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ABSTRACT: Experiments with paramagnetic ground or metastable excited states of
molecules (ThO, HfFt, YbF, YbOH, BaF, PbO, etc.) provide strong constraints on
the electron electric dipole moment (EDM) and the coupling constant Csp of contact
semileptonic interaction. We compute new contributions to Cgp arising from the nu-
cleon EDMs due to the combined electric and magnetic electron-nucleon interaction. This
allows us to improve limits from the experiments with paramagnetic molecules on the CP-
violating parameters, such as the proton EDM, |d,| < 1.1 x 10723¢-cm, the QCD vacuum
angle, |0 < 1.4 x 1078, as well as the quark chromo-EDMs and the m-meson-nucleon cou-
plings. Our results may also be used to search for the axion dark matter which produces
oscillating 6.
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1 Introduction

The Standard Model of elementary particles naturally incorporates the sources for CP
(charge and parity) violation represented by the Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix [1, 2] and the QCD vacuum angle [3-5] (see also refs. [6, 7] and further references
therein). While the elements of the CKM matrix are measured to a high accuracy, the
exact value of the QCD vacuum angle @ is not known. In recent years, the precision in
modern atomic and molecular EDM experiments has been improved to such a level that
constraints on @ and other CP-violating parameters imposed by these experiments are
approaching or even exceeding those of particle physics [8-14]. For example, experiments
with diamagnetic atoms and molecules targeting the nuclear Schiff moments have placed



significant bounds on the nucleon EDMs [8, 12, 14-26] whereas those using paramagnetic
polar molecules [10, 27-31] give rise to the most stringent constraints on the electron EDM.

In paramagnetic atoms, an atomic EDM may be induced by the following contact
C'P-odd semileptonic operators

G G
L= T;CQP €iysepp + TI;CQLP €iysenn , (1.1)

where G is the Fermi coupling constant, e, p and n are respectively the electron, proton
and neutron fields; Cg p and Cgp are the electron couplings to the proton and neutrons,
respectively. The subscript SP denotes the nucleon-scalar and electron pseudoscalar two-
fermion bilinears.

In polarised polar molecules, the interaction (1.1) induces shifts of energy levels. The
measurement of these shifts places constraints on the value of Csp = C%,Z/A+ CEpN/A,
where A and Z are the nuclear mass and charge numbers, and N = A — Z is the number of
neutrons. The most stringent constraint on Csp is placed by the ACME collaboration [31],
which used the molecule 232ThO, (90% C.L.)

|Csp|py, < 7.3x 10710, (1.2)

The coupling constant Csp receives contributions from various sources, which include
interactions with the nucleon EDMs d,, ,,. The parameters d,, ,, may, in turn, be expressed in
terms of more fundamental ones, namely, the C'P-odd m-meson-nucleon coupling constants
gﬁﬂ;}}v, the quark chromo-EDMs ch,u and the QCD vacuum angle §. Our aim is to determine
the leading dependence of Csp on the parameters d, ,, gT(S{/lJ)V, Jd’u and 6 for 2*2Th and
several other atoms of experimental interest, including Ba, Yb, Hf, Pb and Ra. Note that
C P-violating effects rapidly increase with nuclear charge (see next sections). Therefore, in
a molecule the effects come from the heaviest nucleus.

In a recent paper [32], the contributions to Cgp from the two-photon and 7, 7-meson
exchanges between electrons and nucleons were calculated. These contributions led to a
limit on the QCD vacuum angle \5\ < 3 x 1078, In this paper, we take into account
additional contributions to C'sp which are comparable or even bigger than those calculated
in ref. [32], namely, contribution of nucleon transitions in discrete spectrum (which are
enhanced by small energy denominators in perturbation theory). We take into account
the effect of the Coulomb interaction in intermediate electron states. In heavy atoms like
thorium with Z = 90, the parameter Za ~ 1 and the Coulomb interaction is important.

As we will demonstrate further, the addition of the new contributions allows us to
significantly improve the limits on the QCD vacuum angle and other C'P-violating hadronic
parameters. We stress that these results play important role in the search of axion-like
dark matter [33] which manifests itself as oscillating -term (see, e.g., ref. [34]).

It is important to note that, according to a theorem by Schiff [35], the atomic electrons
completely shield the nuclear EDM. However, it can be measured through the nuclear
Schiff moments and magnetic quadrupole moments [36-38], or by means of applying an
oscillating electric field and observing nuclear spin rotations as argued in the refs. [39-43].
However, since the Schiff theorem applies only to a system which interacts electrically, the



interaction of the atomic electrons with the magnetic dipole moment of the nucleus allows
for a non-zero atomic EDM induced by a nuclear EDM [35]. This paper is devoted to the
study of the mechanism for the production of the atomic EDM from the combined electric
and magnetic interactions between the atomic electrons and the nucleus.

In ref. [44], it was argued that for atoms with vanishing nuclear spins there are no non-
vanishing contributions to the atomic EDM from C P-violating nuclear scalar polarizability.
However, the analysis of ref. [44] did not take into account specific near-nucleus electronic
contributions which cannot be reduced to the CP-violating nuclear scalar polarizability
and are significantly enhanced by relativistic effects in heavy atoms. Indeed, since the
electronic s and p Dirac wave functions for a point-like nucleus are singular at the origin,
the electronic matrix elements between these states are formally divergent and thus make
significant contributions to the induced atomic EDM. In this paper, we will systematically
analyze the contributions to the atomic EDM from such matrix elements in atoms with
vanishing nuclear spins and compare them with those arising from the contact electron-
nucleon interaction (1.1). This will allow us to obtain the leading-order dependence Csp =
Csp(dpn, gfr%)v,dw,é) for several atoms of experimental interest and deduce improved
limits on the C P-violating hadronic parameters.

The rest of the paper is organized as follows. In section 2, we present an estimate for the
atomic EDM arising from the contact electron-nucleon interaction. Section 3 is devoted to
the computation of the atomic EDM induced by nucleon permanent EDMs. In section 4, we
compare the contributions to the atomic EDM from the contact electron-nucleon interaction
and the nucleon permanent EDMs and find relations between the constant Csp and CP-
violating hadronic parameters. In section 5 we give a summary of our results and provide
some comments on assumptions and precision. Technical details of calculations of electronic
and nuclear matrix elements are collected in appendices.

Throughout this paper we use natural units with ¢ = h = 1.

2 Atomic EDM due to contact electron-nucleon interaction

In an atom, the C'P-odd interaction (1.1) between a valence electron and the nucleus is
described by the Hamiltonian [45]
1G
Heont = 7§ACSP7075P(R) ) (2'1)

0 —laxe

T2xz 0O ) and 5 = (_MXQ 5 ) are the Dirac matrices, R is the position

where v = ( 0 —lg.2
vector of the electron and p(R) is the normalized nuclear charge density. In the leading
approximation, p(R) is constant inside the nucleus of radius Ry and vanishes outside,
p(R) = 30(Ry — R)/(47R}), where 0(z) is the Heaviside step function.

Matrix elements of the operator (2.1) receive non-vanishing contributions only from
small distances, where the nuclear density p(R) is different from zero. In heavy nuclei,
the s/ and p; /5 electron wave functions have large relativistic enhancement inside the
nucleus, as compared with other wave functions corresponding to higher angular momenta
I which are negligible at the nucleus (o< R') [45]. As a result, the atomic EDM receives



dominant contributions from the matrix element of the operator (2.1) with the s;/, and
D12 states,

~9 <51/2| eR |P1/2> <P1/2\ Heont ’31/2>

d~ , (2.2)
Ep1/2 - E31/2
where Es and Ep,,, are the energies of the s;/5 and py /o states, respectively, and —e is

the electron charge.

Here, we will estimate the matrix element (p; /o] Heont |$1/2) for heavy atoms. In sub-
sequent sections, this matrix element will be compared with those of C'P-odd operators
originating from nucleon EDMs.

For an atom with a point-like nucleus, the sy/5 and p; /5 valence electron wave func-
tions have simple analytic expressions, see egs. (B.3). For an extended nucleus model
with constant charge density, it is sufficient to consider a simple continuation of the wave
functions (B.3) to the region inside the nucleus as

RN 22\ [ —(v+ 1)t
|81 2> = Cg 0 <) < iZaR 'u s (23&)
/ 27(2v+1) \ap YR QL
Rg—l 27\ 7 (1}V)RQ1
_ - 0 H 2.3b
|p1/2> Cpl/QF(2’7+ 1) (aB> < ’LZO[Q;l ) ( )

where €2 is the spherical spinor, ap is the Bohr radius, v = V1 — Z202 is the relativistic
factor and o ~ 1/137 is the fine structure constant. The values of the normalization
constants ¢, ,, Cp, , are not specified here, as our final results will be independent from
these constants.

With the wave functions (2.3), the matrix element of the operator (2.1) reads

(2.4)

<p1/2|H ) |81/2> _ GrCsp 144y AZa <2ZR0>2’Y

—Cs1/5Cpy )2 10727 T(27 + 1) R% o

For heavy nuclei, this matrix element is significantly enhanced due to the factor AZ?7+1,
Since we will compare eq. (2.4) with the contribution from nucleon EDMs, which is not
enhanced that strongly, it appears that for the ratio of the effects (which is the contribution
from nucleon EDMs to the effective constant Cgp) lighter nuclei may have bigger C'sp than
heavy ones.

3 Contribution to the atomic EDM from nucleon permanent EDMs

In this section, we calculate the contribution to the atomic EDM originating from perma-
nent nucleon EDMs. Since electric interactions alone cannot give rise to atomic EDMs due
to the Schiff theorem [35], such a contribution can only arise when both the electric and
magnetic electron-nucleon interactions are taken into account. We start with the review
of the effective Hamiltonian of this interaction and in subsequent subsections calculate the
nuclear and electronic matrix elements of this Hamiltonian.



3.1 Effective Hamiltonian for the C P-odd electron-nucleon interaction

Let d; = d;o; and p; = uo(géli + g’si) be the operators of electric and magnetic dipole
moments of the i-th nucleon in the nucleus. Here d; = d,, are the proton and neutron
permanent EDMs, pg is the nuclear magneton, gﬁ = gzlm and g7 = gy, are the orbital
and spin g-factors of the nucleons. The operators d; and p; couple with the electric and

magnetic fields of the valence electron, yielding the interaction Hamiltonian®

A

H=-%" (H;l + Hﬁ) , (3.1a)
i=1
edi . (R — I'Z‘)
epi - [(R—ri) x a
H’LM = ‘R—I"P ) (31C)

where r; are the position vectors of the nucleons and ov = ( §) are Dirac matrices acting
on electron wave functions.

The unperturbed atomic states will be denoted by |mm') = |m)|m’), where |m) and
Im’) are electronic and nuclear states, respectively.? The first-order contributions to the
atomic EDM due to the interaction Hamiltonian (3.1) vanish for spinless nuclei which we
consider in this paper, (0|s|0’) = 0. The leading non-vanishing contributions to the atomic
EDM arise in the second order of the perturbation theory (see ref. [44] for further details),

9 Z OleR]m (0'm| H |nn') (n'n| H |00")

B — o) (DD, + sgn(En) DB, (3.2)

mnn

where the sum is taken over the excited states with m # 0 and nn’ # 00’. Here, E,, and E,,
are energies of electronic and nuclear excitations, respectively, whereas AF,, = E,, — Fy and
AE, = E, — Ey. Note that the sum over the intermediate electronic states |n) includes
both positive and negative energy levels which are inherent in Dirac’s theory. The negative
energy states contribute to eq. (3.2) with opposite sign of AE,, because they may be
interpreted as blocking contributions for the electrons from the Dirac sea which cannot be
excited to the occupied electron orbitals. Therefore, contribution of the transitions from the
Dirac sea must be subtracted. (See also refs. [47-49] for analogous account of the negative
energy states within the problem of atomic energy shift due to nuclear polarizability.)

As is argued in section 2, the atomic EDM (3.2) receives leading contributions from
the matrix elements with |0) = [s1/5) and |m) = |p;/2). As a result, eq. (3.2) may be cast
in the form (2.2), with the contact interaction operator Hcont replaced with an effective

n general, in addition to the nucleon EDMs, there are other C'P-violating operators at hadronic level
including three-pion and four-nucleon couplings. In ref. [46], contributions to the nuclear EDM due to these
operators were found for some light nuclei. In this paper, we focus only on the contributions to the atomic
EDM due to the nucleon permanent EDMs.

2In what follows, the nuclear quantum number will be distinguished from the electronic ones with
the apostrophe.



interaction Hamiltonian H.g defined by

Im) (0'm| H |nn/) (n'n| H |00') (0]
Heyg = — | |
- nn%%w AE, +sgn(Ey)AB, (3.3)

Substituting the operators (3.1) into eq. (3.3) and keeping only linear in d; terms we find

(pryal Heft [s1/2) = = D Z M, (3.4)

n'#0" 1,j=1
’.
where MZ is

o (p1/20'| HY' [n'n) (nn'| HY |05y 9)
My =2 AL, sn(BaB, T ). (3:5)

n

In subsequent subsections, we will compute the nuclear and electronic matrix elements in
this expression and present the results for the matrix element (3.4).

3.2 Integration over radial nuclear coordinates

The form of the nuclear matrix elements (0’| HY |n’) and (0’| HZ |n') depends on the specific
nuclear model. To compute these matrix elements we consider an approximation in which
the nuclear wave functions are given by
A
') = [ B (ri) O (&) , (3.6)
i=1
where ©; = r;/r; is the unit vector pointing in the direction of r; and R, (r;) is the radial
wave function.
The function ©,,(r;) in eq. (3.6) specifies the angular dependence of |n’). For a spher-
ical nucleus, it is convenient to use the spherical basis, in which the nucleon states have
definite total angular momenta jznl and total magnetic quantum numbers u?/ In this

case, one may take 0,/(t;) = Q# , () where Q" 1, is the two-component spherical spinor.
On the other hand, for deformed nuclei, one usually employs the Nilsson basis [50], i
which nucleon states have orbital magnetic quantum numbers mi and spin pI"O_]eCtIOHS
=+1/2.
In the spin-flip matrix elements produced by the nucleon magnetic moment and EDM
operators, the radial wave functions in the bra and ket states are the same and we may
average over their oscillations, taking®

3

| Ry (1) = FSH(RO — 7). (3.7)

$We stress that the function (3.7) is needed only to generalize the point-like interaction operators (3.1)
to the model with extended nucleus. Upon averaging the operators (3.1) over nuclear density (3.7) the
short-distance singularity of the electronic operators is spread and effectively regularized. Physically this
means that the electron interacts with a nuclear charge distribution which has no singularity at the origin.
One could model the nuclear charge distribution with the more realistic Woods-Saxon formula. However,
we have checked that the use of the Woods-Saxon formula changes the electronic matrix elements by about
1% which is not essential within this work.



Using the radial function (3.7), one may integrate over the radial variable r; in the matrix
elements (0’| H! |n’) and (0'| H¢ |n’), keeping only the leading dipole terms with respect to
the electronic coordinate R. For that purpose, we note that the operators (3.1b) and (3.1c)
depend on the function

R-r
R_r, ’3 = VR|R— VRLZ% £+1 r,(cos ), (3.8)

where 7« = min(R,r;), r~ = max(R,r;) and ¢ is the angle between R and r;. In this
expansion, it is sufficient to keep only the L = 0 term which reads 8(R—r;)/R+0(r;—R)/r;,
because after applying the derivative Vg it amounts to the dipole term with respect to
the electronic coordinate R. Taking into account only this term and integrating over the

nuclear coordinates r;, one may cast the nuclear matrix elements (0’| H |n’) and (0’| HZ |n’)
in the form

(0'| Hf ) = eM - (O¢| 1 |Ow) (3.92)
(0| H |n') = eD - (O¢/| d; |Oy) (3.9b)

where the operators M and D act only on electronic variables

M = [H(R = Ro)% +60(Ro — R)}%] R x a), (3.10a)
D= [Q(R RO)}; +0(Ry — R)]%] R. (3.10b)

Here R = R/R is the unit vector pointing in the direction of R.
Substituting eqgs. (3.9) into eq. (3.5), one may factorize the matrix element M?j/ into
nuclear and electronic parts as

M%/ = 631/2CP1/2di E?,M(AEn’)(Sij ) (3.11&)
= (Oo| p; |On) (Ow| i [Op) (3.11b)

M n) {(n|D]|s
M(AB) - Oy PpMm @Dl

3Csy/5Cpyjy S AE, +sgn(Ep) ALy,

where we have separated the normalization constants cg, 2 and cp, /, out of the electronic
matrix element M (AE,,).

Equations (3.11) deserve some comments. First, we note that the matrix ele-
ment (3.11a) is represented by a diagonal matrix with respect to nucleon indices ij. In-
deed, the two matrix elements in the right-hand side of eq. (3.11b) should involve the
same nucleon because they both have the same initial and final nuclear states |0') and |n').
Secondly, in passing from egs. (3.9) to egs. (3.11), we have implemented the substitution
(M- p)(D-d) = £(M-D)(p - d) which is applicable inside the matrix elements. Note
that the nuclear matrix element (3.11b) is scalar for spinless nuclei which we consider in
this paper.



For each nuclear energy AFE,, the value of the function M(AE,/) in eq. (3.11c) is
calculated by directly summing over the intermediate electronic states |n), which occupy
both the discrete and continuum spectra. The contribution from the discrete spectrum
appears negligible as compared with the continuum one (see refs. [47, 49] for analogous
calculations). Therefore, in what follows, we will consider intermediate electronic states
|n) from the continuum spectrum represented by Dirac-Coulomb wave functions described
in appendix B.2.

3.3 Nuclear spin-flip matrix elements for spherical and deformed nuclei

The nuclear matrix elements (3.11b) correspond to M1 spin-flip nuclear transitions. The
computations of these matrix elements slightly differ for spherical and deformed nuclei. For

the former, one uses ©,,(r;) = QZZ, (r;) and the matrix elements of the total momentum

Jji vanish for fine structure doubletsi. As a result, substituting the operators d; and p; into
eq. (3.11b) and using the identity 1 = j — s, the nuclear matrix elements may be written
as = = 2u0(gf — gb) |<Qn/| si|©0/)|?. For deflormed nuclei, the angular functions may be
chosen as O,,(r;) = YTZ;, (£)C41/2, where Y;f;, () are spherical harmonics and (1) is a
two-component unit spinor. In this case, one may verify that (©¢|1; |0,/) (©,/|s; |Oy) = 0.
Thus, for deformed nuclei, in eq. (3.11b) we have Z = 2uog¢ || s; |O0/)|*. These two

cases may be combined in one expression

=1 =20 (97— eg!) | {O0r|s:10) 2, (3.12)
where
1 for spherical nuclei
= 3.13
{ 0 for deformed nuclei. ( )
In eq. (3.12), the values of the g-factors for the proton and neutron are gzl7 =1,

g, = 5.586, gl = 0 and g¢ = —3.826, respectively. The energies AFE,, and matrix elements
(Oy|8i|©,) of the M1 spin-flip transitions are listed in appendix A for different nuclei
of interest.

3.4 Matrix element of the effective Hamiltonian

It is convenient to denote the energies and matrix elements of proton M1 spin-flip transi-
tions as AE), and (0’| s|n'),,, and the ones of neutron transitions as AE, and (0'[s|n’),,.
Substituting the nuclear matrix elements (3.12) into eq. (3.11a), the matrix element (3.4)
may be presented in the form

(1ol Htr51/2) = ~265, 265, 0 |dp(0) — egh) My (g} = cal)Ms] . (3:14)
where the quantities M, and M, are defined by
M, = [{|sn), PM(AE,), (3.15a)
AE,
My = (0] s[n'),, PM(AE). (3.15b)
AE,



Note that for deformed nuclei egs. (3.14) and (3.15) simplify, because in the Nilsson basis
(0] s|n"),, ., |?=1and e = 0.

The details of the numerical computations of the coefficients M, and M,, are given in
appendix B and the results are presented in table 5. In particular, for ®9Hf and 2?Th

they are:
BOHf . M, =12lag', M, =1l4ay', (3.16)
22Th: M, =244az', M, = 385a;". '
Substituting these values into eq. (3.14), we find
Ho
(p1y2| Heft |81/2) 1505 = —2051/201)1/2£(673.7d117 —436.2d,,) , (3.17a)
Ho
(1 /] Hett 51/2) oy, = — 2651156, 2y (1363, — 1473dy,). (3.17b)

In section 4, we will compare these quantities with the matrix element of the contact
interaction (2.4) and will find the limits on the nucleon EDMs implied by the experimental
constraints on C'sp. However, before proceeding further, let us make a few comments about
the details and the accuracy of our calculation of the matrix elements (3.17).

The leading contributions to the atomic EDM from nucleon EDMs arise from sy /9
— p1/2 electron matrix elements, because these states are significantly enhanced near the
nucleus by the absence of the centrifugal barrier and relativistic effects [51]. Therefore,
we ignore contributions from matrix elements with higher-/ wave functions which are very
small near the nucleus (o 7).

We call attention to the fact that the effective electron-nucleon interactions (3.10) fall
with the distance (similar to the effect of the ordinary nuclear polarizability) because they
have dipole nature. These interactions give the main contributions to the matrix elements
at distances from about nuclear radius to hundreds of nuclear radii. Thus, it is localised in
the near-nucleus region with R < ap/Z 1/3 where ap is the Bohr radius. It is important
to note that in this region the inter-electron interaction and screening are negligible, and
we can use approximate electron wave functions (B.2) for sy, and p;/, bound states. The
virtual excited electronic states are described by Dirac-Coulomb wave functions in the
continuum spectrum (B.6) while the excited states in the discrete spectrum give negligible
contributions. For those radial wave functions, which are singular at the origin for a point-
like nucleus, we consider their regular polynomial continuation inside the nucleus such
that at the origin they behave similarly to the solutions for the Dirac particle inside of a
constantly charged ball. This approximation does not break the accuracy of our results.

The radial integrals in the electronic matrix elements are calculated numerically. To
control the accuracy of numerical integration, we checked our numerical methods by cal-
culating the energy shifts (contributions to the Lamb shifts) in heavy one-electron ions
due to the nuclear polarizability. The error in this calculation does not exceed 5% as
compared with earlier calculations for Th, U, Pu, Cm and other heavy atoms [47, 49].
Technically, this energy shift is characterised by electronic matrix elements with electric
electron-nucleon interaction while in our work we have similar matrix elements with com-
bined electric and magnetic interaction. This comparison serves as a good check of the



accuracy of our numerical methods in the electronic part of the calculations. However, the
main error in eq. (3.17) stems from the quantities M, and M,, where we expect the errors
of our calculations for the nuclear matrix elements and corresponding energies to be under
50%. This estimate is based on the comparison of the reduced transition probabilities for
M1 spin-flip transitions calculated within the single-particle nuclear shell model employed
in our work with the results of more sophisticated nuclear calculations presented in ref. [52]
for some heavy nuclei (see comments at the end of appendix A). Thus, we conclude that
the error in our calculation of the matrix elements (3.17) is within 50% for all atoms.
This level of accuracy is typical for most of calculations of C'P-violating hadronic effects
quoted, e.g., in egs. (4.11) and (4.12). Further errors originating from relations between
hadronic C P-violating parameters will be introduced into the calculation later when we
derive relations between Cgp and these parameters. Note also that constraints on hadronic
C P-violating parameters in heavy atoms have usually logarithmic scale where the accuracy
of up to a factor of two is acceptable.

4 Constraints on C P-odd hadronic parameters

In this section, we will compare the matrix element (3.14) with the corresponding matrix
element of the contact interaction (2.4). This will allow us to determine the dependence of
the coupling constant C'sp on the nucleon permanent EDMs d,, and d,,. Then, employing
the experimental constraint (1.2) we will determine the limits on the parameters d, and d,,
originating from the EDM experiments with paramagnetic molecules. We will also present
the constraints on other hadronic parameters, which follow from the obtained ones.

4.1 Limits on nucleon EDMs

In eq. (3.14), we computed the contributions to the atomic EDM (2.2) due to the nucleon
EDMs. It is natural to compare these contributions with that due to the contact interaction
Heont. Equating the matrix elements of these interactions (2.4) and (3.14) we find the
relation between the constant Csp and the parameters d, and d,,:

o _ 20v2T(2y + 1)2 muoR2
SPT G 144y AZa

2y
() [l — bty + ot~ sbonr] . 0
We point out that the right-hand side of eq. (4.1) is independent of the wave functions
normalization constants cg, /2 and ¢, P

We stress that the contribution to Csp (4.1) originates from discrete nuclear inter-
mediate excited states while the authors of ref. [32] found analogous contributions due to
virtual nuclear excitations to continuum spectrum,

© _ 8V2mea?In(A) (Z ppd, N py,dy (4.2)
Apoe  Apge ) '

C —
SP Grprmn

Here pr ~ 250 MeV is the Fermi momentum of the nucleus, my is the nucleon mass and p,,,
[n, are the nucleon magnetic moments (g, /1o = 2.793, in /1o = —1.913). The superscripts

~10 -



(d) and (c) in egs. (4.1) and (4.2) refer to the contributions of discrete and continuum
intermediate nuclear states, respectively.
Combining the two contributions (4.1) and (4.2), we find the leading-order dependence
of Cgp = ng + Cé?; on nucleon EDMs,
1013

Csp = (Mdy + Xady, , 4.3
SP (1p+2 )Xe.cm (4.3)

where the numerical values of the coefficients A1 and Ay for several atoms of interest are
presented in table 1.

The relation (4.3) represents the central results of this paper. It allows us to place
limits on the nucleon EDMs. Taking into account the most recent constraints on |Csp]
from the BOHfFT [29] and *ThO [31] EDM experiments (see also ref. [53]), we obtain the
limits on d,, and d,,. These results are collected in table 2 at the end of this section.

We note that since the quantities A1 2 and the corresponding limits on d,, ;,, are directly
linked to the effective matrix elements M), ,,, the errors in these quantities are similar to
those incurred in the computation of My, ., i.e., around 50%.

4.2 Limits on CP-odd pion-nucleon coupling constants

The nucleon EDM may appear due to more fundamental interactions. In this subsection,
we assume that the dominant contribution to the nucleon EDM is stipulated by the C'P-odd
pion-nucleon interaction.

The C'P-odd pion-nucleon interactions with coupling constants 97(33] N and §7(r113/ N may
induce atomic EDMs through different mechanisms: (i) they contribute to the nucleon
EDMs via one-loop quantum corrections [54] and (ii) they contribute to the effective
nucleon-electron interaction through one- and two-loop contributions to the nucleon po-
larizability [32]. In this section, we revisit all these contributions and combine them with
those from d, and d,, found in the previous subsection. This will allow us to find the
constraints on gfg\), N and gff}, y originating from the EDM experiments with paramagnetic
atoms and molecules.

We recall that the coupling constants 97(337 N and gfrl]z, y enter the C'P-odd pion-nucleon
interaction as follows:

Lony = G QN NN+ gl  NN=°, (4.4)

where N is the nucleon doublet, 7%, 70

are the pion fields, and 7% are isospin Pauli matrices.
This interaction is responsible for the one-loop quantum correction to the nucleon EDM

which were originally estimated in ref. [55] and revisited in subsequent papers [56-58],

=(0)
__ €9A9 NN m ™ My - —14-(0)
dn~&rfnr<2lnﬁ+2m‘l)”“m Guny € cm, (4.52)
=(0)
_€9AT NN My m - —14-(0)
dp ~ ﬁ <1 N 27T77"Tp 2 mi) r—1.3x 107 gnyy e - cm, (4.5b)

where g4 =~ 1.3 is the axial triplet coupling constant, F; ~ 93 MeV is the pion decay
constant, m, ~ 135MeV is the pion mass and m, ~ m, =~ 938MeV is the nucleon

- 11 -



mass. In egs. (4.5) we keep only the terms originating from the meson cloud and omit the
(counter)terms corresponding to short-distance effects (see, e.g., [6, 57, 58]). The latter
terms depend on low-energy constants with unknown values which bring a high level of
uncertainty in the relations (4.5). An accurate study of these short-distance effects goes
beyond the scope of this paper.

There are one- and two-loop quantum contributions to the nucleon polarizability 8, , =

) 4+ ﬁ “», which involve interaction vertices (4.4) [32]:*

oy« ((1) 4O +im _(0) ) 4.6a
By T Fym2 9xNN T 9rNN J3m % 9xNN | > ( )
a _(0 5 m2 (o
A = ey (o~ i+ Tl ) (4.6b)
—(0)
5](32) — MN” (46(3)

4F; MMy MO

=(0)
5O — XIAIxNN Hp (4.6d)

4Fempma o

Note that these relations contain only the leading terms which preserve the isospin sym-
metry. The nucleon polarizability corrections (4.6) amount to the following contributions
to the effective coupling constant Cgp

\/é Z N 3am. . A
clf) = n <Aﬁp + Aﬁn> In— (4.7)

2 Me

where the renormalization scale A = m, ~ 775MeV for one-loop corrections and A =
mx ~ 135 MeV for the two-loop ones (see [32] for detail).

Now we substitute the relation (4.5) into eq. (4.1) or (4.3) and add also the contribu-
tion (4.7). As a result, we find the leading-order relation between the constant Csp and
C P-violating pion-nucleon couplings

Csp = NaBpy + MIRy (438)
where the numerical values of the coefficients A3 and A4 are collected in table 1 for differ-
ent atoms. The corresponding limits on these couplings originating from the experimental
constraints are given in table 2 below. We stress that these limits are based on the as-
sumption that the C'P-odd pion interaction (4.4) gives the dominant contribution to the
atomic EDM.

Unfortunately, we cannot accurately estimate the computational errors of our results
for the coefficients A3 and A4 because they are based on the relations (4.5) and (4.6) with
unknown errors. However, by comparing with other analogous calculations (e.g., [58]) it
is natural to expect that the errors in eqs. (4.5) and (4.6) may be of order 30% — 100%.
Nevertheless, our relation (4.8) is still useful for comparison with other results for C'P-
violation in heavy nuclei, in particular, with the atomic EDMs produced by the nuclear

“In eqgs. (4.6a) and (4.6b), the last terms account for the contributions from 1 meson exchange with the
mass my,. These mesons have C'P-odd meson-nucleon interaction with coupling constant go,, & 5go, -
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Schiff moments, which do not contain estimates of the theoretical errors in the nuclear
calculations and should be understood on the logarithmic scale.

4.3 Limits on quark chromo-EDM

In this subsection, we consider the chromo-EDM of up and down quarks denoted by dy,
and dg, respectively. Assuming that these quantities are the only sources of the nucleon
EDM and C P-violating internucleon forces, the authors of refs. [54, 59-62] established the
following relations:

dp = —(2.1£1.1)e(d, + 0.125d,), (4.9a)

= (1.1 4 0.6)e(dq + 0.5d,,) , (4.9b)

ggTr NN = (0.8 4 0.4) x 1015(d,, + dg)em ™1, (4.9¢)
97\ = (4.0 £2.0) x 10'(d, — dg)em ™" . (4.94)

These equations should be substituted into the sum of egs. (4.1) and (4.7), giving the
leading-order dependence of C'sp on czu and Jp as

Csp = (Asdy + Asdg) x 10Pem ™. (4.10)

The numerical values of the coefficients A5 and A\g are given in table 1. The corresponding
constraints on the values of quark chromo-EDMs are presented in table 2 below. These
constraints are based on the assumption that the quark chromo-EDMs are the dominant
sources of nucleon EDM and the C'P-odd pion-nucleon interaction (4.4).

In order to estimate the uncertainty in the coefficients A5 ¢ and the corresponding limits
on d, 4, we note that the relations (4.9) all have 50% uncertainty (the error bars of the
relations (4.9c) and (4.9d) were estimated in ref. [6]). Combining these with the 50% error
bars in A; 2 and assuming that the relations (4.5) and (4.6) each have 100% uncertainty,
we find that the values of A5 and d,, are accurate up to a factor of 3 wheres the values of
X¢ and dy are accurate up to a factor of 2.

4.4 Limit on QCD vacuum angle 8

The QCD vacuum angle 6 is the fundamental C'P-odd parameter which can induce the
nucleon (and atomic) EDM. In this subsection, we find the limit on 6 in the assumption
that the nucleon EDM is dominated by contributions from the QCD vacuum angle.
The dependence of the nucleon EDMs on  was originally estimated in ref. [55] and
refined in subsequent papers [59, 63-65]:
dy=(21+12)x 10 %Ge-cm, d,=—-(27+1.2) x107%Fe-cm. (4.11)
The pion-nucleon coupling constants gfr%N and QSK, n can also be expressed via 0 as [54,
63, 66] (see also refs. [6, 65] for reviews”)

g% =—(155+25)x10720, gl =(344+2)x107%4. (4.12)

"We point out that the signs in the relations (103) and (104) between 5773{,11{, and 6 quoted in ref. [6] are
inconsistent with the definition of L£.nn presented in that review.
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Mol X | X M A | A | A7

3 3¥%Ba | 6.4 | =72 | —2.3 22|04 | 08| 5.1
‘é 26Pb | 55 | =62 | —2.1 |22 |05 | —0.8 | 4.6
@ | 28Pb | 55| =53 | —2.0 | 22| 0.5 | —0.8 | 4.4
2Yb | 94 | -84 | —2.8 22|04 | —0.8|6.0
Yb | 93| —9.7| -3.0 |22 |04 | -0.8 | 6.3

o | 70°Yb | 92| 86| —28 |22 |04 | -08 6.1
£ ene [ 12| 82| -31]22]03] -08]65
1 oHf [ 12 | —00] —32 2203 ] -08]67
2Ra | 5.7 | =57 | —2.1 22|05 | —0.8 | 4.6
22Th | 64 | 6.9 | —2.3 [ 22|04 | —0.8 | 5.1

Table 1. The results of numerical computations of the coefficients Ai,..., A7 in egs. (4.3),

(4.8), (4.10) and (4.13).

232Tho 180HfF+
|Csp| | 7.3x 10719 [31] | 1.8 x 1078 [29, 53]
|dyl | 1.1 x107%e-cm | 1.5x 107%2¢ - cm
|dn] | 1.0 x1072e-cm | 2.0 x 107%2¢ - cm
g% | 3.1x10710 5.6 x 1079
Nl | 3.3 x 10710 8.2 x 1072
|dg) 9.3 x 10~2°cm 2.2 x 10~23cm
|| 1.7 x 10~ **cm 5.8 x 10~2%cm
16| 1.4x 1078 2.7 x 1077

Table 2. Limits on absolute values of C'P-violating hadronic parameters arising from the rela-
tions (4.3), (4.8), (4.10) and (4.13) upon implementing the constraints on the constant Csp from
the 'SOHfF™ [29, 53] and 232ThO [31] experiments.

Substituting these relations into the sum of egs. (4.1) and (4.7) we represent C'sp in terms
of 0

Csp = M7 x 10720, (4.13)

where the value of the constant A7 is given in table 1 for different atoms. In particu-
lar, with the use of the corresponding value for ?*>Th, the experimental constraint on
Cgsp (1.2) implies

0] <1.4x1078. (4.14)

This constraint is close to the result advocated in the recent paper [32].
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Using the uncertainties in eqgs. (4.11) and (4.12) and assuming that the relations (4.5)
and (4.6) each have 100% uncertainty, we find that the error bars in the relation (4.13)
and the corresponding limit (4.14) are about 70%.

5 Summary and discussion

In this paper, we demonstrated that the experiments measuring the electron electric dipole
moment with paramagnetic atoms and molecules are also sensitive to nucleon EDMs. Dom-
inant contributions to the atomic EDM in such atoms arise from the combined electric and
magnetic electron-nucleus interaction. Taking into account nuclear structure effects, we
derived the leading-order relations (4.3) between the electron-nucleus contact interaction
constant C'sp and nucleon permanent EDMs d,, and d,,. As a result, the constraint (1.2) on
the parameter Cgp allows us to find limits on nucleon EDMs arising from the experiments
with paramagnetic molecules:

dy] < 1.1 x10"%¢-cm, |dy| < 1.0 x 107%¢ - cm. (5.1)

It is instructive to compare these limits with the currently accepted ones. In particular,
our limit on the neutron EDM obtained from the results of experiments with paramagnetic
molecules is almost three order of magnitude weaker than the recent experimental mea-
surements of EDM of neutron |d,| < 1.8 x 107%%¢ - cm [67]. However, for the proton
EDM our limit (5.1) is just about 20 times weaker than the recent constraint on this pa-
rameter |d,| < 5 x 107?°¢ - cm [68] which was based on the measurements on EDM of
19Hg atom [14].° Remarkably, the constraint (5.1) on the proton EDM is nearly 30 times
more stringent than that found in recent '2?Xe EDM experiments [70, 71]. This sensitivity
of eEDM experiments to hadronic CP-violating parameters is actually very impressive.
We expect that further improvement of accuracy in the experiments with paramagnetic
molecules would push these limits further.

The nucleon EDM may be expressed via more fundamental C'P-violating parameters
such as C'P-odd pion-nucleon coupling constants gfr%)v, quark chromo-EDMs Ju,d and the
QCD vacuum angle 6. This allows us to find the leading-order dependence of the contact
interaction coupling constant Csp on these parameters. The results are represented by
egs. (4.8), (4.10) and (4.13) with coefficients As, ..., A7 given in table 1. The corresponding
limits arising on these parameters from the experiments [29] and [31] are presented in
table 2. In particular, the QCD vacuum angle is limited as || < 1.4 x 10~8 which is
approximately two orders of magnitude weaker than the currently accepted constraint from
neutron and Hg atom EDM experiments |8 < 10710 [72], but is nearly three times more
stringent than the corresponding bounds from 29Xe EDM experiments [70, 71]. Note that
the limits presented above do not include theoretical errors which often are unknown (see,
e.g., calculation of the '?Hg nuclear Schiff moment in ref. [73] where different interaction
models give different sign of the result). We provided error estimates for all obtained results

SNote that this constraint is approximately two times weaker than that in ref. [69] because the authors
of ref. [68] revisited earlier calculations of nuclear Shiff moments.
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where appropriate. In particular, for the limits on the nucleon EDMs d,,,, the errors do not
exceed 50%, the relation for the QCD vacuum angle # has about 70% uncertainty while
the limit on the up quark chromo-EDM d, is accurate up to a factor of 3 and the limit on
the down quark chromo-EDM dy is accurate up to a factor of 2.

We stress that the contributions to Cgp from nucleon EDMs obtained in this paper
are independent from and additional to those found in ref. [32], although they originate
from the same combined electric and magnetic electron-nucleon interaction. Indeed, the
authors of the paper [32] took into account virtual nuclear transitions from bound states to
continuum for all nucleons in the nucleus, so it increases with the nucleon number A. In our
paper, in contrast, we consider virtual nuclear transitions to excited bound nuclear states
for several external shell nucleons which can flip their spins. This contribution is enhanced
by the small energy denominators and large matrix elements of the spin operator between
the spin-orbit doublet components. As we demonstrate in this paper, accounting these M1
nuclear spin-flip transitions approximately doubles the results presented in ref. [32].

To conclude, we expect that the obtained in this paper results may place more stringent
limits on C P-violating hadronic parameters once improved constraints on C'sp are available
from next generations of eEDM experiments [10, 11, 27, 29-31]. Note that the sensitivity
in these experiments improved by two orders of magnitude during the last decade.
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A Nuclear energies and matrix elements

In this appendix, we estimate the matrix elements and corresponding energies of nuclear
M1 spin-flip single-particle transitions. The details of these computations slightly differ for
(nearly) spherical and deformed nuclei. Therefore, we consider these two cases separately.

A.1 Spherical nuclei

In this section, we focus on the 2°8Pb, 2%Pb and '38Ba nuclei, which are nearly spherical,
i.e., they have deformation § < 0.1. For these nuclei, proton and neutron single-particle
states may be labeled as |n, [, j, m), where n is the oscillator quantum number, [ and j are
the orbital and total momentum numbers, m is magnetic quantum number. In this basis,
the nuclear spin operator s provides transitions between fine structure doublets.

In the 2°8Pb nucleus, the non-vanishing matrix elements of the spin operator are
(5h3|s|5hL) for protons and (6i4l[s|6i1%) for neutrons. The isotope 2°Pb has additional
contributions from the (5p3|s|5p3) neutron matrix elements. For '3®Ba, non-vanishing
proton contributions arise from the matrix elements (4d3|s[4d3) and (4g3|s|4g%) whereas
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Proton transitions Neutron transitions Ry 5
|(n']s|07),* | AEy (MeV) | [(n'[s|0),[* | AE, (MeV) | (fm)
18/25 2.7 170/121 5.3
2/25 4.1 200/121 5.4
@ 28/81 4.3 30/121 5.5
g | 56/81 4.4 136/121 5.9 6.20 1 0.09
16/81 4.5 56/121 6.0
8/9 4.6 60/121 6.2
8/81 5.2 8/121 6.5
10/11 4.5 72/169 6.1
162/121 4.6 462/169 6.2
98/121 4.7 318/169 6.3
o 250/121 4.8 132/169 6.4
oW 7.09 | 0.03
= 32/121 5.0 100/169 6.5
8/121 5.1 6/169 6.7
2/169 6.9
2/3 1.4
10/9 2.0
10/11 4.5 72/169 6.1
162/121 4.6 462/169 6.2
o 98/121 4.7 318/169 6.3
g 250/121 4.8 132/169 6.4 7111005
32/121 5.0 100/169 6.5
8/121 5.1 6/169 6.7
2/169 6.9

Table 3. Nuclear radii Ry, deformation parameters §, matrix elements [(n’[s|0'), ,|* and the
corresponding energies AFE,, of M1 spin-flip transitions in some spherical nuclei of interest.

neutron contributions come from <5h%|s|5h%>. All these matrix elements may be calcu-
lated using the properties of spherical spinors (see, e.g., ref. [74]). The energies of all these
transitions may be estimated with the use of figure 5 in ref. [75]. When the energies are
(nearly) degenerate, we give the sum of matrix elements corresponding to the same energy.
In table 3 below, we collect the values of such matrix elements with the corresponding ener-
gies for 208Pb, 206Ph and ¥®Ba. The value of the nuclear radius Ry is calculated according
to the empirical formula:

Ry =1.2A4Y3fm . (A.1)

For reference, the values of the deformation parameter ¢ are also presented.
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A.2 Deformed nuclei

For deformed heavy nuclei with 6 > 0.1, it is convenient to use the Nilsson basis [50, 75],
wherein proton and neutron single-particle states are labeled with |ng,ny, A, Q), where ng
and n are the oscillator quantum numbers, A and 2 are the projections of angular and
total momenta on the deformation axis. Note that 0 = A + X where X is the projection
of the nucleon’s spin on the deformation axis. The dependence of the energy levels on the
deformation parameter ¢ in this model may be inferred from figure 5 in ref. [75]. From such
dependence, one may estimate the energies of the spin-flip transitions. Note that in the ba-
sis |ng, ng, A, ), each M1 spin-flip matrix element is (m/| s; |0') = 1, and the corresponding
energy level is doubly degenerate since each quantum number ¥ corresponds to £A.

The single-nucleon spin-flip M1 transition energies AF,/, the deformation parameters
0 and the nuclear radii Ry for several nuclei of interest are presented in table 4.

In conclusions of this subsection we discuss the accuracy of our estimates of matrix
elements and corresponding energies presented in tables 3 and 4. For this purpose, it is
convenient to consider the reduced transition probability of M1 spin-flip transition, By =
S B(M1,00 — n/). Using the data from table 4, we find this quantity for ?*2Th, By =
14.8119, and for '2Yb, By = 14.6p9. These values may be compared with the corresponding
quantities presented in ref. [52] obtained on the basis of sophisticated Hartree-Fock plus
RPA nuclear calculation: By = 14.9p for 282Th and By = 12.8p for 172y, As a result
we conclude that the simple single-particle nuclear shell model used in this paper allows
us to determine the nuclear M1 matrix elements with error about 15%. Errors in nuclear
energies are within 50%. It may be checked that the accuracy of nuclear calculations for
other heavy nuclei considered in our paper is within this range. Therefore, we conclude
that the errors in determining values of nuclear matrix elements and corresponding energies
of spin-flip M1 transitions are under 50% for all nuclei. This level of accuracy is acceptable
for the goals of this work, although a better accuracy may be achieved with the use of more
sophisticated nuclear models.

B Evaluation of electronic matrix elements

In this appendix, we provide the details for the numerical calculation of the electronic
matrix element (3.11c). For convenience, we use the spherical basis (ei,e_,ep). The
components of vectors in this basis will be labeled by the (+,—,0) subscripts. Due to
spherical symmetry, eq. (3.11c) may be rewritten in terms of the ‘0’-component of the
operators D and M introduced in egs. (3.10),

@ (P12l Mo [n) (n] Do |s1/2)
Cs1/2Cp12 7, AE, +sgn(E,)AE,,

M(AE,) = + (8172 ¢ P1/2) - (B.1)

In eq. (B.1), the sum is taken over all excited electron states |n) with energies E,,,
including those from the discrete and continuous spectra. As discussed in section 3, the
states from the discrete spectrum give negligible contributions to the electronic matrix
elements. Therefore, in what follows, we will consider only intermediate states |n) from
the continuum, including both positive and negative energy solutions of the Dirac equation.
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Proton transitions Neutron transitions Ry 5
Transition AE, (MeV) Transition AE, (MeV) | (fm)
5231) — |5233) 4.5 |6512) — |6513) 3.9
3 5 3

it A I ot IR P [
i 2 2 : 2 2 :
) |4043) — |4041) 4.1 5054) — [5053) 5.1
5143) — [5141) 4.6
5231) — |5233) 4.5 16513) — |6513) 3.9
5322) — |5322) 4.0 |6423) — |6422) 4.5

§ 5413) — |5413) 4.5 16332) — |6333) 5.0 6.70 | 0.31
= | [4043) — |404T) 4.1 15054H) — [5053) 5.1
5143) — |5147) 4.6
|5125) — [5123) 2.4
5231) — |5233) 4.5 16512) — |6513) 4.2

2 \532%>—>|532§> 4.1 |642§)—>\64 %) 4.5 672 | 099
& | [5413) — |5414) 4.5 6337) — [6333) 5.0
) |4043) — |4041) 4.0 1505LL) — [5053) 5.2
5123) — |5123) 2.4
|5232) — |5233) 4.4 15054) — [5053) 4.2
23 23 4.1 123 122 2.4

;ﬁ zilii::zilii 4.1 :233%:23 zi 5.0 0.75 1 026
ot 2 2 . 2 2 .
|4022) — |4022) 1.9 |6423) — |6423) 4.6
|4113) — |4113) 1.4 6313) — |6313) 7.8
5231) — |5233) 4.4 5054) — [5053) 4.2
5323) — |5323) 4.1 |5125) — [5123) 2.4

;5 |5412) — |5413) 4.1 6243) — |6247) 5.3 6.80 | 0.25
= | 4023) — [4023) 1.9 16332) — |6333) 5.0
[4112) — |4113) 14 |6423) — |6422) 4.6
16312) — |6313) 7.8
5231) — |5232) 4.3 6243) — |6247) 5.0

E | [5142) — [514%) 4.4 1615L) — [6153) 5.0 731 1 0.20
s 5054) — |5053) 4.4 160613) — |606%) 5.6
|7613) — |7613) 4.3
6512) — |6513) 4.5 |7523) — |7522) 4.1
505LL) — |5053) 4.2 |7613) — |7613) 4.0

Nﬁ 5143) — |5141) 4.0 6312) — |6313) 1.0 7.37 | 0.25
« 5231) — |5233) 3.7 6243) — |6247) 5.0
1615L) — 6153) 4.8
160612) — |606%) 5.4

Table 4. Nuclear radii Ry, deformation parameters  and energies AFE,,, of M1 spin-flip transitions
in some deformed nuclei of interest.
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For further computation of the matrix element (B.1) the electron wave functions need
to be specified.

B.1 The s;/5 and p;/ wave functions

The valence electron sy /5 and p; /o wave functions may be expressed in terms of the spherical

A~

spinors (i (R) (see, e.g., ref. [74]) where p is the magnetic quantum number and x =
(l—7)(2j+1) as

s (R (R

’51/2> = C$1/2 ({gs/l/i(];)(l;}l((A ))> ’ (B2a)
L

P2 = s ( ;‘;;;;gg;g:i(g)) , (B.2b)

where the radial wave functions f, » and gsp, , are well approximated in the region
Ro < R < ap/Z'/3 by the Bessel functions of the first kind J, (z) (see, e.g., [51]),

1 8ZR
gsl/Q(R) = gp1/2(R> - EZO‘JQW (\/Z) . (B3C)

Note that the wave functions (B.3) are the zero-energy solutions of the Dirac-Coulomb

1 8ZR\ 1 [8ZR 8ZR

f51/2(R) = A (-1 +7)J27 ( P > — 2\/;J2~/_1 ( P ) 3 (B.3a)
1 8ZR\ 1 [8ZR 8ZR

I )= g | (E) T2\ Ty ( P ) oY

equations for a point-like nucleus. For an extended nucleus, the corresponding solution is
complicated. At the current level of accuracy, it suffices to use eqgs. (B.3) as an approxi-
mation to the wave functions. For the region inside the nucleus, 0 < R < Ry, the radial
wave functions f;;, /2 and g p, /o May be continued as follows

fsl/Q(R) = Ro (=1 +7)J2y ( 855()) — % 8550 Joy—1 < 8550> , (B.4a)
s = 51 (P22 ) - 520 (2]
s o (R) = RR;ZO[JQW ( 8550> ; (B.4c)
sz (R) = ];OZOJJ% ( 85}?) : (B.4d)

Note that these functions are the approximate solutions (containing only leading terms at
small distance) of the Dirac equation inside the nucleus with constant density.

Note also that since 8ZRy/ap < 1, the Bessel functions in eqs. (B.4) may be series
expanded over their arguments. For computing radial integrals inside the nucleus it is
sufficient to keep the leading terms of these expansions as in egs. (2.3).

—90 —



B.2 Excited electronic states of the continuous spectrum

The excited electronic states |n) in the continuous spectrum may be labeled by the quantum
number £ = (I — 7)(2j + 1) and the energy E, |n) = |Ek). In spherical coordinates, these
functions read (see, e.g., refs. [76, 77]):

E k(R
In) = |Ek) = ( ]’}(R)Q“,ER))> : (B.5)

with
E(R) = (2pR)7e™/* D (y + iy)| /B + me]
8 R/mpl(2y + 1)
x Rele PEY By (4 + 1 4+ 4y, 2y + 1, 2ipR)] (B.6a)
gF (R) = —sgn(E) pRY V2L + i)l IE — me
g R/mpl(2y + 1)
x Im[e™PEFM By (y + 1 4 iy, 2y + 1, 2ipR)] . (B.6b)

Here p = \/E? —m? is the electron’s momentum, y = ZaE/p, e = \/—%7”;;/]5 and
1Fi1(a,b, z) is the confluent hypergeometric function of the first kind. Note that the wave
functions (B.5) are normalized as (E'k|Ek) = 6(E' — E).

The functions (B.6) solve for the Dirac equation with a point-like nucleus. Therefore,
we will only use them for outside of the nucleus, R > Ry. For the inside of the nucleus,
0 < R < Ry, we will consider the following continuation of these functions

FE(R) =R,  gP(R)=bR, (B.7)

where | = |k + 1/2| — 1/2 is the orbital angular momentum corresponding to &, | =
| —k+1/2|—1/2 is the orbital angular momentum corresponding to —x. The values of the
coefficients b; and by are determined by matching egs. (B.6) and (B.7) on the boundary
of the nucleus. The wave functions (B.7) are, to the leading order, solutions to the Dirac
equation inside a nucleus of a constant density.

We stress that the extension of the electronic wave functions to the inside region of
the nucleus (B.7) is an approximation which is acceptable at our level of accuracy. We
checked the validity of this approximation by computing the Lamb shift in heavy atoms
due to nuclear polarizability. Within this approximation, we have 95% agreement with the
exact results presented in refs. [47-49].

B.3 Results of calculation of electronic matrix element

Substituting the wave functions (B.2) and (B.5) into eq. (B.1) and performing the integra-
tion over angular variables, we obtain

M(AE)__QaOO T(E)E 2 [ T(E)E ©3
"9 | E-By,+ABy 9 | E-E.,,-AE,’ '
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Spherical Deformed
138Ba 206Pb 208Pb 172Yb 174Yb 176Yb 178Hf 180Hf 226Ra 232Th

My 1111 94.1 94.0 69.3 69.3 69.2 121 121 156 244

M, | 165 143 95.7 83.4 106 88.7 | 96.8 114 196 385

Table 5. Numerical values for the electronic matrix elements M, and M, for several atoms of in-
terest.

where
T(E) = RY(BE)RY)(E) - R{(BE)RS 2 (B)-SCV(B)SSV(E)+SP(E)SP(E), (B.9)

and the radial integrals Rg'j”p) (E) and Sﬁ'})(E) are defined by

REE) = [ (FupofE o+ 00 a0f) FRRAR, (B.10a)
R{(E) = /0 h (fpl/ng + 9p, /Qf,f) f(R)RdR, (B.10b)
SU(E) = /0 N (forp9E + 95,00E) F(R)R2AR, (B.10¢)
Sy(E) = /0 N (fpl/fo +gp1/gg§) f(R)R*dR. (B.10d)

Here, the radial function f(R) takes into account the radial dependence of the opera-
tors (3.10),

1 R
F(R) = 0(R — Ro) =
Note that eq. (B.9) involves only the terms with x = 41, +2 which are allowed by the
selection rules for transitions from sy, and p;/, bound electron states.
With the radial wave functions (B.3), (B.4), (B.6) and (B.7), the radial integrals (B.10)
may be computed numerically for any specific electron energy E and nuclear energy AFE,,.

+6(Ro — R) (B.11)

For all values of AE, presented in appendix A, numerical analysis showed that for |E| >
500me, T(E)/(Es, ,
may be cut off at |E| = 500m.. We also point out that the dominant contributions to the
energy integrals (B.8) come from the region where E ~ 50m,, which is larger than the

— E £ AE,) is effectively zero, so the energy integrals in egs. (B.8)

values of AE, considered in appendix A. As a result, the function M(AE, ) has weak
energy dependence.

The energy integrals in egs. (B.8) are computed numerically, giving M(AE,,) for all
values of AFE, s presented in appendix A. The resulting numerical values of the electronic
factors M, and M, introduced in eqgs. (3.15) are presented in table. 5.
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