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1 Introduction

Axions have been considered in various areas of particle physics and cosmology, such as the
solution to the strong CP-problem [1], the origin of inflation [2] and their contribution to
dark matter and dark energy of the universe. These applications are typically connected to
peculiar relations (hierarchies) of the mass scales under consideration. The QCD-axion as
a solution of the strong CP-problem has to have a decay constant in the so-called “axion
window” between 10° and 10'2 GeV [3] much larger than the QCD scale;! axionic inflation
seems to require trans-Planckian excursions of the inflaton field [9, 10]. These scales could
be chosen ad hoc, but in a consistent ultraviolet (UV) complete theory one would like to
understand the origin of these scales and hierarchies as well as their relation to physical
mass scales like the Planck mass, the weak (TeV) scale and the QCD scale.

A specific mechanism to create a hierarchy of axionic scales has been proposed in the
framework of axionic (natural) inflation to create trans-Planckian axion decay constants
via the alignment of (two) axions [11, 12], each with sub-Planckian decay constant. This
alignment mechanism has been generalised to the multi-axion case [13] that allows the
creation of an even larger hierarchy from moderate values of the fundamental parameters.

'Here we will assume the standard axion cosmology without consideration of late time entropy injec-
tion [4, 5] or stronger QCD phase in the early universe [6-8] which may relieve the upper bound 10'% GeV
on the QCD axion decay constant.



Such a multi-axion approach has been used to create a large scale for the QCD axion
(within the “axion window”) starting from weak scale physics in the TeV-range [14].

A new challenge towards the creation of large hierarchies appears with the proposal
of the so-called “relaxion mechanism” for a dynamical creation of the weak scale from the
Planck scale [15]. Again, the mechanism of axion alignment was applied successfully [16].
It was subsequently pointed out that there is a similarity of the aligned axions and a
“clockwork” mechanism [17]. As such, the multi-axion systems discussed here resemble ap-
proaches with accidental continuous symmetries (accions) through discrete symmetries [18]
or the consideration of deconstructed extra dimensions [19, 20]. A next step considered
the continuum limit N — oo of aligned N-axion systems [21]. Discrete and continuous
clockworks share some similarities but differ in the detailed interpretation as discussed in
refs. [22-24]. While all these applications are very promising for the creation of hierarchies,
there still remains the question of the embedding in a consistent ultraviolet completion. In
previous work [25] we have considered the continuous clockwork mechanism in the frame-
work of heterotic M-theory of Hotava and Witten [26].> For certain specific clockwork
parameters we could accomodate a large hierarchy between the Planck scale and the weak
(TeV) scale.

In the present paper we investigate the options for the QCD-axion as a solution to
the strong CP-problem within a heterotic M-theory clockwork scheme, i.e. we explore
the possibilities to obtain an axion decay constant within the allowed “axion window”,
extending previous discussions of QCD-axions embedded in string theory [31]. Within
the framework of the (weakly coupled) heterotic string it turns out to be very difficult to
arrange for a large hierarchy between the Planck scale and the axion scale because these
scales are strictly related through the value of the gauge coupling constants. This is different
in heterotic M-theory (strongly coupled case) because of the appearance of warped extra
dimensions. The gauge coupling constants on the visible and hidden brane are controlled
by the volume of the compact six-dimensional space (Calabi-Yau (CY) manifold) on the
respective brane. A hierarchy of scales could emerge in the situation of particular non-
standard embeddings where the volume of the hidden brane is larger than that of the
visible brane. In our previous work [25] we have discussed this clockwork mechanism
towards a solution of the hierarchy problem between the weak scale and the Planck scale.
In the present paper we explore the mechanism for the explanation of the (more moderate)
hierarchy between the Planck scale and the QCD-axion decay constant. We illustrate the
mechanism in the simplest case of two axions known as the model-independent (MI) and
the model-dependent (MD) axion [32]. This corresponds to the case of one Kédhler modulus
of the Calabi-Yau manifold (h(;;) = 1) and the clockwork parameter ¢ = 6 [25]. More
general cases will be relegated to the appendix.

Our analysis clarifies that there is no possibility for an acceptable QCD-axion in weakly
coupled heterotic string theory: the axion decay constants will always be of order of the

2 As discussed in [24], the notion of continuous clockwork incorporates Randall-Sundrum (RS) model [27]
and large extra dimension (LED) [28] as well as more general warped extra dimensional models, such as
linear dilaton model [29]. The extra dimensions of heterotic M-theory [30] can be described in terms of
continuous clockwork as well [25].



string scale and thus far above the “axion window”. The case of heterotic M-theory,
however, looks more promising. The continuous clockwork mechanism discussed in ref. [25]
allows a lowering of the relevant axion decay constant. The results of the present paper
can be summarised as follows:

e There are various possibilities to lower axion decay constants to match the “axion
window”.

e Among them there is, however, only a unique candidate for a QCD axion where M
(the fundamental mass scale of M-theory) is lowered to a value not too far from that
axion window. In fact, the axion decay constant f, of the QCD axion will be an
order of magnitude smaller than Mj;.

e This QCD axion is accompanied by at least one (hidden) ultra-light axion (ULA).
Its decay constant is smaller than that of the QCD axion and it is essentially decou-
pled from the observable sector. Properties of such ULA(s) should be investigated
thoroughly.

The paper is structured as follows. In section 2 we shall present the axion candidates,
separately for the weakly coupled heterotic string and heterotic M-theory. Section 3 dis-
cusses the mixing between the various axion candidates and points out specific differences
between the cases of string and M-theory. In section 4 we shall analyse the axion decay
constants for the two separate cases. Section 5 is devoted to the analysis of candidates for
a QCD axion. There we shall present the unique axion solution to the strong CP-problem.
Section 6 will be devoted to conclusions and outlook. Some technical details and discussion
of Kaluza-Klein (KK) axions that originate from the clockwork mechanism will be given
in the appendices.

2 Axion candidates

In this section, we will review the axion candidates under consideration. We shall identify
and compare the candidates in the standard 10-dimensional heterotic string theory (weakly
coupled case) with those in 11-dimensional heterotic M-theory (strongly coupled case).

2.1 Weakly coupled heterotic string

The part of the low energy action of the heterotic string theory relevant for our discussion

can be written as®
1 04 o
S10=—5 *R—Z2HN*H — —trF AN*F | — BAXg+... (2.1)
252 2 4
/4310 M10 M10

where K%, = €2?(a/)*/8, the string tension o/ and length {5 are related by o/ = (¢5/27)?,

H is the field strength of the 2-form field B, F is the Fg x Eg gauge field strength.
The first term is understood as the classical action of heterotic string theory, while the

$We adopt the conventions used in [31].



second integral in the r.h.s. of the above action is necessary for the Green-Schwarz (GS)
anomaly cancellation mechanism [33] with the 8-form constructed out of F' and R 2-forms:
Xg =citrF* +co (trF2)2 + c3tr F2 trR2 + - - - . It could be interpreted as a 1-loop quantum
correction to the classical theory.

The field strength H has to satisfy the modified Bianchi identity

1
dH = ——— (trFAF —trRAR) (2.2)
1672
for the theory to be supersymmetric and anomaly free. This leads to the following expres-
sion for H
H =dB + w3, (2.3)
where 1
= _ — 2.4
w3 = (wym —wr) (2.4)
with 5 5
Wy = tr <AF — 3A3> , wr, = tr (wR — 3w3> , (2.5)

which are the Yang-Mills and Lorentz Chern-Simons 3-forms, respectively.

We are interested mainly in the axion fields in A/ = 1 SUSY theory in 4D, so in order
to get their definitions and interactions we compactify the 10D theory described by the
action (2.1) on a compact 6D CY manifold X%, Thus, we assume M0 = M* x X¢ with
M?* being the 4D Minkowski space-time. For the reduction procedure, we expand B and
ws forms in harmonic (1, 1)-forms wgl’l) c HO)(X)(i=1,... ,h1,1)) on X6

1 ,

B = 7%(1,1) b (x)+---, (2.6)
27
1 .

w3 = %(JJZ-(Ll) A qlA(:C) + Tty (27)

where b'(z) and A(zx) are 4D fields and factors of 1/27 are introduced to obtain 27-
periodicity of the resulting axions and ¢ are dimensionless numbers depending on the
gauge bundles over X®. The important part of the 8-form Xg from the Green-Schwarz
term is given by

1 1
ngw(3’3)/\qF(a:)+8— (trlF/\F—2trR/\R) ANAriFAF —trogF ANF)+---, (2.8)
T

where w®3) is the harmonic (3,3) form on the CY space X° ¢ is another dimension-
less number determined from the gauge bundles over X, and tr; is trace in the j-th Eg
gauge group.

Using egs. (2.6), (2.7) and (2.8) in the action (2.1), the relevant part of the resultant
4D action may be written in the form

S4,axion = Sam1 + SaMD (2.9)
with the first term in the r.h.s. given by

2V

1
S = — —H AN%xH — BAF. 2.10
4, MI 25%0 /M4 5 *. i q ( )



This part of the action describes dynamics of the 3-form H which in 4D may be dualized
to a scalar. A way to dualize H Wp,4 is to enforce the Bianchi identity (2.2) by adding
to (2.10) a term with a 1-form Lagrange multiplier. Then H may be eliminated using its
equation of motion first and action (2.10) may be rewritten in the form

2k2 1
Sym1 = Mo / 4—(da—|—qA)/\*(da+qA)+
M

— triFANF +troF ANF
V! 5 /M4a(r1 + tro ),

(2.11)
where a is a scalar field to be identified as an axion. It couples the same way to both

1672

visible and hidden FEjg sectors and does not depend on the details of the compactification
from 10D to 4D. Thus, it is called the model independent (MI) axion. Loosely speak-
ing, it corresponds to the pseudoscalar B,,, and couples directly to the instantons in the
classical action.

The second term in the r.h.s. of (2.9) reads

A o S n; .
= ———— Gjj db* + ¢t A) A (db +¢7 A : b (tryFAF —trgF AF),
SaMD 1677%%0(;] M4( +q"A) Ax(db +¢ )+16772 /M4 (tri F' A roF' A F)
(2.12)
where
Gij = /)(6 WY At (2.13)
1 (1,1) 1

Action (2.12) describes h(; 1) axions b’. They are called model dependent (MD) axions
because, contrary to the MI axion a, their interactions depend on the details of the com-
pactification via quantities G;; and n;. Loosely speaking they can be identified with the
pseudoscalars B,,,, with indices m,n in the compact space. They have opposite sign cou-
plings to visible and hidden Fg gauge groups via the Green-Schwarz polynomial. Note that
fields @ and b’ are normalized to be 27-periodic. In the 4D supergravity language axions
are pseudoscalar components of chiral superfields. The MI axion belongs to the dilaton
field S while the MD axions are parts of the moduli 7 (the overall modulus 7 in the case
of h(1,1) = 1). At the classical level, these axions do not mix. Quantum corrections lead to
a mixing of the axions as will be discussed in section 3.

In the above discussions, we have ignored gA and ¢*A for a while. In fact, some of the
charges ¢ and ¢’ do not vanish if there exist anomalous U(1) gauge symmetries in Eél) X EéQ)
under which the corresponding axions transform non-linearly. Such axions may be gauged
away becoming longitudinal components of the gauge fields. Yet one can have remnant
global U(1)pq symmetries in matter sectors to deal with the strong CP problem [31, 32, 34].
In the next section, we will see that a similar structure appears for axions from the strongly
coupled heterotic string, but the associated U(1) gauge symmetries are not directly related

4When referring to components we use the following conventions: indices from the middle of the Greek

alphabet are tangent to Minkowski space M*, u,v,... = 0,1,2,3; indices from the middle of the Latin
alphabet are tangent to CY space X%, m,n,... =5,6,7,8,9,10; indices from the beginning of the Greek
alphabet are tangent to M* x S, o, 3,...=0,1,2,3,11.



to Eél) X EéQ). They instead come from the bulk gauge invariance of the 3-form C' of
the 11D supergravity. This will give a clockwork structure for the axions in the strongly
coupled theory.

2.2 Heterotic M-theory

The strongly coupled Eg x Eg heterotic string theory (heterotic M-theory) can be described
in terms of 11D supergravity with the bosonic part of the action given by

1 0, o,
511272 *R**G/\*G**C/\G/\G
2/611 M1l

2/3
(55) Z/ trF ) AxFjy (2.15)
8”“11 M

where k7, is related to fundamental 11D mass and length scales as follows: 3, = M,
and k7, = (9, /47. G is the field strengths of the 3-form field C,”> F{;) are the gauge
field strengths of two Eéj ) (j = 1,2) gauge groups living at the two 10D orbifold fixed
hyperplanes M%]Q).

In analogy to the weakly coupled heterotic string, the field strength G has to satisfy a
modified Bianchi identity which in this case takes the form

dG = JD A sz ) da + TP A sz — 7)) dz! (2.16)
with
; 1 1 ;
I =5 <trF(j) A Fijy = SR A R> = dw’ (2.17)
where ) )
=L < O 2wL> 7 (2.18)

while wgfj)w and wy, are the Yang-Mills and Lorentz Chern-Simons 3-forms as in (2.5). The

above Bianchi identity is solved when G is defined as [26, 35]
G =dC +wy, (2.19)

where
wy = wél) AS(x't) datt + w§2) A Szt — ey datt (2.20)

The G-field has a background value given by [26, 30, 36, 37]
(@) = n;w'®De(z!), (2.21)

where numbers n; are defined in (2.14) and w!@? (i =1,..., h(2,2) = h(1,1)) are harmonic
(2,2) forms on X°® which satisfy the condition [ wgl’l) A w2 = (5f

®The normalization convention for G and C' is adopted from [31], and differs from that in [25] by factor
£3,/+/2 and £3, /6+/2, respectively.



In order to find the 4D effective axion we first construct a 5D effective theory by
dimensional reduction of the 11D action (2.15). For this purpose we perform the follow-
ing steps: We keep in C' and G all relevant terms i.e. their background values and light
5D components:

(©) + WA A @)+ OOV @) + ... (2.22)

C
G=(G)+d (wgm A Ai(ma)) + OO () 1. .. (2.23)

where 1-form fields A*(z) and tensors C®) and G are 5D fields (have all indices tangent to
5D space and are functions of 5D coordinates) while (C) may be obtained from egs. (2.19)—
(2.21). We substitute such C' and G into the 11D action (2.15) and add to it a term with
a 7-form Lagrange multiplier to implement the modified Bianchi identity (2.16). Then, we
integrate over the CY space. Finally, eliminating first the tensor fields C®) and G(®) (using
their equations of motion), we get the following relevant part of the 5D action

S5,axion = — 27 /Ms |:2VX (da +n; A ) N * (da +n;A ) + %Gij‘ dA* A xd A7 (2.24)

1
+ /M5 E a [(trF(l) A F(l)) 5($11) + (tI“F(Q) VAN F(Q)) (5(%‘11 — 71'7‘11)] A\ dztt ,

where kinetic function G;; was defined in (2.13) and a is a scalar related to the field dual

to GO) by the relation
3

*, GO) = —él; (da +n; A7) . (2.25)

The scalar a couples the same way to both Eg gauge groups in analogy to the MI axion
in (2.11). It is a priori not obvious whether the action (2.24) describes any more axions.
The only fields present in (2.24) (in addition to the scalar a and the gauge fields strengths
Fj) are h 1) 5D vectors A’. We will see later that the components A}, which are 4D
scalars, will correspond to 4D axions. The first line in (2.24) shows that they necessarily
mix with the scalar a. Thus, the mixing among these fields must be taken into account
in order to identify precisely all axions in this case. Such mixing will be discussed in the
next section.

The action (2.24) is somewhat similar to the action (2.11) describing the MI axion in
the weakly coupled case. Here, however, the definition of the MI axion appears to be am-
biguous. Contrary to the weakly coupled string case, dualization of the tensor field strength
involves also other axion candidates .A%; with quantities depending on compactification de-
tails — numbers n; defined in (2.14) appear in relation (2.25). However, comparing the
weakly and strongly coupled heterotic theories, we notice that axion fields have similar
origin in both cases. The field a originates from dualization of the tensor field strength
(H in heterotic string theory and G in heterotic M-theory) with no indices tangent to the
CY space 5. The remaining axion fields are (parts of) coefficients in the expansion of
the tensor field (B in heterotic string theory and C in heterotic M-theory) in terms of
h(1,1) harmonic (1,1)-forms on & 6. Their number and properties do depend on the details



of the compactification. Thus, one could call them MD-like axions and refer to a as the
MI-like one.®

There are two differences between the weakly and strongly coupled theories due to the
fact that in the latter case compactification on X% leads to a 5D effective theory. One of
them consists in different transformation properties of MD axion fields. In the strongly
coupled case they are components of 5D vectors and become scalars only after further
compactification to 4D (field a is a scalar already in 5D). The second difference is quite
obvious: all the relevant fields in the M-theory case depend on 5D coordinates and only
(some of) their 4D zero modes play the role of 4D axions.

3 Mixing
3.1 Weakly coupled heterotic string

In the 4D supergravity language axions are imaginary (pseudoscalar) components of chiral
superfields. The MI axion belongs to the dilaton filed & while the MD axions are parts of
the moduli 77 (the overall modulus 7 in the case of hi1 = 1). While the axions are well-
defined at the level of the classical action, they mix via quantum corrections connected
to the Green-Schwarz anomaly cancellation terms. In the simple case of the standard
embedding the observable sector gauge group is broken to Fg and one obtains

fe=8+¢€T, fe=8—¢€T, (3.1)

where fg (fs) is the gauge kinetic function of the observable (hidden) Eg (FEs) and € is
a constant (fixed by the anomaly) [38-40]. In the case of some simple compactification
schemes (e.g. orbifolds) this mixing can be calculated in explicit one-loop calculations of
threshold corrections to the gauge kinetic functions [41, 42].

The identification of the physical QCD-axion will have to take into account this mixing.
We shall not discuss this here in detail as we shall see later that it is impossible to obtain
an axion decay constant within the “axion window” in the weakly coupled heterotic string.
Both decay constants fg and fs will be of order of the string scale and cannot be lowered
in the desired way. This will be different in the strongly coupled case.

3.2 Heterotic M-theory

As explained in the previous section, the axions in the heterotic M-theory originate from
the 4D zero modes of the 5D fields a (MI-like) and A%; (MD-like). We want to determine
the mixing among them. However, it is obvious from (2.24) that these fields mix also with
the remaining components of the 5D vectors A’. Thus, we have to eliminate this mixing
first and this can be done by a choice of the gauge. The kinetic term for A’ present in (2.24)
(obtained from that of the G field strength in the 11D action) depends on compactification
details because the gauge kinetic function G;j;, defined in (2.13), is related to properties of

5The field a corresponds to Cuu,11 (while Cyu, is responsible for the derivative of a along the 11th
dimension) in the strongly coupled case and to B, in the weakly coupled one. The candidates for the
remaining axions originate from Cp,r,,11 and Bmn, respectively.



(1,1)-forms on the internal CY space X®. In this section we consider the simplest case’

when there is only one such form (i.e. h( ;) = 1) so there is only one gauge field A = Al
In this case, it turns out that
Gy =3vy/%. (3.2)

The mixing between A, and (A;1,a) may be eliminated by choosing an appropriate gauge
i.e. by adding the following gauge fixing term [24]

B V=I9¢1/3 | aB 11,11811)( r—4/3 2 3 2
Sg.f, = — 5 VX g 8Q.AB +g —=A + TL1VX gAFaa , (3.3)
M5 297 X
where

2 E%

ga = 1/3 (34)
67V

203

F3= ‘7;7101 (3.5)
yn VY 3

x=v-gg'htg" R vy?, (3.6)

and VX =Vx/ Vx 0 with Vx o being the CY volume at our boundary =0 (convention
for indices as in footnote 4). The 11D space-time is warped, so the background metric g,s
and the volume Vy depend in general on the 11-th coordinate 2. Thus, the gauge choice
depends on the background geometry. In our previous work [25] we have shown that the
5D background geometry is given by

ds? = V);2/3 (e%lxunwdx“dx” + e2k2xll(dx11)2) . (3.7)

The prefactor V); 2/3 is introduced to obtain the Einstein frame in 5D. The exponents kj
and ko may be written as

ki =—bnMy,  ky=¢ék, (3.8)
where parameters b and é2 > 0 are determined by properties of the Kdhler moduli, and n
is given by
1 1 1
n = —g/g o w AN 1672 tI‘F(l) A F(l) — §tI‘R AR, (3.9)

with the Kéhler form w of X. The sign of this number is important because it determines
the direction of warping along the 11-th dimension. It is positive (negative k; and ks)
for the standard embedding while it can be negative (postive k1 and k) for non-standard
embeddings. Only the latter case is of interest for our discussion as it will give us the
possibility of lowering the axion scale significantly. For the present case of h(; ;) = 1 the
above parameters read

a2/3
b= —CUL_ & =6 3.10
"In appendix A, we will work out a next simple example with h@,1) = 2. We expect that essential

features should not be much different for bigger values of A 1.



and n = n; as defined in (2.14) with Vx — Vx . The volume modulus VX is related to the
dilaton S of the General Linear Dilaton (GLD) model [24, 25] which has the “linear dilaton”
background:

Vx = eV25 = kv (3.11)

After the gauge fixing (3.3), A, is decoupled from A;; and a, and we are left with
mixing between A;1 and a only. Diagonalizing it further, we obtain our final form for the
5D axion lagrangian:

1 1
SB,axion = _/ d533 |:277MV8M¢L81/¢L + §UMV8M¢R8V¢R
M5
1
+ §e2<k1—k2>z“ (01161 + madr)® + (O116r — madr)?]  (3.12)
1 - ~
—I—EQ (trF(l)F(l)é(xH) + tI‘F(Q)F(g)(S(JIH — 7T7"11)>:| ,

where

1 ? 1
my = \/<2k2 - k1> + n%gi‘Fg’ = §k32 + kl . (313)

Note that, in this notation, only the MI-like field a appears to couple to the gauge fields
F(j)F(j)- The coupling of the MD-like axions is hidden in the mixing. The orthogonal axion
fields ¢7, and ¢g are expressed in terms of the axionic fields a and A;; via the relations

b1 = o (gha—kr)att (a Ff/z cos B — An g;l sin 6) ) (3.14)
bR = ¢~ (Fha—ki)alt (—a F32 sing — Ay g4 cos B) , (3.15)

with the mixing angle 3 satisfying the condition

niy AV 2k1k2

tan 283 = —g 4 F3/? = : 3.16
B gAt, %k2_k71 %kZ_kl ( )
For ¢ = 6 (ko = 6k), the mixing angle 3 comes out as
T
=—. 3.17
=7 (3.17)

The profiles of these axion fields in the 11-th dimension will be important for the discussion
of possible candidates for a QCD-axion that solve the strong CP-problem on the observable
brane. This will be explicitely discussed in the next section.

From (3.12), we see that the axions from heterotic M-theory are identified as “contin-
uous clockwork axions” as explicitly discussed in [22, 24]. The bulk gauge boson mass m 4
serves as the clockwork parameter for the zero mode coupling hierarchy, while k1 — ks = p
controls the clockwork gear (KK mode) masses [24, 25]. An important difference from
“discrete clockwork axion” [16, 17] is that ¢y, and ¢ couple to 4D instantons only in the
following combination:

o= F2 (Fh)e (0 cocs gnsing). (3.18)

~10 -



There is no such restriction in the discrete clockwork axion models. This is an example
of the limitations of this continuous clockwork axion compared to the discrete models as
pointed out in section 3.4 of [24].8

4 Decay constants and couplings
Let us now turn to a discussion of the scales of the axion decay constants.

4.1 Weakly coupled heterotic string

In the weakly coupled heterotic string the MI axion decay constant may be read off from

/ 2%%0 ayYM

where Mp is the 4D reduced Planck mass and ayy is the Eg x Eg gauge coupling given by

the action (2.11) and equals

X — X

oV 1 V

Mp = P ayy = ma’ o (4.2)
10 10

The MD axions b’ mix for general non-diagonal G;; and their decay constants depend on
the details of the model. A typical value of such constants may be estimated as

5‘81 Vx 1 > ayM

~ = = Mp
Jo 82k, VC2 2rf Ve © 22 P

(4.3)

where Vi measures an average volume of (1,1) basis cycles C; on X, and we have used
Gij ~ Vx/VZ from (2.13) because fCi w; = 1. The inequality derives from the upper
bound Vo < ayyf? as argued in [31]. Therefore, both MI and MD axions have their
decay constants around the GUT scale ~ 10'® GeV. This is due to the fact that the string
scale is tied to the 4D Planck scale by the relation M2 = (rayma’ )*1 as can be obtained
from (4.2). Therefore we shall not be able to find a QCD-axion with a decay constant within
the preferred axion window. In the strongly coupled heterotic M-theory the situation can
be different. One might obtain axion decay constants much lower than the Planck scale as
we are going to discuss in the next subsection.

4.2 Heterotic M-theory

Because of the clockwork parameter my4 present in (3.12), the 4D zero modes of ¢ and
¢r are exponentially localized towards the left boundary (z'* = 0) and right boundary
(x'' = 7r11), respectively. The 5D fields may be expanded in the 4D modes as

grt, ety = || A emmartlp o) 43 @Ml @), (44)
n=1

1 _ €—2mA7rT11

mA

br(at, o) = \ [ () + 3o @ e @), (45)
n=1

8 More specifically, none of these continuous clockwork axions can have a short periodic “wiggle” on top
of its cosine potential due to the presence of the other axion.
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where ar(z#) and ag(z") denote 4D zero modes which will play the role of axions (with
the prefactors chosen to normalize their 4D kinetic terms canonically), while qﬁ(Ln}%(m“) are

4D massive KK modes (with profiles in the 11-th dimension given by wgg%(azn))

As is obvious from (3.12), axions az, and ar do not mix via their kinetic terms but
both couple to trFF' at each brane, because a contributes to ¢r, and ¢r as shown in (3.14)
and (3.15). The 4D Lagrangian for these axions has the form

1 1
£4,axion = - 5(8,uaL)2 - 5(8;1@12)2
1 ar, aR ) ~ < ay, aR > ~ ]
+ — — — — | trFnFqy + | — — — | trF/ o\ F] , 4.6
1672 [(fm fr1 MFW fr2  fre @7@ (4.6)
where
fa fa \/exp(QmAm“n) —1
— 1 — exp(—2 : = , 4.7
In cos 3 \/ exp(—2mamria) Ji2 cos 3 exp ((%]{2 — kl)ﬂru) (47)
fa fa \/1 —exp(—2m7r11)
- 2 1, _ . (48
Jrs Sinﬁ\/exp( mATT1) Ir2 sin 8 exp ((5k2 — k1)wrnn) 9
and 3/2 1/6
Fy Vi 1
f ST oY b o1, (4.9)

S dmyma Am g

The couplings of a given axion to two branes are very different for large values of 7wr1; due
to the clockwork mechanism:

ﬁ; = exp [— <mA — <;k2 — k1)> 777“11} , (4.10)
f;f = exp [— <mA + (;kz — k1>) 7T7"11} . (4.11)

The coupling of the axion ay, (ar) to the left (right) brane at which it is exponentially
localized is much bigger than its coupling to the right (left) brane.

The above exponential factors can be expressed in terms of the 4D Planck scale Mp
and the 11D string scale Mj;. According to [25],

MP kmr
— ~ye 4.12
My = (4.12)
where the factor v = O(10 + 100) depends on compactification while k = %kzz + k1 is the
clockwork parameter controlling the coupling hierarchy for the zero mode graviton.

Notice that this clockwork parameter is the same as the one for axions, i.e. my4 = k as
can be seen in (3.13). Therefore,

1 Mp

exp (mamryy) >~ ——, 4.13
p (mamri) M (4.13)

1 1 M
exp <<2k2 — k1>7r7'11> ~ (7]\4:;

(2-2)/(&2+2)
) , (4.14)
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where the exponent of the second term (&% —2)/(¢? + 2) = 1/2 for ¢2 = 6. This implies

0.1 M
fr1 ~0.1Mqq, fra~— Mp, (4.15)
f
0.1
fr1~ TMP7 fro ~ 0.1/y M11 (4.16)

We see that in the heterotic M-theory case we could obtain axion decay constants that
are small compared to the Planck scale. This mechanism requires a rather large value of
7r11 and thus a small value of the scale M71. In fact, the above equations apparently reveal
several options. In the case of fr1, for example, we have to choose Mi1 to be an order of
magnitude bigger than the axion decay constant. The strongest suppression appears for
fr2, where Mj; might even be 2 = 3 orders of magnitude above the axion window. We
might thus hope to obtain acceptable QCD-axion candidates for sufficiently low values of
Mji;. In the next section we shall see that among these various candidates there is only
one, unique solution to the strong CP-problem.

5 Towards a QCD axion

Let us finally turn to the search for a suitable QCD axion candidate. It should have a
small decay constant and we thus assume throughout this section that wry; is sufficiently
large. The axion should, of course, have a sizeable coupling to the observable brane (where
QCD is located) and a potential that is flat enough to dynamically adjust qcp to zero.
The candidate should be a suitable combination of a; and ag, as defined above.

The fields ar, and ar are both massless at the level of the action (3.12) but become
massive when the instanton effects are taken into account. Then, as we will see below, in
general they are not mass eigenstates. The potential for the axions generated by instantons
has the form

aR ar,
Viag,ag) = — Adep cos + 0 >— A? Acos<—+0 )
(az, az) Qceb <fL1 frm P ; (i foi S
— AL, . cos <aL—aR+9 > , 5.1
Zj: (2)j i fmy @i (5.1)

where A
sector and hidden sector, respectively. The conditions for the minimum of this potential are:

Ad sin(aL—aR—i—G >—i— A? sm( Ly ):0, 5.2
Qeb fr1 Qeb Z fr1 le ) (5:2)

R1
AL, sin <L _ %R +6 > =0. 5.3
Zj (2)j fra  fra V@i (5.3)

‘(11)2. and A‘(lz)j are terms induced by instantons other than QCD from the visible

In order to solve the strong CP problem, the visible sector instantons other than the QCD
contribution must be suppressed,

Aty S 1070 0p (5.4)
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so in the following we set A(;); = 0. The contributions to the potential from the hidden
sector instantons, A‘(LQ)]., may be sizable. For any values of Aqcp and A(g); the fields ar,
and ap acquire such vacuum expectation values that both minimalization conditions (5.2)
and (5.3) are fulfilled and 0(3%13 =0.

The second derivatives of the potential (5.1) give the mass squared matrix for the axions

4 _
(mQ)JK = Pac A ) (5.5)
fnfrkr  frafre
where J, K = L, R and A is defined by
x4 4 ay, aRr
A* = ZA(z)j cos (fLQ " Fra + 9(2)]) . (5.6)
J Zj A?Z)] Sm(fLQ Tho -‘1—9(2)])
The mass squared matrix (5.5) has two eigenvalues
2 _ Mmipt+mEg I mip — Mg 14 2mip (5.7)
o =T 2 W= |

corresponding to the eigenvectors

(ah>:( CO.SB,/Sinﬁ,,> (CLL> ‘ (5.8)
aj —sin B’ cos 8 aRr

The rotation angle 3’ fulfills the condition

Qm%R

2 2 -
My — MgR

tan 23 = (5.9)

The axion action written in terms of the mass eigenstates has form analogous to (4.6):
1 1
£4,axion - - i(auah)Q - *(aual)Z

1 ap “
* 16n2 thl fll>trF1)F <fh2 fl2>trF2)F( )} (5.10)

where constants fj,; and fj; are related to fr; and fr; by appropriate rotations by angle /3’.

In general, both mass eigenstate axions, aj and a;, couple to both branes and so both
could contribute to the solution of the strong CP problem. However, the situation simplifies
considerably in the case of interest to us where a large nri; leads to M1; < Mp. Such
strong inequality is necessary, as follows from eqgs. (4.15) and (4.16), to get any axion decay
constants substantially smaller than the Planck scale, e.g. in the axion window (and helps

also to address the hierarchy problem). The parameters A?Q)j may be written as

4 _ a4 —8n2 /g2 4 —1672V
A(2)j = AC(Q)] e /g ~ AC(Q)j e s (511)
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where A.(); is the confinement scale of the gauge field F,);. The CY volume modulus 1%
at the second boundary may be estimated as

V = ek o () ) 5.12
Mo (5.12)

Therefore, for My; < Mp, parameters A(y); and their combination A* defined in (5.6)
will be typically very small. In the limit A* < Aé‘zCD one may neglect the contribution
from A* to the axion mass matrix given by the second term on the r.h.s. of (5.5). Then,
mgh R~ AéCD\ / fL_12 + f§12 > m?u and the expression for the rotation angle 3’ simplifies to
tan 8/ = fr1/fr1- The couplings of the axions in this limit read

1 1 1 1 1 fr1 | f1
— == - (R JH 13
o\ TR T e Jp g (F2+i2) (513
B 1 1 fri_ fa

fu 0, (fR2 sz) ' (5:14)

e 2 v r2)

The lighter axion, a;, essentially decouples from QCD. The heavier axion, ay, solves the
strong CP problem but couples also to the hidden brane ( fr2 # 00). From (4.15) and (4.16),
the decay constants are estimated as

My,

fa1 ~0.1Myy,  fro ~ 01y Y2/ MpMiy,  fio ~ 0142 My, 57 (5.15)

Thus our QCD axion ap has the decay constant about one order of magnitude below the
string scale fx1 ~ 0.1M;;. So, if the string scale Mj; lies in the “axion window” moved up
by one order of magnitude,

101°GeV < My <103 CeV, (5.16)

a phenomenologically acceptable solution to the strong CP problem is realized. In our
previous work [25], we showed that the string scale Mj; can be lowered down to the
TeV scale through a large warped 11-th dimension without violating current experimental
bounds on the size of extra dimension. So it is not difficult to have the string scale lying
in or slightly above the axion window as a result of the warping.

The relevant candidate for the QCD-axion is thus aj. There is a second axion a; whose
decay constant fj5 is parametrically even smaller than M7,. However, it cannot play the
role of a QCD-axion as it essentially decouples from the observable sector. This observation
extends and completes previous discussions of axions embedded in string theory [31].

The second axionic state a; couples predominantly to the hidden sector. In the case
of large r1; under consideration, its mass will be extremely small as the contributions of
the hidden sector instantons are tiny. The appearance of the ultra-light axion is a direct
consequence of the presence of the QCD-axion aj with decay constant compatible with
the “axion window”. The mass of the ULA, its phenomenological properties and possible
cosmological implications [43] are strongly model dependent and should be subject to
future investigations.
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6 Conclusions and outlook

In the present paper we have applied the previously discussed clockwork mechanism within
the framework of heterotic M-theory [25] to axionic fields that could serve as candidates
for a solution to the strong CP-problem. The decay constant f, of the corresponding axion
field should be inside the “axion window” around 10'! GeV. Although there is a variety of
axion fields in the 10D heterotic string theory, it is impossible to fulfill this requirement. In
11D heterotic M-theory, however, this is different. We can lower the axion decay constants
under the same conditions and for the same reasons as we lowered the weak scale to the
TeV-scale in ref. [25]. The typical set-up is a warped 7D compactification as the semi-direct
product of an interval (with length 77;;) and a 6D Calabi-Yau manifold. A lower value of f,
requires a rather large value of 11 and a smaller value of Mj; (the fundamental mass scale
of M-theory). At an intermediate step in this compactification, the candidate 4D axion
fields will reside in 5D supergravity multiplets. In a hypermultiplet the 4D axion derives
from a 5D scalar field, whereas in a gravity-multiplet and a vector-multiplet (relevant if
h(,1) > 1) it is a component of a 5D vector field. Generically, the 4D axion candidate will
be a linear combination of these multiplets. As a prototype model we consider a Calabi-
Yau manifold with h(; ;) = 1 and thus a two-axion system with one of these fields each.
The case for h(; 1) > 1 is qualitatively similar and is discussed in appendix A.

A priori we can find various values for the axion decay constants under consideration
(see e.g. formulae (4.15)—(4.16)). Low values of f, are possible in the case of large 17 and
small M7;. If we concentrate on an axion that could solve the strong CP-problem, however,
only one of these choices is possible: the one with the string scale one order of magnitude
above the axion decay constant: Mj; ~ 10f,. This QCD-axion is accompanied by a second
axion that is essentially decoupled form the observable sector gauge groups. Due to a type

of “see-saw”

mechanism, this second axion is extremely light (due to the suppression of
the hidden sector instanton contributions). The decay constant of the ultra-light axion
(ULA) is smaller than that of the QCD-axion (as fj2 in formula (5.15)). The exact value of
the mass and the phenomenological properties of the ULA are strongly model dependent
(especially in the case h(; 1) > 1). Although the ULA decouples from the observable sector
and will be difficult to detect in particle physics experiments, the stronger coupling to the
hidden sector might eventually be of cosmological relevance. This should be subject to

future investigations.
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A Axion couplings for k() = 2

In this appendix, we provide more detailed formulae for the axion lagrangian and work out
a simple example for h(; 1) > 1. The 5D axion effective lagrangian is given in (2.24):

% i i 1 i j
S5 axion = — 2T /M5 {2‘2( (da + n; A ) N * (da +n; A ) + %Gi‘j dA* A xd A7 (A.l)

1
+ /M5 e [(trF(l) A Fy) o(zt) + (trFo) A Fig)) Szt — Tr11)] A datt.
The kinetic matrix G;; for the gauge fields is given by (2.13):

Gij = / wi(l’l) /\*wj(-l’l)
X6

1 (A.2)
= -V [dijkx’f = 3 (it X' X™) (djup X" X7)
where the indices run over 4, j,k,... =1,...,h ;) and
dijk = / wgl’l) A w§1’1) A w]g,l’l) (A.3)
X6
are the CY intersection numbers, and the Kéhler moduli X satisfy the constraint
1 i vk
Ediij XIX"=1. (A.4)

In the case of h(; 1) =1, di11 = 6 and X! =1 so that Gy = 3‘/)1(/3 as used in (3.2).

As a simple example with ;1) > 1, let us consider i 1) = 2 and the CY intersection
number dy12 # 0 while the other d;;, vanish. This example was also considered in [25]. In
this case, the constraint (A.4) becomes

dua(X1)?2X? =2, (A5)
which may be solved by
1 L bs:
! (A.6)
1 .
X2 = S5t
n

where 1 = (d112/2)1/3 and b = 1/\/3 to canonically normalize S;. On the other hand, the
kinetic matrix (A.2) comes out as

G =2V P (X172,
Goy = Vi3 (X%)72, (A7)
G12 =0.
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It was shown in [25] that there are three qualitatively different background solutions.
In the first case, for which both flux numbers n; and ny are non-vanishing,” the Kéhler
modulus S is stabilized at v/3S1 = In(n1/2n2), and the background geometry is the same
as for h(; ;) = 1, i.e. as given in (3.10) and (3.11). The gauge couplings for A; and Az

2/3
2 -t 3<2m>/
' 67TV)1(’/§2772 ny

4/3
G = 6 3 <”1> / _
: 67TV)1(7/§ n? \ 2n2

Compared to h(; 1) = 1, we just have to make the following replacement in the gauge field

are then

basis where the gauge couplings do not appear in kinetic terms:

n1ga, A1 + naga, Az

2.2 292
\/ 194, T 1294, (A.10)
niga — \/nig, +n39%, -

Only the above linear combination of the gauge fields mixes with a, while the orthogonal

A= A

one does not. So the gauge field orthogonal to A is irrelevant for the axion lagrangian
unless there is another source of axion mixing.! Then it turns out that the clockwork
effective lagrangian is equivalent to (3.12) with the same gauge boson mass m 4, and the
clockwork fields ¢z, and ¢ are related to a and Aj; by the same relation (3.14)—(3.15) and
mixing angle (3.16).

The two other cases are obtained when one of the flux numbers is vanishing, i.e. either
ny = 0 or ng = 0. For these cases, obviously only one of the gauge fields (A2 or Ay,
respectively) mixes with a, so the other gauge field does not participate in the axion
lagrangian at this level. It was shown in [25] that for these cases the Kéhler modulus S;
is identified as a component of the GLD dilaton together with the volume modulus Sy =
(1/v/2)In V. This renders the geometric parameters b and ¢2 in (3.8) to be different from
the h(; 1) =1 case. In particular, ¢ = ko/ky, which is 6 in the case of h(1,1) = 1, becomes

9 {7 for n1 #0, ng =0 (A1)

¢t = .
10 for n1 =0, no #0

9Here the flux number n; is related to the dimensionful flux factor u; defined in [25] by the following
relation,

2/3

_ VX,/o

n; = — Q-
ez

(A.8)

ncluding membrane instanton effects (e.g. [44]), the additional axion candidate from the 11-th compo-
nent of this orthogonal gauge field can mix with A;;. However, this effect is strongly model-dependent and
typically small as the membrane instanton amplitude is either comparable to or smaller than the hidden

YM instanton amplitude (5.11).
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Furthermore, since S; has a z'!-dependent background value, the gauge fixing term (3.3)
should be generalized by the replacement

Vi? = vilfexp (2 (1 - 662) k2x11> : (A.12)

The resultant clockwork effective lagrangian still has the same form as (3.12). The gauge
boson mass m 4 turns out to be

1 6 2 1
ma = \/<2k2 — k1 — <1 — 62> k2> +n?g?4F§ = §k'2 + ki, (A.13)

so it has the same form as (3.13). On the other hand, the clockwork fields ¢ and ¢p are
related to a and Aj; via the generalized relations

—(Lpg—ki—(1-5 11
oL =e (2k2 k1 (1 62)]“2)3” (aFg’/2 cos B — A1r g;‘l sinﬁ) , (A.14)
(Ltko—ki—(1—-L 11
pr=c¢€ (2k2 b (1 62)]“2):” (—a F3/% sin 8 — Ay g;ll cosﬁ) , (A.15)
with the mixing angle 3 satisfying the condition

” V@i (1= 5) ko) (ks — (1— &) ko)
tan28 = —gaF,’ "5 5 = T 5 .
§k2—k1—(1—éj)k2 EkQ—kl—(l—TQ)kQ

B Kaluza-Klein axions

In this section we discuss properties of Kaluza-Klein axion excitations in heterotic M-
theory. Their spectrum and couplings can be obtained from the continuum clockwork
lagrangian (3.12). Detailed calculations were carried out in [24]. The analysis indicates
that both n-th KK states, qﬁ(Ln) and qﬁg) with n = 1,2, ..., have the same mass which is
approximately given by

1 mA>
M, ~ (n— -4+ — | w|p|exp(—|p|rri1), B.1
(n= 3+ 5 ) o exo(lpfern) (B.)

where p = k1 — ko, as defined in [25], controls the clockwork gear (KK mode) masses. In
terms of the 11D Planck mass M;; and 4D Planck mass Mp, this is estimated as [25]

2(62-1)/(8%+2)
M ) . (B.2)

11
M, ~30nMy; | —
n niviqy <MP
Applying the heterotic bound ¢ > 6 argued in [25], the lightest KK mode mass M; is
parametrically smaller than Mj;. However, heavy KK modes with very large n can have
masses comparable to My1 for which the above approximate formula is still valid.
The couplings to the boundary fields may be written as

00 (n) (n) 00 (n) (n)
1 ¢ ¢ ~ b ¢ -
6.2 [Z (L — R) trFyFay + ((Ln) — %) trFg) Flg)

A , (B.3)
n=1 fél) fjgﬂ) n=1 L2 f§22
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where

fa [m m T 1 m ~Ttte
A A A p 2
= et () [F -3+ g)] T entmama, @)
n a 1
f1§2) ~ (=" cgsﬂ %GXP( (2k?2—k31)7”“11), (B.5)

£ cot B (B.6)

with f, defined in (4.9). This means

. M 3/2(¢2—-1)

o g <M1> 7 (B.7)
§ Mo B2/ 42)

gy <Mlpl> | (B.8)

We see that light KK modes with small n couple to the visible sector with decay constants
around the 4D Planck scale Mp. Heavy KK modes with M,, ~ Mj; can have quite lower
decay constants below Mp as pointed out in [25] as a characteristic property of the heterotic
clockwork due to ¢ > 1. On the other hand, the decay constants f g) and f 1(;2) to the hidden
sector are parametrically smaller than M;j;. Nevertheless, since the hidden sector gauge
coupling is small when M, is below Mp,

2
- M\ 12/EH)
9oy ~ V'~ <MP> ; (B.9)

the net coupling to the hidden sector is

9(22) 9(22) N 1 (M11 ) (14—¢&2)/(82+2)

Ay M A

(B.10)

This is still around 1/Mp or quite smaller than 1/Mj; for the known examples ¢ = 6,7, 10
in [25].

Let us focus on the simplest example ¢ = 6 with M, lying around the axion window
(1019 GeV < M7; < 10'3 GeV) in order to solve the strong CP problem with the zero mode
axion. The KK axion masses are then

My, 9/4
M, = 9n GeV (1010GeV) , (B.11)
while the KK axion decay constants are
3/8
(n) _ ¢(n) 15 My,
fiy ~ fpy 3/10 > 2.4 x 107°GeV (loloGeV> ) (B.12)
/g ~ fh )/9(22) ~ Mp, (B.13)

where the net couplings including the gauge coupling are estimated for the hidden sector
because the gauge coupling may be small. Therefore, if M;; = 10'° GeV for instance, we
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have KK axions of 10 GeV scale mass gap with decay constants ranging from the 4D Planck
scale all the way down to about 10'° GeV. These are so-called axion-like particles (ALP)
present in heterotic M-theory accompanying the QCD axion.

Typically the KK axions of masses below 10% GeV have long enough life time to cause
a problem for the standard cosmology. A straightforward way to cure this problem is to
have a Hubble scale during inflation lower than the lightest KK axion mass in order to
suppress their production [45]. As can be seen in (B.11), the lightest KK axion mass M
for My; > 10'° GeV is well above Hj,t ~ 0.1 GeV for successful baryogenesis.
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