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1 Introduction

In recent years, the role of quarkonium production in the study of transverse-momentum-

dependent distributions (TMDs) [1] has been gaining significant attention. Particularly,

various processes have been proposed as a probe of gluon TMD parton distribution func-

tions (TMDPDFs) [2, 3] in both hadron-hadron and lepton-hadron colliders [4–20]. In the

vast majority of these studies the approach to quarkonium production relies on effective

field theories (EFTs) such as the non-relativistic QCD (NRQCD) [21] or models such as

the color evaporation model [22–24].

Despite the abundant interest in quarkonium TMDs, little has been done in the di-

rection of TMD quarkonium fragmentation processes, by which we mean single parton

fragmentation mechanism (see for example figure 1(c)). The fragmentation process be-

comes relevant when a hard scale, Λ, much larger than the quarkonium mass, M , exists.

For example, in hadronic colliders the quarkonium TMD fragmentation can be accessed

inside jets where quarkonia are found with relatively large transverse momenta. In this sce-

nario, the hard scale of the problem is set by the transverse momentum of the jet, Λ = pjet
T ,

and the TMD spectrum of quarkonium is then measured w.r.t. the jet axis. This type

of studies can provide important insight into the heavy-quark hadronization mechanisms

and, in terms of contamination from the underlying event (UE), the study of quarkonia is

considered advantageous compared to light hadrons.1

1The effect of soft background radiation in a jet can be further minimized using modern jet substructure

techniques such as grooming or recoil free jet axis. It is important to note that for such jet modifications

theoretical calculations are possible, thus permitting rigorous and precise comparisons of theory with ex-

periment. For TMD studies of in-jet light hadrons using such techniques see refs. [25–27] and for heavy

mesons see ref. [28].
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Figure 1. Quarkonia generation by double parton fragmentation at leading order (LO) (a) and

next-to-leading order (NLO) (b). In (c) we have the quarkonia generation by single-quark fragmen-

tation at LO.

On the other hand, in semi-inclusive deep inelastic scattering (SIDIS) the hard scale

Λ is usually set by the invariant mass of the virtual photon, Λ = Q =
√
−q2, with q the

photon momentum. Thus, performing the TMD measurement with respect to the photon’s

direction in the Breit frame we can formulate a global TMD factorization theorem in a

similar manner to light hadrons. Since in an electron-hadron collider the kinematical range

of x and Q2 is limited, in the present study we propose to explore the window in which

single-quarkonium TMD fragmentation is relevant compared to the photon-gluon fusion

quarkonium production.

In our analysis we employ the NRQCD factorization conjecture where quarkonium is

produced at large distances through the hadronization of a heavy quark-antiquark pair,

QQ̄(n). The pair can be found in any color and angular configuration n = 2S+1L
[col.]
J but

then the probability that the pair decays in the colorless quarkonium state scales with

the relative velocity, v, of the quark-antiquark pair in the quarkonium rest frame. In this

study we are primarily interested in the quarkonium state J/ψ, for which the four leading

channels in v are: 3S
[1]
1 (∼ v3), 3S

[8]
1 (∼ v7), 1S

[8]
0 (∼ v7), and 3P

[8]
J (∼ v7).

We are going to make our case for the forthcoming electron-ion collider (EIC). In order

to start our discussion let us explore quarkonium production for this type of experiment.

At leading order (LO) in the perturbative expansion, quarkonium production is possible

through the photon-gluon fusion process as shown in figure 1(a). In this case the heavy-

quark pair is produced either in 1S
[8]
0 or 3P

[8]
J=0,2 states, the transverse momentum of the

heavy-quark pair vanishes and z ≡ ph · P/ph · q = 1 (where ph is the target momentum

and P the heavy-quarkonium momentum). At higher orders a smearing around the Born

kinematics will occur due the emissions of soft and collinear gluons from the incoming

partons as well as the heavy quark-antiquark state. The cross section for these processes

can be organized in terms of the TMDPDFs and the recently introduced TMD quarko-

nium shape-functions [16, 17]. At O(α2
s) we also have a contribution from the 3S

[1]
1 (see

figure 1(b)). Although this contribution is power suppressed in q2
T /Q

2, enhancements from

the relative velocity scaling make it hard to argue that this channel can be neglected. At

the same order in αs enters the quarkonium fragmentation process shown in figure 1(c),

whose relative channel is then 3S
[8]
1 .
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To isolate the fragmentation process we take advantage of the fact that both 3S
[8]
1 and

3S
[1]
1 at Born level have continuous distributions in z and, thus, focussing on the region

z . 0.5 allows us to better isolate these two channels. In addition, to further suppress

the non-fragmentation contributions we work in the region Q � M ∼ P⊥ (for details see

discussion in section 4). We explore here how the competition of gluon-photon fusion and

quark fragmentation depends on the kinematical conditions in which an experiment is run,

in order to establish the study case of this process.

The factorization of the TMD cross section for the light-quark fragmentation mecha-

nism is structurally very similar to the conventional SIDIS process [29–32], where the ra-

pidity scale ζ and the renormalization scale µ are responsible of the evolution of the TMD

matrix elements in initial and final states [33]. This process has been extensively studied

in the literature and we now have high-order QCD calculations for hard factors [34–36],

evolution kernel [37–39] and TMDPDFs [40–46]. It is also possible then to use extraction

of TMDs [47–49] to perform a phenomenological analysis. In this work we use the extrac-

tions done in ref. [48] with the so-called ζ-prescription [50] and the associated Artemide

code [51, 52].

The quarkonium TMD fragmentation function (TMDFF), Df→H , is the only piece

which remains to be studied and included in our analysis. We decompose the TMDFF

within NRQCD in terms of calculable short-distance matching coefficients and long-

distance matrix elements (LDMEs). We proceed then to the LO calculation of this function,

extracting the matching coefficient onto the corresponding LDMEs in the region qT ∼M .

Using this information we can evaluate the contribution to the cross section from light-

quark fragmentation.

This paper is organized as follows: we introduce our notation and the form of the

factorization theorem for light quark fragmentation in section 2. In section 3 we perform

the calculation of the matching coefficient of the TMDFF onto the 3S
[8]
1 LDME at O(α2

s).

We also include a short discussion on the RG evolution of LDMEs which becomes relevant

for TMD calculations due to the additional soft scale qT . In section 4 we give an analytic

comparison of the fixed-order results for the 3S
[1/8]
1 channels for DIS in the small transverse

momentum limit. In section 5 we demonstrate the phenomenological applicability of this

formalism for the future EIC kinematics and provide for the first time numerical estimates of

the relative importance of the fragmentation channel in various kinematic regions. Finally,

in section 6 we conclude.

2 Notation

The momenta of quarkonium production in SIDIS are specified by

`(l) + h(p)→ `(l′) +H(P ) +X, (2.1)

where ` is a lepton, h and H are respectively the initial and the final hadrons, and X is

the undetected final state. The masses of the hadrons are

p2 = m2, P 2 = M2, (2.2)

and we neglect lepton masses. For the moment we continue to consider hadron masses in

order to control their effects.

– 3 –
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The differential cross-section in eq. (2.1) can be written as

dσ =
2

s−m2

α2
em

(q2)2
LµνW

µν d
3l′

2E′
d3P

2EH
, (2.3)

with q = l − l′ being the momentum of the intermediate photon and αem = e2/4π the

QED coupling constant. The cross section in eq. (2.3) is proportional to the phase-space

differentials for the detected lepton and heavy hadron, with E′ and EH being their energies.

The leptonic and hadronic tensors (Lµν and Wµν) are

Lµν = e−2〈l′|Jµ(0)|l〉〈l|J†ν(0)|l′〉,

Wµν = e−2

∫
d4x

(2π)4
e−i(xq)

∑
X

〈p|J†µ(x)|P,X〉〈P,X|Jν(0)|p〉, (2.4)

where e is the lepton charge, and Jµ is the electro-magnetic current.

2.1 Kinematical variables for SIDIS

In SIDIS one makes use of different frames which specify the hadronic variables. In this

section we follow closely [48], adapting the variables to the heavy quarkonium case. Al-

though in our numerical evaluation we only consider some approximation of the kinematical

variables, we prefer to write them down for future reference. The factorization theorem

for the cross section is done in the Breit frame, where the momenta of hadrons are back to

back and they are respectively

pµ = p+n̄µ +
m2

2p+
nµ, Pµ = P−nµ +

M2

2P−
n̄µ, (2.5)

with n2 = n̄2 = 0, (nn̄) = 1, and the vector decomposition

vµ = v+n̄µ + v−nµ + vµT , v+ = (nv), v− = (n̄v), (nvT ) = (n̄vT ) = 0. (2.6)

The transverse component of a vector is defined by the projection

vµT = gµνT vν , gµνT = gµν − nµn̄ν − n̄µnν . (2.7)

We also use the convention that the bold font denotes vectors that have only transverse

components and

v2
T = −v2

T > 0. (2.8)

The kinematical scalar variables are defined as:

Q2 = −q2, x =
Q2

2(pq)
, y =

(pq)

(pl)
, z =

(pP )

(pq)
. (2.9)

Experimentally one needs to define a plane transverse to q and p, and the projector corre-

sponding to the components transverse to this plane is given by the tensor gµν⊥ defined as

gµν⊥ = gµν − 1

m2Q2 + (pq)2

[
Q2pµpν + (pq)(pµqν + qµpν)−m2qµqν

]
(2.10)

= gµν − 1

Q2(1 + γ2)

[
2x2pµpν + 2x(pµqν + qµpν)− γ2qµqν

]
.
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Using this notation we can distinguish the transverse components of vµ in the hadronic

Breit frame as vµT , see eq. (2.7), from the transverse components projected by g⊥, that is vµ⊥.

The mass corrections are conveniently described using the following combinations

γ =
2mx

Q
, ς =

γ

z

M

Q
, ς2

⊥ =
γ2

z2

M2 + P 2
⊥

Q2
. (2.11)

The definition of ς2
⊥ in eq. (2.11) contains P 2

⊥ = −PµPνgµν⊥ = −P 2
⊥. Using these variables

we can re-express gµνT in eq. (2.7) in terms of hadronic momenta

gµνT = gµν − 1

m2M2 − (Pp)2

[
M2pµpν − (Pp)(Pµpν + pµP ν) +M2PµP ν

]
(2.12)

= gµν +
1

Q2(1− ς2)

[
4
x2

γ2
ς2pµpν − 2x

z
(Pµpν + pµP ν) +

γ2

z2
PµP ν

]
.

With eq. (2.10) and eq. (2.12) one can derive the relation between q2
T = qµqνg

µν
T and P 2

⊥,

q2
T =

P 2
⊥
z2

1 + γ2

1− ς2
, (2.13)

including mass corrections.

Using these definition we can rewrite the elements of the SIDIS cross-section formula

in terms of experimental variables, that is, the differential volumes of the phase space are

d3l′

2E′
=

y

4x
dQ2dxdψ,

d3P

2EH
=

1√
1− ς2

⊥

dzd2P⊥
2z

=
1√

1− ς2
⊥

dzdP 2
⊥dϕ

4z
, (2.14)

where ψ is the azimuthal angle of scattered lepton, and ϕ is the azimuthal angle of the

produced hadron (we recall that we are in the Breit frame where the z-axis is in the

proton-photon direction).

Finally we introduce the variables xS and zS , that are the collinear fractions of parton

momentum that include kinematic power corrections,

xS = −q
+

p+
, zS =

P−

q−
, (2.15)

which are invariant under boosts along the directions n and n̄, but are not invariant under

a generic Lorentz transformation. The variables xS and zS in eq. (2.15) are

xS = −x 2

γ2

1−

√
1 + γ2

(
1−

q2
T

Q2

) , (2.16)

zS = −z
1−

√
1 + γ2

(
1− q2

T
Q2

)
γ2

1 +
√

1− ς2

1− q2
T
Q2

= z
xS
x

1 +
√

1− ς2

2
(

1− q2
T
Q2

) . (2.17)

The kinematic corrections presented above are usually small when Q�M,m. In this

case the relation between observed and factorization variables simplifies:

q2
T '

P 2
⊥
z2
, xS ' x, zS ' z. (2.18)
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The next correction to this limit happens when Q � M ∼ qT � m, that is in the limit

γ → 0 with ς ∼ O(1). In this limit

q2
T '

P 2
⊥
z2

1

1− ς2
, xS ' x

(
1−

q2
T

Q2

)
, zS ' z

1 +
√

1− ς2

2
. (2.19)

Notice that in this case there is a shift effect in the variable zS which is independent of

the transverse momentum. Nevertheless, the effect of hadron masses can be considered as

a power correction to the process whose impact can be estimated numerically.

2.2 Factorization of the hadronic tensor

For Q � M the proof of the factorization theorem for quarkonium fragmentation follows

the same steps as for the light-hadron case, so we refer the reader to the literature [29–

31, 53–57] for a detailed treatment. The factorized hadronic tensor reads

Wµν = −zS
π
gµνT

∑
f

e2
fΘf (Q, |qT |, xS , zS) +O

(
q2
T

Q2
,
M2

Q2

)
, (2.20)

where

Θf (Q, |qT |,xS ,zS) = 2π|CV (Q2,µ2)|2
∫

d2b

(2π)2
e−i(bqT )f1,f←h (xS , b;µ,ζ1)Df→H (zS , b;µ,ζ2)

+O

(
q2
T

Q2
,
M2

Q2

)
,

= |CV (Q2,µ2)|2
∫ ∞

0
bdb J0(b|qT |)f1,f←h (xS , b;µ,ζ1)Df→H (zS , b;µ,ζ2)

+O

(
q2
T

Q2
,
M2

Q2

)
. (2.21)

J0 is the Bessel function, the index f runs through all quark flavors (including anti-quarks)

and ef is the fractional charge of a quark measured in units of e. The function CV is

the matching coefficient for the vector current. We also especify the factorization (µ) and

rapidity (ζ) scales, and we have omitted the details of operator definitions, such as T (T̄ )-

ordering, color and spinor indices, and rapidity and ultraviolet renormalization factors.

The bare unsubtracted unpolarized TMDPDF and quarkonium TMDFF are defined as

Φ1,q←h(x, b) = (2.22)∫
dλ

2π
e−ixλp

+
∑
X

〈h(p)|q̄(nλ+ b)W †n(nλ+ b)
γ+

2
|X〉〈X|Wn(0)q(0)|h(p))〉,

∆q→H(z, b) = (2.23)

1

2zNc

∫
dλ

2π
eiλP

−/z
∑
X

〈0|γ
−

2
Wn̄(n̄λ+ b)q(n̄λ+ b)|H(P ), X〉〈H(P ), X|q̄(0)W †n̄(0)|0〉 ,

and similarly for antiquarks. Here, Wv(x) are Wilson lines at x and pointing along vec-

tor v at infinity. In the case of SIDIS, the Wilson lines in the TMDPDF (TMDFF) are
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pointing respectively at past (future) infinity. Notice that the operator that appears in the

fragmentation function is the same as in the case of light quarks and that the only change

is the presence of a quarkonium in the final state.

The renormalized TMDs are defined in the usual way

Fq←h(x, b, µ, ζ) = Z−1
2 (µ)Zq(ζ, µ)Rq(ζ, µ)Φq←h(x, b),

Dq→H(z, b, µ, ζ) = Z−1
2 (µ)Zq(ζ, µ)Rq(ζ, µ)∆q→H(z, b) , (2.24)

where Z2 is the wave function renormalization constant for quarks and Zq the renormal-

ization factor for the UV divergences of the TMD operator. The factor Rq is the “ra-

pidity renormalization factor”. Its definition comes from the TMD factorization theorem

and reads

Rq(ζ, µ) =

√
S(b)

Zb
, (2.25)

where S(b) is the soft function and Zb denotes the zero-bin contribution, i.e. the soft

overlap of the collinear and soft sectors present in the factorization theorem [29–31, 58].

The soft function in the present case is the same as in the light quark case; for SIDIS

it reads (here b = |bT |)

S(b) =
Trc
Nc
〈0| T

[
ST †n S̃Tn̄

]
(0+, 0−, bT )T̄

[
S̃T †n̄ STn

]
(0) |0〉 . (2.26)

The Wilson lines are defined as usual

STn = TnSn , S̃Tn̄ = T̃nS̃n̄ , (2.27)

Sn(x) = P exp

[
ig

∫ 0

−∞
ds n ·A(x+ sn)

]
,

Tn̄(x) = P exp

[
ig

∫ 0

−∞
dτ l⊥ ·A⊥(0+,∞−,x⊥ + l⊥τ)

]
,

S̃n̄(x) = P exp

[
−ig

∫ ∞
0

ds n̄ ·A(x+ n̄s)

]
,

T̃n(x) = P exp

[
−ig

∫ ∞
0

dτ l⊥ ·A⊥(∞+, 0−,x⊥ + l⊥τ)

]
.

The transverse gauge links Tn(n̄) are to be used in singular gauges, like the light-cone gauge

n ·A = 0 (or n̄ ·A = 0) [59–61].

The definition of the zero-bin depends on the rapidity regularization used in loop

calculations (see e.g. discussion in [31]). With the modified δ-regularization, the zero-

bin subtraction is equal to the soft function: Zb = S(b). As a result in the modified

δ-regularization the rapidity renormalization factor is

Rq(ζ, µ)

∣∣∣∣
δ-reg.

=
1√

S(bT ; ζ)
. (2.28)

Due to the process independence of the soft function [62], the factor Rq is also process

independent.
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2.3 Leptonic tensor and cross section

The leptonic tensor for our case is the same as for the unpolarized SIDIS process:

Lµν = 2(lµl
′
ν + l′µlν − (ll′)gµν). (2.29)

The contraction of the leptonic tensor with the hadronic tensor can be performed with the

definition of the azimuthal angle of a produced hadron as [63]:

(−gµνT )Lµν =
2Q2

1− ε

1 +
P 2
⊥

Q2z2

ε− γ2

2

1− ς2
(2.30)

− cosφ

√
2ε(1 + ε)P 2

⊥

zQ

√
1− ς2

⊥

1− ς2
− cos(2φ)

εP 2
⊥γ

2

2z2Q2(1− ς2)

 ,
where

cosφ =
−lµphνgµν⊥√

−lαlβgαβ⊥
√
−phα′phβ′gα

′β′

⊥

(2.31)

and

ε =
1− y − γ2y2

4

1− y + y2

2 + γ2y2

4

.

We observe that φ = ϕ when the x-axis is chosen to lay on the lepton plane along to the

outgoing lepton direction, which is the usual choice [63]. As in the light-quark case, the

kinematical rearrangements of the variables contribute to the cos φ and cos 2φ terms in the

second line of eq. (2.30), which disappear when one integrates over angles [64].

Recollecting the equations for the cross-section in eq. (2.3), the differential phase-space

volume in eq. (2.14), the hadronic tensor in eq. (2.21), the leptonic tensor in eq. (2.30),

and integrating over the azimuthal angles we get

dσ

dxdzdQ2dP 2
⊥

=
π√

1−ς2
⊥

α2
em

Q4

y2

1−ε
zS
z

∑
f

e2
f

(
1+

q2
T

Q2

ε− γ2

2

1+γ2

)
Θf (Q, |qT |,xS ,zS) , (2.32)

where q2
T , xS and zS are functions of P 2

⊥, x and z, and are defined respectively in

eqs. (2.13), (2.16) and (2.17). In eq. (2.32) we have reported all calculable power cor-

rections which come from the kinematics of the process. Other power corrections of the

same order can be obtained from the expansion of the cross section. Since their study goes

beyond the purpose of this work and given that they are still largely unexplored, we omit

them in the present study.

3 Quarkonium TMDFF from a light quark

In the present section we report the calculation of the TMD fragmentation function as

defined in eq. (2.23). In our approach and for qT ∼ M , we employ NRQCD factorization
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Figure 2. Lowest order diagrams for quarkonium TMDFF from a light quark.

conjecture [21] to write the quarkonium TMDFF as a product of short distance coefficients,

dq→QQ̄(n), and the standard NRQCD long distance matrix elements (LDMEs):

Dq→H(z, b;µ, ζ) =
∑
n

dq→QQ̄(n)(z, b;µ, ζ)
〈OH(n)〉
Ncol.Npol.

, (3.1)

where Ncol. and Npol. are the number of colors and polarizations, respectively, of the heavy

quark pair QQ̄(n). The short-distance coefficients can be calculated perturbatively through

matching. Since they do not depend on the quarkonium state H, they can be calcu-

lated perturbatively by choosing an appropriate partonic state. On the other hand, the

LDMEs 〈OH(n)〉 are non-perturbative numbers extracted from experimental studies, which

scale with the relative velocity, v, of the heavy quark-antiquark pair in the quarkonium

rest frame.

In this study we are primarily interested in the quarkonium state H = J/ψ for which

the four leading channels in v are: 3S
[1]
1 (∼ v3), 3S

[8]
1 (∼ v7), 1S

[8]
0 (∼ v7) and 3P

[8]
J (∼ v7).

However, at leading order (LO) in the strong coupling only the n = 3S
[8]
1 intermediate state

contributes and, thus, in d space-time dimensions we can write

Dq→ψ(z, b;µ, ζ) = d
q→QQ̄(3S

[8]
1 )

(z, b;µ, ζ)
〈Oψ(3S

[8]
1 )〉

(d− 1)(N2
c − 1)

(
1 +O(αs)

)
, (3.2)

where we use the shorthand notation ψ ≡ J/ψ. Contributions to light-quark fragmenta-

tion at LO in pQCD are shown in figure 2. Note that in our convention here the short

distance matching coefficients are defined after renormalization and the inclusion of the

soft functions and zero-bin subtraction. However, at the order we are working the soft

function contribution is trivial and therefore we have only contributions from the direct

matching of the collinear matrix element onto the NRQCD LDME. This is consistent with

the fact that there are no rapidity divergent diagrams at this order. These will occur at

higher orders in the perturbative expansion, where the soft function will enter into play to

cancel them.

In the calculation of the diagrams A, B1, B2, and C the only relevant master integral

that we have to calculate is

Fn(B∆) = M2n

∫
d2−2εkT
(2π)2−2ε

eikTb

(k2
T + ∆)n+1

=
2M2n

(4π)1−εΓ[n+ 1]

(
B

∆

)n+ε
2

K−n−ε

(
2
√
B∆

)
,

(3.3)
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with B = b2/4 and Ki is the i-th Bessel-K function. In the perturbative calculation we

used the approximation mc 'M/2. The results for each diagram (di) reported in figure 2

are (we use the common notation z̄ ≡ 1− z and ∆ ≡M2z̄/z2)

dA = 4πα2
sCF

I0

M4z3

[
(ε−1)

(
2z̄F1(B∆)−2z2F0(B∆)

)
+z2F−1(B∆)

]
µ2ε ,

(3.4)

dB1+B2 = 8π α2
s CF

I0

M4z3

[
2z̄F0(B∆)−z2F−1(B∆)

]
µ2ε , (3.5)

dC = 4πα2
s CF

I0

M4z
F−1(B∆)µ2ε , (3.6)

dA+dB1+B2+dC =−8π α2
s CF

I0

M4z3

[
(1−ε)z̄F1(B∆)−(z2(1−ε)+2z̄)F0(B∆)

]
µ2ε , (3.7)

where we have used

1

M4

∑
pol.

[ū(p)γµTAv(p′)][v̄(p′)γµTAu(p)]
∣∣∣
p−p′=0, p+p′=P

=
Λµi Λνj
M2

∑
pol.

[ξ†σiTAη][η†σjTAξ]

=
(N2

c − 1)

M4

(
−gµν +

PµP ν

M2

)
I0

(3.8)

with

I0 = M2

∑
pol.[ξ

†σiTAη][η†σiTAξ]

(d− 1)(N2
c − 1)

. (3.9)

Λ’s are the Lorentz boosts from the heavy quarkonium center of mass frame to the boosted

collinear frame and the expansion of the spinors is performed using the formulas found in

the appendix of ref. [65]. With this we have completed the QCD part of the calculation.

The pNRQCD part of the calculation is rather simple. We first rewrite the LDME in

terms of the relativistically normalized matrix element

2M〈Oψ(3S
[8]
1 )〉 = 〈χ†σiTAψ Pψ ψ†σiTAχ〉 , (3.10)

where

Pψ =
∑
λ

Pψ(λ). (3.11)

We then perform the perturbative calculation by replacing∑
λ

Pψ(λ) →
∑
pol.

P
QQ̄(3S

(8)
1 )
. (3.12)

This then yields

2M〈3S[8]
1 〉
∣∣∣
pNRQCD

=
∑
pol.

[ξ†σiTAη][η†σiTAξ]
(

1 +O(αs)
)
. (3.13)
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From these we immediately have (see eq. (3.2))

dq→QQ̄(3S8
1)(z,b;µ,ζ) =−16π

α2
s CF
M3z3

[
(1−ε)z̄F1(B∆)−(z2(1−ε)+2z̄)F0(B∆)

]
µ2ε . (3.14)

We also observe that the most divergent part of diagrams cancel in the sum. It is interesting

to check also this result in the limit z → 1. In this case, neglecting the function F−1, only

the diagram A contributes so that we have

Dq→ψ(z)
∣∣∣
z→1
' −4

α2
sCF
M3z

[
1

ε
− 2− ln

z̄M2

µ2

]
〈Oψ(3S

[8]
1 )〉

(d− 1)(N2
c − 1)

, (3.15)

which agrees with the collinear integrated fragmentation function in the same limit calcu-

lated in ref. [66].

For completeness we have performed the same calculation in momentum space. Here

we only give the final result in d = 4 dimensions,

Dq→ψ(z,kT ;µ, ζ) = 2
α2
s CF
π

z̄

M3z3

[
2z2

z̄

k2
T

(k2
T + z̄M2/z2)2

+
4

k2
T + z̄M2/z2

]
〈Oψ(3S

(8)
1 )〉

3(N2
c − 1)

,

(3.16)

which can also be computed from the Fourier transform of the impact parameter space

result in eq. (3.14),

Dq→H(z,kT ;µ, ζ) =

∫
d2b

(2π)2
e−ib·kTDq→H(z, b;µ, ζ) . (3.17)

This result holds formally when considering the explicit dependence on b (i.e. with the

strong coupling fixed), to perform the Fourier (or inverse-Fourier) transform. The integrand

has an asymptotic ∼ b J0(bq) exp(−c(M, z)b) behaviour at large b and, thus, is convergent

for c(M, z) > 0. Note that c(M, z) = M
√

1− z/z and thus the integral is convergent

except the for cases z → 1 and M → 0. This is also apparent from the momentum space

result since the 1/k2
T divergence is regulated by the same coefficient. We have confirmed

this result by performing the integral numerically.

We will use the momentum space result in eq. (3.16) in the following section in order

to make the comparison of the quark-fragmentation and the photon-gluon fusion processes

in the large Q2 regime, Q2 �M2 ∼ q2
T .

3.1 Renormalization of LDMEs and channel mixing

In this section we aim to rewrite eq. (3.1) considering resummation of logarithms of the

ratio µ/µf , where µf is the scale at which the LDMEs are extracted. The most common

choice for phenomenological extractions is µf = M and µ ∼ 1/b. In this study we con-

sider qT ∼ M and since b is simply the conjugate variable of qT we should expect that

1/b ∼ qT . Indeed the bulk in the impact-parameter-space distribution is found around this

value, though significant support exists in the region 1/b ∼ 0.5–20 GeV (or equivalently

b ∼ 0.05–2 GeV−1).2 Since we integrate over all values of the impact parameter, we find it

important to perform the resummation of these logarithms.

2The exact range over which the distribution has support depends on the values of qT and z we are

looking.
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Figure 3. The NLO diagrams for the 3S
[8]
1 LDME associated with the mixing through renormal-

ization group evolution with the P -wave matrix elements.

A complication to this attempt comes from the mixing of the 3S
[8]
1 and 3P

[8]
J mecha-

nisms under renormalization group equations (RGEs). At fixed order the mixing occurs

when a real ultra-soft gluon is exchanged between heavy quarks (antiquarks) in the 3S
[8]
1

LDME at NLO. The emission of this ultra-soft gluon generates an ultraviolet (UV) diver-

gence proportional to the LO 3P
[1,8]
J LDMEs (see discussions in refs. [17, 67]). Specifically

we have that the order αs contributions to the 3S
[8]
1 LDME is scaleless and proportional

to the P -wave LO matrix element. Using the 1/εUV− 1/εIR prescription we obtain for the

sum of diagrams in figure 3:

D1+D2+D3+D4 =
4αs

3πm2
c

{
CF
∑
J

〈3P [1]
J 〉LO +BF

∑
J

〈3P [8]
J 〉LO

} (
1

εUV
− 1

εIR

)
, (3.18)

where BF = (N2
c − 4)/(4Nc) and the ⊗ vertex in figure 3 corresponds to the bilinear

operator: ψ†σTAχ. This UV divergence is removed through the renormalization of the

LDMEs, which then leads to the following RGE:

d

d lnµ
〈Oψ(n)〉(µ) =

∑
m

γnmO 〈Oψ(m)〉(µ) . (3.19)

From eq. (3.1) this immediately implies that the matching coefficients dq→QQ̄(n) must also

satisfy a non-diagonal RGE. A similar observation was made for the quarkonium TMD

shape functions in ref. [17]. The major difference here is that the non-trivial evolution is

performed within the TMD fragmentation function and therefore the form of the factorized

cross section is not modified from the standard case, in contrast to what happens in [17].

Therefore the RGE satisfied by the short-distance matching coefficients can be deduced

from the consistency of the NRQCD factorization conjecture:

d

d lnµ
dq→QQ̄(n)(z, b;µ, ζ) =

∑
m

(
γDδ

nm + γnmd )
)
dq→QQ̄(m)(z, b;µ, ζ) , (3.20)

where γd = −γTO. To test this equation we need to calculate the contributions to the

quarkonium TMDFF at NLO, which is beyond the scope of this study. However, assuming

that NRQCD factorization holds we may resum logarithms of the form ln(µ/µf ) by solving
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Figure 4. The effect of the NLL resummation of ln(mQb) in the quarkonium cross section coming

from TMD fragmentation (γ∗q) for EIC kinematical settings
√
s = 63 GeV.

eq. (3.19). Following the notation of [17] and up to next-to-leading-logarithmic (NLL)

accuracy we have

Dq→ψ(z,b;µ,ζ) =
d
q→QQ̄(3S

[8]
1 )

(z,b;µ,ζ)

Ncol.Npol.

[
〈OH(3S

[8]
1 )〉(µf )− 24BF

β0
ln
(
αs(µ)

αs(µf )

) 〈OH(3P
[8]
0 )〉(µf )

m2
Q

]
,

(3.21)

where we have summed over J = 0, 1, 2 and used 〈Oψ(3P
[8]
J )〉 = (2J + 1)〈Oψ(3P

[8]
0 )〉. The

difference between eqs. (3.2) and (3.21) is the resummation of ln(µ/µf ) and in the latter it

is made explicit that TMD evolution is satisfied by the fragmentation function Dq→H and

not the short distance matching coefficients dq→QQ̄.

We demonstrate the effect of the resummation of µ/µf logarithms in figure 4, where

we show the cross-section for the EIC kinematics at
√
s = 63 GeV, using the fixed LDMEs

versus their evolved values. We use the BCKL set of LDMEs as shown in table 2. It is inter-

esting to note that, as expected, the effect of resummation decreases in the region P⊥ ∼M .

3.2 On quarkonium TMDFFs from a gluon

This study focuses primarily on quarkonium fragmentation in SIDIS and, for this process,

the main interest is the light-quark fragmentation functions. However, a brief mention to

the gluon fragmentation process is in order, since this formalism can also be applied in

phenomenologically interesting processes beyond DIS. Particularly, gluon fragmentation
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will play an important role in quarkonium fragmentation within jets, which has attracted

significant interest in recent years. This process can be accessed in hadron colliders and

particularly at the LHC, where jets are produced in abundance. Measurements [68, 69]

of the momentum fraction zT ≡ pHT /p
jet
T for in-jet quarkonia have already revealed in-

teresting aspects of quarkonium production and a striking deviation from Monte-Carlo

implementations. An explanation for these deviations was given in ref. [70] and a better

qualitative agreement with the data was provided through the fragmentation picture of

quarkonium production at large transverse momenta. A multi-differential aspect of these

measurements, such as including the transverse momentum w.r.t. the jet axis, will enable

a three-dimensional picture of quarkonium fragmentation and an in-depth understanding

of its production mechanisms. In the massless limit, i.e. qT � M , the quarkonium TMD

fragmentation within jets was studied in refs. [9, 71]. The framework discussed here can

be extended and applied to such studies in the small transverse momentum limit, qT .M .

The LO contribution to gluon TMDFFs comes from the color-octet 3S
[8]
1 channel

through a simple decay of an off-shell gluon to the heavy quark-antiquark pair. At NLO,

contributions from both 1S
[8]
0 and 3P

[8]
J channels are introduced. The color-singlet channel

3S
[1]
1 appears only at NNLO. Although these contributions are only relevant at higher or-

ders in the perturbative expansion, recent phenomenological studies [70] of in-jet quarkonia

suggest that numerical enhancements from the LDMEs require all four channels to describe

the spectrum of quarkonia within jets.

Furthermore, for the 3S
[8]
1 channel, light-quark fragmentation and gluon fragmentation

are inevitably related, since at this order the heavy quark-antiquark pair can only be

produced by a subsequent decay of an off-shell gluon (see figure 2). It is therefore implied

that the channel mixing, through RG evolution as discussed in section 3.1, will also be

relevant for gluon TMDFFs.

4 Quarkonium from photon-gluon fusion

The effect of photon-gluon fusion in the differential cross section that we study is highly

complex in the TMD framework that we are using, because higher-twist gluon operators

appear already at lowest order. To organize the discussion we consider two separate regions

of z: region-1 where (1− z)� 1 and region-2 where (1− z) ∼ 1. In region-1 one can study

the small transverse momentum region q2
T � M2 from channels 1S

[8]
0 and 3P

[8]
0,2 within

the framework of shape-functions in SCETQ [16, 17]. In addition, sub-leading operators in

SCETQ can give contributions from the channels 3S
[1]
1 and 3S

[8]
1 . While these contributions

are sub-leading in the q2
T /Q

2 power-counting, the color-singlet channel can get significant

enhancement of order 1/v4, where v is the relative velocity of the heavy quark-antiquark

pair in the quarkonium rest frame. A proper description of region-1 is still in progress.

In this work we focus on region-2. In this case beyond the quark fragmentation that

is discussed in section 3, we also have a contribution from the color-singlet channel from

photon-gluon fusion process. In this section we give an estimate of this part of the cross

section coming from perturbative QCD, that is, looking at the hard part of this process.

In this way we get an order of magnitude understanding of both quark fragmentation and
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photon-gluon fusion (only color-singlet channel). The cross section that we are looking for

is the one of the process depicted in figure 1(b), already studied a long ago in [72].

Considering the result for the cross section in [72] integrated over all angles and in the

limit Q2 �M2 ∼ q2
T , and expressing the result with the help of [73] one gets

dσ(γ∗g)

dxdzdQ2dP 2
⊥
' α2

s(µ)α2
emπ

(1− ε)s2

64 e2
H

27zz̄3(2− z)2

1

x2

〈Oψ(3S
[1]
1 )〉

Q2M3
fg←h(x;µ2)Fg

(
z̄,
P⊥
M

)
, (4.1)

where

Fg(a, b) =
a4 + a2 + b2

(1 + b2/a2)2
(4.2)

and eH = 2/3 (eH = 1/3) for charmonium (bottomonium).

We would like to compare this result with the quark fragmentation process in the same

limit (Q2 �M2 ∼ q2
T ). The limit of Q�M ∼ qT at leading power in the ∼ qT /Q or M/Q

expansion, is obtained by the TMD factorization formula in eq. (2.32) convolving all terms

at their fixed-order components. At LO this result is rather simple since the hard coefficient

is just 1 and the TMDPDF is proportional to the collinear PDF ∼ f(x, µ)δ(2)(qT ). Thus,

convolving with the LO TMDFF from eq. (3.16) we have

dσ(γ∗q)

dxdzdQ2dP 2
⊥
' α2

em π

(1− ε)s2

∑
f

2πe2
f

x2
ff←h(x;µ2)Df→H(z, qT ;µ). (4.3)

With further reorganization of this result to match the form of eq. (4.1) we find

dσ(γ∗q)

dxdzdQ2dP 2
⊥
' α2

s(µ)α2
em π

(1− ε)s2

∑
f

4 e2
f

9x2 z

〈Oψ(3S
[8]
1 )〉

M5
ff←h(x;µ2)Fq

(
z,
P 2
⊥

M2z̄

)
, (4.4)

where

Fq(a, b) =
a2b+ 2(1− a)(1 + b)

(1− a)(1 + b)2
. (4.5)

This equation allows us to have an order of magnitude comparison of these two contribu-

tions to the cross-section:

dσ(γ∗g)

dσ(γ∗q)
∼
(
M

Qv2

)2

, (4.6)

where for the relative velocity v we have v2 ∼ 0.3 for charmonium states and v2 ∼ 0.1 for

bottomonium. In table 1 we give the values of this estimate for different values of Q. We

find that for charmonium states and for Q > 20 GeV the photon-gluon fusion (only color-

singlet channel) contributes less than 10% compared to the quark fragmentation process.

The numerical relative contributions of the full fixed-order photon-gluon fusion in color-

singlet channel and the light-quark fragmentation processes, which are sensitive to the

values of the LDMEs and collinear PDFs, are discussed in the following section.
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M2/(Q2v4) Q = 10 [GeV] Q = 30 [GeV] Q = 50 [GeV] Q = 100 [GeV]

charmonium (v2 ∼ 0.3) 1.0 0.1 0.04 0.01

bottomonium (v2 ∼ 0.1) n.a. 10.0 3.8 1.0

Table 1. Order of magnitude estimate of the relative contributions from the quark fragmentation

and photon-gluon fusion processes.

〈OJ/ψ(3S
[1]
1 )〉 〈OJ/ψ(3S

[8]
1 )〉 〈OJ/ψ(3P

[8]
0 )〉/m2

c

BCKL [75] 1.32± 0.20 (1.1± 1.0)× 10−2 (0.49± 0.44)× 10−2

B&K [76] 1.32± 0.20 (0.224± 0.59)× 10−2 (−0.72± 0.88)× 10−2

CMSW [77] 1.32± 0.20 (0.30± 0.12)× 10−2 (0.56± 0.21)× 10−2

Table 2. LDMEs for NRQCD production mechanisms we use in this paper in units of GeV3.

Note that we use the same color-singlet matrix element even for the CMSW extraction where a

slightly smaller value (1.16) was used. This will not influence our conclusion regarding the relative

importance of each channel.

5 Numerics

The relative importance of photon-gluon fusion and quark fragmentation for different in-

tervals of the kinematic variables is highly non-trivial. In order to plot the contribution to

the cross section for the quark fragmentation we need some knowledge of the TMDPDFs

as provided by other processes. We use here the ζ-prescription [50] and the phenomeno-

logical results of ref. [48]. The ζ-prescription allows to express the cross section in terms

of scale-independent quantities: in this way we implement the TMD evolution kernel at

N3LL, the TMDPDFs at NNLO, and the quarkonium TMDFF at LO, which we have

calculated in this work. The non-perturbative parameters for the TMDPDF are chosen

consistently with the PDF set NNPDF31 nnlo as 0118 [74]. There is not yet a consensus

on the correct values of LDMEs and even though they are assumed to be universal, ex-

tractions from different experiments seem to contradict this assumption. In this sense the

present analysis can help also to give more information on this issue. In order to show

the impact of the LDME set, we use three different choices. As a first, we use extractions

from a large pψT analysis in hadronic collision [75]. In this analysis the authors used the

NRQCD fragmentation functions to describe the quarkonium pT spectrum. Then, we also

include a comparison from a global fit analysis [76] and a large pT FO NRQCD analysis

from ref. [77]. The numerical values for the LDMEs that we use are given here in table 2.

We evolve the S-wave color-octet values according to eq. (3.21).

We have considered two possible settings for the EIC, at
√
s = 63 GeV and√

s = 140 GeV, which are expected to be typical for this collider [78]. In both settings

we calculate the contribution to the cross section given respectively by photon-gluon fusion

to color singlet and quark fragmentation processes.

The relative contribution of each input depends crucially on the values of Q, x and z.

Using the BCKL set of LDMEs we find that the general trend is: the quark-fragmentation
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Figure 5. The quarkonium cross section coming from photon-gluon fusion in the color-singlet

channel at leading order (γ∗g) and TMD fragmentation (γ∗q) for EIC kinematical settings
√
s =

63 GeV.

dominates for high Q, high x and low z. The enhancement at large Q is expected from the

scaling relation in eq. (4.6), while the enhancement at large x is purely due to the values of

the PDFs (gluon PDF in photon-gluon fusion is larger that quark PDFs in quark fragmen-

tation at low x, and vice-versa). For the CMSW LDMEs the color-octet is suppressed by

a factor of four and thus the importance of this channel is reduced. Particularly, we find

no kinematic region where the octet-dominates. However, for most regions we find that

its contribution is comparable to the singlet and thus necessary to include for a consistent

analysis. On the other hand, the B&K LDMEs yield a rather suppressed contribution in

most regions. Also note that for P⊥ & M it yields a negative cross-section, due to the

negative contribution from the P -wave LDME. It is unclear whether this will change when

including power-corrections from the fixed-order (NRQCD) cross-section.

We have plotted the cross section integrated over several intervals of these variables to

show this effect more quantitatively. The results are shown in figures 5 and 6. For each of

the variables, z, x and Q we chose two possible bins as shown in the figures, resulting in

eight distributions for each center-of-mass energy. For all kinematic regions, in order to stay

within the TMD-regime, we plot the transverse momentum distributions only in the region

P⊥ ∈ [0, zminQmin/2], where zmin and Qmin are the lower bounds of the corresponding bins.
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Figure 6. The quarkonium cross section coming from photon-gluon fusion in the color-singlet

channel at leading order (γ∗g) and TMD fragmentation (γ∗q) for EIC kinematical settings
√
s =

140 GeV.

6 Conclusion

Quarkonium production at the Electron-Ion Collider is generally considered as one of the

most important processes for the study of gluon TMDs. We have shown that the physics

for these heavy-quark events is highly non-trivial.

In this paper we have studied the quarkonium transverse-momentum-dependent frag-

mentation functions (TMDFFs) within the framework of non-relativistic QCD (NRQCD).

We decompose the TMDFFs in a similar way as done in the corresponding collinear frag-

mentation functions [65]. We use the NRQCD factorization conjecture to write TMDFFs

as a sum of products of short-distance matching coefficients and the standard NRQCD

long-distance matrix elements (LDMEs).

Focusing on the case of J/ψ production in semi-inclusive deep-inelastic scattering

(SIDIS) and for Q parametrically larger than the mass of the heavy quark, we use the

standard TMD factorization to describe the cross section as a convolution of TMD parton

distribution functions and the quarkonium TMDFFs. We provide the leading-order term

in the perturbative expansion of the missing quarkonium TMDFF and use this result to

make numerical comparisons against the competing photon-gluon fusion channel (through
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color-singlet intermediate QQ̄ state). For this process, only the light-quark fragmentation

functions are relevant, and at LO we only have a contribution from the 3S
[8]
1 channel. We

also included a short discussion on channel mixing through renormalization group evolution

and phenomenological applications of the gluon TMDFFs at the LHC.

For our numerical implementation of the fragmentation cross section we use the public

Artemide code [51, 52], which we modified appropriately to incorporate the new quarko-

nium TMDFF. We discussed the kinematic regions of the future EIC and we provided

two panels of plots for
√
s = 63 GeV and

√
s = 140 GeV. We showed that photon-gluon

fusion is usually dominant at low values of Q and x, while for some choices of LDMEs

quark fragmentation plays a major part in the opposite limit. The theoretical precision is

at the moment limited only by the final quarkonium fragmentation function. In the case

of (color-singlet) photon-gluon fusion instead, a factorization theorem has not been yet

formulated and its feasibility should be investigated in the future.
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