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1 Introduction

Perturbative type IIA vacua preserving N = 2 supersymmetry in four dimensions can

be obtained from compactifications on Calabi-Yau three-folds (CY3), or from orbifold or

Gepner-point limits of these. In these cases the underlying worldsheet (c, c̄) = (9, 9) con-

formal field theory (CFT) has an extended (2, 2) superconformal symmetry and both left-

and right-moving R-charges are integer-valued. From the worldsheet perspective, four of

the eight space-time supercharges come from the left-movers and the other four from the

right-movers.

There exists, however, another possibility, in which all eight of the supercharges come

from, say, the left-movers. This happens in a (2, 2) superconformal field theory (SCFT)

with integer-valued R-charges from the left-movers but no integer-valued R-charges from

the right-movers; examples of this arise in free-fermion constructions or asymmetric toroidal

orbifolds (see e.g. [1]). A large class of non-geometric models with all supercharges arising

from left-movers based on Calabi-Yau compactifications in the Landau-Ginsburg regime

were recently studied in [2–4], related to older works [5, 6]. These models have a volume

modulus for the target space which is fixed by the construction, so that one cannot con-

tinuously take a large-volume limit, and are intrinsically non-geometric with the number

of massless moduli typically being very small.

In [7], a new class of “compactifications” of type II strings to four dimensions was

found, based on the work on Landau-Ginzburg models mentioned above, in which all

eight supersymmetries come from the left-moving sector. The starting point is type IIA

string theory compactified on K3 with duality symmetry O(Γ4,20), which is the group of

isometries of the charge lattice Γ4,20. This is then followed by a duality-twisted com-

pactification on T 2 with an O(Γ4,20) monodromy round each circle. The conditions on

the monodromies for this to give a stable four-dimensional Minkowski vacuum preserving

N = 2 supersymmetry were found and an explicit algebraic geometric construction of such

monodromies was given. These give non-geometric backgrounds of type II string theory

giving four-dimensional Minkowski vacua preserving the same amount of supersymmetry

as Calabi-Yau compactifications and, for this reason, such backgrounds were referred to

as non-geometric Calabi-Yau spaces. As the monodromies involve mirror transformations,

the non-geometric internal spaces are mirror-folds [8].

The two monodromies γ1, γ2 ∈ O(Γ4,20) satisfying the conditions for N = 2 Minkowski

vacua are necessarily of finite order, p1, p2, with γp1
1 = γp2

2 = 1 for some integers p1, p2.

In [7], constructions were given for prime orders p1, p2 but recent mathematical results [9,

10] allow us to extend the constructions of [7] to non-prime integers p1, p2. Each duality γ

satisfying the conditions above has a fixed locus (i.e. locus of fixed points) in the K3 moduli

space [7], so that γ is an automorphism of the K3 CFT at any point in moduli space that

is on the fixed locus. Moreover, the K3 surface X admitting the automorphism γ is an

algebraic surface, with a mirror algebraic K3 surface X̃, such that the action of γ on X can

be understood as the composition of four transformations: a diffeomorphism of X followed

by the mirror map to X̃, then a diffeomorphism of X̃ followed by the inverse mirror map

back to X. In the K3 CFT at a Landau-Ginzburg orbifold point, the diffeomorphism of
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X̃ appears as a discrete torsion. In [7], such automorphisms were referred to as mirrorred

automorphisms ; it is striking that they involve transformations of both the K3 surface and

its mirror.

For the twisted reduction, γ1, γ2 must commute and, if there is to be a Minkowski

vacuum, the intersection of their fixed loci must be non-empty. The orbifold is by transfor-

mations (γ1, t1), (γ2, t2) where the automorphism γi of degree pi is combined with a shift ti
on the i’th circle of the T 2 by 2π/pi (i = 1, 2). Then at a fixed point the twisted reduction

reduces to a freely-acting asymmetric orbifold of the K3 × T 2 compactification, resulting

in the simplest cases in the asymmetric Gepner models of [2].

In this work we will focus on the heterotic duals of these constructions, using the

duality between type IIA string theory compactified on K3 and heterotic string theory

compactified on T 4 [11]. Starting from the N = 4 duality in four dimensions between

the type IIA string on K3× T 2 and the heterotic string on T 6, one can reach N = 2 dual

pairs through (freely-acting) orbifolds preserving half of the supersymmetry. An important

example, the construction of Ferrara, Harvey, Strominger and Vafa (FHSV) [12], relates

the type IIA string compactified on the Enriques Calabi-Yau three-fold to an asymmetric

toroidal orbifold of the heterotic string. More generally, it is expected that type IIA

compactified on a K3-fibred CY3 with a compatible elliptic fibration is non-perturbatively

dual to a heterotic string compactification on K3× T 2; see [13] for a review. Our models

extend this to non-geometric dual constructions.

In the six-dimensional heterotic/type IIA duality, the O(Γ4,20) duality symmetry group

of the type IIA string compactified on K3 is identified as the O(Γ4,20) T-duality symmetry

group of the heterotic string, for which Γ4,20 is the Narain lattice. Then the duality-twisted

reduction on T 2 with monodromies γ1, γ2 ∈ O(Γ4,20) has a heterotic realisation as a T-

fold [8, 14, 15] with T-duality monodromies — it is a “compactification” of the heterotic

string on a non-geometric space that has a fibration of T 4 CFTs over a T 2 base, with T-

duality transition functions. Then the heterotic/type IIA duality maps the non-geometric

Calabi-Yau mirror-fold reduction of type IIA to a T-fold reduction of the heterotic string.

At a fixed point in moduli space (a point preserved by both γ1, γ2), the heterotic T-fold

reduces to an asymmetric orbifold of the heterotic string on T 6 by the transformations

(γ1, t1), (γ2, t2) consisting of O(Γ4,20) T-duality transformations on T 4 combined with shifts

on T 2. The K3 CFT at the fixed point in moduli space gives no enhanced gauge symmetry,

so the corresponding T 4 heterotic compactification also has no enhanced gauge symmetry

– instead it has enhanced discrete symmetry as in [16]. Rather similar constructions in

spirit, but with a T 2 fiber rather than a T 4 fiber, were investigated in [17]

In a recent article [16], Harvey and Moore made the following point: “It is not, a

priori, obvious that heterotic/type II duality should apply to asymmetric orbifolds of the

heterotic string”. Indeed, while the FHSV model provides an example of such a dual to

an asymmetric heterotic orbifold, no general statement appears to have been made so far.

It is usually assumed that the type IIA side of such a duality should involve a Calabi-Yau

three-fold. Here we show that in many cases an asymmetric orbifold of the heterotic string

has a type IIA dual that is a non-geometric compactification, an orbifold of the type IIA

string on K3× T 2 by non-geometric symmetries.

– 2 –
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Remarkably, while the IIA construction is a consistent construction for the pertur-

bative type IIA string, the naive heterotic dual is not perturbatively consistent — it is

not modular invariant. The perturbative heterotic construction can be modified to obtain

modular invariance, but via duality this then introduces non-perturbative modifications

to the type IIA construction. This complies with the adiabatic argument put forward

in [18] to relate non-perturbative dualities with different amounts of supersymmetry. Such

non-perturbative modifications were also seen in the FHSV model. As we shall see, for

the asymmetric orbifolds discussed here, modular invariance of the heterotic models is

only obtained if the shifts on the two-torus are combined with shifts on the T-dual torus,

corresponding to introducing phases dependent on the string winding numbers on the two-

torus. Under heterotic/type II duality, the fundamental heterotic string is mapped to a

IIA NS5-brane wrapping K3, so that new heterotic phases are mapped to phases depen-

dent on NS5 wrapping numbers in the IIA string. These NS5-brane contributions give

non-perturbative modifications to the non-geometric Calabi-Yau construction. The cor-

responding non-perturbative corrections to the prepotential governing the vector moduli

space geometry in the low-energy type IIA effective action will be analyzed in a forthcoming

publication [19].

In this paper we will mostly focus on the case when the second twist γ2 and shift

t2 are trivial. Having one non-trivial twist γ1 is sufficient to break supersymmetry to

N = 2 and give an interesting class of models. This can be thought of as a duality-twisted

reduction on a circle to five dimensions with monodromy γ1 followed by a conventional

(untwisted) compactification on a further circle. This is sufficient for most of our purposes;

the generalisation to two twists is straightforward and will be discussed briefly.

Once the heterotic dual has been found, non-perturbative aspects of the theory can

be probed. We will study the perturbative heterotic BPS states that are dual to type

IIA bound states of NS5-branes (wrapping a one-cycle of the two-torus and the K3 fibre)

and momentum states on the T 2 by computing the generating function for the helicity

supertraces. The map between BPS states is, in a way, easier to understand than in

standard cases of N = 2 heterotic/type II dualities as there are no D-branes bound-states

to take into account in the present context.

The plan of this paper is as follows. In section 2 we summarize the general construction

of non-geometric Calabi-Yau backgrounds and the results from [7] that are needed for this

paper. In section 3 we briefly review the mirrored automorphisms introduced in [7] and the

way they lead to the construction of isometries of the Γ4,20 lattice that satisfy the conditions

needed for a non-geometric Calabi-Yau background; these details are not needed for the rest

of the paper and can be skipped by the impatient reader. In section 4 we find the heterotic

dual of the non-geometric Calabi-Yau type IIA models. Section 5 discusses some of the

BPS states that arise and calculates the corresponding indices. In section 6 we present the

consequences of perturbative heterotic consistency in the type IIA duality frame. Section 7

is devoted to a duality-covariant analysis of our models in four and five dimensions and

of the FHSV model, allowing us to construct further dual forms of these models. Finally

conclusions are presented in section 8.
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2 Non-geometric Calabi-Yau backgrounds

In this section we summarize the construction of non-geometric Calabi-Yau backgrounds

from [7]. Type IIA string theory on K3 has a world-sheet formulation as a supersymmetric

non-linear sigma model with K3 target space, with a B-field given by a closed 2-form; this

defines a superconformal field theory. The moduli space of such non-linear sigma-models

on K3 surfaces is given by [20, 21]

Mσ
∼= O(Γ4,20)\O(4, 20)/O(4)×O(20) . (2.1)

The isometry group of the branes charge lattice Γ4,20 (which is also the lattice of total

cohomology of the K3 surface and is given by eq. (3.2) below) is denoted by O(Γ4,20). The

string theory duality symmetry group must preserve the charge lattice hence is given by

O(Γ4,20), with a natural action on the moduli space. It acts on the perturbative theory

through automorphisms of the conformal field theory on K3, but this extends to an action

on the non-perturbative theory.

Locally, the moduli space can be decomposed as

O(4, 20)/[O(4)×O(20)] ∼= O(3, 19)/[O(3)×O(19)]× R22 × R+ . (2.2)

The first term on the right hand side is the moduli space of Ricci-flat Kähler metrics on

K3, the second is the cohomology group H2(K3;R) giving moduli space of flat B-fields

and the last term is the volume modulus of the K3 surface. The duality group contains

a geometric subgroup O(Γ3,19) n Z22 generated by large diffeomorphisms of the surface

in O(Γ3,19) and integral shifts of the B-field, i.e. shifts of B by a 2-form representing an

integral cohomology class. The remaining dualities are non-geometric in character. At

certain special points in the moduli space corresponding to algebraic K3 surfaces, mirror

symmetry provides an extra generator of order two which, together with the geometric

subgroup generates the full duality group O(Γ4,20) [21, 22].

There is a continuous action of the group O(4, 20) on the moduli space and hence on the

type IIA string compactified on K3. The type IIA string compactified on K3 can be further

compactified on T 2 with duality twists through an ansatz in which the dependence of all

fields on the toroidal coordinates y1, y2 is given by a yi-dependent O(4, 20) transformation:

g1(y1) = eN1y1
, g2(y2) = eN2y2

, (2.3)

for two commuting Lie algebra generators N1, N2. Then the monodromies are

γ1 = g1(0)−1g1(2πR1) = e2πR1 N1 , γ2 = g2(0)−1g2(2πR2) = e2πR2 N2 (2.4)

This compactification has a low energy effective action given by a gauged N = 4

supergravity theory in four dimensions [7, 23]. The scalar potential will have a global

minimum with zero energy, giving a Minkowski space vacuum, if the monodromies are

elliptic, i.e. they are O(4, 20)-conjugate to elements of the compact subgroup O(4)×O(20).

Then each monodromy γi is an element of the discrete group O(Γ4,20) ⊂ O(4, 20) such that

there are Ui ∈ O(4, 20) and Mi ∈ O(4)×O(20) with

γi = UiMiU
−1
i ; Ui ∈ O(4, 20) , Mi ∈ O(4)×O(20) , i = 1, 2. (2.5)

– 4 –
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Each monodromy is of finite order, i.e. there are integers p1, p2 such that

γp1
1 = γp2

2 = 1 , (2.6)

and each will have a fixed locus in the Teichmuller space O(4, 20)/O(4) × O(20). We will

denote the coset containing g ∈ O(4, 20) as (g). As a rotation O(4)×O(20) has a fixed point

at the origin (1), the fixed loci of γ1, γ2 will spanned by (U1), (U2) with Ui satifying (2.5).

For there to be a global minimum of the potential, the intersection of the two fixed

loci should be non-empty, and we will take U1 = U2 ≡ U inside the intersection. Then

there will be a minimum of the potential be at (U) and each monodromy γi is an O(Γ4,20)

transformation conjugate to a rotation Mi ∈ O(4)×O(20). Conjugating both monodromies

by the same element V of O(Γ4,20) then takes

γi 7→ γ′i = V γiV
−1 (2.7)

with a point of the fixed locus now at (V U). In this way, one can always arrange for an

element of the fixed locus to be in any given fundamental domain of the Teichmuller space.

Regarding g as a 24× 24 matrix acting in the fundamental representation of O(4, 20),

the left coset O(4, 20)/O(4)×O(20) can be parameterised by the ‘generalised metric’

H(g) = gtg . (2.8)

The group O(4, 20) acts on this by

H 7→ ktHk, k ∈ O(4, 20) . (2.9)

Then the stabiliser of a point (g0) ∈ O(4, 20)/O(4)×O(20) is the subgroup H0 ⊂ O(4, 20)

preserving H0 = H(g0) given by

H0 = {g ∈ O(4, 20) : gtH0g = H0} . (2.10)

At the identity, g0 = 1, H0 = 1 and H0 is the standard O(4)×O(20) subgroup

H(1) = {g ∈ O(4, 20) : gtg = 1} (2.11)

while for general g0, H0 is a conjugate O(4)×O(20) subgroup

H0 = g−1
0 H(1)g0 = {g ∈ O(4, 20) : g = g−1

0 kg0, k ∈ H(1)} . (2.12)

We will write this as

H0 = O(4)0 ×O(20)0 (2.13)

where O(4)0 is conjugate to the standard O(4) and O(20)0 is conjugate to the usual O(20):

O(4)0 = {g ∈ O(4, 20) : g = g−1
0 kg0, k ∈ O(4) ⊂ H(1)}, (2.14a)

O(20)0 = {g ∈ O(4, 20) : g = g−1
0 kg0, k ∈ O(20) ⊂ H(1)} . (2.14b)

– 5 –
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As a result, any automorphism at (g0) must be in the O(4)×O(20) subgroup H0, and

so the monodromies γ1, γ2 must be in

O(Γ4,20) ∩H0 (2.15)

and we see that (2.5) is satisfied with

U−1 = g0 (2.16)

for an O(4)×O(20) matrix M ∈ H(1).

The models that we consider should furthermore preserve eight supercharges in four

dimensions. Taking the O(4) part of the rotation M to be in

SO(4) ∼ SU(2)L × SU(2)R
Z2

, (2.17)

the condition for the reduction to preserve 8 of the 16 supersymmetries and so to give

N = 2 supersymmetry in four dimensions is that the rotation M is in SU(2)L × O(20) or

SU(2)R ×O(20).

Then the twisted reduction giving an N = 2 supersymmetric Minkowski vacuum in

four dimensions consists of a duality twist with monodromy γ1 of order p1 on the y1 circle

and a twist of γ2 of order p2 on the y2 circle with

γi = UMiU
−1; U ∈ O(4, 20), Mi ∈ SU(2)×O(20) (2.18)

At some fixed point in moduli space, the reduction becomes an orbifold by transformations

(γ1, t1), (γ2, t2) where ti is a shift on the i’th circle of order pi

ti : yi → yi + 2π/pi (2.19)

and the twisted reduction reduces to a freely-acting asymmetric Zp1 × Zp2 orbifold of the

K3× T 2 compactification.

An interesting class of models is that in which one of the monodromies is trivial,

γ2 = 1. Then we have a twisted reduction on one circle with monodromy γ1 and a standard

(untwisted) reduction on the other circle. This is sufficient to break the supersymmetry to

N = 2 and gives a simple class of models that captures many of the features we want to

study. We will focus on the implications of a single twist here; the second twist would be

treated similarly and doesn’t qualitatively change the physics, but leads to a more general

mass spectrum, as discussed in [7].

For a single twist γ conjugate to a rotation M ∈ SO(4) × SO(20) by (2.5), the SO(4)

rotation is characterised by two angles s1, s2 and the SO(20) rotation is characterised by

ten angles r1, . . . r10. For supersymmetry, the SO(4) angles must satisfy s1 = ±s2 [7]. For

any admissible twist, γ satisfying our conditions, V γiV
−1 will also be an admissible twist

for all V ∈ O(Γ4,20). Changing from γ to V γiV
−1 will move a fixed point in Teichmuller

space from (U) to (V U). As the volume of the K3 is one of the moduli, this change of

representative can change the volume of the K3; all such theories related in this way are

physically equivalent as they are related by dualities.

– 6 –
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It is a rather non-trivial problem to find 24 × 24 integer-valued matrices representing

elements of O(Γ4,20) that are conjugate to SU(2)×O(20) rotations. In [7], an explicit con-

struction was given. The starting point was finding a special algebraic K3 surface with a

geometric automorphism σ of order p, and then constructing from this an automorphism σ̂

of the K3 conformal field theory whose action σ̂∗ on the lattice Γ4,20 satisfied all the condi-

tions above, and so taking γ = σ̂∗ gives the construction of our non-geometric Calabi-Yau

space. These are the mirrored automorphisms and their construction is reviewed in the next

section. Then the same γ will then be used in the dual heterotic construction in section 4,

with the O(Γ4,20) transformation realised as an element of the heterotic T-duality group.

3 Mirrored automorphisms

In this section we review the construction of mirrored automorphisms of K3 from [7], in

which the K3 is chosen to be an algebraic K3 surface, i.e. a hypersurface in a weighted pro-

jective space. We start by recalling the description of the non-geometric duality symmetries

as lattice isometries.

The integral second cohomology of a K3 surface is isomorphic to an even self-dual

lattice of signature (3, 19). Up to isometries it is unique and given by

Γ3,19
∼= E8 ⊕ E8 ⊕ U ⊕ U ⊕ U , (3.1)

where E8 is the negative-definite lattice associated with the E8 Dynkin diagram and U the

unique even self-dual lattice of signature (1, 1). In the string theory context it is natural

to consider the lattice of total cohomology, of signature (4, 20), using the natural pairing

between four-forms and zero-forms:

Γ4,20
∼= Γ3,19 ⊕ U . (3.2)

This is also isomorphic to the D-branes charge lattice of the type IIA string compactified

on K3. The isometry group of this lattice is O(Γ4,20). The moduli space of non-linear

sigma-models on K3 surfaces is given by (2.1) and the action of a duality on the moduli

space corresponds to an element of the isometry group of the lattice, O(Γ4,20). The fixed

points of those transformations are associated with orbifold CFTs.

3.1 Non-symplectic K3 automorphisms

An order p non-symplectic automorphism σp of a K3 surface X is an automorphism that

acts on the holomorphic two-form ω(X) as

ω(X) 7→ σ ?p ω(X) = ζp ω(X) , (3.3)

where ζp is a primitive p-th root of unity.1 As such, in the string theory context, an orbifold

by a non-symplectic K3 automorphism breaks all space-time supersymmetry.

1ζ is a primitive p’th root of unity if ζp = 1 but ζn 6= 1 for n = 1, . . . p− 1.

– 7 –
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The action of σp on the cohomology classes singles out an invariant sublattice SQ(σp)

of Γ4,20, which is of signature (2, ρ) with ρ ∈ {1, . . . , 20}. The automorphism acts as a

non-trivial isometry of the orthogonal complement T (σp) of SQ(σp),

T (σp) := SQ(σp)
⊥ ∩ Γ4,20,

which is of signature (2, 20− ρ).

An example of a K3 surface admitting an order 3 non-symplectic automorphism that

we will use to illustrate the general idea is provided by the hypersurface

w2 + x3 + y8 + z24 = 0 ⊂ P[12,8,3,1] . (3.4)

The order 3 automorphism is then simply defined by σ3 : x 7→ e2iπ/3 x. The invariant

sublattice of Γ4,20 w.r.t. the action of σ3 and its orthogonal complement are given in this

case by

SQ(σ3) = E6 ⊕ U ⊕ U , T (σ3) = E8 ⊕A2 ⊕ U ⊕ U , (3.5)

where E6 and A2 are the negative-definite lattices associated with the corresponding Dynkin

diagrams. The action of σ3 on the vector space T (σ3) ⊗ R corresponds to an element of

the orthogonal group O(T (σ3)) that can be found explicitly in [7].

3.2 Mirrored K3 automorphisms

For each non-symplectic K3 automorphism of the type described above, there is a cor-

responding mirrored automorphism that we will describe below. Supersymmetric non-

geometric orbifolds of type IIA on K3 can be obtained by orbifolding by such mirrored

automorphisms, even though the orbifold by the corresponding non-symplectic K3 auto-

morphism breaks all supersymmetry. For simplicity we will restrict the discussion to the

hypersurface (3.4); the general case is described in [7].

The mirror of the K3 surface (3.4), using the Greene-Plesser map [24], is given by an

orbifold of a similar hypersurface

w̃2 + x̃3 + ỹ8 + z̃24 = 0 ⊂ P[12,8,3,1] (3.6)

by a discrete symmetry group G ∼= Z2 generated by

g :

{
w̃ 7→ −w̃
ỹ 7→ −ỹ

(3.7)

This mirror surface also admits an order three automorphism σ̃3, which acts in a similar

same way to σ3, with σ̃3 : x̃ 7→ e2iπ/3 x̃. However, the invariant sublattice for σ̃3 and its

orthogonal complement in Γ4,20 are now

SQ(σ̃3) = E8 ⊕A2 ⊕ U ⊕ U , T (σ̃3) = E6 ⊕ U ⊕ U . (3.8)

Comparing with the corresponding sublattices (3.5) for the original surface (3.4), we see

that the two sublattices have been interchanged.
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A crucial statement, proved in [7], is that the automorphism σ3 of the surface (3.4)

and the corresponding automorphism σ̃3 of the mirror K3 surface act on orthogonal vector

sub-spaces of Γ4,20 ⊗ R: σ3 acts non-trivially on T (σ3) ⊗ R and σ̃3 acts non-trivially on

T (σ̃3)⊗ R. The diagonal action of the corresponding elements of O(T (σ3)) and O(T (σ̃3))

then lifts to an isometry of the full lattice Γ4,20, and so provides an element of O(Γ4,20) of

order three.

In general, the action of a non-symplectic automorphism σp of order p gives an isometry

in O(T (σp)) and the action of σ̃p on the mirror surface gives an isometry in O(T (σ̃p)); their

diagonal action is then lifted to an isometry of Γ4,20 of order p. One associates to this

isometry the action of a mirrored automorphism σ̂p, which can be thought of as

σ̂p = µ−1 ◦ σ̃p ◦ µ ◦ σp , (3.9)

where µ is the mirror map from the original K3 to its mirror.

In [7] a proof of this statement was given for all non-symplectic automorphisms of

prime order p ∈ {2, 3, 5, 7, 13} using theorems proven in [25, 26] but, crucially, recent

mathematical results extend this picture to all allowed orders, including those that are not

prime numbers [9, 10].

As was discussed in [3, 7], mirrored automorphisms preserve all space-time super-

charges coming from the left-movers on the worldsheet, while projecting out all that come

from the right-movers; this would not be possible with geometric automorphisms.

3.3 Non-geometric K3 × T 2 orbifolds

The fixed points of mirrored automorphisms, i.e. the K3 CFTs that are invariant under both

the automorphism σp and the automorphism σ̃p of a mirror pair, can be orbifolded by the

automorphism. Of particular interest are certain models for which there is a duality frame

in which the K3 surface has small volume in string units. These give Landau-Ginzburg

(LG) orbifolds [5] which are special points in the moduli space of non-linear models on

algebraic K3 surfaces at small volume; when the polynomial defining the surface is of the

Fermat type, as in (3.4), they can be described as Gepner models [27] and are explicitly

solvable CFTs.

In this framework, the cyclic group generated by the automorphism σ̃p of the mirror

surface is an order p subgroup of the ‘quantum symmetry’ of LG orbifolds and the diagonal

action of (σp, σ̃p) corresponds to an order p orbifold with a specific discrete torsion, see [3, 7]

for details.

In this work, as in [2, 7], we focus on freely acting orbifolds of the type IIA superstring

compactified on K3× T 2. We supplement the action of the mirrored automorphism σ̂p on

the K3 CFT with an order p translation along a one-cycle of the two-torus.

The orbifold CFT gives in space-time a four-dimensional theory with N = 2 supersym-

metry. Unlike compactifications on CY 3-folds, all space-time supersymmetry comes from

the left-movers, signaling the non-geometric nature of the compactification. An important

consequence is that, from the point of view of the low-energy 4d theory, the dilaton lies

in a vector multiplet and not in a hypermultiplet. Furthermore, a large part, if not all,
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of the K3 moduli are lifted, see [2] for a detailed analysis of the massless spectra and for

one-loop partition functions of the models. The moduli spaces of these theories will be

analysed in [19].

To summarize, mirrored automorphisms are non-geometric symmetries of K3 CFTs in

the Landau-Ginzburg regime, and are associated with isometries of the total cohomology

lattice Γ4,20 that have no invariant sublattices. Freely-acting orbifolds constructed from the

action of a mirrored automorphism on a K3 Gepner model together with a translation along

the two-torus give rise to interesting N = 2 non-geometric compactifications of type IIA

superstrings, providing explicit examples of the general construction outlined in section 2.

The heterotic duals of these models will be found in the next section.

4 Heterotic duals of non-geometric type II compactifications

The remarkable string theory duality between the type IIA superstring theory compactified

on a K3 surface and heterotic string theory compactified on a four-torus [11, 28] is non-

perturbative, in the sense that it maps the strongly-coupled regime of the heterotic string

to the weakly-coupled limit of the type IIA string and vice versa (for a review, see [13]).

From this fundamental duality one can infer numerous other connections between string

theories with lower dimensionality.

The duality-twisted reduction on a further T 2 of the IIA string on K3 reviewed in

sections 2 and 3 should then be dual to a duality-twisted reduction on a further T 2 of the

heterotic string on T 4. At a fixed point, the orbifold of the IIA string on K3× T 2 should

then be dual to an orbifold of the heterotic string on T 6. On the IIA side, the orbifold is by

the symmetry (γ, t) where γ is a mirrored automorphism of K3 and t is a shift on T 2. On

the heterotic side, O(Γ4,20) is the heterotic T-duality group, suggesting that the heterotic

dual could be the asymmetric orbifold of the heterotic string on T 6 by (γ, t), where γ

is a heterotic T-duality and t is the same shift on T 2 as before. However, duality and

orbifolding do not necessarily commute in general, so this conjectured dualisation needs

further examination.

The general idea behind heterotic/type II duality in four dimensions is to apply fibre-

wise the duality between a K3 fibration over some base B on the type IIA side and a T 4

fibration over B on the heterotic side [29]. Our construction has a base B = T 2 and does

not constrain the size of the T 2 part of the (type IIA) internal space, so that one could go

to the decompactification limit of the T 2 base; moreover, the action of the automorphism

(γ, t) is free, so that the quotient does not develop singularities. Under these two conditions

the adiabatic argument of [18] holds and, at least in the limit of a large T 2 base which allows

to perform the dualtiy ‘locally’ on the fibre, the heterotic dual should be the asymmetric

orbifold of the heterotic string on T 6 by (γ, t).

We shall show that this correspondence must be refined for small T 2, with heterotic

string winding mode contributions modifying the orbifold (this type of contribution to

heterotic/type II dual pairs was anticipated already in [18]). Specifically, the automorphism

(γ, t) must be supplemented by an order p shift in the T-dual circle conjugate to winding

number, so that the full orbifold is by (γ, t) where now t is a shift on both the original
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T 2 and the T-dual T 2. This modification of the heterotic orbifold in turn implies a non-

perturbative modification of the type IIA orbifold.

Our construction has some similarities with the model of Ferrara, Harvey, Strominger

and Vafa (FHSV) [12] which relates type IIA compactified on the Enriques Calabi-Yau

3-fold, which is a freely-acting orbifold of K3× T 2, to heterotic strings compactified on a

freely-acting, asymmetric orbifold of T 6. In the FHSV construction, the automorphism acts

freely on the K3 surface and has fixed points on the base. In our case it is the opposite:

the automorphism acts freely on the two-torus and has fixed points on the K3 surface.

The comparison between these two classes of models will be further developed in sections 6

and 7.

4.1 Type IIA — heterotic duality in six dimensions

The type IIA string compactified on a K3 surface gives (1, 1) supergravity in six dimensions

at low energies. The moduli space is given by

M6d
∼= O(Γ4,20)\O(4, 20)/

(
O(4)×O(20)

)
× R (4.1)

where the first factor is the moduli space (2.1) of non-linear sigma-models on K3 and

the second is the dilaton zero-mode. BPS states arise from branes wrapping cycles of the

K3, and include a BPS solitonic string obtained by wrapping an NS5-brane around the

K3 surface.

In the duality between the Type IIA string compactified on K3 and heterotic strings

compactified on T 4, the six-dimensional dilatons and metrics are related by φhet = −φiia
and ghet = exp(2φhet) giia. The heterotic moduli space is again (4.1), but now with the first

factor being interpreted as the moduli space of Narain lattices of signature (4, 20) [30, 31].

Geometrically, it describes the moduli space of flat metrics and constant B-fields on T 4

and of U(1)16 Wilson lines on T 4. While the O(4) factor rotates the left-moving bosons

of the free CFT with T 4 target space, the O(20) factor mixes together the right-moving

bosons of the T 4 CFT with the 16 bosons describing the gauge sector. The duality group

O(Γ4,20) is the heterotic T-duality group of the heterotic string on T 4. The second term

in (4.1) is now the heterotic dilaton zero-mode.

The heterotic theory has a BPS solitonic string arising from an NS5-brane wrapping

the T 4; under the duality, it is mapped to the type IIA fundamental string, while the

type IIA NS5-brane wrapped on K3 maps to the heterotic fundamental string [32]. Such a

correspondance will be useful in the analysis of BPS states in section 5.

4.2 Construction of the heterotic dual

The starting point of our construction is a point in the moduli space (2.1) that is invariant

under a Zp automorphism generated by an element γ ∈ O(Γ4,20). Viewing this as a type IIA

construction, this is the type IIA string compactified on K3× T 2, where the K3 is chosen

to be at a Gepner point in the K3 moduli space so that the corresponding CFT is given by

a Gepner model described in [7] (e.g. the K3 at the Gepner point is (3.4) in the example

given in section 2). The automorphism γ acts on the K3 as a mirrored automorphism σ̂.
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In the dual heterotic interpretation, the moduli space (2.1) is viewed as the moduli

space of Narain lattices of signature (4, 20), acted on by the heterotic T-duality group

O(Γ4,20). The special point in moduli space corresponds to a Narain lattice with enhanced

discrete symmetry but without enhanced non-Abelian gauge symmetry.2

Then γ is an element of the discrete group O(Γ4,20) that is O(4, 20)-conjugate to

an element M of the compact subgroup O(4) × (20), i.e. there is a U ∈ O(4, 20) and

M ∈ O(4) × (20) so that (2.5) holds. The transformation M in O(4) × (20) is specified

by two angles characterising a rotation in O(4) and 10 angles characterising a rotation

in O(20). As it satisfies Mp = 1, the angles in O(4) are 2πs1/p, 2πs2/p for integers s1, s2

and the angles in O(20) are 2πr1/p, . . . 2πr10/p for integers r1, . . . , r10. An important result

from [7] is that for a mirrored automorphism none of the angles is zero, so that no directions

are left invariant by the rotation.

Recall from section 2 that at a point in the moduli space (2.1) given by the coset

representative (g0), the stabilizer is

H0 = O(4)0 ×O(20)0 , (4.2)

where O(4)0 and O(20)0 are the subgroups of O(4, 20) defined in eqs. (2.14a), (2.14b). An

important point is that, in the heterotic string realisation, at the point (g0) in the moduli

space O(4)0 acts only on the left-movers of the heterotic string and O(20)20 acts only on

the right-movers. In particular, the vector Π at (g0) encoding the heterotic momenta and

winding numbers and taking values in the lattice Γ4,20 decomposes into a 4-component mo-

mentum ΠL with contributions only from left-moving degrees of freedom and transforming

under O(4)0 but not O(20)0 together with a 20-component momentum ΠR with contribu-

tions only from right-moving degrees of freedom and transforming under O(20)0 but not

O(4)0. Taking (g0) to be the special point in moduli space, the twist γ is in O(4)0×O(20)0.

If γ corresponds in the dual type IIA picture to a mirrored automorphism σ̂p, a lemma

from [7] shows that the matrix M representing it can be diagonalised over the complex

numbers to give

M =



ζpIq 0 · · · · · · 0

0
. . .

...
... ζkp Iq

...
...

. . . 0

0 · · · · · · 0 ζp−1
p Iq


, (4.3)

where ζp is a primitive p’th root of unity and k takes all values from 1 to p− 1 satisfying

gcd(k, p) = 1; put differently, γ has an eigenspace of dimension q for each primitive p’th

root of unity. The dimension q is therefore equal to 24/ϕ(p), where ϕ(p) is the Euler totient

function (that is the number of integers k with k ≤ p satisfying gcd(k, p) = 1). For prime

orders p ∈ {2, 3, 5, 7, 13}, the eigenspaces of γ are then all 24/(p− 1)-dimensional.

The type IIA construction is an orbifold of the IIA string on T 2 × K3 by the Zp
symmetry generated by (γ, t) where γ is a mirrored automorphism and t is a shift of order

2For instance, the heterotic lattice associated with the dual type IIA Gepner model for the K3 sur-

face (3.4) has a discrete symmetry [(Z2 × Z3 × Z8 × Z24)/Z24]× Z24.
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p on one of the circles. On the heterotic side, we have a Zp orbifold by the twist γ acting as

a T-duality automorphism of the Narain lattice together with a shift t. In the large volume

limit of the T 2 base, the shift should agree with that on the type II side, but as discussed

above, we will need to consider more general shifts here. As explained e.g. in [33], any

component of a shift vector along directions in which the twist acts non-trivially may be

absorbed by a redefinition of the origin of the coordinates, so that without loss of generality

one may consider a shift only along the directions in which γ acts trivially. In other words,

decomposing the full Narain lattice of winding and momenta as

Γ6,22
∼= Γ4,20 ⊕ Γ2,2, (4.4)

we quotient by an order p twist γ in O(Γ4,20), so acting non-trivially on the Γ4,20 lattice

only, together with a shift t defined by a lattice vector δ such that p δ ∈ Γ2,2 but δ /∈ Γ2,2.

It is easy to check that N = 2 supersymmetry is preserved by the heterotic orbifold

in this picture. Indeed, the action of γ on the world-sheet fermions is deduced from its

action on the left-moving bosons, as usual, by requiring world-sheet supersymmetry to

be preserved. The group SO(4)0 acts on the left-handed Ramond ground states as a

spinor, transforming as a (2, 1) + (1, 2) under Spin(4) ∼ SU(2) × SU(2). If s1 = ±s2, the

twist is in just one of the two SU(2) subgroups and so half the spinor degrees of freedom

remain massless.

4.3 Geometric and non-geometric twists

The twist γ is in the intersection of the O(Γ4,20) and O(4)0×O(20)0 subgroups of O(4, 20).

If the O(20)0 part of the twist is in fact in an O(4)0 × O(16)0 subgroup, then the twist

can be regarded as an O(4)0 ×O(4)0 ⊂ O(4, 4) transformation acting on the T 4 CFT and

an O(16)0 transformation acting on the gauge degrees of freedom. If moreover it is in

the diagonal subgroup O(4)diag ⊂ O(4)0 × O(4)0, then it is a geometric transformation

(rotation) on the T 4 and the orbifold is a conventional (not asymmetric) orbifold of T 4

combined with an (unconventional) orbifold action on the gauge sector. This of course

requires choosing an O(4) subgroup of O(20), and acting with O(Γ4,20) can change such

a ‘geometric’ orbifold to a non-geometric one. However, the twist in O(16)0 may not be

related to the orbifold limit of an ordinary vector bundle. This will be discussed further in

section 7.

Bearing this in mind, we now address the question of whether a given theory is dual

to a geometric orbifold via an O(Γ4,20) transformation. The answer turns out to depend

strongly on the order of the orbifold. For simplicity we discuss only the cases with p

prime below.

In the p = 2 case, Γ4,20 is quotiented by the involution which flips all directions of the

lattice; therefore, as the twist γ may be represented here by −1, it does not mix space-time

and gauge degrees of freedom, so that its restriction to the four-torus admits a standard

geometric interpretation (as the same involution that gives a T 4/Z2 orbifold). Moreover, γ

therefore remains the same under O(Γ4,20) conjugation so that the resulting theory always

has a geometric interpretation.3

3According to [18], this action on the Γ4,20 lattice is the same as the action of (−1)FL on type IIA

compactified on K3.
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In the p = 3 case, looking for a representative of the conjugacy class of a twist which

belongs to O(4)diag × O(16)0 is not straightforward in general. However, it is possible

to show that the explicit example of an order 3 twist given in [7] may be understood

as having a geometric action (this may be seen using for instance the parametrisation of

O(Γ4,20) of [33]). Therefore, there exist models in the p = 3 case which are equivalent to

geometric theories from the heterotic point of view.

The p = 5 case is more tricky, as no explicit matrix representation of σ̂5 is known by

the authors. It is known that there are no supersymmetric T 4 orbifolds of order five, see

e.g. [34]. A simple argument given in [35] rules out the possibility of a left-right symmetric

action of the orbifold on the T 4. Let us assume first that there is an order 5 twist γ with

a geometric action, that is such that γ ∈ O(4)diag × O(16)0; then, looking at the action

on T 4, N = 2 supersymmetry imposes the trace of its matrix representation to be equal

to 8cos
(
±2π

5

)
= 2(

√
5 − 1) through the |s1| = |s2| condition derived in section 2. This

is incompatible with the requirement that the twist belongs to the duality group of the

lattice, as this forces in particular the trace of its matrix representation to be integer-valued.

Therefore, although there exist rank-4 Euclidean lattices admitting an order five symmetry,

it is not possible to find a twist whose action would admit a geometric interpretation in

the p = 5 case.

In the p = 7 and p = 13 cases, the orbifold must be asymmetric by construction.

Indeed, such a construction could only be obtained if the twist were acting as an automor-

phism in O(4)diag (together with an action on the gauge degrees of freedom). A result from

lattice theory states that there exist euclidean lattices Λ admitting an order N symmetry

if and only if rank Λ ≥ ϕ(N), ϕ being Euler’s totient function as before [36]. It is then

immediate that no rank-4 lattice may admit an order-p symmetry when p = 7 or 13. The

asymmetry of the construction between left- and right-movers on the T 4 is even more strik-

ing in the p = 13 case in which there are exactly two angles of absolute value 2πk/13 for

each k between 1 and 6; therefore, the N = 2 supersymmetry condition s1 = ±s2 ensures us

that there may be no angle rI equal to any of the si’s, making the asymmetric nature of the

model obvious in this case. Once again, we can therefore conclude that this construction

does not admit a standard geometric interpretation in the heterotic framework either.

4.4 Modular invariance and restrictions on the shift vector

We now turn to the choice of shift vector in the heterotic orbifold. The twist γ is to be

accompanied by a translation by a shift vector δ with pδ ∈ Γ2,2. The choice of group action

Zp ⊂ U(1)2 ∼= T 2 on the type IIA side of the duality fixes the momentum associated with

this shift vector, i.e. the generator of translations along the corresponding one-cycle, but

not its action on states with winding number.

It has long been known that in order to preserve modular invariance in orbifold models,

there must be a relation between twists and shift vectors [37, 38]. For later convenience,

we define the charge vector ∆ ∈ Γ2,2\ (pΓ2,2) so that the shift vector δ satisfies ∆ = p δ.

As discussed in section 2, preserving N = 2 space-time supersymmetry imposes s1 = ±s2.

Using this, it is possible to show that the necessary and sufficient condition for modular
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invariance of our theory is given by4 [37, 38]

∆2 +
10∑
I=1

r2
I = 0 mod fp where f =

{
1 if p is odd

2 if p is even
(4.5a)

Furthermore, the spectrum of γ is completely fixed; indeed, equation (4.3) shows that, of the

12 angles, there are exactly 12
ϕ(p) angles equal to k

p mod 1 for each value of k between 1 and

p−1 such that gcd(k, p) = 1. Then, as shown in appendix A, the quantity
∑10

I=1 r
2
I+
∑2

i=1 s
2
i

may be explicitly computed for any p, so that equation (4.5a) may be simplified to become

∆2 = 2Ψp mod fp (4.6)

where

Ψp := s2 −
∏
q|p

q prime

(−q) (4.7)

with the product running over the distinct prime divisors q of p. We parametrise the shift

vector as δ = (αi, βi) so that ∆ = p(αi, βi) is a lattice vector and the shift is generated

by αiki + βiw
i where ki and wi are respectively the momentum and winding charges; the

constraint (4.6) then becomes the condition

p2αiβi = Ψp mod p , (4.8)

which prevents β from vanishing, as Ψp may never be vanishing modulo p (since any

q in the above product is a divisor of p and as such is not invertible over Zp, unlike

s2 ∈ Z×p ). This translates into a non-perturbative modification of the orbifold from the

type IIA perspective that will be discussed in section 6. As a side remark, we may note

that whenever p is square-free, the condition (4.6) simplifies to

∆2 = 2s2 mod fp ; (4.9)

in particular, equation (4.9) holds for p prime. One can further simplify this condition by

choosing s = 1, i.e. that the rotation in O(4)0 corresponds to the angles 2π/p and ±2π/p

(any other choice is related to this one by relabelling the orbifold sectors), so that

∆2 = 2 mod fp . (4.10)

Let us now derive the partition function of the theory in order to check explicitly the

relations (4.5). As usual with conformal field theories defined on orbifolds, the partition

function of the model may be expressed as a sum

Z(τ, τ̄) =
1

p

p−1∑
k,l=0

Z

[
k

l

]
(τ, τ̄) (4.11)

4To be precise, there are two additional constraints in the case of even p, namely that s1 + s2 = 0 mod 2

and (v, γp/2v) = 0 mod 2 for all v ∈ Γ6,22; however, the first condition must be fulfilled as a consequence of

the N = 2 supersymmetry preserved by the orbifold. Moreover, as γp/2 acts as minus the identity operator

on Γ4,20 and trivially on Γ2,2 for any even p, the second condition is taken care of by the fact that Γ6,22 is

an even lattice.

– 15 –



J
H
E
P
1
0
(
2
0
1
9
)
2
1
4

over all allowed boundary conditions (that is, twisted or untwisted), with the contribution

from the (k, l) sector defined as

Z

[
k

l

]
(τ, τ̄) := TrHk

(
glqL0− c

24 q̄L̄0− c̄
24

)
, (4.12)

where g is the element of the point group whose action combines a twist by γ and a shift by

t and where TrHk stands for the trace over states in the sector twisted by gk. The various

blocks of the partition function are then computed in the usual way to give5

Z

[
0

0

]
=

1

2τ2

ΘΓ4,20(τ, τ̄)×ΘΓ2,2(τ, τ̄)

η12(τ)η̄24(τ̄)

1∑
α,β=0

(−1)α+β+αβϑ4

[
α

β

]
(τ |0) (4.13a)

Z

[
k

l

]
=
κ
[
k
l

]
2τ2

exp
{ iπkl
p2

(
2Ψp −∆2

)} Γ
[
k
l

]
(τ)

|η(τ)|12 F̄
[
k
l

]
(τ̄)

×
1∑

α,β=0

(−1)α+β+αβϑ2

[
α

β

]
(τ |0)

2∏
i=1

ϑ
[α+2ksi/p
β+2lsi/p

]
(τ |0)× ϑ̄

[1+2ksi/p
1+2lsi/p

]
(τ |0)

ϑ
[1+2ksi/p

1+2lsi/p

]
(τ |0)

, (4.13b)

where the second equation is only valid for (k, l) 6= (0, 0). In the above equations, we have

defined ΘΛ as the sum over charges lying in the lattice Λ, the sum over the lattice Γ
[
k
l

]
as

Γ

[
k

l

]
(τ) :=

∑
Q∈Γ2,2+kδ

qQ
2
L/2q̄Q

2
R/2e2iπ〈Q,δ〉, (4.14)

the function F
[
k
l

]
as

F

[
k

l

]
(τ) :=

1

η12(τ)

10∏
I=1

ϑ

[
1 + 2krI/p

1 + 2lrI/p

]
(τ |0)

2∏
i=1

ϑ

[
1 + 2ksi/p

1 + 2lsi/p

]
(τ |0) (4.15)

and the “degeneracy factor” κ
[
k
l

]
as

κ

[
k

l

]
:=
∏
d|p

(
d

gcd(k, l, d)

) 12
ϕ(p)

gcd(k,l,d)µ( pd)
. (4.16)

One may notice that the phase factor in the partition function block (4.13b) may be set to

one by choosing an appropriate representative of the shift vector δ ∈ 1
pΓ2,2/Γ2,2, as shown

in appendix A. As discussed in the introduction, the Narain lattice Γ4,20 appearing in the

(0, 0) sector lies at a point in moduli space corresponding, on the type IIA side, to a Gepner

model admitting a mirrored automorphism of order p.

Anticipating the following section, we emphasise here that no sum over the charge

lattice Γ4,20 appears (except for the term with (k, l) = (0, 0)), which is due to the fact that

the twist γ acts non trivially on the whole lattice; hence any state with non-vanishing mo-

mentum in Γ4,20 is projected out in the orbifolding procedure (see e.g. [37] for an extensive

5Conventions and properties of the Jacobi ϑ-functions are collected in appendix A.
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discussion). On the type IIA side of the duality, it means that there is no lattice of BPS

D-brane charges, which is easy to understand as that theory has no massless Ramond-

Ramond ground states [2]. There is no non-abelian gauge group enhancement coming from

Γ4,20 on the heterotic theory as we are at a point in the moduli space corresponding to a

non-singular K3 CFT.

The full partition function of the heterotic orbifold CFT, given by the sum (4.11) over

all sectors, is therefore modular invariant provided that

Z

[
k + p

l

]
= Z

[
k

l + p

]
= Z

[
k

l

]
, ∀ k, l . (4.17)

This is precisely what is ensured by the equations (4.5) which are therefore interpreted, in

the heterotic picture, as necessary constraints on the shift vector to obtain a (perturba-

tively) well-defined string vacuum. In short, a non-vanishing winding shift is imposed by

the modular invariance constraints.

5 BPS states

BPS states have dual interpretations in the two dual theories, the type IIA theory on

K3 × T 2 and the heterotic string on T 4 × T 2 [11] (see e.g. table 1 of [39]). In particular,

winding and momenta along one-cycles of the four-torus in the heterotic theory correspond

to D-branes wrapping cycles of K3 in the type IIA description of the theory, while mo-

mentum and winding states on T 2 in the heterotic picture are respectively understood as

momentum states on T 2 and as NS5 branes wrapping K3×S1 ⊂ K3×T 2 from the type IIA

perspective. On the type IIA side, after the quotient by the mirrored K3 automorphism,

no D-brane states remain; this is due to the fact that space-time supersymmetry is entirely

carried by left-movers so that there are no massless Ramond-Ramond p-forms hence no

BPS Dp-branes. In the heterotic dual, this corresponds to the fact that fundamental strings

with momentum and/or winding on the 4-torus are projected out, as the automorphism

used in the quotient leaves no cycle of T 4 invariant. Fundamental heterotic strings with

winding around a one-cycle of the T 2 are dual to the type IIA NS5-brane wrapping the

same one-cycle of the base together with the K3 fibre; on taking the quotient, this de-

scends to what can be thought of as an NS5-brane wrapping a ‘cycle’ of the non-geometric

Calabi-Yau background.6

In this section, we shall study the BPS states that arise in the perturbative spectrum

of the heterotic string orbifold. The type IIA duals of these states will in general be

non-perturbative states carrying NS5-brane charge.

5.1 Helicity supertraces

In practice, a powerful tool in studying BPS states is the computation of helicity super-

traces, that are protected quantities which do not change when the string coupling is

increased; however, in four-dimensional theories with N = 2 supersymmetry, they can

jump across walls of marginal stability in the moduli space. It can be shown (see e.g. [41]

6For a discussion of branes in non-geometric backgrounds, see e.g. [40] and references therein.
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for a review of helicity supertraces properties and references therein) that in N = 2 theories

the only non-vanishing helicity supertrace is

Ω2(R) := TrR
[
(−1)2J3J2

3

]
, (5.1)

for any representation R of the N = 2 algebra, with J3 the space-time helicity operator.

Ω2 vanishes for any (long) massive representation of N = 2 supersymmetry while it is

unchanged under recombinations of two BPS multiplets into a long multiplet or vice versa,

making it a well-defined quantity on the moduli space.

In the heterotic frame, it will receive contributions from the perturbative Dabholkar-

Harvey (DH) half-supersymmetric BPS states [42] that are heterotic fundamental strings

in their left-moving superconformal ground state characterized by their winding and mo-

mentum charges on the torus. It is possible to extract Ω2 from the partition function by

introducing a chemical potential for the helicity; more precisely, defining

Z(τ, τ̄ |v, v̄) := TrH

[
(−1)2J3e2iπvJ

(L)
3 +2iπv̄J

(R)
3 qL0 q̄L̄0

]
, (5.2)

with TrH the trace over the whole Hilbert space of the theory and with J
(L)
3 and J

(R)
3

the left and right moving components of the helicity respectively, Ω2 is generated by the

function B2 defined as

B2(τ, τ̄) :=

(
1

2iπ

∂

∂v
+

1

2iπ

∂

∂v̄

)2

Z(τ, τ̄ |v, v̄)

∣∣∣∣∣
v=v̄=0

=
∑
Q∈Λ

Ω2(Q)qL0 q̄L̄0 , (5.3)

where Λ stands for the lattice of electric charges of the orbifolded theory, given here by

Λ =

p−1⊕
k=0

(Γ2,2 + kδ) . (5.4)

Using the results from section 4 and identities from appendix A, one may then show

that the modified partition function reads

Z(τ, τ̄ |v, v̄) =
1

p

p−1∑
k,l=0

Z

[
k

l

]
(τ, τ̄ |v, v̄), (5.5)

where the orbifold blocks are now

Z

[
0

0

]
(τ, τ̄ |v, v̄) =

1

τ2

ΘΓ4,20(τ, τ̄)×ΘΓ2,2(τ, τ̄)

η12(τ)η̄24(τ̄)
ξ(τ |v)ξ̄(τ̄ |v̄)ϑ4

1

(
τ |v

2

)
(5.6a)

Z

[
k

l

]
(τ, τ̄ |v, v̄) =

κ
[
k
l

]
τ2

exp

[
iπkl

p2

(
2Ψp −∆2

)] Γ
[
k
l

]
(τ)

|η(τ)|12 F̄
[
k
l

]
(τ̄)

× ξ(τ |v)ξ̄(τ̄ |v̄)ϑ2
1

(
τ |v

2

) 2∏
i=1

ϑ
[1+2ksi/p

1+2lsi/p

] (
τ |v2
)
× ϑ̄

[1+2ksi/p
1+2lsi/p

]
(τ |0)

ϑ
[1+2ksi/p

1+2lsi/p

]
(τ |0)

. (5.6b)
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Here, ξ(τ |v) is the usual space-time transverse bosons helicity generating function defined as

ξ(τ |v) :=
∞∏
n=1

(1− qn)2

(1− qne2iπv)(1− qne−2iπv)
. (5.7)

Differentiating Z(v, v̄) with respect to v and v̄ gives the index B2:

B2 = − 1

2pτ2

∑′

k,l

exp

[
iπkl

p2

(
2Ψp −∆2

)] κ
[
k
l

]
Γ
[
k
l

]
(τ)

η̄6(τ̄)F̄
[
k
l

]
(τ̄)

2∏
i=1

ϑ̄

[
1 + 2ksi/p

1 + 2lsi/p

]
(τ |0) (5.8)

where the primed sum
∑′

k,l stands for the sum running over all values of (k, l) in Zp × Zp
except (0, 0). Note that the term with (k, l) = (0, 0), i.e. the untwisted sector contribution

with no quotienting group element insertion, does not contribute to the index. This illus-

trates once more the absence, in the orbifolded theory, of states with charges lying in the

Γ4,20 lattice.

As the automorphism generating the Zp group we are quotienting by has a non-trivial

action on the charge lattice, one cannot factorise the BPS index as the product of a sum

over the charge lattice by a function with well-defined modular properties; however, it is

still possible to split it into smaller blocks which factorise in a similar way by expressing

the charge lattice as

Λ =

p−1⊕
k,a=0

Λ(k,a), (5.9)

where we define Λ(k,a) as

Λ(k,a) :=

{
v + kδ ∈ Γ2,2 + kδ

∣∣∣∣〈v, δ〉 =
a

p
mod 1

}
. (5.10)

Each Γ
[
k
l

]
may then be expressed in terms of the theta functions associated with the lattices

Λ(k,a), for a between 0 and p − 1. This allows one to extract from the BPS index (5.8)

the indices for each sublattice Λ(k,a) of the charge lattice, as all charges in a given Λ(k,a)

transform in the same way under the whole automorphism gp. Defining as before Θ(k,a) as

Θ(k,a) :=
∑

Q∈Λ(k,a)

qQ
2
L/2q̄Q

2
R/2, (5.11)

the whole B2 index may be expressed as B2 =
∑p−1

k,a=0B
(k,a)
2 Θ(k,a) with

B
(k,a)
2 := − 1

2pτ2

p−1∑
l=0

exp

[
iπkl

p2

(
2Ψp + ∆2

)
+

2iπal

p

]

×
κ
[
k
l

]
η̄6(τ̄)F̄

[
k
l

]
(τ̄)

2∏
i=1

ϑ̄

[
1 + 2ksi/p

1 + 2lsi/p

]
(τ̄ |0) (5.12)

There is a subtlety to take into account here; the definition (5.3) of B2 implies that

two different charges Q and P will contribute to the same index Ω2 if they satisfy Q2
i = P 2

i
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for i = L,R (QL and QR standing for the left and right components of the charge vector

Q respectively, as before). In particular, this means that opposite charge vectors Q and

−Q always contribute to the same index Ω2(Q); from a more physical point of view, this is

a reflection of the CPT invariance of the theory which imposes that any representation of

the N = 2 supersymmetry algebra must be accompanied by its CPT conjugate, which has

charge −Q, to form a CPT-invariant multiplet. This means that the index Ω2(Q) must be

computed by taking into account not only the contributions from B
(k,a)
2 but also from the

possible non-trivial degeneracies of states in the sum over the charge lattice.

5.2 Some explicit results

A straightforward check of the validity of the above indices may be obtained by evaluating

the constant term in B
(0,0)
2 ; indeed, this will give the index of the N = 2 supersymmetry

multiplets whose charge Q has vanishing norm. At a generic point in moduli space, these

are the only massless multiplets of the theory so that this gives some insight about the

dimension of the Coulomb and Higgs branches. More precisely, one may show (see e.g. [41])

that the supergravity and vector multiplets each contribute +1 to B2 while hypermultiplets

each contribute −1. The classical vector moduli space was shown to be that of the STU

model in [7].

With three vector multiplets and one supergravity multiplet, one expects the constant

term to be 4−nH , with nH the number of hypermultiplets remaining in the orbifold theory.

An explicit expansion of B
(0,0)
2 in power series yields results that match the analysis of the

moduli space that will be given in [19]: one finds for instance respectively 20, 10, 4, 2 and

0 massless hypermultiplets in the p = 2, 3, 5, 7 and 13 theories.7

For each specific value of Q, it is also possible to extract the index Ω2(Q) from the

formulæ given above. Let us consider for simplicity the five-dimensional theory one would

get from an orbifold of T 4 × S1, a decompactification limit of the case we have studied so

far. The charges may then be parametrised as Q = (n,w), n and w being the momentum

and winding numbers of the string respectively. Finding Ω2(Q) may easily be done by

identifying in which sublattice Λ(k,a) Q lies and using the level-matching condition

Q2

2
= N + αk, (5.13)

where N is the level of the BPS state and αk arises from the difference i ground state

energy between left- and right-movers. Setting |si| = 1 mod p for i = 1, 2 (which amounts

to choosing a generator of the cyclic group γ ∈ Zp), αk may be explicitly computed and is

αk =
k2

p2
− k

p
−
(

gcd(k, p)

p

)2 ∏
q|p

q prime

(−q) +

{
1
2 −

k
p if 0 ≤ k ≤ p

2
k
p −

1
2 if p

2 ≤ k ≤ p− 1
(5.14)

for 1 ≤ k ≤ p− 1 and, of course, α0 = −1 as usual.

7The numbers of hypermultiplets 20, 10, 4, 2 and 0 are the quaternionic dimensions of the corresponding

hypermultiplet moduli spaces.
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Let us take a simple example, say Q = (1, 5) in the above notation, and consider also

a model with p = 3; then, setting once again δ = (1/3, 1/3), one has 〈Q, δ〉 = 0 mod 1

which indicates that Q ∈ Λ(0,0) with the above notations. Now, as Q2

2 = 5, Ω2(Q) is simply

given by the coefficient of the q̄5 term in the power expansion of B
(0,0)
2 ; computing the

first terms in this expansion gives in this specific case Ω2 [Q = (1, 5)] = 176. One should

remember here that Ω2 does not represent a degeneracy, per se, as contributions from

integer and half-integers spin multiplets are counted respectively positively and negatively.8

This explains for instance that for other values of Q, one may find negative values of Ω2

(e.g. Ω2 [Q = (2, 2)] = −90).

One may also consider BPS states lying in twisted sectors, which have non-integer

charges in general; explicit computations show that |Ω2| seems to grow faster with the

level N in the twisted sectors than in the untwisted one (e.g. Ω2

[
Q =

(
1
3 ,

10
3

)]
= −236196,

while the two untwisted-sector examples considered above had higher values of N but lower

values of Ω2.). In [39], it was noted that Ω2 is generically exponentially smaller in untwisted

sectors than in twisted ones in N = 2 orbifold models; explicit expansions of the various

B
(k,a)
2 in powers of q̄ seem to confirm this statement.

The asymptotic behaviour of Ω2(Q) is also accessible for high values of Q2 following

the procedure described in [39] which we will briefly review here. As illustrated above with

a few examples, the power expansion of the B
(k,a)
2 ’s gives us access to the Ω2 indices; more

precisely, writing B
(k,a)
2 as

B
(k,a)
2 (q̄) :=

∑
N

a
(k,a)
N q̄N−αk , (5.15)

it is clear from (5.12) and from the level-matching condition (5.13) that Ω2(Q) = ε(k,a)a
(k,a)
Q2/2

for Q ∈ Λ(k,a), where ε(k, a) is a factor taking into account the fact that both Q ∈ Λ(k,a)

and −Q ∈ Λ(−k,−a) contribute to Ω2(Q) (explicitely, ε(k, a) = 1 if Λ(−k,−a) = Λ(k,a) and 2

else). Performing an inverse Laplace transform, it is possible to compute a
(k,a)
N to find

a
(k,a)
N =

∫ ε+iπ

ε−iπ

dt

2iπ
eNtB

(k,a)
2

(
e−t
)
. (5.16)

When N reaches high values, the imaginary exponential in (5.16) becomes rapidly oscil-

lating so that the integral is dominated by the behaviour of the integrand around t ∼ ε.

In this regime, the ε → 0 limit of this integral is dominated by a function of e−t ∼ 1 so

that the power expansion of B
(k,a)
2 is not useful here; however, one may use the modular

properties of B
(k,a)
2 to replace it by a function of e−4π2/t which is a small parameter when

t goes to 0. The above integral becomes

a
(k,a)
N =

∫ ε+iπ

ε−iπ

dt

2iπ
eNt

(
S ·B(k,a)

2

)(
e−

4π2

t

)
, (5.17)

8Here, the “spin of a multiplet” is understood to be the spin of the middle state of the multiplet.

This make sense as we are only considering here short multiplets, since any long multiplet has vanishing

contribution to B2 as explained earlier.
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so that expanding S·B(k,a)
2 instead in powers of q̄ lead to an approximation of the asymptotic

behaviour of Ω2(Q) for large values of Q2

2 . Here, S is the usual generator of SL(2,Z) acting

on the world-sheet parameter τ as τ 7→ −1/τ .

We consider below the models with p a prime number. Explicit computations to leading

order show that the asymptotic behaviour of Ω2 in the untwisted sector is given, up to a

multiplicative constant, by

Ωuntw
2 (Q) ∼

Q2�1



−
√

Q2

2 J1

(
4π
3

√
Q2

2

)
p = 3

−
√

Q2

2 I1

(
4π
5

√
Q2

2

)
p = 5

−
√

Q2

2 I1

(
4π
√

5
7

√
Q2

2

)
p = 7

−
√

Q2

2 I1

(
4π
√

29
13

√
Q2

2

)
p = 13

(5.18)

Here, J1 (I1) is the (modified) Bessel function of first kind. In the twisted sectors, the

asymptotic behaviour of the BPS index is surprisingly identical for any order prime p of

the quotienting group; it is then given in all these cases by

Ωtw
2 (Q) ∼

Q2�1
−
√
Q2

2
I1

(
4π

√
Q2

2

)
. (5.19)

Replacing the Bessel functions by their asymptotic expansions in equations (5.18) and (5.19)

then confirms the exponentially small growth of |Ω2(Q)| in the untwisted sector compared

to that of |Ω2(Q)| in the twisted ones discussed in [39].

6 The non-perturbative type IIA construction and duality

In section 4 modular-invariance constraints on the heterotic duals of the type IIA non-

geometric Calabi-Yau backgrounds were analyzed. It was found that perturbative consis-

tency of the heterotic constructions leads to the constraint (4.8) on the shift vector for the

two-torus and this implies the shift vector should have non-vanishing winding charge. In

this section we will examine the consequences of this condition on the type IIA side of the

duality, where it leads to a non-perturbative modification of the K3 × T 2 orbifold. For

clarity of the presentation, we will restrict ourselves here to the case in which the order p

of the automorphism is a prime number.

6.1 Interpretation of the shift vector

For both the type IIA and heterotic constructions, we have an orbifold by a twist γ ∈
O(Γ4,20) and a shift t on the two-torus by a vector δ = (αi, βi) with p δ ∈ Γ2,2. The

momentum vector ki (i = 1, 2) on the 2-torus combines with the string winding charges

wi to form a generalised momentum vector ΠI = (ki, w
i) ∈ Γ2,2. The shift acts on a

momentum state |Π〉 = |k,w〉 with ki, w
i ∈ Z as:

|Π〉 7→ exp(2πiδIΠI)|Π〉 (6.1)
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so that

|k,w〉 7→ exp(2πi[αiki + βiw
i])|k,w〉 (6.2)

For a shift symmetry of order p, i.e. isomorphic to Zp, we take ∆ = p δ ∈ Γ2,2 to be a

lattice vector, with norm

∆2 = p2δ2 = 2p2αiβi . (6.3)

If the momenta ki are realised on the periodic coordinates yi ∼ yi + 2π of the 2-torus

in the usual way, exp(2πiαiki) generates the shift

yi 7→ yi + 2παi (6.4)

If dual coordinates ỹi conjugate to the winding charge are introduced then exp(2πiβiw
i)

generates the dual shift

ỹi 7→ ỹi + 2πβi (6.5)

so the shift acts on the coordinates Y I = (yi, ỹi) of the doubled torus as

Y I 7→ Y I + 2πδI . (6.6)

In both type IIA and heterotic constructions with a single twist, we can take the shift

to be on a single cycle of the 2-torus, so that p δ ∈ Γ1,1 ⊂ Γ2,2. In the perturbative type

IIA construction, we had

δ = (α1, 0, 0, 0), α1 =
1

p
, (6.7)

giving a shift

y1 7→ y1 +
2π

p
. (6.8)

For the heterotic string, the modular invariance constraint

∆2 = 2p2αiβi = 2 mod p

obtained in section 4, eq. (4.10), implies that both α and β are non-zero. Setting α1 = 1/p

(in order to match with the perturbative type IIA construction in the large T 2 limit) one

can solve this constraint with

δ = (α1, 0, β1, 0), α1 =
1

p
, β1 =

1

p
. (6.9)

This vector generates the shifts

y1 7→ y1 +
2π

p
, (6.10a)

ỹ1 7→ ỹ1 +
2π

p
. (6.10b)

It was to be expected that the shift in y1 should agree in the two pictures, but we see

that there is a surprising difference in that a shift in the dual coordinate ỹ1 is essential for

heterotic modular invariance but there was no corresponding shift on the type IIA side in

our construction.
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In our models, the perturbatively consistent type IIA construction determines the

heterotic dual in the large volume limit of the T 2, with an orbifold by a twist γ ∈ O(Γ4.20)

and a shift of the coordinate y1 of a cycle of T 2. However, away from the decompactification

limit this heterotic construction is not perturbatively consistent and must be modified by

winding number shifts. Then duality implies that there should be a dual modification of

the type IIA theory. This modification is non-perturbative in the type IIA theory, so does

not affect the perturbative consistency of the original construction. This is in accord with

the discussion of [18], where it is argued that duality does not completely determine the

shift vector, and consistency conditions, such as level matching and modular invariance are

needed to fix the shift vector.

A similar situation was encountered in the FHSV model [12]. We will discuss further

this example in subsection 6.3, and compare it with our models. In both cases, it is natural

to speculate that the modifications in the type IIA theory could arise from a condition for

non-perturbative consistency of the IIA string.

6.2 The non-perturbative type IIA construction

A convenient way of representing the modifications to the type IIA construction is as

follows. The transformation t acts on a heterotic state with momentum k and winding

w by

|k,w〉 7→ exp(2πi[αiki + βiw
i])|k,w〉 (6.11)

The type IIA dual of the heterotic momenta ki and winding charges wi are some charges

xi and zi in the Γ6,22 lattice of type IIA compactified on K3×T 2. For our construction, xi
remains the momentum on the torus, so ki = xi, and zi is the winding charge on the i’th

circle for the solitonic string obtained by wrapping the IIA NS5-brane on K3, so that zi is

the NS5-brane charge for NS5-branes wrapping K3×S1, with the S1 being the i’th circle.

(For the FHSV model, x1 and z1 are D0-brane and D4-brane charges, as we will discuss in

the next subsection.)

Then for the models considered here, the heterotic transformation (6.11) becomes the

type IIA transformation

|k, z〉 7→ exp(2πi[αiki + βiz
i])|k, z〉 (6.12)

where ki is the momentum on the i’th circle and zi is the winding number of the solitonic

string (from the NS5-brane wrapped on K3) on the i’th circle. From eq. (6.9), consistency

of the heterotic perturbative limit is satisfied with α1 = β1 = 1/p an α2 = β2 = 0.

Non-perturbative type IIA states with non-zero winding number for the solitonic string

around the first circle of T 2 are therefore charged under the symmetry used to obtain the

non-geometric Calabi-Yau background. For perturbative states with z = 0, the transfor-

mation (6.12) is of course the same as the one used in the perturbative construction with

shift vector (6.7).

As we have seen, the action of t on a heterotic state |k,w〉 given by (6.11) gives a

shift of the coordinates yi conjugate to ki together with a shift of the dual coordinates

ỹi conjugate to wi. Similarly, for the IIA string, if we introduce coordinates ŷi conjugate
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to zi, then the action of t on a type IIA state (6.12) can be understood as a shift of the

coordinates yi, ŷi. In general, phase rotations of this kind dependent on brane charges can

be reinterpreted as shifts of suitable dual coordinates, justifying our referring to t as a shift;

this will be discussed further in the next section.

The above discussion implies, using heterotic/type IIA duality, that non-perturbatively

consistent non-geometric Calabi-Yau backgrounds in type IIA superstring theory should

be defined using a shift symmetry of the form (6.12) that includes a non-perturbative

contribution. In the FHSV construction that we will discuss below, a similar type of non-

perturbative modification of the shift symmetry occurs, involving D-brane charges rather

than NS5-brane charges.

6.3 The FHSV model

The starting point for the FHSV construction [12] is a special K3 surface admitting a

freely acting Z2 involution, such that the quotient of K3 by this is an Enriques surface.

This non-symplectic K3 automorphism acts on the lattice (3.2) of total K3 cohomology by

interchanging two E8 ⊕ U sublattices, acting as −1 on one sublattice U and leaving the

final U invariant.9 This is then combined with the reflection yi 7→ −yi on the coordinates

of T 2 to give a freely acting automorphism γ of K3 × T 2. The quotient of K3 × T 2 by

this gives a Calabi-Yau manifold with Euler number zero, called the Enriques Calabi-Yau

3-fold. It is a K3 fibration over P1 with a monodromy around each of the four singularities

of the base given by the Enriques involution.

The action of γ on the charge lattice of IIA strings on K3× T 2

Γ6,22
∼= (E8 ⊕ U)⊕ (E8 ⊕ U)⊕ [U ⊕ U ⊕ U ]⊕ U (6.13)

is then to interchange the two (E8 ⊕ U) terms, act as −1 on U ⊕ U ⊕ U and to leave the

final U invariant.

To find the heterotic dual of the FHSV orbifold, Γ6,22 is interpreted as the Narain

lattice for the heterotic string compactified on T 6, with the six sub-lattices U associated

with the lattice Γ6,6 of heterotic momenta and winding numbers on the six-torus. The

action of γ on the charge lattice and moduli space then defines an action on the heterotic

string theory (as we have done in section 4 for our models). In particular, the involution

leaves one of the six circles invariant.

However the quotient of the heterotic string theory by this involution is not modular

invariant. This was remedied in [12] by supplementing the twist γ by a shift t on the circle

that is invariant under the involution. The shift vector δ is such that ∆ = 2δ ∈ U (where

this U is the last factor in (6.13), i.e. the invariant sub-lattice) and modular invariance

requires ∆2 = 2, so that δ = (1/2, 1/2). Then the shift y → y + π on the circle is

accompanied by a shift ỹ → ỹ + π on the dual circle.

While this heterotic description looks quite similar to what happens in our models,

in the type IIA duality frame the physics is rather different. The identification of the

9This involution is a geometric automorphism, i.e. a large diffeomorphism of K3, whose action is an

element of O(Γ3,19). The invariant sublattice U is the lattice generated by H0(K3;Z) and H4(K3;Z),

see [43] for details.
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heterotic and type IIA charge lattices under duality relates the heterotic momentum k and

winding w on the invariant circle with the type IIA D0-brane charge x and the charge z

for D4-branes wrapping K3:

k = x, w = z (6.14)

In the type IIA duality frame, the action of the ‘shift’ t is then given as a phase rotation

of the form

|x, z〉 7→ exp(2πi[αx+ βz])|x, z〉 = exp(πi[x+ z])|x, z〉 (6.15)

Then the IIA involution is supplemented by multiplying by the phase (6.15) depending on

the D0-brane and D4-brane charges. That is, the involution (γ, t) consists of the geometric

involution on K3× T 2 (the freely acting involution of K3 combined with the reflection on

T 2) supplemented by the phase rotation (6.15). These modifications to the Calabi-Yau

compactification are visible to D-branes but not to fundamental strings, and so will not

affect the perturbative type IIA string.

7 Duality covariant formulation and new non-geometric constructions

7.1 Dualities and quotients

Suppose we have a theory X on a background M with a symmetry G, together with a

duality map that takes this to a theory X ′ on a background M ′ with a symmetry G′. Then

we can consider the quotient of X on M by G and the quotient of X ′ on M ′ by G′ and

ask whether they are dual, i.e. whether taking the quotient commutes with the duality

transformation. As discussed in [18], in general the quotients will not be dual, but in some

special cases, such as those in which the adiabatic argument applies, they can be dual.

As usual, without a non-perturbative formulation of string theory the duality cannot be

proved, but we can seek non-trivial tests of the duality.

We have already seen here a case where they are not dual. Taking X on M to be the

IIA string on K3 × S1 and taking G to be the group Zp generated by a twist of the K3

CFT (corresponding to a mirrored automorphism) and a shift in a circle coordinate, then

the heterotic dual of this is not modular invariant and so not consistent. In this case we

modified the heterotic symmetry G′ to include a winding contribution to the shift, and

then made the dual modification to the action of G, involving non-perturbative NS5-brane

contributions. Then a necessary condition for the quotients to be dual is that the group G

is chosen so that both are perturbatively consistent. Further duals could then give further

non-perturbative constraints on the group G.

Here we are interested in two examples: our non-geometric Calabi-Yau construction

and the FHSV model for the type IIA string, together with the conjectured heterotic duals

that were discussed in section 6. Consistency of the heterotic dual required modifications

of the original symmetry to include D0- and D4-brane contributions in the FHSV model

and NS5-brane contributions for the non-geometric Calabi-Yau construction. However, as

we shall see, this is not enough to completely determine the non-perturbative action of

the symmetry in each case. In our non-geometric Calabi-Yau construction, the adiabatic

argument provides strong support for the duality with the heterotic T-fold.
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We now turn to the action of duality transformations on our model and that of FHSV

to obtain new dual constructions. For this, a duality covariant viewpoint is useful.

7.2 Compactifications to five dimensions

We consider first compactifications to five dimensions, in both heterotic and type II duality

frames.

Symmetries and automorphisms. The heterotic string compactified on T 5 or type

IIA string compactified on K3×S1 has, at generic points in the moduli space, a symmetry

[O(Γ5,21) n U(1)26]×U(1) . (7.1)

The U(1)26 × U(1) is a gauge symmetry associated with 26 + 1 abelian vector fields, and

at special points in the moduli space this is enhanced to a non-abelian group. A subgroup

U(1)5 arises from isometries of the heterotic five-torus. The extra U(1) symmetry arises in

five dimensions as the NS-NS two-form b2 (in either the heterotic or type IIA string) can be

dualised to a vector field, with a further U(1) gauge symmetry that commutes with O(Γ5,21).

There are 26 + 1 electric 0-brane charges (ZI ,K) corresponding to the gauge symmetry,

with ZI transforming as the 26-dimensional representation of O(5, 21).The charge K is a

singlet under O(5, 21); the 5-dimensional supersymmetry algebra has 5+1 central charges,

consisting of the 5 electric charges for the U(1)5 gauge symmetry associated with the gauge

fields in the supergravity multiplet and the singlet charge K.

In the heterotic string, the BPS states carrying the charge K are heterotic five-branes

wrapping T 5. This charge can be thought of as the winding number on S1 of the solitonic

string obtained from wrapping the heterotic five-brane on T 4. The solitonic string of the

heterotic theory is dual to the fundamental string of the type IIA theory, so in the type IIA

theory the singlet charge K is the winding number of fundamental type IIA strings on the

S1 in K3× S1. In the IIA string theory on K3× S1 there is not a T-duality relating the

winding number K to the momentum on S1, as that T-duality is not a proper symmetry

of the IIA theory, but instead maps the IIA string theory on K3 × S1 to the IIB string

theory on K3× S1.

We are interested in automorphisms that consist of a twist γ ∈ O(Γ5,21) and a shift

t ∈ U(1)27 in which t commutes with γ. One possibility is to choose the shift t to be

generated by the singlet charge K, and then any γ ∈ O(Γ5,21) can in principle be used.

Another is to choose a sub-lattice Γ4,20 ⊕ Γ1,1 ⊂ Γ5,21 so that the symmetry algebra has

a subgroup

[O(Γ4,20) n U(1)24]× [O(Γ1,1) n U(1)2] , (7.2)

and to use a twist γ ∈ O(Γ4,20) from the first factor and a shift t ∈ U(1)2 from the second

factor, and these indeed commute. The automorphisms that we used in earlier sections are

of this form.

The heterotic string perspective. The moduli space of heterotic strings compactified

on T 5 is

M5d
∼= O(Γ5,21)\O(5, 21)/

(
O(5)×O(21)

)
× S1 × R , (7.3)
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where the extra S1 factor corresponds to a Wilson line for the gauge field dual to b2 and

the R factor is the zero mode of the heterotic dilaton. A T 5 CFT has a moduli space

O(Γ5,5)\O(5, 5)/
(
O(5)×O(5)

)
(7.4)

identified under the T-duality group O(Γ5,5). Then choosing a subgroup O(5, 5) ⊂ O(5, 21)

with corresponding sublattice Γ5,5 ⊂ Γ5,21 splits the heterotic degrees of freedom into

degrees of freedom on T 5 described by a CFT on T 5 and the remaining right-moving modes

representing the gauge degrees of freedom. This choice is not unique, and acting with the

duality group O(Γ5,21) will change the split into torus and gauge degrees of freedom.

For a twist γ ∈ O(Γ4,20) from the first factor in (7.2) and a shift t ∈ U(1)2 from

the second factor in (7.2), it is natural to choose a torus T 4 × S1 so that the first factor

of (7.2) acts on the heterotic string on T 4 and the second acts on the CFT on S1. Then the

heterotic momentum k and winding number w on the S1 factor are the charges generating

the U(1)2 and transforming as a doublet under O(1, 1). A shift generated by (k,w) then

gives a heterotic automorphism of the kind discussed in earlier sections. It can in principle

be augmented by a shift generated by the singlet charge K. The 3 charges (k,w,K) take

values in a lattice Γ1,1 ⊕ Z and transform as a 2 + 1 under O(1, 1), with k and w forming

a doublet.

The general construction could then involve a shift vector δ = (α, β, κ) with three

components, so that

δ ·Π = αk + βw + κK . (7.5)

This would then lead to a charge-dependent phase exp(2πiδ ·Π) in the automorphism. The

transformation generated by K is non-perturbative and does not affect the perturbative

heterotic string. Perturbative consistency requires that (α, β) satisfy some modular invari-

ant constraints, but places no constraint on κ. For the models considered in this article,

the condition (4.8) is satisfied for αβ = 1/p2. As we shall see, perturbative consistency of

dual forms of the theory will impose further constraints on the shift.

Acting with O(Γ5,21) will transform k and w into two other linear combinations of the

26 non-singlet charges, and in particular can lead to shifts that involve charges from the

gauge sector. This can also be thought of as changing the original choice of split into T 5

degrees of freedom and gauge degrees of freedom to a new choice. It will also transform

the twist γ to a conjugate twist γ̃.

Alternatively, we can take the shift t to be generated by the singlet charge K, and take

γ ∈ O(Γ5,21). Then the shift is

δ ·Π = κK (7.6)

for some κ. This shift does not affect the perturbative heterotic string, so the perturbative

construction is simply a quotient by γ ∈ O(Γ5,21). In general, this will have fixed points

and will result in a non-freely acting asymmetric orbifold of the heterotic string. This

then restricts γ to satisfy the constraints of [37, 38] for the asymmetric orbifold to be

modular invariant.
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The type IIA string perspective. As we have seen, there are many ways of choosing

a split of the heterotic degrees of freedom into degrees of freedom on T 5 and gauge degrees

of freedom. For any such choice of T 5, one can choose a T 4 ⊂ T 5 in a number of ways,

and for each choice one can dualize the heterotic T 4 to a type IIA K3. Thus there are

many ways of choosing a K3 moduli space as a subspace of the five-dimensional moduli

space (7.3) — the choices correspond to choosing an O(Γ4,20) subgroup of O(Γ5,21) — and

acting with O(Γ5,21) will change this choice. Then there is no canonical way of choosing

which degrees of freedom are associated with K3 and which with S1, and it can be changed

by acting with O(Γ5,21); it can result in different dual forms of a given compactification.

For a twist γ ∈ O(Γ4,20), it is natural to choose a split such that the twist γ acts on

K3 and the shift t on S1, and we now investigate this choice. In the type IIA string, the

NS-NS 2-form is dualised to a vector field with charge ẑ. This is the charge for NS5-branes

wrapped on K3× S1. This can also be thought of as the winding charge for the solitonic

string obtained from wrapping NS5-branes on K3 and so is dual to the heterotic string

winding number. In addition, there is a momentum k̂ and a winding ŵ of the type IIA

string on the extra circle. There are again 3 charges, and duality relates these to heterotic

charges: k = k̂, w = ẑ and K = ŵ. Thus for the type IIA string, it is (k, ẑ) that form a

doublet under O(1, 1) and ŵ is a singlet.

The general construction involves a shift vector δ = (α, β, κ) with three components,

giving the heterotic shift (7.5) which is realised in the type IIA string as

δ ·Π = αk + βẑ + κŵ . (7.7)

This shift leads to a charge-dependent phase exp(2πiδ ·Π) in the automorphism.

The type IIB string perspective. T-duality on the S1 takes the IIA string on K3×S1

to the IIB string on K3× S1. If the IIB string has momentum kB and winding ŵB on the

S1, and NS5-brane charge ẑB for NS5-branes wrapping K3 × S1, these are related to the

IIA string charges k, ŵ, ẑ by

kB = ŵ, ŵB = k, ẑB = ẑ . (7.8)

Then the shift with shift vector δ = (α, β, κ) acts on the type IIB string through

δ ·Π = αŵB + βẑB + κkB . (7.9)

Models. Our original type IIA construction reviewed in sections 2 and 3 had α 6= 0.

Perturbative consistency of the heterotic dual theory required β 6= 0, with αβ = 1/p2. Per-

turbative consistency of the type IIA construction was achieved with no type IIA winding

contributions, so this means it is consistent to take κ = 0. Then with α = β = 1/p and

κ = 0 we obtain a theory which is modular invariant in both the perturbative heterotic

and perturbative type IIA formulations. Taking α = β = 1/p but with κ 6= 0, type IIA

level-matching requires κ = 0 mod p, so that the shift κŵ is by a lattice vector and so the

corresponding phase is trivial. There is then no loss of generality in taking κ = 0. In this

case the perturbative IIB formulation is also consistent.
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Acting with O(Γ5,21) will in general take the twist γ to a conjugate transformation

that acts not just on the K3 CFT but which acts on the full K3 × S1 CFT. Note that

for p = 2 the action of the conjugate transformation on the string theory may include

the world-sheet parity-reversing transformation Ω, leading to an orientifold, or (−1)FL . A

factor of Ω is needed whenever the conjugate transformation reverses the space-time parity.

At the same time, the O(Γ5,21) transformation will rotate the charges k, ẑ to other charges

for the U(1)26 symmetry. The singlet charge K = ŵ does not change. (This can instead be

viewed as changing which subsector of the theory is to be interpreted as corresponding to

the K3 CFT.) For example, there is a transformation that takes k to the D0-brane charge

Z0 and ẑ to the charge Z4 for D4-branes wrapping K3. This would give a shift

δ ·Π = αZ0 + βZ4 + κŵ (7.10)

which is completely non-perturbative, giving a phase rotation to any given state depending

on its D0,D4 and NS5 charges. For the perturbative theory, this is simply a Zp orbifold of

the type IIA string on K3× T 2 by γ̃, with γ̃ now acting non-trivially on K3× T 2 (i.e. not

just acting on K3). Perturbative consistency of this then does not depend at all on the

parameters α, β, κ and only depends on the choice of twist γ. However, this is still dual to

the heterotic construction, and perturbative consistency of the heterotic dual constrains α

and β, as above. Similarly, the original IIA version sets κ = 0.

Finally, we can instead take the shift t to be generated by the singlet charge K, and

take γ ∈ O(Γ5,21). Then the shift becomes

δ ·Π = κŵ (7.11)

for the type IIA string. ŵ is a perturbative charge for the type IIA string, but it is not

constrained by IIA modular invariance since the shift vector involves a winding charge but

no momentum. In this case, the only constraint is that pκŵ is a lattice vector, so κ = n/p

for some integer n < p.

7.3 Compactifications to four dimensions

We now turn to compactifications to four dimensions, which allow more general construc-

tions.

Symmetries and automorphisms. The heterotic string compactified on T 6 or type

IIA string compactified on K3×T 2 has, at generic points in the moduli space, a symmetry

[O(Γ6,22)× SL(2,Z)] n U(1)56 . (7.12)

There is a U(1)28 gauge symmetry associated with 28 gauge fields, and, formally, a further

U(1)28 symmetry associated with the S-dual gauge fields. In different S-duality frames,

different subgroups U(1)28 ⊂ U(1)56 will be realised as fundamental gauge symmetries.

There are 28 electric and 28 magnetic charges, transforming in the (28, 2) representation

under O(6, 22)× SL(2).

Here we will focus on twists in O(Γ6,22) and not consider twists involving S-duality.

The discussion is then very similar to the 5-dimensional case above. We will consider an
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automorphism (γ, t) consisting of a twist γ ∈ O(Γ6,22) and a shift t ∈ U(1)56 where t

commutes with γ.

Choosing a sub-lattice Γ5,21 ⊕ Γ1,1 ⊂ Γ6,22, the symmetry algebra of the theory has

a subgroup

[O(Γ5,21) n U(1)52]× [O(Γ1,1) n U(1)4] . (7.13)

We can then use a twist γ ∈ O(Γ5,21) from the first factor and a shift t ∈ U(1)4 from the

second factor, and these indeed commute.

We will also consider choosing a sub-lattice Γ4,20 ⊕ Γ2,2 ⊂ Γ6,22, selecting a subgroup

of the symmetry algebra

[O(Γ4,20) n U(1)48]× [O(Γ2,2) n U(1)8] (7.14)

and using a twist γ ∈ O(Γ4,20) from the first factor and a shift t ∈ U(1)8 from the second

factor. One class of examples arises in taking a reduction to 5 dimensions of the kind

considered in the previous subsection, with a twist γ ∈ O(Γ4,20) and a shift on a circle,

followed by a standard reduction (no twist or shift) on a further circle; such cases have been

the main focus in this paper. We can also consider reductions by (γ1, t1) and (γ2, t2) where

γ1, γ2 are two commuting twists in O(Γ4,20) and t1, t2 are two shifts in U(1)8 (see [7] for an

analysis of models with two twists). Note that the 8-charges for U(1)8 transform as a (4, 2)

under O(2, 2)× SL(2). Using O(2, 2) ∼ SL(2)× SL(2), this is the (2, 2, 2) representation of

SL(2)× SL(2)× SL(2).

The heterotic string perspective. Consider first the case with a twist γ ∈ O(Γ5,21)

from the first factor in (7.13) and a shift t ∈ U(1)4 from the second factor in (7.13). It

is natural to choose a split so that the sub-lattice Γ5,21 is associated with the heterotic

string compactified on T 5 and the sub-lattice Γ1,1 with a further circle compactification.

The charges for the U(1)4 symmetry are the heterotic momentum k and winding w on

the extra circle, the heterotic 5-brane charge z for heterotic 5-branes wrapping T 5 and the

Kaluza-Klein (KK) monopole charge q.10

Then the general shift vector is given by δ = (α, β, λ, κ) with four components, so that

δ ·Π = αk + βw + λq + κz . (7.15)

The shifts involving z, q do not affect the perturbative theory. For the models of section 4 –

with γ ∈ O(Γ4,20) — perturbative consistency is achieved if both α and β are non-zero with

αβ = 1/p2. A similar analysis can be done for the general case with arbitrary γ ∈ O(Γ5,21).

The case with a twist γ ∈ O(Γ4,20) from the first factor in (7.14) and a shift t ∈ U(1)8

from the second factor in (7.14) is very similar. Choosing the natural split in which the

sub-lattice Γ4,20 is associated with the heterotic string compactified on T 4 and the sub-

lattice Γ2,2 with a further T 2 compactification, the charges for the U(1)8 symmetry are

the heterotic momenta ki and windings wi on the T 2, the heterotic 5-brane charges zi for

10The KK monopole charge arises from solutions of the form R×ALF×T 5 where R is a timelike direction

and ALF denotes an ALF gravitational instanton with charge q (so that for q = 1 we have self-dual Taub-

NUT space). The ‘extra circle’ is the fibre of the ALF gravitational instanton.
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heterotic 5-branes wrapping T 5 and the Kaluza-Klein monopole charges qi, where i = 1, 2

is a coordinate index on T 2, which has coordinates yi. The charge zi is for a 5-brane

wrapping the yi circle and the T 4, so it is the winding number for the solitonic string from

the 5-brane wrapping T 4. The general shift is then of the form

δ ·Π = αiki + βiw
i + λiq

i + κizi (7.16)

For the models of section 4, perturbative consistency requires αiβi = 1/p2. Taking the

only non-zero coefficients to have, say, i = 1 reduces this to the previous case.

The type IIA string perspective. For the case with a twist γ ∈ O(Γ5,21) from the

first factor in (7.13) and a shift t ∈ U(1)4 from the second factor in (7.13), the natural

choice of split has the lattice Γ5,21 associated with the type IIA string compactified on

K3 × S1 and the lattice Γ1,1 associated with a further compactification on a circle with

coordinate y1. In this case the U(1)4 charges are the momentum k̂ and type IIA winding

ŵ on the y1 circle, the charge ẑ from an NS5-brane wrapping K3 and the y1 circle, and the

KK monopole charge q̂ associated with the y1 circle.

Then heterotic-type II duality relates these to heterotic charges: k = k̂, w = ẑ and

z = ŵ, q = q̂. The general shift vector δ = (α, β, λ, κ) gives (7.16) in the heterotic

picture and

δ ·Π = αk̂ + βẑ + κŵ + λq̂ (7.17)

for type IIA. This shift again leads to a charge-dependent phase exp(2πiδ ·Π) in the auto-

morphism. Level matching of the perturbative type IIA string with α 6= 0 leads to κ = 0, as

in the five-dimensional analysis above but places no constraints on β, λ as they correspond

to non-perturbative contributions for the IIA string. Requiring perturbative consistency

of both the IIA and heterotic formulations is satisfied (for the models of section 4) with

α = β = 1/p, κ = 0 but puts no constraints on λ. The perturbative IIB formulation gives

no further constraints.

As in the five dimensional case, we can consider acting on a dual pair with a duality

transformation. This will transform the charges appearing in the shift, and take the twist

to a conjugate one, which for p = 2 might include factors of Ω or (−1)FL .

S-duality. To find a constraint on the parameter λ, one could seek a duality that trans-

forms q to a perturbative charge that would enter into the perturbative constraints in the

dual theory. Such a duality is provided by the heterotic string S-duality.

The heterotic charges (k,w, z, q) transform as a (2, 2) under O(Γ1,1) × SL(2,Z), with

(k,w) and (z, q) transforming as doublets under the T-duality O(Γ1,1) and (k, q) and

(w, z) transforming as doublets under the S-duality SL(2,Z). Then acting with the

SL(2,Z) element (
0 1

−1 0

)
takes the shift (7.15) to

δ ·Π = −κw − λk + αq + βz , (7.18)
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while leaving the twist unchanged. If we were to demand perturbative consistency of this

S-dual theory, this would be achieved only if both λ and κ are non-zero with λκ = 1/p2

once again for the models of section 4. We then learn that perturbative consistency of the

heterotic string and of the S-dual heterotic string would require all four components of the

shift vector to be non-zero, and we could satisfy these requirements by taking

α = β = λ = κ =
1

p
(7.19)

However, in this case S-duality doesn’t commute with the quotient — the strong cou-

pling behaviour of the N = 2 supersymmetric theory arising from the quotient is not given

by the strong coupling behaviour of the original N = 4 supersymmetric theory. Then the

constraint λκ = 1/p2 should not be applied to the original theory, and we can keep κ = 0,

as found above.

One can see directly why the adiabatic argument fails in this case. Heterotic S-duality

corresponds, in type IIA variables, to a double T-duality on the two-torus, sending the

torus area A to (α′)2/A. The adiabatic argument holds in the limit where the T 2 base is

large, hence is not compatible with this duality transformation.

The FHSV model revisited. The lattice Γ5,21 is given by

Γ5,21
∼= E8 ⊕ E8 ⊕ U ⊕ U ⊕ U ⊕ U ⊕ U . (7.20)

Consider then the automorphism γ given by interchanging two E8 ⊕ U sublattices and

acting as −1 on the remaining sublattice U ⊕ U ⊕ U . This twist γ ∈ O(Γ5,21) can be

associated with the first factor in (7.13) and combined with a shift t ∈ U(1)4 from the

second factor in (7.13), with shift vector δ = (α, β, λ, κ).

The heterotic string dual of the FHSV model discussed in subsection 6.3 is of precisely

this form. With the natural choice of split in which the sub-lattice Γ5,21 is associated

with the heterotic string compactified on T 5 and the sub-lattice Γ1,1 with a further circle

compactification, the shift is δ ·Π = αk+ βw+ λq+ κz. Perturbative consistency required

both α, β to be non-zero with αβ = 1/4 [12].

In the FHSV model, γ is not taken to act on K3× T 2 in the way we have referred to

as ‘natural’. In choosing the sub-lattice Γ5,21 ⊕ Γ1,1 ⊂ Γ6,22, we take the Γ1,1 part of the

charge lattice to be the one corresponding to D0-brane charge and D4-brane charge (for

D4-branes wrapping K3). Then γ acts on K3 through the Enriques involution and on T 2

as a reflection. For the model of [12, 43], the shift was taken to be

δ ·Π = αZ0 + βZ4 , (7.21)

where Z0 is the D0-brane charge and Z4 the charges of D4-branes wrapping K3, giving a

phase rotation to any given state depending on its D0 and D4 charges. The general heterotic

shift δ · Π = αk + βw + λq + κz would correspond to extending the FHSV construction

must be extended by taking λ, κ non-zero, giving

δ ·Π = αZ0 + βZ4 + κZ2 + λZ6 (7.22)
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where Z2 is the charge for D2-branes wrapping T 2 and Z6 is the charge for D6-branes

wrapping K3×T 2. Perturbative consistency of the FHSV construction places no constraint

on the four parameters.

However, we can instead make the following choice, giving a type IIA dual of the

heterotic FHSV model which looks different from the original Enriques Calabi-Yau type

IIA compactification. In choosing the sub-lattice Γ5,21 ⊕ Γ1,1 ⊂ Γ6,22, we now take Γ5,21

to be the charge lattice for the IIA string on K3 × S1, so that γ acts as an involution of

K3 × S1, with a fixed point locus, and Γ1,1 is associated with a further circle reduction.

Then the shift is

δ ·Π = αk̂ + βẑ + κŵ + λq̂ (7.23)

where k̂ is the IIA momentum, ẑ is the NS5-brane charge. ŵ is the IIA string winding

number and q̂ is the KK monopole charge. The perturbative charges are k̂, ŵ.

In this case, the transformation given by this twist and shift is not quite a symmetry

of the IIA string on K3 × T 2. The twist involves a reflection y → −y on the circle in

K3× S1 and this must be combined with a world-sheet parity transformation Ω to give a

symmetry. We then have an orientifold of the IIA string on K3× T 2 by Ω combined with

the shift and twist described above. For the shift δ ·Π = αk̂ this is an orientifold analysed

in [18] as a dual to the FHSV model. We can consider generalising this by extending the

shift to (7.23). Perturbative consistency of the IIA theory then leads to κ = 0 as before.

The heterotic dual gives αβ = 1/4. As noted in [18], the adiabatic argument supports the

duality between this orientifold and the heterotic dual, but does not apply to the duality

between the FHSV model and its heterotic version.

This type IIA orientifold is non-geometric, following the analysis of section 2; the action

on the K3 CFT is in O(Γ4,20) but not in O(Γ3,19), and the shift corresponding to the second

circle has both momentum and winding components. However through heterotic/type IIA

duality it is expected to be non-perturbatively equivalent to type IIA compactified on the

Enriques Calabi-Yau threefold.

7.4 Non-geometric constructions

The general class of construction we have been discussing consists of a quotient of a string

theory background by a twist γ of order p in a duality group O(Γn,n+16) for n = 4 or

n = 5 together with a shift t. From the discussion in section 2, when t is a simple shift

t : y 7→ y + 2π/p of a circle coordinate y, this can be seen as a special point in the

moduli space of a duality twisted reduction, with the dependence of all fields on y given

by a continuous duality transformation g(y) ∈ O(n, n + 16) with monodromy γ. If the

monodromy transformation acts geometrically, this constructs a bundle over a circle with

fibre T 4 or T 5 or K3 or K3 × S1. For example, starting from type IIA compactified on

K3× S1 with γ ∈ O(Γ3,19) ⊂ O(Γ4,20) acting as a K3 diffeomorphism, the duality twisted

reduction can be understood as a geometric compactification of the type IIA string on a

K3 bundle over S1. More generally, the result is non-geometric. If γ involves T-duality

transformations, we have a T-fold and if it includes mirror transformations, we have a

mirror-fold.

– 34 –



J
H
E
P
1
0
(
2
0
1
9
)
2
1
4

Our heterotic construction involved a shift vector δ = (α, β) so that the shift is gener-

ated by

2πiδ ·Π = αk + βw (7.24)

with αβ = 1/p2. As we have seen in section 6, this can be thought of as acting as a phase

rotation on a state with momentum k and heterotic winding number w, or as giving a shift

on the 2-dimensional doubled circle with coordinates y, ỹ with y → y+ 2πα, ỹ → ỹ+ 2πβ.

The theory can be formulated as a double field theory with fields depending on both y

and ỹ. Then this is a special point in the moduli space of a duality twisted reduction in

which the dependence of all fields on y, ỹ is given by a continuous duality transformation

g(y, ỹ) ∈ O(n, n+ 16) with monodromy γ:

g(y, ỹ)−1g(y + 2πα, ỹ + 2πβ) = γ (7.25)

(This is a special case of a more general construction in which there could be different

monodromies in the y and ỹ directions.) For geometric monodromy in GL(n,Z) acting

as a diffeomorphism of Tn, this constructs a Tn bundle over the doubled circle, while for

a T-duality monodromy in O(Γn,n) this constructs a bundle of a 2n-dimensional doubled

n-torus over the doubled circle, which gives the geometric realisation of a T-fold in the

doubled formalism [8]. For a general monodromy in O(Γn,n+16), this is a bundle with fibre

the heterotic doubled torus Tn,n+16 of dimension 2n + 16 over the 2-dimensional doubled

circle, which can be regarded as a configuration for heterotic double field theory.

Our general construction involved further charges QI , so that the shift vector was of

the form δ = (α, β, λI)

2πiδ ·Π = αk + βw + λIQI (7.26)

These too can be geometrised by going to an extended field theory with further coordinates

uI on which the charges QI act as translations:

QI = −i ∂
∂uI

(7.27)

Then in the extended field theory, the coordinates that the fields depend on include y, ỹ, uI

and the shift t acts as a translation on y, ỹ, uI , resulting in a generalised bundle over a base

space (typically a torus) with coordinates y, ỹ, uI .

8 Conclusion

In this paper, we have proposed a four-dimensional N = 2 non-perturbative duality re-

lating non-geometric Calabi-Yau compactifications of the type IIA superstring to T-fold

compactifications of the heterotic superstring and have shown that this duality follows from

the adiabatic argument. The non-geometric type II backgrounds were constructed in [7]

as K3 fibrations over T 2 with monodromy twists associated with the action of mirrored

K3 automorphisms on the K3 CFT. The K3 automorphisms are realised in the heterotic

string as element of the T-duality group, and the heterotic duals are T 4 fibrations over T 2

with T-duality monodromy twists. At points in the moduli space which are fixed under the
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action of the monodromy automorphisms, the construction reduces to an asymmetric orb-

ifold on the heterotic side and to an asymmetric Gepner model in type IIA. At these fixed

points, there is no enhanced gauge symmetry but there is enhanced discrete symmetry.

These models preserve N = 2 supersymmetry in four dimensions. The automorphism

acts on the lattice Γ4,20 by an isometry in O(Γ4,20) that leaves no sublattice of Γ4,20 in-

variant. For the heterotic string on T 4, all of the four left-moving and twenty right-moving

chiral bosons transform. On the type II side of the duality, the D-brane charge lattice is

Γ4,20 and the fact that no sublattice is left invariant by the twist means that all BPS D-

brane states are projected out by the orbifold. This is consistent with the fact that there are

no Ramond-Ramond ground states in these theories, since all space-time supersymmetry

comes from the left-movers.

The naive heterotic dual of the type IIA construction is not modular invariant. We

found a modification of the heterotic construction that is modular invariant, and this

modification led in turn to a non-perturbative modification of the type IIA model. A

similar story applies to the FHSV model. For the type IIA string, the modification can be

viewed as necessary for non-perturbative consistency. Although we do not have a complete

non-perturbative formulation, it seems that a necessary condition for the non-perturbative

consistency of a model should be that the theory is modular invariant in all possible duality

frames, and in any given frame this can require non-perturbative corrections, as we have

seen. Our models are perturbatively consistent in the IIA, IIB and heterotic duality frames.

Acting with a duality transformation then takes us to a new perturbative theory (which

can also be thought of as choosing a different modulus of the original theory as a coupling

constant) and we again require consistency in this new perturbative theory.

Let us explore this further. It is believed there is a non-perturbatively consistent string

solution that can be treated as a perturbation theory in terms of the IIA coupling constant,

the IIB coupling constant or the heterotic coupling constant. The perturbative heterotic

theory is the heterotic string compactified on T 6, while the perturbative IIA (IIB) theory

is the IIA (IIB) string compactified on K3× T 2. The theory is believed to have an exact

non-perturbative symmetry (7.12) and we are interested in taking quotients of the theory

by a Zp subgroup of this. The key question is which Zp subgroups lead to consistent theo-

ries. We have seen that different restrictions arise from requiring perturbative consistency

as a IIA, IIB or heterotic theory. Acting with a symmetry in (7.12) maps the Zp subgroup

to a conjugate Zp subgroup embedded differently in the symmetry group and gives a new

quotient. The new quotient will not in general be dual to the original one, but in an

important class of cases, such as the ones studied here in which the adiabatic argument

can be applied, this gives a new dual of the original construction. Perturbative consistency

of each such dual theory gives further constraints. In this way, we find a set of neces-

sary conditions for the consistency of the quotient. Knowing whether these are sufficient

would require an understanding of the non-perturbative theory, but these conditions give

us important information about the non-perturbative theory that it would be interesting

to investigate further.

The Zp symmetries we have been quotienting by are generated by a transformation

(t, γ) consisting of a twist γ ∈ O(Γ5,21) and a shift t ∈ U(1)4 (or a twist γ ∈ O(Γ4,20) and
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a shift t ∈ U(1)8). The adiabatic argument led us to use the same twist in each duality

frame, but we found different consistency conditions on the shift in different duality frames.

In our original IIA construction, the shift was a simple order-p shift of a circle coordinate

y 7→ y + 2π/p and this was sufficient for IIA modular invariance. For the heterotic dual,

heterotic modular invariance required also shifting the T-dual coordinate ỹ 7→ ỹ + 2π/p,

or, equivalently, the action of t on a state with momentum k and winding w on the circle

was to multiply by a phase exp(2πi(k + w)/p). Transforming back to the IIA theory, the

heterotic winding number w is mapped to the NS5-brane wrapping number, and so action

of t on the IIA string involves a phase depending on the NS5-brane charge, giving a non-

perturbative modification of the theory. The general picture involves a phase depending

on four charges for a shift t ∈ U(1)4 or eight charges for a shift t ∈ U(1)8, and acting

with a duality transformation can change which charges they are. For example, the FHSV

construction involved a phase depending on the D0- and D4-brane charges, while the dual

we found had a phase depending on the type IIA momentum and NS5-brane charge.

We now return to Harvey and Moore’s question. There are two classes of N = 2 het-

erotic toroidal orbifolds with a known type II dual: quotients by symmetries that preserve

a D-brane charge lattice, corresponding to IIA on Calabi-Yau three-folds, and quotients

that do not preserve any charge lattice, corresponding to non-geometric compactifications

based on mirrored automorphisms. In general, an orbifold of the heterotic string on T 4+n

by a symmetry G is mapped to an orbifold of the type IIA string on K3 × Tn by the

dual G which now acts on the type IIA string; this will require that the orbifold is non-

perturbatively consistent, so that in particular it is modular invariant in both the heterotic

and type IIA duality frames. Consider for example a general Zp orbifold of the heterotic

string on T 4 × S1 by (γ, t), where γ ∈ O(Γ4,20) acts as a heterotic T-duality and the shift

gives a phase depending on the momentum and the heterotic winding number on the S1.

This is then mapped to an orbifold of the type IIA string on K3× S1 by the transforma-

tion (γ, t) in which γ acts as a K3 automorphism and t gives a phase depending on the

momentum on the S1 and the NS5-brane charge for NS5-branes wrapping K3 × S1. In

some cases the type IIA dual is a CY compactification, but in general it will lead to a non-

geometric construction. It will be interesting to explore this duality further, for example

for the models of [2–4].
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A Partition function computations

ϑ functions. In this section, we give our conventions for ϑ functions and recall some

of their modular properties that are useful in our computations. We define the Jacobi ϑ

function with characteristic as

ϑ

[
α

β

]
(τ |v) :=

∑
n∈Z

q
1
2(n+α

2 )
2

e2iπ(n+α
2 )(v+β

2 ), (A.1)

where α, β ∈ R and where q is defined, as usual, by q := exp(2iπτ). ϑ also admits the

product representation [44]

ϑ
[
α
β

]
(τ |v)

η(τ)
= eiπα(v+β

2 )q
α2

8
− 1

24

∞∏
n=1

(
1+qn+α−1

2 e2iπ(v+β
2 )
)(

1+qn−
α+1

2 e−2iπ(v+β
2 )
)
, (A.2)

where η(τ) is the Dedekind η function defined by

η(τ) := q1/24
∞∏
n=1

(1− qn). (A.3)

The well-known modular properties of the ϑ functions makes them functions are a powerful

tool in constructing modular invariant quantities. Their behaviour under the generators of

SL(2,Z) are given by

ϑ

[
α

β

]
(τ + 1|v) = e−

iπ
4
α(α−2)ϑ

[
α

α+ β − 1

]
(τ |v) , (A.4a)

ϑ

[
α

β

](
−1

τ

∣∣∣∣vτ
)

= e
iπ
2
αβ+ iπ

τ
v2
ϑ

[
−β
α

]
(τ |v) . (A.4b)

It is also easy to show that the arguments α and β satisfy the periodicity properties

ϑ

[
α+ 2

β

]
(τ |v) = ϑ

[
α

β

]
(τ |v) and ϑ

[
α

β + 2

]
(τ |v) = eiπαϑ

[
α

β

]
(τ |v) . (A.5)

In the following, we will drop the explicit τ dependence of the ϑ functions and write only

ϑ
[
α
β

]
(v) (or simply ϑ

[
α
β

]
if v = 0). An especially useful identity when it comes to computing

BPS indices for instance is the famous Jacobi abstruse identity which allows one to sum

over spin structures and which reads [41]

1

2

1∑
α,β=0

(−1)α+β+αβ
4∏
i=1

ϑ

[
α+ hi
β + gi

]
(vi) = −

4∏
i=1

ϑ

[
1− hi
1− gi

]
(v′i) (A.6)

provided that
∑

i hi =
∑

i gi = 0; here,

v′1 =
1

2
(−v1 + v2 + v3 + v4) , v′2 =

1

2
(v1 − v2 + v3 + v4)

v′3 =
1

2
(v1 + v2 − v3 + v4) , v′4 =

1

2
(v1 + v2 + v3 − v4).

(A.7)
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Restrictions on the shift vector. Let us first show that it is always possible to find a

representative of the shift vector in 1
pΓ2,2/Γ2,2 such that

p2αiβi = Ψp , (A.8)

so equation (4.8) holds strictly, not just modulo p. First, one may note that Ψp and p must

be coprime, as follows from gcd(s, p) = 1 — the latter being imposed by equation (4.3).

Assuming that one starts with a shift vector δ satisfying equation (4.8), this means now

that gcd(α1, α2, p) = 1 as well since equation (4.8) would not admit a solution for β1 and

β2 otherwise. In such a case, it is always possible to define α̃1 := α1 and α̃2 := α2 + tp for

some integer t so that gcd(α̃1, α̃2) = 1; indeed, the existence of a solution to{
t = 1 mod q ∀ prime q | gcd(α1, α2)

t = 0 mod q′ ∀ prime q′ | α1 and q′ - gcd(α1, α2)

is guaranteed by the Chinese remainder theorem,11 and one may show that such an integer

t would lead to gcd(α̃1, α̃2) = 1 as required. Bézout’s identity12 then finally ensures us

that there exist integers β̃1 and β̃2 with β̃i = βi mod p such that α̃iβ̃i = Ψp, so that we

can indeed choose a representative of any given vector shift δ satisfying (4.8) strictly.

We now give more details about how one gets to equation (4.6). First, it may be shown

(see e.g. [45]) that
p∑
a=1

gcd(a,p)=1

ak =
∑
d|p

µ
(p
d

)(p
d

)k d∑
a=1

ak

for any integers k and p, µ being here the Möbius function (that is the inverse of the

constant function 1 under Dirichlet involution). This allows one to show in particular that

p∑
a=1

gcd(a,p)=1

a =
1

2
pϕ(p) (A.9a)

p∑
a=1

gcd(a,p)=1

a2 = ϕ(p)

1

3
p2 +

1

6

∏
q|p

q prime

(−q)

 (A.9b)

for all p > 1, where the product in the last equation runs over prime factors of p. The

repartition of the eigenvalues of γ given in (4.3) then leads to the simplification (4.6) as

claimed in section 4.4.
11Which proves more generally the existence of a solution to

x = xi mod pi i = 1, . . . , n

for any set or pairwise coprime integers {pi, i = 1, . . . , n}.
12Which states that

αx+ βy = γ

admits a solution for (α, β) if and only if gcd(x, y) | γ; in particular, it therefore ensures the existence of

solutions to the above equation for any integer γ in the case where x and y are coprime integers.
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[44] R. Blumenhagen, D. Lüst and S. Theisen, Basic concepts of string theory, Theoretical and

Mathematical Physics, Springer, Heidelberg, Germany, (2013).

[45] T.M. Apostol, Introduction to Analytic Number Theory, Undergraduate Texts in

Mathematics, Springer-Verlag, New York, U.S.A. (1976).

– 42 –

https://doi.org/10.1088/1126-6708/2005/10/096
https://arxiv.org/abs/hep-th/0507014
https://inspirehep.net/search?p=find+EPRINT+hep-th/0507014
https://doi.org/10.1007/JHEP09(2019)051
https://arxiv.org/abs/1903.04947
https://inspirehep.net/search?p=find+EPRINT+arXiv:1903.04947
https://doi.org/10.1103/PhysRevLett.63.478
https://doi.org/10.1103/PhysRevLett.63.478
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,63,478%22
https://doi.org/10.1016/0550-3213(95)00611-7
https://arxiv.org/abs/hep-th/9510142
https://inspirehep.net/search?p=find+EPRINT+hep-th/9510142

	Introduction
	Non-geometric Calabi-Yau backgrounds
	Mirrored automorphisms
	Non-symplectic K3 automorphisms
	Mirrored K3 automorphisms
	Non-geometric K3 x T2 orbifolds

	Heterotic duals of non-geometric type II compactifications
	Type IIA — heterotic duality in six dimensions
	Construction of the heterotic dual
	Geometric and non-geometric twists
	Modular invariance and restrictions on the shift vector

	BPS states
	Helicity supertraces
	Some explicit results

	The non-perturbative type IIA construction and duality
	Interpretation of the shift vector
	The non-perturbative type IIA construction
	The FHSV model

	Duality covariant formulation and new non-geometric constructions
	Dualities and quotients
	Compactifications to five dimensions
	Compactifications to four dimensions
	Non-geometric constructions

	Conclusion
	Partition function computations

