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1 Introduction

1.1 Einstein-Cartan gravity vs metric gravity

Gravity exists in different incarnations. Apart from the original Einstein’s metric General

Relativity, there is the Einstein-Cartan (EC) formulation [1, 2].1 In this theory, the role

of fundamental fields is played by the tetrad and the spin connection. The metric is

derived from the tetrad field and the Christoffel symbols are defined in terms of the metric-

compatible connection. In general, the Christoffel symbols are not symmetric, hence the

theory contains torsion. EC gravity may have conceptual advantages as compared to the

metric formulation. It can be viewed as a gauge theory of the Lorentz group.2 This puts

gravity on the same footing as the fundamental forces of the Standard Model. Besides,

since no second derivatives of the metric appear in the Hilbert-Palatini term, no Gibbons-

Hawking-York boundary term [19, 20] is needed for the derivation of equations of motion.

The metric and EC formulations of pure gravity yield the same theory (see, e.g, [21]

and references therein). This changes once matter is introduced. For a scalar field h,

EC and metric gravity lead to different predictions if h is coupled directly to the Ricci

scalar. In this case, EC gravity is equivalent to the Palatini formulation [22, 23] (see

also [24]), in which the metric and the Christoffel symbols are viewed as independent

variables. The non-minimal coupling of the scalar field to gravity can be removed by a

suitable Weyl transformation of the metric. After that, the non-equivalence of the two

versions of gravity manifests itself as the difference in the (non-canonical) kinetic terms

1See e.g., [3, 4] for reviews of EC theory.
2Other gauge theories of gravity are based on gauging the Poincaré [5–7] or Weyl [8–10] symmetries; see

also [11, 12] for reviews and [13–18] for further developments.
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of the scalar field. Next, in EC gravity, fermions Ψ source torsion. Therefore, they also

cause a difference as compared to the metric formulation of gravity. As in the case of a

non-minimally coupled scalar field, one can derive an equivalent metric theory. This is

due to the fact that equations of motion for the torsionful part of the connection reduce

to a linear constraint, which can be resolved explicitly. As a result, a new four-fermion

interaction term appears [2, 25]. As long as we use the same action as in the metric theory,

however, this interaction is suppressed by 1/M2
P , where MP is the Planck mass. Thus, it

is observationally irrelevant at subplanckian energies.

There is another important difference of the two formulations of gravity: in the EC

version, one can use a more general action. The reason is that there are additional operators

of mass dimension not bigger than four. After solving for torsion, they lead to new six-

dimensional terms in the equivalent metric theory. Three types of operators can appear

this way; they are, schematically, of the form f1(h)(∂h)2, f2(h)(∂h)Ψ̄Ψ and f3(h)(Ψ̄Ψ)2.

It is important to note that in the original EC action, the extra terms come with arbitrary

coupling constants. Hence, the mass scale suppressing the six-dimensional operators in the

equivalent metric theory is not pre-determined. If this scale is chosen appropriately, the

new operators can have phenomenological consequences.

Of course, one could have started from the beginning in a metric theory with additional

higher-dimensional operators. In this case, however, a consistent effective field theory ap-

proach would dictate that all possible higher-dimensional interactions (consistent with rele-

vant symmetries) are taken into account. In contrast, viewing the EC action as fundamental

only leads to a specific subset of higher-dimensional operators. They are the ones that,

before solving for torsion, can be obtained without adding any higher-dimensional terms.

In the present work, we study EC gravity coupled to scalars and fermions. We include

all terms of mass dimension not bigger than four, except for the terms quadratic in curva-

ture. The presence of such terms would complicate the equation for the torsionful part of

the connection, and we leave the study of this more general case for future work.3 In metric

gravity, the only possible terms would be the Ricci scalar R and a non-minimal coupling

term h2R.4 In contrast, the following additional terms appear in the EC formulation:

• Since the Riemann tensor loses its antisymmetry property, contracting indices in the

Ricci tensor is no longer the only way to form a scalar: another invariant appears

which is called the Holst term [33–36].

• As for the Ricci scalar, the scalar field can be coupled directly to the Holst term.

• Moreover, there is the topological invariant corresponding to the Nieh-Yan class [37].

By itself, it contributes to the boundary term. However, when coupled to the scalar

field, it gives a nontrivial contribution to equations of motion.

3Including the terms quadratic in curvature may be interesting for phenomenology. For example, in

Palatini gravity without fermions, the effect of the R2-term has recently been studied in [26–32], mainly in

the context of inflation.
4We do not consider the cosmological constant term since it is independent of the connection and,

therefore, insensitive to the difference between metric and EC gravity.
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• Finally, it is possible to extend the kinetic term of fermions. Whereas it is unique

in metric gravity, one can write two additional nontrivial terms in the presence of

torsion [38–40].

To summarize, we get one additional coupling constant due to gravity and two extra

couplings per scalar and fermion fields. In this paper, we derive and analyze the metric

theory corresponding to this general EC theory. Our study generalizes the works [34, 35, 38–

45] in which the metric theory is derived for different subsets of the above-mentioned terms.

1.2 Motivation

One motivation of our study is the general question about what the fundamental theory

of gravity might look like. For example, the canonical formulation of General Relativity

by Ashtekar and Barbero [46, 47], which includes the Holst term, is a starting point for

quantization in Loop Quantum Gravity (see [48] and references therein). Furthermore, we

also have in mind various phenomenological implications. Applications of EC gravity to

particle physics and cosmology have been investigated, e.g., in [38–40, 42, 43, 49–51]. The

list of addressed topics includes observational signatures of parity violation in quantum

gravity [38], possible signatures of four-fermion interaction terms in experiment [38, 39]

and their possible relevance for cosmological evolution [40, 50, 51], inflation driven by the

Holst term [42, 43]. In the latter case, the coefficient of the Holst term (the Barbero-

Immirzi parameter) is promoted to a dynamical field [42–44] which makes it resemble the

non-minimally coupled scalar field discussed above.

Our first phenomenological interest in EC gravity is also related to inflation [52]. How-

ever, we adopt a different point of view regarding the nature of the dynamical field coupled

to the Holst term. Namely, we associate this field with the Higgs field of the Standard

Model. This is motivated by the well-known fact that, once the Higgs field is coupled

directly to the Ricci scalar, it can serve as an inflaton [53]. The resulting model of Higgs

inflation has been studied both in the metric [53] and Palatini [54] formulations of gravity.

Because of the non-minimal coupling, the two scenarios lead to different predictions, al-

though both are fully compatible with the current CMB observations.5 As stated, Palatini

gravity is equivalent to the EC theory in the absence of fermions and additional terms. As

soon as they are included, the immediate question is to what extent they change inflation.

By deriving the dimension-six interactions of the equivalent metric theory, the present work

forms the basis for this study that is continued in [52].

The EC framework looks particularly attractive in the context of our proposal for

combining the Standard Model with gravity [56]. There, the important ingredients are

the non-minimal coupling of the Higgs field to gravity and the Palatini formulation of

gravity. Moreover, we considered a scenario in which the Standard Model is classically

scale-invariant, i.e., the tree-level Higgs mass is zero, and no new degrees of freedom exist

anywhere above the Electroweak scale. Then, not only the model incorporates Palatini

5An advantage of Palatini Higgs inflation is that the connection between inflationary physics and pa-

rameters of the Standard Model as measured in collider experiments may be more robust than in the metric

theory [55].
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Higgs inflation, but it can also host the non-perturbative gravitational mechanism of Elec-

troweak symmetry breaking suggested in [57] and studied further in [58–60]. Once all

particles of the Standard Model are included, however, the Palatini formulation of gravity

is no longer appropriate. The reason is that the coupling of fermions to gravity is real-

ized by the spin connection. Therefore, one should use the spin connection as dynamical

variables instead of Christoffel symbols. In this way, the Palatini formulation of gravity

naturally generalizes to EC theory, providing strong motivation to study EC gravity and

its phenomenological consequences.

Another motivation to study the EC theory is related to four-fermion interaction terms

appearing in the action after solving for torsion. The terms come with arbitrary couplings

and choosing them appropriately may have phenomenological consequences. In the course

of cosmological evolution, they can lead to the production of particles that otherwise only

interact very weakly. In particular, we will show in [61] that the four-fermion interaction can

provide a dominant channel for singlet (with respect to the Standard Model gauge group)

fermion production. In the setting of the Neutrino Minimal Standard Model (νMSM) [62,

63], whose particle content is extended compared to that of the Standard Model only by

three Majorana neutrinos with masses below the Electroweak scale, this means that sterile

neutrinos can be produced in this way and can account for all of dark matter even if their

Yukawa couplings to leptons are equal to zero.

1.3 Einstein-Cartan gravity and global scale symmetry

All studies of EC gravity up to date were carried out while keeping explicitly MP (and the

cosmological constant) as dimensionful parameters. Meanwhile, one can also consider a

scenario in which gravity enjoys a global scale symmetry. In order to achieve this, one adds

a new degree of freedom — a scalar dilaton — to the theory. Then the Planck scale arises

due to a spontaneous breaking of the scale symmetry by a vacuum expectation value of

the dilaton. Scale-invariant extensions of the Standard Model and General Relativity were

studied extensively in the literature. This was mostly done in the metric formulation [64–

70]6 but more recently also in the Palatini one [72]. They exhibit promising applications

both to early- and late-time cosmology.

In this paper, we lay the groundwork for extending these studies to EC gravity. Con-

cretely, we consider a scenario in which gravity in the EC formulation is coupled non-

minimally to two scalar fields. One of them — the dilaton — is responsible for generating

the Planck mass at low energies. Another one is associated with the Higgs field degree

of freedom once the gravitational action is combined with the Standard Model. The two

scalar fields are provided with the interaction potential that gives rise to the Higgs mass

and the cosmological constant. We show that the resulting theory promises to inherit

vivid phenomenological implications from its metric counterparts such as the Higgs-Dilaton

model [66, 67].

The paper is organized as follows. In section 2, we introduce the theory with one

scalar field and fermions and discuss the various contributions to its action. Next, we

6For a recent review of fundamental scale invariance, see [71].
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solve the theory for torsion to obtain an effective action in the metric formulation. We

study the consistency of the resulting theory and discuss parameter limits that reproduce

known results of both metric and Palatini gravity. In section 3, we repeat the analysis for a

classically scale-invariant theory of EC gravity, two scalar fields and free fermions. Again,

we obtain an effective action and discuss the consistency of the resulting theory. Finally,

in section 4 we discuss phenomenological implications of the theory and outline directions

for future research.

Conventions. We work in natural units ~ = c = 1 and use the metric signature

(−1,+1,+1,+1). The indices I, J, . . . run from 0 to 3. The antisymmetric tensor is defined

by ε0123 = 1. For compactness, we omit the wedge product sign. The matrix γ5 is defined

as γ5 = 1
i γ

0γ1γ2γ3.

2 Einstein-Cartan gravity with one scalar field

2.1 General action

We consider four-dimensional local Lorentz-invariant, general covariant theory of EC grav-

ity extended by one scalar degree of freedom as well as fermions. As far as phenomenological

implications are concerned, the scalar degree of freedom will be associated with the Higgs

field in the unitary gauge, but this identification is inessential for our subsequent analy-

sis. We assume that the action only contains leading bulk terms of mass dimension not

greater than four and polynomial in fields and their derivatives. In the present analysis,

we leave out terms quadratic in the curvature. Aside from this omission, the most general

gravitational action of the theory reads as follows:

Sgr =
1

4

∫
(M2

P + ξhh
2)εIJKLe

IeJFKL

+
1

2γ̄

∫
(M2

P + ξγh
2)eIeJFIJ

+
1

2

∫
ξηh

2d(eIeJCIJ) ,

(2.1)

where MP is the reduced Planck mass. Moreover, eI is a tetrad one-form, F IJ = dωIJ +

ωIKω
KJ represents the curvature two-form with ωIJ the Lorentz connection one-form, and

CIJ is the contorsion one-form related to the Lorentz connection as

ωIJ = ω̊IJ + CIJ , D̊eI = 0 . (2.2)

We assume that CIJ is antisymmetric which implies zero non-metricity. In the first line of

eq.(2.1), we recognize the Hilbert-Palatini term to which the Higgs field is coupled directly

with the coupling ξh. The second line of eq.(2.1) represents the Holst term [33–36] with the

coefficient γ̄ called the Barbero-Immirzi parameter [73, 74].7 Moreover, we have a second

non-minimal coupling ξγ . Finally, the third line contains the Nieh-Yan invariant [37]. In

7Note that the Holst term is a pseudoscalar under spacetime reflections. Hence, if one wants the theory

to be parity-invariant, one has to treat γ̄ as a pseudoscalar; see, e.g., [43].
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a theory without non-minimal couplings, it represents a boundary term. In our theory,

however, it leads to a non-trivial contribution because of the third non-minimal coupling

ξη. We note that the remaining four-dimensional invariants,∫
εIJKLF

IJFKL ,

∫
F IJFIJ , (2.3)

representing the Euler and Pontryagin topological classes correspondingly, are operators of

dimension four. Hence, they are not coupled to the scalar fields and do not participate in

classical dynamics. In total, in the action (2.1) we have four dimensionless couplings:

ξh , ξγ , ξη and γ̄ . (2.4)

To make the scalar field dynamical, we supplement the action (2.1) with the kinetic

term for h. We also add the potential term V so that the scalar action takes the form

Ss =

∫
εIJKLe

IeJeKeL

24

(
−1

2
(∂Nh)2 − U

)
. (2.5)

When h is associated with the Higgs field, we get U = λ
4 (h2 − v2)2. Here the parameter

v becomes the Electroweak vacuum expectation value and λ represents the Higgs self-

coupling constant.

Finally, we turn to the fermionic part of the action. For simplicity, in what follows

we restrict ourselves to a single fermion generation. One can write the following general

fermion kinetic term [38–40]:

Sf =
i

12

∫
εIJKLe

IeJeK
(
Ψ̄(1− iα− iβγ5)γLDΨ−DΨ(1 + iα+ iβγ5)γLΨ

)
, (2.6)

where DΨ = dΨ + 1
8ωIJ [γI , γJ ] and γI are the gamma matrices. The real parameters

α , β (2.7)

are non-minimal fermion couplings. They vanish in the case of zero torsion, but in the

general case, they contribute to the interactions between the fermionic currents in the

effective metric theory.

The total action we are interested in takes the form

S = Sgr + Ss + Sf . (2.8)

Note that if the Higgs vacuum expectation value v is put to zero, then the total action is

manifestly invariant under the scale transformations

h→ ph , eI → eI

p
, ωIJ → ωIJ , Ψ→ p3/2Ψ (2.9)

with constant p. As discussed in the introduction, in a scenario with no Electroweak

symmetry breaking at tree level, it is possible to generate the observed value of v via a

non-perturbative gravitational mechanism [56].

– 6 –
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2.2 Solving for torsion

Our immediate goal is to bring the theory (2.8) to the form suitable for phenomenological

analysis. To this end, one proceeds in two steps. First, one gets rid of the non-minimal

coupling to the Ricci scalar using a conformal transformation. Secondly, the resulting

theory admits an explicit solution for the contorsion form CIJ , and one can use it to

rewrite the theory effectively in metric gravity. Upon such rewriting, multiple higher-order

interaction terms between the scalar field and fermions appear.

The first step is achieved by performing the transformation (cf. eq.(2.9)):

eI → eI

Ω
, ωIJ → ωIJ , Ω2 = 1 +

ξhh
2

M2
P

. (2.10)

The gravitational action becomes

Sgr =
M2
P

4

∫ {
εIJKLe

IeJFKL + 2γeIeJFIJ + 2ηd

(
eIeJCIJ

Ω2

)}
, (2.11)

where

γ(h) =
1 +

ξγh2

M2
P

γ̄Ω2
, (2.12)

η(h) =
ξηh

2

M2
P

. (2.13)

One can think of γ(h) as a field-dependent Barbero-Immirzi parameter.

The action of the scalar fields becomes

Ss =

∫
εIJKLe

IeJeKeL

24

(
−1

2

(∂Nh)2

Ω2
− U

Ω4

)
, (2.14)

and the fermionic action (2.6) is invariant under the transformation (2.10) supplemented

with Ψ→ Ω3/2Ψ.

To find the equation of motion for CIJ , we vary the action Sgr + Sf with respect to

the spin-connection. The solution to the equation of motion is then substituted back to

the action, yielding the effective metric theory. We follow the procedure carried out, e.g.,

in [21, 38, 43]. The variation of the gravitational action gives

δSgr

δωIJ
= −

M2
P

4

(
D
(
εIJKLeKeL + 2γeIeJ

)
+

2dη

Ω2
eIeJ

)
. (2.15)

Variation of the fermionic part yields

δSf
δωIJ

=
i

12 · 8
εKLMNe

KeLeM Ψ̄
(
{γN , [γI , γJ ]} − i(α+ βγ5)[γN , [γI , γJ ]]

)
Ψ

=
1

24
εKLMNe

KeLeM
(
εNIJPAP + 2δN [I

(
αV J ] + βAJ ]

))
,

(2.16)

where

V I = Ψ̄γIΨ , AI = Ψ̄γ5γIΨ (2.17)
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denote the vector and axial fermion currents correspondingly. The brackets {} and []

denote symmetrization and antisymmetrization, respectively. The equation of motion for

CIJ reads as follows:8

2C
[I
KB

KJ ]+

(
dη

Ω2
+ dγ

)
eIeJ

=
1

M2
P

(
1

2
eIeJePAP +

1

6
εKLMNe

KeLeMδN [I
(
αV J ] + βAJ ]

))
,

(2.18)

where

BKJ =
1

2
εKJLMeLeM + γeKeJ . (2.19)

The solution to this equation is given by

CIJ = − 1

2(γ2 + 1)

(
εIJKLeK

(
∂Lη

Ω2
+ ∂Lγ

)
− 2γe[I

(
∂J ]η

Ω2
+ ∂J ]γ

))
(2.20)

+
1

4M2
P (γ2 + 1)

(
εIJKLeK (AL + γ(αVL + βAL)) + 2e[I

(
αV J ] + (β − γ)AJ ]

))
.

It remains to plug this into the original action (2.1), (2.5), (2.6). The result in component

notation is

Seff
gr + Seff

f + Ss

=

∫
d4x
√
−g
{
M2
P

2
R̊+

i

2
ΨγµD̊µΨ− i

2
D̊µΨγµΨ

}
(2.21a)

−
∫

d4x
√
−g
{

1

2Ω2
(∂µh)2 +

U

Ω4

}
(2.21b)

−
∫

d4x
√
−g

3M2
P

4(γ2 + 1)

(
∂µη

Ω2
+ ∂µγ

)2

(2.21c)

+

∫
d4x
√
−g 3

4(γ2 + 1)

(
∂µη

Ω2
+ ∂µγ

)
(γαV µ + (1 + γβ)Aµ) (2.21d)

+

∫
d4x
√
−g 3

16M2
P (γ2 + 1)

((
1 + 2γβ − β2

)
A2
µ + 2α (γ − β)AµV

µ − α2V 2
µ

)
,

(2.21e)

where γ and η are given by eqs. (2.12) and (2.13). Thus, we have obtained an effective

action in metric gravity. The first line in eq.(2.21) contains the standard Einstein-Hilbert

term and the fermion kinetic term in the metric formulation of gravity. The second line

represents the original action for the scalar field (2.5) which underwent the conformal

transformation (2.10). The next three lines represent the various additional scalar-scalar,

scalar-fermion and fermion-fermion interaction terms. The scalar-scalar interaction con-

tributes to the kinetic term of h, as discussed later. We observe that the Holst and the

Nieh-Yan operators contribute in a similar fashion to the effective action (see, e.g., [45]).

8It is important to note that eq.(2.18) is algebraic with respect to the torsionful part CIJ of the connec-

tion, hence the latter does not give rise to new degrees of freedom.
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Next, we note that in the absence of the non-minimal fermion couplings, the torsion in-

duces only the axial current interaction ∝ AµAµ. In the general case, the vector-vector

and the axial-vector couplings are also present; the latter is not invariant under the parity

transformation. The three couplings are determined by the three independent parameters.

Hence, on the theory side there are no restrictions on the values of the couplings.9

2.3 Consistency and known limits

The action (2.21) generalizes several known results. When β = ξη = 0 (and, hence, η = 0),

we recover the results of [43]. For γ̄ → ∞, ξη = 0 (that is, γ = η = 0), we reproduce the

findings of [40]. Finally, the case α = β = γ = 0 yields the result of [45].

We study the scalar sector of the theory (2.21) in [52]. For reader’s convenience, we

give a short outlook to some of the results. The kinetic term for h can be written as

−1
2g
µνK(h)∂µh∂νh where

K(h) =
1

Ω2
+

6h2

Ω4M2
P

(
ξγ−ξh
γ̄ + ξηΩ

2
)2

Ω4 + 1
γ̄2

(
1 +

ξγh2

M2
P

)2 , (2.22)

and Ω is defined in eq.(2.10). A sufficient condition for the consistency of the theory is

that all the couplings (2.4) are non-negative since in this case the function K(h) is positive

everywhere. However, more general parameter choices may also be possible. By choosing

the couplings (2.4) appropriately, one can reproduce the known models of scalar-tensor

gravity. Consider first the limit of vanishing Holst term, γ̄ → ∞. The scalar field kinetic

term becomes

K(h)|γ̄=∞ =
1

Ω2
+

6ξ2
ηh

2

Ω4M2
P

. (2.23)

Taking further the limit ξη = 0, we recover the model of Palatini gravity with the non-

minimally coupled scalar field [54]. On the other hand, at ξη = ξh the metric version of

the same model is reproduced. By varying ξη from 0 to ξh, one continuously deforms the

Palatini formulation of the model into its metric formulation.

Consider now the limit γ̄ = ξγ = 0. Note that when the Barbero-Immirzi parame-

ter vanishes, the Holst term becomes singular. This can be amended by introducing an

auxiliary one-form field BI (see, e.g., [38]). We get, up to a boundary term,

1

2γ̄

∫
(M2

P + ξγh
2)eIeJFIJ = −2M2

P

∫
(BITI + γ̄BIBI) +

1

2γ̄

∫
ξγh

2eIeJFIJ , (2.24)

where T I = DeI . When ξγ = 0, the equation of motion for BI in the limit γ̄ → 0 implies

T I = 0, and the metric formulation of the theory is restored. One can see this explicitly

by evaluating K(h) in this limit:

K(h)|γ̄=ξγ=0 =
1

Ω2
+

6ξ2
hh

2

Ω4M2
P

. (2.25)

9A physical interpretation of the Barbero-Immirzi parameter within Loop Quantum Gravity determines

it to be γ ≈ 0.274 [75], but here we do not rely on any particular theory possibly complementing the

model (2.8) at high energies.
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Thus, in the limit γ̄ = ξγ = 0, the model of metric gravity with the non-minimally coupled

scalar field is reproduced.

3 Scale-invariant model of Einstein-Cartan gravity

Let us now discuss the no-scale scenario [65–67, 72] in which the theory possesses no

dimensionful parameters at the classical level.10 This is achieved by introducing a new

scalar field — a dilaton χ — whose vacuum expectation value gives rise to the Planck mass

and whose coupling to the Higgs field gives rise to the tree-level Higgs mass (if any). The

gravitational action takes the form (cf. eq.(2.1))

Sgr =
1

4

∫
(ζχχ

2 + ξhh
2)εIJKLe

IeJFKL

+
1

2γ̄

∫
(ζχχ

2 + ξγh
2)eIeJFIJ

+
1

2

∫
(ζηχ

2 + ξηh
2)d(eIeJCIJ) ,

(3.1)

and the scalar field part of the theory reads as follows:

Ss =

∫
εIJKLe

IeJeKeL

24

(
−1

2
(∂Nh)2 − 1

2
(∂Nχ)2 − U(χ, h)

)
, (3.2)

where the scale-invariant scalar field potential is given by

U(χ, h) =
λ

4

(
h2 − a

λ
χ2
)2

+ bχ4 . (3.3)

Applied to phenomenology, the parameter a leads to the tree-level mass of the Higgs field

and b is responsible for the cosmological constant. Finally, the free fermion action is still

given by eq.(2.6). Apart from the six parameters (2.4), (2.7), the scale-invariant theory

possesses two additional non-minimal couplings

ζχ and ζη . (3.4)

To find the expression for CIJ , we proceed as in section 2. The only difference is in

the definitions of the functions γ and η which are now given by

γ(χ, h) =
ζχχ

2 + ξγh
2

γ̄M2
PΩ2

, η(χ, h) =
ζηχ

2 + ξηh
2

M2
P

, (3.5)

and in the form of the conformal transformation used to get rid of the non-minimal coupling

in the Hilbert-Palatini term:

Ω2 =
ζχχ

2 + ξhh
2

M2
P

. (3.6)

10For the discussion of how the scale symmetry can be preserved at quantum level, see [65–67].
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The contorsion CIJ is still given by eq.(2.20), where now γ, η and Ω are defined by eqs. (3.5)

and (3.6). Substituting the solution back into the action results in the effective theory (2.21)

with the second line replaced by

−
∫

d4x
√
−g
{

1

2Ω2
(∂µh)2 +

1

2Ω2
(∂µχ)2 +

U(χ, h)

Ω4

}
. (3.7)

The scale symmetry of the theory can be broken spontaneously by the dilaton field. If

we neglect the cosmological constant, i.e., set b = 0, the theory admits the classical ground

state with χ = χ̄ and h2 = χ̄2a/λ. Then the classical vacuum expectation value χ̄ is related

to the Planck mass as follows:

M2
P = ζχχ̄

2 . (3.8)

A ground state also exists for non-vanishing b [66]. In this case, spontaneous symmetry

breaking simultaneously generates the Planck scale, the vacuum expectation value of the

Higgs field and the cosmological constant.

The kinetic term of the fields χ and h is of the form

− 1

2
gµνKab(ϕ

1, ϕ2)∂µϕ
a∂νϕ

b , (3.9)

where a, b = 1, 2 and ϕ1 ≡ χ, ϕ2 ≡ h. It is straightforward to compute the eigenvalues of

the matrix Kab. They are given by

λ1(χ, h) =
M2
P

ζχχ2 + ξhh2
, (3.10)

λ2(χ, h) =M2
P

(
ζχχ

2 + ξhh
2
)−2

×
(
χ4
(
γ̄2 + 1

)
ζ2
χ + h4

(
γ̄2ξ2

h + ξ2
γ

)
+ 2h2χ2ζχ

(
γ̄2ξh + ξγ

))−1

×
(
χ6ζ2

χ

(
γ̄2
(
6ζ2
η + ζχ

)
+ ζχ

)
+ h6ξh

(
γ̄2ξh

(
6ξ2
η + ξh

)
+ ξ2

γ

)
+ h4χ2

(
3γ̄2ξh

(
2ζ2
ηξh + ζχ

(
4ξ2
η + ξh

))
+ 12γ̄ξhζχ (ξh − ξγ) (ζη − ξη)

+ζχ
(
ξ2
γ (6ζχ + 1) + 2ξγξh (1− 6ζχ) + 6ξ2

hζχ
))

(3.11)

+ h2χ4ζχ
(
3γ̄2

(
4ζ2
ηξh + ζχ

(
2ξ2
η + ξh

))
+ 12γ̄ζχ (ξh − ξγ) (ζη − ξη)

+ζχ
(
2ξγ (3ξγ + 1)− 12ξγξh + 6ξ2

h + ξh
)) )

.

A sufficient condition for the consistency of the theory is that both eigenvalues are positive,

which is achieved if all couplings are non-negative. In this case, the kinetic term of the scalar

fields is positive-definite. But as for eq. (2.22), more general choices may be admissible.

Again, it is interesting to consider particular regions in the parameter space of the

theory. Note that contrary to the case considered in section 2, the metric formulation of

the theory is not recovered in the limit γ̄ → 0. On the other hand, in the limit γ̄ →∞ of

vanishing Holst term we obtain

K|γ̄→∞ =
1

M2
PΩ4

(
(ζχ + 6ζ2

η )χ2 + ξhh
2 6ζηξηχh

6ζηξηχh ζχχ
2 + (ξh + 6ξ2

η)h2

)
. (3.12)

For ζη = ξη = 0, we recover the Palatini formulation and the choice ζη = ζχ, ξη = ξh yields

the metric version of the scale-invariant model with two scalar fields [65, 72].
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4 Discussion and outlook

There is no doubt that classical gravity is successfully described by General Relativity.

However, this still leaves open a question about which formulation of General Relativity

one should use. An important alternative to the commonly-used metric formulation is the

Einstein-Cartan (EC) version, on which we focused in the present work. In the absence

of matter, this question is of purely aesthetical nature since both theories are equivalent

in this case. This changes once gravity is coupled to the Standard Model, and the two

formulations give different predictions. A priori, there is no irrefutable reason to prefer

one or the other theory. Therefore, it is important to investigate implications of the EC

formulation of gravity.

An interesting property of EC gravity is that it allows for additional invariants of mass

dimension not bigger than four. They arise due to the non-minimal coupling of gravity

either to scalars or to fermions. In this work, we have generalized previous results by

including all such contributions that are not present in metric gravity. They are displayed

in eqs. (2.1) and (2.6). As a first step towards investigating their implications, we have

derived an equivalent formulation of the theory in metric gravity. The resulting effective

action (2.21) represents the main result of our paper.

The next step is to study how the various additional terms affect cosmology and exper-

iment. In [52], we investigate the implications of the higher-order scalar self-interactions

for Higgs inflation. This leads to scenarios that generalize the known models of metric [53]

and Palatini [54] Higgs inflation. We find that inflation is both possible and consistent with

observations in a broad range of parameters (2.4). Furthermore, the spectral index ns is in

most cases given by ns = 1− 2/N?, where N? is the number of e-foldings. In contrast, the

tensor-to-scalar ratio r varies in a wide range ∼ (10−10, 1). We also discuss the robustness

of inflationary predictions against scalar-fermion and fermion-fermion interactions present

in the effective theory (2.21). This leads to upper bounds on the non-minimal fermion

couplings α and β.

There is an intriguing consequence of the four-fermion interactions present in ac-

tion (2.21). Namely, they can mediate the production of feebly interacting (Dirac or

Majorana) fermions right after inflation. If such fermions are singlets with respect to the

Standard Model gauge group, they can play the role of dark matter. This possibility is

explored in [61] where we show that the observed dark matter abundance can be generated

by the four-fermion interactions in a wide range of fermion masses — from a keV-scale

up to ∼ 108 GeV — while respecting the bounds on the non-minimal fermion couplings

α and β coming from Higgs inflation [52]. Moreover, our proposed production mechanism

leads to a characteristic primordial momentum distribution of dark matter [61]. In the

case of keV-scale warm dark matter, it can potentially be observable. A well-motivated

example of fermion dark matter produced this way is one of the right-handed neutrinos of

the νMSM [62, 63]. Since the production mechanism by the four-fermion interaction is also

operative for an absolutely stable sterile neutrino, X-ray constraints disappear and masses

above the keV-scale are no longer excluded.11

11For reviews of sterile neutrino dark matter see [76, 77].
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Finally, the above remarks also apply to a no-scale scenario [65–67, 72], in which both

the Standard Model and gravity contain no dimensionful parameters at the classical level.

Instead, one adds an additional scalar degree of freedom, a dilaton, and a scale-invariant

potential for the dilaton and the Higgs fields. In this setting, we have considered all terms

that are specific to the EC formulation of gravity (eqs. (3.1), (3.2) as well as (2.6) as before)

and then solved the theory for torsion to obtain an equivalent theory in metric gravity. How

the previous result (2.21) changes is displayed in eq. (3.7). It would also be interesting to

extend the phenomenological studies to this scenario.
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[78] M. L̊angvik, J.-M. Ojanperä, S. Raatikainen and S. Rasanen, Higgs inflation with the Holst

and the Nieh-Yan term, arXiv:2007.12595 [INSPIRE].

– 17 –

https://doi.org/10.1103/PhysRevD.95.064038
https://doi.org/10.1103/PhysRevD.95.064038
https://arxiv.org/abs/1612.03157
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1612.03157
https://doi.org/10.1103/PhysRevD.98.116012
https://arxiv.org/abs/1801.07676
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.07676
https://arxiv.org/abs/2007.08805
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.08805
https://doi.org/10.22323/1.376.0074
https://arxiv.org/abs/2004.00039
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2004.00039
https://doi.org/10.1016/S0920-5632(97)00354-X
https://arxiv.org/abs/gr-qc/9701052
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F9701052
https://doi.org/10.1088/0264-9381/14/10/002
https://doi.org/10.1088/0264-9381/14/10/002
https://arxiv.org/abs/gr-qc/9612030
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F9612030
https://doi.org/10.1134/1.1499895
https://arxiv.org/abs/gr-qc/0112074
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F0112074
https://doi.org/10.1146/annurev.nucl.010909.083654
https://arxiv.org/abs/0901.0011
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0901.0011
https://doi.org/10.1016/j.ppnp.2018.07.004
https://arxiv.org/abs/1807.07938
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.07938
https://arxiv.org/abs/2007.12595
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.12595

	Introduction
	Einstein-Cartan gravity vs metric gravity
	Motivation
	Einstein-Cartan gravity and global scale symmetry

	Einstein-Cartan gravity with one scalar field
	General action
	Solving for torsion
	Consistency and known limits

	Scale-invariant model of Einstein-Cartan gravity
	Discussion and outlook

