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1 Introduction

With the discovery of the Higgs boson by the Large Hadron Collider (LHC) at CERN [1,
2], the Standard Model (SM) of particle physics is a complete theory without any free
parameters. Current and future collider experiments will be able to test the SM with an
increasing level of precision. The requested precision poses a severe challenge to theory
and calls for the development of improved techniques for theoretical predictions accurate
at the percent level. One of the main approaches to theoretical collider phenomenology
is perturbation theory, in which observables are expanded in the small coupling constants
of the theory. Here we focus on QCD observables, and consequently we will be concerned
with the computation of higher orders in the strong coupling constant a of QCD.

Often, leading order predictions in QCD are not reliable. For example it is known that
in the case of Higgs production the next-to-leading order corrections almost double the
value of the cross section [3, 4]. The next-to-next-to-leading order (NNLO) corrections (in
the limit where the top-quark is infinitely heavy) further increase the cross section, and it
is only after the inclusion of the next-to-next-to-next-to-leading order (N3LO) corrections
that a reliable estimate of the cross section with a residual uncertainty of only a few percent
is obtained [5-7]. This example illustrates that reliable QCD predictions at the percent level
can most likely only be achieved after the inclusion of corrections at NNLO and beyond.
While over the last years a lot of progress was made in NNLO computations, so far, only
very few hadron collider processes are known at N3LO. Inclusive N®LO cross sections are
known for Higgs in gluon fusion [5-7], bottom-quark fusion [8, 9] and vector boson fusion
in the DIS approach [10, 11], as well as double Higgs production [12, 13| and Drell-Yan



production (via the intermediate of an off-shell photon) [14]. At the differential level, only
the Higgs rapidity and transverse momentum distributions in vector boson fusion in the
DIS approximation [10, 15, 16] are known.

One of the reasons progress towards more results at N3LO is difficult lies in the fact
that an observable at N*LO receives contributions from processes with up to k additional
partons in the final state. Each such contribution is individually infrared divergent, with
divergences arising in particular from the integration over regions of phase space where
the emitted partons are either soft or collinear. Several techniques have been developed at
NNLO to compute the relevant phase space integrals with generic acceptance cuts [17-50].
With some abuse of language, we refer to these techniques in the following collectively as
subtraction methods. Developing subtracting methods beyond NNLO will be an important
step towards obtaining more predictions with percent accuracy.

An important ingredient in the development of subtraction methods is the universal
behaviour of the QCD scattering amplitudes in the infrared limits, embodied in universal
soft and collinear currents. At NNLO these currents have been computed more than a
decade ago, and they include splitting amplitudes for three partons at tree-level and two
partons at one-loop, as well as soft currents for the emission of two soft partons at tree-level
and one soft parton at one-loop [52-60]. Over the last few years, results have also become
available for the universal currents at N3LO. The two-loop currents for the emission of two
collinear or one soft parton were obtained in refs. [61-66], and the one-loop current for the
emission of three collinear partons is given in refs. [67, 68].2 The tree-level currents include
the soft current for the emission of three soft partons [70] and the splitting amplitudes
for four collinear partons. The latter have been obtained at the amplitude-level in four
dimensions in refs. [55, 71, 72]. Recently, we have published the splitting amplitudes for
the squared matrix element in dimensional regularisation, in the case where the parent
parton is a quark [73]. The main purpose of this paper is to complete the set of tree-level
splitting amplitudes at N3LO by providing analytic results in dimensional regularisation
for a gluon splitting into four partons.

This paper is organised as follows: in section 2, we review the collinear limit of tree-
level amplitudes and give a precise definition of the quantities that we want to compute. In
section 3, we present the main result of our paper, namely the computation of the tree-level
splitting amplitudes for a gluon parent to split into four collinear partons. The explicit
results are too long to be recorded in this paper and are made available in computer-
readable form [74]. In section 4 we study the collinear limit of the splitting amplitudes
themselves, and we define new universal objects which appear in these iterated limits. We
include several appendices with technical material omitted throughout the main text.

1Some of these methods have already been successfully applied at N3LO for processes with a simple final
state structure [10, 11, 15, 51].
20One-loop currents with three collinear partons are also known for mixed QCD+QED cases [69)].



2 Multiple collinear limits

We examine the behaviour of tree-level QCD amplitudes in the limit where a given number
of massless partons become collinear. Namely, we consider the scattering of n massless
particles with momenta p; and with flavour, spin and colour quantum numbers f;, s; and
¢;, respectively, and we analyse the behaviour of the amplitude as m partons of momenta
P1,- .., Pm become simultaneously collinear to some light-like direction P. In this limit, the
leading behaviour is described by the amplitude for the production of a massless particle
of momentum P from a scattering of the particles that do not take part in the collinear
limit, multiplied by a universal factor, termed the splitting amplitude, which depends only
on the m partons in the collinear set.

In order to parametrise the approach to the collinear limit, we introduce a light-cone
decomposition for all the momenta in the m-parton collinear set,
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where the light-like momentum P specifies the collinear direction, Pk 1; =0, z; are the
longitudinal momentum fractions with respect to the parent momentum P* = "7, pk
and n* is an auxiliary light-like vector such that n-k;; =0and n-p; #0 # n - ﬁ, and
which specifies how the collinear direction is approached. The collinear limit is then defined
as the limit in which the transverse momenta k; approach zero at the same rate. This
definition of the collinear limit is frame-independent, and it only depends on the collinear
direction P and the transverse momenta k ;. In particular it is independent of the choice
of the auxiliary vector n.

The variables that appear in eq. (2.1) are unconstrained apart from on-shellness and
transversality, n-k; = Pk 1; = 0, and so the sums of the momentum fractions x; and the
transverse momenta k| ; are unconstrained. However, the collinear limit is invariant under
longitudinal boosts in the direction of the parent momentum P = ) " p;. We trade z;
and k| ; for new quantities z; and k 1; that are boost-invariant in the direction of the parent
momentum. In refs. [54, 73], it was shown that a convenient set of such variables is given by

m
x; pi-n = .
2 = : : kﬁi:kﬁle} K i=1,...,m. (2.2)
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It is easy to see that these new variables satisfy the constraints,

izizl and il%j‘_i:(). (2.3)
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From now on, we only work with these variables, and in order to avoid cluttering notation,
we shall drop the tilde on the transverse momenta.

In the limit where a subset of massless particles is collinear, a scattering amplitude
factorises as [75-77]
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where %1, indicates that the equality holds up to terms that are power-suppressed in the
collinear limit, while f, s and c respectively denote the flavour, spin and colour indices of the
parent particle. The quantity Sp appearing on the right-hand side is the splitting ampli-
tude, which depends only on the kinematics and the quantum numbers in the collinear set.

For an amplitude whose collinear massless particles occur all in the final state, the
factorisation in eq. (2.4) is valid to all orders in perturbation theory.® Accordingly, also
the squared matrix element factorises,
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where in the short-hand notation of the left-hand side the sum over all spin and colour
indices of the matrix element is understood. The factorisation of the squared matrix
element can be written as
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where g5 is the strong coupling constant and p is the scale introduced by dimensional
regularisation, and a sum over repeated indices, in this case the spin indices s and s', is
implicit, and we introduced the Mandelstam invariant,

S1..m = (pl +... +pm)2 . (27)

]?Jf;nﬂm o denotes the helicity tensor obtained by not summing over the spin indices of the
parent parton,
/ . Lo *
Tt = 2 MR MG (28)
(Sm+1se-ySn)
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where for brevity we have suppressed the momenta on which the amplitude depends. The
tensorial structure of the factorisation in eq. (2.6) is necessary to correctly capture all
spin correlations. Due to colour conservation in the hard amplitude there are no non-
trivial colour correlations, and we therefore sum over the colour ¢ of the parent parton in
eq. (2.8). The quantity Pﬁf’ f,, 0L eq. (2.6) is the (polarised) splitting amplitude for the
squared matrix element, which is related to Sp by
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where C; is the number of colour degrees of freedom of the parent parton with flavour f,
i.e., C; = N2 —1 for a gluon and C, = N, for a quark. In egs. (2.6), (2.9) and henceforth,

#When the subset of collinear particles contains also initial-state particles, the factorisation in eq. (2.4)
is valid in general only for tree amplitudes [78].



the dependence of the splitting amplitude on the transverse momenta k| ; and momentum
fractions z; of the particles in the collinear set is understood. Further, in QCD the flavour
of the parent is uniquely determined by the flavours of the particles in the collinear set, thus
we suppress the dependence of the splitting amplitude on the left-hand-side of eq. (2.9) on
the flavour of the parent parton.

Splitting amplitudes for the squared matrix element have been computed at tree level
for the emission of up to three collinear partons in refs. [53, 54|, and for the emission of four
collinear partons out of a parent quark in ref. [73]. The goal of this paper is to compute
the tree-level splitting amplitudes for the squared matrix element for the emission of up to
four partons out of a parent gluon, thus completing the set of splitting amplitudes for the
emission of up to four collinear partons in QCD.*

3 Gluon-initiated splitting amplitudes

In this section we present the computation of the gluon-initiated tree-level splitting ampli-
tudes for m = 4 collinear partons,® which is the main result of our paper. The computation
follows the same lines as that for m = 3 collinear partons in ref. [54]. Our results for the
splitting amplitudes are too lengthy to be presented in printed form, but we make them
available in computer-readable form [74].

In order to compute an m-parton splitting amplitude, we start from an on-shell ampli-
tude for n = m + 3 partons and take m of them collinear. We perform a uniform rescaling
of the transverse momenta k; in eq. (2.1) by a small parameter A,

]ﬁ_i—>)\]ﬁ_i, 1<¢<m. (3.1)

This ensures that in the collinear limit A — 0 the k; approach zero at the same rate.
We then expand the matrix element into a Laurent series around A = 0. The leading
term corresponds to the coefficient of 1/ A2(m=1) " which is universal and is described by the
collinear factorisation in eq. (2.6).

While the final result of this operation is of course gauge independent, the set of
Feynman diagrams that contribute to the leading behaviour in A depend on the gauge
choice. We would therefore like to choose a gauge that simplifies the computation as
much as possible, e.g., by minimising the number of (interfering) Feynman diagrams that
contribute in the collinear limit. In ref. [54] it was argued that it is convenient to work in
a physical gauge (e.g., axial gauge), because contributions from Feynman diagrams where
collinear partons are separated by a hard propagator are subleading in the collinear limit.
Here we work in axial gauge, where the gluon field is subject to the following conditions,

O AF =, AP =0, (3.2)

4As in ref. [73], we refer to both Sp and p simply as splitting amplitudes.
5The constraints in eq. (2.3) have not been imposed on our results. This may allow us, through crossing
symmetry, to readily obtain the splitting amplitudes for initial-state collinear emissions [79].



where n is an arbitrary light-like reference vector. In this gauge, the gluon propagator
takes the form,

w,a v,b - cab v v v
2(5 dr n Hn nk
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For p? = 0, the polarisation tensor d*¥(p,n) can be interpreted in three different ways: first,
it is the projector onto the (D — 2)-dimensional space transverse to p and n. Second, it is
the metric tensor induced by the D-dimensional Minkowski metric on that space. Finally,
it is the sum of all physical polarisations of a gluon with momentum p,

> ebp,n)es(pn) = d*(p,n), (3-4)

where €5(p,n) is the polarisation vector for a gluon with momentum p and transverse
polarisation s = 1,..., (D — 2). In principle, we may choose a different reference vector for
each gluon, as long as it is not orthogonal to the momentum. In our case, it is convenient to
choose all gauge reference vectors to coincide with the reference vector n appearing in the
definition of the collinear limit in eq. (2.1). We can then write the collinear factorisation
for a parent gluon in terms of Lorentz indices rather than helicities [54],

—1
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Cgl.l.m ‘Mﬁfn (pla ERR 7pn)‘ = Pf1~~~fm 7}fm+1.,.fn,uy(Papm+la o apn) )

S1..m

(3.5)
where quantities with open Lorentz indices are obtained by amputating the polarisation
vectors and inserting the polarisation sum in eq. (3.4). Note that in passing from eq. (2.6) to
eq. (3.5) we have implicitly used gauge invariance to eliminate the gauge dependent terms
in eq. (3.4). Indeed, since physical polarisation states are transverse, only the transverse
part of a Lorentz tensor carries physical information. This is because the non-transverse
part vanishes upon contraction with a physical polarisation vector. As a consequence, the

helicity tensor 7}‘}2“ f in eq. (3.5) can be chosen to satisfy the transversality condition,

n

D T _ P TH _
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With this choice, the complete tensor structure of the splitting amplitude contains terms
involving the transverse momenta of the collinear partons [54],

(9) O RLRL )
DUV _uv 49 iy (g
Pf1-~~fm =9 Af1~--fm + Z s1 Bl'j,fL..fm : (3'7)
Bj=1
We stress, however, that the splitting amplitude defined in this way does not vanish upon
contraction with P.
Since we work in axial gauge, we do not consider the subset of Feynman diagrams where

collinear partons are separated by a hard propagator. The sum of all relevant diagrams



can be cast in the form,

(gl...m |Mf1fn (pla s 7pn)|2 =
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where a sum over the spin indices s, s’ of the intermediate state is understood, and

we suppress all colour and spin indices of the external partons. Here MEZ}ZILSHM £ =

Mg}})ms“ i (P, pm+1,---,Pn) denotes the sum of all Feynman diagrams with an off-shell

leg with momentum P, flavour f and spin s. Note that this subset of Feynman diagrams

is by itself not gauge invariant, and the superscript (n) indicates the dependence on the
) ss

reference vector. The squared off-shell current Vf(ln fm,, may be written as the interference
of two colour-dressed off-shell currents,

m—1
2#26‘9? (n) ss’ 1 Caclu-Cnl;S/Sl...S,n * C\CT e Crr 3881 e Sm
<317n Vflfm <p1’ o ’pm) - Ff Z |:Jf1fm ] Jflfm )
(317"'7Sm)

(e, 4eeestm)

(3.9)
where Cy is defined after eq. (2.9). Note that also Vf(;l)j‘ii depends on the gauge vector
n before the collinear limit is taken. Since the collinear limit is gauge invariant, this
dependence disappears in the limit, and the squared off-shell current reduces to the splitting
amplitude,

GV (1o pm) = PE (3.10)

We have computed all gluon-initiated splitting amplitudes up to m = 4, and we repro-
duce all known results for the cases m = 2 and 3. The results for m = 4 are new and are
presented for the first time in this paper. There are four different gluon-initiated splitting
amplitudes,

9= dda, 9g—quaqe,  9-—a999, g~ 9999 - (3.11)
In the remainder of this section we discuss in more detail the computation of these splitting
amplitudes. The explicit results are available in computer-readable form [74].

Let us start by discussing the simplest splitting process, the collinear decay g — ¢'¢'qq
with different quark flavours. There are five diagrams that contribute to the off-shell current
Jg, ¢'qq 1 € (3.9). The diagrams are shown in figure 1. Going through the steps outlined
above, we find that the result for the splitting amplitude ¢ — ¢'¢’gq can be decomposed
into an ‘abelian’ and a ‘non-abelian’ part,

. 1 . 1 A
Nz _t v (ab) < uv (nab)
7443304 4CF Pti’lq’gti3q4 - 4C Pqﬁqéém ’ (3.12)
where the indices carried by the parton label refer to the indices of the momenta and the
momentum fractions of the partons, and C'r and C'4 denote the quadratic Casimirs of the
fundamental and adjoint representations of SU(N),
_N?2-—1

Cp=—3y— Ca=N. (3.13)




Figure 1. The diagrams contributing to the off-shell current g — ¢ ¢5G3qs. In the case of identical
quarks we also need to include diagrams where the anti-quarks ¢; and g3 are exchanged.

The splitting process g — ¢qqq, in which the final state quarks have the same flavour,
q¢ = q, includes diagrams where the anti-quarks 1 and 3 are exchanged (or equivalently,
where the quarks 2 and 4 are exchanged). This naturally leads to the following represen-
tation of the splitting amplitude,

DUV | D v (id)
P(?lq2(?3q4 - [Pq£q§q3q4 + (1 AN 3) + P@1q2§3Q4 : (3‘14)

The term in square brackets contains the splitting amplitude in eq. (3.12) in the case
of different flavours and the exchange contributions obtained by permuting the external
quarks. The last term in eq. (3.14) is new and captures interference contributions from
identical quarks. It is again convenient to display the result in terms of colour factors,

& (id 1 & (id 1 v (id
P(iulth(%zp; = §CF <CA - 2CF) P17M1Q2(1732114 + §CA (CA - QCF) P;M2(1732124 : (3‘15)

Since C4 — 2Cp = %, the interference contributions are colour suppressed.

Next, let us discuss the splitting amplitude ¢ — Gqgg. The Feynman diagrams con-
o

dq9g
the splitting amplitude into contributions from different colour factors as follows,

tributing to the off-shell current J are shown in figure 2. As usual, we can decompose

A 1 2 puv (ab) 1 2 uv (nab) 1 Auv (nab)
PQ%ZQQS% = §CF P@19293Q4 + §CA P@lQ293Q41 + §CA Cr Pfilg293q42 : (3'16)

It is possible to express each colour coefficient in eq. (3.16) in a reduced form by exploiting
the symmetry under the exchange of the two external partons,

P,LLV(X) _ <P;w (X) symm. + (1o 4)) +(2¢3), (3.17)

1929394 d1929394

where (X) € {(ab), (nab)i, (nab)a}.

Finally, let us discuss the pure gluon splitting process g — gggg, which poses a chal-
lenge due to the large degree of Bose symmetry under the exchange of the external gluons.
The diagrams contributing to the decay are shown in figure 3. An important step in the
computation of the splitting amplitude was to take into account symmetries between dif-
ferent permutatons of the four external gluons in order to minimise the number of terms.
We can write Plyg, in a symmetrised form as

Pg‘;”% ags = Pgﬁi’/g;gbér;‘lm. + (11 permutations of ¢g19293g4) - (3.18)



Figure 2. The diagrams contributing to the collinear decay g — ¢1929394.

The above permutations do not include orderings of the external gluons which leave the
first diagram in figure 3 invariant.

4 Nested collinear limits

In this section we analyse the collinear limit of the splitting amplitudes themselves, i.e.,
we study their behaviour in the limit where a subset of collinear partons is more collinear
than the others.

To be concrete, let us consider a collection of m partons with flavour indices
{fi,s fmss---, fm} and momenta {p1,...,pm/,...,Pm}, with m’ < m. We always think



[ +(1(—>3)+(2<—>3)}

+(1<—>4)+(2H4)+(3<—>4)}

Figure 3. The diagrams contributing to the splitting process g — ¢g19293g4. In the third diagram
we sum over the 6 possible pairings of the partons in the three-gluon vertex.

of these partons as being part of an on-shell n-point amplitude My, ¢, involving (n —m)
additional coloured partons. Our goal is to study the behaviour of the amplitude in the limit
where {p1, ..., pm } become collinear to some lightlike direction P, and {15’ s Dmi 4l - Pm}
are collinear to another lightlike direction P. Depending on the order in which the dif-
ferent collinear limits are taken, there are two different scenarios of how such a kinematic
configuration can be reached, referred to as iterated and strongly-ordered collinear limits
in ref. [73]. The (splitting) amplitudes factorise in the same way in each of the limits, and
the factorisation involves the same universal quantities in both cases [73]. We therefore
focus here only on the strongly-ordered limit from now on.

We start by giving a precise definition of the strongly-ordered collinear limit. We
perform separate light-cone decompositions in each of the m- and m’-parton sets. For the
m-parton set, we will use the notations and conventions of eq. (2.1). For the m/-parton
subset we write

2 m
W plp po_ Kl 1 - !
P, =y P" + K, S B i=1,....m, (4.1)

withn2 = P2 =P' . k,; =n'-k,; = 0. The momenta P and P’ indicate the directions to
which the partons in each set become collinear. We stress that at this point the lightcone
directions P’ and n’ in eq. (4.1) are not related to the quantities P and n in eq. (2.1).
However, without loss of generality, we may choose n’ = n, and we work in the axial gauge
where the reference vectors of all external and internal gluons are n. For more details about
the parametrisation of the strongly-ordered collinear limit, we refer to ref. [73]. With this
setup, the strongly-ordered collinear limit is defined in analogy with the ordinary collinear
limit in section 2: the vectors kﬁl and ﬁ‘ii parametrise the transverse distance to the planes

~10 -



spanned by (]S ,n) and (]3’ ,n), respectively. The strongly-ordered collinear limit where the
m/-parton subset is more collinear than the m-parton set is defined as the limit where both
k' . and k[, approach zero, but the /[, tend to zero faster than the &/,. We can implement
the operation of taking this limit by a uniform rescaling of the transverse momenta in each
collinear set by a different parameter,

kli_>>\k:li7 K}J_Z'—>)\IK/J_7;, (4.2)

and keeping the dominant singular terms of order 1/’ 2(m'=1) \2(m=m") iy the limit A, ' — 0
with A > .

The leading behaviour of an amplitude in the strongly-ordered collinear limit is de-
scribed by a factorisation formula very similar to eq. (2.6) [73],

292’u26 m’—1 292'“25 m—m/
GGl Mg (D1, p0) P = < 3{7

S1.m/ 1..m/]..m
Hhh' Frhh’;ss’ / =~
<P L font f(l...m’)fm’+1"'fm 7?;711+1---fn (P’pm/+17 T )pn) ’ (43)
where
S[1..m/]..m = (P/ T P41 T +pm)2 . (44)

The functions P;Llh/ s, and fsf;ﬂ_” 7, are the splitting amplitude and the helicity tensor
f[’"b(}f;ssi)f rrdo
squaring the amplitude-level splitting amplitude without summing over the helicities of one

introduced in section 2. The splitting tensor is new. It is obtained by

of the partons in the collinear set (cf. eq. (2.9)),

M mem ﬁhhl;SS/
S[1..m/]..m Ja.myfmi41--Im

. Y *
1 Z S CyCopt1-+-Cm;S, 8,00 1 g 8m CCppt 41---Cm;S R 58,1 1 8m (45)

a f(l...m/)fm’+1"'fm f(l...m/)fm’+l“‘fm

(Sy/ £ 150+5Sm)
(C7Cm/+17"'70m)
where Cy is defined after eq. (2.9). Just like in section 2 we suppress the dependence of
all splitting amplitudes and tensors on their arguments. The factorisation of the squared
amplitude in the strongly-ordered limit can be cast in the form of a factorisation of the
splitting amplitude itself,

Aol S[1..m/]..m m-l Shh! Frhh/;ss’
(51_”m,p1.__fm = | L= P H, ™ (4.6)

51.”m/ 1"'f’m, f(l.”m/)fm’«‘fl'”fm :

By comparing eqs. (2.6) and (4.3), it is easy to see that upon summing over the helicities
(h,h') the splitting tensor reduces to an ordinary splitting amplitude,

hh! frhh';ss’ _ pss’
5 Hf(14..m’)fm’+l'“fm - Pf(l...m’)fm’+1“'fm ’ (47)

In the following we refer to the partons with spin indices (s, s’) and (h, k') as the parent
and sub-parent, respectively. Depending on the flavour of the parent and the sub-parent,

- 11 -



the structure of the splitting tensor can be further simplified. The case where the parent
is a quark was considered in ref. [73]. Here we only consider the case where the parent is a
gluon. Using a similar argument as for the splitting amplitude in section 3, we can trade
helicity indices (s, s’) for Lorentz indices (u, ) and write eq. (4.3) in the equivalent form,

292 2¢\ M —1 292 % m—m/'
Cg(lm’)mcglm"Mflfn (p1, .. ,pn)|2 = < > [7

S1..m/ S[1...m!)...m
>hh/ hh'; D
X B i Tt un(Bopopa) (48)
If the sub-parent is a quark, helicity must be conserved, and the splitting tensor is diagonal
in the spin indices (h, ') of the sub-parent. Equation (4.7) then implies

S[1..m!]..m mel N
G Pf g, = Phit) Paf st (4.9)

S1..m/

where (Pflm fm/> denotes the unpolarised splitting amplitude,

5 _ 1 Shh!
(Phy.fm) = m Onn PE 4,5 (4.10)

and Npo denotes the number of physical polarisation states for the parent parton. We
work in conventional dimensional regularisation (CDR), where the quarks and gluons have
2 and (D — 2) polarisation states, respectively.

If also the sub-parent is a gluon, we can use a similar argument to that of section 3 to
trade in the helicity indices (h, h') for Lorentz indices («, 8) by amputating external polar-
isation vectors and contracting with polarisation tensors. Since only transverse polarisa-
tions are physical, only the transverse part of a Lorentz tensor carries physical information.
Thus, we can write eq. (4.8) in the equivalent form,

292,“26 -1 292H25 m—m/
Gty Gromt Mo (015 s D) = ( e

S1..m/ S[1..m']..m
. - o -
X Py p 0 H;El‘ﬁ/ﬁmm--fm T5 it fngir (P P15 -+ Pn) s (4.11)
and the relation in eq. (4.7) becomes
FraB;uy D!
Hf(l_._m/>fmf+1---fmda5(P n) = Pf(1 iyt fn + gauge terms. (4.12)

In appendix B we show that the most general tensor structure of the splitting tensor is

_ KM kY
rof;uy _ gap uv 4(9) 1i™vlj af (9)
Hgfm’+1~'fm =d7(Pn)g Agf 41dm ! Z—H S[1..m']..m a (P n) B” 9Fmt1--fm
i,j=m’
m o« kD " N L
L ~(g # 9
+ > ot T D Dz’jkz,gfm/+1...fm
ij=mi41 °[Lem/]..m i,g,k,l=m/+1 [1 m/]...
Lo KR+ 0™ Rk + g kR + g “kiikij £
S[1.../]..m bty I
il
+ (g v g4 gon 9’3”) Fg(?zn,ﬂ...fm- (4.13)
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At this point we have to make some comments about eq. (4.13). First, let us discuss the
aB;uv

9fmiy1---Im”
it follows that the splitting tensor must be symmetric under the exchange (u, @) < (v, f).

symmetry properties of the splitting tensor H From its definition in eq. (4.5)

In eq. (4.3) it is contracted with P*® and T, which are symmetric tensors at tree level.
Hence, only the part of H sfm’f -1:1 1, that is individually symmetric under y <+ v and a + 3
enters the factorisation in eq. (4.3), and we only present here the part of the splitting
tensor with this enlarged symmetry. Second, we see that eq. (4.13) involves a mixture
of metric tensors g”? and polarisation tensors dp"(ﬁ,n). The tensor structure given in
appendix B involves only polarisation tensors, which would make the splitting tensor
explicitly transverse. However, similar to the case of the splitting amplitude discussed in
section 3 (cf. eq. (3.7)), some of the gauge-dependent terms drop out in the contraction in

eq. (4.11). In particular, we can perform the replacements,

d”(P,n) < =g, (p,0) € {(p,v), (), (B,v), (,v), (B, )} (4.14)

For (p,o0) = (u,v), the equivalence between the polarisation tensor and the metric tensor
follows from eq. (3.6), while the other cases follow from relations like

Pfl...fm/,aﬁ dOéM(P7 n) dﬁV(P7 TL) 7}fm+1...fn,;w = Pfl...fm/,a,B gau gﬁu Tffm+l~-.fn,ﬂl/ » (4'15)
Pty g A (P0) KL T g = =P s

m

08 g kikig 7}fm+1-~~fnvﬂl’ :

We have checked that our results for the quadruple splitting amplitudes have the
correct behaviour in all strongly-ordered collinear limits, i.e., they satisfy eq. (4.6) for
m’ = 2 and 3. The strongly-ordered limit of the quadruple splitting amplitudes involves
the splitting tensors with two or three collinear particles in the final state. The relevant
splitting tensors for two collinear partons can be found in ref. [31],

Arhh/spy 1 hh! Huv
Hz, = 55 P (4.16)
. 1—z 2 kY kD Kk~
Haﬁ,,uu —92C ( ap , Br av B,u) prVLvL 1— 1 idaﬁ P7 ,
where we set k; = k1| = —ko,. Note that, compared to ref. [31], we express the splitting

tensor HoY# in a form that is individually symmetric in (u,») and (o, 8). In addition,
the two-parton splitting tensor 1:139’3 s special in that certain tensor structures do not
appear. The coefficients Ag%) and Dégé& gg A€ subleading in the collinear limit, while E:gg) 99
vanishes in the explicitly symmetric form (4.13). The relevant splitting tensors for three

collinear partons are new and are given in ref. [73] and in appendix C.

5 Conclusions

In this paper, we have computed the quadruple-collinear splitting amplitudes for a gluon
parent in CDR. Combined with our previous results for a quark parent [73], this completes
the set of tree-level splitting amplitudes describing all collinear singularities for the emission
of up to four collinear partons at N3LO. Our results are available in computer-readable form
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online [74]. We have also considered the strongly-ordered limit when a subset of the four
collinear partons become collinear to each other, and we have derived the corresponding
factorisation formulae. Our results satisfy the expected factorisations in all strongly-ordered
limits, which provides a strong check on the correctness of our computations.

Our results are an important building block towards understanding the complete in-
frared structure of massless QCD amplitudes at N3LO, which is a cornerstone to construct
a substraction method at this order. Indeed, firstly, the purely virtual infrared singular-
ities of massless amplitudes with up to three loops are completely known [80-85]. Sec-
ondly, when our results are combined with the results for the one-loop emission of up to
three collinear particles [52-58, 60, 67, 68]° and the two-loop splitting amplitudes for two
collinear partons [61-63], they provide a complete description of all collinear singularities
up to N3LO. Finally, soft emissions are known for the tree-level emission of up to three
soft partons [54, 70, 86, 87], and at one and two loops for the emission of a single soft
gluon [56, 58, 59, 64—66]. The soft current describing the emission of a pair of two soft
partons at one-loop, however, is still missing. For the future, it would be interesting to
compute this current and to complete the description of all infrared singularities of massless
QCD amplitudes at N3LO.
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A The iterated collinear limit

The strongly-ordered amplitude [73],

D = PR g T v (A1)
depends on the quantum numbers and light-cone kinematics of both the m-parton collinear
set and its m’-parton subset. It is obtained by summing over the helicities (h, k') of the
parent parton of the collinear subset. In case the sub-parent with helicities (h,h’) is a
quark, following the factorisation in eq. (4.9), the strongly-ordered splitting amplitude has
the same tensor structure as an ordinary splitting amplitude. In case both the parent with
helicities (s, s') and the sub-parent are gluons, the strongly-ordered amplitude has a similar
tensor structure as that of a gluon splitting amplitude,

m’ noov m m
R KL RY kh o kY
S.0.3UV __ v 4 s.0. Li™1lj ps.o. k™MLl s.0.
Brotr =g AR g+ D I B gt ) o Ol (A2)
ij—1 1..m kl=m/+1 m/+1..m

5But for the one-loop collinear splitting amplitude ¢ — ggq, which at present is unknown.
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It depends on the transverse momenta /@ii of the collinear subset, i = 1,...,m’ and those
of the other (m — m’)-collinear partons unaffected by the strongly-ordered limit, &/ j with
j=m'+1,...,m.

The strongly-ordered splitting amplitude can be obtained by performing the m’-parton
iterated limit on the m-parton splitting amplitude,

m/—1

D S.0. Y S1..m/ DY

Pfl...fm - (S/) Cgl...m’Pflmfm . (A3)
[1..m/]..m

The steps involved are essentially the same as for a quark parent, which was considered in
ref. [73]. However, as a first step, we need to apply the relation

K-k ; nt )
K, =GE!* + k), + " Zn.ﬁ’ i=1,...,m, (A4)
where K# = Z;n:ll K= =30 K and a = Z;”:/l z;j. Then, we perform the steps

outlined in appendix C of ref. [73].

Comparing the strongly-ordered limit obtained from eq. (A.3) with that obtained from
eq. (A.1), works as a strong check on the splitting amplitudes. This was done to check all
possible two- and three-parton sub-limits.

B Tensor structure of gluon parent and sub-parent splitting tensors

In this appendix, we detail the general tensor structure of the gluon-initiated splitting

Fraf;uy
tensor Hgfm/+1...fm

as the collinear limit of the helicity tensor 7@%, defined in eq. (2.8). Therefore, we be-

with a gluon sub-parent, defined in section 4. This tensor appears

gin by considering an n-parton tree-level QCD process with its associated helicity tensor
7}?5 fn (p1,...,Pn), where parton 1 carries the Lorentz indices («a, #). Using the same kind
of argument as for eq. (3.8), our gauge choice allows us to consider only diagrams that
have a propagator carrying the momentum P = ", p; of the parent gluon. This directly
implies that the sub-diagrams splitting the parent parton into m partons will factorise (cf.
eq. (3.8)), the only difference being that the spin indices of parton 1 are not summed over,

222\ T 1 ) e (n) v
= Cgl,,,m [(Slm [Mgferl...fJ Hfl---fm (pl,.. . ,pm) Mgfm+1---fn
The squared off-shell current H}?)O}i # is the interference of the colour-dressed off-shell

currents splitting the parent parton into m collinear partons (cf. eq. (3.9)), with the Lorentz
indices of parton 1 and the parent parton open,

—1
(2#269§>m H(n) aB;uv _ 1 Z [Jc,cl...cm;uﬁsz...sm * Jc,cl...cm;uasz...sm (B2)

fiofm T o, fifm fifm )
SL.m Cs (s2,..»8m)
(C,Cl,...,Cm)
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where we have suppressed the dependence on the momenta. As usual the superscript
(n) indicates the dependence on the reference vector. Given the definition in eq. (B.2),
H}?)O}i # is symmetric under the simultaneous exchange of the Lorentz indices of parton
1 and the parent parton,

(n)aBipv _ g7(n) Basvp
Hy p =Hp g, (B.3)

This means that the most general tensor structure for HJ(C )O}i H is given by

B
H(”) afiuv o uv A( 9) + Z pZ p] aﬁ B(g) + i”: p?pj ,uzz C(g)
gfl---f’m _g g gfl fm ] | 81 7«79]“1 fnL Zjil 51 m Z]gfl f'm
B
i”: p]pkpl 50 N T gt plpY + g7 pepl =)
wkl,gfl---fm s lij,gf1---fm
j ke l= 1...m ij=1 1..m
ga”Pfﬁ + 9% ] ) B0 (9)
o 14
+ Z 51..m B 5.9 p pronn T 9 S ST
)
+ g gPH Fgg;fl . T gauge terms, (B.4)

where ‘gauge terms’ on the right-hand-side denote all terms proportional to the axial gauge
vector n. By the same arguments as for the tensor structure of the gluon-initiated splitting
amplitude, the coefficients A;f)1 f,, through Fégg)fl_n f,, in eq. (B.4) are dimensionless and
of order zero in the collinear limit. In addition, we have the following symmetries, which
follow directly from eq. (B.3),

—(9) —(9)
Bj; Jm T B; fm >

i5,9f1-. G, f1..
~(9) =9
Cijvgfl fm C]’L gf1 f'm ) (B5)

—=(9) —(9)
Dijit st = Diitkgfiton

Since only the transverse part of a Lorentz tensor holds physical information (cf. sections 3

and 4), we multiply H;}L) a? ¥ by spin-polarisation tensors,

Ay (P.1) dys(P,m) dag(p1,m) d g (pr, m) B 507 (B.6)

Next, we take the m-parton collinear limit of H}?)afi " to obtain the splitting tensor.

Equation (B.1) can then be written as

202 g2\ e
%1-‘-m7}?é.fn(1717--~7pn)=( s Haﬁu Tgfm+1 fn:/“/(P Pmt1s---5Pn).  (B.7)

S1..m
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By computing explicitly the contractions of the tensors on the right-hand-side of eq. (B.4)
with the spin-polarisation tensors, we obtain

dya(pisn) go‘ﬁ dys(pi,n) = —d/w(ﬁ,n) +...,
5.
d*,(pj,n)pi = =k, + ;;k‘ﬁj +..

d*(Pn)P,=0+...,

d"(P,n)n, =0, (B.8)
1
d",(pi,n) P" = . k“j_l +...,

d*,(P,n)p} = —k 4

where in the ellipses we have suppressed sub-leading terms in the m-parton collinear limit.
Thus, the transverse part of the splitting tensor in eq. (B.7) contains only combinations of
spin-polarisation tensors and transverse momenta.

In addition, we can take into account that in eq. (B.7) the splitting tensor is contracted
with the symmetric tensor 7;}:&1... I which allows us to discard terms in H}w ’}V that are
anti-symmetric under the exchange p <+ v. This leads to the following expression for the

splitting tensor,

kY
af;uv af v 4(9) l’t VLiv1lj a8 n(9)
Hopty = —dPd" A, + Z o Bign g
5,j=1
LR LS P O
kT, J_] L1501 kM1 S (9)
- Z —dC S IDY — = Dijkentn

7‘7 1 ,],k‘l 1 1m
. i L i 5
]

8 8 (9)
<da'ud 14 + dal/d ,u) gf1 fm , (Bg)

where we have suppressed the dependence of the spin-polarisation tensor on the gauge
vectors P and n. The scalar coefficients appearing in eq. (B.9) are linear combinations of
the coefficients in eq. (B.4). To keep the symmetry of this expression, the coefficients now

satisfy

(9) . g
Biiatitn = Biigh.fm
(9) _ ~(9)
CU gftefm Cji7gf1...fm ) (B.10)

(9) _ N9 _ nl _ nle
Dilttatvtm = Pitktgtrotm = Disikg ot = Djithoghiofon

We can now immediately obtain eq. (4.13) from eq. (B.9) by replacing some of the polari-
sation tensors by metric tensors following the discussion in section 4.

C The three-parton splitting tensors

There are three gluon-initiated splitting tensors with three partons in the collinear set,

g9—q4qg, 9— 999, 9— 999- (C.1)
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The first is obtained by not summing over the helicities (h, h') of the quark (or equivalently,
by charge-conjugation, the anti-quark) in the collinear set. It is proportional to the three-
parton splitting amplitude P,%Vg given in ref. [54],

Frhh/spv 1 hh! v
A = 6t P (C.2)

The other two have the tensor structure of eq. (4.13). The three-gluon splitting tensor

flg‘gﬂg’“ ” is too lengthy to be presented on paper, but we make it available in computer-

readable form [74]. In the remainder of this section, we provide explicit results for the

splitting tensor H ;7%“ Y. We can write it in terms of an ‘abelian’ and ‘non-abelian’ part,
.\ B, 1 . 1 -
aB;uy af,uv (ab) af,uv (nab)
Hogq' ™ = 9 Cr Hygq + B} Ca Hygq : (C.3)

We add a subscript (12) to denote the on-shell momentum of the gluon sub-parent.
Furthermore, we define the shorthand,

2n.5=21+...+2, zi=1-2z, kiv.j=kii+...+ki;. (C.4)

In what follows, we have eliminated z1o and k] 15 using the constraints. The sub-energies
sjij)k are defined in eq. (4.4). The coefficients in eq. (4.13) belonging to the ‘abelian’ piece

of HYPH are given by

9(12)4394
@ @) __ (spops + o)’ (C.5)
9(12)d394 — 28[12}38[12}4 ) :
2s
(9) (ab) — plg) (ab) — p(9) (ab) — p(9) (ab) _ [12]34
33,9(12)3394 — B34:9(12)673CI4 = T43,9(12)7394 — B4479(12)t73tI4 - 75[12}35[12}4 J (C.6)
?Eg) (ab)  _ ~ 25[12)34 (24501213 — ZaS[12)4) 2 7
»9(12)9394 8[212]35[212}4(1 _ 234)2
(@) @) 25019534 (2381214 — Z3512)3) * (C8)
»9(12)9394 8[212]38[212}4(1 _ 234)2
(9) (ab)  _ ~(g) (ab) _ 25[12]34 (238[12}4 - 538[12]3) (248[12]3 - 243[12]4) C.9
34,9(12)3394 — T43,912)T3q4 5[212}35[212}4(1 _ 234)2 ’ (C.9)
2
(9) (ab) _ 824
3333,9(12)4394 _3[212}4(1 — 234)2 J (C.10)
2
(9) (ab) _ 823
44449124394 — _8[212}3(1 _ 234)2 ) (C.ll)
(9) (ab) _ 9 (ab) _ 82473
3334,9(12)q3q4 — 7 3343,9(12)d3q4 _8[212]4(1 ~ 231)? ) (C.12)
(9) (ab) — p(9) (ab) B 82424
3433,9(12) G301 = D4333,9(12) G501 — spgyaspza(l — 2342 (C.13)
(9) (ab) _ 9 (ab) _ 82324
4434,9(12)9394 = D4443,g(12)(qu4 - _8[212]3(1 _ 234)2 ? (014)
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pWE)  _plo@) 8237 (C.15)

3444, g 4344, G3qs )
9(12)9394 9(12)9394 8[12]35[12}4(1 _ 234)2

(@) @) _ p@ @) _pl) @) plo) (ab)

3434,9(12)q394 — T 4343,9(12)q3q4 — T 4334,9(12)q3qa — " 3443,9(12)7394

2324 + 2423 — 1

=4 , C.16
sn12135012)4(1 — 234)? (C-16)
22
(g) (ab) 824
D = S— C.17
4433,9(12)q394 8[212}3(1 _ 234)2 ’ ( )
22
(9) (ab)  _ _ 823 C.18
3344,9(12)7394 8[212}4(1 _ 234)2 ) ( )
(9) (ab)  _ _ 224 C.19
33,9(12)3394 5[12]4(1 — 234) ’ (C.19)
(9) (ab) 2z3
E s = C.20
902 B sn2p(l — 234) 7 (6.20)
(9) (ab) 274
gy = 21
90 B szp3(1 — 234) (©.21)
(9)(ab) _ 2% C.22
43,9(12)33494 8[12}4(1 — 234) ’ (C.22)
(9) (ab) _
Fgf]lz)%tm = -1, (C.23)
while the ‘non-abelian’ coefficients read
(9) (nab) _ 1
A9?12)¢73Q4 9 (C.24)
(9) (mab)  _ S[12)34 (534 + 5[12)4) (C.25)
33,9(12)3394 5345[12)35[12]4 :
(6) (nab)  _ (o) (mab) _ S[i23a (S[izj3a + 534)
34,9(12)4394 — B4379<12)¢?3q4 - 28348[12]33[12]4 ) (C'26)
(9) (nab)  _ S[12]34 (534 + 512)3) (C.27)
902880 $34S[12]35[12]4 ‘
(9) (mab)  _ _ S[1234 (24 (224534 + S[12)4) + 24512)3) (C.28)
33.902) 504 s345[12]3512]4 (1 — 234)? ’ '
(g) (mab) _ S[12]34 (53 (223834 + 5[12}3) + 235[12}4) C.29
44,9(12)G394 — 8348 S (1 — 234)2 J (C.29)
[12]35[12]4 34
(9) (nab)  _ ~(g) (nab) S[12]34 Z4Z3 + 2423 n z3+ 24 Z4 + 23
34,9(12)3394 — T43,9(12)3394 (1 _ 234)2 S[12]35[12)4 28348[12]4 28345[12}3
(9) (mab)  _ 8247 (s34 + S19)4) (C.30)
3333,9(12)d344 83428[1214(1 _ 234)2 ’ :
(9) (mab) 8237 (s34 + sp12js) (C.31)
4444,9(12)q394 53428[12]3(1 _ 234)2 ’ :
(g) (nab) _ (g) (nab) _ 82423 (334 + 3[12]4) (032)

3334,9(12)7394 3343,9(12)@394

s34%8[1914(1 — 234)%
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(g) (nab)

3433,9(12)q3q14 —

(g) (nab)
4434,9(12)q394

(9) (nab)

3444,9(12)q394 —

(9) (nab)

3434,9(12)@3q4 —

D(g) (nab)

4433,9012)3394 —

(9) (nab)
3344,9(12)q3q4

(9) (nab)

=2

33,9(12)@3q4 —

(9) (nab)

44,9(12)43q94 —

(9) (nab)

34,9(12)q3q94

(9) (nab)

43,9(12)@394 —

o) (ab) _

9(12)9394

Open Access.

T4

(9) (nab) _ 42424 $34 + 28194 S34 + S[12)4 (C.33)
4333,9(12)q394 3[12]4(1 _ 234)2 334 5345123 ’ '
(g) (nab) ~ _ _Bz3% (831 + $p1213) (C.34)
4443,9(12)q394 53428[12]3(1 _ 234)2 ’
(9) (nab)  _ 42373 534 + 25[19)4 | 534 + S[12)4 (C.35)
4344,9(12)q394 3[12]4(1 _ 234)2 854 8348[12}3 ’ :
(9) (mab)  _ plo) (nab)  _ p(g) (nab)
4343,9(12)q394 — T 4334,9(12)3q4 — T 3443,9(12)7394
_ 5 <
Z473 + 23224 <2 N [12]34 > ’ (C.36)
(1—234)% \s34  Spss(zassa
873 (s34 + 5[12]3)
- 5 (C.37)
s3425[12)3(1 — 234)
85% (834 + 8[12]4)
-— R (C.38)
53425[1214(1 — 234)
- 222(8[12]3 + 834) - 42’3248[12]4 < ) 22’4 [12]3 (C 39)
(1 — 234)234534 8[12]4 $3 (1— z34)z3483,
 225(sp19)4 + 534) — 4232480193 ( ) 2235194 (C.40)
(1 — 234) 234534 8[12]3 534 (1 — 234) 23453, .
_ ssatspoe (s34 spu2s) ( 42473 1>
28345(12)3%34 28345194 \ (1 — 234)2z34 234
473 1 S[12]3%4 — 5[12}423>
S S (P . (041
s3a(l— z30)zaa \° 27" 534 (C41)
_ ssatsps (s34 sp2u) < 42324 1)
28345(12]4234 2s348112)3  \ (1 — 234)234 234
4z4 ( 1 5[12]3%4 — 3[12}4Z3>
. S (PO . (C.42
saa(l— zza)zaa \ 0 27 534 (C-42)
2
1 B (238[12]4 - 248[12]3) (834 + 8[12]4) (834 - 2’38[12}4) S + 5[12)3
s34%23, 25345[19)3%34 25719)4
5 234 (4 — 324) — 8232 3(1 =
12 (200 . 1= 8a7) | 30—z B L Be4).  (C43)
2834234 2234 234
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