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ABSTRACT: Rare inclusive B decays such as B — X S(d)E’LE_ are interesting probes for
physics beyond the Standard Model. Due to the complementarity to their exclusive counter-
parts, they might shed light on the anomalies currently seen in exclusive b — s transitions.
Distinguishing new-physics effects from the Standard Model requires precise predictions
and necessitates the control of long distance effects. In the present work we revisit and
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nium and light-quark resonances, nonfactorizable power corrections, and cascade decays.
We then apply these results to a state-of-the-art phenomenological study of B — Xd€+€_,
including also logarithmically enhanced QED corrections and the recently calculated five-
body contributions. To fully exploit the new-physics potential of inclusive flavour-changing
neutral current decays, the B — X 074~ observables should be measured in a dedicated
Belle II analysis.
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1 Introduction

Since the Higgs discovery at the LHC in 2012 [1, 2] completed the particle content of the
Standard Model (SM) of particle physics, no new fundamental degrees of freedom have
been discovered in direct searches for physics beyond the SM (BSM). The current situation
therefore underlines the importance of indirect searches for BSM particles via virtual effects.
The latter requires precision studies of low-energy observables, most prominently in quark
and lepton flavour physics.

Inclusive flavour-changing neutral current (FCNC) decays of B mesons provide a per-
fect environment for this kind of program for several reasons. First, FCNC decays are
especially sensitive to potential BSM effects because they proceed through loop-suppressed
electroweak interactions in the SM. Second, the necessary precision can be achieved on
both the theoretical and experimental side. Theoretically, inclusive FCNC B-meson de-
cays can be reliably predicted using an Operator Product Expansion (OPE), in which
non-perturbative effects appear as corrections to the partonic rate at inverse powers of the
heavy b-quark mass.

The theory approach to inclusive FCNC decays is in this sense somewhat different
compared to exclusive ones; in particular, the underlying hadronic uncertainties in inclusive
modes are largely independent of those in exclusive transitions. Hence, one useful way to
shed light on the nature of the anomalies currently outstanding in exclusive B decays
at various experiments [3—15] is a cross-check via the corresponding observables in the
inclusive modes. Indeed, a study on the combined new-physics sensitivity clearly revealed
the synergy and complementarity of exclusive versus inclusive FCNC decays [16].

The FCNC decays that have been studied most intensively are b — s transitions. The
amplitude for these decays contains the three combinations of Cabibbo-Kobayashi-Maskawa
(CKM) elements V;;Vyy, VooV, and Vs Vip. In an expansion in the Wolfenstein parameter
A & |V,s| ~ 0.22 they start at orders O(A?), O(A\?), and O(A!), respectively. Neglecting
VsV compared to the other two and using CKM unitarity, the b — s amplitudes are
thus proportional to the single combination V;;V,,. In b — d transitions the situation is
different since V,3Vyy, VigVip, and V.5 V., are all O(X?). This renders the size of the b — d
rate about two orders of magnitude smaller compared to its b — s counterpart. On the
other hand, the b — d unitarity triangle is non-degenerate. Trading V_yV,; in favour for the
other two via CKM unitarity, one obtains a piece proportional to V,3V};, (which is analogous
to the V;;Vj;, term in b — s transitions except for a replacement of the overall CKM factor)
and a piece proportional to V,;V,; that contains the effective operators Py’ whose matrix
elements are not CKM-suppressed in the b — d case.

While b — d¢T¢~ decays have played little role in the program of flavour experiments
so far because of their low statistics, they will become accessible in the Belle IT era. A naive
rescaling of the corresponding B — X, ¢4~ errors given in [16] (without taking detector
efficiencies etc. into account) shows promising prospects for this decay at Belle II. Therefore,
it would be worthwhile to carry out a dedicated B — X ot analysis at Belle II. Besides
serving as a cross-check of inclusive B — X (0~ and exclusive b — d¢T¢~ measurements
it has the potential to yield important information on the phenomenon of CP violation.



On the theoretical side the latest phenomenological study of B — X, 070 dates back
fifteen years [17]. Since it is based on short-distance partonic contributions only and
includes neither power corrections nor effects from resonances, it is lacking a lot of features
that are inherent to inclusive semileptonic FCNC decays. In view of the prospects on
the experimental side, a new theory analysis of B — X, ¢7¢~ including nonperturbative
features is therefore timely.

In the theoretical description of inclusive B — X (¢~ decays, many of the results
obtained in inclusive B — X ¢t~ apply after trivial modifications. The short-distance
partonic amplitude of the latter is known to NLO [18, 19] and NNLO [20-33] in QCD,
and to NLO in QED [34-36]. Power-corrections that scale as 1/mj [37-40], 1/mj [41, 42],
and 1/m? [43] have been analysed. The contributions specific to B — X, ¢7¢" decays are
available from [17, 44], where two-loop virtual and bremsstrahlung corrections involving
Pff 5 have been computed. Recently, also contributions from multi-particle final states at
leading power have been calculated analytically [45]. In the present work we derive the
logarithmically enhanced QED corrections to the matrix elements of Pﬁ 9.

Whereas the theoretical prediction of the branching ratio in the low—q2 region is well
under control and a precision below ~ 8% — 10% can be achieved the same quantity in
the high-¢® region suffers from large uncertainties of ©(40%) due to the failure of the
heavy-mass expansion near the kinematic endpoint: the partonic rate tends to zero while
the local 1/ mg and 1/ mg power corrections within the heavy mass expansion approach a
finite, non-zero value. It was found in [46, 47] that the expansion is effectively in inverse
powers of 1y (1 — |/5,,in/my) and depends on the lower dilepton mass cut s.;,. There-
fore, only integrated observables are meaningful in the high—q2 region. In practice the
large uncertainty originates from poorly known HQET matrix elements of dimension five
and six operators that scale as 1/ mz and 1/ mg, respectively. In the present work we ob-
tain their values and uncertainties from analyses of moments of inclusive charged-current
semi-leptonic B [48] and D decays [49]. We emphasize that the precision of theoretical
predictions for semileptonic FCNC decays in the high—q2 region would greatly benefit from
further studies and lattice calculations of these HQET matrix elements. In order to reduce
the uncertainties from 1/mj and 1/mj corrections, it was proposed in [42] to normalise the
B — X070 rate to the inclusive semi-leptonic B’ - X, lv rate with the same dilepton
mass cut. Subsequent phenomenological analyses showed indeed a pronounced reduction of
the uncertainties for B — X, £7¢~ [35, 36] and we confirm this behaviour for B — X, ¢~
in the present work.

Besides, long distance effects that are not captured by the OPE play an essential role in
the phenomenology of inclusive B — X s(d) (¢~ decays, the most prominent coming from
intermediate charmonium resonances J/¢ and 1(2S) which show up as large peaks in the
dilepton invariant mass spectrum of any angular observable. For B — X 010, resonances
with a uu component such as p and w are also relevant. The resonance regions can be
removed by appropriate kinematic cuts in the dilepton invariant mass squared q2. This
leads to the so-called low—q2 region 1 GeV? < q2 < 6GeV? and the high—q2 region with
q2 > 14.4GeV?. Whereas the low—q2 region is only affected by the tail of the c¢ peaks,
rather broad resonances are present in the high—q2 region itself. One way of dealing with the



resonances was proposed by Kriiger and Sehgal (KS) [50, 51]. They relied on the assumption
that the c¢ loop and the b — s(d) transition factorise into two color-singlet currents,
and used a dispersion relation to connect the electromagnetic vacuum polarisation, whose
imaginary part is proportional to the hadronic R-ratio, to the b — s(d)cé — s(d)¢* ¢~ long
distance amplitude. In the present work, we revisit, refine and improve the KS approach
in several respects. We use all available data from BESII and BaBar on e e~ — hadrons
as well as from ALEPH on 7 — v+hadrons for a precise description of the imaginary part
of the vacuum polarisation. Moreover, we carefully investigate the impact of the choice of
the subtraction point of the dispersive integral, and the replacement of the perturbative
loop functions by the KS functions. Finally, we comment on the size of the uncertainties
that originate from the KS integral and their impact on the B — X 00~ observables.

It has been pointed out in the literature that color-octet production of charmonium
resonances can be sizeable [52-56], and that the pure color-singlet treatment by the KS
approach does not capture the full size of the 1 resonances. In the present article we
further elaborate on the size and treatment of color-octet c¢ production and the impact on
B— X s(d) ¢t¢™ observables. To cure the situation a purely phenomenological factor has
been introduced [50] to reproduce the hadronic branching fraction B(B — ¥X,). However,
as was already argued in refs. [30, 35], the introduction of such kind of factor leads to
a double-counting because nonfactorizable corrections due to a c¢ loop are already taken
into account as one of the so-called resolved contributions in the lovv—q2 region. These are
nonlocal power corrections which occur when other operators than the leading ones are
considered in the effective field theory. They indicate a breakdown of the local heavy mass
expansion in Agcp/my. Recently the factorisation of these nonlocal power corrections
in B — X, ¢"0" was analysed within the soft-collinear effective theory (SCET) [57, 58] by
systematically computing these resolved contributions in the lovv—q2 region. Furthermore, it
was shown that in the high—q2 region the dominating power contribution (due to operators
beyond the leading ones), the nonfactorizable c¢¢ contribution, can be expanded in local
operators again and can be treated along the lines of [43, 59].

The systematic SCET analysis of the resolved power corrections in the lovv—q2 re-
gion allows for another crucial observation: the resolved u# contribution vanishes at order
Agep/my in CP-averaged observables in the lovv—q2 region [57, 58], which significantly re-
duces the uncertainties in the B — X ¢*¢~. For the CP asymmetry, these long distance
effects dominate, making our theoretical prediction less clean. Irrespectively, the CP asym-
metry remains an interesting observable because it might receive sizeable contributions from
BSM effects.

An additional long distance effect at lovv—q2 comes from cascade decays B —
X (cc — X2€+€7) through the radiative decay of a narrow charmonium resonance such
as 1, J/¥, x.y etc. They form a background that has to be removed by suitable kine-
matic cuts. Inclusive radiative charmonium decays have been discussed in the context of
B — X,y [43] and B — X ("¢~ [54]. Here we revisit and systematically investigate the
role these decays play as a background, as well as their dependence on a kinematic cut on
the hadronic invariant mass My



A cut on the hadronic mass My might still be required on the experimental side
to remove other sources of background at Belle II. The effect of such an My cut was
previously analysed in B — X, £7¢” in [60-62]. However, the authors of ref. [63] indicated
a conceptual problem in those analyses and the authors of refs. [57, 58] showed that the
assumption made in refs. [60-62] that the photon virtuality in the low-¢° region scales
as a hard mode in SCET is problematic since the kinematics in the presense of an My
cut implies the scaling of q2 as (anti-)hard-collinear in the lovv—q2 region. This leads to a
different matching and power counting, as well as to the existence of resolved contributions
within SCET. It was shown in refs. [57, 58] that the resolved contributions represent an
irreducible uncertainty even in the absence of an Mx-cut. The results of the numerical
analysis of these corrections, as given in [57, 58], are used in the phenomenological part
of the present paper. Finally, we emphasize that our predictions are given for the case
without a hadronic mass cut, leaving such a study for future work.

This article is organised as follows. In sections 2 and 3 we define the B — X, ¢1¢~
observables under consideration and give master formulas for their phenomenological im-
plementation, respectively. Section 4 contains our study of long distance contributions such
as the ¢q resonances, cascade decays, and resolved contributions. Sections 5 and 6 contain
the extraction of our input parameters and the phenomenological results, respectively. We
conclude in section 7. Appendix A contains the expressions for certain two-loop functions,
while appendix B contains those of the logarithmically enhanced QED corrections.

2 Definition of the observables

In this work, we consider the CP-averaged branching ratio, forward-backward asymme-
try and the CP asymmetry of the inclusive B — Xd€+€_ decay. Additional angular-
distribution observables [64] are left for possible future studies in case they become acces-
sible experimentally. Alike for the inclusive B — X S€+€_ decays, appropriate kinematic
cuts have to be taken in order to remove the large peaks of the c¢ resonances. Here we
focus on two regions, the low dilepton mass region 1 GeV? < q2 < 6 GeV? and the high
dilepton mass region q2 > 14.4 GeVZ.

The definitions of the differential decay width dI"/ dq2 and of the differential forward-
backward asymmetry dApg/ dq2 are given by

dr g

dq -1 dq°dz
dA g

F2B E/ 5—sign(z)dz , (2.2)
dq -1 dq°dz

where z = cosf and 6 is the angle between the ¢ and the B meson in the dilepton rest
frame. The differential forward-backward asymmetry dApg/ alq2 is related to the angular-
distribution observable H 4(¢%) by [64]

Ure 3. (2.3)




To keep consistent with [36], we give the master formula for H 4 (¢?), from which dApg/dg>
can be derived. We will calculate the normalized forward-backward asymmetry Apg inte-
grated in a region q,2n < q2 < qu\/[

2

_ 9 9 quzM dqz(dAFB/dQQ)

Apgldm, au] = qu 5 . (2.4)
fng dg”(dl'/dq”)

The integrations in eq. (2.4) are performed numerically.

In the high—q2 region we include hadronic power corrections up to O(1/ mi) As we
will show, similar to the b — s case, the uncertainties on these power corrections dominate
in that region. These uncertainties can be significantly reduced by normalising the B —
X070~ decay rate to the semileptonic B — X, ¢ decay rate with the same q2—cut [42]:

AT(B — X 0707) L dr(B — X ¢
R(so):/ as I _>dAd /[ as 3¢ g; utt) (2.5)
So S

A 2, 2
where 3 = ¢°/mj, ole-

We note that the above quantities are all CP averaged. In addition, we also calculate
the normalized integrated CP asymmetry, defined by

2 _
S5 dg® [dr(B S X007 Jdg? — dD(B — X0t 0) /dqﬂ

ZCP [qzna q%l] = 2 9 _ 2 2
J5 dg [dF(B S X007 Jdg? + dD(B — X007 /dg }

3 Master formulas for the observables

As emphasized earlier, the inclusive B — X ¢T¢~ decay distinguishes itself from
B — X, ¢4~ since the u-quark current-current operators are not CKM suppressed and
have to be taken into account. The effective Lagrangian is as follows [65, 66],

Lo = Loepxqep (W, d; s,¢,b,e, 11, T Z Vi (C1 () P + Co (1) PY)
p=u,c
4G 10 6
\fFthth (Z Ci(m) P+ > Cig(u)Prg + Cb(ﬂ)B;) ; (3.1)
=3 =3
where
= (dpy, T up,) (uy" Ty, P5 = (ALY, Voo Vs L) S (@Y 7271 q),
= (dpy,ur) (@Yo, = (ALY Vg Vyus T0L) 2 (@ 42913 T ),
( FV,uT CL)(CL’YNT bL) P7 = 6/(167’(’ )mb(dLOJwbR) Iz
= (dpy,cr)(@''br), Py = g/(167°)my(da" T"bg) G,
= (d7,b0)%4(@"q), Py = (d,br) % (I4"0),
= (dy, T ) Sy (' Tq), Pio = (dr,br) S (17 51), (3.2)



and

P3g = (dpv,b1)%,Q4 (@),
Py = (dpy, Tbr)E,Q4 (07" T"q),
Psg = (dp, Yy Vs 01) g Qo (07172712 ),
Pog = (AL, Yy Vs T01)EqQq (14242 T ),
1
P, = 12[(%7“1%27#3%)(67” tyH2aH3h) — 4(dpy,br) (07"D)] (3.3)

and ¢ = u,d, s,c,b and [ runs over the three charged lepton flavours.

Similar to the analyses for B — X ¢7¢~ [34, 35|, we make a double expansion in
by = ay(py)/(Am) and k = a.(up)/as(pp), and in the squared amplitude retain terms up
to O(a2k?). In addition, we normalize our observables to the inclusive B — X, e decay,

ViV |
Vep

4(I>g+g()
c e,

Hy = B(B = XoeP)ory (3.4)

As mentioned above, among the angular observables Hp 4 [64] we consider only the
branching ratio (I = B = T + L) and the forward-backward asymmetry (I = A). In the
following, we give the expressions for B — Xd€+€_ only. From these, the CP averaged
quantities and the CP asymmetry can be trivially obtained. Here [32, 67]

Vi |* T(B — X, ev
C = ub (7 — ce’i) ’ (35)
V| T'(B — X,ev)
and @, is defined by [34]
> Gszg 1
[(B — X,e0) = ——2 [V, [> @, (3.6)
1927

Explicitly [36],

12 _ ) A 9T
®, =1+ a0 +r [23 (1-n 1)] +ay [so@’ +260 0" n (“bﬂ + 2 -

mp 2my,  2my
7
E% —Siu +(9(as,/£2 G K, Qg A? /mb)
b b
1 _50 8
@ 3 g
2 2

@) _ | 2048¢; | 16987 340 256¢; 1009 3087
i ”"( o 51 s )M 7o T s

41848(; 578"  104480x> 1571095 848 e

" s T s mw T ot @) (3.7)

where the O(dg) are taken from [68]. Here, nj;, = 2 and n; = 3 are the numbers of heavy
and light quark flavours, respectively, and B[()S) = 23/3 is the one-loop QCD [-function



for five active flavours. We include explicitly the power-suppressed 1/ mg terms A, Ay, the
1/ mZ’ terms p; and the four-quark matrix element f,,. These matrix elements are defined
and discussed in more detail in section 5.

The dimensionless function ®,+,-(3) arises from the matrix elements of all the opera-
tors and is written as

®,+,(3) = Re ZRgKMcfﬁ*(Nb)C;H(Nb)Hin(é) : (3.8)
1<J

where 4,5 = lu,2u, 1c,2¢,3...10,3Q ...6Q,b. The low-scale Wilson coefficients Cfff are
given explicitly (both analytically and numerically) in [34] and C; T are unequal to C; only
for i = 7,8. To be specific, we use:

C5 () = Crlym) — 5Calpn) — 4 Calm) — 5 Colpn) — 5 Colym),
G5 () = Calpy) + Cilym) — 5C4(1m) + 20Cs(pm) — 5 Colpm). (39)

The different CKM prefactors are given by

|§u|2, for 1,7 = 1u, 2u;
11+&,)%, for 4,7 = 1c, 2¢;
y —&(1+¢,), fori=1lu,2u,j=1c 2c;
Rékm = %( 2 , j (3.10)
—&us for i = 1u,2u,j = 3,...,10,3Q ...6Q, b;
14 €, for i = 1c,2¢,5 =3,...,10,3Q...6Q,b;
L1, fori,j =3,...,10,3Q...6Q,b,
with &, = (Vo Vip)/(ViiVi). For the braching ratio,
> MY SNy + MM S75+ AH for i = j,
N=7,9,10
7-[5 - Ny N oB Tx 7 19 9% T\ oB B (3.11)
s oMM N sEy + (Mi M) + M Mj) SE+ AHE fori<j.
N=7,9,10
For I = A, only the interference terms contribute:
0, fori=j,
A
Hij = Z (MZN*M;O + Milo*M]N> Sjjéfl() + AH;‘;  fori<j. (3.12)
N=7,9

The matrix elements M; will be discussed in section 3.1. The functions S]IVM can be

written as

Shar = ohar(8) {1+ 88, wihy,(3) + 1667wy, ,(5) |

AT NP N, PL I N .
+ —5 x1,vm(8) + =5 Xovm(3) + —5 Xanm(8) + =3 xanvm(8). (3.13)
my my my my



For the relevant combinations, we find

o(3) = (1 - 8)*(4+8/3), oh0(8) = —8(1 - 8)°,
oto(3) = 12(1 - 38)°, o910(8) = —43(1 — 8)%,
oen(3) = otb0(8) = (1+28)(1 — 8)%. (3.14)

The one-loop QCD functions for the branching ratio, w%}w 5(8), are given by eqs. (127) and
(129)—(131) in [34] (see also [18, 19, 23, 69]) and the non-vanishing function for H 4 is given
in eq. (A.2) of [36] (see also [27, 64]). The two-loop QCD function wég?B(é) = w%)lo,B(é) is
given by

5 5 Xo(w=135)/Xp(w=3), forlow—z,
wio p(8) = B log (::;) Wi (3) +{ 2(5 )/ Xolw = 8) 5 (3.15)

where 6[()5) — 23/3. The w = § expanded result for the low-¢* function X,(w) is given in
eq. (60) of [70] and X,(w) in eq. (2) of [71]. The 6 = 1 — § expanded results for the high-¢
functions X, (9) and X (d) are given in eq. (2) and (3) of [72]. Note that the normalization
of the X; are different by a factor of 2 between [70, 71] and [72]. We have checked the
consistency between eq. (3.15) and the fit results for two-loop QCD functions wé@?T@) and
wéﬁ?L(é) in eq. (A.3) of [36]. For the two-loop QCD function wé?O’A(é) for H 4, we use the fit
result given in eq. (A.3) of [36], which was extracted from the fully differential calculation
of the inclusive B — X, /7, decay at two loops in QCD [73]. Other two-loop QCD functions

(2) (2) :
such as Wro and Wryp 4 are still unknown.

For the (’)(AQQCD/mz) corrections, the functions XiNM(§) (i = 1,2) are given by

B . 2 2 . B . 2
X1.77(8) = g(l —38)7(2+3), X1,79(8) = 6(1 —38)7,
B . B o1 2 /0n
X1,99(8) = X1 1010(8) = 5(1 —§)7(25+1),
4 2
Ximo(3) = —3 (3% +25+3) . wilon(8) = =35 (387 + 2 +3), (3.16)
6
Xar7(8) = 3 (5§3 — 38— 6) , Xom9(3) =6 (7@2 — 63— 5) :
. N . .
X£99(5) = X§1010(3) =35 (1083 — 155 + 1) :
\irio(8) = —4 (95 — 105 - 7)., Vaono(8) = —25 (158° — 145 - 9) , (3.17)
B /A 2 < . ) .3 32 R
— = (—224+333+245% +5 )—7—1651— :
X377(5) = T334 2454+ 557) - (1-3)
B (4 L 2 32 .
XFro(5) =2 (134 145 - 38%) — —2=— —165(1 - ),
(1—3)4
. . 1 R ) ) 8 .
ngg(S) = XQIOIO(S) = 6 (37 + 245 + 3382 + 1083) — W — 4(5(1 — 8) s (318)
—8)+



M M M;°
i=1u, 2u, 1c, 2¢ | @k fi(8) — aok Fi9(§) —a’k FZ7(§) 0
i=3-6,3Q-6Q,b agrk f;(8) 0 0
i=7 0 gk 0
i=8 —a2k FY(3) —@2k Fy(8)| o
i=9 1+ a,k f2(3) 0 0
i=10 0 0 1

Table 1. Matrix elements M;* discussed in eq. (3.22).

Xirr(8) = ~165(1 - 4), Xiro(8) = —166(1 - 5),
ngg(§) = Xf,lmo(g) = —40(1—-3). (3.19)

The plus distribution can be defined via

! L —x—e€
/ (1f(:n) =lim [ dz [0(1) +6(1—x—¢€)lne| f(x). (3.20)

1-— :L‘)+ e—0 T 1—=x
These expressions have been checked to be consistent with [36-38, 40, 64]. The O(1/m})
corrections to the forward-backward asymmetries are missing, but fortunately we are
only concerned about the forward-backward asymmetries in the low—q2 region, where the

O(1/m}) corrections are negligible.
The quantities AHin contain additional corrections that can be parameterized as

I I I I I I
AHy; = by + iy +uij + e+ fij (3.21)

where bfj represent finite bremsstrahlung corrections that appear at NNLO and are given
in [17, 25] for I = B and in [17, 28] for I = A. In addition, cin (ufj) are the non-perturbative

c(u)-loop power corrections, while e are the In(mj/m3)-enhanced electromagetic correc-

J
tions and filj are five-body contributions. We discuss these contributions in the following

subsections.

3.1 Matrix elements

The matrix elements entering the master formula in eq. (3.11) and (3.12) are obtained from
one-loop penguin contractions of the four-fermion operators. They are given by

P.
<]Di>peng = M?<P9>tree + MZ p < 7>tree

10
& () () + M (Pro) tree - (3.22)

The coefficients MiA are summarized in table 1 in terms of the one-loop functions f;, f§"

and the two-loop functions FiA(é). The one-loop perturbative functions are

A m 3$
£i(8) = yIn 2+ Z pi h(yq) + pi - (3.23)
Ho q=u,d,s,c,b
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lc 2¢ 1u 2u 3 4 5 6 3Q 4Q 5@ 6Q b
oy 0 O % 1 6 0 60 O 4 0 40 0 0
d
JEICECI
0; 0 0 0 0 -3 0 -30 0 1 0 10 0 0
Py % 1 0 0 6 0 60 O 4 0 40 0 0
b
A0 0 00 idmeB Lg% B
$| 16 _4 _16 _4 4 16 8 320 _ 4 _16 _8T12 _320 26
Pi 27 79 ~27 —9 9 27 9 27 27 ~ 81 27 T 81 27
| 232 8 32 8 _16 32 _ 112 512 _ 272 _ 32 _ 2768 _ 512 16
Vi 27 79 27 —9 9 271 9 27 27 81 27 8T 9

Table 2. Coefficients p! and 7; occurring in the four-quark operator matrix elements in eq. (3.23).

and

4
pen () — g1n " _ 3h(y,) + g (Ins — im) — 2D (3.24)

o 9

Here y, = 4(m§7pole —in)/q® with an infinitesimally small, positive quantity 7 that takes

care of the correct analytic continuation. Compared to the widely-used one-loop function
9(y,) in the literature, we introduce h(y,) = g(y,) + (8/9) In(my/m,) here. Contrary to
previous studies for B — X, 0707, we split the coefficients p; into their different quark
flavour contributions p!, collected in table 2. These numbers reduce to those presented in
table 7 of [34] once the distinction between the light quark flavours is given up and h(y,)
is traded in for g(y,). The perturbative one-loop function is

8 my, 20 4 21 1
hy,) = =In—2 + = + —y, + —(2 Ve —1H, [ —— 2
(ya) 9 n m, + 27 + 9ya + 9 ( +ya) Ya +< /rl — 1> (3 5)

1++v/1-y,
1_\/ l_ya

8 m, 20 4 2 .

= §1nm7a+§+§ya—§(2+ya)\/|1—ya| Qarctanm, fOr ya217
1+v/1—-y,

1_\/1_ya

In , for y, < 0,

In —m, for 0 <y, < 1,

which holds for massive particles, i.e. a = b,¢,7. The harmonic polylogarithm of weight
“+” simply reads H, (z) =1In (Hz). For the light quarks u, d, s, this function reduces to

1—2z

20 44 4.
h(yu7d7s) = E + §7T — § Ins . (326)
The two-loop contributions FiA(§) for the c-operators Pf72 valid in the low—q2 region
are given in [23] as an expansion in § up to (’)(ég). In the high—q2 region they were first
calculated in [30] using a semi-numerical method and analytically given in [31]. For the
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u-operators, which is the massless limit of the charm, analytic functions for all q2 are
available [44]

Ff, = —A(3), (3.27)
Fy, = 6A(3), (3.28)
Fp, = —B(3) — 4C(3), (3.29)
Fy, = 6B(3) — 3C(3), (3.30)

where A(8), B(8) and C(8) are listed eqs. (29) — (31) of [44]. In a recent study [33] (see
also [74]), the analytical expressions of the two-loop functions FiA(é) for both the up and
charm cases have been worked out for arbitrary q2. As in our previous studies [34, 35] we
convert the pole masses of the bottom and charm quark perturbatively to a short-distance
mass at the level of the squared amplitude in order to eliminate renormalon ambiguities.

When considering also non-perturbative corrections, the factorizable pieces of these
perturbative corrections are replaced by their corresponding Kriiger-Sehgal (KS) functions,
which we discuss in detail in section 4.1. Contrary to previous works, we do not only
replace the one-loop perturbative corrections h(y,, 4.) by the KS functions, but also the
factorizable pieces of the two-loop corrections FiA. These two-loop factorizable pieces,
defined as h,(ll) with ¢ = w,d,s,c, can be found in [33] and are listed in appendix A.
Explicitly, we replace

fac KS
hy = Ry (3.31)

where
Rt = h(y,) + ah( . (3.32)

3.2 Resolved photon corrections at low q2

Contrary to previous studies in B — X, 10~ [36], we do not use the local description of
the nonfactorizable c¢ power correction of order O(A(ZQCD /m2) in the low-¢* region [43, 75].
Instead, we follow the recent analysis in [57, 58] to adopt a more systematic approach to
describe these so-called resolved power corrections, including the effect of non-local shape
functions. We relegate the conceptual description of these contributions to section 4.2,
and at this point quote the numerical result for the relevant contributions available up to
order Aqcp/my, [57, 58]. The sum of the resolved contributions, including also an estimate
of a numerically relevant term at quadratic order, leads to an additional uncertainty on
the branching ratio of [—4.9, +5.1] %. We add this uncertainty to our numerical results in
section 6.1. For the forward-backward asymmetry, the first nontrivial resolved contribution
is of order A%QCD /mg and yet unknown, which leads us to add an uncertainty of +5% to
our final result until an explicit estimate is available [76].

We emphasize that in the low—q2 region the nonfactorizable ut power correction to CP-
averaged observables vanish due to specific properties of the corresponding shape functions.
This contribution previously represented the main uncertainty in b — d decay (for more
details see section 4.2).
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3.3 Nonfactorizable power corrections at high q2

For the high—q2 region the power corrections from nonfactorizable c¢ and uu loops are
available. They can be described as a local power correction as shown in [43] and discussed
in more detail in section 4.3. For the c¢¢ contributions the coefficients are given by [43]

8A 1465 — & )

b, = —a.x 2(1— 3% F(r) ¥M +(2+ )M9] ,  fori=1u,2u,
9mC S

cl-Blc = —% CZ-BQC , for i = 1u,2u ,
8A e |1 4+68 -8

o —— : 522 (1- 52 P (r) J“;‘SM]7+(2+§)M§] . forj # 1u,2u, 1c,
mC

cﬁj = —% cij , for j # lu,2u, lc, 2¢

B N 4\ 1465— . 9

Clele = TOsk— : (1 - S) F* (T) - Mlc (2 + 5) M| ,
27mc 5

~ 8)\ ~ 1 + 6 - * A~ *
Cloge = —Gghi—% (1—8) | F(r) ( M 249 M&)
9m,, s
1 1+65— 8 N 2,9
_EF (7) ( Mzc (2+3) M20> )
S
4\ . R
C124010 = +agK 22(1 - 8)2(1 + 35) F*(’l“) )
Im;,
A A
Clc10 = —% €210 > (3.33)

where r = ¢*/(4m?2) > 1 for the high-¢* region and [43]

3 1 L-Vi-1/r
- 2 [ (n V)

For the uu contribution, the results are obtained by taking the m, — 0 limit of the c
in eq. (3.33). Explicitly,

(]

16 14+65—
uby; = gk K (L= 3’ %M +(2 é)Mj’] , forj#lu,
Uﬁj = *% UQBuj ) for j # 1u,2u ,
B _ 8\ o |1+65—4° X
ululu = _asﬁ?; (1 - 8)2 f Mfu + (2 + 8) Mlgu )
_ 16\ 1+65—8 - o
b =+ (1-9) ( M +(2+3) M?u>
1 [1+65— 3§ X
-5 <S Mg, + (2+8) M3u> , (3.35)
A~ 8 2 . A1 A
U910 = —as“?qg(l —5)7(1+38) , UTu10 = —§ C2ul0 - (3.36)
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3.4 Logarithmically enhanced electromagnetic corrections

The functions ein describe the logarithmically enhanced electromagnetic corrections. For
I = B, we find

b =8tk o (8) WM (3)" chy = 8alK" oty(8) wig™ (8)"
ehp = 8k aty(3) wig™ (3)" efhio = eby
eho = 8k oby(3) wite (8)" €h e = 82K ol (3) Wi (5)",
elBala = 1?6 €2Ba2a ) efaQa = % 62Ba2a )
ehyr = 8 ALK’ oty(3) wien (8)" b= deb .
eQBUQC =38 dgﬁg Ug)(é) wé‘igc) (é)* ’ elBulc = %elBuQC = %egulc = %ejlgulc; (337)

for I = A, we find

A ~2 2 A 4 . A <2 2 A 4 R

e710 = 8 QK" 0719(35) w%gl)(s)* ; €2q10 = 8 A K 0910(5)W§ZT3(5)* ;

A ~ A /a R A A

€910 = 8 ask 0910(5) g(ﬁrcr)l)(s)* ) €lal0 = %62a10’ (3.38)

with a = u,c and j = 7,9. The o functions were introduced already in eq. (3.14). Exact
(em)
j

pleteness are listed in appendix B. However, the operators P;' and P, induce additional

analytical expressions are available for most of the w;; ’(§) functions [34-36] and for com-
functions which were up to now not available. We derived these formulas following the
methods discussed in [34], and listed them in appendix B.

3.5 Five-particle contributions

The five-particle processes b — dch€+€_ at the partonic level also contribute to the in-
clusive B — X, ot decay. While similar contributions are CKM suppressed for the
b — s transition, such five-particle contributions are at the same order in the Wolfen-
stein expansion compared to the partonic three-particle ones. The branching ratios and
the forward-backward asymmetries of b — dgg¢" ¢~ have been calculated at tree level
in [45]. Correspondingly, the fin functions in eq. (3.21) summarizing such contributions
can be written as

B ]—"“(§) ) fori=j,
B _ ’ A =/ 3.39
fij { Fij(8) + Fji(3) , fori < 7, ( :
4 4.(a i j
A [ AAG) fori=1u2u3,...,6,§=10, 3.40
fij {0’ for the others, (340

where the functions F;;(5) and A;(8) can be found in egs. (31) and (37) of [45], respectively.
The matrix elements involving 1¢, 2¢ and b vanish, while those of the electroweak penguins
3Q,...,60Q are neglected in the f{?’B. The indices 1u, 2u in fi?’B correspond to 1,2 in F;;
and AZ
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4 Long distance contributions and backgrounds

If only the operators P; g 1o in the effective Hamiltonian were considered, the local heavy
mass expansion would be applicable to B — X s(d) 00~ observables integrated over the
hadronic mass My. Then, a local OPE would hold and the hadronic decay would be
described in terms of the partonic decay plus local power corrections. Inclusion of operators
other than P g, introduces various other long distance effects, and the purpose of the
present section is to categorize them for B — X s(d) ot

The B — X s(d) ¢t¢™ decay rate is enormously enhanced through the process B —
Xo@y(J/9,9(25) — ¢*07) mediated by the c-quark operators Py [54]. These resonances
are a long-distance feature of the partonic decay; they are not power suppressed. While
these two resonances can be removed by appropriate q2—cuts, the persistence of higher
charmonium resonances in the high—q2 region renders a purely perturbative prediction
unreliable there, even if the large 1/m; corrections are taken into account. Perturbation
theory is likewise unreliable in the light-quark resonance region q2 <S4 GeV2, affecting low-
q2 observables of B — X ¢te, while for B — X B ot they are strongly CKM suppressed.
To incorporate the resonances into the phenomenological analysis the Kriiger-Sehgal (KS)
approach [50] is adopted [35, 36]. It connects the factorizable part of the resonant amplitude

Te~ — hadrons via a

to the hadronic vacuum polarization which can be extracted from e
dispersion relation. In the present work we significantly improve the KS approach in several
aspects. Following ref. [56] we use accurate interpolations of eTe” — hadrons data directly
as opposed to parameterizations of the resonances, and in contrast to ref. [51] we show that
in order to extract the u@, dd and s3 correlators we need to use 7-decay data which projects
out the u-quark vacuum polarization from the rest. We also investigate the uncertainties
associated with the KS functions and find them to be small. Moreover, for the first time
we properly combine resonant amplitudes and O(«,) corrections. Lastly, we emphasize
that the subtraction point of the dispersion relation must be chosen large and negative
to avoid sensitivity to vacuum condensates. We thoroughly investigate all these points in
section 4.1.

At this point we want to pick up the issue of color-octet production of charmonium
resonances. It was pointed out in the literature that this production mechanism leads to
sizeable effects [52-54, 56], and that the pure color-singlet treatment of the KS approach
does not capture the full size of the 1) resonances. In the case of the narrow J/v and ¥ (25)
resonances, color octet effects are of course very important at the position of the resonances,
but due to their sharpness are confined to the close neighborhood of the peaks. One can
therefore expect the lovv—q2 region to remain unaffected by these effects. The high-q2
region is more delicate in this respect since one integrates over broad resonances. However,
there the non-factorisable cé-resonances are included in the Voloshin term [43, 75], which
corresponds to a local power correction in the high—q2 region (see below and section 3.3), as
long as one considers integrals over sufficiently large dilepton invariant mass intervals. In
that case one can — via global quark hadron duality — expect that the color-octet induced
“wiggles” average out and are effectively taken into account by the partonic description of
the Voloshin effect. In total, we reason that the color-singlet resonances are under control
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with the KS method and for the color-octet ones we correctly include their integral via the
Voloshin term, thereby also avoiding double counting.

As pointed out above, the local heavy mass expansion breaks down if operators other
than P; g 1 in the effective field theory are considered. This breakdown leads to nonlocal
power corrections that can be described in the lovv—q2 region within SCET using subleading
shape functions [57, 58]. In the high—q2 region the Voloshin term mentioned already above
can be expanded locally [43, 75]. In sections 4.2 and 4.3 we review the essential conceptual
steps which lead to this behaviour in the low and high—q2 region, respectively, while the
numerical impact of these findings were already given in sections 3.2 and 3.3.

Finally, in section 4.4 we emphasize that the charmonium cascade decays B — X (cé —
X2€+£7), where the total X; = X; + X5 is measured, are not captured by other elements
of our calculation and would form a large background in the low—q2 region if not for the
M cut, which is very effective in removing them.

4.1 The Kriiger-Sehgal approach

Under the assumption that the currents associated with the production of a vector hadronic
system V in B — X;V and the subsequent electromagnetic decay V' — 010 factorize, the
hadronization of the X, system following the electroweak decay is described by an OPE in
Aqgep/my, while the lepton pair production is modified by the quark vacuum polarization
amplitudes accessible in hadron spectroscopy experiments. Kriiger and Sehgal (KS) used
eTe” — hadrons data and a dispersion relation for B — X, ¢~ applications [51], following
similar work in B — X s€+€7 [50, 77]. Here we supplement the procedure with data from
inclusive hadronic 7 decays for the first time in a data-driven analysis.

The correlation functions between each individual quark current and the electromag-
netic current which couples to the leptons are needed. We define the following KS function
for each flavour, normalized in accordance to their evaluation in perturbation theory, cf.
egs. (3.25) and (3.26).

16772 . igx v
_ (/#weq«muﬂQO@mm, (4.1)

w v 2 pv\; KS, 2
¢ —q hy”(q°) = — i
( ) = g

where @, is the quark charge and the currents are

2 1 2 1
S gt e 30 (4.2)

Jél = _IVM(L Jom = 3 3

The electromagnetic current in (4.1) guarantees that the correlator has a transverse struc-

ture according to the Ward identity. The contributions from the correlators (J, J,,) be-

tween different quark flavours are systematically included here, although they are sup-
. . 3

pressed in perturbation theory at O(as).

The imaginary part of the photon vacuum polarization 11, in

(0" = ¢*9"" )L, (¢") = i / d' €% (0T T3 (0) Jerm ()" [0) (4.3)
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is accessible in the inclusive cross section oy,4 for eTe” — hadrons, represented in terms
of the hadronic R-ratio

Riaa(9) =~ Ohaals) = 127 Tm[IL 5)] (4.4)

Similarly, the imaginary part of the charged vector current correlator I, in
v 2 uv 2 . 4 ] v
(0~ 9" Magla®) = [ d'e 97 OIT T, 0) 75 (a)10). (45)
where ng = uv"q (¢ = d, s), is related to the vector spectral function
Vig = 27 Im[Ig,], (4.6)

which in turn parameterizes the nonperturbative effects in inclusive hadronic 7 decays into
strange (V7,) or nonstrange (V),) vector final states:

2
-

AB(r™ = Vigr) _ 6lVag B~ = ¢ 1) (- )2 (14 %) v (1)
ds m2 B(T_ — quVT) 2 1q . .

T m T

In sections 4.1.2 and 4.1.3, we explain under what approximations Im[hKS is obtained

g )
from Rj,q and Vi,. In particular, the charge-weighted sum of (4.1) is fixed to experiment:

2 KS 4m

> Qg mlhg”] = o= Riaa. (4.8)
q

Both the real and imaginary parts of hfs appear in B — Xd€+£_ observables through in-

terference effects with the short distance amplitudes. Therefore, the real parts are obtained

through the subtracted dispersion relation

o mlRKS
he(s) = he(sg) + 5;30 /0 dt 0 _ISO)[?;_(?}_ 3 (4.9)

where sy < 0. The subtraction point sy should be chosen sufficiently large and negative
such that h?s(so) is dominated by short distance fluctuations of the correlator (4.1) and
can be reliably computed in perturbation theory. This is especially important for light
quark loops, for which the perturbative matrix elements in (3.26) diverge at s = 0. In the
following we choose sy = —(5 GGV)2 to minimize the impact of higher order perturbative
corrections which depend on log sq /4.

When replacing the perturbative functions by the KS functions there are a number
of subtleties at higher orders in the coupling and power expansion. The KS functions
encompass factorizable corrections to all orders in «,. Therefore, the KS functions should
replace not only the one-loop but also by the n-loop factorizable perturbative contributions
to avoid double counting. Factorizable QCD corrections are known analytically up to two
loops (see [33]1 and appendix A). The procedure is schematically shown in the first line of
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200
Q09 00

Figure 1. The one- and two-loop factorizable quark loop amplitudes and the all-orders factorizable

amplitude that replaces them. Nonfactorizable contributions, where the gluon connects the quark-
loop and the heavy-light current or radiates off the quark-loop, are kept perturbative and are not

2 11

Figure 2. Schematic representation of QCD condensates that appear in B — X ¢7¢" at leading

replaced by the KS function.

power.

figure 1. Via this procedure ag-suppressed corrections shown in the second line of figure 1
are replaced as well.

Secondly the function h(y,) appears at leading power in the Agcp/my, OPE for B —
X400, and also at leading power in the Aqep/Q OPE for ete” — hadrons. However,
there are power-suppressed effects in e e~ — hadrons which appear in B — Xd€+£7 at
leading power, depicted in figure 2. The light quarks and gluons couple strongly to the
QCD vacuum and form O(Agcp) condensates: (gq) , (GG), etc. This is captured by the
dispersive analysis which evaluates the factorized hadronic “blob” for both positive and
negative q2. This neatly encapsulates why the dispersive analysis improves upon a purely
perturbative calculation: it resums not only the coupling expansion but also an implicit
power expansion in Aqcp/Q-

'"When extracting the factorizable part of the functions in [33] one has to keep in mind that P, and P,
mix under renormalization.
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Figure 3. The hadronic R-ratio [78] and spectral function from hadronic 7 decay [90]. Under
isospin considerations, 3V, is to be compared with the isovector contribution to R;,q (from the
p resonance) with the discrepancy due to the w shown in the subfigure. Flavour SU(3) symmetry
predicts Ry,q = 4V;,. For further details see section 4.1.3.

4.1.1 Experimental inputs

For the flavour threshold regions we use a compilation of all available data on the hadronic
R-ratio [78], in which the data is provided in center of mass energy points with a total
point-to-point covariance matrix. The BESII data [79] dominates the statistics in the
charm threshold region. The broad oscillation at /s ~ 1.6 GeV due to the phase space en-

T2~ 7% has been resolved by

hancements of isobar processes including ete” o p+p_ -
precise measurements of multi-body final states at BABAR [80-89]. The total nonstrange
vector spectral function from 7 decays is taken from ALEPH [90]. A compilation of the
data is shown in figure 3. We do not use the strange spectral function because the vector
(V) and axial vector (A) contributions are more difficult to distinguish experimentally in

this case, and are currently only available in the form V+A.

We supplement this data outside of the resonance region with the results of the program
Rhad [91] for computing the hadronic R-ratio up to O(a}) in perturbation theory. The
only inputs into the program are the MS mass m,(m,) = 1.275(25) GeV and a,(My) =
0.1181(11) from table 5, my(m,) = 4.18(4) GeV and m,(m,) = 160(5) GeV [92]. The
default decoupling scales p,. = 2m,, puy = my and p; = my are used, and the scale is varied
between /s/2 < u < 24/s to estimate the effect of higher order corrections. In our data-
driven approach, we integrate the data directly rather than fit it to a certain model for the
resonances.
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Figure 4. “Hairpin-turn” diagram in QCD which is O(ai’,)—suppressed in perturbation theory, and
the origin of its nonperturbative enhancement for low momentum transfer.

4.1.2 Charm resonances at high q2

Below open charm threshold, to a good approximation, Im[h?s] only has support near
the masses of the ¢ and 1’ resonances, which may eventually decay into light hadrons
but resonate through a c¢ current. Above open charm threshold, and below the matching
point to perturbation theory with n; = 4 flavours at /s = 6 GeV, the contribution to the
R-ratio from the light quarks is perturbative and can be subtracted from the measured

spectrum.
0, Vs < 3GeV,
Im[hXS) = { % (Fusa = REG) + 3GeV < /5 < 6GeV, (4.10)
gRgert, /5 > 6GeV

We note that a charmonium resonance can form from a vector current of light quarks
in ee” — hadrons through single photon or three gluon exchange. This mixing has a sub-
stantial effect for the CP asymmetry in B — X 1) decays [93, 94]. Since the QED correction
contributes to the present calculation without logarithmic enhancement, we neglect it and
the comparable QCD correction” and we expect in this case no major nonperturbative
enhancement away from the ¢ and ¢’ resonances.

4.1.3 Light quark resonances at low q2

The most important new feature for the light quark resonances which we introduce in this
paper is to include matrix elements <Jqur>q 2d involving different light-quark currents at
very low ¢°. As a consequence, Ry,q alone is not sufficient to extract Im[hfjis(q?)].

The dominant contributions to the e e~ — hadrons OPE are from (Jydy) for g =u,d, s
as they enter at O(aY). The leading power contributions to (JgJ /) gzq (see left panel of
figure 4) are O(a?) and therefore very small.” An expression for these contributions can be
found in [91]. This is what lead the authors of ref. [51] to systematically neglect all terms

’In [93] it was stated that three gluon exchange is comparable to single photon exchange because of the
similarities of the branching fractions B(¢) — £7¢7) and B(y) — ggg).

*Moreover, in the SU(3) limit, the sum of all these contributions vanishes due to an exact cancellation
among light quark charges.
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with ¢ # ¢ in (4.1). Unfortunately, at low q2 the OPE for eTe™ — hadrons breaks down
and we have to adopt a sum-over-hadrons picture. For instance, at very low q2 (51 GeVQ)
the dominant hadronic final states are two and three pions — corresponding essentially to
the p and w resonances — and (J,,J;) ~ (J, |77 (n))(mm(m)|Jg) ~ (J |77 (7)) (wm(7)|],) ~
(JyJy). At larger ¢ (24 GeVz) there is a proliferation of multiparticle intermediate
states and the OPE result that (J,J;) ~ 0 is recovered via dramatic cancellations between
various exclusive final states [95, 96] as confirmed by lattice-QCD calculations [97].

To quantify these effects, it is convenient to work in terms of a basis of neutral isospin
currents

St Jg = Jg
- \/i 9 - \/§ )

where Jy, J, are singlets under isospin and J; transforms as a vector. The correlation

Jo Ji J,, (4.11)

functions of these currents describe the propagation of the relevant degrees of freedom in
the low energy resonance region:

(9" — "¢ )y(¢D) = i / dhe 9 (0[T7,4(0)J,” ()]0) (4.12)

Note that if the six correlators 11, were known exactly, the six correlators between quark
currents (J, J,,) and finally the KS functions (4.1) would be determined exactly through
simple relations at the operator level. We note in particular that the electromagnetic
current and the u—quark current are given exactly by

i+ Jo _3Jy+ Jy — V2,

J, N} 4.13
In the isospin limit, the correlators I, and II;, vanish, (4.3) and (4.5) simplify to
911 II 2I0,, — 2+/211
I, = SR +18 s = 2V2 0, Tlgg =Ty, (4.14)
and the KS functions simplify to
KS 47'['2
hy~ = 9 (313 + Tlgg — V21y,),
KS 47T2
ha™ == (6I1;; — 2TTgo + 2v/2Iy,),
KS 47T2
he” = —5- (410, — 2v/201,,). (4.15)

Since the KS functions in the isospin limit depend on the four correlators II;;, I1y, IL, Iy,
and only two observables R;.q and Vj, are available, additional assumptions are required
whose range of applicability depends on the energy.

Below KK threshold, in addition to isospin symmetry, we assume that the hidden

strange contributions to the final states 777~ and 7t 7~ 7" are small (Im[Il,,] = Im[II,,] =
0). Then the Kriiger-Sehgal functions as well as R} ,q and Vj; depend only on IIy, and

I1;;, and inverting these equations yields the second column of table 3.
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V5 (GeV)  [0,0.99] [0.99,1.13] [1.13,1.65] [1.65, 3]
3 N 3~ 1. 1. N 1.

() SRaa=3Vie Ve GRuat <2Rhad - 2v1d> b 5B
Ks L . i 1. . i

mlhg”]  12Vig — 3Rpaq 3Via 2Rhad + iRhad —2Viq | bq §Rhad
XS . 1. i . 1.

m[hg"] 0 3Rhad — Wia §R ad T §Rhad —2Viq | 95 §Rhad

Table 3. Imaginary parts of the KS functions in various regions as determined from experimental
data. One has Ry,q = 47/9Rp.q and Vi = 47/9V 4.

The ¢ resonance, which we identify as the region between KK and K K7 thresholds,

Tr 7 and KK final states, and these contributions are un-

decays predominantly into m
derstood as contributions to II,, up to rescattering effects suppressed in Il,, and further
suppressed in Iy, which we both neglect. The isovector background dominated by the
tail of the p is understood from the 7 data, using the isospin correspondence Rﬁ;dl — 3V14
(see figure 3). This yields the third column of table 3.

Above K K threshold, all four correlators Il,;, appearing in (4.15) are important. To
proceed, we consider the consequences of enlarging the symmetry group to flavour SU(3),

introducing the currents:
JO 2 dutdatde e =i g et da =2y
0 V3o N NG

where J; ®) is an SU(3) singlet and J:,Egg transform as vectors (the subscripts refer to Gell-

3)

Mann matrix indices). In the flavour symmetry limit, the correlators H( ) and IIyg vanish,

ng) vanishes by isospin symmetry, and Hgg) = Hz(ss)- Only two mdependent correlators

(4.16)

remain: Hg‘? and Hgé). The vacuum polarization and spectral function, however, are
independent of HO% . Therefore flavour symmetry predicts Ry.q = 4V}4, to be compared
with experiment (figure 3). The difference between Ry;,q and 4V, corresponds to the
breaking of flavour symmetry, which is apparent but moderate. In the flavour symmetry
limit the Kriiger-Sehgal functions are independent of flavour, but there is a systematic error
associated to the difference between R, ,q and 4V;,;. We account for this by introducing
standard normal variables ¢, 4 s which are varied in the error analysis (see fourth column
of table 3). For /s > 1.65 GeV, where there is no reliable 7 data, we assume flavour
symmetry, see last column of table 3. The perturbative result from Rhad [91] is used for
Vs> 3 GeV.

By means of this procedure, we obtain the KS functions which are displayed in figure 5
together with the perturbative functions up to two loops. Uncertainties are propagated
by generating samples of the data, and for each sample calculating Im[hfjs] using table 3
and eq. (4.10), and subsequently calculating the real part via the integral (4.9). Note
that in this way, estimates of SU(3) breaking and uncertainties in charmonium resonance
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Figure 5. KS functions and the corresponding perturbative functions to two loops in the low- and
high—q2 region. See text for further details.

parameters are included in the error analysis. We investigated the dependence on the
subtraction point sy and found it to be small.

4.2 Resolved contributions at low q2

As discussed at the beginning of this section, the local heavy mass expansion breaks down
if one includes operators beyond the leading ones in the effective field theory. One then
finds nonlocal power corrections in the lovv—q2 region which can be systematically analysed
within soft-collinear effective theory (SCET). The resolved photon contributions to the
inclusive decay B — X s(d)£+€_ contain subprocesses in which the virtual photon couples
to light partons instead of connecting directly to the effective weak-interaction vertex.
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These resolved contributions of the B — X ¢*¢~ decay were calculated in SCET in the
presence of an My cut to order 1/my, [57, 58]. They can be represented as the convolution
integrals of a jet-function, characterizing the hadronic final state X4, and of a soft (shape)
function which is defined by a non-local heavy-quark effective theory matrix element. The
hard contribution is factorized into the Wilson coefficients. It was explicitly shown [57, 58],
that the resolved contributions stay nonlocal when the hadronic cut is released and thus,
represent an irreducible uncertainty. The support properties of the shape function imply
that the resolved contributions (besides the Og, — Og, 0ne4) are almost cut-independent.

Within the inclusive decay B — X 070", there are four resolved contributions at
leading order in 1/my, for the decay rate, namely from the interference terms O, — Ogg,
Ogy—Og,y, and 0] — Oy, but also o7 — Oy, . For the b — d case the resolved contributions
need some obvious modifications compared to the b — s case which was calculated in
refs. [57, 58]: the CKM parameter combinations A\ = V;;V;, have to be replaced by )\g =
V;yVip and s-quark fields have to be replaced by d-quark fields in the shape functions. These
modifications only change the numerical results.

It is well-known that the O} — Oy, contribution is CKM-suppressed in the b — s case,
but not in the b — d case. However, both in b — d and in b — s, this contribution from
the u-quark loop vanishes within the CP averaged quantities at the order 1/m;, as one can
derive from the results given in ref. [58]: if we start with the Of — Oz, contribution in
eq. (6.3) of ref. [58] and consider the penguin functions given in egs. (4.4) and (4.5) of that
reference, which enter the jet function, we find in the limit m, — m, = 0 that the w;
integral reduces to

1 1
/dwlwl T e X ;1 [wi ] gr7(w,wy, ). (4.17)

The trace formalism of HQET (see ref. [98]) implies that

A A
| dwgrownn = [ do o, )" (118)
—0o0 —0o0

Moreover, it is a consequence of PT invariance that g;; is real. Thus, the integration of w;
leads to the result that the interference term O — Oy, vanishes within the integrated CP
averaged rate. This is a crucial result for all CP-averaged inclusive b — d¢ ¢~ quantities
because previously no estimate for this up-quark loop of order Aqcp/m;, was available (see
ref. [43]) and thus represented the main uncertainty in the inclusive b — d¢*¢~ observables.
Further insight into the moments of g;; was recently given in [99].

The calculation of the other (nontrivial) resolved contributions given in refs. [57, 58]
starts with the explicit form of the shape functions as HQET matrix elements and derives
general properties of those. One can then use various model functions which have all these
properties to get conservative estimates of the resolved contributions by maximizing the
value of the convolution integral of the subleading shape function with the perturbatively
calculable jet function (for more details see ref. [58]). We are interested in the relative
magnitude of the resolved contributions compared to the total decay rate. We finally get

*In this subsection we follow the notation of refs. [57, 58] which uses the BBL basis with operators O;.
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for the various contributions at order 1/my, in the b — s and b — d decays:
Fire [<0.5,43.4] %, Fiz e [<0.6,+4.1] %, Fi:* € [-0.2, —0.1] %, Fea’ € [0,0.5] % . (4.19)
Summing them up in a conservative way we arrive at
Flimy € [-0.8,+4.5] %, Fi/pm, € [-0.7,+3.8] %. (4.20)

It was found [57, 58] that at leading order in 1/m; there is no resolved contribution
to the forward-backward asymmetry. This starts at order 1/ mz only with an interference
term of Of — O for example. Also the resolved O] — Og term, contributing to the rate,
only occurs at the subleading 1 /mz order. This is a consequence of the fact that the
virtual photon is hard-collinear and not hard in the lovv—q2 region as explicitly shown in
refs. [57, 58]. On the other hand, these 1/ m} terms might be numerically relevant due to the
large ratio |Cy 19| ~ 13|C7,| of Wilson coefficients which necessitates their calculation [76].

Because of the opposite sign of Cy compared to C; one can also expect the same
behaviour of the resolved Of — Og term with respect to Of — Oz,. We therefore estimate
the interval of the missing O] — Oy piece to be reversed with respect to eq. (4.19) and add
it linearly to the interval of the corresponding Of — Oy, term,

Firro) € [-3.9,+3.9] %, Fii710) € [-4.7, +4.7] %. (4.21)

In our final calculation we combine this result with the O;, — Og, and Og, — Og,

interferences from (4.19) to obtain
FS e [—4.1,44.3)%, F* € [-4.9,+5.1] %. (4.22)

For the first nontrivial resolved contribution to the forward backward asymmetry from the
O} — Oy term at order 1/ mg we add an error of £5% in our final result before an explicit
estimate is available [76].

4.3 Nonfactorizable power contributions at high q2

Power corrections due to operators beyond the leading ones also exist in the high—q2 region.
The only available pieces are the nonfactorizable charm- and up-loop diagrams of the four-
quark operator P o with a soft gluon which interacts with the spectator cloud. However, in
the high—q2 region the dilepton mass q2 is a hard momentum and any cut on the hadronic
mass has no influence in the high—q2 region. Thus, the kinematic situation is a different one
compared to the low—q2 region, in particular there is no nonlocal shape function involved.
In this case the original treatment of Voloshin [59] is applicable which leads to a local
expansion again [43].

Here we briefly recall the crucial issues of the calculational details presented in ref. [43].
The nonperturbative effect due to the 5byg vertex is represented by a form factor F which
depends on the two variables 7 = ¢*/(4m?) and t = k - ¢/(2m?) where k denotes the soft
gluon momentum (k* = 0) and g the virtual photon momentum. The form factor F(r+t, t)
is given in eq. (4.28) of ref. [43]. One may expand F in powers of ¢ . In the high—q2 region ¢
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is a hard momentum (of order m;) and £ is a soft momentum. Thus, if m,Agep/ (2m?) is
small the first term in the expansion about ¢ = 0 can be regarded as dominating. Moreover,
one may additionally expand the form factor also in 1/ which is of order 4m(2: / mg. The
authors of ref. [43] then keep only the leading term in 1/r in each of the coefficients of ¢"
and find

(o)
— 3 3 t
F(r4tt)~ S R L L S 4.23
( ) nzz:o( ) (12 o 2 (4.23)

This means that the leading corrections to the ¢ = 0 result are suppressed by t/r = 2k-q/ q2.
An additional numerical test [43] suggests that the ¢ = 0 term is the dominating one in
the high—q2 region. The concrete results for the leading 1/ mz term are given in section 3.3.
If we consider the corresponding nonfactorizable contribution with an up-quark loop in
the high—q2 region, one finds that the leading term is of order A?QCD / q2 and corrections

are suppressed by powers of t/r ~ Aqcp/ (24/¢?) [43]. The leading order results for the
up-quark are also given in section 3.3.

4.4 Charmonium cascade backgrounds

Another long distance effect at low q2 are the cascade decays B — X;(c¢ — X2€+€7)
through the radiative decay of a narrow charmonium resonance 7., 772, W, XcJs he OF exotic
XYZ state, collectively referred to as cc, as depicted in the left panel of figure 6. In contrast
to the infamous ¢ — 00, for example the decay ¢ — n'€+€_ completely escapes the upper
cut q2 =6GeVZin B — Xq€+£_:

Ami < ¢* < (M — My,). (4.24)

In the following we focus on B — X (cé — Xo0T¢") with the understanding that the
relative effect of the cascades on B — X0 ¢~ and B — X ¢4~ are roughly the same due
to the CKM scaling of charmonium production:

2

I'(B — X,c¢c) T'(B— XSEJ%?) - ‘VcbVCS (4.25)

T(B = Xyc8) T(B = X0 07) [ VaVe

Charmonium production from B-decays is reasonably well described by an expansion in the
heavy quark velocity (NRQCD) [53, 100] and has been investigated by several experiments,
summarized in table 4. The inclusive spectra from c¢¢ — X{¢7¢~ are not yet available,
although the decays 1) — (x°,1,7)¢7 ¢~ have been measured at BESIII [101-103], and
happen to be the most important. We note that the dilepton decays between charmonium
states [104-106] are not pertinent to B — X 70" because the leptons in this case come
with invariant mass below the difference in charmonium masses, which is less than 1 GeV.

Radiative and dilepton charmonium decays have been mentioned in the context of
B — X,y [43, 54, 107] and B — X,7¢~ [43]. The background in B — X £T¢~ could
simply be subtracted by vetoing events where the two leptons and any permutation of light
hadrons reconstruct any of the charmonium masses. However, only the direct leptonic
decay of ¢ and 1)’ were interpreted as background to B — X "¢~ at Belle [108, 109]
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X4

Figure 6. Long distance backgrounds not removed by q2 cuts. Left: charmonium cascade lowering
q2 to the perturbative window. Right: double semileptonic background through sequential weak
decays.

B x 10° B x 10°
B—Xn | 78404 Y=t | 1.434+0.07
B— X' |3.07+0.21 =0T | 6.59+0.18
B — X X | 3.09 +0.22 ¢ — 70T | 0.076 4 0.014
B — XX | 0.75£0.11 v =0t | 0.196 £ 0.026
B — X, |4.8840.97 [111]
B — X, Xy | 3.0£1.0 [112]
B— X,h, |24+1.0" [53]
B— X, | 0.12+0.22" [113]

Table 4. Branching ratios of (direct) inclusive B-decay into charmonium, and of vector charmonium
dilepton decay to light pseudoscalars. Numbers marked with  are NRQCD estimates, and unless
otherwise stated are taken from the PDG [92].

and BaBar [110]. This is problematic because there are also cascade decays of the type
B— XY= XX 2€+€_ that form a reducible background in the limit in which interference
between the cascade and the genuine short distance B — X S£+€_ amplitudes is negligible.
On general grounds this interference is expected to be much smaller than the square of the
cascade amplitude. If estimates of the cascade contributions are low enough, we can argue
that interference effects can be neglected, implying that these cascades are a reducible
background that can be either separately calculated and subtracted or experimentally
removed. As we show below, cascades in B — X S€+€_ satisfy this requirement, but only
after taking into account the cut on the invariant mass of the X, system which is required
experimentally to remove the double semileptonic background, as shown in the right panel
of figure 6. In the rest of this subsection we show how to estimate the impact of the My
cuts on a generic cascade.
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The relative momentum between X; and X, implies that the cascade events come with
somewhat large total My when the two systems are combined. Since it is already necessary
to measure B — X 5€+€_ with an My cut to remove the double semileptonic background,
if cascade events were efficiently removed by this cut, then there would be no need for their
further consideration. The invariant mass of the X system is given by

1P'x, [1Px, |
My = Mk, + M%, +2Ex Ex, (1 - ﬁ cos 9X> , (4.26)
1 2
M3 — M2% — My
Eyx. = L 4.27
X1 2M,, ’ (4.27)
M~ 4+ M3 — ¢
Ey — —<€ 2 4.28
X2 2M.,, ’ (4.28)

where 0y is the angle between the X; and X, systems in the charmonium rest frame. It
is interesting to consider the minimum value of My, such that My > M for all q2 and
M. This is given in closed form by

cut

MY = MCJC\ZX (4.29)
and corresponds to the extreme values 6y = 0, My = 0 and q2 = 0. States with My,
heavier than (4.29) are completely removed by the My cut. In the case of ¥-decays with
M =2 GeV, M)C(‘;t ~ 1.2 GeV (the minimum mass My, = My and cut at > =1 GeV?
causes this to be slightly smaller). The decays ) — (7,7, 77')€+€_ and nonresonant S- or D-
wave 1) — 20T 0" are therefore of interest, while the resonances 1) — (fo, f2)£+€_ are cut
away. Inferring from the photon energy spectrum in ¢ — 27y, nonresonant ¢ — Y AN
is probably very small. Similarly k. — (1,7, 27)¢ 0" and x4 — (p,w)¢ ¢~ are of interest
but they are suppressed by an order of magnitude compared with the ¥ decays in the real
photon case:

B(B — XXCI)B(XCI — pp)/)
B(B — X¢)B(Y — nv)

B(B — Xh.)B(h, — 1)
B(B — X¢)B(¢ — 1)

~ 0.08,

~0.14.  (4.30)

The sequence B — X1, ' — 2mp, ¢ — n(n' )¢ 0" is also of interest but the total
My from X;, 27 and 7(n’) is largish. Finally, we observe that the branching ratio of
Y — w0 is about two orders of magnitude smaller compared to ¢ — n(n/)£+£_ (see
table 4). Hence the conclusion is that the direct decay ¢ — 77€+£_ and ¢ — 7]’€+E_
dominate the background to B — X s€+€_ from all charmonium radiative decays in the
presence of a cut My < 2 GeV.

The helicity-projected rates for ¢ — n(n')¢" ¢~ normalized to the rate 1) — n(n')y can
be calculated from first principles in terms of a single ¢*-dependent form factor [114]. The
angular distribution is simply given in terms of the polarization « as

dT(¢p — ntte)

deos Oy o 1+ acos® Oy . (4.31)
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B'— K*(y—n' ee)

B*— K*(y—n ee)

(K+m) Mass [GeV]
(K+n) Mass [GeV]
(K+17') Mass [GeV]

B*— K*(y—m ee) 0.0045
0.004
0.0035
0.003
0.0025
0.002
0.0015
0.001
___________ 0.0005
30

1 15 15 15

2 25 3
Dilepton Mass [GeV]

2 25 2 25 3
Dilepton Mass [GeV] Dilepton Mass [GeV]

Figure 7. The background from BT — K+(¢ — h£+€_) with h = m,1,1 on the B — X ("¢~
phase space. The color bar corresponds to the branching ratio differential in dilepton mass (1/s) and
hadronic mass (My ), in units of 10~° GeV ™. The outlined box indicates the 1 GeV?* < ¢* < 6 GeV>
and My < My < 2GeV cuts. A single-pole parameterization of the transition form factor [114]
with the same A = 3.686 GeV for 7,71, 1 was used to generate the plots. The fact that the cuts are
less efficient for ¢ — 7 is not problematic due to the small rate of this channel.

Due to the V—A coupling of the underlying transition b — scé, B — X, prefers the
longitudinal polarization [115, 116] with corrections quantified in NRQCD [117]; this fact
reduces the background from the cascades because n(n') and X, cannot be collinear through
the dominant longitudinal polarization. The resulting distribution in the [q2, M plane for
the decays into n and 7 are presented in figure 7, where we take for simplicity a constant
value a = —0.59 corresponding to the low My bin of the BaBar measurement: this causes
the My cut to be more efficient by about 20%.

The contributions of the cascade into n and 7’ to the total B — X, (¢ branching
ratio before any My cut are 1% and 5%, respectively. After imposing My < 2 GeV these
effects are diluted to 0.05% and 0.0005%. Keeping in mind that the impact of the My
cut on the non-resonant decay is about 60%, we conclude that the experimental cut on
My completely removes any pollution from cascade charmonium decays. This conclusion
persists as long as the My cut is at most 3 GeV.

5 Inputs

The numerical inputs used in the phenomenological analysis are presented in table 5. Most
of the quantities listed in the table have been determined with great accuracy and will not
be discussed further. The required HQET matrix elements, on the other hand, necessitate
a more in depth discussion.

For our phenomenological study, we need the matrix elements of the following dimen-
sion five and six operators:

1 T2
= _—— (B|h,(iD)*h,|B 1
M = g5 (BIRy(iD) h|B) (5-1)
1 _
— s [I/I/
Ap = 12mB<B|hv( 0, )G hy|B) (5-2)
Lo, .
p1 = 5o (BlhyiD(iv - D)iD"h,|B) (5:3)
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ag(M,) = 0.1181(11) m, = 0.51099895 MeV

a. (M) = 1/127.955 m,, = 105.65837 MeV

sty = sin’ Oy, = 0.2312 m, = 1.77686 GeV

IV Vip/Vip |2 = 0.96403(87) [118] m,(m,) = 1.275(25) GeV
ViV Vi |? = 123.5(5.3) [118)] mp® = 4.691(37) GeV [119, 120]
|ViaVin/ Vip|* = 0.04195(78) [118] Vs Vs / (VisVip)| = 0.02022(44) [118]
|ViaVin/ Vas|* = 5.38(26) [118] arg [V Vin/(VieVip)] = 115.3(1.3)° [118]
B(B = Xoe0)exp = 0.1065(16) [121] | [ViigVis/ (VigVip)| = 0.420(10)

mp = 5.2794 GeV arg [VoaVup/ (ViaVip)| = —88.3(1.4)°
My = 91.1876 GeV My pole = 173.1(0.9) GeV

My = 80.379 GeV C = 0.568(7)(10) [122]

Lty = 53.5 GeV Lo = 12()1%%0 GeV

fxv = (0.02 4+ 0.16) GeV? AT = 0.130(21) GeV? [48]

fv — fay = (0.041 +£0.052) GeV® | A\ = —0.267(90) GeV? [48]

[0 f]su@) = (0 £0.04) GeV® p1 = 0.038(70) GeV? [48]

[0 f]su(z) = (0 £ 0.004) GeV®

Table 5. Numerical inputs used in the phenomenological analysis. Unless specified otherwise,
they are taken from PDG [92]. In order to avoid somewhat uncontrolled non-perturbative effects,
we use the pole mass of the top quark obtained from cross section measurements. The CKM
matrix elements have been obtained by propagating the uncertainties on the four CKM Wolfenstein
parameters (A, A, p and 7]) taken from the global fit as of Summer 2018 presented by the CKMfitter
Group [118]. All HQET matrix elements are calculated between physical B mesons. Only the
combination /\Sff = Ay —po/my enters in B — X d)SEJrE*. The annihilation matrix elements required
for B — X 0"0~ and B — X 0T¢" are (f,, f;) and (fg,ff,fs), respectively, where we use the
notation f, = ( fq0 + f;t )/2. As explained in the text we express them in terms of the valence
and non-valence matrix elements, fy and fyyv, and the flavour SU(3) and the isospin breaking
differences [0 flsy(s) and [0 f]su(2)-

1 = . . v )
= %uﬂhsz“(w - D)iD"h,(—ic,,)|B) , (5.4)
a 1 a a
fi = g (B1Q1 - Q418" (55)

where a = 0, £ denotes the charge of the meson, ¢ = u,d, s is the flavour of the spectator
quark and [75]

Q({ = Bv’)ﬂu(l - 75)q (Tyu(l - 75)hv ’ (56)

Q4 =hy,(1 —75)q @(1 + v5)h, -
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The leading matrix elements \; o and (p; o, f; ) scale as mb_2 and my 3 respectively. The
matrix elements Ay and py appear only in the combination
ff_ P2
Ay =Ny — 5 (5.8)
my
Note that we consider exclusively HQET matrix elements between physical B mesons.
Matrix elements in the infinite mass limit are independent of the heavy quark mass and are
sometimes used when combining fits involving both b- and c-hadrons. For the two leading

dimension five operators the relation between these matrix elements is:

]. 1 7_1 + 37’2

N\ = — (Bl|h,(iD)*h,|B) = —(H_|h, (iD)?h, | H aren .
1 2mB< |hy (iD)h,| B) 2m3< ool (iD) Ry | Ho) + m (5.9)
1 7 1 - Ts + 3T,
N = Blh,(—i WhpiBY = — (H_|h,(—i " |H 324
2 12mB< ‘ v( ZU;U/)G v| > 12mB< oo| v( ZU;U/)G v| oo>+ my )
(5.10)

where the non-local matrix elements 7; can be found, for instance, in ref. [123].

The A; and p; matrix elements can be extracted from measurements of several leptonic
and hadronic moments of the inclusive B — X v spectrum, under the assumption that its
shape is unaffected by new physics effects. The most recent analysis has been presented in
ref. [48], where the results are expressed in the kinetic scheme [124-127]. In this scheme the
renormalized matrix elements at a scale 4 = 1 GeV are connected to the usual pole-scheme
ones by calculating several leptonic B — X_.fv moments in the small velocity (SV) limit
(see ref. [124] for a pedagogical review) and using p as a Wilsonian cut-off; this implies that
the difference between pole and kinetic scheme matrix elements is proportional to powers
of 1 and not just logarithms (as in the MS scheme). When using these matrix elements
in the calculation of any other observable (e.g. in B — XqEJrE*) one has to modify the
perturbative part of the calculation accordingly by introducing the same Wilsonian cut-off
in both virtual and real corrections. The alternative, which we adopt, is to convert the
matrix elements to the pole scheme (which corresponds to setting i = 0) and keep the rest
of the calculation unchanged.

The explicit expressions that we use are (see egs. (9) of ref. [127] and eqgs. (11) - (13)
of ref. [128]):

M = p2(0) = g (i) = [ (1) pers (5.11)
By = p(0) = pg(p) — (G ()] pert (5.12)

p1=pp(0) = pp (1) — [PD(1)]pert (5.13)
302 = p15(0) = prs(i) — (P15 (1) pert (5.14)
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3
& ()] pers = O <M ; (5.16)
s (my) By my ag(my) ™ 13
H_ihc%w+%_ﬂ%<6_m”

‘o () , 517)
my

075 (1)]pere = O <M> ; (5.18)

my

2
o ()]pen = 5Cp 2

with 5y = 9 (three active flavours), Cp = 4/3 and Cy = 3. Note that following ref. [128]
(see footnote above eq. (13)) we omit terms of order x° in egs. (5.15) and (5.16); this is
necessary in order to convert the matrix elements extracted from the fit presented in ref. [48]
(which differ from the kinetic scheme matrix elements by terms of order x°) into the pole
scheme. A discussion of the absence of y* terms in [,ué(,u)]pert can be found in ref. [129)].
The inputs summarized in table 5 are obtained from the results presented in table II of
ref. [48] with the help of egs. (5.11)—(5.18); we estimate the uncertainty due to missing
O(a?) corrections in egs. (5.15) and (5.17) by assuming that the relative magnitudes of
NNLO and NNNLO terms are identical.

The discussion of the weak annihilation matrix elements f; is greatly simplified by
isospin and flavour SU(3) considerations:

SU(2

fo= 12" (5.19)
SU(2 SU((3 SU(2

fav = fa © c:lt 1 N :()fs:t (5.20)

where we indicate the valence and non-valence terms with respect to external B states.
Therefore, up to isospin and flavour SU(3) breaking effects, the six matrix elements needed
for B — X S7d€+€7 reduce to two. In the vacuum saturation approximation these matrix
elements vanish: they can be written as fy = 2712f]_2;mB(B{% — B?) with B) = By =1 and
B =BNW =0 [42, 75]. Assuming violations of this approximation at the 5B ~ 0(0.1)
we find fy ~ fyv S 0.4. As numerical inputs we adopt upper limits extracted from
branching ratios and the first two moments of semileptonic D% and D, decays rescaled by
a factor mp f?g /(mp fl%) The result of a re-analysis of semileptonic D decay data from the
CLEO-c Collaboration [130] following closely ref. [49]” are summarized in table 5, where we
present the two largely uncorrelated quantities fyv and fyv — fyv- Additionally, following
ref. [42], we assume SU(3) and SU(2) breaking effects at the level of [0 f]gy(s) = 0.04 and
[6flsu(z) = 0.004, respectively.

Note that we calculate I'(B — Xs(d)€+£_)/I‘(B — X, lv); therefore, for the X, case
we need fg + and fS’i and for the X, one we need fg’i and fS’i. The required inputs for

®The only difference in the analysis is that we included correlations induced by the charm quark mass, and
added explicit nuisance parameters to describe SU(3) breaking and end-point smearing of the annihilation
contributions to the first two moments.
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the various observables are (f, = ( fg + f;t )/2):

BB — X T07) = {fs = I , (5.21)
Ju=(fv+ fav)/2
0 _
R(sg, B — X AT07) = {(fs * J;“)/Q = Inv : (5.22)
fs - fu = [5f]SU(3)
B(B — X 0 07) and R(sg, B — X 0707 ) = {(fd T2 = v+ /2 (5.23)
fa— fu=10flsu()

In conclusions, we need the four quantities fxv, (fv + fav)/2, [0f]sus) and [6 flsu(e)-

6 Phenomenological results

In this section, we present the final numerical results, for which we use the inputs defined
in table 5. We give the results for the branching ratios integrated over the lovv—q2 region
(1 GeV? < ¢* < 6GeV2) and over the high—q2 region ¢> < 14.4GeV>. The corresponding
CP asymmetries are given as well. In order to reduce large uncertainties from power
corrections in the high—q2 region we compute the ratios R(sg). The forward-backward
asymmetries Apg and the related angular observable H, are computed for the lovv—q2
region. Due to a zero-crossing in the differential Apg and H4, we subdivide the 10W—q2
region into two bins, bin 1 (1 GeV: < ¢* <35 GeVQ) and bin 2 (3.5 GeV? < ¢* <6 GeVQ)
when presenting the results for these two observables. In addition, we give the position of
the zero crossing. As is customary, we present our results for both electron and muon final
states separately.

To obtain our phenomenological results, we expand our observables up to 55;’ and /43,
and neglect all higher terms. In addition, we expand up to linear terms in the power-
correction parameters Aj o, pyq, fg’i, fs and drop all higher powers and product of these
parameters. For the low—q2 region, we neglect 1/ mi’ corrections.

Below, we give the central values of all the observables with uncertainties from differ-
ent sources. These uncertainties are obtained by varying the inputs within their ranges
indicated in table 5, where we assume that m, and C' are fully anti-correlated. The total
uncertainties are obtained by adding the individual ones in quadrature. The uncertainties
from the Kriiger-Sehgal functions are always below the percent level of the central values
and are therefore not included. We present our results up to 2 decimal digits, however in
some cases where this would lead to 0.00, we give the first significant number. We empha-
size that the contribution of A; to the error budget is tiny in both low and high—q2 and
therefore it is not displayed.

6.1 Branching ratio, low—q2 region

The branching ratios for the low—q2 region are found to be nearly 10_7, smaller than the
B—X 5€+€_ number by about 2 orders of magnitude mainly due to the CKM suppression.
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The total uncertainties are about 8%.

B[1,6]¢e = (7.81 %+ 0.37 a0 £ 0.08,,, +0.17¢,,,, % 0.08,,, £ 0.04, =+ 0.15¢k
+0.125_, % 0.05, = 0.39g01veq) - 1075 = (7.81 £0.61) - 107 (6.1)

B[1,6],,,, = (7.59 £ 0.35.010 £ 0.08,, £ 0.17¢,,, = 0.09,, £ 0.04, % 0.14cxy
+0.11pg, £ 0.05), = 0.38,001vea) - 10°° = (7.59 £ 0.59) - 10" . (6.2)

These results include Kriiger-Sehgal corrections as described in section 4.1. Comparing
with the pure perturbative results, the central value being B[1,6] = 7.46(7.23) - 10™° for
electrons (muons), we find that the inclusion of the KS functions shifts the branching ratio
by about +5%. The other sizable corrections include the log-enhanced electromagnetic
corrections (about 4% for electrons and 2% for muons) and the five-particle contributions
(about 1%). In comparison, the 1/ m% and bremsstrahlung corrections are only of O(0.5%).
We note that dominant uncertainties arise from the scale variation. As discussed in sec-
tion 4.2, we add an additional 5% uncertainty due to the resolved-photon contributions.

6.2 Branching ratio, high-q2 region

In the high—q2 region, the 1 /mg’3 power-corrections are very pronounced. The large un-
certainties on their hadronic input parameters, as discussed in section 5, dominate the
uncertainty on the branching ratio which is O(40%).

B[> 14.4]., = (0.86 £ 0.12. 5, £ 0.01,,, £ 0.01¢,,, £ 0.08,, +0.020xn £ 0025

+0.06y, +£0.25, +0.25; )-107° = (0.86 +0.39) - 10", (6.3)

B[> 14.4],,,, = (1.00 £ 0.12,00 £ 0.01,,, £ 0.020,, =+ 0.09,, £ 0.02¢xp £ 0.02p5

+0.05, £0.25, +£0.25; )10 = (1.00 +0.39) - 10" . (6.4)

Here we do not quote the uncertainty coming from the variation of « as this is negligi-
ble. We quote the uncertainty coming from f,, and f; together, by summing quadratically
individual uncertainties from variation of fyv, fv — fxv and [0 flsy(e), where fyy gives the
dominant uncertainty.

6.3 The ratio R(sg)

Comparing the ratio R(sy) with the branching ratio in the high—q2 region, we see a large
reduction of the total uncertainties from O(40%) to 9% and 6% in the electron and muon
channel, respectively:

R(14.4) e = (0.93 £ 0.024 010 £ 0.01,,, £ 0.01¢,,, =0.002,, +0.01, =+ 0.050km

+0.004,, £0.06,, 4 0.05;, ) x 107! = (0.9340.09) x 10~* , (6.5)

R(14.4),, = (1.10 £ 0.014e0 £ 0.01,,,, £ 0.01¢,, % 0.002,, £ 0.01, = 0.050k

+0.002y, £0.04, £0.02; ) x 107" = (1.10£0.07) x 107", (6.6)
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Besides the uncertainties arising from power corrections, also the scale uncertainty and the
one due to my get significantly reduced. The largest source of uncertainty arises from the
CKM elements, especially from V.

6.4 Forward-backward asymmetry, low-q2 region

The integrated H, rate and the forward-backward asymmetry are tiny when integrated
over the full low-¢* bin, as was already observed in the B — X /70~ case [36]. This is
because of a zero-crossing in H, which occurs close to the middle of the low—q2 region.
Therefore, we separate our results in two additional bins:

HalL,3.5]0 = (—0.41 £ 0.024010 £ 0.004,, £ 0.002¢,, £ 0.01,, +0.01, +0.0lcky
+0.01pg_, £ 0.0001y, £ 0.02,001vea) - 107° = (—0.41 £0.04) - 10~°,

Hp[3.5,6]ce = (0.40 = 0.060410 £ 0.004,, %0020, +0.02,, +0.01, +0.0lcxy
+0.01pg_, £ 0.002), £ 0.02,001vea) - 107° = (0.40 £0.07) - 10~°

HalL,6]cc = (—0.01 = 0.08c00 £ 0.0002,, £ 0.01¢,,, +0.03,,, £ 0.02, + 0.0020k

+0.0002gp,, £ 0.002,, + 0.001,0g01veq) - 1075 = (—0.01 £ 0.09) - 107° .
(6.7)

Ha[L,3.5],, =(—0.44 £ 0.024cq1e £ 0.004,,, £ 0.003¢;,,, % 0.01,, +0.01, =+ 0.0lcky
+0.01pg_, % 0.0002), % 0.02,00lved) - 107° = (—0.44 £0.04) - 10~°

H[3.5, 6], =(0.37 = 0.064ca10 £ 0.004,, % 0.02¢,, £0.02,, £0.01, = 0.01ck
+0.01pg,, £ 0.002), £ 0.02,001vea) - 107° = (0.37 £0.07) - 107",

H[L, 6], =(—0.07 £ 0.08,ca0 £ 0.0003,, £ 0.01¢,,, £ 0.03,, +0.02, = 0.003cky

+£0.001pg, £ 0.003y, £ 0.004,0501vea) - 107° = (—0.07 £ 0.09) - 107" .
(6.8)

As discussed in section 4.2, at order 1/ mz, ‘H 5 receives resolved-photon contributions from
the interference between P o — Pyg. Since an explicit estimate of such contributions is not
yet available [76], we added an additional uncertainty of 5% to our results.

For completeness, we also quote the value of the normalized forward-backward asym-
metry, which can be obtained from H, by using egs. (2.3) and (2.4),

App[1,3.5],c = (—7.10 £ 0.67cqe £ 0.01,, £ 0115, +0.22,, £0.19,
£ 0.020K0 £ 004y, % 0.50,00100a) % = (—7.11 £ 0.89)% ,

App[3.5,6]c0 = (8.60 £ 0.74y000 = 0.01,, +0.13¢,, =+ 0.37,, +0.18,
£ 0.02ckp = 0.1, % 0.61,0001v0a) % = (8.60 £ 1.06)% ,

App[1,6]ee = (—0.12 £ 0.77,c0e £ 0.004,, £ 0.13¢,, +0.29,, +0.20,
£ 0.02ck0 % 0.02), % 0.0L,0001v0a) % = (—0.12 £ 0.86)% (6.9)
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App|1,3.5],, = (=797 £ 0.6, £ 0.01,, +0.11¢,, 022, =+0.20,
+ OOQCKM + 0.05)\2 + 0'56resolved)% - (—797 + 095)% 5

App[3.5,6],, = (8.16 %+ 082,00 £ 0.01,, +0.13¢,, =+ 0.39,, +0.19,
+0.0205y £ 0.11) ) % 0.58,0501vea) % = (8.16 £ 1.10)% ,

App[1,6],, = (—0.70 £ 0.82, a1 £ 0.004,,, £ 0.13¢,, +0.30,, +0.21,
+0.02¢xp £ 0.02), £ 0.05,0001v0a) % = (—0.70 £ 0.91)% (6.10)

The forward-backward asymmetries are obtained by taking H, normalized by the corre-
sponding branching ratios, both of which receive resolved-photon contributions. Since the
the contributions to H, and the corresponding branching ratios are induced by different
operators, i.e. P{i? — Py and Pf72 — P79, respectively, we have assumed that the resolved-
photon uncertainties of the branching ratios and H, are independent. We emphasize that
the uncertainties stemming from the scale and a; are very pronounced. This is caused by
the opposite effect of the scale and «ay variation in H and the branching ratios.

Finally, we also give the zero-crossing q(z) (in units of GeV2) for the forward-backward
asymmetry App and equivalently H4:

(40)ce = 3.28 £ 011400 £ 0.001,,,, £ 0.02¢;,, +0.05,,
+£0.03,_ = 0.004cky = 0.001y, £ 0.06,05010q = 3.28 £ 0.14 , (6.11)

(40) e = 3:39 = 0.124010 £ 0.001,, % 0.02¢,, = 0.05,,
+0.03,, % 0004k % 0.002), =+ 0.06e501v0q = 3.39 £ 0.14 . (6.12)

6.5 CP asymmetry

The CP asymmetries in the low- and high—q2 regions are of the order of 1%, with pertur-
bative and parametric uncertainties of about 50% and 40%, respectively, and dominated
by the scale and a.

In the low—q2 region:

Acpl1,6]ce = (—1.45 £ 0.754c51¢ £ 0.02,,, £ 0.02¢,,  +0.05,,,,

+0.15, £ 0.03gy £0.002y,) - 1077 = (~=1.45+£0.77) - 107, (6.13)
Acp(1,6],, = (—1.32 £ 0.71 00 £ 0.01,,,, £ 0.02¢,, +0.05,,

+0.15, £ 0.03cgy £0.002y,) - 107% = (~1.32+£0.72) - 107, (6.14)

Not included here are resolved photon contributions where, contrary to CP-averaged quan-
tities, the up-loop contribution does not vanish. An estimate of the size of these effects
is not yet available. A corresponding study for B — X s(d)Y [131] has revealed that these
contributions induce an uncertainty that can exceed the central value by a large factor. An
analogously large uncertainty is also possible here.

In the high—q2 region, the perturbative uncertainty is drastically reduced. However,

as for the branching ratio, large uncertainties arise from the non-perturbative 1 /mZ’3
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corrections.

Acp[> 14.4],, = (~1.91 £ 0.14,0 £ 0.01,, +0.12¢,, +0.12,, £0.05, = 0.05¢x

+£0.28) £0.34, £0.55; )-107° = (-1.91+£0.74)-10%,  (6.15)
Acp[> 14.4],, = (—1.84 £ 0.21 . £ 0.01,, +0.09¢,,, =£0.11,, £ 0.04, = 0.05ck
+0.24y, £0.30, £0.45; )-107° = (-1.84+£0.64)-10°.  (6.16)

We emphasize that for high—q2, the nonfactorizable contributions from both charm and
up-loops are taken into account (see section 3.3). We found that the contributions of the
latter are negligible.

7 Conclusion

As a FCNC process the inclusive B — X, d€+£_ decay provides many observables sensitive to
BSM physics. Contrary to the more frequently studied B — X 07 ¢~ channel, B — X 070~
receives contributions from the operators Pﬁ 5 without CKM suppression and can thus yield
more, complementary, information. In particular, the CP violation in B — Xd€+£_ is
expected to be much larger than that of B — X 8€+£_. In the present work, we perform a
state-of-the-art phenomenological analysis of B — Xd€+£_, providing the SM predictions
for observables including the branching ratio, the forward-backward asymmetry and the
CP asymmetry, which are quite promising to be studied at Belle II.

Disentangling potentially small new-physics effects from SM uncertainties requires both
precise theoretical predictions and accurate experimental measurements. For inclusive
FCNC decays, this not only necessitates the inclusion of perturbative and local power
corrections associated to the partonic rate, but also requires attention to additional long
distance contributions on which we put particular emphasis in the present work.

The most prominent among the long distance contributions arises from intermediate
charmonium and light-quark resonances such as J/1, p and w, which are not captured
by the local OPE. Even with kinematic cuts, the resonances may still have sizable effects
on the observables, especially the high—q2 ones. To handle the color-singlet resonance
contributions, we adopt the Kriiger-Sehgal (KS) approach with improvement in several
aspects compared to previous studies. The most up-to-date e"e~ — hadrons and 7 —
v + hadrons data are used to interpolate the imaginary parts of the KS functions. In the
dispersion integral to obtain the real parts, we choose the subtraction point sy = —(5GeV)2
large and negative, which is not only far away from the charm and light-quark resonances
but also avoids large logarithms log(sy/ ,ug) from higher-order perturbative corrections.
Besides the flavoured u- and c-quark KS functions we also obtain the d- and s-quark
KS functions which are also featured in ¢ — wu transitions. At last, the one- and two-
loop factorizable perturbative functions together get replaced by the corresponding KS
functions. We find that the asymptotic behaviour of the perturbative and the KS functions
match very well. We also study the uncertainties associated with the KS functions and
find that they turn out to be negligible in the numerical results of the observables.
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Beyond the KS treatment, the nonfactorizable resonance contributions to B — X014~
can also be considerable. For the high—q2 observables we adopt the description of the
nonfactorizable charm-loop diagrams with a soft gluon connecting the quark loop and the
spectator cloud from [43]. It was pointed out in [43, 58] that for large ¢° the effects due to
nonfactorizable charm-loop diagrams are local and hence easy to handle. The corresponding
nonfactorizable up-loop contribution is obtained by taking the m, — 0 limit of the charm
result. It turns out that both the nonfactorizable charm- and up-loop contributions are
very small in the high-¢° region. In the low-¢° region, the procedure in [43] does not apply
because the local heavy mass expansion fails. Such nonfactorizable contributions, including
the one from charm loops, have been systematically studied within SCET by calculating
resolved-photon contributions up to order 1/my [58]. We also discuss that the effects from
up loops vanish in all CP-averaged quantities, but might give rise to a large uncertainty
in the CP asymmetry. Combing the results of [58] with a conservative estimate of the
potentially large 1/ mz resolved contributions we find that they lead to an additional 5%
uncertainty in the branching ratio and the forward-backward asymmetry.

Finally, we identify another long distance effect contributing to the inclusive B —
Xs’derE* decays in the lovv—q2 region, the cascade decays B — X;(cc — X2€+£7). In
the context of inclusive FCNC decays they are considered for the first time in the present
work. We thoroughly investigate their kinematics and phase space distributions. It is
found that under a typical cut My < 2GeV taken in the experiments to suppress the
double semileptonic background, the potentially most important cascade channels, B —
Xi(v — n€+€_) and B — X, (¢ — n/€+€_), contribute only 0.05% respectively 0.0005% to
the total B — X¢T¢~ branching ratio. Therefore a hadronic mass cut effectively removes
the pollution from the cascade decays as long as My < 3 GeV. As mentioned earlier, the
theoretical predictions in the present work are given for the case without a hadronic mass
cut. We leave the thorough theoretical and phenomenological study of the B — X s(d)fré*
decays with an M cut to a future project.

In our calculation, we take into account all available perturbative and power cor-
rections. While many of the expressions for B — X ("¢~ can be taken over from
B = X S€+€_, effects from the current-current operators P’y are new. In particular we
derive the logarithmically-enhanced QED corrections associated with these operators and
also include the partonic multi-particle contribution recently calculated in [45]. As for the
power corrections, we extract the relevant HQET matrix elements that scale as 1/ mg and
1 /mg’ from inclusive semileptonic B- and D-decay data. We find that the poorly deter-
mined HQET matrix elements dominate the uncertainties in all high—q2 observables. We
therefore stress again that lattice calulations of these HQET matrix elements should be
performed, as they would significantly improve the theoretical precision of semileptonic
FCNC decays in the high—q2 region.

We update the SM predictions for the branching ratio, the unnormalized and normal-
ized forward-backward asymmetry, the zero crossing of the forward-backward asymmetry
and the CP asymmetry of B — Xd€+€_ in the lovv—q2 region. The uncertainties of the
CP-averaged quantities are in general from 5% to 20%, except for the forward-backward
asymmetries in the entire low—q2 region for which the central values are small due to the zero
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crossing in the middle of the low—q2 region. The lovv—q2 CP asymmetry may receive large
and unknown uncertainties from the resolved contributions in addition to the parametric
and perturbative ones. For the high—q2 region, we give the predictions for the branching
ratio, the observable R(14.4) and the CP asymmetry. Owing to the poorly determined
hadronic parameters characterising the 1/ mi’g power corrections, the branching ratio and
the CP asymmetry have large relative uncertainties of O(40%). On the other hand, the un-
certainties arising from the hadronic parameters get largely cancelled in the ratio R(14.4)
such that its uncertainty is smaller than 10%.

In light of the anomalies persistent in exclusive b — s transitions, a cross-check via the
corresponding inclusive b — s and b — d modes is very much desired. The complementarity
between inclusive and exclusive b — s decays in the search for new physics was already
pointed out in [16], and b — d transitions will yield additional useful insights. The B —
X 070~ observables should therefore be measured in a dedicated Belle IT analysis.
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A Factorizable perturbative two-loop functions

In order to take non-perturbative effects into account we use the KS-functions defined in
section 4.1. Explicitly, we replace

it 5 hiS (A.1)
where the factorizable perturbative function is given by
fac ~
R = h(y,) + ah{) . (A2)

Here h((ll) are the factorizable perturbative two-loop functions. For the ¢ = u,d, s cases,
the analytical expression is available:

2
(1) —16log (s/py) 64¢3 196 167
D _ AU A3
ud,s 9 o 27 T (A-3)
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For the charm case the functions can be found in [33]. The fits in s = ¢* for our default
value of m, read

4.04 + 0.939s — 0.04215° + 0.0178s” + 32 log y,,, low-¢°,
i) = { 78.5 — 11.1s + 0.4725% — 0.006835" + 22 log 1, (A.4)
+i(105 — 9.425 + 0.3545% — 0.004755°) , high-¢°,

where s and p;, have to be inserted in units of GeV? and GeV, respectively. We have
checked that these functions are consistent with the corresponding two-loop photon self-
energy functions calculated in [132].

B Log-enhanced electromagnetic corrections

Here we list the exact analytical expressions for the log-enhanced electromagnetic correc-
tions as calculated in refs. [34-36].

2\ [ NP 1-65%4+45%) Ins
WGy = (M) |- gy L TAE8S a i ) (B.1)
my 6(1-3)(1+28) 2(1-5°(1+235)
2\ | ; E —3+2§2)
(em) /4 mp S . ( R
w §)=In| — - — +1In(1 —38) — In(8) |, (B.2
() <m€> si-s e T T sy e PP
2\ [ —1+4+25-28
(em) oy o (M) |1 _3 ( ) 5
Wrg (8) = In (m?) 2(1_§)—i—ln(l s)+ 21— 3) In(8) |, (B.3)
2 r ~ ~ ~ ~
(em) oy 1 [mp) |7T—16V5+93 o 1438 (145
wrio () = In <m§> —Ia-3 In(1 —V3) + T In 5
S$Ins
- B.4
<1—§>]’ (B4)
2 ~ ~ ~ =
(em) .\ my a5 16VE4+118  1-53 1+3
“oio (8) = In m? lln(l v4) 1(1-3) = 3
(1-38)Ins
—8 |’ (B.5)

and

2 . a2 1-65°+45%) Ins
‘em>(§):1n<mb> —6(1+45 55 +1(1—§)—< ) (B.6)

m2 1-38) (1+23) 2 (1-35)" (1+25)
1 4 37-35—65 41476 5) In(1 — 5
PN P 3568 - (41+763) n(A 3)
9 27" T2 (1—3) (1+238) 36(1+23)
~2 ~3 2 A
6—10.§—17.§2+14§3+17ln(1—§) - (1—68 +48)1n s
ns— .
18(1—3)% (1423) 18 2(1—35)% (1+23)
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The operators Pf,g and Pﬁ 5 both contribute to the electromagnetic corrections. We
therefore split their contributions. Functions for the c-part were already know from previous
studies in b — s¢tT¢~ [34-36]. They are not known analytically, but are given in terms of
fit functions for fixed default values of m; and m, by

T LARPTORLDIHC)
269 mi ) 81— 8)*(1+23)

2 ~ ~
(em) /Ay n my Z:2(3) Z:1(8) n )
“aeae (8) =1 <m3> [8(1—§)2(1+2§) - 9(1-@)2(1+2§)1 <5GeV>

E (em) / A Hp
+ 5 @010 (%) 11"1(5(}ev) ’ (B.7)

Pl m () ©3)
wher (8) = In (:g) [E?’éz)(f - ?)32(8)] +owln (@) (L) (B.9)
o - (28) (D) () mo
o - w (1) ((BEEO) L Limon(ly) . e

The X functions read

5,(3) = 23.787 — 120.948 § + 365.373 8% — 584.206 &°, low-3; (B.12)
BY7) —153.673 67 + 498.823 6% — 1146.74 6" + 1138.816°, high-4, '
51(3) = 1.653 4+ 6.009 8 — 17.080 §* + 115.880 5°, low-3; (B.13)
D7) —255.7126% + 1139.10 6% — 2414.21 6* + 2379.91 6%, high-3, '
) 11.488 — 36.987 5 + 255.330 8% — 812.388 &% + 1011.791 8%, low-3;
¥9(8) = 2 3 4 5 .. (B.14)
—220.101 6% 4 875.703 5% — 1920.56 6* + 1822.076°, high-3,
5,(8) = 109.311 — 846.039 & + 2890.115 8% — 4179.0725°,  low-&; (B.15)
SV T) —310.113 6% 4 834.253 6% — 2181.94 6 + 2133.78 6°, high-3, '
51(3) — 4.606 + 17.650 3 — 53.244 §* + 348.069 5> | low-3; (B.16)
33T ) —518.180 6% + 2047.18 5% — 4470.04 5 + 4827.74 6, high-3, '
5.(3) — 351.3225" — 378.1735% + 160.1583% — 24.20965 — 0.305176, low-3; (B.17)
) 77,0256 6% — 264.705 6% + 595.814 81 — 610.1637 67, high-8, ©
I [—7.98625 — 238.507 b + 766.869 b%] b* A(b), low-3;
¥7(3) = 2 3 4 5 1.1 A (B.18)
135.858 52 — 618.990 6° + 1325.040 §* — 1277.1706°, high-3,

withd =1—5and b= 35— (4mg / m§)2. The polynomials in the high-s-region were obtained
such as to have a double zero at § = 1.
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The new contributions induced by Pff 5 can be obtained analytically for all but the
2u2c interference term. We find

em em 8 1% 8 4o m2
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em) ; em) / ~ 8 1% 8 47/7'(- m2 “
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where

~3 A
£,(5) = Sl _ 4 2 (165~ 3) n(3) ~1708% — 1093 + 17
BT 27 ' 27(5-1)%(25+1) 81(5—-1)(28+1)

2(25 — 1) (2§2 25— 1) In%(3)
9(5 — 1)%(25 + 1)

—3.057 — 1139.245" 4 1123.245°

—466.2843% + 90.2825 — 0.181/3, low-3;

25 (8) = ’ ’ B.25

(8) —11.15844° — 0.008571516% In(4) (B-25)

—25.07436" — 10.55186° In(8),  high-3,

—0.226 — 54.0663" + 22.6765°

—6.4605% + 0.09555 + 0.000263/5, low-3;

»I(3) = ’ ’ B.26
»(8) ~106.5478° — 0.1306676° In(6) (B-26)

+37.68826" — 22.59166° In(9), high-3.

, (B.24)
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