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1 Introduction

A description of the space-time by matrices has been an essential subject in gauge/string
theories. The origin of the idea may go back to the large- N reduced model [1] for the gauge
theories. In string theory, a description of the dimension by the infinite number of D-branes
was proposed in ref. [2]. Since the late 90s, the matrix model began to be an alternative
description of M-theory [3], and string theory [4]. While in the beginning, they describe
only the flat d-dimensional torus, later the management of the coset or homogeneous spaces
were explored (for instance, in refs. [5, 6]).

In this paper, we explore a more direct correspondence between the gauge symmetry
algebra and the space-time manifold by relaxing the requirement that the gauge symmetry
algebra be identical to the matrix algebra. The motivation comes from our study of the
higher-dimensional Yang-Mills theory from an infinite-dimensional algebra [7]. A prototype
example is the S compactification where the current (Kac-Moody) algebra described by
the gauge algebra functions on S, 7,4, where the integer n is a label for the KK-modes
and A for the gauge algebra . We also need to include extra generators u and v, where v
is the central charge, and w is the level operator. The algebra takes the form

Rl S T

We note that the additional generator u describes the derivative with respect to 8. The
center v is necessary to generate the KK-mass. As a straightforward generalization, one
may obtain an algebraic description of the toroidal compactification T™ from the n-loop
algebra.!

In this paper, as the next simplest example, we consider the algebra associated with
the coset space. The algebra consists of ¢ (the gauge algebra)-valued function on G/H.
As in the Kac-Moody case, we need the extra generators, which describe the isometry G
and the analogue of the center. For simplicity, we restrict ourselves to the 0-dimensional
Yang-Mills theory with an additional mass term and Chern-Simons-like coupling (which is
not restricted to 3 dimensions), and show that it produces a Lagrangian of the gauge fields
coupled with adjoint scalar fields on G/H.

We organize the paper as follows. In section 2, we give a brief review of the differential
geometry of the coset space, along the line of ref. [11]. We use the embedding function of
G/H into G. The arbitrariness of the embedding suggests that the group H behaves as an
extra gauge symmetry. In section 3, we propose the infinite-dimensional algebra associated
with the coset space G/H and the gauge symmetry K. In the definition of the algebra, there
is no ambiguity associated with the embedding. In sections 4 and 5, we derive IKKT-type
Lagrangian with mass and Chern-Simons terms with the infinite-dimensional symmetry.
With a Higgs-like mechanism, we obtain a field theory Lagrangian defined on the coset.
While it has the K gauge symmetry manifestly, the H gauge symmetry is hidden. In
sections 6, 7, 8, we decompose the original field variables X into the gauge and the scalar

!The idea of using a Lorentzian pair u, v came from the BLG-type formulation of M2-branes (for instance,
see ref. [8]) as well as M5-branes [9, 10]. In the traditional approach to the matrix model, the generator v
is ignored, and the associated equation of motion is absent.



fields on the coset, by appropriately choosing the basis of the tangent space of G into the
tangent (gauge fields) on the coset G/H and orthogonal (scalar fields) directions. At this
level, the Lagrangian has both the K and H gauge symmetries.?

2 A brief review of the cosets G/H

In this section, we review basics about the geometry of coset spaces G/H along the line of
ref. [11].

2.1 Lie algebra decomposition

A coset is a quotient space G/H of a Lie group G over a subgroup H C G. Let g and h be
the Lie algebras of G and H, respectively, we can then decompose the Lie algebra g of G as

—hom (2.1)

where m represents the coset part of the Lie algebra.
When both G and H are compact Lie groups, one may choose m such that

(b, m] C m, (2.2)

with m and b orthogonal to each other with respect to the inner product. This means

that one can choose the generators T, (a,b = 1,---,|G|) of g such that T; € b for
i=1,2,---,|H|and T, € m for a = |H| +1,--- , |G|, and that the Lie bracket of g
[TaaTb] = ifabCTc (23)

is decomposed as
[T, Tj] = ifi;" Ty, (2.4)
(T3, To] = ifia” T ,
[Ta, Tﬁ] = ifaﬁlT% + ifofgfyT7 .

In other words, the structure constants f;;*, fio’ vanish. In the following, we will not
require G and H to be compact Lie groups, but we will assume that eq. (2.2) holds.

2.2 Coset representative

An element x € G/H can be identified with x = gH for some g € G. It is natural to define
a projection 7 : G — G/H as

m(g) = gH , (2.7)

2We note that the gauge theory on a coset space G/ H was constructed as a matrix model in ref. [6]. They

start from the gauge theory on the group manifold G, and obtained the action on G/H as a dimensional
reduction. On the other hand, we start from the definition of the infinite-dimensional algebra associated
with the coset and derived directly the coset action.



and an embedding map o : G/H — G such that 7 -0 : G/H — G/H is the identity
map. o(z) can be viewed as the representative of x € G/H. But the choice of the coset
representative is not unique: one may change it as

o(z) — &(x)=o(x)h(zx) (2.8)

for an arbitrary map h : G /H — H. In the following, we will refer to this arbitrariness of
o as the “H-gauge symmetry”.

The multiplication by g € G to x € G/H from the left is an isometry transformation
on the coset G/H. For any g € G, there is a function h(g,z) on G/H such that

go(x) = o(gx)h(g,z),  hlg,x) € H. (2.9)
The H-twist h(g,x) satisfies the cocycle condition

h(g192, ) = h(g1, 922) (g2, ) (2.10)

as a consequence of the associativity of G.

2.3 Adjoint representation

In the following, we will use the notation D(g) for the adjoint representation so that
g_lTag = Dab(g)Tb . (2'11)

As a representation, it satisfies Dab(glgg) = Dac(gl)ch(gg).

Assuming that g is a Lie algebra equipped with a non-degenerate invariant inner prod-
uct (T,,Tp). Without loss of generality, we assume that (T, Tp) = 74y, Where 74, is a
diagonal matrix with eigenvalues +1.> The invariance of the inner product implies the
orthogonality of the adjoint representation:

Nab Dca(g)Ddb(g) = TNed - (2'12)
The transpose
D,"(9) = n"naaD."(9) (2.13)
of D(g) is also its inverse, i.e.
D.%(9)D."(9) = Dy(9)Dc’(9) = 0 - (2.14)

2.4 Vielbein and H-connection

Given a local coordinate system {0} (u = 1,2,---|G| — |H|) of G/H, we shall denote
o(x(0)) simply as o(f) on the local patch. Define the covariant frame (vielbein) V,,“(6)
and the H-connection Q,%(6) by

E, =0(0)"'0,0(0) =iV,*(0)T, +iQ," (0)T; (2.15)

3For a semi-simple Lie-algebra, one can take the inner product to be the Killing form. For an Abelian
group such as U(1)", one can take any ngp.



which can be expressed as an equation of 1-forms: E = o 'do = i(V°T, + Q'T;). The
inverse vielbein V,* by definition satisfies

V& (0)Va"(0) = 6%, VM OWV,A () = 8. (2.16)
The invariant inner product of g induces a metric on G/H:
G (0) = nag VX (OVLP(0), g (0) = n*P VLM (0) V¥ (6), (2.17)

where 1°? is the inverse of Nap and gh” is the inverse of g, .
Under the H-gauge transformation (2.8), E transforms as E — E = h™'Eh + h~dh,
which implies

= V,.(0) = HO)V,.(0)h(0) (2.18)
Q,(0) = Q.(0) = h1(0)Q,.(0)R(0) — ih~(0)9,h(0) . (2.19)

The isometry transformation (2.9) may be written as
o(89) = go(0)h1(8, g) (2.20)
where 69 is the coordinate of gz(6). It leads to a transformation of E as
o(09) ' do(09) = h(8, g)(c~ (0)do(0))h™1 (0, 9) + h(0, g)dh ™" (8, g). (2.21)
Picking up the T, components, we find
Ve(97) = V20D (1 (6, 9)). (2.22)

The metric g,,,d0#df” is thus manifestly invariant under the left g-action.
The Maurer-Cartan equation for F is

dE+EANE=0, (2.23)

which decomposes into m and b as
dve + %fﬁfvﬁ AV +ifig® QU AVFE =0, (2.24)
sy’ + %fjkim AQF + %faﬁiva AV =0. (2.25)

The last equation says that the field strength of the H-connection () is non-zero whenever

fozﬁi # 0.

2.5 Infinitesimal isometry transformation

We consider the infinitesimal version of the isometry transformation (2.9) on the coset
G/H with
g=1+4+¢€"1T,. (2.26)



Eq. (2.20) implies that
h(6,9) =1+ €A (0)T; (2.27)
(09 = 6F — e ug(0) (2.28)
for some functions A,*(f) and u,*(#). The infinitesimal form of (2.9) becomes
Too(0) = ~1a(0)0 (0) + (0)Ad' (O)T:, (2.29)

where
0o (6) = ua"'(0)0, . (2.30)

The first term on the right hand side describes an infinitesimal variation on the coset
space G/H.
Multiplying o~! from the left on both sides of eq. (2.29), one obtains

0 1T,0 = D%(0)Ty = Du®(0)To + D, (0)T; (2.31)
on the left-hand side according to eq. (2.11), and deduces from eq. (2.15) that
D, (0(9)) = —iu"(8)V,“(8), (2.32)
Dy (0(6)) = —iua"(0)2,"(0) + A’ (6) - (2.33)
Thus we can solve u,* and A," as
ug'(0) =1 D% (a(0))VaH(0), (2.34)
A (0) = Do (0 (0)) +iua(0)2,5(6). (2.35)

As eq. (2.29) tells us how T, acts on o, this action must realize the Lie algerba
[Ta, Tp] = ifap Te, which then implies that

u M Opup” — wpt Opua” = ifaepuc”, (2.36)

ua“(‘?uAb — ub“auAa + [Aa, Ab] = ifabcAc, (237)

where A, = A,'T;.

A measure dO can be defined on the coset space G/H such that it is invariant under
isometry transformations. For an arbitrary normalizable regular function f(#) on G/H,
we have

/ dO ua"(0)9,f(6) = 0. (2.38)

For later use, we introduce an orthonormal basis {\=(0)} on G/H for which

/ dO A=(0)Ai(0) = b=r1 (2.39)

When the group G is compact, we have a discrete family of the basis. For the noncom-
pact case, we have to reinterpret the labels X, II to be continuous. While it is easier to
restrict G to be compact, we do not see a strong obstacle for the generalization to the
noncompact cases.



3 An infinite dimensional Lie algebra for G/ H

In this section, we introduce a new class of infinite-dimensional Lie algebras that is a
generalization of the infinite-dimensional Lie algebras considered in ref. [7] that were used
to promote the base space of a Yang-Mills theory to higher dimensions.

The infinite-dimensional Lie algebra is associated with a Lie group K and a coset space
G/H as follows. We will use the notation for G and H as in the previous section. The Lie
group K is defined in terms of the basis T4 as

[TA, TB} — iFAB,TC, (3.1)

with the invariant metric GAZ = (TA, TB> with A, B =1,---|K|. We denote the Lie alge-
bra associated with K as . The group K and the coset G/H can be chosen independently.
We will refer the algebra for the coset space as C (K;G, H), or simply C. The generators
of C(K;G,H) consist of ug,v® (a = 1,---,|G|) associated with the isometry, and the
infinite number of generators 74[A] (A = 1,2,---,|K|), which depends linearly on any
regular function A\(f) on G/H.
We define the Lie bracket by the following relations:

_ G

(T4 TP )] = P20 TO AN = Y G420, / dO M1 (0)(@aNa(0)) (3.2)
) a=1

[ta, TP = TP[aa7], (3.3)

[Ua, ub] = ifabcuc ) (3.4)

[uay Ub: = _ifacbvca (35)

[0, 0] = [0, TAN]] =0. (3.6)

We have two structure constants: FAB 5 for the Lie algebra £ (for the gauge symmetry),
and f.;¢ for g (for the isometry of the coset). We may roughly identify FA[\] with a &-
valued function on G/H, say TA\(#) where T4 € £ The first term in eq. (3.2) is the
algebra for such functions. The relation (3.3) implies that u, acts as an infinitesimal G
isometry on the functions on G/H, written in the form of 4, = u#d,, which acts on the
function A. The last line (3.6) and the second term of eq. (3.2) show that v® may be
regarded as an analogue of the central extension, but it has a nonvanishing commutator
with u, when G is non-Abelian as in eq. (3.5). The dependence of the algebra on H comes
implicitly from the facts that A is a function on G/H, and 4, is realized as a differential
operator acting on it.

The Lie bracket defined above satisfies the Jacobi identity

[A,[B,C]] + [B,[C,A]] + [C,[A,B]] =0 (3.7)

for any three generators A, B, C in C’(K; G,H).



The invariant inner product on C' (K; G, H) is defined by
(TANLTal) = 647 [ do (@) (). (3.8)

<ua, Ub> = (3.9)

with other combinations vanishing. For any three generators A, B,C' in é(K ;G,H), the
invariant inner product satisfies

([A, B],C) + (B,[A,C]) = 0. (3.10)

The Jacobi identity and the invariance of the inner product are examined in appendix A.
We note that this invariant inner product is not positive-definite because of eq. (3.9). An
inner product with the Lorentzian-signature was considered previously in ref. [7], but not
very common in the literature of the matrix models. We will see below that a Yang-Mills
theory dimensionally reduced to 0 dimension with the algebra C (K; G, H) is equivalent to
a gauge field theory living on the coset G/H as the base space.

We note that the algebra does not have an ambiguity in the choice of the coset repre-
sentative (). The isometry generator 4, is invariant under the H-gauge transformation,
as we will show later (7.2), (7.11) in terms of the coordinates 6.

We remark that our approach based on C is slightly different from the conventional
form of the matrix model. For instance, in the case of the noncommutative T? (see, for
instance a review article [12]), one defines the matrix algebra by two generators Uy, Us,
satisfying U Uy = e2™U,U;. The matrix algebra Ty is defined by its envelopping algebra
generated by (Up)™ (Uz2)"2, (n1,n2 € Z). In order to reproduce the Yang-Mills theory on
T2, we have to add, extra generators X1, X» satisfying [X;,U;] = —2mid;;U;, which act
as endomorphism on Ty. In our case, the analogue of Ty is generated by 7T“4[\] which
is the basis of the functions on the coset. The extra endomorphism generators X; in Ty
are denoted by the elements u,. At the same time, we include v* which is not included
in the matrix model, but are necessary to obtain the proper equation of motion for the
non-Abelian coset space. In all, our treatment gives a generalization of the matrix model,
which is applicable to the general coset space without imposing constraints on the field
variables.

3.1 Examples

e When G = U(1) with H being the trivial group composed of nothing but the identity
element id, the algebra C'(K;U(1),id) becomes

[7;:4’ TTE} - iFABC7710+m + GABnU5n+m ) (3.11)
u, T =nT, (3.12)
where we identify 7,4 = TAe?, 4 = —i0p and [dO = £ 02 "df. In this case,

C(K;U(1),id) is an affine Lie algebra £, where v is the center and u is the level
operator. It was shown in ref. [7] that, a Yang-Mills theory on D-dimensional base
space with the gauge symmetry algebra C (K;U(1),1id) is equivalent to a Yang-Mills
theory on (D + 1)-dimensional space with the gauge group K.



e Similarly, for G = U(1)®*, the algebra becomes

[7%’147 Tﬁ?} = iFABC,ESrm + GAB Z nava5ﬁ+m , (3.13)
[uaa TﬁA} = natz‘iA . (314)

This may be referred to as the ¢-loop algebra which has £ central extensions v“.
The generators are labeled by @ € Z‘. It should be clear from ref. [7] that a D-
dimensional Yang-Mills theory with the gauge symmetry algebra C'(K, U(1)®4,id) is
equivalent to a (D+/)-dimensional Yang-Mills theory with the gauge symmetry group
K. Mathematically, the representation theory for the cases of £ = 1,2 are well-known.
For ¢ = 2, the algebra is called “toroidal algebras”, whose q-deformation [13—15] were
intensively studied recently in the context of the AGT conjecture. For ¢ > 2, not
much is known from the mathematical study on the representations.

e The isometry group G is Abelian in the examples above. The simplest non-Abelian
example is the coset G/H = SU(2)/U(1) = S2. See appendix B for details of the coset
description. We will consider the 0-dimensional gauge theory with the symmetry
algebra C(K;SU(2), U(1)) in section 6. It will be shown that the Yang-Mills theory
reduced to 0 dimension with the symmetry algebra ¢ (K;SU(2),U(1)), supplemented
with cubic and quadratic terms, is equivalent to a Yang-Mills theory on S? with
the symmetry group K, including a generalized Chern-Simons term and a massive
scalar field.

4 Gauge theory with symmetry algebra C

We will focus on Yang-Mills theories dimensionally reduced to 0 dimension, to study the
dimensional oxidization by C. As we will focus on the bosonic sector, it can also be called
the Yang-Mills matrix model [19] or the reduced model [6]. More general analysis of the
super Yang-Mills theory coupled with adjoint scalars was made in ref. [7] for the higher
loop algebras.

The bosonic part of the IKKT model coincides with the Yang-Mills theory dimension-
ally reduced to 0 dimension. It has the action

d
Sp = ilél (1%, 2, [0, 27 (4.1)

where the indices I, J are raised and lowered using a metric 17y which is diagonal with
the eigenvalues +£1. The variables X! (I = 1,---,d) are typically infinite-dimensional
matrices. Our general strategy is to replace the algebra gl(co) of infinite-dimensional

matrices by C(K;G, H) to obtain the dimensional oxidization on the coset space G/H.
Taking values in C' (K; G, H), we expand the matrices A7 in terms of the generators as

Xr=Xr+Yr+ 7, (42)

4Matrix model description of fuzzy sphere goes back to ref. [16].



where
Xr=Y Xu=TPal, Vi=> Yo", Zi=Y Ziu,. (4.3)

Here, Y = is a sum over an orthonormal basis {A\z} on G/H. We will refer to Y, Z as the
“ghosts”.

To derive a more explicit expression for the action (4.1), we expand the commutator
[X I, X ]] as

[X], XJ] = X[Agl XJBEQ (iFABcTC[)\El )\52] — GABUa (/ d@ )\E1ﬁa)\52>>

+iZ 25 fa e — [Xraz 25 — (I 6 )] T aAs] + ifoe” [YiaZ50° = (I J)] -
(4.4)

Here and in the following, we use the Einstein summation convention, i.e., all repeated
indices are summed over. The action (4.1) can then be expanded as

So = —Z¢Z5 fur’

i N
faclY1eZ3 + §GAB (/ do )\Eluc)\Ez) XIAElXJBEQ:|
1 i ! !
- ZFABCFA B i X1az, X ypz, X1, X ypr=, GOC /d@ A=, Az, Az A,
- iFABC’XIAE1XJBEgGCDXIDE;gZ;/d@ A=, Az, Ug Az,

1
+ §XIAngf}GAB (XIBEQZS / dO G Az, iphz, — (I J)) : (4.5)

4.1 C components as t-valued fields on G JH

We notice that the expression above can be reinterpreted as an action for ¢-valued
fields living on the coset space. Let T denotes the Lie algebra generators of €, and
GAB = Tr(TATP) the invariant metric defined from the trace on €. Let P denotes a linear
map from C(K; G, H) to t-valued functions on G/H defined by

P (CAETA[)\E] + Yav” + Zaua) = Cuz)=(0)T. (4.6)

In particular,

P(X1) = Xrashs(0)TH = X;(6) (4.7)
¥

is a t-valued field on G/H.
Furthermore, we define a map (o) from ¢-valued functions on G/H to C as

(che®..) = / a0 Tr (CV(6) ¢ (0)-- ). (4.8)
Using the map P and (s), the action can then be more concisely expressed as
S0= {120,211V, 277) ~ L (21, 27,0 (X (8.X7) )
(] [X ) = 23 (150,671 (4 X7) )
#5725 (27 () (X)) = 2" (%) (X)) - 49)



We note that the terms written in the (e) resemble the field-theoretical action. On the
other hand, the ghost fields Y7 and Z;, being independent of the base space, appear as
non-dynamical variables.

The equations of motion are derived from the action above by variation with respect
to Y7, Z; and X7, respectively, as

0="> 21,2, 2"], (4.10)
J

0= (1121, 2,1, Y} = 25, [20,Y ) + 125,127, V1)) = Y120, 0] { X1, 0 X))

d Ja
e (1 K 1) + X (8050 X7 — (850, 2,57 L (a11)
Ja J,a,b

0=->(2,2"X; - 2,Z;X7)
J
— (1%, 27 X1 = (X5, ZiX7) = 2)1X1, X)) = [1X1, X0, X7), (4.12)

where we have used the notation Z; = ¥, Z$,, with 4, defined by eq. (2.30). A choice
of the non-dynamical parameters Y and Z is thus constrained by egs. (4.10) and (4.11).
The equation for Z (4.10) is closed by itself, and a different choice of the solution of Z
changes the coefficients of the equation of motion for X;(0) (4.12). On the other hand, Y’
appears only in eq. (4.11), with the rest of the equations independent of Y. It is a Lagrange
multiplier with the only purpose of imposing the equation of motion for Z (4.10).

In the following sections, we will omit the bar in X() as X7(6) for the simplicity of
the notation.

4.2 Solution for Z

Abelian case. When G = U(1)®¢ and H is trvial, eq. (4.10) gives no constraint on Z.
There is a global symmetry O(d, R) which rotates X as X1 — X} = >, L1’ X},, inducing
a rotation on Zj. There is another global symmetry O(¢,Z) that rotates (ugq,v*) — (u, =
S My up, v'® = 3, vPM~1,%). Assuming ¢ < d, the rotation symmetries allow us to set,

without loss of generality,

-1 ... ¢ <
Zzaz{LI“ (I=1,---,6 a<]I), (4.13)

0  (I=(+1,--,d)

where Lj, encodes the modular parameters of the ¢-dimensional torus T¢. The action
S* (4.5) becomes simply

Syt =

(D1, D), (4.14)

=

where

iL90, + A[(0) (I=1,--,0),

o7(6) (I=0+1,-,d). (4.15)

Dy =iZ70,+ X1(0) =: {

~10 -



This is the action for the Yang-Mills theory (with the gauge group K') dimensionally reduced
from d-dimensions to 7. The components of the gauge potential in the reduced dimensions
are turned into (d — ¢) scalar fields (®y4q,- -+, P4) in the adjoint representation.

Our approach uses the equation of motion (4.10) to derive the torus modulus Ly,.
This equation comes from the variation of Y7, the coefficient of the ghost v*, which has
not been considered in IKKT approaches in the past. This is an analogue of the Higgs-like
mechanism [8] used in the BLG-type description of M2-branes.

A problem for non-Abelian G. Suppose g is a simple Lie algebra such as su(2). An
obvious solution to eq. (4.10) is

Zr = Zyu, u=Y" ¢ g, »* ER. (4.16)
a

With such solutions, however, we would have a single derivative @ = ), ¢“1, appearing in
the action, instead of |G| — |H| independent derivatives for the coset space G/H. It means
that we have an infinite number of states at each KK level, and it does not produce a field
theory living on G/H. Therefore, we would like to consider modifications of the action to
admit solutions of Z that would lead to a field theory on the coset space G/H with its
isometry G as a global symmetry.

5 Gauge theory with quadratic and cubic terms

Motivated by the problem mentioned above for a non-Abelian group G, we consider adding
an extra quadratic (mass) term and a cubic (Chern-Simons-like) term to the action (4.1).
It turns out that the modified equation of motion for Z; has non-trivial solutions leading
to a field theory on G/H with the isometry as a global symmetry [17, 18]. Since there
should be |G| isometry transformation generators realized as differential operators through
the Z;’s, we must consider d > |G|. Using the O(d; R) symmetry acting on the index I of
X1, we can choose these |G| differential operators Z; to belong to the first |G| components
X, (a=1,2,---,|G|). The remaining components X7 (I = |G|+ 1,--- ,d) would merely
contribute more scalar fields to the model.

We shall first consider the case d = |G| to focus on the components X, (a=1,2,---,|G|),
and assume that the metric n;; agrees with the invariant inner product 74, of g. It
will be straightforward to extend the result to d > |G| by adding more scalar fields
P(XGj41), -+, P(Xy) in the end.

5.1 Modified action

For the choice of Lie algebra g, we restrict ourselves to a tensor product of semi-simple
Lie algebras and an abelian algebra, namely g = (®°_,g,) ® ¢’ where g, (1 = 1,--- ,8) are
simple Lie algebras, and g’ is abelian. It is clear that the parameters of the action, which
will be considered in the following, can be separately chosen for each factor. Since the
analysis for the abelian part will be the same as in the previous section, we will focus on
one of the simple Lie algebras g, and omit the index ¢.
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The action Sy (4.1) is modified by quadratic and cubic terms as

S=Sy+Si+ S, (5.1)
with
S = R*hg, (X, x") | (5.2)
Sp = iNfape (X7, [X°, X°]) | (5.3)
where
— fac foa® = 1S, (5.4)

is the Killing form of g. For the abelian factor, S; should vanish for the consistency of
equation of motion and Ss vanishes since the structure constants are absent. For the new
action, the equation of motion for Z; (4.10) is

([Za, Z), 2] = 2RZNE, Z° + 3i) fare[ 2", Z°] . (5.5)

L "%ab

Using eq. (5.4), we write a solution in the form
Zy = Lug, . (5.6)
With this ansatz, the equation (5.5) becomes
L* +3\L —2R*>=0. (5.7)
For an Abelian algebra, the corresponding L parameters remain arbitrary, as in the previous
section. For the semi-simple part, we shall assume that L € R, but it is not yet clear

whether we need R? > 0 for a real mass as Sy and S, may also contribute to the mass term
of the scalar fields.

Substituting eq. (5.6) into the action (5.1), we obtain

S = i << (2uX0 — Z0Xa + [Xo. Xb])2>>

(5.8)
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where we have used eq. (5.7) to replace R by L and . Eq. (5.6) implies that Zo = Lig,
and the action becomes

S= Skinetic+SC87 (59)

1 A A . 2
Sanetic = 5 (( (20X~ 20 Xu+ (X, Xo)=iLfc X))

_ / dO Tr {(ﬂaf(b—ﬂbf(a—k[f(a,)zb]—i fachc>2] , (5.10)
Sos= 1420 (<t (0270 + H (oo S e (00 )
g(L+2)\ 3 / 0 Tr[ jfabex, chb+habXaXb fabCXaXchl
3 fabC(L+2)\ L’ / d@"ﬁ"[ o (@Ko Xp+ Xy, K] - 1fdchd> S (X, X, X}
(5.11)

where X, is a t-valued field on G/H defined by (see eq. (4.6))
Xq(0) . (5.12)

5.2 Gauge invariance

Before Z; takes a specific solution, the action (5.1) is manifestly invariant under the trans-
formation

35X, = [Xy, &) (5.13)
for any £ € C(K; G, H). For
E=c+r+E=ea=T ] + rpv? + oy, (5.14)

the components of X, transform for the background configuration (5.6) as

6X, = iFAP o Xoaz, €82, TC A, Azy] + Leas T Aliads] — EXan=T A=),  (5.15)
oY, = (—GABXQAEIGBEQ /d@ Az, UpA=, — iLfapCre + ifcdeadfc) Ub, (5.16)
6 Zy = iLfu Eu, . (5.17)

The background configuration of Z, breaks the C’—symmetry to the partial symmetry con-
strained by £€* = 0. (Recall that Y, is decoupled from other fields as a Lagrange multipler,
so we do not need to demand that Y, = 0.) The residual symmetry transformation is thus
equivalent to

06Xy = tigé + [Xa, €, (5.18)

where ¢ = P(€). Hence, this action defines a non-Abelian gauge theory with the gauge
group K on the coset space G/H. Under this gauge transformation, the actions Skinetic
and Scg are individually invariant.
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In order to derive a more standard action for the gauge theory, we need to decompose
Xo(0) into the gauge field A,(0) and the scalar field ®;, on which we will focus in the
following sections.

We note that the action we obtained are the same as those given in ref. [6] when H is
trivial, namely for the group manifold. While the authors of ref. [6] used the dimensional
reduction to obtain an action on G/H, we applied a purely algebraic method. Ref. [6]
introduced a “minimal action”, which contains only the gauge potential A,. The derivation
of such an action is not obvious in our purely algebraic framework.

The Chern-Simons-like action (5.11) is defined on the coset space whose dimension can
be equal to or larger than three. It will take the form [ d© Cy,,(8)x""? where C,,,, is the
three-form induced from the structure constant f,,. of G via the vielbein, and x*** is the
Chern-Simons term with the gauge group K.

6 Reduction to the conventional gauge theory on the coset:
G/H =SU(2)/U(1) = §?

To be explicit, we first consider the S? case where we have a standard description in terms
of the polar coordinates. It corresponds to a fixed coset representative in appendix B.
We introduce the orthogonal basis as

e, = e.* = &, = (sinf cos p, sin O sin @, cos ) (6.1)
ea = ep® = €y = (singp, — cos p, 0)
eq? sinf = e, (sin ) ! = &, = (cos  cos p, cos O sin p, — sin §) (6.3)
These are the orthogonal basis satisfying d%e, ey’ = g*, dap elﬂeyb = g With a diag-
onal metric g, = gg9 = 1, gop, = sinf. €, is set to be orthonormal. We can rewrite

egs. (B.2), (B.3), (B.4) as
flg =1 (ea(’ae + ea@aw) ) (6.4)

This expression and the gauge symmetry (5.18) imply that the field X should be decom-
posed in the following way:

X, =eAg + e Ay +e, . (6.5)

For the computation below, it is convenient to rewrite (6.4) and (6.5) in the vector notation

as follows:
e
i = 0, L 6.6
u 1(69 9+S1I19 <p>7 ( )
Tocv+d, 2 g (6.7)
- “sind 620

We also introduce the field strength and the covariant derivative;

Fy, = 0pA, — 0,40 — i[Ag, A, (6.8)
Dp® = 9y® —i[Ag, ®],  D,® = 9,® —i[A,, .
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The action and the separation of variables. For the S? case, the actions (5.10)
and (5.11) are simplified to

LA . ” NN £\ 2
Skineic = - 3 [ 40 Tr (%, — %o + (X 5] — e X )
(6.10)
L4 o _ - -\ 2
:7/6@ Tr(UxX+X><X—iX> :
i L 2 L3 — d el hd — 1 — — —
508231(4‘2”/(@ Tr<X~(U><X+X><X—iX)—3X-(X><X)> (6.11)

in the vector notation. To express them by the components (6.7), we need the following

formulae,
Op€y = €, 0,6, = —€psinf, Oyeyp =0,
A o (6.12)
0,69 = €, cos0 + €psinfl, 0Opé, = —€;, 0,€, = —€gcost,
— > > oy — — 1 > s —
Ux X+XxX—-iX=i (sin@Fw + <I>> ér + —Sine(D¢@)69 i(DpP)é, . (6.13)
Using these formulae, we can transform the actions into the following form,
1 2
2 2 52
Skinetic = — / do Tr( Fgg, (Do®)"+ - Q(chb) R e GF(;(FCI)), (6.14)
3(L+2)\)L3 Fy i
= T L 1® )+ ——(AgD,®—A,Dg®) +——D[Ag, A
Scs 2 /dG r( (sm0+ >+sin0( 0% w0 )+sin0 [4g, 4]
L+2)\)L3 2
:—3(+/d® T&"( 6)Fegpqwrcb?) (6.15)
in

where we use integration by part in the last line. Combining them, we have

/d@ Tr( SFE,+(Dyd) + ﬁ(pﬂﬁw <2 + 32) (@2 + Siiﬂ@)) .

(6.16)

This action has the standard Yang-Mills term with the gauge field and a massive scalar field

living on the 2-sphere. The scalar field is in the adjoint representation with a non-minimal

coupling to the gauge field. The Chern-Simons term written in terms of gauge fields is
absent because it can only exist for a base space of 3 or higher dimensions.

7 Decomposition of X, into gauge potential and scalar field

As a generalization of the example studied in the previous section, we expect that X, is in

general a linear combination of the gauge potential A, (u=1,2,--- |G| —|H|) and scalar
fields ®; (i =1,2,--- ,|H|). For generic G and H C G, let
Xo = e A, + e, ®; (7.1)

where both A, and ®; are ¢-valued fields on the coset space G/H. For a dimensional
reduction of G — G/H, the bases e,*(6) and e,*(f) provide a local decomposition of the
tangent space of the group G into the tangent space of the base space G/H and directions
along the H-fibers.
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7.1 Algebraic properties of basis

The basis e,* is naturally defined by
e'(0) = —iug”(0) = D,*(0(0))VoH(0), (7.2)

so that A, appears in the combination (09, —iA,,) of a covariant derivative in X7. The basis
eq' is chosen to be

ea'(0) = D' (0(9)), (7.3)

so that it is orthogonal to e,*. The inverse of the bases (e.*,e,!) is given by

eu(0) = D(a(0))V7u(0),  e%(0) = D*(a(0)). (7.4)
They satisfy
n® elept =0, Nab euaeib =0, (7.5)
1™ eq'er] =n', Nab €:"e;” = 1ij, (7.6)
ei%eq’ =67, ei"eq =e,"e,' =0, eped” =4y, (7.7)
eqle + ea“eub = 53 . (7.8)

Eq. (7.6) indicates that e,’ is an orthonormal basis for the field space of ®;.
The metric g, and its inverse (2.17) on the coset space G/H for the coordinates ¢ are
related to the vielbein e * via the following relations as usual:

9 (0) = nap e, (0)e,’(0), (7.9)
9" (0) = 1 e, (0)ep” (0) - (7.10)

The indices p, v can be raised or lowered using ¢g"” and g,,,.

7.2 Transformation properties of basis

Under the H-gauge transformation (2.8), the basis (e.*, e,%) transform as

e = & =D, (0)Ds"(h)D,*(h)Vo" = D, (0) Vo = e, (7.11)
ea! = &'= D, (ch) = D.,(0)Dyi(h) = DI (0)D;%(h) = es Dji(h). (7.12)
The equations (7.11), (7.12) imply the transformation of the component fields:
b, =Dh N 0, A,=A,. (7.13)
Under the infinitesimal isometry generated by ., the basis behaves as
uOper” — wptopes” =1ifae”, (7.14)

u ' Oper’ = ifapec —ifji' (eaj - ea“Q{J et = ifples — ifjk’Aa]ebk . (7.15)
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The first line is the immediate consequence of eq. (2.36). The second line needs more
explanation. We calculate (using D,'T® = (D7)}, T® = 6T'0c~!, D,* = D,’(0)) as follows:

ea Oy T") = Dy*Vad, (0T'0 ")
=D,V Fo ([ailﬁua, TZD ot
=iD,Voto ([VITs + i1, T7] ) 07!
= 1D, ([T, T') + VO[T, T)) 07!
= fap' D™Dy T + fjkiea”QﬂDkab,
which implies
ea"Ouer’ = fas'Da® Dy’ + fir'ea Ues” . (7.16)
To proceed further, we use
fareDa" D" D¢ = faey, and  fu°DyD.’ = fa' D¢, (7.17)
which come from [Ta, Tb] = ifuT. with T, = 0 'T,o. It follows that
fas' DDy’ = foi' Do“Dy — fi1'Dy? Dy
= fule’ — fir'eder”

which leads to eq. (7.15).

The first term on the right-hand side of eq. (7.15) is an analogue of eq. (7.14), and the
second term gives a correction, which vanishes when H is abelian ( fijk = 0). The appear-
ance of the H-connection QL is necessary since e,’ transforms in the adjoint representation
of the H-gauge symmetry. As we have seen in eq. (2.25), whenever f,g" # 0, the H-field
strength is non-zero, and the H-connection cannot be gauged away.

The H-covariant derivative on e,?, which transforms in the adjoint representation for
the H-gauge transformation, is

(Vue)ai = ueai — fjkiQHjeak. (7.18)
In terms of the covariant derivative, eq. (7.15) is turned into
e Ve = fules — fin'edert . (7.19)

Similarly, the covariant derivative V,, on ®; that respects both K- and H-gauge symmetries
is defined as
V,.®; = D,®; — fi;"Q,/ ¥y . (7.20)

8 Gauge theory on coset space from 0-dimension

In this section, we write down the action (5.9) explicitly in terms of the gauge potential A,
and scalar fields ®; according to the decomposition of X, (7.1) described in the previous
section.
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We first consider the kinetic part (5.10). By substituting the component expres-
sion (7.1) of X1 and defining the field strength F},, by

F =0,A,-0,A, —i[A,, A, (8.1)
we have
ZaXo—ZpXa+[Xa, Xp) —1L fap" Xe
=iL? (ea“eb”FW—i— (ea“ebi—eb“eai> Duéi—ieaiebj [D;, D] —i—(ea“@Hebi —eb“@ueai —fabceci)@)
=ilL? (ea“eb”FW—i-(ea“ebi—eb“ea )V b, —ieylep [@Z,é[) |+ (eq V#ebi—eb“VNeai—fabceci)@i>
=iL? (ea“eb”FW—i— (ea“ebi—eb“eai> V@i —iegley’ [P, ;] —I—(fabceci—ijkieajebk)q)i) .
(8.2)

We note that ordinary derivatives are replaced by covariant derivatives on two terms in the
third line but their changes cancel. In the fourth line, we use eq. (7.19). Using eq. (8.2),
we derive

Skinetic
= _3L4 dO Tr [FM,,FIW_,_QVH@ Vltq)i_[@h@j}Z_|_hzgjq)i(1)j_|_2fabceauebueciFMV@i+21fijkq)i[q)j’(I)k]]'
(8.3)
Next, we consider the CS-like term Scg. For later convenience, we define a notation
= —faled +2fitedd eyt (8.4)

Using eq. (5.11) for Scg, due to the contraction of indices, some of the terms vanish due
to the identities

fteeteyied = fD Vot Dy DI = frUIV,F =0, (8.5)

fachébec“ = —h9%e let + 2fabcfjk edefet =0.
We can also use the relation
fachébecl — _fabCfabdecledi + Qf(lbceajebkeclfjki = _h’Ll + thl , (87)

where hY is defined analogous to kS, (5.4) by

fii* fud = —nY. (8.8)

Scs (5.11) can then be evaluated as
3(L+2\)L3 :
Scg = w/d@T [f‘lbc( eqep” e <F#,,Ap+ [Au,AJJA, )—2ea”eblec”A,,vu<I>i

9 o
—eqlep e Fl®;—ietelel[A,, AP )+3if”k[<1>i,<1>j]q>k+(2h?jh%)qﬂqﬂ]_ (8.9)
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The first term is the CS-like term discussed in ref. [6]. To express the remaining terms in
a gauge-invariant way, we implement integration by part on the following term:

2fabcea“ebiec”AVVH¢i
~ 9 fabe (—ea“ [aﬂ(ebiec”Ay)@i] —iegfepie A, [A,, @] — ea“ebieC”AyfjkiQiCI)k)
— fabe (—ea“ebiecy(auAy — 0, AL)®; — ebi(ea“(?uecl' —et'0ue,”) AL D;
— (ea“ﬁuebi — eb“aueai)eC”Ayfbi — 2ie  eple.’ (A, AP — Qea“ebiec”fjkiQMjAy(I)k)
— fabe (—ea“ebieC”FwﬁDi —iegley’e [Ay, AP — ey facleqd” A, ®; + BébeZAl,@i)
= 1 (et e’ Fu®; — iegtey'e. [Ay, A]®;) . (8.10)

The symbol “~” on the first equality above refers to the omission of a total derivative term.
Substituting this into eq. (8.9), we find

3
g = ALV [,

fabe (ea“eb”ecp (FWAP—i— % [A,, AZ,]AP) +26a“eb”eciF“V<I>i>

9 o
—31]“7]"’[@,<I>j]®k—(2h?j—hfj)¢’<1ﬂ] : (8.11)
Combining Skinetic (8-3) and Scg (8.11), we have the total action:

1 v %
S:L4/d® Tr |~ (B P +2V,0; VIO - [0;, ;1)

b g A h g
N (3hg;—2hg;)+3% (2h; —hi;)
2

S N
<I>Z<I>]+izf”k<1>,-[<1>j,<l>k]

3(1+22 ;
(L)ea“eblfecp (FMVAp+;[AM;AV]Ap>)

Y .
— fabe ((2+3L) eater” ec Fu, ®;+
(8.12)

This is an action for the gauge potential A, and (|G| — |H|) massive scalar fields ®; in the
adjoint representation of the gauge group K living on a coset space G/H. It includes the
Yang-Mills action and a Chern-Simons-like term. The massive scalars ® are non-minimally
coupled to the gauge field, and has cubic and quartic self-interactions. The action is
invariant under both the gauge group K and the global symmetry G as an isometry of the
base space G/H.

Apart from an overall scaling L? of the total action which corresponds to the Yang-
Mills coupling gy = 1/L?, the only other coupling constant is the dimensionless quantity
A/L. The mass squared of the scalar fields is

g b A b
M2 = (2h;; — 3hy;) + 3f(h?j — 2h;;)

2= 5 , (8.13)

~19 —



which does not only depend on the coupling R? = L(L + 3))/2 of the quadratic term S
in the action (5.1).

While a generic action of this form admits many more independent coupling constants,
this action is special in being that of a pure gauge theory (with the Yang-Mills term and
the Chern-Simons-like term) dimensionally reduced to the coset space G/H, apart from
the mass term.

In the above, we have assumed that the number of matrices in the model equals
|G|. To relax this assumption, one can simply replace G and H by G' = G x U(1)" and
H' = H x U(1)", so that G’/H' is the same coset space as G/H. The algebra C(K;G’, H')
is clearly different from C(K;G, H) as it has a larger number (|G| + n) of matrices.

We use a, b, ¢ as labels of the generators of G, the symbols @, b, € as those of U(1)", and
a', b, as those of G'. We can simply take Z, given by eq. (5.6) and Zz = 0 as the solution
to the equation of motion (5.5) for Z,/, since the structure constant far© vanishes when
any of the indices take values in the U(1)" factor, i.e.

fay® = fi" = fay®=0. (8.14)

We introduce the index i to label the additional scalar fields ®; corresponding to the
extra U(1)" factor added to both G and H, so that eq. (7.1) is now

Xa/ = ea/'uAu + ea/i(bi —|— ea/{@g . (815)

The basis e,*, e,’ are defined as before, and the new components are defined by

eaE = 6@” = €ai = 0, 6[1g = (S[j . (816)
It is then easy to see that, when the algebra C’(K; G, H) is replaced by C’(K, G',H'), the
total action is simply eq. (8.12) supplemented by the addition terms

1 1 1
Sadd. = L* / d© Tr (QVM‘I%V”(I’@ + (%5 @)% + (%, (I)i]z) (8.17)

for n new scalar fields ®; in the adjoint representation minimally coupled to the gauge fields.

9 Conclusion and discussion

In this paper, we propose an infinite-dimensional algebra C (K; G, H) to describe a gauge
theory with the gauge group K on the coset space G/H. The IKKT model with the extra
mass term and the Chern-Simons term produces a gauge-invariant Lagrangian on the coset
with the scalar fields associated with H.

This formulation allows us to discuss interesting base spaces such as the de Sitter
space and the anti-de Sitter space. As the metric of the model needs to coincide with
the invariant non-degenerate inner product on g, the metric of the model needs to be n =
diag(—1,1,---,1), as the original IKKT model, for the de Sitter space dS¢ = O(d,1)/O(d—
1,1). For the anti-de Sitter space AdS; = O(d —1,2)/0O(d — 1,1), the metric of the model
should be n = diag(—1,—-1,1,---,1).
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While we limit the analysis to the IKKT-type model for simplicity, one may use
C (K; G, H) as a gauge group of the gauge theories in arbitrary dimensions, e.g. the BFSS
matrix model [20].

There are a few open questions to be explored.

e When we use C (K; G, H) for the higher dimensional gauge theory with a base mani-
fold M, the coset space becomes a fiber over M. In the expansion of the gauge fields,
there appears a connection on M, which describes the fiber bundle [7]. It will be
interesting to extend our formulation to these more general cases.

e What is the algebra associated with a generic manifold M? A natural subset of
generators is the gauge algebra-valued functions on M. We also need an analogue
of the differential operators as members of the algebra and their pair partners. The
requirement of the Jacobi identity and the invariance of the inner product impose
strict constraints.’

e What is the representation theory for C', and what is its role? For C'(K; U(1), id), the
algebra is very well-known (Kac-Moody algebra) and has been well-studied. Recently,
the quantum deformation of C'(K, U(1)®2,id) has been studied in the context of the
topological strings. For other cases, even the simple case of G/H = S?, there are
almost no results about the representation theory.

e [t is of interest to study the extension of the algebra C to a matrix algebra. This can
be done in two directions. One direction is to let the field variables to take values in
the universal enveloping algebra of C , so that higher-spin fields are included through
higher-derivative terms, along the lines of refs. [21-23]. The other direction is to
construct a non-commutative coset space whose algebra of functions is the matrix
algebra for a finite N, and then recover the commutative space in the large N limit.

We leave these questions for future study.
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A Check of Jacobi identity and invariance of inner product

In this section, we check the Jacobi identity and the invariance of the inner product. We
first consider the defining relation (3.2) for the central extension. From eq. (3.2), we have

(7], T2l TOal] = —F2, 52, T7 M AoAs] — iF*P, / dO ANy, (A1)

We do not need to consider the first term because the Jacobi identity is satisfied for any Lie
group K. For the second term, the Jacobi identity can be shown from the cyclic symmetry
of F*% and the following relation

/ dO (A1 Aal\3 + AaAglioA1 + A 6%Ag) = / dO (M Aa)s) = 0. (A.2)

Thus, the central extension is consistent with the Jacobi identity.

Next, we need to check that the action of u® is consistent. The action of u® on T[)]
and v, is obvious, so we only have to check its consistency with eq. (3.2). This can be
checked as follows:

([, TPl 720 + [Tl [, T Dl

= iFP_T[(0% A1) A2 + A\1a%Aa] — G*Pu, / dO (4°\1) (1% Ag) — Gy, / dO M ala My

= iF% T8 (M Ag)] + G2, / dO M\ he — GPu, / 40 M aba g

= iP5 T [a% (A he)] + 1%, G, / dO A8\

= 1F TV [a% A\ A2)] — G*P[u®, v, / dO M1\

= [a*, [T ], Tl - (A.3)

We have thus completed the consistency check for the algebra C (K;G,H).
Next, we should check the invariance of the inner product (3.8), (3.9). Using eq. (4.2),

we have
< [X], XJ], XK >
=iXraz, XiB=, F ABCXK053 / dO Az, Az, A=y
~ X1az, Z7aGB X ke, / dO (72, ) Az, + Xyaz, Z1aGAB Xz, / dO (22, )z,
+iZ1.Z % YE — X1az, X52,G% Z1ca / dO Az, Nz, +if" Y Z 1 Zrce — if* Y ZnZce -
(A.4)

One can see that this expression is anti-symmetric for the indices J, K. We note that
the sum of the first term in the second line and the term in the fourth line form an anti-
symmetric term as well as that of the term in the third line and the second term in the
last line. The anti-symmetry for J, K and the symmetric nature of the inner product lead
to invariance under the action of the algebra,

< [X[,XJ],XK>+<XJ,[X],XK] >=0. (A5)
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B Coset representation of S?

One may take the spherical coordinates {6*} = {0, ¢} and define

s 2m
/d@ = / sin 6d6 dp, (B.1)
0 0
U1 = i(sin p Jg + cos pcot 0 0,,) , (B.2)
Uy = —i(cos 0y —singpcot 6 0,), (B.3)
U3 = —i0,, (B.4)
fabc = €abc; gab = 6ab . (B5)

One may identify the basis of the orthonormal functions on S? by the spherical harmonics
Yo .

We describe the explicit coset of SU(2)/U(1). The generator of SU(2) is described by
T, = 7a/2 (74 is the Pauli matrices) and the subgroup K = U(1) is generated by T5. The
element of the coset is described by o (8, ¢)H with o(6, ) € SU(2) and h = K = U(1). We
introduce coordinates 6, ¢ of the coset by

0(97 QO) = exp (i Z tMTM) = (eigcoossi(ne(/eig) _6;:;(21;(26;/2)> ’ (BG)

pn=1,2
0 =/t2+13, = —arctan(ty/t2). (B.7)

We note that it satisfies
o(0,0)" " =a(—0,¢) (B.8)

The vierbein and the H-connection are given by

o tdo =iV, T, +iQ,Ts, (B.9)

with

V91 =sin, V92 = —Cos ¢, V(‘D1 =cospsinb, V; =sinpsinf, Qp=0, Q,=1-—cosf.
(B.10)
The metric tensor is
ds? = 0, VIV2AOrde” = (dB)? + sin® 0(dyp)? . (B.11)
a IeZ
The adjoint matrix is given by

o Ty0 = DSb(0)Ty (B.12)

with

cos? (g) —cos(2¢) sin? (g) —sin? (%) sin(2yp) cos(yp)sin(0)
D(o)= —sin? (g) sin(2¢p) cos? (g) +cos(2¢) sin? (g) sin(f)sin(p) |- (B.13)
—cos(p)sin(h) —sin(#)sin(yp) cos(6)

~ 93 -



We note that the third line is identical to the &, Dy® = ("),. One may obtain the other
polar basis by contraction with the inverse vierbein,

sin(p) cot(f) cos(p)
e = (&%, sin71(0)&¥) = D,V M = — cos(p) cot(f) sin(yp) (B.14)
0 -1
The orthogonality of the polar basis comes from that of the adjoint matrix
D.b(0)D.A(0)59% = 6%, In particular,

8%e ey = g, §%estert =0, %ele,’ = 69 (B.15)

For SU(2)/U(1) case, the indices 4, j are limited to be equal to 3 and e,® = &7 = D,>.
The isometry of the coset may be realized by the left action of T,. One may derive
the following identity,

Too(0,0) = —0a0(0,0) + Ago (6, 0) T3 (B.16)
where 1, = uy"0, = ie, "0, are given in egs. (B.2), (B.3), (B.4) and
A1 =cosptan(0/2), Ay =sinptan(0/2), Az=1. (B.17)
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