
J
H
E
P
1
0
(
2
0
2
0
)
0
2
5

Published for SISSA by Springer

Received: June 25, 2020

Accepted: August 31, 2020

Published: October 5, 2020

Dynamical evolution of gravitational leptogenesis

Jamie I. McDonalda and Graham M. Shoreb

aTechnische Universität München, Physik-Department,

James-Franck-Straße, Garching 85748, Germany
bDepartment of Physics, College of Science, Swansea University,

Singleton Park, Swansea SA2 8PP, U.K.

E-mail: jamie.mcdonald@tum.de, g.m.shore@swansea.ac.uk

Abstract: Radiatively-induced gravitational leptogenesis is a potential mechanism to ex-

plain the observed matter-antimatter asymmetry of the universe. Gravitational tidal effects

at the quantum loop level modify the dynamics of the leptons in curved spacetime and may

be encoded in a low-energy effective action Seff . It has been shown in previous work how

in a high-scale BSM theory the CP odd curvature-induced interactions in Seff modify the

dispersion relations of leptons and antileptons differently in an expanding universe, giving

rise to an effective chemical potential and a non-vanishing equilibrium lepton-antilepton

asymmetry. In this paper, the CP even curvature interactions are shown to break lepton

number current conservation and modify the evolution of the lepton number density as

the universe expands. These effects are implemented in a generalised Boltzmann equation

and used to trace the dynamical evolution of the lepton number density in different cos-

mological scenarios. The theory predicts a potentially significant gravitationally-induced

lepton-antilepton asymmetry at very early times in the evolution of the universe.

Keywords: Cosmology of Theories beyond the SM, Effective Field Theories

ArXiv ePrint: 2006.09425

Open Access, c© The Authors.

Article funded by SCOAP3.
https://doi.org/10.1007/JHEP10(2020)025

mailto:jamie.mcdonald@tum.de
mailto:g.m.shore@swansea.ac.uk
https://arxiv.org/abs/2006.09425
https://doi.org/10.1007/JHEP10(2020)025


J
H
E
P
1
0
(
2
0
2
0
)
0
2
5

Contents

1 Introduction 1

2 Fundamental BSM Theory and leptogenesis 4

2.1 BSM Lagrangian and lepton number violation 5

2.2 Lepton-antilepton asymmetry in curved spacetime 7

2.3 Weak gravitational field expansion 9

2.4 Feynman diagrams 11

3 Effective Lagrangian for gravitational leptogenesis 15

3.1 Effective Lagrangian 15

3.2 Weak gravitational field expansion 16

3.3 Matching conditions 17

4 Lepton number evolution and the Eikonal expansion 18

4.1 Eikonal expansion for the light neutrinos 18

4.2 Interpretation in FRW spacetime 21

5 Gravitational leptogenesis and the extended Boltzmann equation 22

5.1 Current non-conservation and lepton number evolution 22

5.2 Gravitational leptogenesis 24

5.3 Boltzmann equation 25

6 Evolution of gravitational leptogenesis in cosmology 29

6.1 Radiation-dominated FRW cosmology 29

6.1.1 Neutrino parameters and the Boltzmann equations 30

6.1.2 Evolution of the lepton number asymmetry 34

6.2 Gravitational leptogenesis in the pre-radiation era 37

7 Summary and outlook 41

A Analytic results for the Boltzmann equation 43

1 Introduction

The origin of matter-antimatter asymmetry in the universe is one of the most important

outstanding issues in cosmology. Radiatively-induced gravitational leptogenesis (RIGL) [1–

3] is a particularly elegant and economical mechanism to generate a lepton number asym-

metry in the early universe with the potential to explain the presently observed baryon-to-

photon ratio η = (nB − nB̄)/nγ ' 6× 10−10.

– 1 –



J
H
E
P
1
0
(
2
0
2
0
)
0
2
5

The fundamental idea is that tidal gravitational effects at the quantum loop level

can induce an asymmetry in the propagation of leptons and antileptons. This may be

interpreted as the generation of an effective chemical potential for lepton number, which in

the high temperature environment of the early universe produces a non-vanishing lepton

number asymmetry in (quasi-)equilibrium.

The three basic conditions for the generation of a baryon or lepton number asymmetry

have been known since the early work of Sakharov [4], viz. (i) a source of B or L violation;

(ii) C and CP non-conservation; (iii) out-of-equilibrium B or L violating reactions. Gravi-

tational leptogenesis [5] circumvents the third condition by exploiting the time dependence

of the gravitational background in the expanding early universe, allowing a lepton asym-

metry to be induced essentially in equilibrium. This may subsequently be converted to

a baryon asymmetry at lower temperatures through electroweak sphaleron processes [6].

Beyond the Standard Model (BSM) physics remains necessary in this scenario to satisfy

the first two criteria.

The RIGL mechanism is most easily understood in terms of an effective action for the

light neutrinos νL in curved spacetime [7]. This extends the original effective action for

tidal gravitational effects in QED [8] to the neutrino sector [9], To leading order in the

gravitational field strength, this may be written as

Seff =

∫
d4x
√
−g
[

1

2
i νLγ.

←→
D νL + ã Rµν i νLγ

µ←→D ν νL + b ∂µR νLγ
µ νL

+ cR i νLγ.
←→
D νL + d̃ i (DµνL) γ.

←→
D DµνL

]
, (1.1)

suppressing flavour labels. The direct curvature couplings in this Lagrangian effectively

violate the strong equivalence principle, allowing gravity to distinguish between matter and

antimatter. They are generated perturbatively at one and two-loop level in the standard

model or, as required for realistic leptogenesis, a BSM theory characterised by a high mass

scale M and exhibiting CP non-conservation, and can be understood qualitatively as the

result of tidal gravitational forces acting on the extended cloud of virtual particles in the

quantum loops. The effective action (3.1) is a faithful description of the dynamics for weak

gravitational fields R/M2 < 1 (where R denotes a typical curvature) and for sufficiently

low energies, as we specify carefully later.

The physics implications of these new gravitational interactions is quite different de-

pending on whether the corresponding operators are CP even or CP odd. The only CP odd

operator is the one with coefficient b and this is responsible for generating a non-vanishing

equilibrium lepton number density neq
L . Noting that Jµ = νLγ

µνL is the lepton (neutrino)

number current, its µ = 0 component is the corresponding charge and the operator in (1.1)

may be understood as the introduction of an associated chemical potential µ = bṘ, which

is non-vanishing in a time-varying gravitational field. At finite temperature, this gives

rise to an asymmetry neq
L = 1

3b Ṙ T
2. The two-loop BSM calculation of this operator, its

interpretation in a modified Boltzmann equation, and its implications for cosmology have

been described in detail in [1–3].

– 2 –
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The new feature in this paper is an analysis of the role of the CP even operators with

coefficients ã, c and d̃ in driving the evolution of the lepton asymmetry at very early times.

One way to understand these effects is to note1 that the effective action (1.1) implies that

the lepton number current is not conserved. In fact,

DµJ
µ = −2aRµνD

µJν − 2b̂ ∂µRJ
µ , (1.2)

where a = ã− 1
2 d̃ and b̂ = 1

2 ã+ c− 1
2 d̃. As we show in section 5, this implies the following

equation for the dynamical evolution of the lepton number density nL in a FRW universe,

dnL
dt

+ 3HnL + 2a
(
−3R0

0 +Rii
)
HnL + 2b̂ Ṙ nL = 0 , (1.3)

where H is the Hubble parameter. These new curvature terms crucially modify the evo-

lution of nL at very early times. Whether this acts to amplify or suppress the magnitude

of nL depends on the signs and relative magnitudes of the coefficients, especially a, which

are not arbitrary in RIGL but are determined by the fundamental BSM theory.

The combined effect of these two distinct mechanisms — the generation of an equi-

librium asymmetry neq
L by the CP odd b operator and the modified evolution of nL by

the CP even ã, c, d̃ operators — in a cosmological setting is clearly expressed in terms of

a generalised Boltzmann equation. This is traditionally written for the lepton-to photon

ratio NL = nL/nγ expressed as a function of inverse temperature z = M/T . In section 5,

we derive this new Boltzmann equation for gravitational leptogenesis as,

dNL

dz
= −W (z)

(
NL − N eq

L (z)
)
− W(z)NL . (1.4)

Here, W(z) reflects the curvature-induced evolution terms in (1.3), while W (z) is deter-

mined by the L-violating interactions in the BSM theory. Normally interpreted (see for

example [11]) as a ‘washout’ term in leptogenesis mechanisms for which N eq
L is zero, in our

theory it plays the quite different role of driving the lepton asymmetry to its equilibrium

value. Putting everything together, the entire evolution predicted by the RIGL Boltzmann

equation is shown in figure 11. Essentially we find three stages: a very early high temper-

ature phase in which the new evolution term W(z) keeps NL below equilibrium; followed

by a phase where W (z) > W(z) and NL is driven to N eq
L ; and finally decoupling when

W (z) becomes too weak to hold NL to N eq
L (i.e. the L-violating reactions are too slow

compared to the Hubble expansion to maintain equilibrium) and it decouples leaving the

final constant asymmetry predicted by this theory.

Clearly the transitions between these stages depend on the dynamical balance between

the curvature and temperature dependent rates W (z) and W(z), and N eq
L (z), as the uni-

verse expands and cools. In particular, the sign of W(z), controlled by the coefficient a in

the effective action, is key to whether the new evolution term amplifies or suppresses the

lepton asymmetry at early times.

1Non-conservation of the lepton number current in a Lagrangian with an arbitrarily included operator

of type RνLγ.DνL was observed in an interesting recent paper [10], which was an important motivation

for the present work. The application to leptogenesis proposed in [10] is however very different from the

mechanism developed here.
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We emphasise that these mechanisms for the generation and evolution of leptogenesis

are very general and depend only on the SEP violating effective action (1.1). The philos-

ophy of RIGL is that this effective action is generated automatically, and necessarily, in

any given BSM theory incorporating CP violation. Nothing is added by hand, and all the

coefficients are calculable in the fundamental theory. The overall picture of gravitational

leptogenesis presented here is, however, not dependent on any particular choice of BSM

theory.

The remainder of the paper is organised as follows. For clarity, we present our general

theory using a particularly well-motivated BSM theory [12] in which the standard model is

augmented with heavy right-handed sterile neutrinos νR. This model provides an explana-

tion, via the see-saw mechanism, for the light neutrino masses. As we see in section 6, where

we discuss the implications for cosmology, the parameter bounds set by the experimental

values for the neutrino masses severely constrain the resulting gravitational leptogenesis

predictions in this model. The BSM Lagrangian is introduced in section 2, where explicit

calculations of the one-loop diagrams determining the coefficients ã, c, d̃ are presented.

The two-loop coefficient b was previously calculated in [2]. These Feynman diagrams for

the neutrino self-energies are matched to the effective action in section 3.

The new dynamical evolution mechanism is presented in sections 4 and 5. First, in

section 4, the wave solutions of the equation of motion derived from the effective action

are found using the eikonal approximation [7]. At leading order, the phase is determined

by the CP odd b operator — this modifies the dispersion relation in a different way for the

light neutrinos and antineutrinos, giving the essential asymmetry which ultimately leads

to a non-vanishing neq
L in thermal equilibrium. The sub-leading eikonal order describes

the time dependence of the wave amplitude, which is interpreted as lepton number density.

This provides an independent derivation of the evolution equation (1.3). The derivation

from current non-conservation is given in section 5. Section 5 also contains the derivation

and initial interpretation of the gravitationally modified Boltzmann equation.

Finally, in section 6, we return to the full BSM theory and study gravitational lep-

togenesis quantitatively in different cosmological scenarios [3, 5] — first in the standard

radiation-dominated era where FRW cosmology is well-established, then during conven-

tional reheating where the effective equation of state is characterised by 0 < w < 1/3,

and finally in a more speculative post-inflationary era in which the usual reheating phase

is replaced by a period in which the expansion is dominated by inflaton dynamics with

w > 1/3. We track the gravitationally-induced evolution of the lepton number density

from very early times through to decoupling and discuss the conditions and parameter

choices for which the observed value of the baryon-to-photon ratio η may be realised.

Analytic results complementing the numerical plots of the evolution of NL(z) in sec-

tion 6 are given in appendix A.

2 Fundamental BSM Theory and leptogenesis

The requirements for a fundamental theory which could realise our mechanism of radiative-

ly-induced gravitational leptogenesis include CP violation active at a high energy scale

– 4 –
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where the spacetime curvature is sufficiently large, and a mechanism for lepton number

violation. These are naturally incorporated in a BSM theory with three sterile neutrinos

(i.e. having no interactions with the SM gauge fields) with a hierarchy of large Majorana

masses, coupling to the usual left-handed leptons via the SM Higgs field. Independently of

the question of leptogenesis, there are compelling reasons to augment the standard model

in this way, with the see-saw mechanism then explaining the existence of the non-zero

masses of the light neutrinos.

2.1 BSM Lagrangian and lepton number violation

The fundamental action, including the right-handed neutrinos, is then:

S =

∫
d4x
√
−g
[
LSM +

(
1

2
i νR γ.

←→
D νR −

1

2
ν c
RM νR − `L λφ νR + h.c.

)]
. (2.1)

Here, ναR (α = 1, . . . 3) are the right-handed neutrinos, with Majorana mass matrix Mαβ ,

which we take to be diagonal. `iL (i = 1 . . . 3) are the SM lepton doublets and φ is the

Higgs field.2 The complex Yukawa couplings λiα introduce CP violation into the theory,

as required by the second Sakharov condition for leptogenesis.

With a Higgs VEV v, the usual see-saw mechanism gives rise to three light Majorana

neutrinos with mass matrix

(mν)ij =
∑
α

λiα
1

Mα
λTαj v

2 , (2.2)

along with the heavy sterile Majorana neutrinos with masses Mα. This is diagonalised by

the PMNS matrix U such that UTmνU = mdiag, with the corresponding relation between

the mass and flavour eigenstates. Except where explicitly mentioned, we neglect these light

neutrino masses in the rest of this paper.

The coupling to gravity is through the connection alone, as required for a Lagrangian

satisfying the strong equivalence principle, with the covariant derivative acting on spinors

being Dµ = ∂µ − i
4ωµabσ

ab, where ωµab is the spin connection and σab = i
2

[
γa, γb

]
.3

To see how the gravitational interactions induce an asymmetry in the propagation of

leptons and antileptons, it is convenient to write S explicitly in terms of the fields `L, νR
and their charge conjugates ` cL ≡ (`L)c and ν c

R . Note that ` cL is a right-handed field, since

in general (ψL)c = (ψc)R. We then have:

S =

∫
d4x
√
−g
[
LSM +

1

4

(
i νR γ.

←→
D νR + i ν c

R γ.
←→
D ν c

R

)
− 1

2

(
ν c
RM νR + νRM ν c

R

)
− 1

2

(
`L λφ νR + νR λ

†φ† `L + ` cL λ
∗φ∗ ν c

R + ν c
R λ

TφT ` cL

)]
. (2.3)

2Our notation here is φr = εrsφ̃
∗
s where φ̃ is the usual Higgs doublet giving mass to the lower fields in

the SU(2) lepton doublets.
3We use Greek indices µ, ν, . . . to refer to coordinates in the curved spacetime and Latin indices a, b, . . . to

refer to the local Lorentz frame at each point. Our metric and curvature sign conventions are [S1][S2][S3] =

−+ + in the terminology of [13] and we use the Dirac matrix definitions of [14].

– 5 –
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νL

H

ν cL

H

S×α

νL H

ν cLH

S×α

νL H

HνL

S×α

νL H

HνL

S×α

Figure 1. Feynman diagrams for the lepton number violating reactions νL H ↔ ν cL H and

νL νL ↔ H H, mediated by the ‘charge violating’ νR propagator S×α .

The corresponding propagators are denoted by

〈 `L `L 〉 = 〈 ` cL ` cL 〉 = ∆(x, y) , (2.4)

〈φr φ∗s 〉 = Grs(x, y) , (2.5)

while for the right-handed fields we have both charge conserving and charge violating

propagators,

〈 νR νR 〉 = 〈 ν c
R ν c

R 〉 = S(x, y) , (2.6)

〈 νR ν c
R 〉 = 〈 ν c

R νR 〉 = S×(x, y) . (2.7)

Note that in curved spacetime, translation invariance is lost and the propagators are not

simply functions of the coordinate difference |x − y| as in flat spacetime. This becomes

crucial below. In flat spacetime, the momentum space propagators are

∆(p) =
i γ.p

p2
, G(p) =

i

p2 −m2
H

, (2.8)

(neglecting the light neutrino masses, and writing G(p) for the physical Higgs component

only) and

Sα(p) =
i γ.p

p2 −M2
α

, S×α (p) =
iMα

p2 −M2
α

. (2.9)

With a non-vanishing Majorana mass, the propagator S×α allows reactions which violate

lepton number by 2 units, viz. νL H ↔ ν c
L H and νL νL ↔ H H, illustrated in figure 1.

Both diagrams depend on the Yukawa coupling factor through λS×λT =
∑

α λiαS
×
α λ

T
αj .

This is the source of the lepton number violation which is required by the first Sakharov

condition.

– 6 –
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`L `L νR νR `L `LSα

φ φ†

Figure 2. One-loop self-energy diagram for the light νL neutrinos with an intermediate charge-

conserving νR propagator S. The fields at the vertices are shown explicitly for comparison with the

Lagrangian (2.3).

2.2 Lepton-antilepton asymmetry in curved spacetime

To implement the mechanism of radiatively-induced gravitational leptogenesis, we need

to show that the propagation of leptons and antileptons is different in a gravitational

field. Specifically, we find that at loop level, the self-energies Σ and Σc for the leptons and

antileptons differ when translation invariance no longer holds, leading to distinct dispersion

relations. Together with the lepton number violating reactions in figure 1, this enables

a lepton-antilepton asymmetry to be generated in thermal equilibrium in an expanding

universe.

At one loop, there is a single self-energy diagram involving the right-handed neutrinos,

shown in figure 2. Evidently, at this order there is no corresponding diagram involving the

charge-violating propagator. For clarity, we explicitly show the fields at the vertices in the

diagram to allow the Yukawa couplings to be easily read off from the Lagrangian in the

form (2.3). The self-energy is therefore,

Σij(x, y) =
∑
α

λiαλ
†
aj G(x, y)Sα(x, y) . (2.10)

Note that depending on the Yukawa couplings, this can induce lepton flavour-changing

processes dependent on the gravitational field.

The corresponding self-energy diagram for the antileptons is evidently given by

Σc
ij(x, y) =

∑
α

λ∗iαλ
T
aj G(x, y)Sα(x, y) . (2.11)

Since we are interested in the violation of total lepton number, we can trace over the light

lepton flavours, leaving

tr
(
Σij(x, y)− Σc

ij(x, y)
)

=
∑
α

(
λ†λ− λTλ∗

)
αα

G(x, y)Sα(x, y)

= 2i
∑
α

Im
(
λ†λ
)
αα

G(x, y)Sα(x, y) = 0 . (2.12)

As we calculate below, these one-loop self-energies contribute to the CP even terms in the

effective Lagrangian (3.1), though not to the CP odd term generating the matter-antimatter

asymmetry.

– 7 –
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`L `L νR νR `L `L νR νR `L `LSα Sβ

φ φ† φ φ†

`L `L νR ν cR `
c
L ` cL ν

c
R νR `L `LS×α S×β

φ φT φ∗ φ†

`L `L νR ν cR `
c
L ` cL ν

c
R νR `L `LS×α S×β

φ φT φ∗ φ†

Figure 3. Two-loop self-energy diagrams for the light νL neutrinos giving rise to a lepton-antilepton

asymmetry in curved spacetime.

The situation is different at two loops [1, 2]. Here, we have the three self-energy

diagrams illustrated in figure 3. The corresponding self-energies are:

Σ
(1)
ij (x, y) =

∫
d4z
√
−g
∫
d4z′
√
−g

∑
α,β,k

(
λiαλ

†
αkλkβλ

†
βj

)
× G(x, y)G(z, z′)Sα(x, z) ∆(z, z′)Sβ(z′, y) , (2.13)

from the ‘nested’ diagram with two S propagators, and

Σ
(2)
ij (x, y) =

∫
d4z
√
−g
∫
d4z′
√
−g

∑
α,β,k

(
λiαλ

T
αkλ
∗
kβλ
†
βj

)
× G(x, y)G(z, z′)S×α (x, z) ∆(z, z′)S×β (z′, y) , (2.14)

and

Σ
(3)
ij (x, y) =

∫
d4z
√
−g
∫
d4z′
√
−g

∑
α,β,k

(
λiαλ

T
αkλ
∗
kβλ
†
βj

)
× G(x, z′)G(z, y)S×α (x, z) ∆(z, z′)S×β (z′, y) , (2.15)

for the ‘nested’ and ‘overlapping’ diagrams with two S× propagators. Here, G(x, y) gener-

ically denotes the appropriate component of the Higgs field propagator. Note that there

is no overlapping-type diagram with two S propagators — this follows from the complex

SU(2)L doublet nature of the Higgs propagator.

In curved spacetime, all these diagrams produce an asymmetry in Σij −Σc
ij but, as we

now show, only the diagrams with two S× propagators produce a total lepton-antilepton

asymmetry, unsurprisingly since these are the diagrams involving the charge-violating prop-

agators S×. Tracing over the light flavours as before, and focusing on the Yukawa couplings,

we have, with the integral factor read off from (2.13),

tr
(

Σ
(1)
ij − Σ

(1)c
ij

)
= 2i

∑
α,β

Im
[
(λ†λ)βα (λ†λ)αβ

]
I

(1)
αβ = 0 , (2.16)

– 8 –
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whereas

tr
(

Σ
(2)
ij − Σ

(2)c
ij

)
= 2i

∑
α,β

Im
[
(λ†λ)βα (λTλ∗)αβ

]
I

(2)
αβ

= 2i
∑
α,β

Im
[
(λ†λ)βα (λ†λ)βα

]
I

(2)
αβ , (2.17)

and

tr
(

Σ
(3)
ij − Σ

(3)c
ij

)
= 2i

∑
α,β

Im
[
(λ†λ)βα (λ†λ)βα

]
I

(3)
αβ . (2.18)

Noting further that Im
[
(λ†λ)βα(λ†λ)βα

]
is antisymmetric in α, β, we can replace the inte-

gral factors above by I
(2)
[αβ] and I

(3)
[αβ].

This brings us to a key point [1, 2]. To obtain a lepton-antilepton asymmetry, the

integral factors in (2.17), (2.18) must have a contribution which is antisymmetric in α, β.

Now, in flat spacetime, translation invariance implies that the propagators are all functions

of the difference of coordinates, i.e. ∆(x, y)→ ∆(x− y), etc. But then, making a suitable

change of variables on z, z′, we can readily show4 that the factors I
(2)
αβ (x, y) and I

(3)
αβ (x, y)

are symmetric in α, β.

This is, however, special to flat spacetime. It accords with the general theorems pre-

sented in [2] that CPT invariance together with translation invariance ensures that the

propagation of particles and antiparticles is identical. It is no longer true in curved space-

time. In this case, we have found that at two loops there is an asymmetry in the self-energies

of the light leptons and antileptons given by

tr
(
Σij − Σc

ij

)
= 2i

∑
α,β

Im [(λ†λ)βα(λ†λ)βα]
(
I

(2)
[αβ] + I

(3)
[αβ]

)
. (2.19)

Provided that the Majorana masses of the sterile neutrinos are non-degenerate, we therefore

have a gravitational mechanism for establishing a lepton-antilepton asymmetry through

two-loop radiative corrections to the light lepton propagators. In subsequent sections, we

show how this leads to a non-vanishing net lepton number density in thermal equilibrium

in an expanding universe.

2.3 Weak gravitational field expansion

The gravitational dynamics of the light neutrinos in this model is captured by the effective

action Seff discussed in section 3. The nature of the interactions in Seff is constrained

by general principles including local Lorentz invariance and hermiticity, with the leading

4For example, for diagram (2), translation invariance implies

I
(2)
αβ (x, y) =

∫
d4z

∫
d4z′G(x− y)G(z − z′)S×α (x− z) ∆(z − z′)S×β (z′ − y)

=

∫
d4u

∫
d4u′G(x− y)G(u− u′)S×β (x− u) ∆(u− u′)S×α (u′ − y)

= I
(2)
βα (x, y) ,

under the change of dummy variables u = x+ y − z′ and u′ = x+ y − z.

– 9 –
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νR ν cR

h

− i
4M H H

h

−im2
H

νR νL

h H

− 1
4 (n− 4)λ

Figure 4. Elementary gravitational couplings in the fundamental theory in the weak-field limit.

terms at low energy and first order in the curvature shown in (3.1). This includes both CP

conserving and violating operators, reflecting the potential breaking of CP invariance by

the Yukawa couplings in the fundamental theory.

It remains only to determine the coefficients of these operators in terms of the param-

eters and couplings of the fundamental theory (2.1). The simplest method is to compare

the predictions of the two theories for the light neutrino-graviton vertex in the weak grav-

itational field limit. In fact, as explained in [7], it suffices to consider only conformally flat

metrics for this purpose, but note that this is not a restriction on the validity of Seff for

general curved spacetimes.

So, writing the metric in the weak-field approximation as

gµν = Ω2ηµν = (1 + h)ηµν , (2.20)

for which the expansion of the curvatures at O(h) is

Rµν = −∂µ∂νh−
1

2
ηµν∂

2h , R = −3 ∂2h , (2.21)

together with conformally rescaled fields (in n dimensions)

`L → Ω−(n−1)/2`L , νR → Ω−(n−1)/2νR , φ→ Ω−(n−2)/2φ , (2.22)

the neutrino-Higgs sector of the BSM Lagrangian is expanded at O(h) as

Lh =

[
− 1

4
M
(
ν c
R νR + νR ν

c
R

)
− m2

HH
2

+
1

8
(n− 4)H

(
νL λ νR + νR λ

† νL + ν c
R λ
∗ ν c

L + ν c
L λ

T ν c
R

)]
h , (2.23)

where for simplicity we have taken the Higgs field to be a conformal scalar, i.e. ξ = 1/6 in

the Lagrangian term ξRφ2. In general there will be an additional hHH vertex proportional

to (ξ − 1/6)q2 which will carry through the diagram calculations leaving a ξ dependence

in the final effective Lagrangian coefficient.

From this, we can read off the elementary vertices for the h couplings to the left and

right-handed neutrinos and the Higgs field. A representative set are shown in figure 4.

Note particularly the factor of O(n− 4) entering all the Yukawa vertices — these will give

a finite contribution when inserted into UV divergent diagrams.

The next step is to incorporate these into the one and two-loop self-energy diagrams for

the light neutrinos, effectively integrating out the heavy fields, and subsequently comparing

to the equivalent vertices derived directly from the effective Lagrangian. This enables us to

match coefficients and determine the values of the effective couplings in Seff in this model.
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Figure 5. One-loop self-energy diagram for the light neutrinos in flat spacetime.
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h

p k p− q

p− k
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Figure 6. One-loop self-energy diagrams with h insertions on the Yukawa vertices.

2.4 Feynman diagrams

Consider first the one-loop self-energy diagram in figure 5, without an h insertion. Evalu-

ating in flat spacetime, the self-energy is5

Σij(p, p) =
∑
α

λiα λ
†
αj

∫
dnk

(2π)n
/k

k2 −M2
α

1

(p− k)2 −m2
H

= − i

(4π)2

(
λλ†
)
ij

1

n− 4
/p + finite . (2.24)

We can then immediately read off the contribution of the diagrams with h insertions

on the Yukawa vertices, shown in figure 6. These give6

ΣY uk
ij (p, p− q) =

1

4

i

(4π)2

(
λλ†
)
ij

(2/p− /q) . (2.25)

5Evaluating the finite part of the self-energy diagram gives

Σij = − i

(4π)2

(
λλ†

)
ij
/p

[
1

n− 4
− log 4π + γ

+
1

2p4

(
−p2 (M2

α + 2p2)+M4
α log

M2
α

µ2
−
(
M4
α − p4) log

(
M2
α − p2

)
µ2

)]

= − i

(4π)2

(
λλ†

)
ij
/p

[
1

n− 4
+

1

2
log

M2
α

µ2
− log 4π + γ − 3

4
− 1

3

p2

M2
α

+O

(
p4

M4
α

)]
,

where we have expressed the result in terms of the dimensionally renormalised couplings and µ is the

corresponding mass scale.
6We continue to use the self-energy notation Σij here for simplicity. Clearly these Feynman diagrams

are the one-loop contributions to the three-point h νL
iνjL vertex Vij(p, q) to be matched to Leff .

– 11 –



J
H
E
P
1
0
(
2
0
2
0
)
0
2
5

νL νL νR νR ν cR νR νL νLSα S×α

H H

h

p k k − q p− q

p− k

q

νL νL νR ν cR νR νR νL νLS×α Sα

H H

h

p k k − q p− q

p− k

q

Figure 7. One-loop self-energy diagrams with an h insertion on the sterile neutrino propagator.

Now consider the h insertion on the right-handed neutrino propagator, figure 7. From

the sum of the two diagrams, we find

ΣνR
ij (p, p− q) =

1

2

∑
α

λiαλ
†
αjM

2
α

∫
dnk

(2π)n
2/k − /q

(k2 −M2
α) ((k − q)2 −M2

α)

1

(p− k)2 −m2
H

,

(2.26)

and evaluating in the standard way introducing Feynman parameters, we find

ΣνR
ij = − 1

2

i

(4π)2

∑
α

λiαλ
†
αjM

2
α

∫ 1

0
dz

∫ 1−z

0
dx
[
(2x− 1)/q + 2(1− x− z)/p

]
∆−1
α ,

(2.27)

with

∆α = −(x+z)(1−x−z)p2+2x(1−x−z)p.q−x(1−x)q2+(x+z)M2
α+(1−x−z)m2

H . (2.28)

At the mass scales of interest for leptogenesis in this model, m2
H � M2

α, so provided the

diagram is IR safe we can immediately set mH → 0 at this point. This is indeed the case.

Next, in order to match coefficients with those in the effective Lagrangian, it is sufficient [7]

to consider the leading terms in an expansion in terms of p2, p.q and q2, neglecting terms

of O(p4/M2
α) etc. After some calculation, we find

ΣνR
ij (p, p−q) =−1

4

i

(4π)2

(
λλ†
)
ij

(2/p−/q)

−1

6

i

(4π)2

∑
α

λiαλ
†
αj

1

M2
α

[(
2p2−2p.q+

7

6
q2

)
/p+

(
−p2+

5

6
p.q−1

2
q2

)
/q

]
.

(2.29)

Note that the term linear in momentum in (2.29) precisely cancels the contribution (2.25)

from the Yukawa insertion diagrams.

For the Higgs insertion diagram shown in figure 8, we have

ΣH
ij (p, p− q) = −

∑
α

λiαλ
†
αjm

2
H

∫
dnk

(2π)n
/k

k2 −M2
α

1

(p− k)2 −m2
H

1

(p− k − q)2 −m2
H

= − i

(4π)2

∑
α

λiαλ
†
αjm

2
H

∫ 1

0
dz

∫ 1−z

0
dx
[
(x+ z)/p − x/q

]
∆̃−1
α , (2.30)
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Figure 8. One-loop self-energy diagram with an h insertion on the Higgs propagator.

where here

∆̃α =
[
−x(1−x)−z(1−x−z)

]
p2+2x

(
1−x−1

2
z

)
p.q−x(1−x)q2+(1−x−z)M2

α+(x+z)m2
H .

(2.31)

Here, we do have to be careful since the integral is divergent as mH → 0. Evaluating

the divergent terms, and cancelling against the overall m2
H vertex factor, we find that this

diagram gives a non-vanishing finite contribution in the mH → 0 limit, viz.

ΣH
ij (p, p− q) = − 1

12

i

(4π)2

∑
α

λiαλ
†
αj

1

M2
α

[(
p2 − p.q + q2

)(
2/p− /q

)]
, (2.32)

where again we are keeping only terms of O(p2/M2
α) etc.

Finally, collecting results, we find the total contribution of the h insertions into the

one-loop light neutrino self-energy, at leading order in the momentum expansion, is

Σij(p, p−q) = − 1

12

i

(4π)2

∑
α

λiαλ
†
αj

1

M2
α

[(
6p2−6p.q+

13

3
q2

)
/p+

(
−3p2+

8

3
p.q−2q2

)
/q

]
.

(2.33)

This allows the coefficients of the three CP conserving operators in the effective Lagrangian

to be determined by matching the h νL νL vertex.

In order to generate the vital CP violating operator in (3.1), we need to go to two

loops, where we have already demonstrated a difference in the propagation of leptons and

antileptons. The key diagrams here are shown in figure 9, corresponding to the two lower

diagrams in figure 3. Note that the h insertion on a sterile neutrino propagator S×α gives rise

to two contributions, one from the vertex −iMα h νR ν
c
R associated with two Sα propagators

and another from −iMα h νcR νR with two S×α propagators. These insertions can be made

in both nested and overlapping diagrams and on the α and β propagators. In addition, we

need to consider insertions on the Higgs propagators and on the Yukawa vertices, which, as

we have seen at one loop, can in principle contribute despite the h vertex being of O(n−4).

The resulting calculations are extensive and perhaps surprisingly stretch the limits of

known analytic methods. The hardest diagram is essentially a two-loop 3-point triangle

diagram with arbitrary external momenta. These calculations were carried out in detail

in [2], although in that reference we were unable to complete the evaluation of this final

diagram. This leaves some uncertainty in the heavy mass hierarchy dependence of the final

result.
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Figure 9. Two-loop self-energy diagrams for the light leptons with an h insertion on the sterile

neutrino α propagator, corresponding to the two lower diagrams in figure 3. Similar diagrams with

the h insertion on the sterile neutrino β propagator are also to be included, along with insertions

on the Higgs propagator and Yukawa vertices [2]. The diagrams with two Sα propagators have an

h νR ν
c
R vertex while those with two S×α propagators have an h ν cR νR vertex, as seen from (2.23)

and figure 4.

To extract the relevant coefficient (‘b’) in the effective Lagrangian, we need only isolate

the term involving q2/q in the momentum expansion of Σ2 loop
ij . In [2] we found,

Σ2 loop
ij (p, p− q) = − 1

3

1

(4π)4

∑
α,β,k

λ†βjλiαλ
†
βkλkα

1

MαMβ
I[αβ] q

2
/q + . . . , (2.34)

where the integral factor Iαβ was indeed shown to have an antisymmetric part. The result

in the large hierarchy limit Mβ �Mα (see [2] for the full result) is

I[αβ] ∼
(
Mβ

Mα

)2p

log

(
Mβ

Mα

)
, (2.35)

up to an O(1) numerical factor. This shows that the gravitationally induced lepton-

antilepton asymmetry discussed above is realised explicitly at two-loop order, and conse-

quently generates a non-vanishing coefficient for the CP violating operator in the effective

Lagrangian describing the low-energy dynamics in this model.

The question of whether the hierarchy parameter p is 0 or 1 was left unresolved in [2].

The most natural result, which holds in all the diagrams we calculated to a conclusion, is

p = 0. This would accord with the expected decoupling of heavy mass intermediate states

in the Feynman diagram.7 Nevertheless, in calculating the arbitary-momentum triangle

7However, note that because of the external factor of Mβ from the h coupling, in order to find a p = 1

hierarchy dependence we only require the relevant diagram to tend to a constant or grow no faster than

logMβ in the large Mβ limit. As an illustration that such a logarithmic dependence on the mass of a heavy

neutrino propagator may arise in an individual Feynman diagram, note the asymptotic behaviour of the

UV divergent one-loop self-energy diagram in figure 5, where we find a logMα dependence in the M2
α � p2

limit (see footnote 5).
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diagram, we found contributions with p = 1 which would require a remarkable cancellation

if they were to be absent in I[αβ]. For this reason, we retain the possibility that p could

be 1 in what follows since, as we see in the cosmological scenarios, the presence of a large

sterile mass hierachy dependence would significantly affect the ultimate prediction for the

baryon-to-photon ratio in this particular BSM theory.

3 Effective Lagrangian for gravitational leptogenesis

In this section, we construct an effective action which encodes the tidal curvature effects

on the propagation of the light neutrinos and fix the coefficients of the induced operators

by comparing with the explicit calculations of the self-energy loop diagrams in section 2.

3.1 Effective Lagrangian

The gravitational dynamics of the light neutrinos, to leading order in the curvature, is

encoded in the general effective action,

Seff =

∫
d4x
√
−g
[

1

2
i νL

iγ.
←→
D ν iL + ãij Rµν i νL

iγµ
←→
D ν ν jL + bij ∂µR νL

iγµ ν jL

+ cij R i νL
iγ.
←→
D ν jL + d̃ij i

(
DµνL

i
)
γ.
←→
D Dµν jL

]
.

(3.1)

With real coefficients ã, b, c, d̃, each term in (3.1) is individually hermitian. We have also

allowed for gravitationally-induced flavour-changing effective interactions, with the coeffi-

cients carrying flavour labels.

This effective Lagrangian arises quite generally as the low-energy limit of a fundamental

UV-complete theory, characterised by some high mass scale M . The coefficients ã, b, c, d̃ are

then of O(1/M2), so the Lagrangian is a weak gravitational field expansion in R/M2, where

R denotes a typical curvature. Taking the BSM theory of section 2 as the fundamental

theory, the mass M is identified with the Majorana mass Mα of the heavy sterile neutrinos.

It is also a low-energy expansion, since we have retained only leading-order terms in

derivatives. In the papers [15, 16], which analysed the full energy dependence of UV-

complete quantum field theories coupled to gravity, the relevant expansion parameter was

shown to be E
√
R/M2, for a typical particle energy E. This will be an important factor

in the application of our results for leptogenesis in realistic cosmological settings, and we

will return to a careful discussion of this point later.

The presence of direct couplings to the curvature means the Lagrangian (3.1) violates

the strong equivalence principle and cannot be regarded as a fundamental theory in its

own right. In particular, in the absence of an embedding into a UV-complete theory, the

theory described by this effective Lagrangian is not causal. This issue has been explored

extensively in the series of papers [16–20] on the realisation of causality and unitarity in

QED in curved spacetime.8

8See also [21] and the discussion of causality in explicitly CPT violating theories in [22].
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The properties of the operators in (3.1) under the discrete symmetries C, P, T is

important, and has been described carefully in [7]. Note that in curved spacetime, the

symmetries P, T are defined only in the local Lorentz frame, or tangent space, at each point

in spacetime. Crucially, the operators ã, c, d̃ are all CP even, while only the b operator is

CP odd. All are CPT even.9

3.2 Weak gravitational field expansion

The necessary formalism to match the coefficients in the effective Lagrangian to the cou-

plings and masses of a fundamental theory was developed extensively in [7] and we need

only summarise the essential results here. In [7], we considered the low-energy limit of the

standard model coupled to gravity; here, we are interested in the effective Lagrangian for

the BSM model of section 2.

To facilitate comparison with [7], and to simplify the application to the eikonal expan-

sion in section 5, it is convenient to rewrite the effective action (3.1) in the form,

Seff = Sa + Sb + Sc + Sd , (3.2)

where

Sa =

∫
d4x
√
−g aij i νL i

(
2Rµνγ

µDν +
1

2
∂µRγ

µ

)
νjL ,

Sb =

∫
d4x
√
−g bij ∂µRνL iγµνjL ,

Sc =

∫
d4x
√
−g cij i νL i

(
2Rγ.D + ∂µRγ

µ
)
νjL ,

Sd =

∫
d4x
√
−g dij i νL i

(
2D2γ.D +

1

4
∂µRγ

µ

)
νjL . (3.3)

To relate Sd and Sd̃ we use the identities,

[Dµ , Dν ] νL =
1

4
Rµνρσγ

ργσ νL , (3.4)

and

Rµνρσγ
νγργσ = Rµνρσ

(
gρσγν + gνργσ − gνσγρ − iελνρσγλγ5

)
= − 2Rµνγ

ν . (3.5)

Then Sd̃ = −Sd − 1
2Sa and we have ã = a− 1

2d, d̃ = −d.

Note from (3.3) that Sc and Sd are equivalent up to equation of motion operators.

It follows that on-shell quantities derived from this effective action will only depend on

the combination of coefficients d + 4c. We see below how this consistency requirement

appears in the physical results derived from (3.3), notably in the coupling b̂ introduced in

section 4.1.
9This is in contrast to a model where instead of the curvatures, the bilinear neutrino operators are mul-

tiplied by constant parameters, as in the Lorentz and CPT violating standard model extension introduced

in [23]. Importantly, the Lorentz vector and tensor operators i νL γ
a←→D b νL and νL γ

a νL are CPT even and

odd respectively.
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Figure 10. The h νL
i νjL vertex Vij(p, q) in the effective Lagrangian (3.1), (3.2).

As discussed in section 2, the simplest approach to determine the couplings in the

effective Lagrangian is to compare with the fundamental theory in the weak gravitational

field approximation. Using the weak field expansion of the curvatures in (2.21), we can

show that the operators in (3.3) give rise to an effective h νL
i νjL vertex Vij as shown in

figure 10 which, after some calculation [7], can be expressed in momentum space as

Vij(p, q) = i

[(
2d p2 − 2d p.q +

(
a+ 6c+

5

2
d

)
q2

)
/p

+

(
−d p2 + 2a p.q +

(
−3

2
a− 3c− 3

4
d+ 3ib

)
q2

)
/q

]
ij

. (3.6)

This vertex is subject to an important constraint from unitarity. Note first, suppressing

flavour labels, that V(p, q) = iM(p, q), where

M(p, q) = 〈νL(p) | νL(p− q)h(q)〉 .

This amplitude is required to satisfy the unitarity relation,

M(p, q)∗ = M(p− q,−q) .

Writing the general expression,

M(p, q) =
[(
αp2 + β p.q + γ q2

)
/p +

(
δ p2 + ε p.q + φ q2

)
/q
]
,

this implies the following relations (assuming all but φ are purely real),

β = −α , δ = −1

2
α , Reφ =

1

4
α− 1

2
γ − 1

2
ε ,

which are satisfied by the expansion (3.6).

It also satisfies the on-shell requirement following from the equivalence of Sc and Sd
up to equation of motion operators. Setting p2 = (p− q)2 = 0, so that 2p.q = q2 in (3.6),

we see that the remaining terms proportional to q2/p and q2/q are indeed proportional only

to the combination d+ 4c of the Sc and Sd coefficients.

3.3 Matching conditions

We can now determine the effective Lagrangian coefficients for the fundamental BSM theory

in section 2 by comparing the effective vertex Vij(p, q) in (3.6) with the explicit Feynman

diagram results in (2.33) and (2.34). With the identification,

Vij(p, q) = Σij(p, p− q) , (3.7)
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we can read off the following values of the coefficients:(
aij , cij , dij

)
=

1

12

1

(4π)2

∑
α

λ†αjλiα
1

M2
α

(
−4

3
,

3

4
, −3

)
. (3.8)

It is easily checked that with these identifications, (2.33) satisfies the above unitarity condi-

tions for Vij . Two features of these coefficients deserve comment. First, note that d = −4c.

As we see below, this will imply the cancellation of these coefficients from the light neutrino

equation of motion in the effective theory. Remarkably, precisely the same relation is found

from the light neutrino self-energies in the standard model, as shown in [7]. Second, again

as in the standard model, we find the sign of the coefficient a is negative. This translates

directly into the evolution of lepton number in the cosmological models.

As already noted, there is no contribution to the coefficient bij of the CP violating

operator at one loop. From (2.34) we find its leading-order contribution,

bij =
1

9

1

(4π)4

∑
α,β,k

λ†βjλiαλ
†
βkλkα

1

MαMβ
I[αβ] , (3.9)

with I[αβ] in (2.35).

This completes the identification of the coefficients in (3.1) for the specific BSM theory

described in section 2. In the following sections, we develop the theory of gravitational

leptogenesis based on the general effective Lagrangian.

4 Lepton number evolution and the Eikonal expansion

We now come to the key theoretical development in this paper, the investigation of gravita-

tional leptogenesis in the radiatively-induced effective Lagrangian (3.1). We do this in two

complementary ways — first, from a detailed analysis of the eikonal expansion of the loop-

corrected light neutrino equation of motion, then, in the following section, using operator

methods and non-conservation of the lepton number current.

The four operators in Seff play different roles in leptogenesis. The b operator ∂µRνLγµνL
acts as a chemical potential for lepton number and allows a lepton-antilepton asymmetry,

i.e. a net lepton number, to arise in thermal (quasi-)equilibrium. The remaining operators

modify the evolution of the lepton number in time, giving a dynamical amplification or

damping depending on the signs of the coefficients a, c, d.

4.1 Eikonal expansion for the light neutrinos

The propagation of the light neutrinos in a background gravitational field is governed by

the equation of motion derived from the effective Lagrangian.10 This is written most easily

with the parametrisation in (3.3) and we find[(
1 + 2cR+ 2dD2

)
iγ.D + 2aRµνiγ

µDν + (b̂− ib) iγ.∂R
]
νL = 0 , (4.1)

where b̂ = 1
2a+ c+ 1

4d.

10For clarity, we present the formal developments in sections 4 and 5 for a single light neutrino flavour.

Alternatively, the formulae given here may be viewed as matrix expressions with the flavour indices sup-

pressed in the coefficients aij etc. and currents Jµij = νL
iγµνjL. We have also taken the light neutrino mass

to zero in this subsection.
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We are viewing Seff as being generated by radiative corrections, so we work to consistent

perturbative order. Then, since γ.DνL = O(λ2), to this order we must omit the pre-

factor
(
2cR+ dD2

)
which gives terms of O(λ4) which we have not computed in the other

coefficients. The perturbatively consistent equation of motion therefore reduces to[
iγ.D + 2aRµνiγ

µDν + (b̂− ib)iγ.∂R
]
νL = 0 . (4.2)

The eikonal expansion consists of writing the field as the product of a slowly-varying

amplitude A and a rapidly varying phase Θ. In order to keep track of the relative orders in

the eikonal expansion, we temporarily introduce a formal counting parameter ε and write

the ansatz

νL = AuL e−iΘ = (A− iεB + . . .) uL e
− i
ε
(θ+εα) , (4.3)

where uL is the appropriate spinor wave function. The wave vector is defined as pµ = ∂µΘ.

The inclusion of an O(ε) correction in the phase Θ is novel and is required to acco-

modate the CP violating b operator. As explained in reference [7], this operator induces

a phase modulation of the wave solution, which in the particle interpretation produces a

linear shift in the energy in the dispersion relation, with opposite sign for the neutrinos

and antineutrinos. This difference in the propagation of particles and antiparticles in a

gravitational field is the origin of gravitational leptogenesis.

The simplest route to a complete solution of the eikonal equation is to first act on (4.2)

with γ.D to remove the explicit dependence on the gamma matrices and produce a second-

order wave equation. After some manipulation of covariant derivatives acting on spinors,

using the identities (3.4) and (3.5), and again keeping terms to consistent perturbative

order only, we eventually find11

γ.D
(
γ.D + 2aRµνγ

µDν + (b̂− ib)γ.∂R
)
νL

=

[
D2 − 1

4
R+ 2a

(
2Rµνγ

µDν +
1

2
∂µRD

µ − i

2
DµR

µ
νρσσ

ρσDν − 1

2
RµνR

µν

)
+
(
b̂− ib

) (
2∂µRD

µ + D2R
) ]

νL = 0 (4.4)

Inserting the ansatz (4.3) and collecting terms of the same order in ε then gives, at O(1/ε2),

k2 + 4aRµνk
µkν = 0 , (4.5)

and at O(1/ε),[
k.D +

1

2
D.k − ikµ∂µα − 4iaRµνk

µ∂µα + (b̂− ib)k.∂R

+ 2a

(
2Rµν

(
kµDν +

1

2
Dµkν

)
+

1

4
k.∂R− i

4
kνDµRµνρσσ

ρσ

)]
AuL = 0 , (4.6)

11To keep the notation in this section compact, our convention here is that within the square parentheses,

derivatives immediately to the left of a curvature (or k, α) act only on that term, while ‘free’ derivatives

act on everything outside the square parentheses.
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where we have defined kµ = ∂µθ. Higher orders in ε give sub-leading corrections to the

amplitude which do not concern us here.

The first equation determines the one-loop curvature induced modification to the dis-

persion relation when re-expressed in terms of the true wave vector pµ = kµ + ε∂µα. For

the second, note that the imaginary terms cancel at O(λ2) with the choice α = −bR. In

fact, the entire dependence of the wave operator on the coefficient b is accounted for by

this addition to the phase factor.

Now, in the absence of the loop effects, the dispersion relation from (4.5) is simply

k2 = 0, from which we deduce k.D kν = 0. This is just the geodesic equation, showing that

the tangent vector kµ is parallel transported along its integral curve. The O(1/ε) terms

may be separated into equations for the amplitude and spinor wave function, viz.(
k.D +

1

2
D.k

)
A = 0

k.D uL = 0 . (4.7)

This states that the wave function uL is parallel transported along the geodesic (see [24]

for a detailed discussion), whereas the amplitude varies as the ‘expansion’ θ̂ = −1
2D.k of

the geodesic congruence, one of the optical scalars in the Raychoudhuri equations. This

has the clear interpretation of the amplitude increasing as the congruence focuses. In the

particle interpretation of the eikonal formalism, the number density of particles comprising

the wave is proportional to the square of the amplitude, so the light neutrino number

density varies as nν ∼ A2.

Putting all this together, we can finally write the eikonal solution to the loop-corrected

equation of motion in the form,

νL = AuL e−i(θ−bR) , (4.8)

where the dispersion relation is given in (4.5), while the amplitude and spinor wave function

satisfy [
k.D +

1

2
D.k + 4aRµν

(
kµDν +

1

2
Dµkν

)
+
(
b̂+

1

2
a
)
k.∂R

]
A = 0 (4.9)[

k.D + 4aRµνk
µDν − i

2
a kνDµRµνρσσ

ρσ

]
uL = 0 . (4.10)

Neither kµ nor pµ satisfies the geodesic equation with the loop effects included. The evo-

lution equations for both the amplitude and the wave function are also modified as shown.

The interpretation of the tidal effects on the amplitude is discussed below. Tidal effects

on the spinor wave function, which depend on the spin generator σρσ, modify the neutrino

helicity as it propagates through spacetime. These potentially important effects, which

parallel those for polarisation and birefringence in photon propagation, do not however

affect our discussion here of the evolution of lepton number.

In terms of the true wave vector pµ = ∂µ(θ − bR) = kµ − b ∂µR, and including a light

neutrino mass, the dispersion relation is

p2 − 4aRµνp
µpν ± 2b pµ∂µR − m2 = 0 . (4.11)
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This is the form appropriate for an interpretation in terms of energy and momentum, with

the ± sign for the neutrino νL and antineutrino ν c
L respectively.

4.2 Interpretation in FRW spacetime

We now show how this eikonal solution may be interpreted in terms of the evolution of

lepton number in a FRW spacetime.

The spatially flat Robertson-Walker metric,

ds2 = dt2 − a(t)2 δijdx
idxj , (4.12)

has non-vanishing Christoffel symbols,

Γ0
ij = −Hδij , Γij0 = Hδij , (4.13)

where H is the Hubble parameter. The FRW Ricci curvatures are

R00 = 4πGρ(1 + 3w) , R0i = 0 , Rij = −4πGρ(1− w)δij ,

R = −8πGρ(1− 3w) , (4.14)

where ρ is the energy density and w is the equation of state parameter, p = wρ. The energy

conservation equation,

ρ̇ + 3(1 + w)ρH = 0 , (4.15)

then implies

Ṙ = 8πGρ 3H(1− 3w)(1 + w) . (4.16)

Also note the Friedmann equation gives the Hubble parameter from

3H2 = ρ/M2
p . (4.17)

The geodesic equations for a massive free particle in this metric are simply solved by

xi = constant, i.e. the particle is co-moving with the cosmological expansion. Letting

kµ be the corresponding momentum, and with dispersion relation k2 = m2, this implies

k0 = m, ki = 0.

The corresponding solution of the loop-corrected dispersion relation (4.5) at O(λ2) is

k0 =
(
1− 2aR00

)
m, ki = 0 . (4.18)

Along this trajectory12 the amplitude equation (4.9) evaluates as[
∂0 +

1

2
Γii0 + 2aR00 ∂0 + aRijΓ

j
i0 + b̂ ∂0R

]
A = 0 . (4.19)

12This is not in general the tangent vector to a geodesic since, writing Kµ = kµ + 2aRµνk
ν so the

dispersion relation is simply K2 = m2, we can show

K.DKρ = 2a

[(
DµR

ρ
ν −DρRµν

)
KµKν − 1

2
RµνD

ρ(KµKν)] + O(λ4) .

However, in the FRW metric and taking K0 = m,Ki = 0 as in (4.18), this does simplify to

K.DKρ = 2a [∂0R
ρ

0 − ∂ρR00] = 0, (ρ = 0, i) .
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The time evolution of the amplitude is therefore[
d

dt
+

3

2
H + 2aR00

d

dt
+ aRiiH + b̂ Ṙ

]
A = 0 . (4.20)

Recalling that in the eikonal formalism, the particle number density n ∼ A2, we there-

fore find the time evolution of the light neutrino number density nν in a FRW spacetime

is given by (
1 + 2aR00

) dnν
dt

+ 3Hnν + 2aRiiHnν + 2b̂ Ṙ nν = 0 . (4.21)

This is one of the key equations in this paper. It is the first step in establishing the new

Boltzmann equation for gravitational leptogenesis incorporating the radiatively-induced

curvature effects. In the following section, we first show how this equation may be found

using a quite different approach using non-conservation of the lepton number current, then

develop the full Boltzmann equation including the non-vanishing equilibrium distribution

of lepton number induced by the CP violating b operator. Note that the b coefficient

does not appear in the lepton number evolution equation, entering only in the modified

dispersion relation (4.11).

5 Gravitational leptogenesis and the extended Boltzmann equation

In this section, we provide an independent derivation of the evolution equation (4.21) for

the lepton number density by showing that the lepton number current is not conserved

when the CP even curvature interactions are included in the effective action. We then

formulate a new generalised Boltzmann equation incorporating these gravitational effects.

5.1 Current non-conservation and lepton number evolution

For the free Dirac Lagrangian, the lepton number current Jµ = νLγ
µνL is conserved, i.e.

DµJ
µ ∼ 0 (where ∼ 0 indicates zero up to terms vanishing by the equation of motion). In

the presence of the curvature terms in the effective Lagrangian, however, the current is no

longer conserved, implying a non-trivial time dependence of the lepton number.

The current non-conservation identity is derived using standard methods. Under a

variation νL → eiθνL, νL → e−iθ νL, the effective action transforms as

δSeff ≡ δνL
δSeff

δνL
+
δSeff

δνL
δνL

= DµJ
µ + ∆ ∼ 0 , (5.1)

Also note that in terms of Kµ, equation (4.9) for the amplitude becomes[
K.D +

1

2
D.K + 2aRµνK

µDν + aRµνD
µKν + b̂K.∂R

]
A = 0 ,

where we have made use of the Bianchi identity DµRµν = 1
2
∂νR. This form is especially close to the current

non-conservation equation derived in section 5.
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where the total derivative term defines the current Jµ, while for a non-conserved current

the remainder ∆ is non-zero. Taking the terms in the effective action (3.3) in turn, we find

δSa = 2aRµνD
µJν + a ∂µRJ

µ ,

δSb = 0 ,

δSc = 2cRDµJ
µ + 2c ∂µRJ

µ ,

δSd =
1

2
d ∂µRJ

µ + 2d

(
νLD

2γ.DνL + νLγ.
←−
D
←−
D2νL

)
. (5.2)

Collecting terms, the current non-conservation equation is therefore

(1 + 2cR)DµJ
µ + 2aRµνD

µJν +
(
a+ 2c+

1

2
d
)
∂µRJ

µ

+ 2d

(
νLD

2γ.DνL + νLγ.
←−
D
←−
D2νL

)
∼ 0 . (5.3)

Again, since DµJ
µ ∼ O(λ2), the pre-factor 2cR of the DµJ

µ term must be omitted

to consistent perturbative order. So, up to terms vanishing by the equation of motion, we

find simply,

DµJ
µ + 2aRµνD

µJν + 2b̂ ∂µRJ
µ ∼ 0 , (5.4)

recalling b̂ = 1
2a + c + 1

4d. Note here the similarity with the eikonal amplitude equation,

especially the form in footnote 12. Note also that (5.3), (5.4) may be derived directly using

the equations of motion (4.1), (4.2).

Now in the FRW spacetime, using the formulae (4.13), (4.14), this current non-

conservation equation becomes

∂0J
0 + ∂iJ

i + Γii0J
0 + 2a

(
R0

0 ∂0J
0 + Rij∂iJ

j + RijΓ
j
i0J

0
)

+ 2b̂ ṘJ0 ∼ 0 . (5.5)

The charge density corresponding to the current is J0, which we identify as the lepton

number density nL. In an isotropic universe, the spatial gradients in (5.5) vanish. We

therefore find the time evolution equation for the lepton number density,

(1 + 2aR00)
dnL
dt

+ 3HnL + 2aRiiHnL + 2b̂ Ṙ nL = 0 . (5.6)

This reproduces (4.21), derived using the eikonal formalism, with nL = nν − nνc .
To develop this, noting that dnL/dt = −3HnL +O(λ2), we can rewrite the pre-factor

term in (5.6) so that to O(λ2),

dnL
dt

+ 3HnL + 2a
(
−3R00 +Rii

)
HnL + 2b̂ Ṙ nL = 0 . (5.7)

Substituting for the curvatures finally gives,

dnL
dt

+ 3HnL

(
1 − 8πGρ(1 + w)

[
2a− 2b̂(1− 3w)

])
= 0 . (5.8)
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Whether the radiative curvature corrections amplify or reduce the lepton number den-

sity as the universe evolves therefore depends on the sign of the combination of coefficients[
2a− 2b̂(1− 3w)

]
.

For a radiation dominated FRW universe, w ' 1/3, with a deviation arising purely

from the beta functions characterising the trace anomaly in the energy-momentum tensor,

Tµµ 6= 0. With standard model fields, this gives (1 − 3w) ' 0.1. Since this is small, the

dominant factor in (5.8) is the coefficient 2a. A negative a corresponds to damping of the

lepton number with time, while a positive a implies an amplification. Recall that in the

particular BSM model described in sections 2 and 3, we found in (3.8) that a is negative.

Other cosmological scenarios with (1 − 3w) 6= 0 are considered in section 6. At this

point, however, note that in the BSM model we have d = −4c, so the coefficient b̂ = a/2.

So in this particular model, the combination
[
2a − 2b̂(1 − 3w)

]
= a(1 + 3w). Curiously,

this is negative unless (1 + 3w) < 0, which is precisely the condition for an accelerating, or

inflationary, universe.

We return to (5.8) in section 5.3 below, where we incorporate it into the new Boltz-

mann equation for lepton number. First, we consider the CP violating b operator and the

mechanism for leptogenesis.

5.2 Gravitational leptogenesis

The CP violating operator in the effective Lagrangian (3.1) may be written in FRW space-

time as

Sb = b

∫
d4x
√
−g ∂µRνLγµνL

=

∫
dt bṘ

∫
d3x

√
−g(3) J0 , (5.9)

since R = R(t). In this form, given that J0 is the lepton number density nν , we see that

this may be interpreted as introducing a chemical potential µ = bṘ for lepton number.

Since the neutrinos interact via the Higgs field with the finite temperature medium in

the early universe, this chemical potential biases the net lepton number nL = nν − nνc to

produce a non-vanishing value neq
L in thermal equilibrium, with neq

L ∼ µT 2.

The equilibrium is maintained by the lepton number violating reactions described in

section 2.1. As well as the ∆L = 2 reactions νLH ↔ ν cLH and νLνL ↔ HH considered

there, there are further ∆L = 1 reactions involving other standard model fields which are

described in detail elsewhere (see for example [11]).

Of course, since we need the Ricci scalar to be varying in time to produce the chem-

ical potential, we are not in true thermal equilibrium. However, provided the ∆L 6= 0

reactions are faster than the rate of change Ṙ, the neutrinos and antineutrinos are in

quasi-equilibrium and the formalism here is an accurate description. As discussed in sec-

tion 2, the time-dependence inherent in R(t) is necessary to satisfy the third Sakharov

condition and allow leptogenesis to occur.
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To see this in detail, recall the dispersion relation (4.11). Rewriting in components,

this reads

(1− 4aR00) (p0)2 −
(

1 +
4

3
aRii

)
|p|2 ± 2b p0Ṙ − m2 = 0 , (5.10)

and identifying energy as E = p0, we find

E = E(|p|) ∓ µ , (5.11)

with µ = bṘ and, at O(λ2),

E(|p|) =

[(
1 + 4a

(
R00 +

1

3
Rii

))
|p|2 +

(
1 + 4aR00

)
m2

]1/2

. (5.12)

From standard statistical mechanics, the equilibrium lepton number density is then

given, for small µ/T , by

neq
L = nν − nνc =

∫
d3|p|
(2π)3

(
1

e(E−µ)/T + 1
− 1

e(E+µ)/T + 1

)
' 2µ

T

1

2π2

∫ ∞
0

d|p| |p|
2 eE

(eE + 1)2 + O
(µ
T

)2
. (5.13)

Since this is already O(λ4), we may neglect the O(a) corrections to E(|p|) in the integral

in (5.13), and find to a good approximation,

neq
L '

2µ

T

1

2π2
T 3

∫ ∞
0

dx
x2 ex

(ex + 1)2 =
1

3
µT 2 . (5.14)

This may be compared to the photon number density nγ = 2ζ(3)
π2 T 3 or the entropy

density s = 2π2

45 g∗sT
3, where g∗s is the effective number of degrees of freedom at the energy

scale T , both of which are commonly used to normalise the lepton asymmetry.

To summarise, we have shown that radiative corrections in the BSM model of section 2

induce a non-vanishing lepton number density asymmetry in thermal equilibrium, given by

neq
L =

1

3
b Ṙ T 2 , (5.15)

with the coefficient b = tr bij = O(λ4) given by (3.9). This is the mechanism of radiatively-

induced gravitational leptogenesis, first proposed in [1].

5.3 Boltzmann equation

The final step is to incorporate these two new effects into the Boltzmann equation describing

the time, or temperature, dependence of the lepton number density.

We begin with the modification to the evolution term (5.8). It is traditional in dis-

cussions of leptogenesis to give results in terms of the ratio of lepton to photon number,

NL = nL/nγ . Since nγ ∼ T 3 and T ∼ 1/a, where a(t) is the FRW scale parameter, we have

dNL

dt
=

1

nγ

(
dnL
dt

+ 3HnL

)
. (5.16)
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We also usually express the evolution in terms of temperature, or more specifically

z = M1/T , where in our BSM model we can take the mass scale M1 to be the mass of the

lightest sterile neutrino. Then, d/dz = (1/Hz)d/dt. Recalling that 8πG = 1/M2
p defines

the reduced Planck mass, we can finally re-express (5.8) in the form,

dNL

dz
= 3(1 + w)

[
2a− 2b̂(1− 3w)

] ρ

M2
p

1

z
NL . (5.17)

Next, consider the modification due to the non-vanishing equilibrium number density

neq
L . For this, we need some kinetic theory. We only sketch the key results we need, referring

to standard texts [25] for the general theory. We also need to step back from only using the

effective Lagrangian here, since we need to consider the specific lepton number violating

reactions described in section 2 in the BSM model itself.

For a ∆L = 2 reaction such as νLH ↔ ν cLH, the number density of neutrinos is given

by the Boltzmann equation [26] in FRW spacetime,

dnν
dt

+ 3Hnν = 〈σ|v|〉
(
−nν nH +

neq
ν neq

H

neq
νc n

eq
H

nνc nH

)
, (5.18)

with the corresponding result for dnνc/dt.

The cross-section term above is re-expressed in terms of the thermally-averaged reac-

tion rate for particle ν, viz. Γν∆L=2, given by

Γν∆L=2 =
1

neq
ν
γ∆L=2 =

1

neq
ν

(
neq
ν neq

H 〈σ|v|〉
)

=
1

64

1

(2π)3

1

T 2

∫
ds
√
sK1

(√
s

T

)
1

s

∫ 0

−s
du |M(u, s)|2 , (5.19)

in terms of the u-average of the amplitude M(u, s) for the ∆L = 2 reaction. (See for

example [3, 11] and references therein for details and notation.)

We may take nH ' neq
H and, using Maxwell-Boltzmann statistics for the neutrinos (i.e.

neglecting the ‘Fermi blocking’ effect), approximate

neq
ν

neq
νc
' e2µ/T , (5.20)

from (5.13) due to the non-vanishing chemical potential. It then follows that, with nL =

nν − nνc ,

dnL
dt

+ 3HnL = Γν∆L=2

(
−
(

1 + e−2µ/T
)
nν +

(
1 + e2µ/T

)
nνc
)

= −2Γν∆L=2

(
nν − nνc −

µ

T
(nν + nνc)

)
. (5.21)

Next, since in the free theory, nν and nνc take their common equilibrium values, and

referring to (5.13) for neq
L , we see that to O(λ4),

µ

T

(
nν + nνc

)
' neq

L . (5.22)
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We therefore find,
dnL
dt

+ 3HnL = −2 Γν∆L=2

(
nL − neq

L

)
. (5.23)

Despite the technicalities of its derivation, (5.23) has a very straightforward physical inter-

pretation, viz. that provided the ∆L = 2 reactions are active, the lepton number density

nL is driven towards its equilibrium value neq
L .

Finally, re-expressing in terms of dNL/dz as before, we find

dNL

dz
= −2W∆L=2

(
NL − N eq

L

)
, (5.24)

where W = Γ/zH is essentially the ratio of the reaction rate to the expansion rate of the

universe. In the full theory, W∆L=2 is replaced by the complete rate term W incorporating

the inverse sterile neutrino decay and ∆L = 1 reaction rates as well as the ∆L = 2 reactions

considered in detail here.

The full Boltzmann equation is therefore given by combining (5.17) and (5.24) and

we find
dNL

dz
= −W

(
NL − N eq

L

)
− W NL , (5.25)

with W given by

W = −3(1 + w)
[
2a− 2b̂(1− 3w)

] ρ

M2
p

1

z
, (5.26)

and, using the expression (5.15) for neq
L together with (4.16) for the curvature Ṙ,

N eq
L =

√
3π2

2 ζ(3)
(1− 3w)(1 + w) b

ρ3/2

M3
p

1

M1
z . (5.27)

This is the key equation of the paper. The new features compared to conventional

leptogenesis models are the radiatively-induced curvature dependent terms — the non-

vanishing equilibrium asymmetry N eq
L already presented in [1–3], and the new evolution

term WNL derived here.

In the next section, we study this equation in detail in different cosmological settings

using parametrisations of the reaction rate W and other couplings expressed in terms of

neutrino mass parameters in the specific BSM model in section 2.

Equation (5.25) is, however, far more general than this particular model and it is

interesting at this point to give a general estimate of the temperature dependence of the

various terms in a radiation-dominated cosmology, with w ' 1/3. The energy density ρ in

this case is given by ρ = σT 4, where σ = π2g∗/30 with g∗ the effective number of degrees of

freedom. Then, recalling that the loop coefficients in (5.26) are O(λ2/M2
1 ), while b in (5.27)

is O(λ4/M2
1 ), we find

W ∼ λ2

(
M1

Mp

)2 1

z5
, N eq

L ∼ λ4

(
M1

Mp

)3 1

z5
. (5.28)

In (5.19), the u-averaged cross-section ∼ s2/M2
1 so, rescaling within the integral over s, we

deduce Γ ∼ T 3/M2
1 . The Friedmann equation gives the Hubble constant as H2 = ρ/3M2

p ,
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Figure 11. Illustration of the key stages in the evolution of the lepton asymmetry NL(z) with

temperature, given by the Boltzmann equation (5.25).

so here H ∼ T 2/Mp and we have

W =
Γ

zH
∼ λ4

(
M1

Mp

)−1 1

z2
. (5.29)

Note that in this case, both the curvature-dependent terms N eq
L and W fall off rapidly

as T 5 as the temperature falls and the universe expands. Conversely, they become increas-

ingly important in the high-temperature, strong-curvature regime of the early universe.

The lepton number violating rate term W is conventionally known as the ‘washout’

factor, since in the absence of a non-vanishing N eq
L this would dampen out any pre-existing

lepton asymmetry. In the gravitational leptogenesis theory described here, however, it

plays a quite different role, driving the asymmetry towards its equilibrium value N eq
L . The

new evolution term W, on the other hand, can act at early times either to slow the drive

to N eq
L or as a source of amplification of any existing lepton asymmetry, depending on

the coefficients in the effective Lagrangian. When these are generated by loop corrections,

the sign of these contributions is not arbitrary but is determined by the dynamics of the

fundamental BSM model. In our particular model, we found W > 0, but it is not clear

whether there is some general principle enforcing this sign.

The full evolution of the lepton asymmetry NL derived from the Boltzmann equa-

tion (5.25) is illustrated in figure 11, which extends the picture already found in [3] to

higher temperatures. In the temperature region (b), with z < 1, the scattering factor

W (z) dominates and drives NL to its gravitationally-induced equilibrium value N eq
L . At

still higher temperatures, the 1/z5 dependence of W(z) means we reach a regime with

|W(z)| > W (z), labelled as (a) in the figure, where NL is forced away from the equilib-

rium value, either reducing from N eq
L if W(z) > 0 as shown, or increasing very sharply if

W(z) < 0. For lower temperatures (region (c)), as the universe expands and the tempera-

ture falls, the lepton number violating rate W (z) eventually becomes too slow to maintain

equilibrium and NL decouples, becoming essentially constant. Finally, around z ' 1, that
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is T ' M1, the rate W (z) has a resonance peak due to the sterile neutrino propagator

in the diagrams of figure 1 and is sufficiently strong to force NL back towards N eq
L (re-

gion (d)), before once more becoming negligibly small leaving NL to converge to its final,

low-temperature, constant value as shown.

These features can be quantified using an exact analytic solution for the Boltzmann

equation in the regions (a), (b), (c) for temperatures above the resonance regime T 'M1.

This is given in appendix A, where we show that in the ultra-high temperature region (a),

the new evolution term induces a dependence NL ∼ 1/z2 in the lepton asymmetry, mod-

erating the sharp rise N eq
L ∼ 1/z5 in the equilibrium value.

The balance of these competing terms in the extended Boltzmann equation (5.26)

depends on the detailed choice of masses and couplings in the original BSM model. In our

case, these are constrained by the light lepton mass spectrum, since the theory also plays

the role of generating neutrino masses via the see-saw mechanism with the heavy sterile

neutrinos. In the following section, we study in detail how this works out in particular

cosmological scenarios.

6 Evolution of gravitational leptogenesis in cosmology

In this final section, we explore the consequences of the generalised Boltzmann equa-

tion (5.25) for the creation and evolution of the lepton number asymmetry in the early

universe. As in [3], we consider two scenarios in detail — first, when leptogenesis occurs

in a conventional radiation-dominated FRW spacetime and second, in a post-inflationary

era preceding radiation dominance when the expansion is driven by a source with effective

equation of state w > 1/3, including the extreme ‘kination’ scenario with w = 1.

As usual in leptogenesis models, we assume that the lepton asymmetry generated in

the early, post-inflationary universe is subsequently converted to a baryon asymmetry by

sphaleron processes at the electroweak scale [6, 27]. The required relation for the baryon-

to-photon ratio η is (see for example [28])

η =
1

f

Csph

Csph − 1
NL , (6.1)

where Csph is the fraction of the lepton asymmetry converted into a baryon asymmetry by

sphaleron processes, and f is a dilution factor accounting for photon production between

leptogenesis and recombination. In this model, Csph = (8n + 4)/(22n + 13) with n = 3

fermion generations and f = 2387/86, leaving η ' 0.02|NL|. To achieve the observed

value of η = 6 × 10−10, we therefore require a leptogenesis mechanism to yield a lepton

asymmetry |NL| ' 10−8.

6.1 Radiation-dominated FRW cosmology

Our focus in this paper has been to derive and study the two radiatively-induced gravi-

tational terms in the generalised Boltzmann equation (5.25). We have developed this in

terms of the effective Lagrangian (3.1) which describes the dynamics of the light neutrinos

in curved spacetime, including the contributions from loop diagrams with virtual sterile
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neutrinos ν αR . To describe the complete dynamics of leptogenesis in the BSM model (2.1),

however, we also need to take into account the lepton number violating decays of the sterile

neutrinos themselves.

The Boltzmann equations describing leptogenesis through out-of-equilibrium decays of

the sterile neutrinos are well-known (see [11] and references therein for reviews), this being

the original Fukugita-Yanagida model [12]. We can therefore easily include these along

with our gravitational terms, giving the complete Boltzmann equations,

dNνR

dz
= −D

(
NνR − N eq

νR

)
dNL

dz
= −D ε1

(
NνR − N eq

νR

)
− W

(
NL − N eq

L

)
− W NL . (6.2)

Here, NνR is the ratio of the number density of the sterile neutrino ν 1
R to photons (since it

is the lightest of the ν αR that gives the biggest contribution to the Boltzmann equation for

NL) and N eq
νR(z) is its equilibrium value at temperature T = M1/z. The decay parameter

is given as

D(z) = Γ(νR → νLH) /zH , (6.3)

and ε1 is a CP-violating parameter of O(λ4) characterising the asymmetric contributions

of the ∆L = 1 decays of the sterile neutrino ν 1
R to νLH and ν cLH. Together with W ,

and unlike N eq
L and W, these terms are non-zero in flat spacetime and we can neglect any

gravitational contributions to them in (6.2).

A natural question at this point is why it is consistent to use expressions derived

from the ‘low-energy’ effective Lagrangian, incorporating the effects of integrating out

the virtual heavy sterile neutrinos in loop diagrams, at an energy scale where the sterile

neutrinos are themselves dynamical. The resolution depends on the extra (curvature) scale

in the gravitational theory.

Conventionally, effective Lagrangians in flat spacetime are valid for momenta such

that p2 < M2, where M is the characteristic mass scale of the fundamental theory, and

the low-energy expansion is in the parameter p2/M2. As noted in section 3, however, it

has been shown [15, 16] that the relevant expansion parameter in the curved spacetime

theory is instead E
√
R/M2. Equivalently, using the typical energy E ∼ T , the low-energy

expansion here is valid for z >
√
R/M1. This means that for R/M2

1 � 1, as required for the

validity of the weak gravitational field approximation, we may legitimately use the effective

Lagrangian at scales T significantly above the sterile neutrino mass M1. Recalling that for

a radiation-dominated FRW universe, R ∼ T 4/M2
p , a reasonable estimate for the validity

of the effective Lagrangian in this case is therefore13 z3 & 10−2M1/Mp. The corresponding

weak field condition is a lesser constraint, z2 &M1/Mp.

6.1.1 Neutrino parameters and the Boltzmann equations

Since the BSM model incorporates the see-saw mechanism for generating the light neutrino

masses, the parameters are constrained and can be re-expressed in terms of the experimen-

13In fact, in previous work we found that the effective Lagrangian generally gives a good description up

to energy scales logER/M2 ∼ O(4), weakening the constraint by the factor of 10−2 shown.
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tally known neutrino masses. Here, we follow [11] and references therein, summarised for

our purposes in [3], so we only quote a few essential relations without further motivation.

First, it is convenient to introduce the notation Kαβ =
∑

i λ
†
αiλiβ for the Yukawa

couplings. The sum of the light neutrino masses is m̄2 = m2
1 + m2

2 + m2
3 and we neglect

the lightest, m1 ∼ 0, and write m̄2 ' ∆m3
31 + ∆m2

21 = ∆m2
sol + ∆m2

atm. Using the values

∆m2
sol = 7.53× 10−5 eV2 and ∆m2

atm = 2.44× 10−3 eV2 for the mass differences measured

in solar and atmospheric neutrino experiments, we have m̄ ' 0.05 eV. This is related to

the Yukawa couplings through the see-saw relation,

m̄2 = v4
∑
α,β

Re(K2
αβ)

MαMβ
. (6.4)

A convenient mass scale in this context is set by m∗ = 8π(σ/3)1/2 v2/Mp = 1.08×10−3 eV,

where v = 174 GeV is the electroweak scale and Mp = 2.4 × 1018 GeV is the reduced

Planck mass.

Next, we introduce the key parameter K characterising the strength of the Yukawa

interactions,14

K =
v2

M1m∗
K11 ⇔ K11 = 8π

√
σ

3
K
M1

Mp
. (6.5)

To accommodate the conventional physics of see-saw neutrino masses, we choose M1 ∼
1010 GeV here, with low values of K between around 1 and 5.

The sterile neutrino decay parameter is readily expressed in terms of K and Bessel

functions as

D(z) = Kz
K1(z)

K2(z)
, (6.6)

while the equilibrium value N eq
νR is

N eq
νR

(z) =
3

8
z2K2(z) . (6.7)

The CP violating decay parameter controlling the contribution to the lepton asymme-

try from the out-of-equilibrium ν αR decays is given by [29]

εα '
3

16π

∑
β 6=α

Im(K2
αβ)

Kαα

Mα

Mβ
. (6.8)

This arises from the interference of the tree and one-loop diagrams for the decays ν αR →
ν iLH and ν αR → ν i cL H shown in figure 12. Here, we only require the parameter ε1 for

the dominant decays of ν 1
R. Note that (6.8) then involves a linear combination of both

14K is equivalently defined as the ratio of the zero-temperature decay rate to the Hubble parameter

at T = M1,

K = ΓD(z =∞)/H(z = 1) ,

which controls whether the ν1
R decays are in equilibrium.
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νR

H

νL

Sα

νR

H

νL

S×α S×β

νR

H

νL

S×α S×β

Figure 12. Diagrams for the decay ν αR → ν iLH which contribute to the decay rate asymmetry

factor εα. At O(λ4) the relevant contribution to the Γ(νR → νLH) decay rate arises from the

interference of the tree and one-loop diagrams shown. (Two further loop diagrams, with a self-

energy insertion on the incoming νR line or on the outgoing νL line, do not contribute to the

asymmetry.) Similar diagrams, where the Sα and S×α type νR propagators are switched compared

to the figure, give the decay rate for ν αR → ν i cL H. Reading off the vertices from the action (2.3)

shows that the asymmetry depends on the combination
∑
β Im

[
(λ†λ)αβ(λ†λ)αβ

]
f(Mα,Mβ), where

f(Mα,Mβ) is a kinematical factor from evaluating the diagrams.

Im(K2
12) and Im(K2

13). A reasonable range of values for ε1, consistent with the constraints

from neutrino masses, is ε1 ∼ 10−5–10−10.

The final element of the conventional Boltzmann equation is the factor W (z) including

the ∆L = 2 scatterings, ∆L = 1 reactions and inverse decays νLH → νR. In the usual

theory this is known as the ‘washout’ term, since it removes any pre-existing lepton asym-

metry. However, as we have seen, once we have a non-vanishing N eq
L (z) it plays a quite

different role, driving NL(z) towards this equilibrium value.

The full derivation of W (z) is quite lengthy and involves a number of subtleties which

need not concern us here. A summary of the necessary results is given in [3]. The form of

W (z) is especially simple for large and small z. In terms of the parameters defined above,

we have

W (z � 1) ' 12

π2

m∗M1

v2

(
m̄2

m2
∗

+ K2

)
1

z2
= 17.6σ1/2 M1

Mp

(
m̄2

m2
∗

+ K2

)
1

z2
, (6.9)

with W (z � 1) satisfying the same formula with the K2 term omitted. Since m̄2/m2
∗ '

2150, the effect of the K2 term is negligible for the values considered here, and the coefficient

of the asymptotic 1/z2 dependence of W (z) is essentially the same for small and large z.

In the region z ' 1, W (z) displays a resonance arising from the ν 1
R intermediate state in

the scattering diagrams (see figure 1).

The complete temperature dependence of W (z) for low values of K is shown in fig-

ure 13, illustrating the characteristic 1/z2 behaviour anticipated in section 5 together with

the resonance enhancement at T 'M1.

This brings us to the new gravitationally-induced terms in the Boltzmann equa-

tion (6.2). The equilibrium lepton number asymmetry N eq
L has been derived and discussed

in detail in our earlier work [1–3]. Here, from (5.15) and (3.9) we have

N eq
L (z) =

1

3

1

nγ
b Ṙ T 2

=
1

27

1

nγ
Ṙ T 2

∑
α,β

Im(K2
αβ)

(4π)4

1

MαMβ
I[αβ] . (6.10)
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Figure 13. This shows the dependence on z = M1/T of the coefficient W (z) in the Boltzmann

equation for K = 1 and K = 10, with M1 = 5× 1010 GeV and the neutrino parameters in the text.

The resonance peak around T 'M1 increases with K.

With a sterile neutrino mass hierarchy M1 < M2 < M3, the dominant term is α = 1.

Then, substituting for Ṙ from (4.16) and with the equation of state w ' 0.3 for a radiation-

dominated background (including the trace anomaly), we find

N eq
L (z) = 0.034σ3/2

(
M1

Mp

)3 ∑
β 6=1

Im(K2
1β)

(4π)4

(
Mβ

M1

)2p−1

log

(
Mβ

M1

)
1

z5
, (6.11)

where we have used (2.35) for I[αβ] and collected the numerical terms into a single pre-

factor.

In writing (6.11), we have retained the possibility of a hierarchy enhancement with

p = 1 or the, perhaps more likely, form of I[αβ] with p = 0. With p = 1, the dominant con-

tribution comes from the heaviest sterile neutrino ν 3
R, whereas for p = 0 it is ν 2

R that gives

the largest contribution. We consider both possibilities in the solutions of the Boltzmann

equations described below.

A key observation here is that the dependence on the Yukawa couplings through com-

binations of Im(K2
αβ) is different in N eq

L and ε1, so these two CP-violating terms in the

Boltzmann equation may be chosen independently.15

15In more detail, see [3], if we impose the relation

M3 Im(K2
12) + M2 Im(K2

13) ' 0 ,

then ε1 ' 0 and the sterile neutrino decays play no role in the generation of the lepton asymmetry. Lep-

togenesis is then due entirely to the radiatively-induced gravitational mechanism. Imposing this condition,

the hierarchy-sensitive terms in (6.11) become approximately, for p = 1 and p = 0 respectively,

Im(K2
13)

M3

M1
log

(
M3

M1

)
, (p = 1) ,

and

Im(K2
12)

M1

M2
log

(
M2

M3

)
, (p = 0) .
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The final element is the evolution rate W(z), derived for the first time in this pa-

per. Writing (5.26) in terms of the neutrino parameters introduced above, and with the

particular perturbative coefficients (3.8) in this BSM model, we have

W(z) =
1

3
(1 + w)(1 + 3w)

∣∣
w=0.3

σ

(
M1

Mp

)2 K11

(4π)2

1

z5
, (6.12)

where we keep only the dominant contribution from the lightest sterile neutrino. Re-

expressing in terms of the parameter K from (6.5) then gives,

W(z) = 0.075σ3/2K

(
M1

Mp

)3 1

z5
. (6.13)

Notice that in this parametrisation, the small value of the Yukawa coupling constants are

exchanged for an extra power of M1/Mp compared to the estimates in (5.28), assuming K

is chosen of O(1) as we do here.

As already observed, W(z) has a 1/z5 dependence, characteristic of the gravitational

terms. It therefore rises sharply for temperatures T > M1. Comparing W(z) with the

coefficient W (z), which has a milder 1/z2 temperature dependence, we can determine the

value of z at which W(z) begins to dominate and force the lepton asymmetry away from

its equilibrium value. With parameters chosen conventionally to reproduce light neutrino

phenomenology, and with M1 ' 1010 GeV and K ' 1–10, this crossover value is around

z ' 10−6, which unfortunately lies outside the range of z where we can unambiguously

rely on the low-energy expansion of the effective Lagrangian. It is, however, very model

dependent and for that reason, and with this caveat, we include its effects in the figures

below where we illustrate the evolution of NL(z) with temperature.

Note especially that this crossover value of z is particularly sensitive to the observed

light neutrino masses, which control the scale of W (z) in (6.9). This emphasises again

the strong constraints on the gravitational leptogenesis mechanism when implemented in

this particular BSM model, which is playing the dual role of generating the light neutrino

masses through the see-saw mechanism. In section 6.2, we show how this value also depends

on the equation of state parameter in generalised cosmological scenarios, and occurs for

significantly lower temperatures for w > 1/3.

6.1.2 Evolution of the lepton number asymmetry

We now present a variety of plots of the evolution of the lepton number asymmetry NL(z)

with temperature, found by numerically solving the coupled Boltzmann equations (6.2)

with different assumptions and parameters in the BSM model.

To begin, in figure 14, we show the sterile neutrino density NνR(z) and the lepton

asymmetry NL(z) in the conventional model neglecting the gravitational contributions.

The two options of starting at high temperature with NνR(z) taking its equilibrium value,

or with NνR(z � 1) ' 0, are shown separately. The effect of the decay term proportional

to (NνR −N
eq
νR) in the Boltzmann equation for dNL(z)/dz is readily understood, becoming

appreciable only when the decay rate D(z), which grows with z, becomes sufficiently large.

The above equilibrium abundance of ν 1
R in the upper right-hand plot in figure 14 drives
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Figure 14. The upper figures show the development of the sterile neutrino densities NνR(z). The

left-hand diagram corresponds to an initial condition with NνR(z) = 0 while the right-hand plot

starts with NνR(z) already at its equilibrium value. The lower figures show the corresponding

absolute value of the lepton asymmetry induced by the out-of-equilibrium decays of ν 1
R. Notice the

cusp in the left-hand plot, indicating that the asymmetry NL(z) changes sign as the sterile neutrino

density NνR(z) switches from under to just over its equilibrium value. The parameters here are

M1 = 5× 1010 GeV and K = 5, with ε1 = 10−6.

NL(z) negative, as shown in the corresponding lower plot for |NL(z)|, while the initial under

abundance in the upper left-hand plot in figure 14 drives a positive value for NL(z) before

switching, at the cusp in |NL|, to a negative value as NνR(z) becomes temporarily over

abundant. This describes the well-known mechanism of generating the lepton asymmetry

from the out-of-equilibrium decays of the sterile neutrinos.

Our main interest here is of course the gravitational contributions, N eq
L and W. Con-

sider first the scenario in which N eq
L has a hierarchy enhancement, i.e. p = 1 in (6.11). In

this case, the dominant contribution to N eq
L comes from the heaviest sterile neutrino, so

β = 3 in (6.11). A reasonable choice of BSM parameters then gives the evolution shown in

figure 15, resulting in a final value of |NL| ' 10−8 as required to give the observed η.

Here, we have chosen the CP violating decay parameter ε ' 10−10, sufficiently small

that the effect of the out-of-equilibrium νR decays makes a negligible effect on the final

lepton asymmetry. NL(z) therefore evolves just as described at the end of section 5. At

high temperatures z � 1, NL(z) is driven to its equilibrium value N eq
L ∼ 1/z5, moderated

to ∼ 1/z2 at ultra-high temperatures (with these parameters only for z � 10−6, which lies
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Figure 15. Dynamical evolution of the lepton number asymmetry NL(z) in the case of a hierarchy

enhancement, p = 1, with parameters chosen so that the gravitational leptogenesis mechanism

dominates over the out-of-equilibrium ν 1
R decays. Here, M1 = 5 × 1010 GeV, K = 1, with M3 =

1016 GeV, ImK13/(4π)2 = 5× 10−4 and ε1 = 10−10.

outside the range of validity of the effective Lagrangian) by the damping effect of the new

evolution termW(z). After a period following its gravitationally-induced equilibrium value,

NL(z) decouples as the scattering rate maintaining equilibrium falls below the Hubble

expansion rate, i.e. W (z) < 1, and becomes essentially constant. A final dip occurs for

z ' 1 when the resonant increase in W (z) gives a further temporary push towards N eq
L ,

which is falling away very rapidly as 1/z5. These features are quantified in the analytic

solution in appendix A.

We therefore see that given the hierarchy enhancement p = 1, the radiatively-induced

gravitational leptogenesis mechanism can reproduce the observed lepton asymmetry for

conventional choices of the BSM parameters.

Without a hierarchy enhancement, p = 0, the largest contribution to N eq
L arises from

the lighter sterile neutrino ν 2
R (that is β = 2 in 6.12), but is still significantly suppressed

relative to p = 1. In this case, however, the gravitational terms alone do not give a big

enough final value for NL to reproduce the observed η, given the parameter constraints

in this particular BSM model from the light neutrino masses in setting the magnitude of

W (z). So here we rely on the conventional decay mechanism to produce the final value

of NL at low temperatures. Nevertheless, the gravitational effects still produce a radical

change in the high temperature evolution of NL(z), illustrated in figure 16.

Following this evolution back in time towards the early universe, the post-leptogenesis

value NL ' 10−8 arises around z ' 1 due to out-of-equilibrium decays of sterile neutrinos.

As the temperature rises, NL(z) initially falls as in the conventional model. However, this

drop is then overtaken by the gravitational effects (from around z ∼ 10−3 in figure 16)

and NL(z) rises sharply, driven to its equilibrium value N eq
L . Eventually, though outside

the range of validity of Leff in this model, NL(z) evolves away from N eq
L due to the new

gravitational term W(z) in the Boltzmann equation. Far from reducing to zero for high
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Figure 16. Dynamical evolution of the lepton number asymmetry NL(z) in the case of no hierarchy

enhancement, p = 0. Here, the final lepton asymmetry is determined by the out-of-equilibrium ν 1
R

decays, with the gravitational mechanism producing a steep rise in the asymmetry at earlier times

for temperatures z . 0.01. Here, M1 = 1010 GeV, K = 5, with M2 = 1012 GeV, ImK12/(4π)2 =

5× 10−4 and ε1 = 10−7.

temperatures above the sterile neutrino mass scale M1, the lepton asymmetry drops then

rises steeply, its dynamical evolution being driven by the radiatively-induced gravitational

tidal effects.

The physics applications of a substantial lepton number asymmetry in the early uni-

verse above the conventional leptogenesis scale remain to be explored. In the following

section, we generalise the discussion to allow for a post-inflationary era preceding radiation

dominance, where the universe expansion is driven by a source with an effective equation of

state w 6= 1/3. As we shall see, this has a very significant effect on the dynamical evolution

described here.

6.2 Gravitational leptogenesis in the pre-radiation era

This study of the effects of gravity on the dynamical evolution of lepton asymmetry in

the radiation-dominated era motivates an exploration of how our gravitational leptogen-

esis mechanism would be modified in an earlier, post-inflationary era where the universe

expansion is controlled by a source with w 6= 1/3.

An economical way to illustrate how such an equation of state can arise is to consider a

single (inflaton) scalar field with different potentials. In an isotropic spacetime, the energy

density and pressure are given by

ρ =
1

2
φ̇2 + V (φ)

p =
1

2
φ̇2 − V (φ) . (6.14)

For a potential V ∼ φ2n, it is easy to show [30] that in a (reheating) phase where the

scalar field is oscillating around its minimum, the average value of ρ and p over a cycle are

related by 〈p〉 = w〈ρ〉 with w = (n − 1)/(n + 1). For example, a non-interacting scalar
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field, with a φ2 potential, has w = 0. The conformal case V (φ) ∼ φ4 gives w = 1/3, just

as for radiation. Steeper potentials give higher values of w, while in the limiting case of

‘kination’ scenarios, where the kinetic term dominates completely over the potential, the

equation of state is w = 1.

In the conventional picture of the early universe, radiation dominance is preceded by

a post-inflationary reheating era during which the inflaton field oscillates around the mini-

mum of a shallow potential (such that V ∼ 1
2m

2φ2) while decaying into relativistic standard

model particles at temperature T . This requires a non-vanishing but very weak coupling

of the inflaton to the standard model fields. The process ends when the inflaton decay rate

falls below the Hubble parameter and the universe enters the radiation-dominated era at

the reheating temperature Trh. During reheating, the effective equation of state parameter

therefore evolves in a model-dependent way from an initial value w ' 0 towards 1/3 as

a successively greater fraction of the initial energy density is in the form of radiation. If

Trh .M1, then the gravitational effects described here would be active during reheating.

Gravitational leptogenesis in this era would therefore be characterised by 0 < w < 1/3,

a lower value than for the radiation dominance scenario just described. Now, as can be

seen from the analysis below, for an equation of state w < 1/3, the Hubble parameter

is decreased relative to w = 1/3 resulting in an increase in the factor W (z) = Γ/zH in

the Boltzmann equation. Compared to the evolution shown in figure 16, this means the

lepton asymmetry NL(z) is driven more strongly to the equilibrium value N eq
L , reaching

it at an earlier time and decoupling later at a higher value of z. This results in a lower

final asymmetry for NL due to the gravitational effects prior to the νR decays. Moreover,

this value of NL is further diluted by entropy production during the reheating phase.

Overall, therefore, the gravitational leptogenesis mechanism is less effective at generating

the required final lepton asymmetry during the reheating phase than it is during radiation

dominance. The sharp rise in the asymmetry to N eq
L for temperatures above M1 shown

figure 16 would however still occur.

Instead, we consider here a scenario in which at early times the universe comprises

a non-thermalised ‘exotic’ component with w > 1/3 which drives the expansion, together

with an initially sub-dominant radiation component at temperature T [3, 5]. As the uni-

verse expands, its energy density naturally decreases faster than the energy density of the

radiation, becoming equal at some critical temperature T∗ = M1/z∗. Below this tempera-

ture, the universe becomes radiation dominated as before.

There are several ways in which such a scenario could arise [5]. An attractive pic-

ture [31, 32] is that instead of conventional reheating, the relativistic particles giving rise

to the entropy of the universe arise through gravitational particle creation at the transition

from the de Sitter inflationary vacuum to the FRW vacuum at the end of inflation. This

obviates the need for a direct coupling of the inflaton to the standard model fields. Imme-

diately after inflation, the energy density is dominated by the inflaton component with an

equation of state w > 1/3, which gradually dilutes relative to the thermalised relativistic

particles as the universe expands leaving a conventional radiation-dominated FRW era. If

this phase is characterised by a temperature T & M1 then our gravitational leptogenesis

mechanism could take place at this time.
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The energy density of the radiation component is ργ = σT 4, and we assume T ∼ 1/a(t).

In general reheating scenarios, the temperature may have a different and dynamically sen-

sitive dependence on the scale factor, as discussed in detail in [33, 34]. In our illustrative

model, however, we are assuming the inflaton field is decoupled from the radiation com-

ponent, in which case T ∼ 1/a(t) indeed follows from the analysis in [33, 34]. From the

conservation equation (4.15), the energy density of the exotic component varies with tem-

perature as ρw = σwT
3(1+w), where the constant σw sets its overall magnitude. We can

trade this for the critical temperature T∗ by setting σwT
3(1+w)
∗ = σT 4

∗ . It follows immedi-

ately that the ratio of the energy densities of the exotic and radiation components is

ρw
ργ

=

(
z

z∗

)1−3w

. (6.15)

The total energy density ρ = ρw + ργ .

To see how the various terms in the Boltzmann equation are modified in this new

background, we track back through their derivation writing the curvatures and Hubble

constant in terms of the new energy density ρ. For the decay rate D(z) and W (z), the

only change is due to the factor 1/H in their derivations, so we find

D(z) = Dγ(z)

(
1 +

(
z

z∗

)1−3w
)−1/2

W (z) = Wγ(z)

(
1 +

(
z

z∗

)1−3w
)−1/2

, (6.16)

where here we define Dγ , Wγ etc. as the formulae given above for a pure radiation-

dominated background. For the gravitational terms, there is also a direct dependence

on the curvature, and here we find

W(z) = Wγ(z)

(
1 +

(1 + w)(1 + 3w)

(1 + wγ)(1 + 3wγ)

(
z

z∗

)1−3w
)
, (6.17)

and

N eq
L (z) = N eq

Lγ(z)

(
1 +

(1 + w)(1− 3w)

(1 + wγ)(1− 3wγ)

(
z

z∗

) 3
2

(1−3w)
)
. (6.18)

where wγ = 0.3.

The dependence of W (z) on the parameter w is plotted in figure 17 for the two cases

where T∗ is greater or less than M1. The key feature is that for z < z∗, W (z) becomes

smaller as w is increased from its radiation-dominance value 0.3 towards the kination

limit w = 1.

We can also show how the relative strength of the evolution factor W(z) and W (z)

depends on w. From figure 18, we see how the crossover point where W(z) 'W (z) occurs

at successively lower temperatures as w is increased.

These features explain the evolution of the lepton asymmetry NL(z) shown in figure 19.

The qualitative features are the same as described at the end of section 5, and exact analytic
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Figure 17. This shows the lepton number violating rate term W (z) in the Boltzmann equation

with the effective equation of state parameter w = 0.3, 0.5, 0.6 and 1, and z∗ = 0.1 (left-hand figure)

and z∗ = 100 (right-hand figure). The other parameters here are M1 = 1010 GeV and K = 5.

Figure 18. This figure shows the ratio R(z) of the evolution term W(z) to the lepton number

violating term W (z) in the Boltzmann equation for w = 0.3, 0.5, 0.6 and 1, with z∗ = 0.1 (left-hand

figure) and z∗ = 100 (right-hand figure). Note the crossover point where R(z) = 1 (dotted line) is

shifted to higher values of z as w is increased. The parameters are as in figure 17.

expressions for NL(z) in the different regions are derived for arbitrary w in appendix A.

At ultra-high temperatures the evolution term W(z) dominates in the Boltzmann equation

and gives the universal behaviour NL(z) ∼ 1/z2 for all w. Beyond the crossover point in

figure, 18, NL(z) is driven to the equilibrium value N eq
L , which in itself increases with w, by

the lepton number violating rate term W (z). However, since W (z) is weaker for successively

bigger values of w, the asymmetry NL(z) decouples sooner from N eq
L and consequently at

a higher value. Indeed, as we approach the kination limit, NL(z) is so weakly driven to

N eq
L that after the initial ultra-high temperature phase when W(z) > W (z), it remains

essentially constant and the whole Boltzmann equation is dominated by the new evolution

term W (see appendix A). Overall, the point of decoupling and the final asymmetry are

clearly very sensitive to the value of w.

We see, therefore, that for the same BSM parameters, the final asymmetry produced

by the gravitational leptogenesis mechanism increases with the equation of state parameter

w. An optimal case is NL(z) with w = 0.5 in figure 19, yielding a final asymmetry NL '
10−8. This shows how with physically reasonable BSM parameters, the observed baryon

asymmetry η can be entirely generated by radiatively-induced gravitational leptogenesis,

even without a hierarchy enhancement, in a FRW spacetime characterised by an effective
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Figure 19. Dynamical evolution of the gravitationally-induced lepton number asymmetry NL(z)

for effective equation of state parameters w = 0.3, 0.5, 0.6 and 1 with z∗ = 0.1. The corresponding

equilibrium values N eq
L are shown as the dot-dashed lines. Note the universal NL(z) ∼ 1/z2

behaviour at ultra-high temperatures where the evolution term W(z) dominates in the Boltzmann

equation. Decoupling from N eq
L occurs earlier for higher values of w, resulting in a larger final

asymmetry. The parameters here are M1 = 1010 GeV, K = 5, with M2 = 1012 GeV, ImK12/(4π)2 =

5× 10−4 and no hierarchy enhancement, p = 0.

equation of state w ' 0.5. This could readily be realised in the post-inflationary scenario

of [31, 32].

7 Summary and outlook

In this final section, we highlight some of the key features of radiatively induced gravita-

tional leptogenesis and discuss potential future developments.

First, we again emphasise the generality of the leptogenesis mechanism, independent

of its realisation in the particular BSM theory analysed here. Whatever its origin, the

effective action (3.1) summarises the gravitational interactions of the light neutrinos and

implies the picture of the origin and evolution of the lepton number density described

above. We saw there was a clear distinction between the roles of the CP odd and CP even

operators in (3.1). The coupling ∂µRνLγ
µνL to the CP odd neutrino operator modifies

the light neutrino dispersion relation and gives rise to an effective chemical potential for

lepton number. This is the origin of the non-vanishing equilibrium lepton number density

neq
L . On the other hand, the gravitational couplings to the CP even operators, especially

Rµν νLγ
µ←→D ννL, modify the dynamical evolution of the lepton number density at early

times.

To complete the gravitational leptogenesis mechanism, these two tidal curvature effects

encoded in the effective action need to be augmented by a lepton number violating reaction

to drive the lepton number density nL towards its equilibrium value neq
L and maintain it

at this value until decoupling. These non-gravitational ∆L 6= 0 reactions are required to

satisfy the first Sakharov condition and are provided naturally here by the fundamental

BSM theory.
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Together, these effects give rise to the generalised Boltzmann equation (5.25) which

implies the picture of the dynamical evolution of the lepton asymmetry summarised in

figure 11. An initially zero lepton-to-photon ratio NL is driven rapidly towards N eq
L , its

approach moderated by the new factor W(z) in the Boltzmann equation. NL then tracks

N eq
L until the ∆L 6= 0 reaction rate drops towards the Hubble expansion rate and can no

longer maintain NL in quasi-equilibrium. At this point, NL decouples giving (up to the

final dip in region (d) of figure 11) the final gravitationally-induced lepton asymmetry.

As we have seen, the final value for the lepton-to-photon ratio NL depends very sen-

sitively on the temperature at which decoupling from equilibrium occurs. This is because

N eq
L (z) is falling very sharply with temperature, as 1/z5 for the radiation-dominated back-

ground. This behaviour is inherited from the original curvature dependence of neq
L in (5.15),

from which neq
L ∼ ρH T 2. In turn, the point of decoupling is determined by W (z), so de-

pends on the Hubble parameter (as exploited in the w > 1/3 backgrounds described in

section 6.2) but also on the strength of the ∆L 6= 0 reactions, which is dependent on the

parameters of the BSM theory.

Turning now to the features specific to the see-saw BSM theory we have used here

to illustrate RIGL, note that it has three closely-linked properties relevant to the analysis

of leptogenesis. First, it exhibits the lepton number violating interactions in figure 1,

which depend on the exchange of virtual νR neutrino propagators with S× propagators.

Reorienting these diagrams and replacing the Higgs fields by their VEV gives the see-saw

mass generation mechanism for the light neutrinos. This explains the parameter constraint

linking the magnitude of W (z) to the observed neutrino masses. Third, the same interaction

vertex necessarily allows the νR → νLH and νR → ν cLH decays of real sterile neutrinos.

At one-loop level, these decays exhibit CP violation as described in figure 12. As they can

occur when the νR are out of equilibrium around T ∼M1 (see figure 14), this realises the

Fukugita-Yanagida leptogenesis mechanism [12]. We noted that the dynamical weighting

of the CP-violating combination of Yukawa couplings at O(λ4) governing these decays is

similar, but not identical, to the combination arising in the gravitationally-induced lepton

number density neq
L . This difference allows us to choose parameters such that one or other

mechanism for leptogenesis dominates the final asymmetry. Both mechanisms are however

necessarily present in the see-saw model, or any related BSM theory with L-violation

occurring through Feynman diagrams of the type in figure 1.

It would be interesting to find alternative BSM theories (see [35] for recent work in

this direction) in which this tight link between ∆L 6= 0 reactions, out-of-equilibrium νR
decays, and neutrino masses could be relaxed, giving a greater flexibility in the parameter

choices controlling the magnitude and evolution of the lepton asymmetry in RIGL.

Further exploration of the evolution of the lepton number density nL at very early

times with T � M1 requires going beyond the ‘low-energy’ approximation used in the

effective action. Recall that this is constructed only to leading order in derivatives, and

implies the restriction T
√
R/M2

1 < 1 on its range of validity. To complete the description

of the evolution of nL beyond this region, we need more powerful techniques to evaluate the

one and two-loop self-energy diagrams in section 2 beyond the small-momentum expansion.

This involves working directly in the BSM model itself.
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At one loop, the required methods have been developed in the series of papers [16–

18] where the high-energy behaviour of photon vacuum polarisation diagrams in QED has

been analysed. The motivation in these papers was to examine fundamental issues involving

causality, analyticity and unitarity in quantum field theories in curved spacetime. However,

the same methods, which exploit the Penrose limit of the background spacetime to allow the

derivation of explicit non-perturbative formulae for the energy dependence of the vacuum

polarisation, may readily be adapted to the one-loop self-energy diagrams here, using the

generalisation to fermions described in [18]. So in principle the evolution term W(z) can

be found for arbitrarily high temperatures, provided only that R/M2
1 < 1. The remaining

technical difficulty is in extending these methods to the two-loop diagrams necessary to

find neq
L . Two loops seems to be necessary since, at least in the BSM theory considered

here, CP violation requires going to fourth order in the Yukawa couplings. Clearly, the

∼ 1/z5 rise in N eq
L will not continue indefinitely for very small z, and the evidence from

QED vacuum polarisation strongly suggests that all these gravitational loop effects revert

to zero in the ultra-high energy limit. This was essential in reconciling causality with the

apparent superluminal propagation in the low-energy effective action for QED in curved

spacetime. It would be very interesting either to overcome this difficulty (which seems

unlikely given the complexity in evaluating all the required two-loop diagrams even in the

low-energy approximation) or to find an alternative BSM theory in which neq
L is generated

at one loop so that the entire dynamical evolution of nL(z) from the earliest times could

be quantitatively traced.

In conclusion, in this paper we have extended the theory of radiatively-induced gravita-

tional leptogenesis developed in [1–3, 7] to give a fuller picture of the dynamical evolution

of the lepton number asymmetry in the early universe. Whether the final value of the

lepton asymmetry leading to the observed baryon-to-photon ratio η is determined by the

conventional out-of-equilibrium sterile neutrino decay mechanism, or entirely through the

generation of the equilibrium asymmetry neq
L by tidal curvature effects at the quantum loop

level, we have seen how at earlier times the universe will experience a phase with a sig-

nificantly higher lepton-antilepton asymmetry determined purely by gravitational effects,

as illustrated in figure 11. It remains an open and interesting question what other physi-

cal consequnces may follow from the existence of such a non-vanishing matter-antimatter

asymmetry in these very early times in the evolution of the universe.
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A Analytic results for the Boltzmann equation

The Boltzmann equation (5.25) for gravitational leptogenesis admits simple analytic solu-

tions in the temperature regions (a), (b), (c) in figure 11. This provides additional insight

into the numerical plots for the lepton number asymmetry NL(z) presented in the text.
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Keeping only the terms relevant to the gravitational mechanism, i.e. neglecting the

contribution from νR decays, the Boltzmann equation is

N ′L(z) = −W (z)
(
NL(z) − N eq

L (z)
)
− W(z)NL(z) . (A.1)

In the region z < 1 (and also z < z∗ in the cosmological scenario in section 6.2), this is

well-approximated by simple power-law behaviours of the coefficients and we can write,

N ′L(z) = − α
zp

(
NL(z) − β

zq

)
− γ

zr
NL(z) . (A.2)

Consider first the radiation-dominated era. Here, p = 2, q = 5, r = 5 and the

coefficients α, β and γ can be read off from (6.9), (6.11) and (6.13). It is straightforward

to show that the general solution of (A.2) is

NL(z) = f(z) − f(z0) e(α/z+γ/4z
4−α/z0−γ/4z4

0) , (A.3)

with

f(z) = αβ e(α/z+γ/4z
4)
∫ z

0
dt

1

t7
e−(α/t+γ/4t4) . (A.4)

Here, we have imposed the boundary condition NL(z0) = 0 at some very early time with

temperature given by z0.16

Now, in region (a) we have W (z) � W(z), so NL(z) is essentially the solution of the

simpler equation,

N ′L(z) = − γ

z5
NL(z) +

αβ

z7
. (A.5)

The solution (A.3) then holds with α → 0 in the exponent, and f(z) can be written

explicitly as

f(z) =
αβ

γ

[
1

z2
+

√
π
√
γ
eγ/4z

4
erfc

(√
γ/2z2

)]
. (A.6)

For small z, i.e. such that γ/z4 � 1, we can approximate this using the asymptotic expan-

sion erfc(x) ' e(−x2) (1/
√
πx)

(
1 +O(1/x2)

)
at large x, so we find

NL(z) =
αβ

γ

1

z2
, (z < γ1/4) . (A.7)

This explains the slower rise of the lepton asymmetry in region (a) compared to the sharp

1/z5 rise of the equilibrium value N eq
L .

This matches smoothly to NL(z) ∼ β/z5 in region (b) where NL(z) follows its equi-

librium value. From (A.7), the crossover occurs at z3 ' γ/α, which of course matches the

point where W (z) ' W(z).

16It is clear that with this explicit solution, NL(z) rises almost instantly towards its value in region (a)

of figure 11, driven by the large initial value of the WNeq
L term in the Boltzmann equation for N ′L(z).

Note, however, that this is an artifact of using the effective Lagrangian for the Boltzmann coefficients at

extremely early times outside its range of validity. In reality, we expect from previous experience with QFT

loop calculations in curved spacetime that for sufficiently high temperatures, where T
√
R/M2

1 � 1, the

loop effects will revert smoothly to zero, so the transition of NL(z) from its initial zero value at z = z0

towards its value in region (a) is expected to be gradual.
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To find the constant value of NL(z) in region (c) after decoupling, we instead need the

solution of the Boltzmann equation where W (z)�W(z), i.e.

N ′L(z) = − α
z2
NL(z) +

αβ

z7
. (A.8)

In this case, performing the integral in (A.4) gives,

f(z) = 5!
β

α5

5∑
n=0

1

n!

(α
z

)n
. (A.9)

This matches the smooth evolution of NL(z) from region (b) through decoupling and into

region (c). The dominant term in region (c) is given by the n = 0 term in the sum,

leaving [3]17

NL(z) ' 120
β

α5
, (z > α) . (A.10)

The same methods can be applied to the pre-radiation cosmological scenario in sec-

tion 6.2 using the expressions (6.16), (6.18) and (6.17) for W (z), N eq
L (z) and W(z) ap-

proximated for z � z∗. In this case, the Boltzmann equation (A.2) has the power-law

dependence p = 1
2(5− 3w), q = 1

2(7 + 9w) and r = 4 + 3w. The coefficients are related to

the radiation-dominance ones above by

αw = α z
(1−3w)/2
∗ , βw = β

(1 + w)(1− 3w)

(1 + wγ)(1− 3wγ)
z

3(3w−1)/2
∗ ,

γw = γ
(1 + w)(1 + 3w)

(1 + wγ)(1 + 3wγ)
z3w−1
∗ . (A.11)

Considering first region (a), we solve the equivalent Boltzmann equation to (A.5) and

find the obvious generalisation of (A.3) with

f(z) =
αwβw
γw

eγwz
1−r/(r−1)

(
r − 1

γw

)(p+q−r)/(r−1)

Γ

(
p+ q − 1

r − 1
,
γwz

1−r

r − 1

)
, (A.12)

in terms of the incomplete Gamma function. In the ultra-high temperature region

γw/z
r−1 � 1, we use the large x asymptotic expansion of the incomplete Gamma function

Γ(a, x) ' e−xxa−1 to find

NL(z) ' αwβw
γw

1

zp+q−r
, (z � γ1/(r−1)

w )

=
αwβw
γw

1

z2
. (A.13)

Notice that this shows a universal 1/z2 behaviour independent of w, as observed in figure 19.

The behaviour of NL(z) for larger values of z is not so straightforward for general w. As

evident from figure 19, for values of w . 0.5 the asymmetry NL(z) is driven temporarily

17For the ‘no hierarchy’ choice of parameters used in the text for the radiation-dominated era, we have

α ' 9× 10−4, β ' 4× 10−32 and γ ' 5× 10−24.
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to its equilibrium value, region (b), due to the dominance of W (z) over W(z) in this

region. So as in the radiation-dominance case above, it is a good approximation to solve

the Boltzmann equation (A.2) neglecting the evolution term γwNL/z
r. Using the small x

behaviour of the incomplete Gamma function Γ(a, x) ' Γ(a), we then find

NL(z) ' βw

(
p− 1

αw

)q/(p−1)

Γ

(
p+ q − 1

p− 1

)
, (z � α1/(p−1)

w ) (A.14)

generalising (A.10).

However, for larger values of the equation of state parameter w & 0.7, W (z) is too weak

and the entire evolution of NL(z) is dominated by the evolution term, with the solution

given above in (A.12). For these values of w, which includes the kination limit w = 1,

NL(z) never holds to its equilibrium value and its final constant value is given by the large

z expansion of (A.12), viz.

NL(z) ' αwβw
γw

(
r − 1

γw

)(p+q−r)/(r−1)

Γ

(
p+ q − 1

(r − 1)

)
. (A.15)

For intermediate values of w, we need to keep the full Boltzmann equation (A.2)

balancing both the W (z) and W(z) terms, with the numerical solutions for the lepton

number asymmetry shown in figure 19.
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