally give

equations (4.16) and (4.17) give respectively

®ren,tot [5¢, d)] ’f (

A—0) dud?Q [1( ag 1
T 160G |2

Tote NAB 4 2R[q]qAB>5CAB - D(AUB)quB] (4.21)

and

A-0) dud?Q [

1 aB | 1 AB
e 01 <N + 2R[q]q A 02CaB

Wren,tot [51¢7 52(;25; ¢] )j ( 9

— 61 (Dallpy) A 52qAB} . (4.22)

This is the fifth main result of this paper. Let us make a few comments.

> Even though the flat limit of the action only requires to consider the corner action
f8ﬂ+ Le— [, , Lc at u = u*, the total presymplectic potential (4.16) and form (4.17)
are defined from the corner action at any w along ., which also shifts the surface
charges at any u.

> The prescription (2.13) defined in [78] fixes the usual Iyer-Wald ambiguities in the
definition of the presymplectic potential [72-74] using as an input the boundary
counterterms defined at .#. Such a prescription fails to give a renormalized sym-
plectic structure in the flat limit. Instead, we argued that the existence of a corner
Lagrangian defined for each sphere on .# naturally leads to the additional prescrip-
tion (4.16) which gives a well-defined symplectic structure in the flat limit.

> The presymplectic form (4.22) is the (generalized) BMS, presymplectic structure at
future null infinity .# = . in asymptotically locally flat spacetimes. This expression
exactly matches with the presymplectic structure obtained by regularization methods
in asymptotically flat spacetimes (see equation (5.26) of [9]), which is a highly non-
trivial agreement. While the regularization procedure used in [9] was not explicitly
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covariant as noted in [101], the procedure used here is explicitly covariant (in terms of
the boundary structure) and therefore justifies a posteriori the counterterm prescrip-
tion for subtracting a radial divergence used in [9]. We find curious that the radially
diverging term encountered in [9] (see equations (5.18) and (5.19)) is structurally
similar to the A — 0 diverging term found here (4.13). Here, using the prescrip-
tion (4.16), we are able to trace the origin of this term to a corner Lagrangian (4.9).
This Lagrangian is a kinetic action for the boundary metric of Al(A)dS, spacetimes.

4.3 BMS, charge algebra

In the A — 0 limit, the A-BMS, algebroid reduces to the (generalized) BMS, algebra.
As detailed in appendix E.2, the constraints (4.3) are solved for Y4 = Y4(2®) and f =
T (mA) + 5D 4Y 4 and the BMS, algebra of asymptotic symmetries reads as®

E0).ET), =€), T =Y{"0uTy — L DaV{'Ty, (4.23)
V), EN2)], = £(Y), YA =YPopYs* - YPopyit.

The (generalized) BMS, charge algebra was derived in [9] using a renormalization
procedure in asymptotically flat spacetimes.” Fundamentally, the infinitesimal surface
charge forms kfﬂat can be defined from the flat limit of the symplectic structure wren tot
obtained in (4.22) as

AL (565 6] = w1 [0e s, 565 )| (4.24)

A=0

The infinitesimal surface charge is defined after integration on the 2-sphere S% at fixed u
at the asymptotic boundary #*:

rtel = [ KlGose] = [ 2 (8 0oL (1.25)

As already mentioned in section 2.3, the relevant ru component of the co-dimension 2 form
can be deduced from the fundamental relation of covariant phase space formalism (4.24)
by integration over u. We obtain the (generalized) BMS, surface charges

FHE™ [¢] = OHE™ [¢] + Z¢™ (60 ¢, (4.26)

5Note that while the leading order parameters T, Y4 of the BMS, generators are field independent the
subleading components of the asymptotic symmetries £(7,Y) depend upon the fields. The appropriate
bracket between the asymptotic symmetries is therefore still the adjusted bracket. We use the shorthand
notations £(7') = £(T,0) and £(Y) =£(0,Y).

"During the course of this work, we noted two algebraic mistakes and several typos in the published
version [9] which will be corrected in an Erratum [102].

~ 18 —



where

1 1
H{™[¢] = 16:C /s d2Q [4fM +2Y AN, + mYAE)A(CBCCBC)] 7

i | 1 1
=000:6 = 1o [, 0|5 (V42 + 30 RIL) 6Cam — 200 Ump " (421)

1
—fDallp)dq*? - 4DcDCch36qAB} :

These expressions match with eq. (5.31) of [9, 102]. In particular, the Hamiltonian matches
with [19].

We already derived that the (generalized) BMSy asymptotic symmetry algebra closes
under the adjusted Lie bracket (2.24), see (E.11) and (E.12). The BMS, charge algebra of
the Hamiltonian charges H gat [¢] is defined using the adjusted Dirac bracket (2.26). After
some computations, we obtain that the (generalized) BMS, charge algebra represents the
(generalized) BMS, asymptotic symmetry algebra up to a (non-central) 2-cocycle,

{HE™ o), B (6]} = Highy,[6] + Ke'[9) (4.28)

where

1

1 1
K¢l = —— | d*Q |- fiDafaD*Rlq + sCPC fiDpDcDpYs” — (14 2)| . (4.29
Bl = G [, 0 [3hDARD Rl + 5OPADRDDRYY — (1 52)] . (420
The 2-cocycle condition reads as K, ¢,],.¢; + g5 K¢y, + cyclic(1,2,3) = 0. We conclude

with some remarks.

> As for the Al(A)dS, charge algebra discussed in section 2.4, the charge algebra (4.28)
is invariant under a simultaneous redefinition of the Hamiltonian H, gﬁat — H gat—i—AH ¢
of the non-integrable piece Egat — Efgat — 0AH; and of the 2-cocycle by a trivial 2-
cocycle,

K§%, 0] = K&, [0] — 0, AHg, [0] + 0¢, AHg [6] — AH, ¢, 0], (4.30)

>> The first term in the 2-cocycle (4.29) is non-trivial. Indeed, two supertranslations
commute and therefore the central charge does not transform upon shifting the
Hamiltonian with a supermomentum charge F¢r) that depends upon gap and not
Cag, ie. Kgf(tTl)@(TQ)[gb] > Kga(tTl);&(TZ)[gb] using (4.30) and drgap = 0. Since
K g‘“”(tTl);&(TQ)[(;ﬁ] # 0 and only depends upon gap the cocycle is non-trivial. A co-
homological formulation of the second term of (4.29) can be found in [66]. After
semi-classical quantization, the second term of the 2-cocyle can also be related to the

non-commutativity of the double soft limit of gravitons [10].

> The charge algebra (4.28) cannot be straightforwardly deduced by taking the flat
limit of the A-BMS4 charge algebra (4.20) that takes the presence of corner terms
into account. Indeed, due to the subleading field-dependence of the diffeomorphism
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between Fefferman-Graham and Bondi gauges, the asymptotic Killing vectors do not
transform as simple vectors (see e.g. eq. (70) of [103]). This implies that the surface
charge co-dimension 2 form transforms non-trivially, which leads to a shift of the
objects appearing in the charge algebra that is hard to track. For example, the 2-
cocycle in (4.20) does not admit a well-defined flat limit and is therefore not directly
related to the 2-cocycle (4.29) obtained in the flat case. It is simpler to take the flat
limit at the level of the symplectic structure that determines all dynamical quantities
rather than at the level of the charge algebra.

Defining H, ?(37'5,5,) [¢] = H?(a%’y) [¢] + AH ?FTE,Y) [¢] and using the shift rules explained

around (4.30), one can rewrite the algebra (4.28) with the standard Dirac bracket as

{H 9], HP* (9]} = H, 8] + Rexlg), (4.31)

where the residue
_ flat flat flat et .
Re[6] = KE(0) - AHEY (0] + 6, AHE (6] - 2, [5edig]  (4.32)

is not manifestly antisymmetric. Let us now analyze this algebra at the corners
#F and #F. We impose the boundary condition N4B = NAB 4 o(u~!) as u —

vac
+00 where NAB is the vacuum contribution of the news tensor induced by super-
Lorentz transformations [9], which can be built from Geroch’s bidimensional Weyl
tensor [98, 104]. We also require the shear to have an asymptotically vanishing
magnetic part up to the vacuum contribution [9], Cap = (u+C+)N {5 —2DsDpCy +
qapDF DpCy + o(u®) where Cy is the supertranslation field at £~ [105]. Inspired

by the shifts proposed in eq. (5.49) of [9] and eq. (4.4) of [98], we prescribe

a?Q [1 1 1
AHﬁat = - NAB 7YA D BC 7yA B~C
e(ry) 9] /sgo e [QfCAB v T 5Y " CapDcC™" + Y 04(CcCp)
(4.33)
The total Hamiltonian H éﬁf} ) [¢] can be written as
gt 4] = 0 [4 TM +2Y N (4.34)
§(TY) N 52, 167G AP ’
where
_ 1
M =M+ gcABN:;?, (4.35)
- 1
Na= Ny —udsM + ZC,LUBDC(,“%‘ + %8,4(03@030). (4.36)

It obeys the remarkable property that Hgﬂgﬂ ) [¢] = 0 for vacuum configurations

where the Weyl tensor vanishes. This can be checked using the vacuum values for
M and Ny as given in eq. (3.26) of [9]. In fact, the shift (4.33) is the unique
vac

prescription depending on Cag, gap and N5 that obeys this property. Furthermore,
inserting the shift (4.33) into (4.32), we can show after a quite long computation that
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R¢ y[¢] = 0 at the corners ZF and fj_r. This implies that the BMS, surface charge
algebra closes under the standard Dirac bracket at .#1 and fj:,

{HI (0], P[0} . = Hiy 1]

L

ot (4.37)
This is the sixth main result of this paper. For vacuum configurations, this is trivial
since all BMS, charges are zero but the algebra is valid also for non-vacuum configu-
rations with Poincaré charges such as mass and angular momentum, in the presence of
displacement memory and in arbitrary Lorentz and super-Lorentz frames. The result
also applies at the corners of the past null boundary under similar boundary condi-
tions. In fact, since there is no flux at spatial infinity, all BMS, generators H, ?at[gé]
are conserved at spatial infinity. The BMSy charge algebra (4.37) is therefore realized
at spatial infinity. Since the BMS, Hamiltonians are all generically non-vanishing as
proven from their explicit expressions in eq. (5.1) and eq. (5.9) of [91], we have
proven that the asymptotic symmetry algebra of asymptotically flat spacetimes with
non radiative boundary conditions at early and late times is the BMS, charge alge-
bra (4.37) without central extension. This extends the result derived in [106, 107] to
include super-Lorentz asymptotic symmetries as well.

We can also define the fluxes at .Z T as

— — — +OO —
Felo) = mig) -~ ) = [ awoudfle. @)

i S oo

We denote the supermomenta fluxes and super-Lorentz fluxes as Pr = Fg(T,o) [¢] and
Jy = Fg(o,y)[¢], respectively. An immediate consequence of (4.37) is the following
algebra of BMS, fluxes,

{‘PT17PT2} = 07 {jY17PT2} = PY1(T2)7 {jYI, jYQ} - j[Yl,YQ] (439)

where Y1 (Ty) = (YlAGA — %D AY1A)T2. Therefore, the algebra of BMS, fluxes repre-
sents the BMS, algebra of asymptotic symmetries (4.23) without central extension.
This is in agreement with the recent result [98] obtained using alternative methods.

5 Discussion

In the absence of boundary conditions, Al(A)dS, spacetimes admit a permeable boundary
similar to the null boundary of asymptotically flat spacetimes. Arbitrary boundary diffeo-
morphisms are associated with finite surface Hamiltonian charges that obey a flux-balance
law while Weyl rescalings admit an identically vanishing Hamiltonian charge. Diffeomor-
phisms breaking Starobinsky /Fefferman-Graham gauge were not considered here and might
be associated to further non-trivial charges as in three-dimensional Einstein gravity [108].
From our analysis, one can only assert that the asymptotic symmetry group of Al(A)dS,
spacetimes without boundary conditions contains the group of boundary diffeomorphisms
and excludes the group of Weyl rescalings. One of our main results is the proof that bound-
ary diffeomorphism Hamiltonians represent the diffeomorphism algebra under the adjusted
Dirac bracket [19] without non-trivial central extension.
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Dirichlet boundary gauge can be reached locally without constraining the initial value
problem. It consists in fixing a boundary foliation and measure, which reduces the bound-
ary diffeomorphism algebra to the A-BMSy algebroid. Dirichlet boundary gauge fixing is
a weaker condition than Dirichlet boundary conditions in dimensions higher than three.
In three dimensions, these boundary conditions are equivalent since the boundary metric
is two-dimensional, and the “A-BMS3 algebra” is therefore nothing else than the stan-
dard two copies of the Virasoro algebra (with a central extension related to the conformal
anomaly) [109]. Instead, in four dimensions, the co-dimension two boundary metric gap
orthogonal to the foliation still admits two arbitrary functions (since its determinant is
fixed). These two functions determine the structure constants of the A-BMS, algebroid.

While the flat limit of the two copies of the Virasoro algebra gives the BMSg3 alge-
bra [110], the flat limit of the A-BMS, algebroid gives the (generalized) BMS, algebra of
supertranslations and super-Lorentz transformations [49]. Such a flat limit can be taken
at the level of the solution space both in three [111] and in four dimensions [49]. In or-
der to promote this flat limit at the level of the action, of the symplectic structure and
of the Hamiltonian charges, we found out that corner terms are necessary in addition to
the standard holographic counterterms. More precisely, we introduced a co-dimension two
kinetic Lagrangian for g4 and prescribed the boundary terms to be added to the symplec-
tic structure, which completes the prescription of [78]. We expect that our procedure for
addressing corner boundaries in the presence of fluxes could also be useful in the context
of finite boundaries, see e.g. [112-118].

The formulation of the (generalized) BMS, surface charge algebra requires a renormal-
ization procedure [9] which cannot be derived from a covariant prescription in terms of the
bulk metric alone [101].® In this paper we obtained the BMS, surface charge algebra as a
contraction of the A-BMSy algebroid. The renormalization of the surface charges follows
from holographic renormalization of the embedding Al(A)dS, spacetimes combined with
a new prescription for treating corner terms in the presence of asymptotic fluxes. Such
a renormalization rests on the introduction of a background structure that consists in an
asymptotic bulk foliation by co-dimension one hypersurfaces, a boundary foliation by co-
dimension two hypersurfaces and a boundary measure. It therefore provides a geometrical
and covariant framework for the asymptotically flat renormalization procedure introduced
in components in [9].

Finally, we derived the asymptotic symmetry algebra at the corners ff of future and
past null infinity of asymptotically flat spacetimes that are non-radiative at early and late
times. We showed that the entire BMS, algebra including super-Lorentz transformations is
realized as asymptotic symmetry algebra without non-trivial central extension. Moreover,
we gave the prescription for fixing the ambiguity in the definition of the BMS, surface
charges such that these charges are identically vanishing for vacuum configurations, and,
such that the central extension explicitly vanishes. Conservation of the Hamiltonian charges
at spatial infinity implies that the asymptotic symmetry group is realized at spatial infinity

¥Note that the necessity of such a renormalization procedure was not identified in the original work [19]
because super-Lorentz transformations were expanded in a meromorphic basis for which the surface charge
radial divergences only appear surreptitiously at the meromorphic poles [9].
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as well. We have therefore extended the derivation of the asymptotic symmetry group at
spatial infinity [106, 107] to include super-Lorentz asymptotic symmetries. As a corollary
of the representation theorem, the fluxes at null infinity obey the BMSy algebra without
central extension. This confirms the construction of [98], which can now be deduced from
covariant phase space methods where renormalization is provided from the flat limit of the
A # 0 holographic renormalization scheme with our new treatment of corner terms.
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A Notations and conventions

Geometry and integration. Throughout the text, we denote ¢ = 1/3/|A| the Al(A)dS,
radius. The Riemann tensor is defined using the conventions of [119] such that R < 0 for
AdS,4. By virtue of the Fefferman-Graham theorem, a conformal completion of the space-
time (.4, g, ) exists as well as a foliation by (co-dimension 1) hypersurfaces everywhere or-
thogonal to a vector IN. Therefore, it exists a coordinate p € R (timelike for AldS, space-
times, spacelike for AIAdSy spacetimes) such that %, = {p = p'}, for any fixed p’ € R, de-
notes an hypersurface of the foliation, and the conformal boundary .# lies at p = 0. When
we perform integration on the manifold, we denote [ , dtz(...) = Jo~ dp’ f]p, 3z (...).
This convention sets the lower bound of the radial integral to be the boundary p = 0. The
integration measure d3z should be understood as a measure on the hypersurface Sy at
fixed p = p'.

Furthermore, we will choose N as the outward unit normal vector to the foliation,
meaning that N points from the inside of the enclosed region by .#, to the outside, and
guNFNY = n where n = —sgn(A). We have explicitly N = N#9, = —n\/map. The
second fundamental form of any .7, is thus given by K, = %GC’ NYab Where {x} and 7,
denote respectively a set of coordinates and the induced metric on the hypersurface. The
extrinsic curvature is finally defined as K = v K,

Differential forms. We denote as n € Ny the top form dimension. In the main text,
it will be either the bulk spacetime dimension or the boundary spacetime dimension. We

define
1

n—=k _
(A" %)y oy, = =R

Et it QTN A - Adank (A1)
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where € denotes the (numerically invariant) Levi-Civita symbol in n dimensions. Applying
the (horizontal) derivative operator d = dz?0, on a co-dimension k form

A = APbe (@ gy (A.2)

we obtain

dA = acfA'ulmukilg(dn_k+lx)ul~~-uk—1' (A'?’)

Let us consider a four dimensional spacetime with coordinates (p,z%), a = 1,2,3. A
3-form L with respect to the instrinsic geometry of the co-dimension 1 hypersurface .#,,
is a top-form, and can be written as L = L(d3z) for any po. Since

1 1
(d®z) = 3y Sabe dz® A dzb A daf = 3 Epabe dz® A da® A dat = (d3x),, (A.4)
where we set €,qbc = €abe, We can promote L as the radial component L? = L of a co-
dimension 1 form with respect to the whole spacetime as L = L* (d3:U) p- Similarly, since

1 1
d’2)g = = eape dz® A dz® = = £ upe d2? A dz€ = 2(d%2) a, A5
21 21 4 P

a co-dimension 1 form with respect to .Z,,, Y = @“(d2:p)a, can be rewritten as the pull-back
of a co-dimension 2 form with respect to the spacetime, Y = Yp“(d2:c)pa + Y“p(d2a:)ap =
2Y*%(d%z) g, where we identified Y** = .

Sign conventions. We define the variation é¢ of the metric as d¢g,, = +L¢ g, which is
the opposite of the sign convention used in [19]. Accordingly, the adjusted Dirac bracket
is defined as (2.26), which differs from eq. (3.5) of [19] by a global sign.

B Details of A1(A)dS, gravity

B.1 Einstein gravity in Starobinsky/Fefferman-Graham gauge

Starobinsky/Fefferman-Graham gauge [82, 83] is especially suited for the study of Al(A)dS
gravity. We recapitulate a few standard results in this gauge and compute the Einstein-
Hilbert presymplectic potential following the conventions of [49]. The line element is
given by ,

ds? = _/?;dp[; + Yab(p, 2¢)dzda®. (B.1)
We consider spacetimes with A > 0 (where p is a timelike coordinate) or A < 0 (where
p is a spacelike coordinate). The coordinates (%) = (t,z!) are defined on constant p
slices, ! representing the angular coordinates on the boundary sphere. The infinitesimal
diffeomorphisms preserving Starobinsky/Fefferman-Graham gauge are generated by vector
fields & satisfying Leg,, = 0, Legpa = 0. The first condition leads to 9,£” = %fﬂ which
can be solved for £ as

& = o(a")p. (B.2)
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The second condition leads to p2'yab8p§b — %(%5" = 0, which can be solved for £ as
3 P dp
a _ ¢a b aby I ,.c
g—qmm>+Am¢Aﬂv<p@y (B.3)

We assume the boundary condition 74 = ©O(p~2), which is the statement for the
spacetime to be AldS; when A > 0 and AIAdS4 when A < 0. The conformal boundary lies
at {p = 0}, and {p > 0} is the bulk spacetime. The general asymptotic expansion that
solves Einstein’s equations is analytic,

1
b = 3 (9 +pals) + 07 95 + 0° 93 + 0(6")). (B-4)

where g((l? are functions of (¢, z4). We call gc(b[;) the boundary metric and

T, V3IA (3 (B.5)

b= 1 6r Jab

the holographic energy-momentum tensor [80].° Einstein’s equations fix

1 2 3 o 1 0
g((lb) =0, géb) =1 (Rz(zb) - 4R(0)gz(zb))7 (B.6)

and all subleading terms in (B.4) are determined in terms of the data g((l%) and T satisfying

DOT® =0, O _ (B.7)
Here Dgo) is the covariant derivative with respect to 9((12) and indices are raised with the
inverse metric g?é’). The variation of the free data under the residual gauge transformations
is given by

0 0 0
(559((112) = cfg(co)géb) — 20 g((lb), 5§Tab = Ig(co)Tab + o Ty (B.S)

The radial component of the Einstein-Hilbert presymplectic potential (2.6) reads in
Starobin-sky/Fefferman-Graham gauge as

3 1 2A 5+/]g0)] N

1 3
P S a
Oryldg gl = m [_pgg 167G ; <_45LEH,(0) + a‘l@EH,(O)>]

1
= 5V IgOI T8, + O ().

(B.9)

We denoted as Ly (o) = vV |9\9|R(oy the Einstein-Hilbert Lagrangian density for the
,(0) = 167G (0)

boundary metric ggz) and Ofy ) its associated Einstein-Hilbert presymplectic potential.

“Note that our sign convention differs from [49] for A > 0.
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B.2 Einstein gravity in Bondi gauge

Bondi gauge for A1(A)dS, spacetimes was studied in [49, 100]. Bondi coordinates are given
by (u,r,z4), where u labels null hypersurfaces, 7 is a parameter along the generating null
geodesics, and z4 are the transverse angular coordinates 4 = (6, ). The gauge conditions
are given by

det
gra =0, grr =0, Oy <e§im> =0, (B.lO)

where det(gap) denotes the determinant of the 2-dimensional transverse metric g4p. This
last gauge condition is called the determinant condition.!® The Bondi metric takes the form

ds? = Le2Bau? — 262 4 g p(da? — UAdu)(dz® — UBdu) (B.11)
T

where V', 3, U4 are arbitrary functions of all coordinates. The 2-dimensional transverse
metric gap satisfies the determinant condition, but is otherwise arbitrary. Any metric
can be written in this gauge. For example, global (A)dS, is obtained by choosing 8 = 0,
UA=0,V/r=(Ar?/3)—1, gap = 72Gap, where 4 p is the unit sphere metric. Infinitesimal
diffeomorphisms preserving Bondi gauge are generated by vector fields £ satisfying

Legrr =0, Legra =0, g PLegap = dw(u,z). (B.12)

The last condition is a consequence of the determinant condition, and the prefactor of 4 is
introduced for convenience. From (B.12), we deduce

=7,

AoyALIA Ao gy / dr'(e*g™?), (B.13)

1
£ = —g (CDAYA — 2w+ CDAIA - anUB + 2f918u9> )

where 9,f = 0= 0,Y*4, and g = det(gap). The covariant derivative D4 is associated with
the 2-dimensional metric g4p. The residual gauge transformations are parametrized by
the 4 functions w, f and Y4 of u and z4.

Al(A)dS, spacetimes have gap = O(r?) and they admit an analytic expansion for gap,
namely

1
gAB:V“ZQAB+T’CAB+DAB+;EAB—F@(T*Z), (B.14)

where each term involves a symmetric tensor whose components are functions of (u,z¢).
Indeed, for A # 0, the Fefferman-Graham theorem [81-85] together with the map between
Starobinsky/ Fefferman-Graham gauge and Bondi gauge, derived in [49, 100], ensure that
the expansion (B.14) leads to the most general solution to the vacuum Einstein equations.
For A = 0, the analytic expansion (B.14) is an hypothesis since additional logarithmic

branches might occur [121-123]. This expansion does not impose any constraint on the

"Notice that this determinant condition is weaker than the one used in [13, 14, 120]. Indeed, as in [5, 6,

9, 49], we do not require that the leading order of gap in the radial expansion is the unit sphere metric.
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parameters of the residual diffeomorphisms (B.13). In the following, upper case Latin
indices will be lowered and raised by the 2-dimensional metric g4p and its inverse. The

ABa

determinant condition implies g7 9,945 = 4/r which imposes successively that det(gap) =

r2det(qap), ¢*PCap = 0 and
1 1
Dup = EQABCCDCCD + D ap(u, %), Eap = §C_IABCDCDCCD + Eap(u,29), (B.15)
with ¢*BDap = ¢AP&4p = 0.
The diffeomorphism between Bondi and Starobinsky/Fefferman-Graham gauges [49]
allows to translate the boundary gauge fixing conditions (3.1) into the corresponding con-
ditions in Bondi gauge,

B=o(l), Ur=o(l), Vi=+a (B.16)
After boundary gauge fixing (B.16), Einstein’s equations imply
ADap =0, (B.17)
as well as A
gCAB = OuqaB, (B.18)

while &p is unconstrained. Furthermore, the other functions of the on-shell Bondi met-
ric (B.11) are given by

L1 s -4

1 1 1 2 1
A _ 1 AB _4nA L ~AB RO —4
U = 2 [ 2DBC' } + 3 [ 3N + 3C D%Cpc| +0O(r™), (B.19)
v oA 1 A AB 2M _9
—=r“——=—-(R —CyapC -—+0
= 2<[q]+8AB Tt (r—),
where M and N4 are functions of (u, :UA) and are respectively called the Bondi mass aspect

and the angular momentum aspect. In the following we will use the notation
1
Nap = 0,Cag, Uy = —§DBCAB- (B.20)

The Bondi news tensor N4p is symmetric and obeys qAB Nap = %CAB Cap.
The Bondi mass and angular momentum satisfy the constraints

A A? A
MW + ZDANGY 4+ 2 Capgt? =0, 0N —9aMW — ZDPIp =0 (B21)

where J4p is traceless symmetric (¢48J4p = 0) and we defined the quantities

MW = p o+ %NCDCCD, (B.22)
W _ Ny S BN 29, (L3 e

N7 =Ny 2AD Nap 48A (AR[q] 8CCDC , (B.23)

3 A 2 1
Jap = —~5 |0uNap — 5qa8C“PNep | + < [ Dallp) — sqasDUc
A 2 A 2
1 5 cD
— — — . B.24
+CaB [2AR[€1] + 160(JDC' ] 84B (B.24)
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B.3 Holographic renormalization procedure

As already stated in the main text, the variational principle for Al(A)dSs Einstein gravity
with Dirichlet boundary conditions (dv45|.» = 0) requires the incorporation of the Gibbons-
Hawking-York term:

Slgl = Senlgl + Scuy[v], Scuy[y] = 8 G/ d3z/|y| K (B.25)

where n = —sgn(A) is the norm of the outward normal unit vector to .#, and K the
associated extrinsic curvature. When more general boundary conditions are imposed, the
fluctuations of the boundary metric turn on radial divergences in the variation of the on-
shell action. In order to study them, we introduce an infrared cut-off £ > 0 (which will be
called regulator). We denote by #. = {p = €} the regulated boundary, on which will be
defined all the necessary counterterms. The regulated variational principle

gl — 2A d3 K (B2
Sloid) = g [ W [ a2Vl Ty [ ataRi B2

possesses on-shell two divergent pieces

1 [3 3, 4A 1 1
Sesleie] = T T /jgd 9915 + 3 R lg |5+<9(5)] (B.27)

when ¢ tends to zero. The holographic renormalization procedure amounts to supply
the regulated variation principle by a counterterm action Se[y;e] = [, d3z Let[y]. The
counter-term Lagrangian L. is required to be a top-form with respect to the regulated
hypersurface .. The latter is built up from covariant objects defined on .Z., but is not
required to be covariant with respect to the bulk geometry. In particular, it will involve the
metric y45(¢, 2¢) only. The renormalization requirement imposes that Sreglg; €] +Set[v; €] =
©O(£%) on-shell, after expanding in power series of ¢. The working counter-term has been
prescribed in [79] and is given by

Sabviel = | Polabl Labl = gy |3 VPT- REIVAI]. (B29)

Evaluating L. on-shell and expanding in ¢ yields

1 4N\ 1
Lct—m“ IA] [ |g(© (0)\/ |7+(9 } (B.29)

Hence Sien(g; €] + Sct[v; €] = O(e). Remark that when the regulator is sent to zero, the full
action is zero on-shell. We define the presymplectic potential ©% [0;~] associated with Lt
through 6L = ‘SL“ £57v% + 9,0%[67; 7], where ‘SLCIE is the Euler-Lagrange derivative of Lt

with respect to ’y“b It is given explicitly by

a . — D ab _ abp c
07|, = ~1grg\ Ta VI [P0 ="' Dutv)".]

4
<€

(B.30)

_ 1 ab _ _ab c
= 1oVl [Db(M) v* Dy (6) c} .

= —pOguldiv;v] B
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where D, is the Levi-Civita connection with respect to 4. Therefore,

- 5 w0 169; <0>] +O(e). (B.31)

@gt[(s’}/,'ﬂ Y |A‘

Let us now show that this holographic renormalization process implies a renormalization of
the presymplectic potential involving the ambiguities of the covariant phase space methods
discussed in section 2.2. On-shell, we have

05k =/> d*z 9,04y [0g; 9] = / d*z Ofy[0g; g1, (B.32)
p>e

where the minus sign in the last equality is due to the fact that we integrate on p from
the boundary to the bulk, which gives the negative orientation to the Stokes formula.
The resulting integrand is only the p component of gy since the outward normal to the
regulating surface is collinear to 8,. Evaluating (B.9) on ., and taking (B.29) into account,
we can show by direct calculation that the renormalized presymplectic potential defined as

(Sres + )| = / B 08,66 6: <] (B.33)

satisfies the following identity

1
Ofenld63 03] = [Ofys — OLany — 0Les + 008 | = [— sV 905 ||+ o),

(B.34)

which finally demonstrates (2.8).

B.4 Derivation of the surface charges

In this appendix, we show that the co-dimension 2 form (2.19) satisfies the fundamental
relation (2.18) at .# = {p = 0}. We start by computing the right-hand side of (2.18).
From (B.8), we work out §¢+/|g(¥)| and 6.7 as

5MWJ wg %%—|WWW%—ML (B.35)

We recall that Ty is subjected to the constraints (B.7). We also need 6:17;, = (55 ) oy
do¢ Ty Since Lo is invariant under diffeomorphisms, 5§c £§( 0 - Requiring further
that the conditions (2.11) are preserved also leads to 505 o = 0¢15,. Hence T, shares the
same variation as Ty, and furthermore,

0¢T" = Leg TS + 5o TS". (B.37)

Defining the shorthand notation T&bt) T% 1+ T% as in the main text, we get

5680 6] = -4<¢TMQ O \lgOTi s (DO + 0().

a 0
—0eOen[06; @] = 5 9] (Dgo)f(o) (tot) T Le(o) (tot)) 5921; +1/19O[T(2 0 (Dz(zo)fzg ))
+O(p). (B.38)
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The left-hand side reads as

Oa k?ien 09; (z) —0 (\/ (tot ) |g(0 ‘Ttot)ég(O)D(O)g( 0)
+ 5 \V |g(0)|D£LO)€ (tot 591) "‘ \/ 5 (tot (0) + (9( )

(B.39)
. a (O [e3
Since °C£°0 (T(tlc))t)) §( )D )T(t?)t) (tot)

04 k:gien[(sgé qb] ren [5§¢ 6¢ ¢]

1 0 c 0
SV 19 <°5£ ) tot)59ab) + 2T(tot)6glgc)D((10)€( — £ DY T(tot)(sg((lb)> +0O(p)
=0O(p), (B.40)

o7cle Dgo)gé)()]), we have

which proves the result.

B.5 Adjusted Lie bracket

In this appendix, we demonstrate the relations (2.25) based on the adjusted Lie
bracket (2.24). Let us denote by £[g] and x[g] two asymptotic Killing vectors of the
form (B.2) and (B.3). By hypothesis, if £ and x are preserving the Starobinsky /Fefferman-
Graham gauge, they satisfy

31 .
£ = poe(x®),  0p¢" = i POy, il_f}(l)fa = &) ("),
31 (B.41)
P _ a a_ 2+ _ab . a_ .a b
X7 = poy(x?),  Opx" = A, oy, lm x® = (g (27)-
As a result, the computation of [£, x]% is straightforward and gives
1
;[5, XL = (§90a0y — X" 0a0¢) — g0y + 6y0¢. (B.42)
Taking a derivative with respect to p, and using Li¢ ], gpa = 0, we get
1
8/) (,0[57 X]£> = péaaao'x - (9pX“3aUg =0, (B'43)
which shows that [¢, x]% = pd, and
.1
= ;[5: x4 0 f?o)aaax - X?o)aaaﬁ — 0¢0x + 0y 0. (B.44)

Let us now consider the transverse components. By evaluating the commutator at leading
order in p, we derive that

£ = lm €))% = [§0): X" = dex(o) + 0x&(o)- (B.45)

Recalling that 5@/“1’ = efgy“b = poe0, P + Dy — 27¢@9,£% and using explictly (B.41)
to express 9,{* and 8pxb in terms of o¢ and o, respectively, a direct computation yields

0, (EX12) = § 57" 0ho (B.46)

Putting everything together, this demonstrates (2.25).
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B.6 Charge algebra

In this appendix, we prove the charge algebra (2.27) of Al(A)dS4 spacetimes. The compu-
tation is on-shell so, in particular, the relations (B.7) hold. Let us start by working out
dyHe[¢]. The computation is direct using (B.35) and (B.36):

/ (0 /
dyHe (9] _/ [ D )X(o (tot) gbc (tot Dy X(o)gl(;c)f()

+ \/ Ttot) Dc Xb )ffo)} + Hs,¢[9]- (B.47)

Obtaining the second term is just a matter of replacement

= e 0] = /S D [ = V19010 Tl DVED | ~ Hsnldl (B.48)

Summing both contributions and using the fact that T (‘fg) ) is divergence-free, we get

5XH§ [¢] + Ex[5§¢§ Qﬂ
= Hs ¢l0] — H5.§X[¢]

b [t b] c
+ / [V‘g( | Tho (0 P00 — (>D50)§(o>)—28b< ’9(0)’X<0>T(mt>cf<o>>]

= Haeld] - Higlol + | 20 |\/la® ool xiol” - 204 rg<0>|x£g)Tfjot)cgfo>)]

oo

= Hig)[0] + Hy,e[6] — Hoey[0] + /S | 2d%), [ 20 (F X0 oo )}

= Hig. [0] + /S 2(d) [—283 ( \g(°>xE’;)Tth)c§§0)>] : (B.49)

%)

The last term is a total derivative on S%, and can be discarded. This proves the result.

C A-BMS, generators around on the unit round sphere

In this appendix, we show how to integrate the constraint equations (3.2) giving rise to
the A-BMS, generators when the background boundary metric gffg is fixed to be the unit
sphere metric ¢4p. We postpone the derivation of the general solution for any metric g( )
to future endeavour.

We write fl(to) = f as in (4.2). The scalar field ® and pseudo-scalar field ¥ define

the Helmholtz decomposition {A = A Bopd(t,2%) + éABopU(t,z¢). With our boundary
condition 1/|g(")| = \/q/¢, one can show that

O f — 2DADAf =0 (C.1)

20

after taking a second derivative with respect to t of the constraint equation for f. The
evolution equation for f{(‘)) is vectorial on the sphere, so we can solve for its curl and
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divergence separately. This yields respectively

DADA(8,9) = e opDAWE, (C.2)
n

DDA (a@ - ﬁf) — —DAWA, (C.3)
where W4 = 8759(%1)3 Op® (at this stage, we have not yet imposed gﬁ% = gap). It is worth
noticing that the wave equation (C.1) does not fully determine f, since this is a second
order equation with respect to ¢, while the original constraint on f is a first order equation.
The information we have lost by applying the second derivative is encoded in the remaining

condition

of = %DADA<I> (C.4)

that we need to take into account. We need to solve (C.1)—(C.4).

The equations for d:f, ;® and 0,V determine the fields f, ® and ¥ up to three
arbitrary function of the angles ( f , <i>, \if) Let us show that these functions are constrained.
We obtain DoDAf = 0 directly from (C.1) and DyD4® = 0 from (C.4). Recalling that
only constants are harmonic functions on compact manifolds, we can set f = fo (fo € R)
and ® = 0, since a constant value of ® does not appear in the vector f(f(‘)). Hence we
see that the solution for 0;f and 0;® fully determines f (up to a residual constant) and
®. However, we also observe that nothing constrains 0, showing that it will remain an
arbitrary function on the angles in ¥. Finally the wave equation involving f gives rise to
two arbitrary functions of the angles as integration constants, which will be brought to ®
thanks to (C.3). Hence the number of arbitrary functions of 24 is shown to be three.

We now set gffj)g = Gap and W4 vanishes identically. The solution of (C.2) is ;¥ = ¢
for some real constant c. This constant can be removed as an ambiguity in defining the
Helmholtz fields, since it is responsible for a linear term ct in ¥ which will never contribute
to the actual vector 56?]). The solution for ¥ is thus simply ¥ = ¥(z4). We can directly
solve (C.1) by using Fourier transform methods. We obtain

£t ) = /OOO dw [fE(:xA)cos <°"Z> + fo(z?)sin (“’;ﬂ (C.5)
it A <0 and
f(t,z?) = /000 dw [fE(xA) cosh <w£t> + fo(z) sinh <w€tﬂ (C.6)
if A > 0. In both cases, the Fourier coefficients are constrained as follows:
DDA fp = =202 fp, DaD”fo = —2wfo. (C.7)

These equations select discrete values for w which satisfy w? = %l(l +1) with [ € N, and the
solution for f is given in terms of the real spherical harmonics Y, (%) (m€N, |m|<1) as

Z [alm coS (?) + by, Sin <w2t>} Ylm(xA) if A <0,

Il,m

Z [alm cosh <wét> + by, sinh (w;t)] Ylm(mA) if A >0,

Il,m

f(tva) = (CS)
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where {a;,,} and {b;,,} are two sets of real constants. From (C.3), we can deduce that
80— Lf=o (C.9)
t 62 .

up to some real constant that can again be removed as an ambiguity in defining ®. Taking
one more derivative with respect to ¢ and recalling that (C.4) holds, we obtain that ®
satisfies the same wave equation as f,

Ui

2
8t¢)_ﬁ

DaDA® = 0. (C.10)
The general solution has already been derived (see (C.8)), and reads as (3.5), involving two
new sets of real constants {4;,,} and {By,,}. The 1/¢ factor in front of the B’s is for now
purely conventional, but will ensure later that the coefficients Ay, and By, will not depend
on ¢ in the flat limit process £ — oo. These new sets of constants are not independent
of {a;,} and {by,}, since we must require that the remaining constraints (C.4) and (C.9)
hold. The first one has been implemented in the derivation of the wave equation (C.10),
so we just have to impose the second one. This yields

aim =N Bimwi, by = —€ A wi. (C.11)

Hence, the f gauge parameter reads as (3.6).

The exact isometries of global (A)dS, are recovered if we restrict ourselves to the lowest

modes [ = 0 and [ = 1. Indeed, if one requires further that 5&7&% =0, it comes

. . . (DaDp®)™F =0,
DAf(O) + DB§(O) — De€SGap =0 < . C.12
B A © EC(ADB)({?C\I/ =0. ( )
In stereographic coordinates (z,z), if we introduce the auxiliary fields ¢ = (1 4+ 22z)®

and 1 = (1 + 22)¥, these equations become simply §2¢ = 0 = 92¢ and %) = 0 =
021). Hence ¢ and 1) are at most linear in z and z, the only non-linear piece that can
appear being the squared modulus zZ. In conclusion, the solution to the conformal Killing
equation developed for the Helmholtz fields ® and ¥ only involve the lowest (real) spherical
harmonics with [ = 0, 1.

D Useful relations for computations in Bondi gauge

In this appendix, we give some useful relations in Bondi gauge that are widely used in
section 4. The metric on the celestial sphere is written as g4p and we always impose that
0,/q = 0. From 5¢AB = —¢2“¢PP6qcp, we have for any symmetric tensor Tap

Tapdqg*B = —T2B5qup. (D.1)
For any Cap symmetric traceless tensor (i.e. Cap = Cap), ¢*BCap = 0), it follows that

qapdCAP = Cupdg™P. (D.2)
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Using explicitly ¢,/q = 0 one finds

§(CapCAB) = 204536C45, (D.3)
§(CapC*P) = qaps(CA°CE), (D.4)
MpdCAB = MABSC 45, (D.5)

where M 4p is also an arbitrary symmetric traceless tensor. Considering two variations 4, ¢’
one can prove the following identity, again with d,/q = 0:

Tupdd'¢*B = —TAB§8' qap — Téqapd ¢*P, (D.6)
where T = ¢4BTyp. Tt follows from (D.1) that
0T apd "B = —6TAP8 qup + Toqapd'¢*P. (D.7)
For a traceless tensor such as M4p, we have
SMagd'q*P = —6MAB§ qap. (D.8)
For the metric g4p itself, T'= 2 and
8qapd'¢*B = 6¢*P8 qup. (D.9)
Finally from (D.5) we get

SMapd' CAB = sMABS Cyp. (D.10)

E Flat limit of solution space and symmetries

In this appendix, we recall some key results of [49] regarding the flat limit process in Bondi
gauge (see also [41] for a review).

E.1 Flat limit of the solution space

Consider Bondi gauge (B.11) with the boundary conditions (B.14) and (B.16). The so-
lution space for the Einstein equations with non-vanishing cosmological constant (A # 0)
is decribed firstly by (B.19), with the evolution constraints with respect to the wu co-
ordinate (B.21). Secondly, it is described in (B.14), taking the constraints (B.15), (B.17)
and (B.18) into account (in particular, as discussed in [49], all the terms of O(r~2) in (B.14)
are completely determined in terms of g4 and 45). In summary, the data parametrizing
this solution space is given by

{aaB, 4B, M, Na}axo, (E.1)

where M and N4 satisfy the equations given in (B.21). In other words, the characteristic
initial value problem is completely specified by giving qap(u, ), Eap(u, %), M (ug, z°),
N 4(up, xc), where ug is an initial value of wu.

Now, if we consider the flat limit of this solution space following the prescription re-
called in section 4.2, we get exactly the analytic part of the solution space in asymptotically
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flat spacetime considered in [9] (the latter was initially obtained by solving the Einstein
equations in Bondi gauge with A = 0 and assuming the boundary conditions (B.14)-(B.16)
and analyticity in the powers of r expansions). Indeed, the left-hand side of equation (B.18)
goes to zero in the limit A — 0, which means that the asymptotic shear C4p becomes un-
constrained and g4p gets an evolution equation with respect to the u coordinate

aquB =0. (E2)

Similarly, equation (B.17) is trivially satisfied in the limit and does not impose any con-
straint on D 4p. However, as in [9], we will assume D45 = 0 for analyticity requirements.
Furthermore, as discussed in [49], the same phenomenon as in (B.18) happens for the trace-
less parts of the subleading terms O(r~!) in the expansion (B.14), namely they become
free data of the solution space, but with fixed evolution with respect to u. Now, taking
A — 0 on the expansions (B.19) leads trivially to

17 1
=3 [_CABCAB] + O™,

32
4 11 AB Ll 204 1 aBnc -4 E.3
1% Rlg] 2M 2
_—_e—_ —_——_—— — (9
r 2 r +O0r )7

where M and N4 satisfy evolution equations with respect to u that are obtained by taking
the flat limit of (B.21) following carefully the recipe given in section 4.2. This yields

1 1
OulNg — OaM — ZC’ABaBR[q] — TGaA(NBCCBC)
1 1
-I-ENBcDACBC + ZDB(C'BCNAC — NBCCAc) (E.4)
1
+ZDB(DBDCCAC — DADcCBY) =0,
and
1 AB 1 A 1 AB
OuM + gNABN - gDAD R[q] — ZDADBN =0. (E.5)

In summary, the solution space obtained in the flat limit is the one of [9] and is parametrized
by the following data'!

{qAB;CAB7M7NA78AB7"‘}A=07 (E6)

where gap, M, N4, ap, ... satisfy evolution equations with respect to u. In other
words, the characteristic initial value problem is completely specified by giving Cap(u, z%),
qaB(ug, ), M(ug, %), Na(ug,z%), Eap(ug, z%), ... where g is an initial value of u.

Notice that in all this flat limit process, we assumed that the functions (E.1)
parametrizing the solution space for A # 0 do no depend on A (see e.g. [124] for an
example in three-dimensional gravity where this condition is relaxed).

Hhe «.. .7 in (E.6) denotes an infinite tower of symmetric traceless two-dimensional tensors coming from
the O(r~?) of the expansion (B.14) and that satisfy evolution equations with respect to the u coordinate.
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E.2 Flat limit of the symmetries

Let us now start from the A-BMS, asymptotic Killing vectors, which are given by the
residual gauge diffeomorphisms (B.13) where the parameters f, Y4 and w satisfy the
constraints equations (4.3). Using the adjusted Lie bracket (2.24), they satisfy the com-

mutation relations
[é(flvyle)af(f%YZA)]* = g(fa YA)’ (E7)

where

2 1

f=Y0af>+ §f1DAY2A — O¢( vy f2 — (1 2), -
E.8
A A

YA = YlBaBYéA - gflqABanQ - 5E(f17y1A)Y2A — (14 2).

which is a simple translation of (3.3) and (3.4) using (4.2). These can also be derived
direclty in Bondi gauge following the procedure described in [18] (see [41]).

Now, taking the flat limit A — 0, the form of the asymptotic Killing vectors (B.13) is
the same, except that they are evaluated on the flat solution space parametrized by (E.6)
instead of the one parametrized by (E.1), while the parameters f, Y4 and w satisfy from
now on

1
Ouf = §DAYA, 0. YA =0, w=0. (E.9)

Notice that these equations do not involve the solution space. Therefore, the parameters
are field-independent in the flat limit (J¢ ayayfa=0=10¢ thlA)YQA). The equations (E.9)
can be readily solved as

1
f=T* + 5uDAYA, vA =vAzP), (E.10)

where T and Y4 are the supertranslation and superrotation generators, respectively. The
flat limit of the commutation relations (E.7) and (E.8) is straightforward and yields

[E(f1, YY), €0f2, Y3 )] = E(F, Y4, (E.11)
where

P 1
f=Y{"0af2+ 5 fiDaYs — (143 2),

(E.12)
VA =vPopYs — (14 2).
Using (E.10), the commutation relations (E.11) and (E.12) can be rewritten as
(€T, Y1), €(To, Y5l = €(T, YY), (E.13)
where
T =Y 04T + %TlpAYQA — (14 2), (E14)
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These are precisely the commutation relations of the (generalized) BMS, asymptotic
symmetry algebra given by the semi-direct sum Diff(S?)a-8, where Diff(S?) are the
superrotations parametrized by Y4 and & are the supertranslations parametrized by
T [5, 6,9, 98, 101].

Finally, let us show that the flat limit obtained by taking directly ¢ — oo in (3.5)
and (3.6) reproduces the expression of the (generalized) BMS4 generators (E.10). Since
the flat limit of the phase space is well-defined within the Bondi gauge, we now con-
sider f, ® and U defined in the appendix C as functions of (u,z4), where u is the Bondi
retarded time and z“ remain the angular coordinates. We see that the constraint equa-
tions (3.2) that we solved in this appendix are unchanged by the diffeomorphism between
Starobinsky /Fefferman-Graham and Bondi coordinates described in appendix B of [49], up
to the natural replacement of ¢ by u (see equations (4.3)). We also recall that the residual
gauge parameters are related as (4.2). The flat limit of (3.5) gives

B, a) = 3 Ay Vi () = B(ar) (E.15)
Im

as expected. The same limit of (3.6) leads to

f(u, I'A) = Z [nBlm — W UAlm] Wi Yim(l‘A)
lm
= Z |:Blm )/lm(xA) - leUAlm }/lm(mA):| ) (Blm = nwlBlm>
l,m

~ u ° °
=" Bin Vi) + 5 3 A DpDP Vi () (E.16)
I,m

lm
= T (%) + gf)Bf)Bcp(a;A)
= T(z") + 5 DpY P (a?),
where T'(z4) is an arbitrary scalar field on the celestial sphere. Hence we recovered (E.10).

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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