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ABSTRACT: In this paper, we propose a generalization of the AdSe/CFT; correspondence
constructed by Mezei, Pufu and Wang in [1], which is the duality between 2d Yang-Mills
theory with higher derivatives in the AdSs background, and 1d topological quantum me-
chanics of two adjoint and two fundamental U(N) fields, governing certain protected sector
of operators in 3d ABJM theory at the Chern-Simons level £k = 1. We construct a holo-
graphic dual to a flavored generalization of the 1d quantum mechanics considered in [1],
which arises as the effective field theory living on the intersection of stacks of N D2-branes
and k D6-branes in the 2-background in Type ITA string theory, and describes the dynamics
of the protected sector of operators in N' = 4 theory with & fundamental hypermultiplets,
having a holographic description as M-theory in the AdS, x S7/Z; background. We com-
pute the structure constants of the bulk theory gauge group, and construct a map between
the observables of the boundary theory and the fields of the bulk theory.
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1 Introduction

A holographic duality we consider in this paper is a generalization of the duality between
the 1d topological matrix quantum mechanics (QM), which can be viewed as a subsector of
the 3d N = 4 gauge theory [2-4], and a non-linear higher-derivative generalization of the
Yang-Mills theory in the AdSs background. The first example of such a duality was given
in [1], where an equivalence of the 1d topological QM of interacting U(N) gauge field, a
fundamental @, anti-fundamental @, and two adjoint X, X scalars, and a non-linear Yang-
Mills theory on AdSy with the gauge group SDiff (SQ) of area-preserving diffeomorphisms
of the 2-sphere, was considered.

The QM theory we work with is the generalization of the theory studied in [1] to
the case of k fundamental scalars, and non-vanishing Fayet-Iliopoulos (FI) term. This
theory is particularly interesting, because it arises as the effective field theory living on
the intersection of stacks of N D2-branes and k£ D6-branes in the (2-background in Type
IIA string theory, with the gauge coupling A and the FI parameter € identified with two
equivariant parameters of the Q-deformation [5-8].!

IThis brane configuration is equivalent to a stack of M2-branes in the Taub-NUT background in the
Q-deformed M-theory.



The AdS/CFT correspondence [9-11] gives a dictionary between the single-trace con-
served currents of the boundary theory and the gauge fields in the bulk higher-dimensional
theory [10]. For the case of one pair of fundamental/anti-fundamental scalars considered
in [1], all operators involving @’s can be expressed in terms of X’s and X ’s, and all the
single-trace conserved currents are of the form

jé’f,’.'f.',’gf B (Xm X ... XanfIn) : (1.1)
where p; and ¢; are some non-negative integer numbers. One can extract the structure
constants of the bulk theory gauge group from the boundary 3-point function, as we will
briefly review. For the case k # 1, there are the single-trace conserved currents which are
non-scalars (i.e. they are traceless) under the SU(k), having the form

o = QUL XXy, (1.2)

and it implies that one cannot express them in terms of X’s. We consider the correlation
functions of these operators in the 1d theory with k # 1, € # 0 in order to deduce the
gauge group of the bulk theory.

2 AdS, side

Here we give a very brief introduction to the higher-derivative generalization of the Yang-
Mills theory, closely following [1].

The gauge field dynamics in two dimensions is topological, so the gauge theory in the
AdS, background may be holographically dual to a 1d topological theory on the AdS,.?
We introduce the coordinates ¢ and r, in which the 2d metric is of the form ds? = dr? +
sinh? rdg? (we put the AdS; radius here to 1). The action governing the dynamics of the
gauge field A, = (A, A,) of the bulk theory is

O Joran

Z LFM ... JAn
n!

n=2

Ig = /d%\/g Tr
e iAatpd(TlLaQ.”an <A$2 e A&n

+/d¢Tr ;n! n—1 \ sinh" 'R

where F* = %5““F 1w, B is the IR bulk cutoff, and dj'"* are some totally symmetric

invariant tensors of the bulk theory gauge group. In the original formulation of the duality

(2.1)

I

_nFQQ...Fan>

given in [1], df1%n ~ 1/ 9\2(1\4- We will see that in our case the dependence of the bulk
action on gy is more general.
The solution of the bulk equations of motion can be written in the form
F,, =UQU !'sinhr,
A, =UQU *(coshr — 1) +iU9,U*, (2.2)
A, =iU, U,

2More precisely, the bulk theory is quasi-topological, i.e. an arbitrary diffeomorphism on the boundary
can be extended to an area-preserving diffeomorphism in the bulk.



Here @) is an arbitrary constant Lie-algebra-valued matrix, and U(r, ¢) is an arbitrary Lie-
group-valued matrix, which has a finite limit U(oco,¢) = u(p) as r — oo, corresponding
to large gauge transformations. The role of the non-normalizable mode, sourcing the con-
served current operator j* (¢) in the boundary theory, is played by a(yp) = A, + Tlg(r)lo Fyr.

For the solution we gave, it has the form
a(p) = iud,ut —uQu'. (2.3)

Using this expression, one can write the action in terms of the source, which is useful to
compute the correlation functions of currents, which can be compared with the boundary
theory computations. The action Ig%shell[q] is

oo

Jaran
Z nn' Qal . Qan] , (24)

n=2

Ignshellfg] — —/de\/§ Tr

where ) must be represented in terms of a(y) as

Q = iuy ' log Pexp i/dcp a(p)| | wo- (2.5)

—T

The constant matrix ug is arbitrary, and cancels when we substitute @ in the action, and
P is the path-ordering operator. The correlation functions of the boundary currents can
then be computed as

5[5(111—shell [a]

dar(p1) -+ -0an(pn)

(7% (1) -+ 3™ (n)) = (1) (2.6)

3 Field theory side

3.1 A one-dimensional topological quantum mechanics

The field content of the 1d topological theory we are interested in is a U(N) gauge field A,
a U(N) fundamental field @), an anti-fundamental field Q, and a pair of adjoint fields X and
X. The matter fields are anti-periodic when the theory is defined on a circle parameterized
by ¢ € [-7,m). The dynamics is governed by the action

g = —% [@* @+ 4)Qu+Tr (XaX + X[A, X]) — eTrA} (3.1)
where a runs from 1 to k, € is the FI parameter, and A is the coupling constant. The fields
@ and @ transform under the flavor group SU(k) as k and k, respectively. The theory
doesn’t depend on the worldline metric, so it is topological, and it is natural to map the
single-trace scalar gauge-invariant operators® to the gauge fields in the bulk, not to scalars,
because the 2d scalar field theory is not topological. One can say that these operators must
be considered as charges of conserved 1d currents.

3We will see in what follows that the single-trace operators must be mixed with the double-trace ones
in order to have a consistent bulk dual gauge theory.



The partition function of the theory is an obvious generalization of the result of [1],
where the case of ¢ =0, and k = 1 is considered. It is given by

1
J = —— / do det/
W)

Cartan of u(NN)

adj (2sinh(7o)) Z,, (3.2)

where W is the Weyl group of U(N), whose order is WW| = N!, ¢ parameterizes the Car-

tan subalgebra, and o = diag {01, -+ ,0n}, detadJ (2sinh(7o)) = [] [2sinh (7 (0 — O'j))]Q,
1<j
where the prime means that the zero modes are omitted, and Z, is

Z, / DQ DO DX DX exp [ ~ / dg {QaDF Qu + Tr (XD;‘X) - eTra}} . (33)

Here the gauge choice A, = o has been made, and the covariant derivatives in the funda-
mental Df; and adjoint Dé representations are defined as

DEQ =0,Q+0Q, DX =0,X + [0, X]. (3.4)

The path integral Z, is quadratic in the matter fields, and can be easily computed using
the (-function regularization. When it is done, the partition function takes the form

[1 sinh? (7 (o7 — 7))

’L’<‘ —27T Z g;
= 2N /Hdaz - ! ~ e (3.5)
[I cosh(m(o; —0j)) I1 [2cosh (mo:)]F
ij=1 i=1

Introducing the parameter a such that e = $A, we re-write the integral in (3.5) as

N N
N N - Z log{coth2 W(Ui_o'j))}_k? >~ log{2cosh(mo;)}—ar > o;
[Tlasso s = [Tl = 5 e
i=1 i=1
3.2 Large N computation
3.2.1 Partition function

The matrix integral (3.6) and its generalizations with insertions, can be computed in the
large N approximation. We start our computation with the partition function.

If we make the change of variables o; = v/ Nz;, the spectrum of eigenvalues becomes
dense in the variables x;, and we can introduce the density of eigenvalues p(x). After the
replacement (see [12] for a review)

N
> V(o) =N / dz p(z)V (z), (3.7)
i=1
we get the effective action
Ig=— /dx dy p(z)p(y) log {coth2 (W\/>(z — ))}

(3.8)
+ N/d:n p(x) {k: log {2 cosh (W\/NJJ)} + om\/ﬁa:} ,



which in the large N limit can be written as

1
fig = 7N [ o | {p(a) + (ol + aa) pla)|. (3.9
using the large N approximations

log {(:o‘ch2 (ﬂ\/ﬁ@—y)) } ~ L(5(:U—y), log {2cosh <7T\/NI> } ~7mVNlz|. (3.10)
2v/'N
We extremize (3.9) with respect to p(z), imposing the additional constraint [dzp(z)=1.
The solution is
k2?2 1 1 k 1 k—

p(x) = ) (3.11)

0, otherwise.

Here and in what follows, we put |k| > |a|. If this inequality is not obeyed, it is hard to
make sense of the model, because naively the path integral diverges.
Substituting p(x) into (3.9), we obtain®

2 2 _ 2
Ieﬁ:\/;ﬁ/k ko‘ NZ. (3.12)

3.2.2 Correlation functions of X’s

Typically, the holographic correspondence states that only the single-trace boundary oper-
ators have the bulk gauge fields as their duals, and the exchange of multi-trace operators in
n-point functions should be automatically taken into account by the bulk dynamics. As we
already mentioned, and will see in what follows, for the theories we consider this is almost
the case, but the single-trace operators must be mixed with the double-trace operators.

In order to compute correlation functions of currents involving the fields X and X ,
it is convenient to introduce the notations (X1, X3) = (X, X), and to rewrite the X, X-
dependent terms in (3.1) as

= 1
/dgoTr (XD;‘X) = 2/d<p Ty (X10,X) — o[ X1, XJ]), (3.13)

where I, J=1, 2. This allows us to write all the operators we are interested in as functions of

X(p,y) = ¥ X () + y* X (), (3.14)

where 4 is a 2d polarization vector. The basis of operators consists of all products of the
form Tr [X(¢,y)"] modulo trace relations that can be ignored in the large N limit. We
will focus on the single trace operators with even powers of X, corresponding to integer
spin under the su(2), under which (X, X) transform as a doublet. For convenience, we
introduce the notation

Xi(p,y) = NilTr {X(%y)ﬂ : (3.15)

2

“The theory with o = 0 was also considered in [13, 14].



The operators X, contain only symmetric combinations of products of X and X. One can
argue that it is enough to take only these combinations into account. Let’s consider an
operator with one anti-symmetrization Tr (X% (X, X ]) This operator vanishes. If we take

the component with the highest spin projection in the expansion of Tr (X% [X, X ]), we

get Tr (X 21X, X ]), which is obviously zero by cyclicity of trace. The other components
can be obtained by an su(2) transformation, and thus also vanish. The simplest case of
an operator with more than one anti-symmetrization is Tr ([X X ]2> Using the o equa-
tions of motion, Q;Q7 ~ (X, )?]ij, we get Tr ([X, )?]2> ~ Qvi[X, )?]iij ~ QinQvinj ~

{Tr <[X X ]) }2 = 0. We didn’t work out the details of vanishing (or expressibility in terms
of other operators) of more general operators, but validity of our assumption is confirmed
by the fact that the Jacobi identities for the structure constants we extract from the 3-point
functions, are satisfied, as we will see.

The su(2) symmetry fixes the 2- and 3-point functions to be

(Xe, (01, 91) X0, (02, 42)) = B 60,0, (y1,92)°""

(X0, (01, 51) X0, (92, Y2) Xty (93, 93)) = O (Y1, y2) 2 (1, y

X (sgngar) ™2 ( )Fas2 (

Y32 (yo ys)231 (3.16)

)L23,1

SgNY31 Sgnws2

)

where i; = vi — @j, (y1,42) = eryylyd with e;o = —1, and Liji =4 +4; — Ly,
To compute the correlation functions, we also need the propagator for the field X at
fixed . The propagator for a scalar field ® in the representation R is given by

<<I>(g01)<f>(<p2)>o = —% (tanh(mo) + sgn(p12)1) e 7%12, (3.17)

where 1 is the dimR x dimR unit matrix, and ¢ is also must be thought of as the dimR x
dimR matrix. When the fields sit at the same point, the propagator is defined as

~ A
<(I)(<p)<1)(g0)> = — tanh(r0). (3.18)
It follows that for the adjoint field X one gets
<Xij(¢17y1)xkl(<ﬁ27y2)>a = (y1,92) 5§5iGaij(8012)7 (3.19)

where 0;; = 0; — 0, and (see [2])

A esgn(tp)ﬂa’

Go(p) = —% (tanh(mwo) +sgn(p)) e 7% = —Esgn(gp)me_w. (3.20)



It is easy to compute the 2-point function at arbitrary ¢, generalizing the computation
of [1]. The result for the coefficient B} is

BX* 2@N€+1( > / dzq p(z4) !
H 7 p @ cosh( — acaH))
N 3

_2E AN T4 (Ra?\TE e 2 (AN (D)
-7 () rey (5 ﬁ(2) reeptt
(3.21)

[

where we defined z9yy1 = x1, and used the large N approximation

20 20—1

1 1 T
6 (Tq — 4 3.22
al_[1 cosh (W\/N(Jja - xa+1)) fl“ (¢ _|_ Nf** H +1) (3.22)

Here the coefficient on the right hand side can be obtained by integrating both sides with
respect to 2¢ — 1 x’s, using the Fourier transform of m
Generalizing then the result of [1] for the 3-point function, one gets for the coefficient

XXX :
Cii,p, the expression

8€1£2€3N61+EQ+Z3—1 A b1 4-La+103
Cgﬁﬁ%g 1102 +03-3 Y /d55 dy COSh(ﬂ'\/N(x—y)) p(z)p(y)
N~ =2 2
Li23—1
[T dui p(us)
o =
L12,3—2
cosh(w/]v(x—ul))[ II cosh(wxﬁ( —uz+1)>] cosh(wx/ﬁ(uLm’S_l—y))
i=1
Li32—1
[T dvj p(vy)
X =1
L13,2—2
cosh(wﬁ(w—vﬂ) Hl cosh(wx/»( —v]+1)) cosh(wx/N (vLI&Q,l—y))
J:
Lo3z1—1
[T dwg p(wy)
k=1
X .
Loz 1—2
cosh(wﬁ(w—wﬁ) [ II cosh(wﬁ(wk—wkﬂ))] COSh(ﬂ'\/N (wL%’l,l—y))
k=1
(3.23)
Evaluating the integral in the large N limit, we obtain
— L1+l2+43
XXX p(O)Z1+E2+Z3 2 A 3 8€1£2€3
=2~ [ = N2 | ———=° T (1,09,¢ 3.24
Ciitats N > i oy s (€1,€2,03)] , (3.24)
where
()T (4a)T (¢
T(by,b2,03) = ()T (&)L (E) (3.25)

04005 | 1 O14+03—05 | 1 Oot03—01 | 1 O 4+0o+03)
() () (2 ) ()



Here 1, 5, and ¢35 must obey the triangle inequality |¢1 — la| < ¢35 < £1 + l2; otherwise, the
constant 023523%3 vanishes.

It is easy to see that if we re-scale X; — :%g in such a way that

<5€el (p1,91) X, (@z,y2)> = 0t,t, (3.26)

=

the 3-point function of the re-scaled operators is proportional to (WZQ) N 7%, and it is

natural to introduce the bulk gauge coupling

1 k2 — a2
= N3 (3.27)
Iym k
The correlation functions of the original operators scale as
(Xe, (01, 91) X0, (92, 92)) ~ 1/ 9315 (3.28)
(X0, (01, y1) X0, (02, y2) X (03, 43)) ~ 1/ g3mr- (3:29)

We didn’t manage to compute the general connected 4-point function, but its /N-
dependence can be found, and it happens that it scales as

3
(X0, (01, 1) X0, (02, y2) Xy (93, y3) Xy (02, 94)) . ~ N2 ~ 1/ g3 (3.30)

It confirms our holographic identification (2.6) with d217% ~ 1/g2,,.

This dependence of the 2d bulk theory action and correlation functions on N makes
perfect sense. We expect that the fields X, arise from the Kaluza-Klein modes of the 11d
supergravity in the AdS, xS7 background, whose action behaves as S;14 ~ ﬁ i dllx\/§R+

---, and given the identification {p; ~ N % in 3d/11d holographic duality [15], the afore-
mentioned N3 behavior matches precisely the higher-dimensional one.

3.2.3 Correlation functions involving Q’s

Since here we are interested in the single-trace currents only, we consider the following
operators:
i b Xaii< i j i b~
Q?(% y) = —¢ (TA)a QUUX? - 'XiZZHQb,m—H = F (TA)a Q*X*Qy, (3.31)
2 2
where T4 are the generators of SU(k), and the normalization is chosen in such a way that
all correlators scale as the same power of N, which is necessary to have a gravity dual
interpretation.
To compute the correlation functions of £;’s, we need the propagator of () and @,
which is of the form

esgn(golg)ﬂm

~ . A
<Q(901)a,@-62(902)b”>0 = —Eéiéﬁsgn(solz)me—wm. (3.32)



It is not hard to obtain a general expression for the 2-point function, which is

1 A\?
<92(¢1,y1)ﬂﬁ(¢2,y2)> = 5elegw (2> Tr (TATB)
2

eSgn(4P12)ﬂ'0'jie—<p120'ﬁ j ;
o] )
% ZJ cosh (7o;) cosh (7o) < { (1,91) : (2,92) v

’

(3.33)
After computing the sum in the large N limit, one gets
AN 22 1 T((+1)
A B _ ArB 2041 20
=Tr (T°T — ——=VN .
(9 o100 g )) =T (177) (5 ) o0 L H S VR o)
(3.34)
We can write (3.34) in the form similar to the first equation in (3.16), namely
(Q% (01,9198 (92, 42)) = 0,6, Tr (TATP) BRR (y1,2)°" (3.35)
where ) )
aa _ PO (ANT L oy
B/~ = 5 5 NBK , (3.36)

which means that the 2-point function of £,’s differs from the 2-point function of X,’s only
in an /-independent factor.
The 3-point function <Qé(<p1, yl)QZ(gag, yz)Qg(wg, y3)) can be written as

(90 (01, y1)98 (92,12)90 (p3,y3)) = iTr (T4 [T8,T¢]) CR3F

X (y1,52) 712 (1, y3) 19 (ya, ys) 2
« (Sgngpgl)Ll2’3+1 (Sgn¢31)L13,2+1 (ngpgg)L%’l—'_l ’
(3.37)
where
NO+la+ls+1l /A l1+l2+0343
9]
0262%3 = <2> /daj cosh (W\/N:E) p(x)
N 2
L1233
IT dui p(us)
x =1
Li23—1
cosh (ﬂ\/ﬁul) [ [ cosh (W\/ﬁ(ui—uiﬂ))] cosh (W\/ﬁ (ule—x))
=1
L13,2
dv; p(v;)
j=1
X
Lizo—1
cosh (ﬁ\/ﬁvl) [ [ cosh (W\/N(’Uj’()]’+1)>] cosh <7T\/N (UL13,2 —az))
j=1
Las 1
[T dwy p(wy)
k=1
X )
Loz 1—1
cosh (W\/Nuq) [ [[ cosh (W\/N(wk—wkﬂ))] cosh (W\/N (WL, —:U))
k=1
(3.38)



Approximating the rapidly varying part of the integral (which doesn’t include densities p)
by

Li23 Li32 Las 1

K995 () { [T o) ) | TT o) | | 1T 6 Cwe) |, (3.39)
i=1 j=1 k=1

and integrating both sides with respect to z, u;, v;, and wy, to find the constant K, we get

L1+la+0343
Q08 p(0)51+f2+€3+1 A
Cf1€2€3 - T 5 \/NZ (61 + ]., 62 + ]., 163 + ].) . (340)
The 3-point function <532 (01, yﬂDﬁ(m, Y2) X, (3, y3)) has the form

(97 (01, 91)QF (02, y2) X0, (03, y3)) = Tr (TATP) CREL
X (g1, y2) 1% (g1, y) 192 (yo, y3) 2 (3.41)

X (sgnpar)™13 ( )Fs2 (

)L23,1 _

sgnysi SgNY32

Here Cﬁiﬁ is given by

. NL /ANL+2 pdzdydz cosh(wW(:v—y)) p(x)p(y)p(z)
Celg243 =203 (L123+1) 7N 5

= cosh (ﬂ\/ﬁ x) cosh (ﬂ\/ﬁ z)
Lji_ldui p(u;)
» —
COSh(?T\/N(Z—ul)) [Llﬁ_Qcosh<7T\/N(ui—ui+l)>] cosh(?T\/N (Ule’gfl—y)>
Liz2—1
10 dv; p(vj)
X
cosh(w/]v(:n—vl)) [LlﬁIQCOShGT\/N(Ui—ij))] cosh(wx/]v (lem_l—y))
I du o)
x k=1 7
cosh(wx/ﬁ(m—wﬂ) [Lj_l[l2cosh(7r\/ﬁ(wk—wk+1)>] cosh(wx/ﬁ (wL23,1_1—y))

(3.42)

where the factor 203 (L12,3 + 1) counts different contractions which contribute at the leading
order in N. Again, approximating the p-independent part of the integral by

Li23 Li3,2 Lo3,1

K3%%6(2)o(y)d(z) | [T o) | { TT o) | | TT 0 Cww) ] (3.43)
i=1 j=1 k=1

~10 -



and integrating both sides with respect to z, y, z, w;, v;, and wy to find the constant

KR9% we get
0 O+b+ls /A b1 +Lla+03+2
cpax _ PO (A VN (205 (61 + s — €3+ DT (01 + 1, 6o + 1, £3)]
NZS 2
2
p(0)* (AN 1 xxx
= 2 5 NCZIZQZS' (344)
This relation between Cff% and Cffi, can be also obtained as follows. For a trivial
1£2£3 1£24£3

flavor symmetry (k = 1) and a = 0, the operators Q, are trivial in the chiral ring in
the parent ABJM theory, so their correlators must vanish. In this case, contractions of @
and @ within the same Qy also contribute to 02%2353, and must cancel the contribution of
contractions between @) at the different points, which were considered in our computation.
Taking these self-contractions into account leads to multiplication of the integrand in (3.23)

by —+ (%)2 tanh (7o;) tanh (7o, ) for various 7 and m. This factor can be written as

1 (A2 1 (A2 cosh (7o)
— (= h (7;) tanh - —(Z) 1= 4
N ( 2 ) tanh (o) tanh (mom) N ( 2 ) { cosh (mo;) cosh (roy,) |’ (3:45)

but the second term in the square brackets leads to additional 1/4/ N suppression, because
of cosh’s in the denominator, nailing all the ¢’s to zero. One finally gets

QOX  _ AN 1 XXX
0515253 - 5 NCK152€37 (346)
which indeed cancels our (3.44) if k =1 and a = 0.
A computation of the general connected 4-point function is again very cumbersome,
but the N-dependence is found easily, and is of the form

(90 (01,91)98 (92, 92)90, (03,93)QF (p4,y1)), ~ VN, (3.47)
(90 (01, 51)90 (02, 92)2F, (03, y3) Xe, (94, 94)), ~ VN, (3.48)
(97 (01, 11)QF (02, y2) Xy (93, y3) X, (pa, ya)), ~ VN. (3.49)

It suggests that in the bulk theory d%1 ¢ ~ 1/ g%,M if all a, are X-indices, and
2

daran ~ 1/g3,, if at least one of a,, is an Q-index.
3.2.4 A pure £ sector
The correlation functions of the 5364 sector are the following:

2
(@ enafie) = (7% (5 ) 2OVE,

™

3
<Q()4(g01)535”(<p2)}38(<p3)> =iTr (TA [TBvTC]) sgn (12023031) <A> ) VN,

2 T

(98 ()8 (92)05 (93)8 (9a)) = Tr (TATTPTE + TATPTPTC) sgn (p12024043031)

e(sgn<p12+sgn<pz4+sgnso43+sgnsa31 )To;
X

- cosh? (7o)

+ permutations. (3.50)
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For the simplest case of G = SU(2), one gets

2
<5364(@1)Qg(902)> =48 <§> 20(0) \/N,

3
(98 (1) (92)QF (3)) = —eBC <A> QpF(O)\/ngn (P12023031)

2
(97 (£1)26 (92)QF (#3)24 (1)),

2,:.ABEEC’DE (

(3.51)
sgn (P129249043¢31) — sgn (P129239349041))

+ eACEBDE (som (p12004043031) — 50 (©13032024041))

+ EADE(SCBE (

(3)' 20

sgn (8013803280249041) —sgn (9012902350348041)) 9 3

These expressions are analogous to correlation functions of the 1d vector topological QM,
given by eq. (3.23) of [1], which has the known holographic AdSs dual with d§'®¢ = 0 and
deCD = 0, described in section 5 of [1]. It is natural to expect that this 2d theory is a

subsector of the bulk theory we consider.

4 Bulk symmetry and dynamics

One can extract the data needed to identify the symmetry algebra of the bulk theory from
the correlation functions of the boundary topological theory.

The OPE of two currents in 1d is in general of the form [1]

. . sgn . .
FEO)5H () = BERE 4 L pILA 3 (g) 4 <L M 0), (a1)

where B is a normalization constant, the indices K, L and M run over all conserved

fKLM dKLM

currents in the theory, is totally anti-symmetric, and is totally symmetric.

These constants can be read from the correlators of currents as follows:

Q

a= (75 (1) 3 (02) ™ (03)) = 5 FHIEH,

(4.2)
<j(K (@1)jL) (p2) i <g03)> — BgM(KL)

Gs

The holographic correspondence identifies the single-trace currents on the boundary
with the bulk gauge fields, so in order to interpret the aforementioned 3-tensors as the gauge
group structure constants of the 2d bulk non-Abelian gauge theory, and the symmetric
tensor appearing in the action (2.1), the single-trace currents must form a closed algebra,
without necessity to include any higher-trace currents.

~12 -



4.1 Single-trace operators

The conserved single-trace currents X, we worked with, can be expanded in terms of Xy, as

X0 (pyy) =i (1) (57 X0 ()

L —m
1 H+m ; o\l—m 1\—m ; o\ l+m
+ + Xom
D R e ) I U R M R
. -1 jl—m—1 [( 1)€+m( 2)@77”,_( 1)€fm( 2)€+m} x ( )
L NG m \p
From this expression it follows that
Xem = DemXo, (4.4)
where
(=) 9% 52
V2(Lm)l(Lm)! [@yl)‘*m(ay?)“m + (aylvf’“(ay?)“m} , m>0,
—i 52¢
D (y) = ((Zg)éwv m =0, (4.5)
(=)t 52¢ B 52¢
V2(£+m)!(¢=m)! [(ayl)”m(ay%“m (ayw‘*’”(ay?)“m}  m<0.

The 2- and 3-point functions of the operators defined this way are

<%€1m1 (901) %€2m2 (902» = folfuéﬁl&émmw,
<%€1m1 (‘Pl) %327712 (‘PQ) %fsms (‘P3)> = Zafnji,égmg,&mg (4'6)

% (Sgng021)L12'3 (Sgng031)Ll3’2 (ngpm)llzgg 7
where
y (20)!
By = B Do (y1) Do,—m (y2) [<y1,y2>2 } = Bt CEm)(f—m)!

XXX XXX
C€1m1,€2m2,€3m3 = C€1€2€3D€1m1 (yl) D€2m2 (y2) D£3m3 (y3) (47)
€2+f3—€1] )

L1+la—103 < L1+L3—L2 <

(y1,y2) Y1, Y3) Y2, Y3)

After dividing Cp 40 pum, DY the normalization factor \/BglmlB&sz@my one

obtains the anti-symmetric structure constants fgffnf oo tamss L €1+ f2 + €3 is odd, and

JXXX

the symmetric 3-tensor Ly Lama Lams’

related to the invariant symmetric 3-tensor of the
group in a way we will uncover momentarily,’ if £1 + £ + ¢3 is even. The algebra with the
structure constants fgfi Lyma fyms CA1L be shown [16, 17] to be the algebra of area-preserving

diffeomorphisms of the 2-sphere.

5Mod factor of 2.

~13 -



In our k # 1 theory, we must add the single-trace currents Qfm to the algebra. The 2-
and 3-point functions we must consider are

(9, (010, (2)) = T (THT4) BES, 5120

<QA1 (p1) Q% (p2) Qs (¢3)> ATy (T4 [T, 74]) 0222

f1ma limy,loma,l3ms3
« (Sgn(pgl)L12’3+1 (sgng031)L13’2+1 (Sgng032)L23’1+1 7
A A A1 A x
<DE117n1 (()01) 2622777,2 (802) x€3m3 (803)> = TI' (T lT 2) Cg?nl,fzmg,egmg
X (sgnepa1 )" 12072 (sgnipg1 ) 1132 (sgnpse) "1
(4.8)
where Bﬁ?m and Cfl’fn? toms tams ar€ defined similarly to Bﬁiafnl and C’Zfﬁ Lyma fzmg> A0
are given by
20)!
BQD — BQQD D, |: 2€:| — BQD (
m 1 em (Y1) De,—m (Y2) |(Y1,92) ¢ (C+m)(l —m)
Cﬁ?n?,fgm%fgmg, = 022%31)(17711 (yl) szmz (yQ) Dfsm:a (y3) (49)
01+ —2: l1+03—1 lo+l3—1L
(yr,2) T2 (g1, ) TR (g, ) TR 1} :
Again, one can extract the structure constants fﬁ%} Ay Lommn Ag Lams Ao a1 the symmet-

Q00

i Ay Lama Ag f3msAs from these correlation functions. The result is

ric 3-tensor d

Fara, 4, O3
fﬁﬁ?Al,ézmzAzlsmsAs = 20 QQI = ;D Deym,y (yl) Diym, (y2) Dfsmzs (3/3)
\/BflmlBZszBﬂgmg (410)
|:<y17 y2>el+627£3 (yh 93>£1+£37€2 <?/2, y3>€2+[37€1j| )

if /1 4+ 05 + {3 is even. The symmetric 3-tensor is given by the same expression, but for the
odd ¢y + ¢3 + 3. Here fa, a,4, are the structure constants of the algebra su (k), and are
given as usual by fa,4,4, = —iTr (TA1 [TAQ,TAi”]).

: : QOX Q0X :
The discussion of f;-- Ay by Ag L3 and dj - Ay Ly Ag L3 15 completely analogous.
The structure constants are
SA,A CcRax
Q0% _ 14201450
felmlAl,ZQmQAg,égmg, - 929 QQI 2 3:{% Dglml (yl) D£2m2 (y2) D€3m3 (y3)
\/BflmlBlgmgBégmg (411)
l1+La—2 l1+03—¢ Lo+Ll3—¢
[<y1,yz> Ty, y3) T (Y2, 3) T 1] ;
. . . QQ% . .
if 41 + ¢ + ¢35 is odd. The symmetric 3-tensor d€1m1A1,€2m2A2,€3m3 is given by the same

expression, but for the even #1 4 £9 + £3.

4.2 Jacobi identities

As we already mentioned, in order to map the single-trace currents in the boundary theory
to the gauge fields in the bulk, the currents must form a closed algebra. It means that at

— 14 —



the leading order in NV, the structure constants we obtain must satisfy the Jacobi identities,
and the symmetric 3-tensors must obey the invariance condition

TaraseBzasses + TorasesBzasass + Toioseszasss = 0 (4.12)
and its generalizations involving £’s, in order to get a gauge-invariant cubic interaction
n (2.1). Here x; = (¢;,m;).

From now on, we work with the normalization of the single-trace operators in which the
2-point functions are normalized to §x . Working with the normalized structure constants
allows us not to distinguish the upper and the lower indices, and in this section we will use
only the lower ones. In this normalization, the 3-point functions scale as (XXX) ~ N1,
(QNX) ~ N ~% and (QOQ) ~ N ~1, and at the leading order in N, the Jacobi identities for
the currents Xy, and Qfm give rise to the following relations for the structure constants:

f%l’% XXX + f%%% XXX + f%%% xXxx
T1T2T5J T3T5T4 T2r3T5J T1T5T4 r3T125J Tox5Ta

0N QNN 00O 0NN OO NOOQ
fqu]z%f%%tm + qus% fq1q5q4 + fq3q1q5fq2q5q4 - 0’

fQQD fQQ% + fQQQ fQQ% + fQQQ fQQ% _ (4'13)
41492457 439574 4243457 419574 4391957 429574 ?
QNX fxxx 00X fﬂQ% _ eNOX Q0% -0
q2q3%5J T1T5T4 q29517 39524 q395%17 q2q5Ta —

where ¢; = (£;,m;, A;). All these identities are satisfied with our 3-point functions at the
leading order in N. But the invariance condition (4.12) is not satisfied even at the leading
order. The origin of this is the following. If we consider the ds-invariance condition of the
full boundary current algebra, and take all 4 external indices to be single-trace, for the
purely X currents we get®

gKLfX%% dxxae KL pXXX d%%% KL pXXX d%%% 0, (4‘14)

1 KxoYrsxs L + g o1 Kx3Yryxo L + g 21 KxgQeoxs L —

where again the indices K and L run over all currents in the theory (not only single-trace).
In contrast to the identities for the structure constants, these equalities are not closed on
the single-trace sector, which is not surprising, because the mixed single- and the double-
trace contribution to the identity has the same O (N 75) order, if dfﬁg A 1s reduced to
product of two 2-point functions, as we show in the next subsection. Let’s analyze this
double-trace contribution.

4.3 The double-trace contribution

We introduce the double-trace operators X, 4, (¢) =: Xz () Xz, (¢) :, where the normal
ordering is defined as

%ml (90) xmz (90 + 5) + %rl (90) xﬂﬂz (30 — 8)
2

- <%x1 (90) W (QO + 5) + Xz, ((,0) Xz, (90 - 6) >
5 .

P Xy () Xay () 1=

(4.15)

5The generalization for 9’s is obvious.
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Here ¢ is set to zero at the end of any computation, and the complete set of independent
operators is defined by f5 > £;. The double-trace operators Qg 4,1 (©) =: Qq, () Qg (¥) :,
and (QX),, .1 (¢) = Qq, (¢) Xz, () : are defined analogously.

The double-trace operators are normalized as

<-}:[m1w2} (‘70) x[rlxz} (90)> = Bfleff (1 + 5361962) ) (4'16)

their connected 3-point functions with 2 single-trace operators scale as <%x1%x2%[m3m 4]>C ~
N _%, and <%$1%$2%[x1z2]> ~ NV. From the latter relation it follows that the mixed single-
trace/double-trace contribution to (4.14) is of the same O (N _%> order as the purely

single-trace contribution.
In order to make the “single-trace” algebra closed at the leading order in N,” we

re-define what we mean by the single-trace operators as®
= 1
3€x1 = %731 + —gaxl[mm}%[mm]. (4.17)
N1z

Here, the coefficients a;,[;5.,) don’t depend on N. In this new basis, the 3-point function

of our new single-trace operators having the O (N 72) order, changes as

<¥x1¥x2¥x3> = <:{x1:{x2%x5>
1

_l’_
Ni

aml[m4x5} <x[1415]%$2%$3> + a12[1‘4.’175] <%LB1 %[x4x5]:{x3> + aa:g[:m:ts] <%x1%x2:{[x4x5}> .
(4.18)

The term in the square brackets contribute at the order we work with only when the cor-

relators reduce to products of the 2-point functions, leading to an expression independent
XXX

miagzs are affected by our

of coordinates, which means that only the symmetric tensors d
change of operators, while the structure constants stay the same. In order to get the

algebra closed on the single-trace operators, we want our d*XX —to be the genuine in-

T1T2T3
variant symmetric 3-tensor of the group, defined as d¥XX =~ = Tr(Ty, {Th,, Ty, }),” where
(Tor) g, 0, = —1 %}mﬁwn By choosing the coefficients a,, 4,2, to be totally symmetric in
all indices, we get from (4.18)
XXX _ XXX a
d%lxl:%aj?) = d-Tll’Ql'B + 3 xlz§m37 (4.19)
from which it follows that if'
3
N4 s axx
ax1x2333 = 7 d%ﬁ'ﬁm?) - dl‘lzgztg ) (420)

the algebra of single trace-operators is closed.

"We expect that it is possible to get the closed algebra at any order in N by mixing the single-trace
currents with appropriate combination of higher-trace currents.

8 A necessity of doing this is mentioned in [1].

9We didn’t manage to compute these constants in the closed form.

YEquation (4.19) is valid when all 2’s are different. When two of them are equal, the coefficient of the
second term is 4 instead of 3, and if all of them are equal, the coefficient is 6.
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The situation with operators involving ’s is similar. We re-define the single-trace
operators as

1 1
ch = Qq1 + qul [q2q3]D[qzq3] t —35Cq[gama) (QX%) (4.21)
N1 N1

lg2x2]

The 3-point function of the single-trace operators is now

<§Q1§q2ﬁq3> = <Qq1quﬂq3>
1
+ E [Cth [qa4] <(Q%) [qawa] 04,Qq; > tCqzlqama) <Qq1 (QX) [qa4] Qqs > *Cqs(qaza] <Qq1 Qq, (QX) [qaw4] > }

1
+R [bql [g4gs] <D[q4f15]Qq2Qq3 > +bgslgags) <Qq1D[q4q5]Qq3 > +bgs[q4q5) <Dq1Qq2Q[q4q5] > ] ) (4.22)

and

§q1§q2¥x3> = <Qq1ﬂq2%x3>

1

+N% Cq1[gaz4) <(D%) [qaz4) D112'%963> + Cqalqaza] <QQ1 (Q%) [qaz4] x$s> =+ Az3(zaws) <QQ1DCI2%[I4I5]>:|
1

+N% [bql [q495] <Q[q4qs]Dtszms> + qu[qws] <QQ1Q[q4q5]st>] ) (4-23)

Taking into account that the normalized correlators (QQQX) and (QQXX) scale as N1
and N _%, respectively, and choosing b’s and ¢’s to be totally symmetric, we find that the
algebra closes if!!

NI
W

N 4299 _ 49929 N

= — Q0X
leQZQS_ 3 |:q1q2q3 q1q2q3i|7 Cq1q213— 2 [dDQx _d . (424)

q19273 9149273

Note that the invariant symmetric tensors d299 are proportional to the symmetric

419243
3-tensors dapc of SU (k) in contrast to the naive symmetric tensors d’[ﬁ%gs,

proportional to fapc (see (3.37)).

which are

Our holographic proposal is that the modified single-trace operators (4.17) and (4.21)
must be mapped to the non-Abelian gauge fields in the bulk.

The fact that the action of the bulk theory defined on AdSs, contains the terms of two
different types — one of them has an N %—dependence, and the other one is proportional to
v/N — can be understood from the 11d perspective. The 1d theory we considered, captures
dynamics of the protected topological sector of 3d A/ = 4 theory with & hypermultiplets,
which has M-theory in the AdS,; x S7/Z; background with SU(k) gauge fields living on
the fixed points on the orbifold, as a gravity dual [18, 19]. The action of this theory in a
given background is of the form S ~ 53; fdllx\/ﬁR + é fd7$\/§Tr (Flﬁ,FWA) 4+ If

the bulk fields Qfm arise as the Kaluza-Klein modes of the 7d theory, the v/N-behavior of
the terms with ¢; indices in the 2d action, makes sense.

"The story with the coefficient 3 in the first equation is the same as in the case of purely ¥ operators.

17 -



5 Conclusions and future directions

In this paper, we proposed a holographic dual to the flavored topological quantum me-
chanics with non-zero FI term. There are some open question left though.

There is a string theory construction of the 1d topological quantum mechanics we
considered — one must place stacks of N D2-branes and k£ D6-branes in the Q-background
in Type IIA string theory [6, 7]. It would be great to understand a relation of this brane
construction to our AdSo dual in spirit of the D-brane near-horizon limit in the canonical
examples of AdS/CFT correspondence.

We computed the structure constants of the bulk theory gauge group, but haven’t
identified the group. It is also very interesting to understand the geometrical meaning of
the group.

We would also like to understand a relation of our construction to the program of
topological holography [7, 20-22].
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