PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: June 4, 2020
REVISED: September 16, 2020
ACCEPTED: September 24, 2020
PUBLISHED: October 30, 2020

Nuclear modification factors for jet fragmentation

P. Caucal,” E. lancu,® A.H. Mueller’ and G. Soyez®

@ Institut de Physique Théorique, Université Paris-Saclay,
CNRS, CEA, F-91191, Gif-sur-Yvette, France

b Department of Physics, Columbia University,
New York, NY 10027, U.S.A.
E-mail: paul.caucal@ipht.fr, edmond.iancu@ipht.fr,
amh@phys.columbia.edu, gregory.soyez@ipht.fr

ABSTRACT: Using a recently-developed perturbative-QCD approach for jet evolution in a
dense quark-gluon plasma, we study the nuclear modification factor for the jet fragmenta-
tion function. The qualitative behaviour that we find is in agreement with the respective
experimental observations in Pb+Pb collisions at the LHC: a pronounced nuclear enhance-
ment at both ends of the spectrum. Our Monte Carlo simulations are supplemented with
analytic estimates which clarify the physical interpretation of the results. The main source
of theoretical uncertainty is the sensitivity of our calculations to a low-momentum cutoff
which mimics confinement. To reduce this sensitivity, we propose a new observable, which
describes the jet fragmentation into subjets and is infrared-and-collinear safe by construc-
tion. We present Monte Carlo predictions for the associated nuclear modification factor
together with their physical interpretation.
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1 Introduction

One important source of information about the dense partonic matter — the quark-gluon
plasma — created in the intermediate stages of ultrarelativistic heavy ion collisions at RHIC
and the LHC comes from studies of jets propagating through this dense medium and of
the associated modifications of the jet structure and properties. Generically known as
“jet quenching”, these modifications cover a large variety of phenomena and observables,
from more inclusive ones, like the energy loss by the jet (measured e.g. by the nuclear
modification factor R44), to more detailed ones which probe the pattern of the in-medium
jet fragmentation (e.g. jet-substructure observables and the fragmentation function) or the
medium response to the jet (which influences the jet shapes).

On the theory side, various approaches and physical scenarios have been proposed.
They generally adopt a perturbative QCD (pQCD) picture for the high-virtuality part
of the parton showers, but differ in their treatment of the interactions between the jet
and the medium, and of the medium itself. Even the approaches assuming a weak QCD
coupling throughout most stage do still involve some non-perturbative aspects, like the
geometry of the medium and of the interaction region, or the transition from partonic to
hadronic degrees of freedom at very low virtualities. Besides, there are several pQCD-
based approaches, which differ in their assumptions about the dominant medium effects
and the best-suited approximation schemes. Notable differences concern the description
of the medium-induced radiation — triggered by the collisions between the partons in the
jet and those in the medium — and its interplay with the vacuum-like parton branchings
triggered by the virtualities.

It is therefore crucial to identify observables which probe different aspects of the in-
medium dynamics and can thus be used to test the physical ingredients and assumptions
underlying the various theoretical scenarios. In this paper, we focus on one such observable,
the nuclear modification of the jet fragmentation function, for which there are interesting
data at the LHC [1], but few dedicated conceptual studies (see however [2-8]). The the-
oretical framework that we use to address this (and related) observable(s) is the pQCD
approach recently developed in refs. [9, 10], in which vacuum-like emissions (VLEs) and
medium-induced emissions (MIEs) are factorised from each other via controlled approxima-
tions at weak coupling. This simple description is manifestly probabilistic, hence allowing
for an efficient Monte-Carlo implementation. In [10], we already successfully applied it to
two observables measured at the LHC: the jet R44 (the nuclear modification factor for
inclusive jet production) and the z4-distribution (reflecting the jet substructure in terms
of relatively hard splittings).

At a first sight, the fragmentation function looks like an ideal observable to study the
jet structure in terms of parton showers and its modifications by the interactions with the
medium. Indeed, the experimental results [1] in PbPb collisions at the LHC show an in-
teresting pattern with a strong nuclear enhancement of the jet fragmentation into hadrons
visible at both ends of the spectrum, that is, at both small x < 1 and largish x = 0.5
(with & ~ pr/prjet the longitudinal momentum fraction of a hadron inside the jet.) One
should however be cautious as the jet fragmentation function is not a well-defined (“in-



frared and collinear safe”) quantity in pQCD. This means that its theoretical predictions
are strongly sensitive to non-perturbative (confinement) physics like the modelling of the
hadronisation mechanism.

Another potential drawback of the fragmentation function, already recognised in the
literature [2, 7], is that the nuclear enhancement seen in the LHC data at = 2 0.5 is not
necessarily an evidence for new physics in the jet fragmentation at large z, but merely a
consequence of the overall energy loss by the jet together with the bias introduced by the
initial spectrum for jet production via hard (nucleon-nucleon) scatterings. In that sense,
the physics of the in-medium jet fragmentation at large x is strongly correlated with that
of the jet Ra4 — a correlation that we confirm in this paper.

The small-x part of the in-medium fragmentation function is further affected by the fact
that, in practice, one cannot distinguish the soft hadrons produced by the fragmentation
of the jet itself from those from the medium which are dragged by the wake of the jet and
are co-moving with it. This effect, know as the “medium response” should be included
in any realistic theoretical comparisons with the data at small z (see e.g. [3-6]). This is
however not the case of our current framework in which the medium is simply described as
a “brick” with a uniform value for the jet quenching parameter §, the rate for transverse
momentum broadening via elastic collisions. The absence of hadronisation in our framework
further limits our accuracy in the small-x region, even though this can to some extend be
probed by varying the transverse momentum cut-off of our partonic cascade. In view
of these limitations, our current study should be viewed as merely exploratory and we
shall not perform a direct comparison between our results and the data [1] for the nuclear
modification of the jet fragmentation.

Despite these simplifications, one should still hope that our framework captures (most
of) the qualitative features of the nuclear effects on the jet fragmentation and, in partic-
ular, those that are mainly driven by the medium effects included in our parton showers.
The results for the nuclear modifications of the fragmentation function that we obtain in
this paper are indeed encouraging. They show that despite the large uncertainties asso-
ciated with the poorly-controlled soft-physics effects, one can still use this observable for
physical considerations and provide a physical interpretation of some of their dominant
qualitative features.

First of all, we find that our Monte Carlo results for the nuclear effects on the jet
fragmentation function show the same qualitative behaviour as the respective LHC data [1].
Furthermore, the relative simplicity of our approach allows us to present semi-analytic
calculations, based on piecewise approximations, which clarify the physical interpretation
of the Monte Carlo results. We are thus able to identify the various physical mechanisms
contributing to a given nuclear effect — say, the enhancement in the nuclear fragmentation
function at small £ — and quantify their relative importance.

Our physical picture at weak coupling includes three main medium-induced phenom-
ena, all originating from multiple elastic collisions off the medium constituents: transverse
momentum broadening, medium-induced radiation, and colour decoherence. These phe-
nomena lead to a variety of physical effects. For instance, the energy lost by a jet is associ-
ated with soft gluons which, after being produced via medium-induced multiple branchings,



are deviated at angles larger than the jet radius by elastic collisions. Vice-versa, the rela-
tively hard medium-induced emissions propagate at small angles, inside the jet, and hence
contribute to the final jet multiplicity, both directly and indirectly via their subsequent
radiations. The analytic calculations in this paper, supported by numerical tests, show
that these phenomena are differently probed by the jet fragmentation at small and large x.

The interplay between the various phenomena is often subtle. For example, one may
think that the nuclear enhancement observed in the jet fragmentation function at small
x is due to the copious production of soft gluons via medium-induced emissions. This
is however not right since the soft gluons produced (via MIEs) inside the medium are
efficiently deflected outside the jet by elastic collisions and hence cannot contribute to the
jet multiplicity. In reality, the nuclear excess in the jet multiplicity at small x is a combined
effect of two phenomena: the colour decoherence, which opens the angular phase-space for
radiation outside the medium, and the presence of additional sources for this radiation, as
represented by relatively hard, intra-jet, MIEs.

We similarly discuss nuclear effects on the jet fragmentation at large x = 0.5. This
refers to jets which suffer relatively little evolution, so the leading parton is unambiguously
identified in the final state. As recognised in the literature [2], these are typically quark-
initiated jets, which are less suppressed by the dense medium than the gluon-initiated jets.
This argument takes into account the total energy loss by a jet together with the bias
introduced by its production spectrum, but it ignores possible nuclear modifications in
the fragmentation mechanism itself. To clarify this point, we perform analytic studies of
the in-medium jet fragmentation near x = 1. We identify several medium effects which
compete with each other. Notably, the two MIE effects already mentioned — energy loss
at large angles via soft emissions and energy redistribution inside the jet via semi-hard
MIEs — act in opposite directions and almost compensate each other, except possibly at
x > 0.9. We thus conclude that the strong nuclear enhancement seen in the LHC data
for the fragmentation function at large = > 0.5 is not teaching us much about the jet
fragmentation, but only about the jet global energy loss and its interplay with the bias
introduced by the steeply-falling initial spectrum.

Although our qualitative description of the LHC data for the jet fragmentation func-
tion in Pb+PDb collisions looks satisfactory, it would be still interesting to allow for more
precise, quantitative, comparisons between theory and data. Besides the current intrinsic
limitations of our approach — which could, at least in principle, be improved in the future
—, such comparisons are hindered by the infrared sensitivity of the fragmentation func-
tion. Motivated by that, we propose a new, infrared-and-collinear-safe, observable which
is directly probing the jet fragmentation. Instead of counting the hadrons inside the jet (in
bins of z), this new observable counts the primary subjets — i.e. the subjets generated by
partons directly emitted by the leading parton — which are hard enough, in the sense of
having a sufficiently large transverse momentum w.r.t. their emitter. This observable lies
on the same footing as other, perhaps more familiar, observables associated with the jet
substructure, such as the z4-distribution. We present our Monte Carlo predictions for this
new observables together with their physical interpretation. The associated nuclear effects
are rather pronounced and our respective predictions are under control both qualitatively
and quantitatively.



The paper is organised as follows: in section 2 we provide a brief reminder of our
physical picture, introduced in refs. [9, 10]. Section 3 gives our Monte Carlo results for the
fragmentation function and discusses the physical mechanisms at play. We give additional
details and perform semi-analytic calculations in section 4 for the fragmentation function at
large z and in section 5 for small . Section 6 introduces and discusses our new observable
based on subjets and section 7 concludes.

2 General picture and its Monte Carlo implementation

We first provide a brief reminder of the physical picture, and the corresponding imple-
mentation as a Monte-Carlo parton shower, as introduced in refs. [9, 10], that we need to
discuss our new results on nuclear effects for the fragmentation function.

In essence, our picture includes two types of radiation: standard vacuum-like emissions
(VLEs) triggered by the parton virtuality, as well as medium-induced emissions (MIEs)
triggered by collisions between the high-energy partons and the quark-gluon plasma. Our
description is correct to double-logarithmic accuracy within perturbative QCD, including
running-coupling and hard-collinear (DGLAP-like) branchings for the VLEs. We make the
assumption of a fixed (non-expanding) medium of length L. MIEs are treated as multiple
BDMPS-Z-like branchings, with a jet-quenching parameter ¢ that is fixed in time.

In the double-logarithmic approximation, we have shown [9, 10] that the partonic
cascade can be factorised in three steps:

1. a pure vacuum-like cascade with emission inside the medium: these corresponds to
emissions of angle § and energy w satisfying w36* > 2§ and 6 > 6, = %, these
q

emissions have a formation time ¢; = 2/w6? much smaller than the medium size L;

2. each parton resulting from the above pure-VLE cascade travels through the medium
over a distance of order L and can thus source MIEs;

3. the resulting partons (VLEs from the first step and MIEs from the second step)
are the source to another cascade of VLEs outside the medium, i.e. in the region
wh? < 2/L. For each of these cascades, the first emission can occur at any angle
(i.e. is not constrained by angular ordering), a consequence of the colour decoherence
following the interactions with the medium [11-14].

Our vacuum-like cascade is described as an angular-ordered shower, starting from a
maximal angle 6.« and keeping only emissions with a relative transverse momentum w.r.t.
their emitter (k; = w6 for an emission of energy w at an angle #) above a cut-off k| ;,,. For
the third step of the factorised cascade, the first emission can again happen up to angles
Omax-

To the accuracy of interest, the only medium effects on the VLEs occurring inside
the medium can be formulated as kinematic boundaries on the (w, #) phase-space. This
gives a vetoed region for VLEs which is represented pictorially in figure 1. Emissions with
wh? > 2/L and 6 < 6, are formally produced inside the medium but lose energy coherently
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Figure 1. The phase-space for vacuum-like gluon emissions by a jet propagating through a dense
QCD medium, in logarithmic units. In the left plot, the variables are the gluon energy w and its
emission angle 6. In the right plot, we rather use the relative transverse momentum k; ~ w6 and
the inverse of the angle 1/6.

with their emitter [11-13]. They can therefore be treated as if they happen outside the
medium.

Medium-induced emissions can occur anywhere inside the medium. They are generated
with the following emission rate [15-18]:

d2rmed _ as,medP(z) 1
dzdt V21 tmea(w,2)’

with P(z) the splitting function and t,,cq the formation time for a MIE off a parent parton
with energy xFE. Both depend on the partonic channel under consideration. For, say, a

(2.1)

g — gg channel one has

tmed (T, 2) = m ~ ’/%(H;E, (2.2)

where the approximate equality holds for z < 1. This spectrum is valid for soft emissions,
w < we, where w = zzF is the energy of the emitted gluon and w. = ¢L%/2 is the most
energetic such an emission, corresponding to a formation time ¢y,,q = L. Integrating (2.1)
over a time of order L we get the BDMPS-Z spectrum for soft emissions [19-23]

dPred Qs med Ne 2w,
w =
dw T w

O(we — w) (2.3)

In our Monte Carlo simulations, the QCD coupling asmeqd in egs. (2.1) and (2.3) is
kept fixed.!

After being produced at time ¢, MIEs propagate through the medium over a distance
L —t and thus acquire a transverse momentum broadening via random collisions. This is

1On physical grounds, one expects that the right momentum scale for the running should be the trans-
verse momentum k?‘ = /4w acquired during formation. This energy dependence would complicate the MC
implementation.



parameters physics constants
Description | ¢ [GeV?/fm] L [fm] s med 0. we [GeV]  wpy [GeV]

default 1.5 4 0.24 | 0.0408 60 3.456
1.5 3 0.35 | 0.0629 33.75 4.134

similar R4 2 3 0.29 0.0544 45 3.784
4 0.2 0.0354 80 3.200

Table 1. Table of medium parameters used in this paper. The default set of parameters is given
in the first line. The next 3 lines are parameters which give a similar prediction for Ras. The
physics scales are defined as 0. = 2//4L?, w. = GL?/2, and wy, = @2w,, with &5 = a5 meaNe/m
and N. = 3.

treated as a Gaussian distribution in k&, of width Ak? = ¢(L —t). A similar broadening
applies to the VLEs, for which one can safely take ¢t ~ 0 (since t ~ ty < L).

Physically, one can identify two main regimes in the cascade of MIEs: (i) for
We > W > Why = (s medNe/m)?we, the probability for multiple emissions is small. This
corresponds to relatively rare semi-hard emissions at small angles (in particular at angles
which can remain inside a jet). (ii) for w < wp, multiple branchings are important. This
corresponds to a turbulent flow of soft emissions at large angles (larger than the jet radius),
which are the main cause for energy loss by the jet [17, 18, 24].

In this picture, the energy lost by a jet is driven by two mechanisms: first, the in-
medium vacuum-like cascade creates a sequence of emissions within the jet, then, each of
these emissions is the source of (soft) MIEs with w < wy, which propagate outside the jet.
The increase of the number of sources with the jet transverse momentum pr e is crucial
for explaining the almost-flat jet nuclear suppression factor R4 observed at high p7 e at
the LHC [25].

In fine, our Monte-Carlo for parton cascades in the medium contains two “non-
physical” parameters: . which can be viewed as an uncertainty on our collinear re-
summation, and k| min which corresponds to a scale of order Aqcp (or ~ 1GeV) at which
hadronisation should become important. It also has 3 “physical” parameters describing
the interaction with the medium: ¢, L and o meq. From these 3 parameters one can ob-
tain the constants 0. and w. (which, in particular, control the size of the veto region in
figure 1), and wy, which control the energy lost by a parton at large angles (and hence the
jet energy loss).

In ref. [10], we found a series of parameters led to a good description of the LHC data
for the jet Ra4, as measured by ATLAS [25]. These parameters are listed in table 1. It
was also shown in [10] that the above picture provides a qualitatively-correct description
of the z, distribution.

Our goal in this paper is to extend our study to the jet fragmentation function. The
first set of parameters from table 1 will be our default choice throughout this paper and
the other three will be used to probe the sensitivity of the fragmentation function to the
medium parameters beyond what is provided by the measurement of R44.



3 Monte Carlo results for the in-medium fragmentation function

In this section, we present our Monte Carlo results for the in-medium modification of the
jet fragmentation function together with a discussion of their physical interpretation. This
interpretation is supported by the analytic calculations described in the next sections.

3.1 Definitions and general set-up

In order to describe pp and PbPb collisions at the LHC, we consider jets with an initial
spectrum given by a pp collision? with centre-of-mass energy /s = 5.02 TeV computed at
leading-order, i.e. with Born-level 2 — 2 partonic hard scatterings. A key property of this
initial parton (or dijet) spectrum is that it is steeply falling with the partons’ transverse
momentum prg: dNPard /dpro o< 1/pl, with n 2 5. For each event, both final partons are
showered using our Monte Carlo. Jets are reconstructed using the anti-k; algorithm [26]
as implemented in FastJet v3.3.2 [27]. The final jets are characterised by their transverse
momentum pr jet, Which is generally different from the initial momentum prg, in particular
for jets in PbPb collisions which suffer energy loss. The pp baseline is obtained by using
the vacuum limit of our Monte Carlo.

We denote the final jet spectrum by d Njets/dpr jet and use the upper scripts “med” and
“vac” to distinguish between jets in the medium (PbPb collisions) and jets in the vacuum
(pp collisions), respectively. The jets can be initiated by either a quark or a gluon. In
practice, one often considers the jet yield integrated over an interval in pr e, that is,

PT,max deetS
DT jet d .
PT jet

]\Gets(pT,min;pT,max) :/ (31)

PT,min

For a given jet with transverse momentum pr jet, we characterise its fragmentation in terms
of the longitudinal momentum fraction
prcos(AR)

r=—-—>" 3.2
DT jet ( )

where pr is the transverse momentum of a constituent of the jet and AR =

(Ay)? + (A¢)?, with Ay and A¢ the differences between the jet axis and the parti-
cle direction in rapidity and azimuth. Note that since our Monte Carlo does not include
hadronisation, the jet constituents are partons.

The jet fragmentation function D(z) and its nuclear modification factor R(z) are

defined as

1 dN
Niets da:

med T
R(x) - Zvac((x; ’ (3'3)

D(z) =

with Njets the number of jets (in the considered pr ey range) and dN/dz the number of jet
constituents with a given momentum fraction .

2For simplicity, we have used the same hard-scattering spectrum for both the pp baseline and the PbPb
sample. This means that we neglect the effects of nuclear PDF, which can sometimes be as large as 15-20
% and can be added in a more phenomenologically-oriented study.
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Figure 2. The variability of our MC results for the ratio R(x) w.r.t. changes in the “unphysical”
(left) and “physical” (right) parameters. The 4 sets of values for the “physical” parameters are
correlated in that they provide similarly good descriptions of the LHC data [25] for the “standard”
nuclear modification factor for jets Ra4 (see the discussion in [10]).

For later conceptual studies, we shall also consider “monochromatic jets” produced by
a well identified parton, quark or gluon, with a fixed initial transverse momentum prq. In
such a case, we denote the fragmentation function by D;(z|pro), where i € {q, g} refers to
the flavour of the leading parton. The corresponding medium/vacuum ratio is defined as

Ri(z|pro) = D (z|pro) / DY (x|pr0).
3.2 Monte Carlo results and physical interpretation

We now present our Monte Carlo results for the fragmentation function and the associated
nuclear modification factor. We want to pay a special attention to their dependence on the
two “unphysical” parameters of the Monte Carlo, 0yax and k| min, and to the 3 “physical”
parameters, ¢, L and o med- The dependence on the former can be viewed as an uncertainty
in our underlying parton-level theoretical description and a large uncertainty would signal
a strong dependence of the observable on non-perturbative effects such as hadronisation.
Conversely, the dependence on the “physical” medium parameters sheds light on the role
and importance of the medium effects at play.

3.2.1 Variability with respect to the unphysical cutoffs

Figure 2(a) displays the sensitivity of our MC results for R(x) to variations of the “un-
physical” parameters around their central values Opmax = 1 and k| min = 0.25 GeV, for fixed
values of ¢, L and g med-

The first observation from figure 2(a) is reassuring: the distribution shows a strong
enhancement both at small x and at large x, with a nuclear suppression at intermediate
values of z. This is in qualitative agreement with experimental measurements (see e.g. [1]).

However, the variations w.r.t. the unphysical parameters appear to be very large. We
have checked that they were strongly dominated by variations in k| myin. This should not



come as a surprise since the fragmentation function, measured directly on individual con-
stituents, is not an infrared-and-collinear (IRC) safe observable. The sizeable variations
in the small-z region directly come from the variations of the available phase-space for
radiating soft gluons when varying k| min. The large variations in the radiation of soft
particles directly affect the spectrum of hard particles in the jet, hence the large uncer-
tainty in the large-z region. Only a proper description of hadronisation (including varying
hadronisation parameters) would (hopefully) reduce this uncertainty. This should be kept
in mind when studying the dependence of our results on the medium parameters and when
comparing our MC results in this work with actual experimental data.

3.2.2 Variability with respect to the (physical) medium parameters

We now fix the unphysical parameters to their central value and study how R(x) depends
on the medium parameters ¢, L, and o meq. We first consider 4 different sets of values,
given in table 1 together with the angular and energy scales 6., w. and wy, characterising
the medium-induced radiation, as discussed in section 2.

The plot in figure 2(b) shows our new results for R(x) for the 4 sets of values for
2 0.1, the small variations in wy, (see

~

the physical parameters. For large values of x, x
table 1) are compensated by relatively large variations of w. and 6.. This is similar to
what happens for R44, as discussed at length in ref. [10]. This suggests that for largish
x 2 0.1, the nuclear effects on jet fragmentation and on the inclusive jet production are
strongly correlated and in particular that they are both controlled by the jet energy loss.
Such a correlation has been already pointed out in the literature [2, 7] and used to provide
a simple and largely model-independent argument for explaining the enhancement in the
ratio R(z) at 2 0.5, as observed both in the LHC data [1] and in our MC results in
figure 2(b). This argument will be revisited and completed in the next subsection and also
in section 4.

Turning to smaller x values, x < 0.01, the situation becomes different. There is a
clear lift of degeneracy between the 4 sets of values, with two of them — corresponding
to the smallest medium size L = 3fm, but larger values for o mea — yielding results that
are significantly larger than those predicted by the two other sets (with L = 4). In what
follows, we provide physical explanations for these trends.

3.3 Behaviour at large «

The behaviour at large x is largely controlled by the physics of energy loss and its interplay
with the initial production spectrum, as we now explain.

A jet which, after crossing the medium, is measured with a transverse momentum pr et
has originally been produced from a hard quark or gluon emerging from a hard process
with a larger momentum pro = prjet + £(pro), where €(pro) is the energy lost by the jet
via MIEs at large angles (see ref. [10] for an extensive discussion of this quantity). While
the energy lost by a parton with momentum pp > wy, saturates at a value € ~ wy,, which is
independent of pr [17], the average energy lost by a jet keeps increasing with prg, because



of the rise in the phase space for VLEs and hence in the number of partonic sources for
medium-induced radiation.?

Due to the steeply-falling underlying prg spectrum, cutting on the jet pr tends to
select jets which lose less energy than average. In particular, this bias favours the “hard-
fragmenting” jets which contain a parton with large = (say, > 0.5). Such jets correspond
to rare configurations, in which the radiation from leading parton is strongly limited in
order to have a final x fraction close to one. Since they contain only few partons, the
hard-fragmenting jets suffer very little energy loss, of the order of the partonic energy loss
€ ~ wpr. They are therefore less suppressed than the average jets by the steeply-falling
initial spectrum. In other terms, the medium acts as a filter which enhances the proportion
of hard-fragmenting jets compared to the vacuum.

This bias has already consequences for the inclusive jet production, as measured by
Ry4a: the fraction of hard-fragmenting jets among the total number of jets (say, in a
given bin in prje) is larger in AA collisions than in pp collisions. The effects of this bias
are however expected to become even stronger for the jet distribution dN /dx at large =z,
which by definition selects only hard-fragmenting jets. This stronger bias towards hard-
fragmenting jets has been proposed as an explanation for the nuclear enhancement in the
fragmentation function observed in the LHC data [1] at large 2 0.5. This argument
is very general: it applies to a large variety of microscopic pictures for the jet-medium
interactions, assuming either weak coupling [5, 28], or strong coupling [29, 30], or a hybrid
scenario [3, 7, 8]. All these scenarios naturally predict that hard-fragmenting jets lose
less energy towards the medium than average jets, for the physical reason that we already
mentioned: hard-fragmenting jets contain less partonic sources for in-medium energy loss.
This physical argument is manifest in both the pQCD [5, 28] and the hybrid approaches [3,
7, 8], which explicitly include a vacuum-like parton shower. It is also implicit in the strong
coupling scenario in [29, 30] which is tuned such as to reproduce the angular distribution
of jets in p+p collisions at the LHC (itself well described by PYTHIA).

In this section, we argue that this is also the main explanation for the rise seen in our
results in figure 2(b) at « 2 0.5. Within our pQCD approach this is not entirely obvious
since our scenario also allows for nuclear modifications of the fragmentation process itself,
via medium-induced emissions and energy loss effects. Similar ingredients are a prior:
present in other scenarios, like JEWEL, but their relative importance has not been explicitly
studied to our knowledge. In section 4, we shall perform an extensive study of these effects,
via both analytical and numerical (MC) methods. Our conclusions are briefly anticipated
towards the end of this section.

Before we discuss the fragmentation function per se, let us first demonstrate that, in
our picture too, a hard-branching jet loses less energy than the average one. We have
numerically verified this, by selecting (in our MC events) jets for which the harder parton
carries a momentum fraction T.x in a restricted window. These results are presented
in figure 3(a) for the energy loss of monochromatic jets and in figure 3(b) for the jet

3Within our pQCD picture, this increase in the number of sources for medium-induced emissions explains
the fact that Raa increases only slowly with pr jet, including at large prjet = 500 GeV [10].
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Figure 3. Energy loss and R4 for different bins of ., the momentum fraction of the jet harder
constituent.

R4, for the 3 bins in xpax and (for comparison) also for the inclusive jets. Focusing
first on the left figure, we find indeed that the energy lost by jets with zp.x > 0.9, i.e.
hard-fragmenting jets, is both considerably smaller and also less rapidly growing with prq
then for the average jets.* As pnax decreases, both the energy loss and its pro growth
increase. This tendency is confirmed by the study of R44, Figure 3(b), where jets with
a large Tmax show a smaller-than-average nuclear suppression. It would be interesting to
experimentally measure the correlation between the jet R44 and the momentum fraction
Tmax and compare to our above predictions (see also [7] for a related observable, which
compares the nuclear suppression for high-p7 hadrons and inclusive jets).

To have a more quantitative argument, let us focus on a single bin in pr = prje; with a
(vacuum) Born-level pr spectrum. The vacuum fragmentation function can then be easily

estimated as
Ny(pr)Dg*(z|pr) + Ny(pr) Dy (z|pT)

Nq(PT) +N9(PT) 7

where N;(pr) = AN /dpr o 1/p% are the initial spectra for quarks (i = ¢) and gluons

DV&C($|pT) ~ (3.4)

(1 = g) and the fragmentation functions for monochromatic jets have been introduced at
the end of section 3.1. To write down the corresponding formula for jets in the medium,
let us assume that the only medium effect on the jet production is the energy loss. One
can thus write

> Nilpr + €i(2)) D (zlpr + ei(x))

ie{q,9}
>, Nilpr +&(pr))
ic{q,9}

D (| pp) ~ for x ~ 1. (3.5)

4The MC results for Zmax > 0.9 are only slightly larger than the energy loss expected on the basis of
eq. (4.13) for a jet made of two partons. This will play an important role when discussing the large-z
behaviour in section 4.
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The quantity €;(x) in the numerator is the energy loss of a hard-fragmenting jet. It depends
on x because the focus on large values z > 0.5 selects special configurations in which jets
are made with only few partons. Its precise xz-dependence is not important for what
follows. Rather, it suffices to know that ¢;(x) is a partonic energy loss, of order wy,, and
to a good approximation is independent of the jet py. The corresponding quantity in the
denominator, &;(pr), is the average energy loss by a jet with transverse momentum prp.
It is much larger than €;(z) and increases with pr. This difference between the partonic
energy loss ¢;(x) in the numerator of eq. (3.5) and the average energy loss & (pr) in its
denominator, together with the rapid decrease of N;(pr) when increasing pr, are the origin
of the nuclear bias towards hard-fragmenting jets at large x, discussed at the beginning of
this section.”

On top of their bias towards less energy loss, hard-fragmenting jets also favour quark-
initiated jets. There are two reasons for this [2, 10]: (i) a quark radiates less than a gluon
due to its reduced colour charge (Cr < Cj4), resulting in a larger probability to contribute
at large x, and (ii) quark-initiated jets typically contain less partons than gluon-initiated
jets and hence lose less energy (g4 < €4); this feature together with the steeply-falling pr
spectrum favours their production in AA collisions. We can therefore only keep the quark
contribution to the numerators of eqs. (3.4) and (3.5) and write

7 (z]pr)
R(x ~ 4~ TR (x , 3.6
(zlpr) 75 (or) q(z|pr) (3.6)
with the following definitions:
vac N me N + € T
fq (pT) = Q(pT) fq d(-ﬂpT) = Q(pT Q( )) (37)

> Nilpr +&(pr))
i€{q,9}

Ny(pr) + Ny(pr)’

vac

For jets in the vacuum, fY2¢(pr) is simply the fraction of quark-initiated jets. However, the

corresponding quantity fz)r jets in the medium is generally not a fraction, because of the
different energy losses appearing in the numerator and in the denominator of f;“ed (z|pr).

The condition of hard fragmentation (z ~ 1) only plays a role in the case of the medium,
where it distinguishes between the “partonic” energy loss 4(«) in the numerator and the jet
energy loss & (pr) in the denominator. As already discussed, the physical observation that
gq(z) < &(pr) implies that the fraction of hard-fragmenting jets in the medium is larger
than that in the vacuum, i.e., fqmed(a:\pT)/fé’aC(pT) > 1, which in turn causes R(z|pr) to
go above one for x < 1. As x decreases, the energy loss of jets contributing at this value
of x increases, becoming closer to £(pr) and the nuclear enhancement is less pronounced.

Eq. (3.6) also involves the medium/vacuum ratio Ry(x|pr) = Dgled(x|pT)/D;’aC(x|pT)
of the fragmentation functions for quark-initiated, monochromatic, jets. This ratio encodes
the nuclear modifications of the fragmentation process itself and is perhaps the most inter-

esting quantity one would like to extract from observables like R(z) as it encodes internal

5Strictly speaking, the “average” energy loss & (pr) in the denominator is influenced too by this bias,
since it should be computed as an average over an inclusive sample of jets produced in AA collisions.
However, this bias is less important for the inclusive sample than for the large-x distribution in the numerator
of eq. (3.5).
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properties of the jet rather than its global energy loss. One of the goals of this paper is
therefore to identify medium effects on the nuclear modification factor R(x) beyond global
jet energy-loss effects.

Specifically, in section 4 we shall discuss three types of nuclear effects on the fragmen-
tation function D;“ed (z|pro), which act in opposite directions and almost compensate each
other. First, the presence of a vetoed region in the phase-space for in-medium VLEs re-
duces the probability for the leading parton to radiate a (vacuum-like) soft gluon and thus
increases the probability to find that parton at large x. Then, the energy lost by a two-
parton system (after a vacuum-like emission) also goes in this direction.® Finally, the MIEs
which are hard enough to remain inside the jet (i.e. with energies w > wy,) redistribute the
energy within the jet and thus decreases the probability to find the leading parton with a
fraction z close to one. Our numerical studies show that these effects are individually not
so small (at least for x large enough, such that 1 —z < w./pro), but their net effect on R
is much smaller than the strong enhancement due to the factor f;led(x\pT) /132 (pr)-

In summary, for relatively large x, the observable R(x) is not sensitive to the details
of the in-medium fragmentation function, but merely to the bias in the distribution of
hard-branching jets as introduced by the deeply falling initial p7 spectrum.

3.4 Behaviour at small x

Let us now consider the situation at small < 0.01, where our numerical results in fig-
ure 2(b) show a pronounced medium enhancement of the fragmentation function, in qual-
itative agreement with the experimental observations [1]. These results also exhibit a
(partial) lift of the degeneracy between the various sets of values for the medium parame-
ters, suggesting a weaker correlation between R(z) and the jet nuclear modification factor
R44. This section provides explanations for these observations within our framework.

We first note that, for the considered range in prjet, S 0.01 corresponds to momenta
pr S 2GeV for the emitted partons, which are smaller than the characteristic medium
scale wy, for multiple branching. In our framework, such soft emissions are dominated by
VLEs outside the medium since MIEs with energies w < wp, would fragment into very soft
gluons propagating at angles larger than the jet radius (i.e. outside the jet). The medium
enhancement of VLEs outside the medium has two main origins: (i) the violation of
angular ordering by the first emission outside the medium, which opens the angular phase-
space beyond what is allowed in the vacuum [9, 14], and (ii) the presence of MIEs with
w > wpy which remain inside the jet and can radiate VLEs outside the medium [10]. Our
(analytic and numerical) studies in section 5 show that both effects contribute to explaining
the enhancement visible in the MC results.

The above interpretation of the nuclear enhancement at small x as additional VLEs
outside the medium does explain the differences between the various choices of medium
parameters seen in figure 2(b). A smaller value for L increases the energy phase-space
for the parton cascades developing outside the medium because the energy of the first
emission outside the medium, w ~ 2/(L#?), with an emission angle § < R, increases

A similar effect was discussed in ref. [10] in relation with the 2z, distribution.
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Figure 4. Our MC results for the nuclear modification factor R(z) shown as a function of the
energy fraction x of a jet constituent (left) and of its transverse momentum pr (right), for 3 bins
of the jet pr jet.

with 1/L. Furthermore, a larger value of ameq enhances the rate for MIEs and hence the
number of sources for VLEs outside the medium.

Even though our MC results at small = show the same qualitative trend as the relevant
LHC data [1], one must remain cautious when interpreting this agreement. Indeed, our
current formalism lacks some important physical ingredients, which are known to influence
the soft region of the fragmentation function: the hadronisation and the medium response
to the energy and momentum deposited by the jet. Whereas one may expect the effects of
hadronisation to at least partially compensate when forming the medium-to-vacuum ratio
R(z), the medium-response effect — i.e. the fact that the experimentally reconstructed
jets also include soft particles originating from the wake of moving plasma trailing behind
the jet (and not only from the jet itself) — is clearly missing in our approach and its
inclusion should further enhance the ratio R(z) at small z. Indeed, we know from other
approaches [3-6], where the medium response is the only (or at least the main) mecha-
nism for producing such an enhancement, that this effect by itself is comparable with the
enhancement seen in the data (see also [31] for a different picture).

Of course, it is of utmost importance to complete our formalism with a more realistic
description of the medium, including its feedback on the jet. (We shall return to this point
in the concluding section.) Before such a more complete calculation is actually performed,
it is difficult to anticipate what should be the combined effect of both mechanisms on the
behaviour of R(x) at small x.

3.5 Dependence on the jet pr

Our Monte Carlo predictions for the nuclear modification R(z) are shown in figure 4
for three bins of pr et and for the default set of (medium and unphysical) parameters,
cf. the first line in table 1. Following the experimental analysis by ATLAS [1], we have
separately plotted our results as a function of z (left plot) and of the parton pr (right
plot). The left-hand plot shows only a mild dependence of R(x) on prje for z 2 0.1
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when increasing. In view of eq. (3.6), this suggests a weak pr jer-dependence for the ratio
f;ned(a:|pT7jet) /£ (PTjet), which is likely correlated to the similarly weak dependence ob-
served for R4 4. At small x, the x scale below which the ratio is larger than 1 decreases with
PTjet, but the corresponding pr scale increases with prje;. These trends are in qualitative
agreement with the respective ATLAS results [1].

4 Analytic insight for x close to one

With this section, we start our analytic investigations of the nuclear effects on the jet frag-
mentation function. Since our main goal is to discuss the effects beyond the jet-spectrum
energy-loss factor f;ned(x\pmet) /12 (PTjet) in (3.6), we mostly work with monochromatic
jets with a given initial transverse momentum prg. We therefore focus on the jet frag-
mentation function D;(x|pro) with ¢ € {g, ¢}, which can be conveniently computed as a

derivative of the cumulative fragmentation distribution

1
5 (zlpro) = / da’ Di(2/pro) - (4.1)

We consider separately the two limiting cases where x is either very close to one
(1 —x < 1), discussed in this section, or very small (x < 1), discussed in the next section.
For x ~ 1 the integral in the r.h.s. of eq. (4.1) is the probability to find the leading parton
with an energy fraction x’ > x.

4.1 Brief summary of the vacuum results

Before addressing the nuclear effects, we briefly recall the main results for jet fragmentation
in the vacuum (see e.g. [32]). For simplicity, we identify the jet opening angle R with the
maximal angle 0,,,x allowed for the first emission. Due to angular ordering, (most of) the
emitted partons will remain inside the jet, hence prjes = pro and © = w/pro, with w the
energy’ of a parton inside the jet.

When x ~ 1, the perturbative expansion of the cumulative fragmentation distribu-
tion receives contributions enhanced by two types of logarithms: (i) the collinear loga-
rithm Lo = In(proR/k1 min) generated by integrating over emission angles in the range
k1 min/pro < 6 < R, with k| i, the lower transverse-momentum cut-off of the parton
shower, and (ii) the soft logarithm L = In ﬁ generated by integrating over soft gluon
emissions with energy fractions z in the range 1 — x < z < 1. The explicit logarithmic de-
pendence on the shower cut-off k| i, is a consequence of the fact that the jet fragmentation
function is not IRC-safe. One has Lo > L, since all emissions must obey z80prg > k1 min
for any 2 > 1 — z and any § < R. The resummation of the contributions enhanced by
factors L or Ly can be organised as the following perturbative series

In(2i(z|pro)) = Lgu,i(asL, asLo) + gai(asL, asLo) + O(a2™ In™) (4.2)

with ag = as(proR) < 1. Lg;,; and g2 ; resum respectively all the leading-log (LL) terms
a”In"*! and the next-to-leading-log (NLL) terms a” In" with n > 1, where In means either

"We often refer to the transverse momentum pr of a parton in the jet as its “energy” and use the
notation w = pr.
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L, or Ly. We use this perturbative result at NLL accuracy to compute both the vacuum
benchmark D}*“(z|prg) and the contribution of the VLEs to the medium fragmentation
function D¢ (z|pro).

The LL piece is the standard double-logarithmic (DL) contribution in which successive
emissions are strongly ordered both in energy fraction z and in emission angle #. It includes
the effects of the running of the coupling, as — as(ky) with k£, the transverse momen-
tum of each emission w.r.t. its emitter, and of the lower momentum cutoff k| > k| nmin.
For simplicity and easier physical interpretation of our results, we quote in the main text
expressions assuming a fixed coupling. Results including running-coupling effects are pre-
sented in appendix. A. All the figures presented in the paper have been obtained using the
expressions which include running-coupling effects.

At LL accuracy, one can assume that a single emission, the one with the larger mo-
mentum fraction z, dominates the jet fragmentation function near x = 1, with all other
emissions having much smaller values of 2.8 The probability (4.1) for the leading parton
to carry a momentum fraction 2’ > x is the probability for having no emissions with an

energy fraction larger than 1 — x:

vac 20, (1 dz [P de

599 LL (1150) = exp <— / de [0 49 k) = 26pro) Ok, — /ﬁ,min)> o (43)
s 1—g < 0 9

Defining u = apL and v = agLg (v > u) one easily gets

vac asCj
91; = . [(LO - L)2 - L(QJ] . (4-4)

which is negative, as expected. The (NLL) calculation of gs; is more complicated. It
is sensitive to multiple emissions and to the non-singular pieces of quark/gluon splitting
function. One finds

OLg1i 0Ly, 205C; B;

vac __ v _ ) e

g5i == — I [F(1-—7 — Lo, (4.5)
. . 3 _ 11CA-2n; . .

with I' the Euler function, B, = * and B, = — T, with ny the number of active

quark flavours. A brief derivation of this expression is given in appendix B.

For gluon jet, we have also included the effect of flavour changes due to g — ¢ splittings
through which the leading parton in a gluon-initiated jet becomes a quark. Although this
effect is formally suppressed by powers of 1 — x and therefore subleading, it has a sizeable
numerical impact. This is because the large Sudakov suppression, eq. (4.4), comes with a
factor C;. A g — qq splittings therefore replaces a suppression enhanced by a factor C'4 by
one only proportional to Cr, at the expense of a contribution proportional to as(1—x) from
the splitting itself. This significantly improves our description of the large-x fragmentation
of gluon jets in the vacuum and additional details are given in appendix B.

In figure 5, we show the cumulative fragmentation distribution in the vacuum for quark
and gluon jets as given by our MC compared to the analytic calculation from eqgs. (4.2), (4.4)

SAt LL, all softer emissions are unresolved by D;(z|pro) and therefore cancel between real and virtual
corrections.
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Figure 5. The cumulative fragmentation function ¥;(z|pro) for quark (i = ¢) and gluon (i = g)
initiated monochromatic jets in the vacuum. Our MC calculations are shown with solid lines, and
the two analytic approximations, LL. and NLL, by dotted and dashed lines, respectively.

and (4.5). While the LL description captures already the main trend of the distribution,
NLL corrections bring a sizeable quantitative improvement. The main conclusion from this
figure is that the fragmentation function near x = 1 is much larger for quark-initiated jets
than for gluon-initiated jets.

4.2 Nuclear effects on the fragmentation function near x =1

To discuss medium-induced effects, it is sufficient to work in the LL approximation where
jet fragmentation function near x = 1 is dominated by a single, relatively soft, gluon
emitted by the leading parton. From this two-parton system we then have to take three
effects into account: (1) emissions in the vetoed region of figure 1 are forbidden, (2) the
leading parton and the emitted gluon can both lose energy via MIEs at large angles, (3)
the gluon emission can be a MIE remaining inside the jet. We consider the effect of the

vetoed region before the other two.

4.2.1 Effect of the vetoed region

The effect of the vetoed region in figure 1 can be implemented as a ©-function excluding
this particular region from the phase-space for VLEs. At LL accuracy, this amounts to

having an extra factor

Oveto = 1 — O(\/24zpro — k1)O(k1 — 22proL ™), (4.6)

in the integrand of (4.3). The first (second) ©-function in the r.h.s. of (4.6) corresponds to
the upper (lower) boundary of the vetoed region. For a fixed-coupling approximation, we
find assuming for simplicity 1 — z < 2/(LproR?) (see appendix A for the result including
running coupling)

200,C;

Lg‘l’i-to(asL, asLo) = Lgi"f (s L, asLo) + 3

R
In? = . 4.
" (4.7)
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NLL corrections, 9‘2’?0, can be obtained using (4.5). In particular, the hard-collinear
term proportional to B; is not modified by the veto region and therefore cancels in the
medium/vacuum ratio.

Our analytic estimate for the ratio R;(x|pro) is shown in figure 6(a) left in green for
pro = 200 GeV. For comparison, we also show the corresponding MC result, which only
includes VLEs (the green curve in figure 6(b)). These results agree well with each other
and they both predict a nuclear enhancement near x = 1. This enhancement can be easily
understood on the basis of (4.7), which implies

1 szetmLL(x) . 20[()Cil 2 R
I vac,LL 3 1 97 >
h) (I) ™ c

1

0, (4.8)

meaning Y4 (z) ~ Y¥e(r) > %¥3(z) and hence R;(z) > 1 when z — 1. Indeed, the
presence of the vetoed region reduces the phase-space allowed for the decay of the leading
parton.

4.2.2 Effect of medium-induced emissions

The medium-induced emissions (MIEs), as triggered by the interactions with the plasma
constituents, affect differently the total jet momentum pr ;e and the energy wrp carried
by its leading parton. This implies a nuclear modification R(x) at large = wi,p/pr jet-

For convenience, we focus on the case where z is not too close to one, such that
whr/Pro € 1 — 2 < 1, with wp, ~ ag(jLQ the characteristic scale for multiple branchings.
For jets with pr > 200 GeV, a phenomenological region 0.80 < x < 0.95 translates into
(1 — z)pro 2 10 GeV which is indeed larger than wp, ~ 4 GeV (cf. table 1).

Within this regime, the medium-induced emissions which control the energy loss by
the leading parton are relatively hard, with energies w > wy,. Thus, they remain inside the
jet and can be accurately computed in the single emission approximation. This situation
is similar to the one discussed for jets in the vacuum at double-logarithmic accuracy: the
parton distribution near x = 1 is controlled by a single intra-jet emission, with an energy of
the order of (1 —x)pro. This emission can be either vacuum-like, or medium-induced. This
“semi-hard” emission is accompanied by an arbitrary number of soft MIEs, with energies
w < wpy, which propagate outside the jet and take energy away from the jet constituents.
The in-medium fragmentation function near x = 1 can therefore be evaluated as:

a'Pi,vac 4 a/Pi,med slae— Pro —W — &
Ow Ow pro—& )

DP(alpr) = [ du AYIE(w) AYE(w)
(4.9)

In this expression, OP; vac/Ow is the differential probability for emitting a soft gluon with
energy w at any emission angle 8 (with k| min/w < 6 < R) and AYLE(w) is the Sudakov

factor forbidding VLEs with energies larger than w (including the condition (4.6) for the
vetoed region), i.e.

. VLE ,
AP (w) = B (1 a W) and Ol dIAST  2asCGil ( ° ) ;

P10 Ow dw ™ w 1,min

(4.10)

~ 18 —



where the second expression for OP; yac/O0w, shown only for illustration, holds for the case
of a fixed coupling a and ignores the constraints introduced by the vetoed region.

Furthermore, OP; med/0w and AME(w) are the corresponding quantities for the semi-
hard MIE inside the jet (. < @ < R). Its energy is restricted to @ < w < w., where
we = GL?/2 and @ is a cutoff of order wy,, separating between “semi-hard” and “soft”
MIEs.? In this regime, one can safely use the single emission approximation, i.e. (compare
to eq. (2.3))

0 %,Im m C’L 2 c e 0 7,10
Zw ed o %s, ;d 1/;; , A (W) = exp (—/ dw 7;wed> - (411)

Next, ¢; and &; refer to the energy loss via soft MIEs outside the jet (§ > R), for the
leading parton and for the jet as a whole, respectively. Finally, the d-function in eq. (4.9)

encodes the fact that, in our present approximation, the energy of the leading parton is
the energy pro of the parton initiating the jet minus the energy of the semi-hard emission
and the partonic energy loss €;, while the energy of the jet is prjet = 1o — &i-

For more clarity, we study separately the two types of medium effects included in
eq. (4.9), namely energy loss at large angles and energy redistribution via intra-jet MIEs.

4.2.3 Energy loss at large angles

To study the energy loss effects alone, we temporarily neglect the contribution of the intra-
jet MIEs to eq. (4.9), which then simplifies to (with ws the energy of the soft VLE)

OP; vac Pro —Ws — &5
= [ dw;s N AVLE s) 0 - . 4.12
e-loss / w 8w5 ¢ (OJ ) <.7J PTO — & ( )

D" ed(x lpT0)

In the absence of VLEs, a single parton with initial energy wy loses energy by radiating
MIEs at large angles (6 > 6./a2). This is associated with the “turbulent” component of
the medium-induced cascades, associated with very soft partons of energies w < wy,, which
are deflected at large angles via collisions with the plasma. The average energy loss is
estimated by [17]

2 72
5i(0~)0) — wo [1 B e*’UOWbr/WO]’ with  wyp, = (043,7Tnm1> CaC; % . (4.13)
vo is a number which can be either obtained via analytic approximations [15, 17, 24] (e.g.
one finds vy ~ 4.96 for wy < w.), or extracted from MC calculations. ¢; depends on
the flavour index ¢ and on the distance L travelled by the parton through the medium.
For energetic partons with wg > wp, — the most relevant case here —, this energy loss
saturates at a value €; = vywy, independent of wy.

For a full jet, the energy loss receives contributions of the form of eq. (4.13) from

both the leading parton (LP) and each of the (vacuum-like or medium-induced) intra-jet

9The precise value of this cutoff is not important: as we will show below the energy integration is
controlled by the d-function, and since the energy losses are relatively small one roughly has w ~ (1—x)pro >
W ~ Whr.

~19 —



Nuclear modification factor R(x) - analytic 5 Nuclear modification factor R(x) - Monte Carlo

2.2 r T r 2. T : : :
VLEs only VLEs only
2.0 ——— VLES+Ejoss 1 2.0f VLES+Ejoss+MIEs 1
——— VLES+Ejpss+MIEs full (200 < pr,jet <251 GeV, |y| <2.1)
1.8} full (pr.jec = Pro) g 1.8} J
1.6 s 1.6 quark g
1.4 5 14
1.2+ 1 1.2F 4
10 — ] 1.0 prm————
0.8} anti-k(R = 1), pro = 200 GeV, k; min = 0.25 GeV 1 0.8} anti-ky(R = 1), pro =200 GeV, Kk, min = 0.25 GeV 4
G =1.5 ReV¥fm, L =4 fm, s, meq = 0.24 G =1.5ReV¥fm, L =4 fm, ds med = 0.24
N L 0 1
095 0.6 0.7 0.8 0.9 1.0 %5 0.6 0.7 0.8 0.9 1.0
X X
(a) Semi-analytic estimates. (b) Monte-Carlo simulations.

Figure 6. Nuclear effects on the fragmentation function at large x for monochromatic jets. Three
increasingly more physical scenarios are considered: (i) VLEs only (only the nuclear effects from
the vetoed region are included), (ii) adding energy loss via soft MIEs at large angles (not shown on
the right plot), and (iii) further adding semi-hard MIEs inside the jet. Additionally, we show the
“full” curve in red which includes the bias introduced by the initial hard spectrum and is manifestly
the dominant effect.

emissions (f < R) which are radiated within the medium, i.e. in the “inside” region in
figure 1. For a hard-fragmenting jet made of only two partons (the LP and a relatively soft
VLE, as in eq. (4.12)), we have to consider two options. If the VLE is emitted outside the
medium, i.e. either with § < . or with ¢ = 2/(w6?) > L, only the LP loses energy and
we have & = ;.19 If the VLE occurs inside the medium, both partons lose energy and we
have & = ¢; + €4, with ¢, the energy lost by the VLE.!!

For a VLE inside the medium, the d-function in eq. (4.12) can be equivalently rewrit-

6(1—x—wy%&;;0>:5(1—x—z+0ﬁﬁm&_&), (4.14)

ten as

Pro — Pro
with z = ws/pro the splitting fraction of the VLE. We have used the fact that the energy
loss is relatively small, & < prg. The effect of the in-medium energy loss is a small increase
of the splitting fraction, from its initial value in the vacuum, zy,c =1 — z, to
(1-2)& —& _ xeg — (1 — x)ey

€
~1—x+ ~1l—a+ L > 2. (4.15)
P10 P10 P10

z=1—-x+

In the second equality we have used & = ¢; + ¢4 and z >~ 1 — . For the third equality we
have used  ~ 1 and ¢4 > ¢;, making clear that the dominant effect is the energy loss by
the soft gluon.'?

%For 0 < 6., the two partons lose energy coherently, so one can see the energy loss as coming only from
the LP [11-13, 33].

1n this case, tf < L so the VLE travels a length or order L through the medium.

2Tnterestingly, for a VLE outside the medium (cf. figure 1), we can set 65 — 0 to get z =1 — 2 — (1 —
x)e; /pro with 1 — 2z < 1. The energy loss effect is therefore much smaller than for an in-medium VLE and
with an opposite sign.

—90 —



The fact that z > zyac = 1 — 2 means that the probability P(z) o< 1/z of its emission
is smaller, so there is an enhancement in the probability for the leading parton to survive
at large x. This effect is reinforced by the associated Sudakov factor: when ws = zprg >
(1 — x)pro, there is a reduction in the phase-space for emissions by the leading parton and
therefore AYME(ws) > AYLE((1 — 2)pro).

The purple curve in figure 6-left shows a calculation of R, (z|pro) based on eq. (4.12)
together with & = e, + €4 and with eq. (4.13) for the partonic energy loss. Compared to
the green curve in the same figure, which includes solely the effect of the vetoed region,
the purple curves indeed shows a larger enhancement near z = 1.

4.2.4 Enmnergy redistribution via a hard MIE

A semi-hard MIE with energy w > wy, and which remains inside the jet can modify the
fragmentation function Dlmed(a:\pm) near x = 1 in two ways. On one hand, it brings a
positive contribution via the term proportional to OP; meq/0w in eq. (4.9). On the other
hand, the additional Sudakov factor A%\/HE(w) induces an extra suppression. These two
effects are competing with each other. It turns out that the second effect is stronger,
resulting in a decrease of D**d(z|prg) near = 1 as compared to the vacuum, and hence
a decrease of the medium/vacuum ratio R;(z|pro).

We can actually estimate these two contributions to eq. (4.9). To that aim, we can
neglect the effects of the energy loss at large angles.'® Using the §-function to perform the
integral over w we find

OF i,vac OF i,med VLE MIE
= ’ J A A . 4.1
PTO { % T o i (W) A (w) (4.16)

w=(1-z)pr0

Dmed ’
i (x|pro) MIE

We need to show that the “medium” Sudakov effect on the VLE (first term in the square
bracket) is larger in absolute value than the direct contribution from MIEs (second term
in the square bracket):

oP;, OP;i med

62:“ [1 - AMEW)] > 7&‘5‘ AME(W). (4.17)

At leading-order accuracy for the MIE, one can set AME ~ 1 in the r.h.s. of the above

inequality, whereas in the 1.h.s. one must also keep the linear term in its Taylor expansion:
2a,C; /2

1 - AMIE() o 20T [&e (4.18)

s w

Using a fixed-order approximation for the vacuum emission probability (cf. eq. (4.10)), to-
gether with eq. (4.11) for the medium-induced, one finds after simple algebra that eq. (4.17)

4asC; n <(1 — x)pToR) <1 (4.19)

7T kJ_,min

is equivalent to

This is satisfied both parametrically and numerically under our working assumptions that
collinear logarithms are large. For the parameters used in figure 6, namely pro = 200 GeV,

13Indeed, in this case, the intra-jet MIE is the dominant medium effect, whereas the energy loss at large
angles is a subdominant effect since & ~ &; ~ wpy are much smaller than w ~ (1 — z)pro.
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R =1, and k| min = 0.25GeV, and with z = 0.9 and o, = 0.3, one finds that the Lh.s. of
eq. (4.19) is about 5.3.

These considerations are confirmed by the explicit numerical integration of eq. (4.9).
The blue curve in figure 6(a) includes all the medium effects discussed in this section
(the vetoed region, the energy loss at large angles and the effects of semi-hard MIEs).
Comparing it to the purple curve which does not include the effects of semi-hard MIEs, we
see that the latter reduce the ratio R;(z|pro) near x = 1, as expected. This plot also shows
that the three medium effects appear to be of similar magnitude and to almost compensate
each other, leaving only a modest enhancement at z = 0.9. This pattern is in very good
agreement with what we see from our MC simulations, figure 6(b). Whereas the details
of this compensation depend on the specific parameters used in our calculation, we have
checked using our MC that such a competition between comparable but opposite effects is
a relatively robust prediction from our pQCD scenario.

One can view this conclusion as a little bit deceptive since it shows that the frag-
mentation function has a reduced sensitivity to nuclear effects associated with the internal
dynamics of the jets.

4.3 Bias introduced by the steeply falling jet spectrum

In section 3.3 we have argued (see also [2, 7]) that the strong enhancement of R(x) seen
at large = in the ATLAS Pb+PDb data [1] is a consequence of the bias introduced by the
steeply-falling jet spectrum, which favours jets which lose only little energy, notably hard-
fragmenting quark-initiated jets. In this section, we present a more detailed (numerical)
argument, based on simple 2-parton jets, which supports eq. (3.6) proposed in section 3.3
to quantify this effect.

Eq. (3.6) relies on the “fraction” f;(z|pr) of hard-fragmenting jets with one constituent
having an energy of at least xpp. In practice, we define (cf. eq. (3.7))

doy ddoq ‘ enes
dpr pro lpr+E8=
[ (pr) = ﬁ, fred(zlpr) = S e ; (4.20)
dpr d :
i€{q,9} P ic{q,9} pTo lprt+€i(pro)

where do;/dpro o< prg’ is the initial jet spectrum. ng = 5 and ny = 5.6 give a decent
description over the kinematic range covered in this paper. &;(pro) is the average energy
loss by a jet with initial transverse momentum ppy and is numerically extracted from MC
simulations [10]. 5;‘:2 is the energy lost by a simple two-parton jet (a leading quark of
energy fraction z ~ 1 and a relatively soft gluon of energy fraction 1 — x). The dominant
contribution (cf. section 4.2.3) comes from events where the quark and gluon lose energy
independently of each other:'* €22 = e, (zpro) + £4((1 — z)pr0), With &4 and g, given by
eq. (4.13).

By combining eq. (4.20) for the fractions of hard-fragmenting jets with our previous
calculations of the ratio R, (z|pr) for monochromatic jets, we can provide a semi-analytic

MStrictly speaking, the energy argument of €4 and ¢, should be zpro and (1 — 2)pro, respectively, with
z the gluon splitting fraction, cf. eq. (4.15), but to the accuracy of interest one can replace z ~ 1 — = and

pro = pr-
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estimate for the physical observable R(x|pr) using eq. (3.6). This is shown by the red curve
in figure 6(a), that should be compared to the corresponding MC result in figure 6(b). The
two red curves are both in good agreement with each other and with the general trend
seen in the LHC data [1]. For z very close to 1 (mainly the last bin in our plots), the
pattern observed in our MC calculations is a combination of the bias induced by the jet
spectrum and of the medium effects on the internal jet dynamics R,(x|pr), with a strong
domination of the former. The current experimental uncertainties in this region of x are
too large to draw a stronger conclusion, notably concerning the relative importance of
the nuclear effects associated with R4(x|pr), i.e. with the medium modifications of jet
fragmentation itself.

5 Small-z enhancement: colour decoherence and medium-induced radi-
ation

We argued in section 3.4 that the nuclear enhancement of the fragmentation function at
small-z, z < 0.02, is driven by two main phenomena: (i) colour decoherence, which en-
larges the angular phase-space for emissions outside the medium, and (ii) medium-induced
radiation producing additional partonic sources for these outside-medium emissions. This
section provides analytic studies backing up this picture. For simplicity we mostly treat
VLEs at fixed coupling and in the double-logarithmic approximation (DLA). We then
present MC calculations which hold beyond DLA.

5.1 Analytic estimates

Our aim is to compute the double-differential gluon distribution in a jet of initial transverse
momentum (or energy) pro, initial flavour i and radius R

d2N;
dwdb?

T;(w, 62 |pro, R?) = wh? (5.1)
The fragmentation function can be obtained from 7; by integrating over all the angles in
the jet (With Omin = kL7min/w)

R2 d(92
wD;(w, 6*|pro, R?) :/92 Tlei(w’H%’pTo,RQ) (5.2)
i

min

Vacuum case. In pQCD, the leading contribution to the multiplicity of soft gluons in a
jet comes from double-logarithmic emissions in a fixed-coupling approximation [34], i.e. via
successive VLEs in our context [9]. In this limit, successive gluon emissions are strongly
ordered in both energy and emission angle and one finds

. 2
Ty (w, 0% |pro, R?) = O‘;CZ Iy (2\/a3 ln]% In ];’2) +wl?(pro — w)O(R® —6%)  (5.3)

where a; = asC4/m and Ip(x) is the modified Bessel function of rank 0 which increases
exponentially for « > 1. The second term in the r.h.s. represents the leading parton and
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the first term is associated with subsequent gluon emissions. The vacuum fragmentation

= R
20[5 ln kr’,min I — pTO (‘UR
—_pro 11 2 2as In— In .
In £LO w kJ_,min

VLEs in the medium. In the presence of the medium, the DLA calculation is modified

function is then found to be

wDY* (w, 0 |pro, R?) = §(pro — w)

by two effects [9]: the presence of a vetoed phase-space for VLEs inside the medium (cf.
figure 1), and the colour decoherence allowing for the violation of angular ordering by the
first emission outside the medium. At DL accuracy, MIEs can be formally neglected and
their discussion is postponed to later in this section. It is helpful to split the medium
fragmentation function T/**d in two contributions (see [9]):

17w, 0%|pro, R?) = Oin(w, 0*) T} + Oout (w, 0*) T out (5.5)

where the step functions ©j;, /0, enforces that an emission (w, 62) belongs to the “inside”
or “outside” region, in the sense of figure 1. The first term, Oi,(w, 6?)T2, corresponding
to the in-medium contribution, is unmodified compared to the vacuum. The outside-
medium, 7; oy, contribution can be expressed as the product of a vacuum-like cascade
inside the medium, up to an intermediate point (w1, 67), followed by a first emission outside
the medium at (w9, 03) (possibly violating angular ordering), and by a standard vacuum
cascade from (ws, 03) to the final point (w, ?):

P10 doyy B 462 @ gy
E,Out(wa 02|pT0) R2) = 6[5 / 71 71 @in(wh 9%) / 72

2
w w1 Je2o 07 w w2

R2 d92
x / G Oout(w2, B3)T™(wr, 8 pro, BT (w, 6|z, 03) (5.6)
0 2

The integral over 63 is not constrained by the angle 67 of the previous emission due to
absence of angular ordering for the first emission outside the medium.

The two angular integrations in eq. (5.6) can be performed analytically (cf. eq. (5.4)).
In ref. [9], the remaining energy integrations were performed numerically. To gain more
physical intuition, we now develop an analytic approximation, which is valid when both the
energy and angular logarithms are larger than 1/,/a;. We give here the main ingredients
of the calculation and defer details to appendix C.

In the limit of interest, the ¢ contribution to 7V*¢ (the second term in (5.3)) can
be neglected in both TV factors in eq. (5.6), the Bessel functions can be approximated
by their (exponential) asymptotic behaviour and the integrations can be evaluated in the
saddle-point approximation.

For definiteness, let us consider parameters such that wr,(R) < k| min/R, meaning that
the hadronisation line wd = k| iy and the medium boundary wr,(0) = 2/(L6?%) intersect at

Wmin = Lk?

1 min/2. In practice we are interested in the fragmentation function at energies w
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within the range wpin < w < w.. The saddle points for w; and ws integrals are respectively
found to be (see appendix C)

pro(29)'/3 % 2w
G KN S S e ) R

with wo(8) = (2G/6*)/3 such that wy(R) is the lowest possible energy for a VLE inside
the medium.

Several conditions are needed for these saddle points to control the energy integrations.
First, the integration ranges must be wide enough, pro > wo(R) and wr,(0) > w, to allow
for large enough logarithmic contributions. This translates into the following conditions:

0
Vas In P10 =1 and Vs lnwLi() Z 1. (5.8)
wo(R) w

Second, for wj to be a genuine saddle point, it must remain smaller than w., meaning

R\ /3 PIBLARYS
pPro < We <9C> = T . (59)

When this condition is satisfied!® (which is always the case for us in practice), the integral
over w; is dominated by relatively low-energy emissions with wp(f) < w1 < we, i.e. by the
triangular region of the “inside medium” phase-space with energies below w,, see figure 1.

Third, energy conservation in eq. (5.6) requires w} < w} which implies a #-dependent
upper limit on w. When computing the fragmentation function using eq. (5.2), this condi-
tion must be satisfied for all the angles 6 that are integrated over, including lower bound
Omin = k1 min/w. This defines a critical energy we,, obtained for § = 6,5, below which the
saddle point method works:

pToLkimm@@)Ug) e _ (pTok‘i,min> V3 <R>2/9

2 R4/3 R2 976

w < wer = (prowo(R)wmin) = (
(5.10)

When the conditions in egs. (5.8)—(5.10) are satisfied, the saddle point method gives a
meaningful approximation for the double differential gluon distribution in eq. (5.6), which

reads (see appendix C)

asC; 3as . Pro — . wr(0)
T out (w, 6* JRY) ~ S ex ® In exp 4 vV as In 5.11
z,out( ’pTO ) 47_(_ p 2 (,UO (R) p S w ( )
The first exponential comes from the integrations over #? and wj, i.e. over the “inside”
region, and can be interpreted as the number of partonic sources generated via VLEs. The
second exponential represents the number of gluons generated by each of these sources
via gluon cascades developing outside the medium. This simple factorisation between the

15Tn the opposite situation, which would occur for sufficiently large pro, the dominating region in phase-
space is the rectangular region at w. < wi < pro and 0. < 01 < R; see appendix C for details.

— 95—



Fragmentation function at DLA
40— T T T T T 2.2

exact asympt /

Nuclear modification factor at DLA

exact asympt

K1 min =100 MeV
K1 min =200 MeV

35F vacuum —_——— 1 2.0
medium

T
\
\
\
\
\
\
\

x
=14
/
12t /
,/
N z
1.0 i e
5¢ quark, pro =200 GeV, R = 0.4, k1 min =100 Mev - 0.8F quark, pro =200 GeV, R=10.4 -
§=1.5GeV¥fm,L=4fm, a;=0.3 G=1.5GeV¥fm,L=4fm, @& =0.3
%0005 001 002 005 01 02 0.5 086005 001 002 005 01 02 0.5
X X
(a) Fragmentation function at DLA (b) Nuclear modification R(z) at DLA

Figure 7. Comparison of the exact calculation of fragmentation functions (solid lines) and the
asymptotic approximations (dashed lines).

“inside” and the “outside” jet dynamics holds strictly speaking only in the saddle point
approximation (and for energies w < wc;) and is ultimately a consequence of the colour
decoherence which washes out any correlation between the emission angles outside and
inside the medium.

Integrating eq. (5.5) over # using eq. (5.2) we find the fragmentation function for
.16

w < Wer:
med - vasC; _ § pT0R4/3 2w
wD*Nw) ~ 1C, exp{ Qs < 5 In (29)17% +1In = 1] ( (5.12)

1 ,min

The integration is dominated by the lower limit, § = k| min/w. Since 2w/ k:iminL =
w/Wmin > 1, the second logarithm in (5.12) is positive and wD™4(w) decreases when
decreasing w.

Our predictions are shown in figure 7 for the fragmentation function in figure 7(a)
and the nuclear modification factor R;(z|pro) in figure 7(b). These plots compare the
exact results at DLA based on eq. (5.3) and (the numerical integration of) eq. (5.6) for the
vacuum and medium results respectively, to their asymptotic counterparts. The latter are
obtained by taking the asymptotic behaviour of (5.3) in the vacuum case and by using the
saddle-point approximation eq. (5.12) for the medium results. In figure 7(b) we consider two
different values for the IR cutoff k| iy (blue: k| min = 200 MeV, red: k| pin = 100 MeV).
Overall we see a good agreement, which is moreover improving when k| i, decreases, i.e.
when the phase-space increases and the saddle point method becomes more reliable.

The fact that the ratio R;(x|prg) increases at small w can be traced back to angular
ordering and the associated humpback plateau [34]. Unlike the double-differential gluon
distribution (5.3) which keeps increasing when decreasing w at fixed 6, the vacuum fragmen-

tation function wDY*(w) in eq. (5.4) develops a maximum at w ~ wWhump = (Ek 1 min/R)"/?

5The respective contribution of the first term oc T*° in eq. (5.5), that would be non-zero only for
w > wo(R), is comparatively small, since it lacks the evolution outside the medium.
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and decreases very fast for w below wyymp. This is due to the fact that the angular
phase-space at k| min/w < 6 < R permitted by angular ordering shrinks to zero when
decreasing w. For sufficiently small w, namely such that!” w? < pTOkimin /R2, the denomi-
nator wD}**(w) in the medium/vacuum ratio R;(x|pro) decreases faster with 1/w than the

respective numerator w D4 (w) (see also figure 7(a)), so the ratio is increasing.

5.2 Beyond DLA: Monte-Carlo results

In this section we want to extend the DLA arguments from the previous section to include
all the ingredients in our physical picture of jet quenching. Our ultimate goal is to provide
a deeper understand of the MC results presented in section 3.

For this purpose, it is convenient to think in terms of the factorised picture emerging
from our DLA calculation which allows us to write (for w < w,, cf. eq. (5.10))

d Nout
dw

wD™ed () ~ Njp, <w (5.13)
where N, is the multiplicity of partonic sources produced by the jet evolution inside the
medium and wdN°"/dw is the fragmentation function generated outside the medium by
any of these sources. This picture is a consequence of colour decoherence which allows the
first out-of-medium emission to be emitted at any angle. This factorisation is not expected
to hold beyond DLA, but can still be used for qualitative considerations.

Beyond DLA, several competing expects should be considered. (i) VLEs are emitted
with the full (DGLAP) splitting functions (including energy conservation) and with a
running coupling. These effects are expected to reduce both factors in eq. (5.13). (ii)
Adding the intra-jet MIEs enhances the multiplicity A, of the partonic sources. (iii)
Direct contributions of the MIEs to the fragmentation function D™¢4(w) are also possible,
but are expected to be a small effect for the jet kinematics (prg ~ 200 GeV, z < 0.02) and
medium parameters (see table. 1) considered in this paper. Indeed, the relevant energies
w < 2GeV are softer than the medium scale wyp, ~ 4 GeV for multiple branching meaning
that these MIEs would be deviated outside the jet.

To test these expectations under realistic conditions, we perform MC simulations for
inclusive jets (using the full Born-level hard spectrum) with 200 < pr < 251 GeV and
ly| < 2.1, and with three different scenarios: (a) the partons from the hard scattering are
showered via VLEs only; (b) the partons from the hard scattering are showered via both
VLEs and MIEs, but angular ordering is enforced all along the shower, including for the
first emission outside the medium (labelled “no decoherence”); (c) the physical case where
the partons from the hard scattering are showered via both VLEs and MIEs and the angle
of the first emission outside the medium is unconstrained.

The MC results for R(x) are shown in figure 8(a) for each of these three setups. The
black curves correspond to setup (a) for two 2 different IR cutoffs (solid: k| min = 200 MeV,
dashed: k| min = 150MeV). compared to the DLA results in figure 7(b) the medium
enhancement is strongly reduced and can even be replaced by a suppression for larger
values of k| min-

" The upper limit pToki,mm / R? is smaller than w2, guaranteeing the validity of the saddle-point method.
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Figure 8. Nuclear effects on the fragmentation function at small z. Left figure: 3 different physical
scenarios,

Switching on MIEs leads to a robust nuclear enhancement as visible from the blue
curve which corresponds to setup (b) with k| nin = 200 MeV. This enhancement is even
more pronounced for setup (c) corresponding to the red curves in figure 8(a). This new
enhancement is easily associated with the fact that the first “outside” emission can be
sourced by any “inside” emissions while in setup (b) it can only be sourced by “inside”
emissions at larger angles.!® Incidentally, the comparison between the blue and the red
curves also shows that the decoherence has no sizeable effects at x ~ 1.

For a more detailed understanding, we compare in figure 8(b) the results for R(x) with
the ratio R;(x|pro) corresponding to monochromatic jets with ppg = 200 GeV, for both
quark-initiated (i = ¢, magenta, dashed-dotted curve) and gluon-initiated (i = g, green,
dashed, curve) jets. The small-z enhancement appears to be stronger in the case where
the LP is a quark, rather than a gluon. Although this might look surprising at first sight,
one should recall that the dominant C;-dependence for monochromatic jets cancels out in
the medium/vacuum ratio R;(x|pro). The differences between the quark and gluon curves
visible in figure 8(b) is attributed to more subtle sub-leading effects. For example, a gluon
jet loses more energy than a quark jet via MIEs at large angles and hence has a (slightly)
smaller energy phase-space for radiating outside the medium (and inside the jet).

6 Jet fragmentation into subjets

The fragmentation function defined by eq. (3.3) is not an infrared-and-collinear (IRC) safe
observable. It is sensitive to the details of hadronisation which is not included in our

8For setup (b) the factorisation (5.13) is obviously violated as “inside sources” and “outside emissions”
are correlated by angular ordering.
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present approach. This translates in the strong dependence, observed in figure 2(a), on the
cut-off scale k| min which regulates the infrared behaviour of our partonic cascade. This
strong dependence on k| i, is also present in the analytic calculations of sections 4 and 5.
To circumvent this theoretical problem, we propose in this section a different observable
which uses subjets instead of individual hadrons to characterise the jet fragmentation. This
observable is IRC-safe by construction and is therefore expected to be less sensitive to non-
perturbative effects in general and to our k| iy cut-off in particular. There are several ways
to define a jet fragmentation function in terms of subjets, e.g. using different jet algorithms
or keeping different branches of the clustering tree. The definition we propose below relies
on the Cambridge/Aachen algorithm [35, 36]. While other approaches, like those based on
the k; algorithm [37], show a similar behaviour, using the Cambridge/Aachen algorithm
appears to be slightly more sensitive to medium effects and easier to study analytically.

6.1 Definition and leading-order estimate in the vacuum

The fragmentation function Dgy,(2) for jet fragmentation into subjets is defined as follows.
For a given jet with transverse momentum pr e, we iteratively decluster the jet using
the Cambridge/Aachen algorithm following the hardest branch (in pr). At each step, this
produces two subjets p; and ps, with pr1 > pro. When the relative transverse momentum
of the splitting, ki = pra/Ayi, + A¢i,, is larger than a (semi-hard) cut-off k cut, we
compute and record the splitting fraction z = —2I2— of the splitting (0 < z < 1/2). The

PT1+PT2
procedure is iterated with the harder branch p; until it can no longer be de-clustered. The

fragmentation function into subjets is then defined as the density of subjets passing the
k1 > k| cut criterion normalised by the total number of jets:1?

1 dNgw

Dsub(z) = N " dZ
jets

(6.1)

The cut-off scale k| o regulates the infrared behaviour, guaranteeing that Dgyp(2)
be an IRC-safe observable. As long as ky cut >> k1 min ~ Agep
non-perturbative effects and a small dependence on the (non-physical) k| min parameter.

we therefore expect small

Note that the definition is similar to measuring the Iterated Soft Drop multiplicity [38]
differentially in z. It is also directly similar to the primary Lund-plane density [39], p(6, k. ),
integrated over all angles 6 satisfying the k| cu condition at fixed x = k1 /(0prjet)-

In the soft-and-collinear approximation, corresponding to the double-logarithmic ac-
curacy for Dgyp,(2), the vacuum distribution is simply

R ie 2a3(20pT,jet)

sub(2) > [ . a O(20pr jet _kL,cut):| X > Ci f(prjer),

Tz ;
i=q,9
f.c. 2005 ZRpT et
~ 1 e ™ C; fyac ‘et ) 6.2
s og < kJ_,cut Z i fz (pT,Jet) ( )

1=¢,g

19WWe use the notation z for the splitting fraction to emphasise that it is defined w.r.t. the parent subjet,
in contrast with the longitudinal momentum fraction x used in the previous sections which is defined as a
fraction of the total jet momentum pr jet.

~ 99 —



primary Lund declusterings primary Lund declusterings

1.4

1.4

—_— ki >2GeV y \\ — ki >2GeV
—_— k>5 GeV / \ —_— k> 5 GeV
1.2} .
1.0 P
=l =l
& &
0.8}
0.6F
Pt jet = 200 GeV, R=0.4 Pt jet = 500 GeV, R=0.4
(Bmax, kt, min/GeV)=(1,0.25),(0.75,0.25),(1.5,0.25),(1,0.15),(1,0.5) (Bmax, kt, min/GeV)=(1,0.25),(0.75,0.25),(1.5,0.25),(1,0.15),(1,0.5)
0801 002 0.05 0.1 0.2 0.5 %801 002 0.05 0.1 0.2 0.5
pe P

Figure 9. Monte Carlo results for the nuclear modification factor Rgup(2) for the fragmentation
function into subjets, for jets with prje, > 200GeV (left) and prjer > 500 GeV (right) and for
2 values of the lower momentum cut-off k) cyt (2 and 5GeV). The bands show the variability of
our results w.r.t. changes in the “unphysical” parameters around their central values 0,,,x = 1 and
kJ_,min = 250 MeV.
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Figure 10. Monte Carlo results for the nuclear modification factor Rsup(z) for the values of the
medium parameters that reproduce the ATLAS R4 ratio (cf. figure 2(b)), for the same two ranges
in prjet as in figure 9 and for £, oyt = 2 GeV. The unphysical parameters are fixed to fyax = 1 and
k1 min = 250 MeV.

where f 59 (prjet) is the Born-level cross-section for quark (gluon) production with trans-
verse momentum pr jey normalised to the total number of jets, as defined in eq. (4.20). The
second line in the above equation gives the result for a fixed-coupling approximation.

6.2 Nuclear modification for Dgyp(z): Monte-Carlo results

In this section, we provide Monte Carlo results for the nuclear modification factor for the
fragmentation function into subjets, defined as Ry (2) = D24 /DYac,

As for the study of the jet fragmentation function D(x), we first study the dependence
of the the fragmentation function into subjets, Dgy,(2), on the non-physical parameters
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Omax and k| min of our Monte Carlo. This is shown in figure 9 for two different jet pr
cuts (200 and 500 GeV) and two different lower cut-offs k| ¢y (2 and 5 GeV). The medium
parameters are taken as their default values (cf. table 1) and the non-physical parameters
are varied as for figure 2(a). As expected, the uncertainty bands in figure 9 are much
smaller than what was observed in figure 2(a), confirming that the (IRC-safe) fragmentation
function into subjets Dgyp(2) is under much better perturbative control than (the IRC-
unsafe) D(x).

That said, we must keep in mind that taking k| .. large-enough to guarantee
k1 cut > K1 min ~ AqQcp also cuts some of the medium effects occurring below this cut.
E.g., it removes the direct contributions to Dgyp(z) coming from MIEs with transverse
momenta k| S k| cy. One should therefore choose the free parameter k| oy such as to si-
multaneously minimise the effects of hadronisation and highlight the interesting medium ef-
fects.

In figure 10, we show the subjet fragmentation function for the values of the medium
parameters that reproduce the ATLAS R 44 ratio (cf. figure 2(b)), for the same two values
of prjet as in figure 9 and for k| ou = 2GeV. Compared to figure 2(b), we notice that
the curves are less degenerate at small and intermediate values of z. Most importantly,
the dependence on the medium parameters is larger than the uncertainty bands related to
non-physical parameters shown in figure 9.

6.3 Analytic studies of the nuclear effects

In this section, we would like to disentangle, based on physics considerations and simple
analytic calculations, the various nuclear effects contributing to the behaviour observed
in the MC results in figure 10. To understand how eq. (6.2) is affected by the medium,
it is sufficient to consider jets made of a single splitting (i.e. two subjets) with k; >
k| cut- For definiteness, all the numerical results shown in this subsection correspond to
kj_,cut =2GeV.

Vetoed region. When only VLEs are taken into account, the leading medium effect
is the vetoed region. Its effect is straightforwardly included in eq. (6.2) by inserting the
step-function O g, defined in eq. (4.6) within the integrand. The largest £ in the vetoed
region is Qs = (24w, )"/* = (GL)'/? which is about 2.4 GeV for our default choice of medium
parameters. The vetoed region has thus no effect for k| ., = 5GeV and only a small effect
for k| cuy = 2GeV (see figure 1 for an illustration).

This is confirmed both by our analytic calculations, based on eq. (6.2) with the ad-
ditional constraint ©g¢yeto, and by MC simulations with only VLEs shown as the black
curves in figure 11. Of course, one could enhance the effect of the vetoed region by de-
creasing the value of k| ¢y, but this would also amplify the sensitivity of Dgup(2) to the
non-perturbative, soft, emissions.

Incidentally, the previous discussion also shows that, for the ranges of k| .4 considered
here, the VLEs which control Dgyp,(2) do either occur in the “inside” region of the phase-
space in figure 1, or at very small angles 6 < 6. in the “outside” region. They are therefore
not significantly affected by colour decoherence. To check that, we have performed MC
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Figure 11. Disentangling nuclear effects on the subjet fragmentation function. Left: analytic
approximations illustrating the effects of the vetoed region, the energy loss at large angles, and the
intra-jet MIEs. Right: MC calculations which illustrate the importance of MIEs and the lack of
sensitivity to violations of angular ordering.

calculations with and without the effects of decoherence (i.e. by enforcing or not angular
ordering for the first outside emission). The results, shown by the red and blue curves in
figure 11(b), respectively, are indeed very close to each other.

Energy loss at large angles. From the discussion in section 4, we already know that
the energy loss by a (sub)jet via MIEs at large angles # 2 R may have two main effects
on a substructure observable such as Dg,p(2): (i) a shift between the measured value z
of the splitting fraction and the respective value at the time of splitting, and (ii) a bias
introduced by the steeply falling initial spectrum which favours jets losing less energy than
average jets, with the second effect being larger than the first one. The same two effects are
still at play for Dg,p(z). As in the case of the standard fragmentation function discussed in
section 4, we expect the effects of the energy loss to be more important for relatively large
values z 2 0.1 of the splitting fraction. However, their effects on Rgup(z) is opposite to
those on R(z): unlike the hard-fragmenting jets, which lose less energy than the average
jets (leading to an enhancement in R(z) at x 2 0.5), the jets selected by Dgup(z) lose more
energy than the average jets, so we expect a nuclear suppression, Ry (2) < 1, at sufficiently
large z. The main reason for this larger energy loss is the following: the jets included in
Dgub(2) involve at least two (relatively hard) subjets with z 2 0.1 and k; > kj cut. For
the typical values of z and k,, the angle 0 ~ k| /pro between these two subjets is larger
than the critical angle 6. characterising the angular resolution of the plasma (6. < 0.06,
see table 1). Accordingly the two subjets lose energy independently from each other and
the whole jet loses more energy than a typical jet from the inclusive sample Njes [10, 33]
which also includes single-prong jets, as well as two-prong configurations with 6 < 6.
This discussion is in qualitative agreement with the MC results in figure 11(b), except
at very small z where new effects discussed below contribute. For a more quantitative
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argument, we notice that, if one neglects the shift in the value of z, then the energy loss
at large angles affects only the quark- and gluon-jet “fractions” fz-med in eq. (6.2). These
should be computed following eq. (4.20), with different energy losses in the numerator and
respectively the denominator. In the numerator, EfZQ is the energy loss of jets having two
subjets with transverse momentum balance z and angle 6 (pr = prjet)

E'=%(2,0) = &((1 — 2)pr, R) + &(zpr, R) if (2,0) € inside region, (6.3)

whereas in the denominator, & = &;(pr, R). Using the energy loss as a function of pr and
R extracted from the MC simulations in ref. [10] in egs. (4.20) and eq. (6.2), one obtains the
dashed, green, curve in figure 11(a). This indeed shows a nuclear suppression, Rqup(z) < 1.

The suppression is more pronounced at large z, as anticipated, since the discrepancy (in

med

mid(z) and the average jets

terms of energy loss) between the special jets selected by D
increases with z.

Intra-jet MIEs. A relatively hard subjet with k; > k| ¢y may also be created by a
semi-hard MIE, with energy w 2 wy,, which remains inside the jet. To leading order, the
respective contributions from VLEs and MIEs can be simply added together, as in eq. (4.9).
Compared to the latter, the calculation of D;ﬁ%d(z) must also keep the information about
the emission angle, in order to ensure the condition k| > k| cut. We therefore write

R 205(k 1) 2w, o
med o s\l c s med .
Day, (2) = [ /O dg (sz Ogveto T p—T Ps(z,0) | O(kL — ki cut)

x Y Cifred (6.4)

1=q,9

where k| = 20prjer and Pp(z,0) = 20w3T(0,w?0%/Q?)/Q?, with w ~ zprje and Q2 =
qL, is the angular distribution due to transverse momentum broadening after emission,
averaged over all the emission times between 0 and L [10, 40]. In writing eq. (6.4), we have
assumed for simplicity that the energy loss at large angles is given by eq. (6.3) for both
the vacuum-like and medium-induced emissions that generates the subjets. This rough
approximation could be relaxed in practice, but is sufficient for our illustrative purposes.
The distribution Pg(z,6) for MIEs is rather strongly peaked near k; ~ Qs [10] so its
corresponding contribution to eq. (6.4) is expected to be important only when k| cu¢ S Qs,
in which case it should be rapidly increasing at small z. This is in agreement with the MC
results in figures 9 and 10, which show an enhancement at small z for k| ¢, = 2GeV and
no visible enhancement for £ o« = 5GeV. (Note that Qz vary between 4.5 and 8 GeV?
for the different curves shown in these figures.)

Eq. (6.4) includes all the medium effects discussed in this section. The red curve in
figure 11(a) shows the result of numerically evaluating the integral in eq. (6.4). The new
enhancement at small z compared to the dashed, green, curve is due to the intra-jet MIEs.
The overall behaviour agrees well with the full MC results shown in figure 11(b) as well as
with figures 9 and 10.
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7 Conclusions

In this paper, we have studied the fragmentation of a jet propagating through a dense
quark-gluon plasma, using a recently-developed pQCD framework in which the vacuum-
like and the medium-induced branchings in the parton shower are factorised in time. We
have presented both numerical simulations, using a Monte Carlo implementation of our
framework, and semi-analytic calculations.

Our main conclusion is that this approach provides a good, qualitative and even semi-
quantitative, description for the main nuclear effects observed in the relevant data at the
LHC: an enhancement in the jet fragmentation function at both small (z < 1) and large
(x 2 0.5) values for the parton longitudinal momentum fraction & = pr/pr jet. This good
agreement is obtained for values of the physical parameters that characterise the medium
(G, L and o5 meq) which were shown in a previous study to agree with the jet measured
nuclear modification factor R44. Since the fragmentation function is not an infrared-
and-collinear-safe quantity in pQCD, our calculations show a strong dependence on the
kinematic cutoff k| min which can be viewed as playing the role of a confinement scale in
our (parton-level) framework. Yet, insofar as k| min is varied within reasonable limits, our
result remain in qualitative agreement with the LHC measurements.

The physical interpretation of our results is greatly facilitated by our analytic studies,
that we have separately developed using approximations valid either at large x or at small
x. These studies have revealed that the nuclear effects visible in the medium/vacuum
ratio for the fragmentation function generally involve an interplay between several micro-
scopic phenomena. These phenomena can either change the fragmentation pattern of a
“monochromatic” jet (i.e. a jet initiated by a leading parton of a given flavour and energy),
or modify the proportion of “monochromatic” jets which contribute to the fragmentation
function at a given value of z (within the spectrum of jets produced via hard scattering).

Specifically we have found that the partons contributing to the in-medium fragmenta-
tion function at small-z are predominantly produced via VLEs and that their excess w.r.t.
the vacuum is the combined result of two mechanisms amplifying each other: the enhanced
angular phase-space available to the first emission outside the medium (which, due to the
colour decoherence of its emitters, is not constrained by angular ordering) and the addi-
tional sources for soft VLEs coming from relatively hard, intra-jet, MIEs. At small-z, the
bias introduced by the initial production spectrum, although numerically important, does
not alter the overall qualitative behaviour.

The situation at large x, x = 0.5, is radically different. We have found that the medium
effects on the fragmentation function of monochromatic jets, although separately sizeable
and physically interesting, act in opposite directions leaving only a small effect on the final
result. Their net effect is too small to be distinguished from the significantly larger nuclear
enhancement generated by the bias introduced by the initial hard spectrum. This bias
favours hard-fragmenting jets initiated by a quark because they lose less energy towards
the medium than the average jets. One may be able to avoid, or at least reduce, this
bias by looking at rare vy-jet, or Z-jet events (where the energy of the vector boson offers
an estimate for the initial energy of the jet) [41, 42], or by using the “quantile” strategy
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proposed in [43] in the analysis of the nuclear effects on single jets. It would be interesting
to check whether such methods could give us a more direct, experimental, access to the
genuine modifications in the jet fragmentation function near x = 1.

Given the difficulty to make accurate theoretical predictions for a quantity like the
jet fragmentation function, which is sensitive to the non-perturbative physics of the con-
finement, we proposed alternative observables, infrared-and-collinear-safe by construction,
which can still be used for studies of the in-medium jet fragmentation. Roughly speak-
ing, these are quantities which characterise the jet fragmentation into subjets where the
“subjets” are sufficiently hard to be well within the reach of perturbation theory. We
studied one specific example in which the subjets are generated via primary emissions by
the leading parton, with a relative transverse momentum larger than a (semi)hard cutoff
k1 cut- We have shown that by judiciously choosing the value of this cutoff, within the
range k| min < k| cut < Qs, with Q? = L, one can minimise the sensitivity of the results
to the infrared cutoff k| min, while still keeping some salient medium effects. It would
be interesting to measure this observable at the LHC and compare with our respective
predictions in figures 9 and 10.

Whereas the use of infrared-and-collinear-safe observables should strongly reduce the
sensitivity of our calculations to the non-perturbative physics of hadronisation, it would
be interesting to supplement our framework with a model for hadronisation (both in the
vacuum and in the medium) and see how this affects our description of the fragmentation
function and its uncertainties.

Finally, the description of the medium in our framework needs to be improved and this
is our priority for the future. Notably, we should allow for the longitudinal expansion of the
quark-gluon plasma and hence for time-dependent medium parameters. We are currently
working on that and our conclusions should hopefully be available in the near future. We
are also aiming at an improved theoretical description of the elastic collisions in the plasma
and of their consequences in terms of momentum broadening, medium-induced radiation,
energy loss and colour decoherence. This should also allow us to include the response of
the medium to the jet propagation and thus have a better control on the small-z region of
the in-medium fragmentation function and on other observables, like the jet shape and the
jet radius (R) dependence of the nuclear modification factor R4 [44-46].
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A Expressions with running coupling

Several results in this paper have been given in the fixed-coupling approximation. For
completeness, we give in this appendix the corresponding results including running coupling
effects. These are obtained by evaluating the strong coupling constant at the scale of the
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transverse momentum k| of each emission with respect to its emitter:

s
1+ 2056 In kaiLR

045<kJ_) = (Al)

with as = as(prR) and Sy = %

Defining v = a,L and v = asLg with L = In=— and Ly = In pTOR (v > u), the
expressions for the NLL Sudakov exponents in the vacuum, eqgs. 4.4 and 4 5 become

‘ e 1—28gu In(1 — 25pu)
g1,i(u,v) = —y [1 —1In <1 - 26()@) + 5ou ] ; (A.2)
g92.4(u,v) = g 8gi1’i —In [F(l - agil’iﬂ + i”é? In(1 — 280v) , (A.3)

The details of the calculation of these functions in the vacuum are given in appendix B.
For the effects of the veto region, the expression corresponding to eq. (4.7) and includ-
ing running-coupling effects is found to be

2C;
T Aveto(L) (A4)

Lgi5°(u,v) = Lg1i(u,v) +

where the logarithmic area of the veto region Ayeo(L) is defined as:

Veto /_L > / 703 ZPTOQ)( _Gveto) (A5)
and Oyeto 18 given by (4.6). Introducing the following function:
Y+ zx
T(x,y,2) = In(1 + asBo(y + 22)) , (A.6)

the logarithmic area Ayeto(L) reads:

—x<z 1
Aveto(L) TE LTBO [T(lnzo,O,Q) —T(Inz2,0,2) + T (Inz, 5 Inz, 3)
— ’T(lnzo,%lnzo, %) — ’T(lnzo,lnzL, 1) +T(lnzL,lnzL, 1)

—T(Inze,Inzg,1) + 7T (Inzo, Inzy, 1)}
ZL<1;$<202; [T( In 20, O, 2) _ T(_L’ 0’ 2) + T( In Ze, % In 20, %)
0
- ’T(ln 20, 5 3 1n 2, 2) ’T(ln z0,1n 2, 1) + T(—L,ln 21, 1)

—T(Inz,Inzg,1) + 7 (Inzo, Inzy, 1)}

20<l—z<zc 1

T [T(In Ze, % In zq, %) — T(—L, % In 2o, %)

- T(ln Ze,In 2, 1) + T(—L, Inzj, 1))}

with zop = wo(R)/pro = (2(}/(1)?:}0]%4))1/3, zp = wr(R)/pro = 2/(LproR?) and 2. = w./pro.
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B Large x jet fragmentation to NLL accuracy

Eq. (4.5) can be deduced from the coherent branching algorithm (also known as MLLA
evolution equation [34]) which resums to all orders leading and next-to-leading logarithms
of the form —asIn(l — x). Since the fragmentation function is not IRC safe, we intro-
duce a lower transverse momentum cut-off k| i, for any resolvable splitting. The final
result strongly depends on k| .,in so we need to keep track of any k| i, dependence in
the calculation.

To NLL accuracy, one can neglect the quark/gluon mixing terms. We discuss this
approximation at the end of this appendix. We focus on quark-initiated jets and the gen-
eralisation to gluon-jets is straightforward. The MLLA equation for the quark cumulative
fragmentation function reduces to

0%y(x,Q) [ @

@Zilsd) /0 de K32 k1) (% £.2Q) = S4(.Q) (B.1)
where the evolution variable is ) = ppgf to account for the ordering in the angle 6 of
successive emissions and the kernel is
as(k 14 22

ol l)qu(Z>@(kJ_ — kL min), Py =Cr 11—
The initial condition for (B.1) is Xq(z,k; = ki min) = ©(1 —z). At NLL accuracy,
ki =2(1-2)Q =~ (1-2)Q and ¥4(%, 2Q) ~ X,(%, Q) since the dominant contribution for
x ~ 1 comes from z ~ 1.

The standard way to solve eq. (B.1) is to go to Mellin space ¥, (z, Q) — X,(j, Q) where
the integral in the r.h.s. becomes a product. In Mellin space, = close to 1 corresponds to

Ki(z, k1) = (B.2)

j — 00, more precisely, In(j) ~ —In(1 — x), so we keep all terms of the form o In(j)" ~ 1
in the exact solution. Anticipating our resummed result, we note \; = a,In(j) and A\ =
asIn(proR/k1 min) = asLo,

- pToRd / 1 ) ,
(%, (. proR)) = /Q 0 5, /0 dz () — )K=, Q') (B.3)
. g . . 1-— 260)\ ln(l - QBoA)
= B [1“(”<1 1“(1_25@3) TS v )
1 — 285
—VE In <1—2§2Aé> + Bq h’l(l — 2,80)\0):| + O(Ozs)\?, Cks)\g), (B4)

where we used the standard trick z/ —1 ~ —0(e™7E/j — z) valid at NLL accuracy [47] and
we kept only the singular and finite part B, = —3/4 of the quark splitting function when
z ~ 1. Eq. (B.4) resums to all orders leading and next-to-leading logarithms of the form
Aj, Ao- More explicitly,

(i85 (G, proR)) = In(j)g1(Aj, Ao) + f2(Aj, Ao) (B.5)
_ CF 1 —2Bu In(1 — 26pu)
gl(u,v)—ﬂ_ﬁo[l—ln<l_2ﬁov>+ 2Fou ] (B.6)
C 1-2
fo,q(u,v) = Tﬁi [ — g In (1_2?;1;) + By In(1 — 2501))] (B.7)
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The final step is to calculate the inverse Mellin transform of (B.4).

1 dj —71In(x S . 1 u—In(u n(u)—In(— In(x
EQ(x):Qm'/cj?e Jin( )<*72q(*7)):2m/cd“6 In(u)+Gqlin(w)-In(~ @) (B.g)

where C is a contour parallel to the imaginary axis and Gy[In(j)] = In(j2,(j)). For this,
we Taylor-expand the function G, around L = —In(—In(z)) ~ —In(1 — z).

G
GylL + In(u)] = Gy[L] + In(u)G" L] + Z In(u q [L]

(B.9)

For k > 2, Gflk) [L] is certainly beyond NLL accuracy because the derivatives of a9 L with
respect to L bring always at least one extra ag factor. Thus, we truncate the expansion
up to the first derivative. Moreover, the derivative of fs o(asL, asLg) with respect to L is
also subleading. Finally, using

1 1
— [ dyevtrin(m) = B.10
omi J. " C T(—x) (B-10)
one gets the following result for the cumulative distribution:
. eGult)  exp (Lgi(asL,asLo) + fag(asL, asko))
1 P<1 o ou |u*o¢sL>

which is exactly (4.2), (4.4) and (4.5).

Sub-leading j contributions and quark/gluon mixing terms. Besides N2LL con-
tributions, we have neglected terms of order O(a In"(j)/j) in formulas (B.1) and (B.4).
Among such terms, those associated with quark/gluon mixings give sizeable numerical cor-
rections to the NLL results, especially in the gluon-jet case. The main reason for this is
that, even though the (power-suppressed) probability for a gluon to split in a ¢g pair where
the quark carries most of the momentum (z ~ 1) is much smaller than the probability to
find a hard gluon, once such a splitting occurs, the Sudakov appearing in (B.11) becomes
that of a quark, i.e. has a much smaller suppression because of the colour factor Cp < Cy
appearing in the exponential. In the inclusive fragmentation function, this becomes an
increasingly likely situation [48].

Including all terms of order O(a In"(j)/7) is beyond the scope of this simple analysis
of the large & behaviour of the fragmentation function. Instead, one can correct eq. (B.11)
for gluon jets with an additional piece ¥y mix(x, proR) describing the splitting of the gluon
in a ¢¢ pair, with either the quark or the antiquark carrying a large fraction z of the
initial energy:

0

2 /
X exp < 24 / a d@ s (zprod) O (2prob’ — kL,min))
0

2C dz d9’
X exp < il / as(zprod)O (2prod — /ﬂ,min)> (B.12)
0

1—x R
Eg,mix(-rapTO-R) = /0 df Pg(f)/ deas(giTOG)@(ngog — kL,min)
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with P (&) = 2nTr(£2+ (1 —€)?) ~ 2nsTg since { < 1—z < 1. In figure 5, the analytical
“NLL” curve for gluon jets is actually EgNLL(a:) + g mix(z).

C Saddle-point method for in-medium intra-jet multiplicity at DLA

Our starting point is eq. (5.6), assuming wr(R) < k| min/R. For definiteness, we also
assume 02 > #2 although it turns out that our conclusions remain valid for 62 < 62. It is
convenient to use logarithmic variables: x1 = In(pro/w1), y1 = In(R?/6?), 13 = In(wa/w),
Yo = In(63/6%) and X = In(pro/w), Y = In(R?/6?). The energy scales wo(R) and wy(R),
related respectively to the inside and outside domains, become xg = In(pp/wo(R)) and
xy, = In(pro/wr(R)), and the logarithmic scale associated with 62 is y. = In(R?/0?) =
4(xr, —x0)/3. To get the leading asymptotic behaviour of T; out(X,Y"), one can neglect the
d contribution to TV2¢ in (5.3) since it generates terms with at least one exponential factor
missing. We thus get

min(X,zo) min(yc,%(mo—xl))
T’i,out(Xay) :542/ dxl/ dyl
0

0
min(X—z1,X+Y —x1)
X /

X+Y—x;—x2
dzo / dy210(2\/d5x1y1)10(2\/@53323/2)
0
(C.1)

0

The integral over y; and yo can be performed exactly using the the following relation:

s _ [ s _ aszs>1 s exp(2y/asxs)
dylo(2v/asxy) = | —11(2v/asxs ~ — . C.2
/0 Yy 0( y) AsT 1( ) AsT W ( )

Using (C.2), one gets

Cll‘z Rl (.Tl)RQ ($2)

min(X,zo) min(X—z1,X+Y —zr)
E,out(Xa Y) = ag/ dxl/
0

0

_ . 3 —
% 62\/asr1 mln(yc7§(5170—331))62\/asm2(X+Y—:BL—:E2)

(C.3)
with the two non-exponential functions

1 (min(ye, 3(zo —z1)))/4 Ro(s) = 1 (X4Y —zp —a9)/4
Var (asw1)3/4 ’ S Var (@swo)3/4

The xo integrations cannot be performed exactly so we use the saddle-point

Rl(l‘l) =

(C.4)

approximation:

T2 —00 27 *
Mg(x) MN e *\ , Mg(z*)
/ﬂc1 dz f(x)e o~ Mg () f(x*)e , (C.5)

where the saddle point z* is the mazimum of g(z) between x; and zo. This formula is
valid as long as x1 < * < xs.
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Setting Mo = (X +Y — 1) = In(wr(f)/w) and integrating over x2/Ma, one get

min(X—z1,X4+Y —z) _ SaMy—so0 1 _
Nowt = @ / daa Ro(12)e?Vasm2(X+Y —vs—a2) velleo 56‘/075]\/[2. (C.6)
0
The corresponding saddle point is x5 = My/2 = In(y/wr(6)/w) so that the saddle-point
approximation is valid if 25 < X — x1. This gives the condition x1 < X — 273 in the first
integral, in order to ensure energy conservation along the cascade.
Calling Mpeq the remaining integral over 1, which is truly a gluon multiplicity inside

the medium, we are left with:

min(zo,X —z%) — K
Nmed = Ozs/ ’ da:l R1 (.T1)62\/asxl mm(yc,%(mofm))' (C?)
0

Since min(X — 3, z9) > 2. = In(pro/we), the integral can be split into two pieces: z1 <
where min(y., 3(zo — 21)/2) = y. and x; > x. where min(y., 3(zo — x1)/2) = 3(zo — x1)/2.
The first piece is calculated exactly, and we use again the saddle point method to evaluate
the second piece, assuming zg = In(pro/wo(R)) — co. We get (using z} = z1/x0)

min(X —z3,x0) \/T
/\/med:/ dwlasﬂ 11(2\/asa:1yc)+as/ dzy R(m1)62 ase13(@0—a1)

Z min(1,(X—x3)/x0) da;
= - 1+IO(2V asxcyc + _1/4\/ 4;)_/50

/1/2
Ty

c/xU

4 -
y (3’(1—93'1)>1/ EONELEA D

\/c‘Tssfcgaoo e2V/0sTeye n 1 854, (C.8)
\ AT/ Qs Ty 26 '
The first term in equation (C.8) is subleading due to the square root in the argument and
in the denominator. Thus, the leading term for Njeq comes from the “inside-medium”
region with w; < w,.?"

The saddle point of the integral over z; is 27 = x0/2 = In(y/pro/wo(R)) so our
estimation for Nyeq is valid only if z. < 27 < X — z3. The condition z. < z7 leads
to the condition (5.9). The condition z7 < X — 23 leads to the condition (5.10), when

= In(\/wr(0)/w) is evaluated at its largest value, that is when 0 = Oyin = k| min/w.

We have thus demonstrated that when both /&g = /a5 In(pro/wo(R)) and /&g (X +

— 1) = +v/asIn(wr(0) /w) are large and X > x7 + 23, i.e. w < wer, we have

Tiout(X,Y) ~ %exp [@(X +Y —zp + \/gxoﬂ, (C.9)

which is precisely formula (5.11).
From (C.9) and (5.5), one deduces the asymptotic DLA behaviour of the small-x
Jw? and R2.

fragmentation function by integrating T;(w, 0%|pro, R?) over 6% between k% min

20That is why we can trust our final result for T'(w, %) even for 6% < 2.
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The leading contribution comes from the lower limit of this integral or, in logarithmic units,
from the upper bound 2(zmax — X) on the integral on Y, with Zmax = In(proR/kL min)-
This reproduces (5.12) in logarithmic units:

2(Tmax—X)
DiY(X) = / dY Ty(X,Y)
0
~ \ilogscl exp [\/@( — X 4+ 2%max — L, + \/§x0>:| . (C.l())
A

Finally, the asymptotic form of the ratio R;(X) = D™4(X)/D}*(X) is obtained
from (C.10) and (5.4), using again the asymptotic form of I (z) at large x:

Di"(X) =

Ci |:2as($max — X)
VarCy X3

R YT o [ X ]1/4exp[ Ve (VE = 2~ 1)

20 (:L'max -
(C.12)

} v exp (2\/2645X(3:max - X)) (C.11)

From (C.11), one can estimate the position of the maximum zpump of D}*(X). Neglecting
the non-exponential prefactor, one finds dD}*°/dX & Zmax — 2X, so that the pymp ~

Tmax/2 and Whump =~ /P10 L min/R. For X > Zpymp i.e. w < Whymp, the derivative is
negative, hence D}*“(w) decreases when w decreases. Similarly, one can study the variation
of R;(X) from the exponential factor alone:

O‘s\/> \/7300 :L"L \/7 X+ \/m) (\/7 V2 xmax )
dX X (Tmax — X)
@(\/Y—\/m)Q . (0‘13)

The derivative is positive when v X — V2(Tmax — X) > 0 ie. when X > 2z, /3. Hence,
for w < (prok? min/ R?)'/3 | the ratio R;(w) increases when w decreases.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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