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1 Introduction

Non-linear sigma models (NLSM) with target space a symmetric orbifold Sym”™ (M), where
M, = T* or K3, have been the subject of intense study in the last two decades. The interest
in these models is mostly due to the role they play in the AdS3/CFTy correspondence as
the holographic dual of AdS3 x S x My [1]. The symmetric orbifold models represent some
very special points in the moduli space of two dimensional A = (4, 4) superconformal field
theories (SCFTs) at central charge ¢ = 6n. A generic point in this moduli space (at least in



the connected component containing symmetric orbifolds) can be thought of as a non-linear
sigma model on a hyperkahler manifold of real dimension 4n, which is a deformation of
Hilb™ My, the Hilbert scheme of n-points on the manifold My. In the context of type IIB
string theory, these models arise as the infrared effective theories describing the worldsheet
dynamics of a system of branes wrapping (some cycles in) the manifold My. The most
studied example of this construction involves a system of Q5 D5-branes wrapping M, x S!
and @ D1-branes wrapping S, with Q1Q5 = n.

This article is focused on the case M, = K3. In this case, the relevant target spaces
are known in algebraic geometry as hyperkéhler manifolds of K3[" type. The symmetric
orbifold Sym”™ K3 can be obtained as a suitable limit of such manifolds, where the geometry
becomes singular. In analogy with the terminology in algebraic geometry, we will call the
SCFTs in the moduli space of Sym"K3 ‘of K3 type’. These SCFTs are generically not
free, even in the symmetric orbifold limit, and this makes explicit computations particularly
challenging, at least for finite n, where holographic methods do not apply — for example,
the partition function of a generic such model is not known.

The first major result of this article is a classification (up to isomorphisms) of the
possible groups of discrete symmetries (satisfying certain conditions) of these SCFTs, for
any n and any point in the moduli space. This is the generalization to manifolds of K3
type of the analogous result for non-linear sigma models on a single K3 surface [2]. More
precisely, we will consider symmetries acting by linear transformations on the states (or
equivalently, on the fields) of the CFT, such that the N' = (4, 4) supercurrents are invariant,
and commuting with the spectral flow transformation relating the Neveu-Schwarz and the
Ramond sector, both on the left-moving and on the right-moving side (see conditions (1)
and (2) in section 3.1). We will also require some technical restrictions on these symmetries,
see condition (3) in section 3.1. These restrictions are clearer if one interprets the SCFT as
the world-sheet theory for a system of branes in type IIB string theory, for example a bound
state of D1-D5 branes. In this context, a first condition is that we focus on symmetries
whose action extends to the whole type IIB string theory. The second constraint can be
described very roughly as the condition that the symmetries (or rather their extension
to the full type IIB string theory) do not to exchange branes with antibranes. In fact,
it is quite surprising that these requirements are meaningful at all, i.e. that there might
exist some symmetry that does not satisfy them. We will argue that this is the case in
section 2.1. Finally, our analysis will exclude the models corresponding to a certain set
of points in the moduli space. Conjecturally, this excluded set might be empty, i.e. the
‘models’ we are excluding might be singular limits in the moduli space where the SCFT
is not really well defined. However, while we will provide some reasonable arguments in
favour of this conjecture (see section 2.2), assuming that this is true seems to lead to some
puzzles, related in particular to the locus of symmetric orbifolds. As long as these puzzles
are not clarified, it seems safer to claim explicitly that these models, if they exist, are not
part of our analysis. With all caveats in mind, we can now formulate our classification
result (proposition 3, section 3.1): we will show that the group G of symmetries of a (non-
singular) SCFT of K3[" type is isomorphic to a subgroup of the Conway group Cog (the
group of automorphisms of the Leech lattice A), which fixes a sublattice of A of dimension



at least 3. Conversely, given any subgroup G of Coy with this property and given any
n > 1, there exists a (non-singular) SCFT of K 37 type having exactly G as a group of
symmetries. This is very similar to the result for NLSM on a single K3 surface, the only
difference there being that the groups G C C'og were required to fix a 4-dimensional, rather
than 3-dimensional, sublattice [2]. The fact that K3["-models for n > 1 admit symmetry
groups that did not occur for NLSMs on a single K3 (for example, the Mathieu groups M,
and Myo) might play a role in the context of Umbral moonshine.

In order to obtain this result, the main input from physics is the global form of the
moduli space of SCFTs of K3 -type. This moduli space is believed to be obtained by
taking the quotient of a certain Grassmannian by a discrete group of dualities; from this
quotient, one needs to exclude a subset corresponding to ‘singular’ limits where the SCFT
is not well defined [3, 4]. The reader should be warned that our results are conditional
to some assumptions (described in section 3.1) about the precise structure of the duality
group and the location of the singular models. While these assumptions are quite standard,
the arguments supporting them are not as stringent as, for example, the case of the moduli
space of NLSMs on K3.

If one relaxes our conditions and considers also symmetries acting by (roughly speak-
ing) charge conjugation on the D-branes, then the corresponding groups can, in some cases,
get larger, and become Zs-extensions of the groups described above. We were not able to
determine exactly at which points in the moduli space these enlargement occurs and the
precise group structure of the extensions.

There are analogous attempts in algebraic geometry to classify the groups of symplectic
automorphisms of hyperkihler manifolds of K3 type (see [5-8]), which are subgroups of
the groups of symmetries of the corresponding NLSM. For a single K3 surface, the problem
was solved a long time ago by a famous theorem by Mukai [9]. The classification of these
‘geometric’ symmetries seems more complicated than the one of symmetries of SCFTs. In
particular, certain groups G seem to appear only for some manifolds of K3[-type only for
n ‘large enough’; by contrast, for SCFTs, a certain group G either occurs for all n > 1 or
does not occur at all. The results of [2], valid for non-linear sigma models on K3, were
subsequently interpreted in [7] in terms of a classification of the groups of autoequivalences
of the derived category of coherent sheaves on K3 surfaces. It is tempting to conjecture that
the results of this article admit analogous interpretations in terms of derived categories of
hyperkihler manifolds of K3 type.

The second result of this article concerns the so called twining genera. Given a SCF'T of
K3["-type with a group of symmetries G, one can define a g-twining elliptic genus (twining
genus, for short) <Z>§(3[n] (7,2) obtained from the elliptic genus by inserting the symmetry
g in the trace (see the definition (3.1)). One case where a twining genus can be easily
computed is when the SCFT of K3 type is the n-th symmetric orbifold of a NLSM Cg
on a K3 surface, and the symmetry g is induced by a symmetry ¢’ of the seed theory Cgs.
In this case, provided that the twining genera ¢§ff3 of ¢’ and of all its powers ¢'" are known
for Cxs, one can compute a generating function (sometimes known as the ‘second quantized



twining genus’)
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Sym" Cgs, for all n. Upon including an ‘automorphic correction’, the second quantized
twining genus becomes a (meromorphic) Siegel modular form 1/®, of genus 2 under a
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genera of NLSM on K3 are known [10, 11] (although, for some symmetries g, there are more

depend on the Fourier coefficients of ¢ for all powers ¢'". The set of possible twining
than one ‘candidate’ twining genus, and it is not known which one is actually realized in a
given NLSM, see [11]), so the computation can be effectively performed.
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Standard arguments (reviewed in section 3.3) show that a twining genus ¢£(
invariant under deformations of the moduli that preserve the symmetry g, i.e. deformations
generated by exactly marginal operators that are g-invariants. This means that there are
connected families of models where the twining genus d)f 3" is well-defined and constant —
for NLSMs on K3, an analogous argument was developed in [10]. Therefore, it is sufficient
to compute the twining genus at a suitable point (for example, a symmetric orbifold), in
order to obtain the genus for all models in the corresponding family.

For this reason, it is interesting to study what are the possible families of models with
a given symmetry g, and in particular families containing a symmetric orbifold point. We
prove that, for each n, there are only finitely many distinct families of SCFTs of K3["
type with a non-trivial symmetry ¢ (once we identify families related by dualities). We
were not able to determine exactly how many such families exist, in general. However,
we provide a complete classification of families containing symmetric orbifold points, and
such that the corresponding symmetry g is induced by a symmetry of the seed theory (see
table 1). We also argue that there exist families of SCFTs of K3[" that are not of this
kind, i.e. whose symmetry ¢ is never the symmetry of a seed theory Cks in a symmetric
orbifold point Sym" Cx3. For these families, we do not know any method for computing
the corresponding twining genus.

A surprising result is the following (see section 4). Consider a pair of NLSMs on K3,
Cks and Cl5, with symmetries, respectively, g and ¢’ of the same order, but not belonging
to the same family. In general, one expects the corresponding twining genera gbgK?’ and

qﬁg,}‘?’ to be different. Our classification, however, shows that for some n (sometimes for
all n > 1), the symmetric orbifolds Sym"Cgs and Sym™C}.5 with the induced symmetries
g and ¢’ belong to the same family. This implies that, while the twining genera of the
seed theory are different, the ones of the n-th symmetric orbifold are the same. This
phenomenon happens, for example, for symmetries of order 11: there are 4 isolated points



in the moduli space of NLSMs on K3 having a symmetry of order 11. There are two possible
twining genera for symmetries of order 11 [11]. While one cannot determine directly which
twining genus is realized in each of the four isolated points, it is reasonable to expect that
not all of them are the same; this expectation also fits nicely with a conjecture in [10],
related to the so-called Umbral Moonshine phenomenon [12-15]. On the other hand, in
this article we show that, for each n > 1, the n-th symmetric products of the four NLSM
on K3 all sit in the same family with a symmetry of order 11. This means that the second
quantized twining genera W, of all these four K3 NLSM must have the same coefficients for
all powers p™ with n > 1. On the other hand, the second quantized twining genera are given
by infinite products whose exponents are determined the twining genera of the seed theory.
If the twining genera of the seed theory are really different, we would have different infinite
products that only differ for the p = 1 term, thus implying an infinite number of non-trivial
cancellations occurring. This seems even more puzzling if one consider the ‘automorphic
corrected’ Siegel modular forms. In this case, one would have that the difference of the two
Siegel modular forms contains only a term with power p°, which seems to be incompatible
with the fact that this difference must be modular. All these arguments seem to falsify
the conjecture that there are two distinct twining genera of order 11 for NLSM on K3.
However, miracles seem to happen. Some numerical experiments suggest that the two
different second quantized twining genera do have the same p™ terms for n > 1, at least up
ton = 12. And even the modularity argument is avoided: indeed, for order 11 symmetries,
the corresponding Siegel modular forms turn out to have weight 0. Furthermore, a direct
calculation shows that the coefficients of the p” term in the corresponding Siegel modular
forms, which in general are functions of 7 and z, differ only by a constant. Thus, one
would have that the difference of two meromorphic Siegel modular forms of weight 0 is just
a constant, which is perfectly compatible with modularity. In fact, this argument might be
used to prove that the two meromorphic Siegel forms are the same up to a constant. Indeed,
the location of the poles is strongly constrained by wall crossing [11], so it is not unlikely
that the two forms have exactly the same poles. If this is the case, then the difference
must be a holomorphic Siegel form of weight zero, which is necessarily a constant. While
we focused here in the introduction on symmetries of order 11, similar phenomena occur
for several other symmetries: in total, we have 13 pairs of distinct Borcherds products
that differ only by a constant. In all these cases, the corresponding Siegel modular forms
have weight 0 and the p°-term in the difference is independent of 7 and z. While such
coincidences, if true, might be explained by modularity, it is still remarkable that there
are so many examples where different infinite products lead to the same modular forms
up to a constant. This is not an uncommon phenomenon for genus one modular forms,
in particular products of eta functions, but we were not aware of any such example at
genus two.

The paper is organized as follows. In section 2, we describe some general properties
of the moduli space of SCFTs of K3[" type. Most of these results are well-known, but we
propose a new perspective on various aspects that are relevant for our subsequent analysis.
In particular, in section 2.1 we discuss the group of dualities of these superconformal field
theories, and its relationship with the well-known group of dualities to the type IIB string



theory on K3. In section 2.2, we discussed the limits in the moduli space where the
models become singular; this is mostly based on [4], but we will suggest the possibility
that those results might be modified. In section 2.3, we discuss the locus of symmetric
orbifold points in the moduli space. The analysis of this section, together with 2.1 and 2.2,
leads to some puzzles, whose solution is not clear to us. These puzzles suggest that our
(at least, the author’s) understanding of the moduli space of SCFTs of K3[-type is not
as watertight as, for example, the one of NLSM on a single K3 surface. In section 3,
we describe our new results. In section 3.1 we classify the groups of symmetries of K30
models. In section 3.2, we review the main properties of twining genera, whose classification
is described in section 3.3. Finally, in section 4, we discuss the consequences of these results
for the Borcherds products corresponding to the second quantized twining genera. Section 5
contains some suggestions for future research. Most of the technical results are contained
in the appendices, where we also review the basic properties of the moduli space of type
IIB on K3 and some basic facts about lattices that are needed in the rest of the paper.

2 Superconformal field theories of K3[™-type

The moduli space M,, of the N = (4,4) models at ¢ = 6n, n > 1, in the connected
component of Sym"(K3), is believed to be an open subset in the quotient [3]

M, CON\Grt(4,21), n>1, (2.1)

where

Grt(a,b) := O"(a,b,R)/(SO(a,R) x O(b,R)), (2.2)

is the Grassmannian parametrising oriented positive definite a-dimensional subspaces of the
space R**. Here, OF(a,b,R) = Ot (a,b) denotes the subgroup of the real orthogonal group
O(a, b, R) preserving the orientation of a positive definite a-dimensional subspace in Rab,

The discrete group O;, which depends on n, will be discussed at length in section 2.1.
We will argue the O;! is a subgroup of the group of automorphisms O*(I'%2) = O(I'>2!) N
O*(5,21,R) of an even unimodular lattice I'>?! € R>2! of signature (5,21). In particular,
O;F contains the subgroup Stab*(v) of O(I'>2!) that fixes a primitive vector v € I'>2?! of
squared norm v? = 2n — 2. The space Gr(4,21) is interpreted as the Grassmannian of
oriented positive definite four-dimensional subspaces II in the space v+ N R>2l =2 R421
where R%2! = I'»2! @ R. With this identification, there is a natural action of Stab™(v) on
R*2! which induces an action on Gr(4,21).

As will be discussed in section 2.2, the open subspace M, is the complement in
O \Gr*(4,21) of some ‘singular loci’ of real codimension at least 4; as a consequence,
M,, is connected. In the limit where we approach such a singular point, the superconfor-
mal field theory is supposed to show some pathological behaviour, e.g. some correlators
might diverge.

As reviewed in section A.1, in the context of type IIB string theory compactified on a
K3 surface, I'>2! can be interpreted as the lattice of charges carried by string-like objects
in the six dimensional theory, OF(I'>2!) is the group of U-dualities, and v is the charge of



one of these strings, whose dynamics in the infrared (or near-horizon) limit, is described
by an N' = (4,4) SCFT of central charge 6n. For example, the world-sheet dynamics of
a system of ()1 D1-branes and @5 D5-branes wrapping the K3 surface is described by a
NLSM on a deformation of Sym"™(K3), with n = @Q1Q5 — 1. We denote by

Ly =Ly :=vt N5 (2.3)

the sublattice of I'>?! orthogonal to such a vector v. Since any two primitive vectors of
the same length in I'>2! are related by an automorphism in O (I'>?1) (see appendix B),
it follows that L, is uniquely determined by the integer n up to isomorphisms (for this
reason, we will sometimes use the notation L,). In particular, L, is isomorphic to the
orthogonal sum (w) @ I'*?? of a 1-dimensional lattice (w) with a generator w of squared

4,20

norm 2 — 2n and the even unimodular lattice of signature (4, 20).

The moduli space M,, can be understood as a subset of the moduli space
Mirp = O (D*?\Grt(5,21), (2.4)

of type IIB string theory on a K3 surface (see appendix A.1). Notice that Mg is a
quotient of the Grassmannian parametrizing positive definite 5-dimensional subspaces Z
within T'>?! @ R =2 R%>?!, taken modulo automorphisms of the lattice I'>2!. The subspace
M,, can be interpreted as the space of attractor moduli for a string of primitive charge
v € I'>?! with v? = 2n — 2. The attractor conditions constrain the space Z to contain the
vector v, so that the Grassmannian Gr (4, 21) parametrizes the four dimensional subspaces
1 = ZNot inside R*?! = ot NR>2! [3].

Apart from the interpretation in terms of type IIB moduli, the space M,, parametrizes
the possible hyperkéhler metric and B-field on a hyperkéhler manifold of K3[-type, i.e.
deformation equivalent to the Hilbert scheme of n-points in a K3 surface (see appendix A.2).

The space M, contains a sublocus M;’" given by the n-th symmetric orbifolds of
NLSM on K3, which has codimension 4 and is isomorphic to the moduli space My of
NLSM on K3. M can be described as an open subset in the quotient of a Grassmannian

My c OT(TH2\Grt(4,20), (2.5)

obtained by excluding from the Grassmannian the points corresponding to 4-dimensional
subspaces II ¢ T'4?0 @ R =2 R%?0 that are orthogonal to a root II C 71, where r € T'%29,
r?2 = —2 [16, 17]. In other words, there is an injective map Sym” : M; — M,, with image

2. Clearly, OT(I'%?Y) is a subgroup of O1(L,,). In section 2.3, we will try to identify
the locus M;’™ within M,,.

2.1 The duality group

In this section, we analyze the group of dualities O;f of SCFT of K 3 type. The duality
group must necessarily preserve the Zamolodchikov metric on the moduli space, and there-
fore it will be a subgroup of the orthogonal group O(4,21). Furthermore, an analysis similar
to [10], section 3.2, shows that a duality in O(4,21) preserves the world-sheet orientation



of the SCFT if and only if it is contained in the O (4,21) subgroup that preserves the ori-
entation of 4-dimensional subspaces in R*?!. We will denote by O,, the group of dualities
of SCFTs of K3"-type that might or might not preserve the world-sheet orientation, and
by O;f = O, N 07 (4,21) the subgroup that does preserve the orientation. It is a matter
of definitions whether two point in the moduli space related by a O,, \ O, transformation
should be identified or not; in this article, we find it convenient to distinguish such points,
so only the subgroup O; will be relevant for the definition of the moduli space.

As mentioned in the previous sections, these SCFTs describe the infrared dynamics
of a stringy-like object of charge v € I'™?!, with v?2 = 2n — 2, in type IIB on K3 (or
K3xS!). The U-duality group of type IIB string theory on K3 is the group O(I'>2!) of
automorphisms of the lattice I'>2!. This U-duality group contains a subgroup Stab(v) that
fixes the vector v. Dualities in the group Stab(v) map an object of charge v into itself,
and preserve (setwise) the space v+ C I'»?! ® R and therefore the Grassmannian Gr(4,21)

+ >~ R*42L Therefore, any two points

of positive definite 4-dimensional subspaces inside v
in Gr(4,21) related by a transformation in Stab(v) must be dual to each other, i.e. they
define equivalent superconformal field theories, so that Stab(v) C O,,. The subgroup of

such dualities that preserve the world-sheet orientation is given by
Stab™ (v) = Stab(v) N O™ (4,21), (2.6)

and only this group will be included in O;!.

Can the group O, be strictly larger than Stab™ (v)? Clearly, if a duality of the SCFTs
of K3["-type outside of Stab(v) extends to a duality of the full type IIB, then it must act
by automorphisms on the lattice of charges I'>2?!, so it must be an element of O(I'>2!).
Furthermore, it must preserve the space v C I'>?! @ R, in order to have a well-defined
action on the moduli space of SCFTs of K3™-type. The only possibilities are that the
duality either acts trivially on v (but in this case, it would be in Stab(v)), or it acts by
v — —v. The latter transformation, if extended to the whole type IIB string theory,
would exchange the effective string we are considering with its charge conjugate. In fact,
as explained in section 2.3, the existence of such a duality follows from the existence of a
certain symmetry at the points in the moduli space corresponding to symmetric orbifold
Sym™ K3. This symmetry acts non-trivially on the exactly marginal operators deforming
the SCFT away from the symmetric orbifold locus. If two exactly marginal operators are
related by such a symmetry, the corresponding deformed models must be dual to each
other. In section 2.3, we will argue that such a duality can only be extended to a O(I'>2!)
transformation that maps v into —v (at least for n > 2). So, it seems that this kind of
dualities have to be included in O;, which therefore must contain the group

Stab™ (Zwv) := {h € O(T>?') | h(v) = £v} N OT(4,21), (2.7)

(as the notation suggests, this is the setwise stabilizer of the sublattice Zv C I'*2! in
o>y N o+ (4,21)).
Finally, let us discuss the possibility that O;f contains some duality h € Ot (4,21) of

the SCFTs that cannot be extended to an element in O(I'>?!). Recall that one of the



arguments showing that O(I'>2!) is the full group of dualities of type IIB is that it is a
maximal discrete subgroup of O(5, 21), so that any larger group of dualities would make the
moduli space of type IIB on K3 non-Hausdorff [16, 18]. In the case we are considering, the
groups Stab™ (v) and Stab™(Zv) are subgroups of the group O"(L,) of automorphisms of
the lattice L,. For generic n, however, they are strictly smaller than O*(L,).! Therefore,
even requiring the moduli space of SCFTs of K3 type to be Hausdorff does not rule out
the possibility that the duality group is a subgroup of O"(L,) larger than Stab*(Zv). It
might be possible to exclude these kind of dualities by showing explicit examples (maybe
of symmetric orbifolds) of models that are related by such automorphisms of L, but are
not equivalent to each other. In the absence of a full proof in this sense, in the following
we will keep in mind the possibility that the duality group O; of the SCFTs are subgroups
of O*(Ly,) larger than Stab™(Zv).

Could the group of dualities include also elements of O (4,21) that are not auto-
morphisms of the lattice L,?7 While we were not able to prove this rigorously, it seems
reasonable to expect that any such transformation would generate a group that is not dis-
crete, and such that the moduli space is not Hausdorff. From a different perspective, recall
that for a NLSM on a single K3 surface, the lattice I'*?? can be interpreted as the lattice of
R-R charges of D-branes, and can be constructed within the SCFT itself by looking at the
couplings of R-R ground fields with 1/2 BPS boundary states. One can consider boundary
states also in SCFTs of K3 type; it is reasonable to expect L, to be the lattice of charges
for a suitable class of boundary states. If this is the case, then a symmetry of the SCFT
should preserve this lattice, and therefore act on it by automorphisms. These arguments
seem to suggest that the duality group O, must be a subgroup of O*(L,). In the following
sections, we will assume that this is the case, and that O is some intermediate subgroup
between Stabt(Zv) and OT(L,)

Stab* (Zv) C OF € OF(Ly) . (2.8)

From the physics viewpoint, elements of O;F C OT(L,) that are not contained in Stab™ (Zv)
would correspond to ‘accidental’ equivalences between K 3"-models, that do not descend
from dualities of the full string theory. For definiteness, let us think about such an ac-
cidental equivalence as an element of O(5,21,R) that fixes the vector v and relates two
distinct points of Mg, both satisfying the attractor condition for a string of charge v.
Then, these two points are physically inequivalent from the point of view of the full string
theory, but cannot be distinguished just looking at the low energy dynamics of the string
of charge v.

2.2 Singular limits

As explained in section A.1, the moduli space Mrp of type IIB superstrings compactified
on K3 is a Grassmannian of oriented positive definite 5-planes Z within I'>?! ® R, modulo

n particular Stab™ (v) is a proper subgroup of Stab*(Zv), and therefore of O™ (L,), for all n > 2, while
for n = 2 one has Stab* (v) = Stab™ (Zv) = O*(L,). The group Stab™ (Zv) is a proper subgroup of O"(L,)
whenever v? = 2n — 2 is not a prime power.



OT(I'>21). For each point in My p, one has an orthogonal decomposition v = (v, v_)
of any vector v € I'>2! into a (positive norm) component v, along Z and a (negative
norm) component v_ along Z+. Let v € T®?! be a primitive vector with v? = 2n —2 > 0,
representing the charge of some BPS object (the case v? = 0 is a bit peculiar, so let us
not consider it here). Then, the attractor manifold for an object of charge v is the locus of
subspaces Z containing v, so that v = (v4,0) in the decomposition above. This locus can
be identified with the moduli space of non-linear sigma models on hyperkéihler manifolds
of K3[" type, i.e. deformations of the Hilbert scheme of n points on the K3 manifold X
(or the moduli space of sheaves on X with Mukai vector v). More precisely, a point Z in
the attractor manifold of v determines an oriented positive definite 4-plane II := Z Nv™ in
v+ = L, ® R, where L, = vt NT>21,

Seiberg and Witten [4] described the conditions on the attractor point Z such that
the corresponding SCFT be singular. This only happens when the BPS object of charge
v can decay into two BPS objects of charges v' and v”. Formally, this translates into the
existence of two vectors v/,v” € I'»2!, that are not proportional to v (otherwise v would
not be primitive), and such that

(v)%, (v")? > =2, (2.9)
v=0"+", (2.10)
jo4] = oy + 1] (2.11)

(note that vy = v, because we are at the attractor manifold). Condition (2.10) is just
charge conservation. The mass of a BPS object of charge v is proportional to the length
|v4| of its component along Z. For v = v’ 4+ v”, one has vy | < |[v/ | + [v]| and the decay
can occur only when the equality is satisfied, which is condition (2.11). The condition (2.9)
ensures the existence of BPS objects with charges v' and v”.

To be precise, the condition (2.9) is slightly different from the condition (v')2, (v")? > 0
given in [4], which seems to be appropriate only for compactifications on a torus 7' 4. For
compactifications on K3, there are BPS objects carrying charge with square norm —2:
the easiest such example is a single D5-brane wrapping the K3 manifold, with carries
@5 = +1 five brane charge a geometrically induced @)1 = —1 one-brane charge, so that
v? = 2Q1Q5 = —2. Notice that the near horizon geometry of such objects is rather
complicated [19]. It seems appropriate to exclude the points in the moduli space where the
system of branes that we are considering can decay into one of these objects (plus some
other decay product). The conditions (2.9)—(2.11) also lead us to exclude from the moduli
space the points where some non-perturbative (at the attractor point) strings become
tensionless [20]. This phenomenon can occur, for example, when the K3 surface contains
a holomorphic 2-cycle with self-intersection —2 (a P!) whose volume is shrunk to a point,
and with no B-field flux through it. A D3-brane wrapping such a cycle becomes tensionless
at such a point in the moduli space. It is known that the SCFT describing the worldsheet
dynamics of a fundamental type IIB string on K3, which is a NLSM on a single copy
of K3, becomes singular at this point in the moduli space, due to the presence of such
tensionless non-perturbative strings [16, 20]. It is reasonable to expect that, at such a
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point in the moduli space, the same will happen for the superconformal field theory of type
K3 describing the infrared dynamics of an effective string.

It is sometimes useful to repackage the conditions (2.9)—(2.11) in a different way.

Let us first consider the case where (v)2, (v")? > 0. The conditions (2.10), (2.11) imply
that v/, = av and v} = (1 — a)v, with 0 < a < 1, and v = —v” # 0 (if v_ = 0 then ¢/
and v” would be proportional to v). Up to an exchange of v and v, we can assume that
a < 1/2, so that [v/,| < [v/]] and (v)* < (v")% ((v/)? = (V)% — (v_)2 = (v})% — (v")? <
(v)? — (v")? = (v")?). Notice that

(v,7") = av? = a(2n — 2) € Zsg, (2.12)

because (v,v') € Z for any two vectors v,v" € I'>2!1. This also implies that (2n — 2)v_ =
(2n — 2)v" — a(2n — 2)v € IT>?L. The sublattice spanned by v, v has signature (1,1) (it
contains a negative direction corresponding to v_), so that

det ( v? (v,v’)> <0 & (v,0")% > (v/)?0? (2.13)
( , : :

’U,U/) (U/)Z

Thus, the conditions (2.9), (2.10), (2.11) imply

2\ 2
0 < ()% < (v,0)? < (7)2) , (2.14)
where the last inequality follows from a = (Uv—g/) < 1/2. Vice versa, suppose that there
is v’ € I'>2L such that (2.14) holds. Up to an exchange v’ +> —v/, we can assume that

(v,v") > 0. Eq. (2.14) implies that the primitive sublattice M C I'>2! of rank 2 containing
both v and v’ has signature (1,1). Let = € M be a generator of v N M, so that 22 < 0. If
Z 1, then v' and v := v — ' satisfy all conditions (2.9), (2.10), (2.11). Indeed, (v')? > 0
follows from (2.14) and v? > 0. Furthermore, v' and v” can be written as v’ = av + Sz
and v = (1 — a)v — Bz, with a = %—Z” and § = (ﬁ;—;”), and by (2.14) and the condition
(v,v") > 0 one has 0 < a < 1/2. Thus, (v")? > (¢v/)? > 0, and v/, = av, v = (1 — a)v,
with a, (1 — a) > 0, so that also (2.11) holds.

Notice that = € v NI"®2! = L, and that the condition Z L x is equivalent to II L .

Let us now consider the case where one of the charges v’ or v” has squared norm —2.

2

Up to an exchange, we can suppose that (v')* = —2. In this case, the primitive sublattice

M containing both z and v must contain v’ satisfying

7)2

(v’)2 = -2 and 0<(W,v) < 5 (2.15)

The latter equations are equivalent to (2.9), (2.10) and (2.11) for v’ and v" = v — v with
(v')? = 2.

Assuming that the conditions in [4] are necessary and sufficient for singularity, we
conclude that the SCFT corresponding to II is singular if and only if II is orthogonal
to x € L,, such that the primitive sublattice M C I'>?! contains a vector v’ satisfying
either (2.14) (case (v')? > 0) or (2.15).
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The conditions (2.14) and (2.15) are very similar to the condition describing the Kéhler
cone of a hyperkahler manifold X of type K3 [5, 6]. Recall that the lattice H?(X,Z) is
isomorphic to the orthogonal complement in I'*?? of a primitive vector v of norm 2n—2. The
Kihler cone, i.e. the region of H%(X,R) spanned by the Kihler classes of X, is delimited by
some walls, which are the hyperplanes orthogonal to certain‘wall divisors’ D € H?(X,Z).
Then, D € H 2(X ,Z) is a wall divisor if the primitive lattice of rank 2 T C I'*20 containing

both v and D has a generator rp satisfying either

2

(rp)*=-2 and  0<(rpv) <. (2.16)

or 9
0 < (rp)20* < (v,rp)? < (“) , (2.17)

which have the same form as the conditions (2.14) and (2.15). This is not completely
surprising. In the limit where a Kéahler class reaches the boundary of the Kahler cone,
one of the holomorphic cycles shrinks to zero volume, and the geometry of the hyperkéhler
manifold becomes singular (for example, an orbifold). In general, a non-linear sigma model
whose target space is such a singular geometry can be perfectly well-defined — orbifolds are
the main examples of these phenomena. On the other hand, what usually happens is that
this consistent orbifold has some fixed non-zero B-field. If we turn off the B-field, then one
expects the non-linear sigma model to become singular as well. Therefore, for zero B-field
there should be a precise correspondence between singular geometries and singular CFT.
The similarity of the equations (2.16)—(2.17) with (2.14)—(2.15), therefore, gives further
support to our analysis of singularities.

On the other hand, as we will see in section 2.3, the analysis of this section seems to
be in contradiction with the properties of symmetric orbifolds. In section 2.3 we will try
to determine the locus of symmetric orbifolds models within the moduli space M,,, for all
n. The outcome is puzzling: all symmetric orbifolds occur at points in the moduli space
that, according to the analysis above, should be singular! Since we are not sure what the
resolution of this puzzle is, the results of the present section cannot be completely trusted.

2.3 The symmetric orbifold locus

In this section, we will discuss the locus M3™ C M,, in the Hilbert space of SCFT of
K3 type corresponding to symmetric orbifolds.

If Cs denotes the NLSM on the K3 surface S, corresponding to a certain choice of
hyperkéahler structure and B-field, then the symmetric orbifold Sym"™ Cg (where orbifold is
understood in a CFT sense) is a NLSM on a hyperkdhler manifold X of K3 type. In
particular, one expects the geometry of the target space to be the one of the symmetric
orbifold (in a geometric sense) Sym” S, i.e. with @y = as = A = 0 in the notation of
appendix A.2.

The space of states of the orbifold CFT Sym" Cg is the sum over [o]-twisted sectors for
each conjugacy class [o] of Sp; the untwisted sector corresponds to [o] being the identity
class. In turn, each conjugacy class for the symmetric group S, can be labeled by the
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cycle shape [[n;, with >, n; = n of the class. There are 84 exactly marginal operators in
Sym” Cg, preserving the N' = (4, 4) superconformal algebra, corresponding to deformations
of the CFT in the 84 dimensional moduli space of NLSM of K3[" type. Out of these 84
deformations, 80 are contained in the untwisted sector and can be naturally identified
with deformations of the ‘seed’ CFT Cg — they are literally obtained by symmetrization
Y ves, 0(x®1®@...®1) of the exactly marginal operators x on Cs. The remaining 4 moduli
are contained in a twisted sector. Recall that the N' = (4,4) preserving exactly marginal
operators are fields of conformal weight (1,1) and neutral under SU(2); x SU(2)r R-
symmetry, that are obtained as supersymmetric descendants of NS-NS fields with conformal
weights (h,h) = (1/2,1/2) and R-symmetry charges (¢,q) = (1/2,1/2) (we normalize the
charges so that they are half-integral). It was shown in [21] that the lowest chiral operators
(i.e. with h = ¢) in the sector corresponding to a cycle shape [[; n; has

ni—l
h=q=)_ - (2.18)

%

It is clear then that fields with h = ¢ = 1/2 and h = ¢ = 1/2 can only occur in the untwisted
sector or in the [o]-twisted sector where o is a single transposition (i.e. with cycle shape
1"=221). In particular, there is a unique such field in the [o]-twisted sector, and it coincides
with the [o]-twisted ground field.? This field has four supersymmetric descendants of
weights (1, 1) and neutral under R-symmetry, which are the twisted sector exactly marginal
operators. Therefore, the 4 marginal operators not associated with deformations of the seed
theory come from the [o]-twisted sector where [o] is the class of a single transposition, and
can be identified with deformations of the remaining moduli a1, as, A, 5 of the NLSM on
X (see appendix A.2).

Notice that every symmetric orbifold has a Zy symmetry (that we will call a quan-
tum symmetry) acting by multiplication by (—1)%") on the [o]-twisted sector. Indeed,
the OPE of a [01]- and a [o9]-twisted fields can contains a field in the [o3]-twisted sec-
tor only if o3 is conjugate to o1hosh~! for some h € S,; then it is clear that sgn(o3) =
sgn(o1haah™!) = sgn(oq) sgn(oa), so that the symmetry preserves the OPE. This Zo sym-
metry acts trivially on the 80 marginal operators in the untwisted sector and changes the
sign of the 4 twisted sector marginal operators, since they are contained in a [o]-twisted
sector with ¢ an odd permutation.

The presence of the quantum symmetry will be our main tool in trying to identify
the locus M¥™ C M,,. Suppose that a certain K3 model has a symmetry ¢ acting on
exact marginal operators in the same way as the quantum symmetry of the symmetric
orbifold. This means that, with respect to the action of ¢ € O(21) C SO(4) x O(21) C
O (4,21), the (4,21) representation of SO(4) x O(21) splits as the sum of a 4-dimensional
subspace (a four-dimensional representation of SO(4)) with t-eigenvalue —1 and an 80-
dimensional subspace (20 four-dimensional representations of SO(4)) with eigenvalue +1.
As a consequence, in the 4 @ 21 representation of SO(4) x O(21) (i.e. on R*?! = L, ® R),
t has a single eigenvector with eigenvalue —1 in the 21-dimensional component, and fixes

2For general [o] the [o]-twisted ground field is usually not chiral.
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the 24-dimensional orthogonal complement. Let s € R?! ¢ R*2?! be a generator of the —1
eigenspace (this implies that s?> < 0). Then, ¢ acts on any z € R*2! by a reflection with

respect to the hyperplane st

rt(r)=x—

5. (2.19)

Notice that this formula is invariant under rescalings of s, s — as, a € R\ {0}. It is easy
to check that the transformation ¢ is in O(4,21). In order to be an automorphism of the
lattice L,, it must be that x — ¢t(z) € L, for every x € L,. This implies, in particular,
that s is proportional to a lattice vector; without loss of generality, we can rescale it so
that s is a primitive vector in L,. With this choice, the condition for ¢ to be a lattice
automorphism is

2(s,x)
(s,5)

Let div(s) be the greatest common divisor of (s, z), € L,; for the lattice L,, the possible

€Z Vzel,. (2.20)

values of div(s) are the divisors of 2n — 2 (see appendix B). Then, the condition (2.20) can
be written as (s, s)|2div(s). On the other hand, we also have div(s)|(s, s), from which we
find the two possibilities div(s) = —(s,s) or div(s) = —(s,s)/2 (note that (s,s) < 0 and
div(s) > 0).

In order to identify the vector s, we need some additional information. The locus F;
of K3"-models with symmetry the reflection ¢ is an 80-dimensional connected orbifold: it
is given by the quotient F; = H \Gr,. of the Grassmannian Gr . = Grt(4,20) of four di-

L >~ R420 quotiented by the subgroup H,

sym
n

mensional oriented positive definite subspaces in s
of the duality group that fixes s up to a sign. On the other hand, the locus M of symmet-
ric orbifolds is the image of an isometry M; — M,,, where M; = O*(T'*20)\Gr™* (4, 20).
This isometry can be ‘lifted’ at the level of Teichmiiller spaces: there exists an isometric
embedding i : Gr™(4,20) — Gr*(4,21) such that i(Gr™(4,20)) maps to M;”" under the
projection Gr(4,21) — Gr*(4,21)/O;". Such an embedding is not unique, but the differ-
ent choices are related to each other by dualities. The image i(Gr™(4,20)) forms a single
orbit under the action of a subgroup SO*(4,20,R) C SO*(4,21,R) acting (not faithfully)
on Grt(4,21) by isometries. Let us choose a point in i(Gr*(4,20)), corresponding to a
four-plane II ¢ R*2! and to a non-singular symmetric orbifold in M;?™. This symmetric
orbifold has the symmetry ¢, which is unbroken by infinitesimal deformations of the model
within M3”™. This means that II, and each of the four-planes in a neighborhood of II
within i(GrT(4,20)), must be orthogonal to some vector in O, - s, the O, -orbit of s € L,,.
If IT € i(Gr*(4,20)) is generic enough, there cannot be more than one vector s’ € O;f - s
satisfying s’ L II (the Grassmannian of four planes orthogonal to two or more vectors in
O;! - s has dimension smaller than 80), and by continuity all four-planes in a neighborhood
of IT must be orthogonal to the same s’. We can choose the embedding 7 in such a way that
s’ = s. As a consequence, the infinitesimal action of the subgroup SO*(4,20) C SO*(4,21)
generating i(Gr*(4,20)) preserves setwise the subspace st C R*2!. This condition is suf-
ficient to identify the subalgebra of generators of SOT(4,20) within the Lie algebra of
SO*(4,21), and therefore the group SO (4,20) itself as the subgroup of SO*(4,21) that
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acts trivially on s. Therefore, i(Gr™(4,20)) is exactly the Grassmannian Gr,. ) of subspaces
IT € R*?! orthogonal to s. This means that also the images of i(Gr*(4,20)) = Gr,. under
Grt(4,21) — O;F\Gr*(4,21) must be the same, and that the discrete groups we quotient
by are isomorphic Hg = OF(I'%20).

It is easy to check that this isomorphism of discrete groups holds only if div(s) = 2n—2.
Indeed, H, is a group of automorphisms of the sublattice s N L,. Up to dualities, one can
always take both v and s to be contained in some I'*>? C I'>2!; therefore, s+ N L, contains
a copy of I'*' as a primitive sublattice. By acting by Hy = OF(I'%?°) on this I'*'%, one
obtains a lattice isomorphic to I'*??, which must be contained in s+ N L,. But s+ N L, has
signature (4,20) and is even, and these conditions imply that s+ N L, =2 T%20, One has the
lattice inclusions I'*2° @ (s) C L, C (T** @ (s))*, but (I @ (s))* =T+ g <div‘s(s)>, and
since s is primitive we must have the equality L, = I'%? @ (s). This isomorphism implies
that div(s) = —(s,s) = 2n — 2.

We conclude that the symmetric orbifold locus M;?™ corresponds to the Grassmannian
of 4-dimensional subspaces orthogonal to a vector s with div(s) = —(s,s) = 2n — 2. As

we explain below, for generic n this analysis is not sufficient to identify the vector s (and
therefore M;Y™) up to dualities. However, it is enough to reach a puzzling conclusion: for
any s € L, with div(s) = —(s,s) = 2n — 2, a four-dimensional subspace II orthogonal to
s corresponds to a singular model, according to the arguments of [4] and of section 2.2.
Indeed, since (s,v)t NT>2 = st N L, = 20 the vectors s and v are contained in a
sublattice T'V! € T'>2!. Let u,u* be generators of this I''!, such that (u,u) = (u*,u*) =0,
(u,u*) = 1. Then, s and v can be written as

v =au+ bu*, s = —bu+ au”, (2.21)

for some a,b € Z coprime and such that ab = 2n — 2 (in fact, the different duality orbits
of vectors s are labeled by this pair of integers). We can always choose u,u* in such a
way that a,b > 0. Then, whenever Z = (v) @ II is orthogonal to s, we have that v/ := u
and v := (a — 1)u + bu* satisfy the conditions (2.9)—(2.11) (and, in fact, even the stricter
conditions in [4]). There are a few possible resolutions of this puzzle:

e The symmetric orbifold model is not a well defined CFT. This seems quite a radical
departure from what we know from conformal field theory and string theory.

e We have misidentified the locus of symmetric orbifolds M;’™. This means that
there must be a hole in one of the arguments we used. One of the ingredients is the
existence of the quantum symmetry of symmetric orbifolds. This is just based on
the standard properties of non-abelian orbifolds, so it seems quite a safe statement,
although there might be some potential subtleties with the definition of the symmetry
in sectors other than the NS-NS. Another ingredient we need is the fact that two
models obtained by deforming the symmetric orbifold by exactly marginal operators
related by a symmetry are dual to each other. This should be true, provided that
conformal perturbation theory correctly reproduces the correlators of the deformed

models in some neighborhood of each point in the moduli space. This is clearly
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a delicate assumption, but without this assumption the whole construction of the
moduli space M,, should be reconsidered. One of the most delicate ingredients is the
assumption that the group of dualities acts by automorphisms of the lattice L,. In
section 2.1 we discussed why it is unlikely that the duality group is larger. It would
be nice to have a rigorous argument showing that this assumption follows from the
requirement that the moduli space M,, be Hausdorff. Notice that, for the arguments
of this section to work, we don’t need to assume that the duality group is a proper
subgroup of O"(L,).

e We have misidentified the locus of singular models in Gr(4,21). This seems to us
as the most likely possibility. The arguments described in section 2.2 are certainly
reasonable, but do not seem to be conclusive. In particular, these arguments are not
formulated within the framework of the conformal field theory itself, but follow from
analysing the dynamics of the system of branes, which is described by the K3 model
only in the low energy limit. It could in principle happen that, in the limit where we
reach a singular point in the moduli space, the K 3[M_model is still a well-defined CFT,
even if it is not a good description of the low energy dynamics of the brane system
anymore. Another (related) possibility is that, in some occasions, the additional
‘non-compact’ degrees of freedom that appear at the singular point are decoupled
from the SCFT itself, so that the latter remains consistent. In order to confirm or
to rule out similar scenarios, one would need a more detailed understanding of the
dynamics of the brane system at singular point. Unfortunately, a precise description
of the set of singular models is needed for the classification of symmetries of SCFT's
of K3[" type that we will attempt in the following sections. This means that our
results will be conditional to a long list of assumptions and restrictions. We hope to
be able to drop some of these assumptions in future works.

Finally, let us show that our analysis is not sufficient to unambiguously determine s up
to dualities. Indeed, while there is a unique orbit of vectors s with div(s) = —(s,s) = 2n—2
with respect to the full automorphism group O(L,) of the lattice L,, the duality group
O;! is the (generally, proper) subgroup of O(L,) acting by +1 on the discriminant group
Ap, = L*/L,. By Eichler principle (see appendix B), since L, contains a I'>? sublattice,
then any two primitive vectors s, s’ are related by the group O%(L,) acting trivially on

S/

dlv(s) = div(s)
mod L,. In particular, we have L} /LU > Zon_o, and we are interested in vectors s with
div(s) = —(s,s) = 2n—2, so that dlv(s) has norm 51— mod 2Z and order 2n—2 in L} /Ly,

so it is a generator. On the other hand, in general, there are several different generators

L}/L, if and only if they have the same norm, the same divisor, and

with the same norm and order in L}/L,, and one can show that all of them can be lifted
to elements of the form 5, where § has div(5) = —(5,5) = 2n —2.% All such § are in the
same O(L,)-orbit, but are not related by O°(L,) transformations.

3This is because, for a lattice containing a copy of T, the natural map O(L,) — O(L} /L) is surjective.
Here, O(L} /L) is the group of automorphisms of L} /L, = Zg2,—2 preserving the quadratic form (defined

modulo 27). Every two generators of Zz,—2 with norm are related by some element of O(L}/L,), and

1
2n—2
this element lifts to some automorphism in O(L,). The latter automorphism maps s to a vector § with the

same norm and divisor.
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3 Symmetries and twining genera

In this section we will discuss the classification (up to isomorphisms) of the possible groups
of symmetries of a (non-singular) N' = (4,4) superconformal field theories with central
charge ¢ = 6n, n > 1, in the moduli space non-singular NLSM on hyperkahler manifolds of
K3 type. The results and the methods are very similar to the ones relevant for non-linear
sigma models on K3 [2].

3.1 A (restricted) classification of symmetries

Let us consider v € I'>?! with v2 = 2n — 2, and suppose that the five plane Z is at an
attractor point for v, i.e. v € Z. As usual, let L, = L, := v- NI and I = Z Nvt, so
that II is a positive definite four plane in L,, ® R and determines a point C in the moduli
space M,, of NLSM on K3[™. We assume that this point is non-singular, in the sense of
section 2.2, so that we expect the corresponding CFT to be well defined. Our goal is to
determine the possible group of symmetries of the CFT C.

Let us try to be more precise. By symmetries of a conformal field theory we mean a
linear transformation of the fields that preserves the OPE, fixes the vacuum vector and the
stress-energy tensor. We will focus on symmetries that satisfy some additional properties:

(1) They commute with the full N' = (4,4) superconformal algebra (and not only the
Virasoro algebra).

(2) They commute with left- and right-moving spectral flow isomorphism relating the
Neveu-Schwarz with the Ramond sector of the theory;

While there are certainly interesting symmetries that do not satisfy these conditions, there
are some good reasons to require them. The first reason is practical: without these con-
ditions, the classification problem is much more complicated, and in fact it is not solved
even in the case of non-linear sigma models on K3. Secondly, these properties assure that
the action on the low-energy six dimensional type IIB string compactification preserves
space-time supersymmetry. Finally, these conditions are the exact analogue of the ones
required in [2] for NLSM on K3 and in [22] for NLSM on T*.

Let G be the group of symmetries of the CFT C satisfying the conditions (1) and (2)
above. Then, G has an action on the 84 dimensional space of exactly marginal operators of
the model, which can be identified with the tangent space to the Grassmannian Gr™ (4, 21)
at the point corresponding to C.* These fields are suitable supersymmetric descendants
of the 84-dimensional space of superconformal primaries of weights (1/2,1/2), which de-
composes into 21 representations of the superconformal algebra. By (1), the symmetry G
will act by a O(21) transformation on these 21 representations, i.e. the group of O(4,21)
transformations that leave the positive definite 4-dimensional subspace II point-wise fixed.
If two exactly marginal operators are related by a symmetry g, then the models obtained
by the corresponding deformations will be equivalent, i.e. related by a duality. This means

4To be precise, C determines a point in the quotient GrT(4,21)/0;", and one has to choose a lift of this
point to Gr™(4,21). What follows is independent of this choice.
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that the action on the 84-dimensional space must be induced by a transformation in the du-
ality group O;. We conclude that there must be a homomorphism G — O;f NO(21). This
homomorphism must be surjective: every duality in O, fixing the 4-dimensional space II
will map the theory C into itself in a non-trivial way (as can be seen from the action on the
exactly marginal operators), so it must lift to a symmetry of the theory satisfying (1) and
(2). One can also argue that the homomorphism is injective. Indeed, any element g in the
kernel would act trivially on the whole space of exactly marginal operators of the theory. As
a consequence, the kernel of this homomorphism is preserved by any deformation, and since
the moduli space is connected, it must be a symmetry of every SCFT in the moduli space.
Therefore, in order to exclude a non-trivial kernel for every model in the moduli space, it
is sufficient to choose one K3"-model C and show that C has no symmetries satisfying (1)
and (2) and acting trivially on all exactly marginal operators. A suitable model for this
analysis is given by C = Sym" C’, where C’ is the NLSM on K3 with ‘the largest symmetry
group’, described in [23]. The details are relegated to appendix C.1. We conclude that the
group of symmetries G satisfying (1) and (2) is isomorphic to O(21) N O;}, i.e. it is the
subgroup of O;f C O(4,21) fixing pointwise the 4-dimensional subspace IT C R*2L.

As discussed in section 2.3, the group O;f C OT(L,) contains a normal subgroup
O°*(L,) of O (L) fixing the discriminant group L% /L,,. This group can be identified with
the subgroup Stab™ (v) of O(I'>?!) fixing the vector v. For the purpose of the classification,
it is convenient to restrict ourselves to symmetries that satisfy (1), (2) and

(3) They are contained in the subgroup O%*(L,,) of O;}.

Physically, the symmetries in the subgroup Stab™ (v) of O;F are the ones that lift to dualities
of the full type IIB string theory and that fix the charge v of the string-like object we are
considering. This is quite a natural restriction from a space-time viewpoint. One can expect
O, to be strictly larger than Stab™(v). In particular, for n > 2, the set O, \ Stab™(v)
should contain elements in O(I">2!) that flip the sign of v: if our analysis of section 2.3 is
correct, then for n > 2 every symmetric product Sym”™ C’ of a NLMS C’ on a K3 surface has
a self-duality in this set, which in turn satisfies (1) and (2). From the perspective of the
non-linear sigma model, it would be interesting to consider the larger group of symmetries
where (3) is not necessarily satisfied. We will not attempt a classification of these groups
in this work.

We will also put some restriction on the set of models we will consider. As argued in
section 2.2, the set S7°°"* C O;F\GrT(4,21) corresponding to 4-planes II that are orthogonal

2 = —2, should be contained in the set of singular models, and

to some root r € I'>?! r
therefore should be excluded from the moduli space M,,. On the other hand, the analysis
of symmetric orbifolds (in particular, for n = 2), seems to be in contradiction with this
conclusion. For this reason, it is preferable to take an agnostic view on this argument and
explicitly exclude such models from our classification. This restriction greatly simplifies
the classification problem we are considering — in fact, we were not able to generalize this

classification so as to include these models.
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Finally, we will assume that the set of singular models is not larger than the set S
described in section 2.2. This assumption will be needed for the second part of theorem 3,
in order to show the existence of a non-singular model with a given symmetry group G.°

Our discussion leads us to conclude:

Claim 1. Let Crp be a non-singular SCFT of K3 type, n > 1, corresponding to a 4-
subspace I1 C L, ® R =2 R*2L such that 11 is not orthogonal to any r € Ly, > = —2. The
group of symmetries G satisfying the conditions (1), (2), and (3) above is isomorphic to
the subgroup of OV (Ly) that acts trivially on L} /L, and fizres I1 C L, @ R pointwise.

While this statement in principle provides a complete characterization of the symmetry
groups G, in practice it is not a trivial task to determine which groups can actually arise.
The following propositions provide a much more useful characterization of the groups Gfig.

Proposition 2. The group G is isomorphic to the group O°(Ly) of automorphisms of
the lattice Ly :== L, NI+ that act trivially on the discriminant group L} /Ln.

The proof is in appendix C.2.

This proposition shows, in particular, that the group Gp only depends on the iso-
morphism class of the lattice Ly. In particular, different models Cr, Crir corresponding
to isomorphic lattices Ly = Ly have isomorphic groups G = Gy, even if they are not
related by a duality.

The most useful characterization of the groups Gy is given by the following theorem,
which is a direct analogue of the main result of [2]. Let A be the negative definite Leech
lattice, i.e. the unique negative definite even unimodular lattice of rank 24 without roots,
i.e. vectors of square norm —2. Its group of automorphisms O(A) is the finite group
Cog = Zs.Co1, which in turn is a central Zy extension of a finite simple group Co;.

Proposition 3. Let Cry be a non-singular SCET of K3 -type, n > 1, corresponding to
a 4-subspace 11 C L, @ R = R*2! and such that 11 is not orthogonal to any r € L,
72 = —2. Let Ly = L,NII* and Gy = O°(Lxy) be the group of symmetries of Cry satisfying
the conditions (1), (2), and (3) above. Then, Ly is isomorphic to a primitive sublattice
Arr of the Leech lattice A of rank rk A;p < 21, and Gp is isomorphic to the subgroup of
Aut(A) =2 Coy fizing pointwise the sublattice AN Af; of rank at least 3.

Vice versa, if G C Coy is the pointwise stabilizer of a sublattice AG of the Leech lattice
A of rank at least 3, then for every n > 1 there exists a non-singular NLSM Cr on K3
whose group of symmetries G is isomorphic to G and such that Ly = (AC’V)L NA.

The proof is in appendix C.3.

Triples (@, Aé, Ag) where G C Coy is the stabilizer of a sublattice of A, and AC and
As = (Aé) N A are the corresponding invariant and coinvariant lattices, were classified
in [24] up to isomorphisms. Out of the 290 groups listed in [24], 221 have an invariant

5The assumption was also used to argue that the moduli space M., is connected, and show that there
is no symmetry acting trivially on all exactly marginal deformations. However, the assumption about
connectedness of M, is much weaker than the one we need for the second part of theorem 3.
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sublattice AC of rank at least 3. As expected from the analysis of section 2.3, the quantum
symmetry of symmetric orbifolds is not included in the group Gy classified in this theorem.
Indeed, there is no element of Cog of order 2 fixing a 3-dimensional sublattice of A and
acting by —1 on the orthogonal complement. This means that, as argued in 2.3, either the
n-th symmetric orbifold corresponds to a 4-plane IT orthogonal to a root (which seems to
be the case for n = 2), or the quantum symmetry does not satisfy the conditions (1), (2),
and (3). In fact, it is easy to see that the extension of the quantum symmetry to O(T'52!)
must act on v by v — —uv, so that (3) is not satisfied.

It is quite remarkable that the list of groups appearing as possible groups of symmetries
of NLSM of K3 type is essentially independent of n, at least for n > 1. When the fixed
sublattice has rank at least 4, a partial explanation of this phenomenon is given by the
symmetric orbifold construction. Indeed, in this case, we know from [2] that there exists
a NLSM on K3 C’ with symmetry group G, so that in all the symmetric orbifold models
Sym"™C’ the symmetry group must contain G, and it is easy to take a deformation for
which the group is exactly G. From the perspective of type IIB string theory on K3, what
happens is that there is a family of models in the moduli space having a self-duality group
Gcor” fixing a sublattice !  I'>2!. Therefore, all NLSM describing the world-sheet
dynamics of stringy-like objects whose charge is in this G-fixed sublattice will have G as a
group of symmetries. We do not see any similar explanation for the case where the rank
of the fixed sublattice is exactly 3.

Let us briefly comment on the problem of classifying groups of symmetries Gp; that
satisfy property (1) and (2), but not necessarily (3). Let us assume that O, contains only
elements of O(I'>?!) acting by v — 4v of the vector v. For a given model C of K3
type, G}; might be either equal to Gy (if there are no symmetries satisfying (1) and (2),
but not (3)), or of the form Gj; = G11.Z2, i.e. it contains a normal subgroup Gy such that
G71;/Gn = Zy. Furthermore, it is clear from our construction that Gj; must be a subgroup
of the group O(Ly) of the lattice Ly := I'»2' N Z. It seems difficult to find a practical
criterion to determine whether Gy; is larger than G or not. In particular, this seems to
depend not only on the isomorphism class of Ly, but also on n, on v, and in the way Lty is
embedded in I'>2!. It also seems difficult to determine the precise structure of the group Gh
in the cases where it is different from G — in general, there can be many non-isomorphic
groups G such that Gj;/Gn = Zs. In particular, the example of the symmetric orbifolds
shows that GT; is not always a subgroup of Cop. We hope we will be able to address these
issues in future works.

3.2 Twining genera

Given a NLSM C of K3/ type with a group of symmetries G (satisfying the conditions
(1), (2) and (3) of section 3.1), one is interested in finding how the group G acts on the
states of the model, in the sense of determining how the space of states of C decomposes
into irreducible representations of G. This information can be partially recovered if one
knows all twining genera ¢4(7,2), that are functions on H x C defined by

bg(1,2) = Trrr(g g™ zigho sy (—1)F+F) | g=&¥™T y =™ (3.1)
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for all g € G. Here, the trace is taken over the Ramond-Ramond sector of the theory C, Ly
and Lg are the holomorphic and anti-holomorphic Virasoro generators, Jg’ is the zero mode
of a Cartan generator in the su(2)y subalgebra of the holomorphic A/ = 4 superconformal
algebra, F' and F are the holomorphic and anti-holomorphic fermion numbers. For g = 1,
¢4 reduces to the elliptic genus of the model C. As for the elliptic genus, only states with
Lo— 2—54 = 0 (right-moving ground states) can give a non-vanishing contribution to this trace:
the contributions of states with Ly — ﬁ > (0 cancel each other due to supersymmetry. This
implies that ¢4(7, 2) is a holomorphic function of (7,2) € H x C

In a path integral formulation of the NLSM, the twining genera can be described in
terms of a path integral on a world-sheet ¥ of genus 1 (a torus) with modular parameter T,
with the insertion of the operator ng , and where all the fields are required to be periodic
around one of the cycles in a basis of H(X,7Z), and twisted by g as one goes around
the other cycle. From this description, and from spectral flow invariance, one can argue
that ¢4(7,2) must transform as a Jacobi form of weight 0 and index n (see [25] for the
relevant definitions)

. C22
gbg <a7+b z ) _ emeng (Z’ Z) ¢g(7-7 Z) \v4 <Ccl 2) € Fg - SLQ(Z), (32)

cr+d er+d
bg(T,z+Ur + 1) = e 2min(£T+24z) ¢qg(T, 2) V(L) € 72, (3.3)

for a suitable subgroup I'; C SL(2,Z). We have allowed for the possibility of a non-trivial
multiplier x, : I'y = C*, which cannot be excluded by path integral arguments (and can
be shown to exist in some explicit examples).

Once the twining genera ¢, are given for all g € G, using standard group theory
arguments one can determine how every simultaneous eigenspace for Lg, Lo, JS’ (which is
always finite dimensional) decomposes as a sum @;n; R; over the irreducible representations
R; of G, where n; are Zo-graded multiplicities, with the grading given by the total fermion
number (—1)F +F This means that the twining genera are not sufficient to detect whether a
certain (Lg, Lo, Jg’)—eigenspace contains the sum of two copies of the same G-representation
with opposite fermion number, since their contribution cancels exactly. Of course, we
know that huge cancellations do occur in every model C due to supersymmetry, since all
contributions from states with Lo— i > () cancel each other. In this sense, from the twining
genera one can only hope to recover information about the subspace states with Lg— 51 =0,
i.e. the ones that are supersymmetric (BPS) with respect to the anti-holomorphic N' = 4
superconformal algebra. It is believed (though, to the best of my knowledge, no rigorous
proof exists) that at a generic point in the moduli space there are no cancellations among
the contributions of the BPS states to the elliptic genus. If this is the case, then for a generic
model the twining genera are sufficient to unambiguously determine the decomposition of
the space of BPS states into irreducible G-representations. On the other hand, models
with a non-trivial symmetry group G form a subset of measure zero in the moduli space,
so it might very well be that only a small fraction of them (or none at all!) is ‘generic’, in
the sense above.
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Nevertheless, the twining genera are useful for two reasons. First, they do provide
interesting information about the action of G on the space of BPS states — even if the G-
representation is not determined unambiguously, it is certainly strongly constrained by the
twining genera. Secondly, as we will explain in the rest of this section, one can determine
a large number of such twining genera, whereas by contrast the analogous computation of
‘twining partition functions’ without the inclusion of the fermion number (—1) +F s in
general out of reach (except for a few very special points in the moduli space).

The property that makes the twining genus ¢, computable is the fact that it is invariant
under continuous deformations of the moduli that preserve the symmetry g. The argument
for this is completely analogous to the one leading to the invariance of the elliptic genus
(see for example [10]). By the analysis in section 3.1, any symmetry g can be identified
with an element in Stab™ (v) C OF(I'>2?!) fixing a sublattice ['Y C I'>2! of signature (5, d),
d > 0. An infinitesimal deformation of the NLSM preserves the symmetry g if and only if it
is generated by a g-invariant exactly marginal operator. It follows that, for each symmetry
g € OT(I'>21), there is a family of non-singular models with symmetry g, consisting of all
non-singular (in the sense of section 2.2) positive definite oriented 5-planes Z containing v,
with Z C TY®R. Equivalently, it can be seen as an element of O°*(L,) = Stab* (v) acting
trivially on a sublattice (L, )9 of signature (4, d), d > 0. This family is necessarily connected,
because it is the quotient by a discrete group of dualities of a space of the form Gr(4,d)\S,
where G7r(4,d) is the Grassmannian of positive definite four planes II € (L,)? ® R = R*4,
and S is the locus of singular NLSM, described in section 2.2, which has codimension at
least 4. This means that the twining genus ¢, depends only on the element g € Stab™ (v),
and not on the particular model C € F; in which it is computed. Therefore, in order to
determine the twining genus ¢, for the whole family F,, it is sufficient to compute it at
any point in F,. Furthermore, if two elements g, ¢’ € Stab™ (v) are conjugate in Stab™ (v),
i.e. ¢ = hgh™! for some h € Stab™(v), then the models of the family F, are dual to the
ones in the family Fg, and the corresponding twining genera ¢, and ¢4 are the same.b Tt
follows that the twining genus ¢4 only depends on the conjugacy class of g in Stab™ (v).
Finally, invariance of the A/ = 4 characters under charge conjugation implies

Gg(T,2) = Qg-1(T, —2) = ¢pg-1(T,2) . (3.4)
To summarize, while the definition of the twining genera ¢, refers to a specific CF'T of K3
type, the twining genus itself only depends on the element g € Stab™ (v) up to conjugation
in Stab™ (v) and is invariant under charge conjugation g <+ g~'. Each such class determines
a connected family F; of non-singular CFTs of K3 type, such that ¢g4 is well-defined at
each point in F, and is constant along F,. In section 3.3 we will discuss the classification
of such conjugacy classes of symmetries.

3.3 Conjugacy classes of symmetries

Motivated by the analysis of section 3.2, we will now consider a classification of all conjugacy
classes of elements g € Stab™ (v) fixing a positive definite 4-dimensional subspace in L, ®
R = R%2!. A first rough classification follows by considering the possible eigenvalues of

5This is true more generally for conjugation by any h € O;F. Since it is not completely clear to us what
this group is, in this section and in the following we will be conservative and only consider dualities by
Stab™ (v).
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g in the defining 25-dimensional representation. By construction g acts non-trivially only
on a negative definite sublattice I'y C L, N I+ of rank 21 — d, d > 0, so that there
are only 21 — d non-trivial eigenvalues. By theorem 3, the lattice I'; can be primitively
embedded in the Leech lattice A, and the non-trivial eigenvalues of g are the same as for
an element ¢’ € Cop, such that the cyclic group (¢’) C Cop is the pointwise stabilizer
of a 3 + d dimensional sublattice A®) c A. There are 42 conjugacy classes [¢'] of Cog
with the property that its elements ¢’ stabilize a sublattice of rank at least 3 (see [26]).
As a matter of fact, all such classes actually stabilize a lattice of dimension at least 4, so
that d > 1.7 Furthermore, for any two distinct Cog classes, the corresponding elements
have different sets of eigenvalues, and non-isomorphic lattices Ay = (A9)YL N A (see for
example [24, 27]). The sets of eigenvalues are most easily encoded in the Frame shape of
g, i.e. a symbolic product

my =[] £*, (3.5)

N
where N = o(g’) is the order of ¢’. The integers ky € Z are defined by
det(t124 - p24(g)) = H(tz - 1)’95 . (36)
(N

If ¢’ acts as a permutation of the vectors in some basis of the 24 dimensional representation
of Cog, then all ky are non-negative and the Frame shape coincides with the cycle shape
of the permutation. By theorem 3, we conclude that there are 42 possible sets of eigen-
values for symmetries g € Stab™ (v), each corresponding to a certain isomorphism class of
lattices T'.

While two elements g1,g2 € Stab'(v) with different Frame shapes obviously belong
to distinct Stab™ (v) conjugacy classes, the inverse is not necessarily true: it could happen
that g1, g2 with the same Frame shape are not conjugate in Stab™ (v). We are left with the
problem of determining the possible classes for each of the 42 Frame shapes. The following
lemma is useful in this sense.

Lemma 4. Let L be an even lattice and let G C O(L) be a subgroup of its group of
automorphisms. Let g1,g2 € G be such that the coinvariant sublattice Ly, = (Lgk)L NL,
k = 1,2, are both isomorphic to a given lattice M. Let i1,i5 : M — L be primitive
embeddings and let g € O(M) be an automorphism of M, such that i,(M) = Ly, and
groip =1p0g, k =1,2. Then, g1 and g2 are conjugate in G if and only if there exist
h € G and s € Cory(g) (the centralizer of g in O(M)) such that

hOilziQOS, (37)
and in this case go = hgih™!.

Proof. This is an immediate generalization of the proof of Lemma 8 in [10]. O

"More generally, the fixed subspace of any element in SO(24,R) has even (possibly 0) dimension. Indeed,
any real orthogonal matrix is diagonalizable over C with eigenvalues having modulus 1. Its characteristic
polynomial has real coefficients, so the non-real eigenvalues must come in complex conjugate pairs, while
the multiplicity of the —1-eigenvalue must be even in order for the determinant to be positive. Therefore,
the multiplicity of the +1-eigenvalue is also even. We stress that this argument has only implications for
cyclic subgroups of Cog; non-cyclic subgroups of C'og fixing a sublattice of rank exactly 3 do exist, see for
example [24].

~ 93 -



In the case we are interested in, L is the lattice L, = v+ N T2 G = Stab*(v) is
the subgroup of O(I'>2!) preserving v and preserving the orientation of positive definite
4-subspaces in L, ® R, and the lattice M is the coinvariant sublattice A, = AN (A9)L, i.e.
the orthogonal complement of the g-fixed sublattice in the Leech lattice, for some g € Cog
with the given Frame shape m,. Therefore, the symmetries with Frame shape 7, up to
Stab™ (v) transformations are in one to one correspondence with the double cosets

{primitive i : Ay < Ly, }/Stab™ (v), (3.8)

where Stab™ (v) is the stabilizer of v in O (I'>21). In principle, one might want to consider
the number of classes of symmetries up to O; transformation, where O; might contain (at
least) elements that flip the sign of the vector v. Furthermore, as follows from the lemma
above, the number of conjugacy classes of symmetries with Frame shape 7, is obtained by
quotienting also by the centralizer C,(g). In this paper, we will only compute the number
of cosets in (3.8) (and only in certain cases, see below). This gives an upper bound on
the number of O -classes of symmetries. On the other hand, for most Frame shapes m,
this upper bound is either 1 or equals some lower bound that can be obtained by other
arguments (in particular, by the number of known twining genera), so it actually equals
the number of classes.
The single cosets (3.8) are in one to one correspondence with the cosets in

{(9,7) | i : Ay = T primitive, & € T5?' Ni(A,)* primitive, 9% = 2m —2}/0T(T>?) .
(3.9)
Indeed, there is a map from (3.8) to (3.9) given by assigning to the coset [i| with represen-
tative i the coset [(v,)] with representative (v,i). If we choose a different representative
i’ in the same coset [i], then (v,i) and (v,i’) are related by Stab™(v) C OF(I'>2!), so they
belong to the same [(v,7)]. It follows that the map is well defined. Vice versa, given any
coset in (3.9), using the fact that any two primitive vectors of same length in I'>2! are
related by an Ot (I'>2!) transformation, we can choose a representative of the form (v, 1),
and the embedding i is determined up to automorphisms in Stabt(v). Therefore, this de-
termines a coset [i] in (3.8), and gives a well defined map from (3.9) to (3.8) that is clearly
the inverse of the previous one.
The quotient in (3.9) admit two alternative useful descriptions. The first is given by
noticing that a pair (,7) as in (3.9) determines an embedding i : Ay, < I'>?', where

Agn =Ny ® (2n—2) . (3.10)
More precisely, the cosets in (3.9) are in one to one correspondence with
{i: Agp = T [ i(Ay),4((2n — 2)) primitive in T} /0T (T>?!) (3.11)

The second one uses the fact that the lattices A, we are considering are the same
appearing in the classification of symmetries of NLSM on K3. Using the results of [2§],
one can show that all such lattices can be primitively embedded in an even unimodular
lattice I'#20 (see [2] for details). For any decomposition I'>?! = 't @ 420 this gives a
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primitive embedding of A4 in I'>21 such that the orthogonal complement K is of the form
K =TY @K’ for some lattice K. For lattices K of this form, theorem 1.14.2 of Nikulin [28]

2% is unique up to OF(I'>2!) trans-

then implies that the primitive embedding of A, in
formations. For each A, let us choose one such primitive embedding i, : A; — I'>2! and
set K :=i,(Ay)- NI%2L. Then, each coset in (3.9) has a representative of the form (9,4,),
where ¢ € K C I'>?! is determined up to O*(I'>?!) transformations acting trivially on
ig(Ag). The latter transformations act on K by an automorphism in O%F(K), fixing the
orientation of positive definite 5-dimensional subspaces and acting trivially on K*/K. In
fact, every element in O%F(K) extends to an O (I'>2!) automorphism acting trivially on

K+ =i4(A,). We conclude that the cosets in (3.9) are in one to one correspondence with
{primitive v € K,v* = 2n — 2}/0°T(K), (3.12)

i.e. OY*(K)-orbits of primitive v € K of length 2n — 2.
It remains to count these orbits. First of all, given a primitive v € K, let div(v) be
the maximal positive integer such that di\:’(v) € K*. One has div(v) divides gcd(N, 2n —2),

and that for any f € O(k), div(f(v)) = div(v) (see appendix B). If f € O"F(K), then
ﬁ(v) flv) = ﬁ(v)v mod K, so that a necessary condition for two primitive vectors v, v’ €

/

K of same length 2n — 2 to be in the same O+ (K)-orbit is that di\}’(v) and di\}’(v,) are in the
same K*/K coset (in particular, div(v) = div(v'); this is true more generally for vectors
in the same O(K)-orbit). Therefore, there is at least one O°F (K)-orbit for each generator
z € K*/K (elements x € K*/K that are not generators cannot be written as v/ div(v) for
some v € K).

The case where div(v) = 1 is particularly interesting. This condition corresponds to

the trivial coset x =0 € K*/K, since #(U) = v € K. This is the only possible value for
div(v) when the order N of g and the norm v? = 2n — 2 are coprime. Furthermore, as we
will argue in section 4, based on the analysis of section 2.3, this is also the case when the
NLSM is a symmetric orbifold Sym”™(Cgs) of some NLSM on K3 Cgs, and g is induced by
a symmetry of Cx3. It is easy to see that div(v) = 1 if and only if (v) ® Ay is a primitive
sublattice in I'>21.8

Therefore, the subset of cosets in (3.12) where div(v) = 1 corresponds to the subset
of cosets in (3.11) where the i : Ay, < I'>2! are primitive. Since Ay, = (v) © A, is
indefinite of signature (1,d), 0 < d < 20, one can apply the theorems by Miranda and
Morrison [29, 30] to compute the number of such embeddings. This number depends
essentially on the discriminant form of (v) & A4, which is the direct sum of the discriminant
form on A} /A, plus the discriminant form (4, ¢), where A = Zy, 5 has a generator = such

8Suppose div(v) = 1. Every primitive vector of (v) @ A4 is of the form av + bA, with A primitive and

ged(a,b) = 1. Suppose that 3(av 4+ bA) € T>?' C K* @ (Ay)* for some integer k. Since % € K* and

div(v) = 1, it must be kla and &> € K, i.e. 9 belongs to the trivial coset of K*/K = (Ay)*/A,. Since

@+ % € I'>2! the gluing conditions imply that also % € Ag4. As a consequence, k divides b, because
A is primitive. But then k divides ged(a,b) = 1, so that k = 1. Thus, every primitive vector of (v) ® Ag
is primitive in I'>?! as well. For the vice versa, notice that, for a general div(v), the gluing construction

implies that I'>?' C K* @ (A4)* contains a vector of the form 21— (v+ M), for some X € Ay, so if div(v) > 1

div(v)
then (v) @ A, is not primitively embedded in I'*2!,
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that ¢(z) = ﬁ The necessary information about the discriminant forms is reported in
appendix D. The results of this calculation are contained in table 1.

More generally, if div(v) > 1, then #@) determines a non-trivial element z € K*/K =
A% /A, so that one has a primitive embedding in I'°?! of an overlattice N D (v) & A,
generated by (v) @ Ay together with a vector of the form ﬁ(v)(v + A), where XA € Ay is
such that ﬁ(v) = di%(A) is in the same class € Aj;/Ag. Thus, N is an indefinite lattice
whose discriminant group is a quotient of the discriminant group of (v) @ A, by a cyclic
subgroup. In principle, one might be able to work out all the possibilities, but we will not
do this here.

4 Second quantized twining genera

Let C be a NLSM on a single K3 surface, and let us consider the symmetric orbifold
Sym"™(C). The elliptic genus is given by the p™ coefficient in the infinite product [31, 32]

[e%9)
Z pn¢Sym”(K3) (7-7 Z) = H (1 - pnqmyl)fc(mn,l) ) (41)
n=1 m,n,lEZ

m>0,n>0

where ¢(m, 1) are the Fourier coefficients of the elliptic genus of K3

OKs3(T,z) = Z c(m,l)qmyl ) (4.2)

m,lEZ

n>0
Let G be the symmetry group of the ‘seed’ model C, commuting with the N'= 4 SCA and
the spectral flow generators. The action of G lifts to a group of symmetries G of Sym” (C)
satisfying analogous properties (conditions (1) and (2) of section 3.1), and preserving the
twisted and untwisted sectors. More precisely, the group G fits in an exact sequence

1-H—-G—=G—1, (4.3)

where H is a group acting trivially on the untwisted sector. Since Sym”™ C is generated by
the untwisted sector and by the ground state of the o-twisted sector, with o € S, a single
transposition, the group H can only act by phases on the o-twisted ground state. The only
such symmetry is, in fact, the quantum symmetry, so that H = Z, and G is a Zs central
extension of G.

In the language of the previous sections, the model Sym”(C) will correspond to a
positive definite four-plane II C L, ® R, where L, = v+ NT%2! for a primitive v € I'>2! of
length 2n —2. Since G is a symmetry of the fundamental string world-sheet theory, one can
argue that it will lift to a symmetry of the whole string theory, so that G will act on L, by
lattice automorphisms. The analysis of section 2.3 shows that II is orthogonal to a vector
s € Ly, with s = 2 — 2n, and such that L, = (s) @ I'*?Y. The quantum symmetry of the
model, that acts by s — —s and fixes L, N s+ = T%20
the untwisted and the twisted sectors. This means that the action of G on L, preserves

, is central in G, since G does not mix

setwise the sublattice st N L, = T'*20. The group G has a normal subgroup of index 2 that
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fixes the vector s and acts faithfully on I'#2°. This means that this normal subgroup is

isomorphic to G /H = G, therefore, the Zs extension of G is split, and G =~ 7y x G. Thus,
the lift of G to Sym™ C can be chosen to act trivially on the twisted ground state and to
be isomorphic to G itself. With a certain abuse of notation, we will denote this lift again
by G. Since G fixes s, it must act trivially on L} /L,. Therefore, the action of G on L,

extends to an action on I'>?! by automorphisms that fix v. Therefore, conditions (1), (2),
and (3) of section 3.1 are satisfied.

Let I'C be the G-fixed sublattice of T°?! and T'¢ = (I'“)t N I'>2! its orthogonal
complement. One has I'y C I'g for all g € G. Recall that v and s are contained in a
sublattice TV'! © T'®2!. Since both v and s are G-fixed, then T'"! is a sublattice of T'C,
and v has divisor 1 in this sublattice. Therefore, the sublattice I'¢ @ (v) is primitive in
52! and the same is true for the sublattices I'y @ (v) for all g € G. We conclude that,
as claimed in section 3.3, the Stab™(v)-conjugacy class of any symmetry g of Sym™(C),
inherited from a symmetry of C, is such that v has divisor 1 in I'>2' N I'y. Therefore, these
classes are the ones described in table 1.

The twining genera ¢§ym"(K3)

> n 2mit 2
Uy =) pop™ = [T I a-eFpramyh)ormt (4

n=1 mn,l€Z t€Z/NZ
n>0,m>0

can be obtained from the generating functions

where N is the order of g, and ¢ are the Fourier coefficients of the discrete Fourier trans-
forms of ¢

= Z Zét(m,l)qmyl = % Z e N N k(T 2) - (4.5)

m=0 l€Z, keZ/NZ

Therefore, the twining genera of the symmetric orbifold Sym"(C) are completely determined
in terms of the twining genera of the ‘seed’ K3 model C. The complete list of the possible
twining genera for a K3 model C can be found in [11]. The twining genera ¢, can be
written as

Gg(T,2) = Agx01(7, 2) + Fo(T)x-21(7; 2) , (4.6)

where 0,1 and x_21 are the standard weak Jacobi forms given in terms of Jacobi theta
functions and Dedekind eta series as

191(7-7 Z)2

T o

. (T, 2)?
XOJ(T’Z):ZLZW’ X-2.1(7,2) =
Ay is a constant depending on the the Frame shape of g (specifically, if 7, = Hz| N VAT
the Frame shape of g, then A, = - > ke), and Fy(7) is a modular form of weight 2 for
a congruence subgroup of SL(2,7Z), which is given in table 1 (see [11] for notation).
The generating function ‘Ifg can be ‘completed’ to a function

(I)g _ p¢g T, 2 H H 1 B eQ}Tv”p"qmyl) é¢(mn,l) (4.8)
V(o7 2) (mn,l) t€Z/NZ
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which is a meromorphic Siegel modular form for a congruence subgroup of Sp(4,Z) of
weight (d — 4)/2, where d is the dimension of the g-fixed subspace in the 24-dimensional
representation. Here, the product is over m,n,l € Z with m,n > 0, and with [ < 0
whenever m = n = 0. The function

%(77 Z) =qy H (1 N e¥yl)—ét(0,l) H (1 _ 627;;‘15 qmyl)—ét(O,Z) (4'9)
teZ/NZ m,lEZ
n>0

is a Jacobi form of weight 4 — d and index 1 for a subgroup of SL(2,Z), and it only depends
on the Frame shape of g.

This leads to a very surprising phenomenon. Suppose we have two different NLMS on
K3 C and C’, with symmetries g and ¢ having the same Frame shape, but belonging to
different O+ (I'*2%) conjugacy classes, and giving rise to different twining genera ¢g and @y
As a consequence, we have different generating functions ¥, and ¥/, and one would expect

the twining genera ¢§ym”(C) and ¢§/ymn(c)

to be different for generic n. However, as can be
seen by a quick inspection of table 1, there are many cases where, for any n > 1, there is a
unique conjugacy class of symmetries with a given Frame shape (e.g., this happens for the
Frame shapes 12112, 112171141, 11315115 and many more). This means that there exists
a continuous deformation from the model Sym™(C) to the model Sym"(C’), such that the
symmetry g of Sym™(C) is preserved and mapped to the symmetry ¢’ of Sym™(C’). This
deformation must move outside of the symmetric orbifold locus, otherwise it would exist
already at the level of the seed theories C and C’, i.e. for n = 1.

It follows that, while ¥, and W, are defined in terms of totally different infinite
products, they actually differ only for the p' coefficient, while all the p™ coefficients are
the same for n > 1. For this to be true, the exponents of the two infinite products must
conspire in order to give infinitely many cancellations.

This phenomenon is even more striking if we consider the ‘completions’ ®, and @,
because their inverse 1/®, and 1/®, must differ only for the p" term (notice that 1y = v,
since the automorphic corrections only depend on the Frame shape). Thus, the difference
1/®, —1/®, should be a function of 7 and z only. But it should also be a Siegel modular
form, which seems impossible for a function of 7 and z only! In fact, there is only one
possibility for this to be true: the modular weight must be zero and the functions 1/®,
and 1/®, only differ by a constant (i.e., independent also of 7 and z). Indeed, one can check
that this phenomenon only occurs for Frame shapes such that the g-fixed subspace is 4-
dimensional so that the modular weights of ®, and ®, (or their inverse) is 0. Furthermore,
quite amazingly, it turns out that the difference ¢, — ¢4 is always proportional to ¥y = 1)y
(which has weight 0 for these cases)! Thus, the p® term in the difference 1/®, — 1/® is
indeed a constant.

These observations give strong support to our statement that ¢Symn(c) = ¢§,ymn(c)
for all n > 1. For the two twining genera ¢, and ¢4 related to the Frame shape 12112,
we verified these identities up to n = 12.2 It would be interesting to give a rigorous
mathematical proof of these identities for all n > 1. A possible strategy for such a proof is

9We thank Max Zimet for help with these calculations.

~ 98 —



the following. One knows that ®, — ®, is a meromorphic Siegel modular form of weight
0. Using some theorems by Borcherds (e.g., theorem 13.3 in [33]), one can in principle
determine the location of the poles of 1/®, and 1/®,. In many cases, one also knows the
coefficients of these poles. If one could prove that all poles of 1/®, and 1/®, are in the
same location and have the same coefficients, then the difference should be a holomorphic
Siegel modular form of weight 0, which is necessarily a constant.

5 Discussion

In this final section, we discuss some possible directions of investigation for future works.

e As discussed in section 2.1, it would be useful to have a complete and rigorous
characterization of the duality groups O; of SCFTs of K 3[_type, analogous to
the one valid for NLSMs on K3 (see [16]). In particular, it should be possible to
prove (based on very basic assumptions on the moduli space M,,, such as the fact
that it is Hausdorff), that the group O, always acts by automorphisms of the lattice
L,. This result would already give further support to the analysis of section 2.3.
Determining which precise subgroup of O(L,) corresponds to the duality group seems
more difficult.

e The precise location of the locus M;’™ inside the moduli space M, seems to be
still an open problem. This is probably related with the precise identification of the
holographic duals of symmetric orbifolds (see for example [35-39] for older and more
recent results on this subject). It would be interesting to combine the results of
our article, which arise only from considerations about the boundary CFT, with the
analyses in these papers.

e The study of symmetric orbifolds leads to some puzzles about the location of singular
models in the moduli space. Some puzzling features of symmetric orbifolds were
already stressed in [4]. For example, as observed in [4], it seems natural to expect
that a system of NV fundamental strings and one N.S5-brane (or, dually, an analogous
D1-D5 brane system) in the absence of R-R flux be described by a non-linear sigma
model on the symmetric orbifold of N copies of K3. On the other hand, the very
analysis in [4] suggests that at such a point in the moduli space the SCFT should
be singular, while the symmetric orbifold seems to be perfectly consistent. Thus, the
physical intuition seems to lead to wrong conclusions in this case, but is not clear
what the loophole is. Clarifying these issues might lead to a major improvement of
our results.

e The classification of symmetries in section 3.1 is conditional to certain assumptions
and subject to some restrictions. Can we obtain a more general statement by remov-
ing some of these restriction? In particular, if the models corresponding to four-planes
II C L, ® R that are orthogonal to roots r € L, , 7> = —2, are consistent, one might
want to include their groups of symmetries in a more general classification. This
problem is superficially similar to the one studied in [10], where the results of [2]
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Ty (0420)9 # Cosets Fy(r)
124 F4’20 ° 0
1898 T4 @ Eg(—2) o —3&
1-8916 F4,4(2) ° 7%52
912 Z(2)* @ Z(—2)®8 o 28 — 364
1535 T2 T22(3) @ (A(-1))%? ° —4&
1733% I'2%(3) @ Ay o -2&
37 ) o
38 I*4(3) n¢sLy 185 — 36+ 9n[1337207)
n€3%Zo
149244 2.2 @ F2'2(4) ® 2(72)652 ® %52 _ §51
1827848 4(2) ° —1&
1-4264¢ I22(4) @ Z/(2)®? ° —3& - 3&
¢ 27 26, — 1€,
9—448 Dy(2) n¢ 1 2 — 3¢4
n€2Zo —2&9
2444 Dy(2) ® Dy(—2) ° —16+ & — 28
] v & 2
" Z(4)™ & 7(~4)°? MEEL igh e Leg £ szt
n€2Z o .
1154 22 g I22(5) o —5&s
€ 1+ 5Z = =
17159 A5(5) nel+ezd —3265 ¥ BfAn1157)
n¢l+5Zo
12223262 1?2 ¢ ?2(6) ° 16+ 16— 18
1.,1213—465 F2=2(2) ® A2(2) ° %82 _ i&i _ igﬁ
192743164 I?2(3) © Ay o —1p€2 + g€ — 35
. . . =1 e+ 38 -¢
1-243-264 Ay(2)%2 n=td s s o
n>1o 7§£2 - %53
11 3 3
1-19-13363 Dy(3) n¢ 3Ly e+ 58— 18
n € 3% o *%52 — %53
. €1+3Z o0
174253461 22 6) D A2(2 " ’ 7452 — lgg — l&;
( ) ng143% o 12 1 1

Table 1. The first column contains all possible Frame shapes 7, of a symmetry g of a NLSM on
K3. For each of them, in the second column we report the possible fixed sublattices (I'*2)9 in the
action of g on I'*2? that were derived in [34]. The third column contains the number of primitive
embeddings of the lattice (v) ® Ty, with v* = 2n —2, in I'>2! up to O™ (I'>?!) automorphisms. The
techniques used for this computation are the theorems in [29, 30], and the necessary information
for the calculation is contained in appendix D. The notation is as follows: for each possible value
of n, we report a number of circles o and double arrows J; each circle represents a class that is self-
conjugate under O(I'%21) \ O+ (I'521) transformations, while the double arrows represent a couple
of OF(I'521)-classes giving rise to a unique O(I'>?!)-class. When we don’t specify the value of n,
it means that the result is valid for all n. The reason for counting these classes is explained in
section 3.3. The last column contains the possible modular forms F,(7) that determine the twining
genus ¢, see eq. (4.6). The modular forms are expressed in terms of Eisenstein series and products
of n-series; see [11] for the precise notation. In some cases, the possible twining genera ¢, for a
given Frame shape are Jacobi forms with a non-trivial complex-valued multiplier. This happens if
and only if the length of the shortest cycle in the Frame shape is > 2, see [10]. In this case, there
are always at least two different twining genera at n = 1, with complex conjugate multipliers [10].
For the Frame shapes 6* and 4282, where there are more than two candidate twining genera, we
separate by a horizontal line the twining genera with different multipliers. For the Frame shape
1742%346', in the case n € 1 + 3Z, we were not able to determine whether there are one or two
cosets; in any case, if there are two cosets, they correspond to symmetries g being one the inverse
of the other, so that the twining genera are the same (see the analogous problem in [10]).
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Ty I # Cosets Fy(7)

2363 A3(2)%2 @ As(-2) ° —1& — 18+ €+ 1& — 10
n=1 OR8
2n[1%223%62
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1978 et e (] o ~dier
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CE N ’ [
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; n=1 e+ i —1e
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Table 1. (Continued)
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concerning non-linear sigma models on K3 were extended to include the ‘singular’
K3 models, in order to obtain the full group of symmetries of the type ITA string
theory on K3. However, there are some technical difficulties in extending the results
of the present paper to include those models — in particular, it is not obvious that
one can always embed the resulting symmetry groups in the groups of automorphisms
of Niemeier lattices, which was one of the main tools used in [10].

e As explained in section 4, our results suggest that there exist a number of highly

non-trivial identities among Siegel modular forms that can be written as Borcherds
products. From a mathematical perspective, it would be nice if one could prove those
identities rigorously, maybe along the lines described in section 4. From a physicists’
viewpoint, those Siegel forms represent the generating functions for the multiplicities
of 1/4 BPS dyons in compactifications of type II string theory on K3 x T2 or their
orbifolds [31, 32, 40-47]. The fact that two such generating functions differ only for
the constant term means that, for certain pairs of duality orbits of charges, the 1/4
BPS multiplicities are different only when the electric and magnetic charges @) and P
are null and orthogonal P? = Q? = P-Q = 0. It would be interesting to understand
the physical meaning of this difference.
These identities might be relevant in trying to understand the relationship between
the K3 twining genera and the weak Jacobi forms appearing in Mathieu [12, 48-52]
and Umbral moonshine [13-15, 53]. The Siegel modular forms appear in certain
low energy effective couplings in compactifications of type II superstrings on CHL
models [54-56]. Such effective couplings might be important in trying to relate the
moonshine conjectures to low dimensional string models whose symmetry groups are
exactly the umbral groups. [57, 58]. Finally, similar identities might exist also for
the Siegel modular forms related to the second quantized twisted-twining genera [59],
which play a role in generalized moonshine [60-62].
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A Moduli spaces

A.1 The moduli space of type II on K3

In this section, we describe the moduli space of type IIA and type IIB string theories com-
pactified on a K3 surface. It is useful to consider first the moduli space of supersymmetric
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NLSM on K3, describing the world-sheet of a fundamental type II superstring in weak
string coupling limit. Our main references are [3, 16].

The moduli space of NLSM on a K3 surface X corresponds to a choice of an hyperkahler
structure and a closed B-field on X. For fixed volume V', the hyperkahler structure is
parametrized by a choice of an oriented positive definite 3-plane

U = (wy,ws,ws) C H(X,R) = R>1Y, (A1)

spanned by three positive pairwise orthogonal wy,ws,ws € R*'Y. The 3-plane is spanned
by the real and imaginary part of Q € H29(X,C), and the Kihler class of the metric. For
example, one can take 0 = w9 + iws and wy as the Kéhler class. The volume form can be
seen as an element V € H*(X,R), and it is useful to normalize wy,ws,ws by

1
§(w% + w% —I—wg) =V. (A.2)

The B-field takes values in H?(X,R) (modulo H?(X,Z)). This determines an oriented
positive definite!? 4-plane IT in H*(X,R) = H°(X,R) ® H?(X,R) ® H*(X,R) spanned by

1
II = <1+B—V—|— §B/\B,w1 4+ BAwj,wy + BAw,wp +B/\w1> - H*(X,R) . (A3)
The moduli space of NLSM on K3 is
Mgz = O (IHONGr+(4,20) \ S, (A.4)

where

Grt(4,20) = O(4,20,R)/(SO(4,R) x O(20,R)) (A.5)

is the Grassmannian of oriented positive definite 4-dimensional subspaces of H*(X,R) =
R*20 and

S:={Il € Gr*(4,20) | II C u* for some u € H*(X,Z), u? = -2}, (A.6)

is the locus where the NLSM is not well-defined [16]. In the limit where one approaches
the locus S, some D-brane becomes massless and cannot be decoupled from the dynamics
of the fundamental string, even in the weak string coupling limit.

Type ITA string theory on K3 is perfectly well defined even on the locus S, and the
moduli space of type IIA string theory on K3 is M4 = (O (I'*?9)\Gr*(4,20)) x R,,
where Ry represents the string coupling. D-branes carry R-R charge taking values in
H*(X,7) = T%29. A D-brane carrying charge v € H*(X,Z), v? > 0, has mass proportional
to U% =02 + v%, where vy, and vp are, respectively, the components of v along Il and

orthogonal to II. For a given D-brane charge v, there is a locus of attractor moduli in

10The metric on H*(X,R) is induced by linearity by Mukai pairing on the lattice H*(X,Z); this differs
from the intersection form by the sign of the H°(X,R) @ H*(X,R) component. The lattice H*(X,Z) is
even unimodular of signature (4, 20). Notice that all such lattices are isomorphic to 420 = U®ig Es @ Es,
where U is generated by u,v with u> =v? =0, u-v =1, and Fj is the root lattice of Ex.
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M 3 where the mass is minimized. This means that vyp = 0, i.e. the four plane IT must
contain v.

For type IIB on K3, besides the metric and B-field on K3 and the string coupling, there
are in addition RR moduli C € H*(X,R) (modulo H*(X,Z)). These moduli determine an
oriented positive definite 5-plane in H*(X,R)grg @ H(X,R)ys ® H*(X,R)ygs (there are
two copies of H? and H*, one related to D1 and D5 branes, and the other to fundamental
strings and NS5 branes) spanned by

(HaOaC'H)? (0?171/98) 6H*(X7R)RR@HO(X3R)NS®H4(X7R)NS . (A7)
More explicitly, if
C=(0,B,G) € H'(X,R) @ H*(X,R) © H*(X,R) (A.8)

then the 5-plane is spanned by

H*(X,R)rr ® HX,R)ys & H*(X,R)ng
1+B-V+1BAB, 0, ~G+B-B-0-(3BAB-V) (A.9)

0+ B+ G, 1, 1/gs

w; + B A w;, 0, B-wi—Q-(B/\wi)

where i = 1,2,3. Consider a charge vector (v,0,0) € H*(X,Z)gr ® H(X,R)ns @
HYX,R)yg, with v = (r,0,—p) € HYX,Z) ® H*(X,Z) ® H*(X,Z) = H*(X,Z)rg,
r,p > 0. This charge corresponds to bound state of D1-D5 branes, carrying r units of
D5-brane charge and p units of D1-brane charge. The attractor manifold for this system
is given by the Grassmannian of five planes Il that contain v. This means that v must be
a linear combination of the five vectors above. This gives the conditions

1
rB—i—ZQwi:O, v+532:§, rG4+p =0 . (A.10)
(2
The first condition means that the NS B-field must be contained in the 3-dimensional
subspace (w1, ws,ws) C H?(X,R), i.e. must be self-dual. The second condition fixes the
volume V in terms of the charges; for B = 0, this is just the ratio p/r. Finally, the third
condition implies that the RR moduli must have the form

C = B(r,0,p) + (0,B,0) € H*(S,R)/H*(S,Z), (A.11)
where 8 € R and B is an arbitrary class in H2(S,R)/H?(S,Z).

A.2 Non-linear sigma models on K3

The worldvolume theory of the D1-D5 system wrapping K3 x S' xRy, in the limit where the
volume of the K3 surface is much smaller than the volume of the circle S* (V/* < Rg1),
is described by a non-linear sigma model with target space a hyperkahler manifold of
dimension 4n, n = rp > 1, in the same moduli space of the symmetric product Sym” S
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of the K3 surface S. Mathematically, these hyperkéhler manifolds can be described as
deformations of S the Hilbert scheme of n points of S. The latter is a crepant resolution
7 : S — Sym™ S of Sym™ S, which is singular at the ‘small diagonal’, the locus of points
(x1,...,2,) € Sym™S where x; = x; for some i # j.

Let X be a generic deformation of some Hilbert scheme S, The integral second coho-
mology H?(X,Z) can be endowed with a non-degenerate even bilinear form (the Beaville-
Bogomolov form); with this bilinear form H?(X,Z) is isomorphic to an even lattice of
signature (3, 20)

H*(X,7) 2T%19 g (2 - 2n) . (A.12)

A non-linear sigma model on a hyperkiihler manifold X of type K3/, n > 1, is specified
by a hyperkéhler structure on X and a closed B-field. For fixed volume V', the hyperkéhler
structure is parametrized by a choice of an oriented positive definite 3-plane

U = (@ ol ully ¢ H2(X,R) 2R3, (A.13)

spanned by three positive pairwise orthogonal wgn] , wgn] , w:[,)n] € R*20. The B-field B takes

values in H2(X,R) (modulo H?(X,Z)). When X is a Hilbert scheme X = S of n points
on a K3 surface S, there is a canonical lattice isomorphism (which extends by linearity to
an isomorphism of real and complex cohomology)

H2(SM, 7))~ H%(S,72) & 75, (A.14)

where the first summand is spanned by pullbacks 7* () of symmetrization f( of integral
cohomology classes f € H?(S,7Z) on S, while the second summand is spanned by a class
0 € HQ(S[”], 7.), 6% = 2 — 2n, such that 26 is Poincaré dual to the exceptional divisor. The
complex structure on S induces a complex structure on S if Q = wy +iws spans H 20(9),
then its image Q" = 7*Q( ¢ H29(S[) (the image under the isomorphism above) spans
H?9(S [”]). Note that, with respect to this complex structure, the class ¢ is always contained
in the H1(S!") component of the Hodge cohomology. A generic manifold X in the moduli
space can be obtained by the deforming the complex structure of the Hilbert scheme, so
that H*%(X) is spanned by

ol = 77Q™ 4 (aq +ias)d, (A.15)

for some 1,0 € R. A Kaéhler class wq, € H 1’I(X ) for the K3 surface determines a 1-
parameter family of Kahler classes on its Hilbert scheme S

W =m0 f xu, AeR, . (A.16)

In the limit A — 0, one obtains the singular geometry corresponding to the symmetric
product Sym™ S. Similarly, a B-field B on S determines a 1-parameter family of B-fields
on S

B =7*BM™ 4y gy,  BeR/Z. (A.17)

Here, 8 represents the B-field flux through the the exceptional divisor of S ], Finally, the
volume of S can be fixed to be simply the n-th power V™ of the volume of S.
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B Some basic facts about lattices

In this appendix, we review some useful facts about lattices. See [28, 63] for more
information.
A lattice L of rank n (over Z) is a free Z-module L = Z" of rank n, with a quadratic
form Q: L — R,
Q(av) = a®Q(v), ac’,

and a symmetric Z-bilinear form B : L x L — R with
Q(v) = B(v,v) vel (B.1)

so that

B(v,w) = %(Q(v +w) = Q) —Qw)), wwel. (B.2)

We will also use the notation v - w or (v, w) for the bilinear form B. A vector v € L is
called primitive if it is not an integral multiple mw, m > 1, of another vector w € L.
An embedding S < L of a lattice S into a lattice L is called primitive if L/S is free;
equivalently, if every primitive vector of S is mapped to a primitive vector of L.

One can think of a lattice L as being embedded in the real space L ® R with bilinear
form induced by extending B by R-linearity. The signature of L is the signature of the
bilinear form B on the real vector space L ® R. The lattice is non-degenerate if the only
vector v € L such that B(v,w) = 0 for all w is v = 0; in the following, we implicitly assume
that lattices are non-degenerate.

The lattice L is called integral if the bilinear form B takes values in Z, and even if the
quadratic form @) takes values in 27; notice that even lattices are also integral. The dual
lattice L* is the lattice Homy(L,Z) of Z-linear homomorphisms from L to Z, and can be
identified with a lattice in L ® R, by

[*={zcLoR|B(zx,v) €Z, V2 L} . (B.3)

A lattice L is called self-dual (or unimodular), if L* = L. An even unimodular lattice of
signature (a,b) exists if and only if a — b = 0 mod 8. Two indefinite even unimodular
lattices with the same signature are always isomorphic; we will denote by I'*® such a
lattice. Given a basis of generators vy, ...,v, of L, the Gram matrix of L is the n x n real
symmetric matrix with entries B;; = B(v;, v;). Notice that the Gram matrix of L* is the
inverse of the one of L. The group O(L) of automorphisms of the lattice L is the subgroup
of the real orthogonal group on R" preserving the lattice L.

If L is integral, then L C L*, and Ay := L*/L is a finite abelian group called the
discriminant group. The order |Ar| of Ap is called the discriminant of L, and is equal
to the determinant of the Gram matrix. We will mostly be interested in discriminant
groups of even lattices. The discriminant group Aj of an even lattice L has a quadratic
form (the discriminant form) ¢z, : A, — Q/2Z induced by the quadratic form on L* and
L. The group O(Ar) = O(qr) is the group of automorphisms of the abelian group Ar,
that preserve the quadratic form ¢r. There is a natural homomorphism O(L) — O(qr),
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which is in general neither injective nor surjective. The kernel of this homomorphism is the
subgroup OY(L) C O(L) acting trivially on L*/L. As shown in [28] (theorem 1.14.2), if an
even lattice L contains a copy of the even unimodular lattice T\, then O(L) — O(qy) is
surjective. Two even lattices have the same signature and isomorphic discriminant forms
if and only if they are in the same genus (see [28] for a proof and [63] for the definition of
genus). More information about discriminant forms will be given in appendix D.

Let M be an even lattice, L be an even unimodular lattice, and M < L a primitive
embedding. Then, if K := M N L is the sublattice of L orthogonal to M (here, identified
with the image in L of the primitive embedding), one has the inclusions

MeKCLCM &K*. (B.4)

Furthermore, there is an isomorhpism v : Ay = A of abelian groups that inverts the
discriminant form, i.e.

qK Y = —qum (B.5)

and such that
L={(z,y) e "o K" |y =~(2)}, (B.6)

where T and ¢ are the images of x € M™* and y € K* in the discriminant groups Ay; =
M*/M and Ax = K*/K, respectively (see [28], proposition 1.6.1). Vice versa, if M and
K are two even lattices for which there exists an isomorphism v : Ay 5 Ay that inverts
the discriminant form, then the lattice L defined by (B.6) is even unimodular and contains
M and K as primitive sublattices. In this case, we say that M and K have been ‘glued’
to obtain L.

Let L be an even lattice. Given a primitive vector = € L, the divisor div(x) is the

maximal positive integer such that \f‘(x) € L* (and this implies that f(x) is primitive

in L*). Thus g f(x) modulo L is a generator of order div(z) of the discriminant group.

This implies that div(z) divides the order of the discriminant group. Furthermore, since
ﬁ(x) € L*, we have d(if,’a)) € Z, so that div(x) divides also (x, z).

Now, given v € L of norm 2n — 2, one has that div(v) divides both 2n — 2 and the
order of Ay. In particular, when 2n — 2 is coprime to |Az|, one has div(v) = 1.

Clearly, a necessary condition for two primitive vectors u,v € L to be related by some
automorphism in O(L) is that they have the same length and the same divisor. For certain
lattices L, this condition is also sufficient. The following criterion is well-known.

Proposition 5. (Eichler criterion). Let L be an even lattice containing two copies U, Uy =
b of the even unimodular lattice of signature (1,1), so that L = U ® Uy @ Lg. Then any
two wvectors u,v € L that are primitive, with the same length (u,u) = (v,v) and such
that ﬁ(u) = ﬁ(v) mod L are related by an OV (L) transformation acting trivially on the
discriminant form.

See [64] proposition 3.3 for a proof. We notice that a primitive null vector e € L can be
a generator of a hyperbolic lattice U C L (i.e. there exist a null f € L such that (e, f) = 1)
if and only if div(e) = 1.
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Let A, = L*/L be the discriminant group of the even lattice L; there is an or-
thogonal (with respect to the induced bilinear form Ajp x Ap — Q/Z) decomposition
AL =®) primeA(Lp) of Ay, into its Sylow p-subgroups A(Lp) (the maximal subgroups of order
a power of p). Let [ (A(Lp)) be the minimal number of generators of AS:p). By Corollary
1.13.5 of [28], for a lattice L of signature (¢7,¢7) with ¢+ > 1, t~ > 1 and such that
Z(A(Lp)) < tT 4+t~ — 3 for all p, then the lattice is of the form L = U + T, where U is
the hyperbolic lattice. This means that if t+ > 2, = > 2 and Z(A%J)) < tt 4+t~ —5 then

L=U@®U; &T and one can apply the Eichler criterion.

C Some technical proofs

C.1 No symmetries acting trivially on exactly marginal operators

In this section, we prove the statement in section 3.1, that the K3 NLSM C’ with ‘the largest
symmetry group’ [23], and all its symmetric products Sym™ C’, admit no symmetries acting
trivially on the space of exactly marginal operators.

Let us first prove the statement above for the case n = 1, i.e. for the model C’ it-
self. This model is a rational CFT, with the bosonic chiral and antichiral algebras both
isomorphic to (su(2)1)®%. Let us denote by [0] and [1] the modules of su(2); with con-
formal weights 0 and 1/4 and by [a1,...,a¢;b1,...,bs] € ZS @© Z§ the representations
of (su(2)1)®% @ (su(2)1)®%. Then, the theory contains one copy of each of the repre-
sentations [a1,...,a6;01,...,b6] with > . a; = 0 mod 2 and either a; = b; for all i, or
a; = b; + 1 for all 5. The holomorphic and antiholomorphic supercurrents are contained in
the [1,1,1,1,1,1;0,0,0,0,0,0] and [0,0,0,0,0,0;1,1,1,1,1,1] modules, respectively. The
RR ground fields are contained in the six modules where a; = b; for all ¢ and only one of
them is non-zero, that is

[1,0,0,0,0,0;1,0,0,0,0,0], [0,1,0,0,0,0;0,1,0,0,0,0], ..., [0,0,0,0,0,1;0,0,0,0,0,1] .

(C.1)
From the description of the spectrum, it is clear that, by taking OPEs of the RR ground
fields, of the N' = (4,4) supercurrents, and of the (su(2)1)®® @ (su(2)1)®® currents, one
can obtain every field in the theory. Thus, we just need to prove that a symmetry acting
trivially on A/ = (4, 4) and on RR ground fields acts trivially also on the Kac-Moody algebra
currents. The groups of automorphisms of (su(2);)®% is SO(3)¢ : S, where SO(3)¢ =
(SU(2)/(—1))¢ is the group of inner automorphisms generated by the zero modes of the
currents. Considering both the chiral and anti-chiral algebras, one gets a group (SO(3)6 x
SO(3)%) : Sg; notice that the spectrum is only invariant under the diagonal Sg acting
simultaneously on the left- and right-movers. Clearly, a symmetry exchanging the different
su(2)1 subalgebras must also exchange the corresponding RR ground fields, so it cannot
act trivially on them. As for symmetries acting by SO(3)® x SO(3)® automorphisms on
the current algebra, compatibility of the OPE between currents and RR ground states
require the latter to transform under the corresponding lift in the covering SU(2)% x SU(2)°.
The latter group does not act faithfully on the RR ground states, but the kernel of the
action is contained in the Z§ x Z$ central subgroup, which is the kernel of the covering
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SU(2)% x SU(2)¢ — SO(3)® x SO(3)5. Thus every non-trivial element in SO(3)% x SO(3)°
lifts to an element acting non-trivially on the RR ground fields. It follows that symmetries
acting trivially on the ground fields must act trivially also on the currents and we conclude.

The extension of this proof to the case of Sym™(C’ is simple. The untwisted sector
of the symmetric orbifold Sym™C’ contains all the purely holomorphic and purely anti-
holomorphic fields of the model, since all twisted sectors ground states have strictly posi-
tive Lo and Lg eigenvalue. The whole NS-NS untwisted sector of Sym™ C’ is generated (via
OPE) by the fields of the form y[* := Yves, (X ®1®---®1), where y is a holomorphic
or a antiholomorphic field in C’. A symmetry of Sym”™C’ must preserve the sets of purely
holomorphic and purely anti-holomorphic fields, so in particular it must preserve the whole
untwisted sector. Furthermore, if a symmetry acts trivially on the exactly marginal oper-
ators in the untwisted sector of Sym™(C’, then it must act trivially also on the generators
x[™: if this were not true, then an analogous symmetry would exist for C’. Therefore,
a symmetry acting trivially on the exactly marginal operators must act trivially on the
whole untwisted sector of the theory. Finally, the whole model Sym”™C’ is generated by
the untwisted sector and by the twisted ground fields in the [o]-twisted sector, where [o]
is the S, conjugacy class corresponding to a single transposition. But the supersymmetric
descendants of these twisted ground states are also exactly marginal operators. Therefore,
a symmetry preserving the N' = (4, 4) superconformal algebra, the spectral flow, and acting
trivially on all exactly marginal operators must necessarily be trivial.

C.2 Proof of proposition 2

Choose a primitive vector v € I'>2! of norm v? = 2n—2 and identify L,, with L, = v-NI2%,
We have to prove that the subgroup Gp of Stabt(v) C O(I'>?!) fixing Z = (v) @ II
pointwise, is isomorphic to the group O°(Ly) of automorphisms of Ly acting trivially
on Lfj/Ln. Recall that Ly = L, N It = 152N Z+ Let L .= 152 N (L)t and
consider g € Gr1. Then, g acts trivially on L, because, for every v € L, v — g(v) € L!
must be orthogonal to Z (since X is fixed by ¢), so it must be contained in Ly; but
LN Ly = 0, so that g(v) = v. Therefore, g preserves the lattice Ly and must be
an element of O(Ly). Now, Ly and L' are primitive sublattices of ['>2!) that are the
orthogonal complements of each other. As explained in appendix B (see [28]), this implies
there is an isomorphism ~ : Li;/Li — (L™)* /L such that (x,y) € L @ (L'M)* is a vector
of I'>2L if and only if the images Z, ¥ in the discriminant groups are related by 3 = v(Z).
Since ¢ is an automorphism of I'>?!, it must preserve this condition and therefore the
action of g on L /Ly and (L™M)* /LY must be compatible with 7. Since g acts trivially on
L1, and therefore also on (L1)*/LY then it must act trivially also on L} /L. Therefore,
g c OO(LH), and G C OO(LH).

Vice versa, suppose that g € O°(Ly;). Then, we can extend the action on I'>2?! by
requiring it to act trivially on L. This action is compatible with the isomorphism 7,
and therefore it is an automorphism of I'>?!. Furthermore, it acts trivially on the space
I"®R = L € I'?! ® R, which contains Z = (v) @ II. It follows that g € G and
O°(Ly1) € Gri. We conclude that Gy = O°(Ly).
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C.3 Proof of proposition 3

1‘\5,21

Choose a primitive vector v € of norm v? = 2n — 2 and identify L, with L, =

v N2 Let

I :={vel>|g(v) =g,vg € g} (C.2)
Ig:= TN = {v e %% | (v,w) =0 Yw e T} . (C.3)

Since T @R contains the positive definite 5-dimensional subspace Z, it must have signature
(5,d) for some 0 < d < 21, so that I'g is negative definite of rank 21 — d. By [28] 1.12.3,
I'¢ can be primitively embedded in the even unimodular lattice I'9t%1%4 of signature
(9+d,1+d). If S := (T'g)t NT9+%1+4 i the orthogonal complement of T'¢ in T9+d1+d

then S(—1) has signature (1,4 + d) and the discriminant form gg(_) satisfies

qs(—1) = —qs = qre = —qrg, - (C.4)

Therefore S(—1) and I'¢ can be glued to get the even unimodular lattice I''25. This

I'25, Furthermore, since

means that both S(—1) and ' can be primitively embedded in
the induced action of G on the the discriminant group Ar,, = Arc is trivial, the action of G
on I'g can be extended to an action on I''*?® acting trivially on the orthogonal complement
of . We conclude that G is a subgroup of the group of authomorphisms OF(I''»2%) acting
trivially on a sublattice S(—1) C I'?® of signature (1,4 + d).

The lattice T525 can be described as

1\ 26
2 .= {(900;1‘1, .., T5) EZPU (Z + 2) ; Z% € QZ} Cc RV (C.5)
i

i.e. the lattice of vectors (zo;z1,...,x25) € R12% with all integral or all half-integral entries
whose sum is even, with quadratic form (z¢;z1,...,725)? = 23 — 21221 z?. The group

OT(I'H?) is known (see [63], chapter 27) to be isomorphic to W x Cos, where W is the
(infinite) Weyl group generated by reflections with respect to hyperplanes r- ¢ TH?° @R =
RY2% orthogonal to the roots r € T'1?5, 72 = —2 and Cos, = Leech x Cog is the affine
Conway group. The union Urerl,Qsmgz_Q r+ of hyperplanes orthogonal to the roots divides
the space ' @ R = R125 into infinitely many connected components; the closure of any
such component is called a Weyl chamber. The Weyl group acts transitively by permutation
on the set of Weyl chambers, and if D is the interior of any Weyl chamber, then for any
te W, t+#1, one has t(D) N D = (. We call the Weyl chamber containing the null vector
w = (70;0,1,2,3,...,24) € RH* w? = 0 (Weyl vector) the fundamental Weyl chamber,
and the roots corresponding to the hyperplanes delimiting the fundamental chamber are
called fundamental roots. The Weyl vector w has the property that (w,r) = —1 for every
fundamental root 7. The group Cos can be identified with the subgroup of Ot (T'1%%)
fixing the fundamental chamber (setwise), and it fixes the Weyl vector w. Finally, notice
that the lattice (I'25 N w™)/(w) is isomorphic to the negative definite Leech lattice A.
Since I'¢ contains no roots, then S(—1) ® R = (')t cannot be contained in rt for
1L
(

any root r, and therefore cannot be contained in the union (J,cp1,25 ,2—_o 7~ (given any two
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vectors of S(—1) ® R not contained in the same hyperplane, a suitable linear combination
of them is not contained in the union). Therefore, the group G C O+ (I'}?%) fixes a vector
in the interior of a Weyl chamber. The embedding of I in I''?3 is defined up to O+ (I':?%)
transformations, and one can use this freedom to make sure that G fixes a vector in the
interior of the fundamental chamber. This implies that G is a subgroup of the group Cos
preserving this chamber — any automorphism outside C'o,, maps the fundamental chamber
to a different chamber, so it cannot fix a vector in its interior. It follows that G fixes the
Weyl vector w, so that I'q € T'H25Nwt. Composing the embedding I'q < T'?> Nw' with
the map I'?® Nwt — (I'%?° Nw')/(w), one obtains a primitive embedding of I'g in the
Leech lattice A. By the same argument as above, the action of G on I'¢ can be extended
to an action on the Leech lattice A acting trivially on the orthogonal complement of I'g.
Therefore, GG is contained in the subgroup of the Conway group Cog acting trivially on
the orthogonal complement A¢ := (I'g)t N A. In fact, G coincides with the subgroup of
Cloyp fixing pointwise the lattice A®: any generator in this group has a well defined action

on (TY)L N A =T, and the action can be extended to an automorphism of T'%:2!

acting
trivially on the orthogonal complement I'“, and therefore fixing Z pointwise.

For the vice versa, let G C Cog be the pointwise stabilizer of a sublattice AG C A of
rank 3+ d, d > 0, and let As := (A9)+ N A be its orthogonal complement in A. If d > 0,
then the results in [2] imply that there exists a well defined non-linear sigma model C on K3
with symmetry group G. Therefore, the n-th symmetric product Sym” C of this non-linear
sigma model has a group of symmetries containing G. In fact, the symmetry group of
Sym"™ C is strictly larger, because of the Zy symmetry acting by (—1)Sgn(") on the o-twisted
sector. On the other hand, the group G of symmetries is preserved by deformations induced
by exactly marginal operators in the twisted sector, so that we have a continuous family of
models whose symmetry group contains G. A generic element in this family is non-singular
and its symmetry group is exactly G.

Let us now consider the case where d = 0. Consider a lattice A%(—1)@ | (v) of signature
(4,0) given by the orthogonal sum of A%(—1) and a 1-dimensional lattice (v) generated by
a vector v of square norm 2n — 2. By theorem 1.12.3 of [28], this lattice can be primitively
embedded in the Eg lattice. Let S := (A(—1))* N Eg and Sy := (A% (=1) @ (v))* N Ey
be the orthogonal complements of A“(—1) and A¥(—1) @, (v) in Es. Then, S has rank
5 and gg = —qAG(—1) = dAG = —(qAg, SO that S and Ag can be glued to obtain the even
unimodular lattice I'>?!. By taking Z = S ® R C R>?!, we obtain that the stabilizer of Z
in Ot (I'?1) is exactly the group G. Furthermore, Z contains the vector v of length 2n—2,
so that it is an attractor point for the stringy-like object of the corresponding charge. It
remains to check that the point in the moduli space of NLSM on K3 determined by Z
is non-singular. By construction, Z+ NT%2! = Ag, which contains no roots, since it is a
sublattice of the Leech lattice. We need to prove that there are no vectors v/,v” € I'>2!
such that v' +v” = v and v/, = av for some 0 < a < 1. Let us suppose by absurdity
that such a vector exists. Since I'>?! C §* @ A%, and since v/, is the component of v’
along S* ® R € I'>?! ® R, we obtain that v/, € S*. Furthermore, since v/, is proportional
to v, it must be orthogonal to Sy C S* N v . Recall that S and A® can be ‘glued’ to
get the Ey lattice, so that for every vectors in S*, and in particular v/_, there is a vector
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A € (A%)* such that (v/,,\) € Eg C S* & (A%)*. Since both v/, and A are orthogonal to
So C S C Es, we have (v/,,\) € EgN (Sp)*. But Eg N (Sp)t = A% @ (v), so v/, must be
an integral multiple of v, contradicting the expectation that 0 < o < 1. We conclude that
the K3 model specified by Z = S @ R € I'>2! @ R is non-singular.

D Discriminant forms

In this section, we describe the main facts about discriminant forms and a dictionary be-
tween the notations used by different authors. Furthermore, we describe the computations
that lead to the results reported in table 1.

A discriminant form is a finite abelian group A, (we use additive notation for this
group) with a quadratic form ¢ : A — Q/2Z. If L is an even lattice, then L*/L with the
induced quadratic form is a discriminant form, see appendix B. (Some authors, including
Miranda and Morrison [29, 30], define ¢ as 1/2 of this, so that it is a map into Q/Z instead
of Q/2Z. 1 use convention of [28] here). The rank of a discriminant form is the minimal
number of generators of the group.

Two discriminant forms A, and A;, are equivalent if there is an isomorphism of abelian
groups 7y : Ay = Ag, that preserves the quadratic forms ¢’ oy = q.

One can prove that any discriminant form decomposes into orthogonal components

A= DSp primeA(p) ) (Dl)

where each component A®) has order a prime power p*. So, it is sufficient to study
discriminant forms whose order is a prime power. Furthermore, if p is odd, A®) can always
be diagonalized, i.e. written (not uniquely, in general) as an orthogonal sum of Jordan
components of rank 1. For p = 2, any discriminant form A®) can be decomposed into
Jordan components of rank at most 2.

Let us describe the elementary Jordan components and their notation in Miranda-
Morrison’s (MM) [29, 30] and Nikulin’s (N) article [28].

For p odd, the inequivalent discriminant forms of rank 1 are denoted by w;k, e = =1
(MM) or qép) (p*), 0 € (Z/p*7Z)* (considered mod ((Z/p*Z)*)?) and are given by a cyclic
group of order p*, A 2 7./p*7Z, with generator z such that g(x) = 1%’ where (%) = ¢ (Jacobi
symbol). Our notation here is as follows: 6 is an element in (Z/p*Z)*, the multiplicative
group of integers modulo p* that are coprime to p. ((Z/p*Z)*)? is the subgroup of elements
in (Z/p*Z)* that are squares mod p”* (i.e., squares modulo p). Two discriminant forms
q(gp) (p*) and q((ff) (p*) are equivalent iff ¢ = a?6 mod p*, for some o? € ((Z/p*Z)*)?, so
that the form depends on # only modulo ((Z/p*Z)*)%. In fact, for p odd, there are only
two cosets in (Z/p*Z)* /((Z/p*Z)*)?, namely the squares mod p* (i.e., the trivial coset)
and the non-squares. The Jacobi symbol % , for 6 coprime to p, equals +1 is 0 is a square
mod p and —1 if it is not. To summarize,

+1 e p
0 w, . if 0 is a square mod p,
k\ ~ ~Y b,
o’ (") = = = ) (D.2)
p w, if # is not a square mod p .
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For p = 2, the irreducible Jordan components can have rank 1 or 2. The inequivalent
components of rank 1 are denoted by ws,, € € Zg (MM) or q(g2)(2k), 0 € (z/2¢7)>
(considered modulo ((Z/2FZ)*)?) and are given by a cyclic group of order 2%, A = 7./2F7,

with a generator = such that ¢(z) = % mod 2Z, where § = ¢ mod 8. For k = 1, w5,

really depends on ¢ mod 4 rather than mod 8 (see the relations below). To summarize,
€ 0ok 4

wh = ¢3(27) = o =€ mod38. (D.3)

The different range of € with respect to the odd case depends on the fact that the quotient
(Z)2F7)* ) ((Z)2FZ)*)? has four cosets rather than 2.
The inequivalent 2-components of rank 2 are given by:

e u; (MM) or uf)(2k) (N) is given by a group (Z/2FZ) x (Z/2FZ) with generators z,y
and quadratic form ¢(z) = ¢(y) =0 mod 2Z and ¢q(x + y) = 271 mod 27, i.e.

up = uP (2F) = (29k 2:) (D.4)

e v (MM) or vf)(2k) (N) is given by a group (Z/2FZ) x (Z/2FZ) with generators z,vy
and quadratic form ¢(z) = q(y) = q(z + ) = 27*T1 mod 27, i.e.

2—k+1 2—k
vV = U_(E)(Qk) — ( 2—k 2—k+1> (D5)

In general, there are many equivalent ways to decompose a discriminant form into
elementary Jordan components. All these equivalences are consequence of the following
relations (see [28]):

(wp)? = (wp)®  podd, (D.6)

why = U’gi (D.7)

(ug)? = (v)?, (D.8)

(w5 ) = (w35,)? (D.9)

(wh)? @ (wg,k) ~ {’Uk @ (wiz/el) , Tf e=¢ mod4, (D.10)
up ® (wyy,), ife= —¢ mod 4,

Uk W jopy = U B W31 (D.11)

WS g, B Vk1 = W% B Ukt (D.12)

wh g B wh pyq = w5 © wgf,f;?e) : (D.13)

w g D w§2k+2 = wg€k D wg,el;w . (D.14)
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In [29, 30], Miranda and Morrison use these relations to decompose every 2-group discrim-
inant form as
A® = @y (™ @ 0"V @ w(k)), (D.15)

where m(k) < 1, rank(w(k)) < 2 and w(k) is a sum of components w§ ;.
In the following, we will be interested in calculating the opposite of a discriminant
form. This can be found using the rules

= {w;/,;, ?fp f 1 mod 4, (D.16)
w, ) if p=—-1 mod 4,

—up = ug, (D.17)

—v = v, (D.18)

—why, = Wy, - (D.19)

The genus of a lattice is determined by its signature and its discriminant form (see [28],
section 1.9). A compact symbol for the genus was given in Conway and Sloane’s book [63].
From that symbol, one can derive the corresponding discriminant form using the follow-
ing dictionary:

(P*)™" = el wy [Iei=+ podd, (D.20)

@M = ()™, (D.21)
@)™ = ()", (D.22)

oFVER — g6 .=t mod 8 (5) — 41 D.23

(2")F" = elLiuiy., Z =1 mod8, H 5 (D.23)

where
(f) _ +1 ife==+1 modS8, (D.24)
2 —1 ife=43 mod8§.

In [24], Hohn and Mason provide the genus of the sublattice Leechd of the positive definite!!
Leech lattice Leech fixed by some g € Cog. The genus is given using the symbol in [63], so
that one can reconstruct the corresponding discriminant form using the dictionary above.

In the following table, we provide for each Frame shape 7y, the genus of the fixed
sublattice Leech? in the (positive definite) Leech lattice (as reported in [24]), the number
of the corresponding group in the list in [24], and the opposite —qreechs Of the discriminant
form of Leechd. This will be useful for computing the data in table 1. Notice that

—QLeechs = QA9 = —qA, = —4ry, -

where gr, of the coinvariant sublattice I'y := (I'Y)~ N A. The discriminant form is given in
Miranda and Morrison (MM) notation [29, 30], so that it is easier to apply their theorems.

11YWe recall that A denotes the negative definite Leech lattice, so that there is a canonical isomorphism

A = Leech(—1) given by flipping the sign of the quadratic form. This also induces an isomorphism O(A) 22
O(Leech).
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Ty HM group # genus Leech? —QLeech9
124 1 1
1898 2 278 ut
178216 14 258 u
L2 5 22’12 u?‘l Dv P wil ® w{%
1636 4 3+6 (w3 7)®°
1339 35 3+5 (wy 1)
38 22 3+8 (w5 1)®®
49240 9 25245} wh ) ©wy] ©ud?
1827848 14 278 uft
149644 1 224t (wh)%2 @ (1) 2
27448 99 27477 v1 vz
2444 21 24t uP? ® ug?
46 64 446 ug? @ (w,)®?
1454 20 5+ (w3 ,)®*
1715 122 5+3 (w3 1)®?

12923262 18 2} Agt4 [u?) & [(w] ;)]
14213165 33 2,631 [u? & vi] & [wi,]
15943164 35 3+5 (w3 1)®®

12243264 104 2fA3+2 [uf?) & [(w3 ;)%
1-12-13363 114 2,73 [v1] @ [(w3 )]
1-425346! 62 2,735 [u? @ 0] @ [(w] )]
2363 63 2,%37% [P eowy owi; @ [(wi;)®
6 161 213+ [v1 & wy 1 ®wh ] & [(wh,) P
1373 52 7+3 (w7 7)®®

12214182 55 2;14#8;}2 v3 D w;& D wi% * %
142724284 99 277477 v1 @ vy
172934182 143 2f 14182 3 B wy o B W | * ¥

24418 107 44 vy ® wh, ® wyy

4282 147 478, vy @ v3

133293 101 3+2g+1 (w§,1)@2 D ws_,%
122152103 100 9,451 [vE?] & [w;]
132251102 122 5+3 (w31)®?
1729352101 159 2,453 [vF?] @ [(w51)®]

92102 149 o [1 © wy; & wy 1] @ [(wh1)®?]
12112 120 11+2 (wiy,)®?
1222324262122 104 2 43+2 [u?) & [(w] ;)%
11223142122 109 9423+3 [(w} )®] & [(w31)®]
123-241621 91 123 2, 241231 [z ® why ® w,] ® [wy]]
172223241191 157 25747737 [ wy; ®wi,] e [(wi;)®?

214161121 135 272472372 [v1 © va] ® (w3, @ wi]
1lat7l14! 129 2/ 7t [ur] @ [(wy 1)®?]
113151151 128 3252 [wl, @ wi]] @ [wl; ©wii]

Table 2. For each Frame shape 7y, we provide: the number of the smallest group containing g, as
listed by H6hn and Mason in [24]; the genus of the fixed sublattice Leech?, using the conventions
of [24]; and the opposite —qreecns Of the discriminant form of Leech? in Miranda and Morrison’s
notation [29, 30].
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The discriminant form of Ay, = (v) & I'y is the orthogonal sum g, @ qr, of the
discriminant form of I'y, and the discriminant form g, of (v). The latter can be obtained
as follows. Since v? = 2n — 2, the lattice dual to (v) has generator 32+, of norm 5.
Therefore, the corresponding discriminant group is isomorphic to Zs,_o, with a generator

of norm ﬁ mod 2Z. Let 2n—2 = Hp p"? the prime power decomposition of 2n—2. Then,
Qv = @pw;?rp , (D25)

where the sum runs over the primes dividing 2n — 2, and

/Tp/
€p = (W) , p odd, (D.26)

and
€2 = H p"" mod 8 . (D.27)
p'#2
The number of embeddings of A, = (v) ® T, in I'**?! modulo O (I'>?!) can be computed
using the algorithm described in [30], once the discriminant form gx of N := (Ay,,)t @52
is known. This is given by

qN = —qr,,, = (=) D (—qr,) = (—q) © (—qLeechs) -

For each Frame shape 4, the discriminant form —qreecns is reported in the table above,
while —g, can be easily determined for each m from (D.25). Given these data and the
algorithm in [30], computing the number of cosets in the third column of table 1 is a
tedious but straightforward exercise.

E Modular forms from Borcherds products

In this appendix, we show that the infinite product (4.8) defines a meromorphic Siegel
modular form of genus two with respect to a congruence subgroup of Sp(4,Z). The proof
is a straightforward application of [33], along the lines [65].

Given a non-linear sigma model on K3 with symmetry group G, for any two commuting
elements g, h € G (gh = hg) one can define the twisted-twining genus

_ < _Ja—2SC 3 F
(bg,h('ra Z) = TrRR,gftwisted(thO 24 qLO 24 yJO (_1)F+F) . (El)

This is just a generalization of the twining genera defined in eq. (3.1), where the trace is
taken in the g-twisted RR sector of the K3 model, rather than in the untwisted sector;
eq. (3.1) is recovered when ¢ is the identity. Standard path integral arguments show that
each twisted-twining genus ¢4 is a weak Jacobi forms of weight 0 and index 1 for some
congruence subgroup I'y, C SL(2,Z) depending on g and h. More generally, under an
SL(2,Z) transformation'?

b miz2 b
¢g,h (CLT + i > = 62”'*‘61 (ﬁgahc’gbhd (T, Z) y (a ) S SL(Q, Z) N (EZ)

cr+d er+d cd

12In our conventions, the g-twisted sector is defined so that the symmetry g acts by e?>mi(Lo—=Lo)  The

convention where g = e?mi(Lo—Lo) in the g-twisted sector is also quite common; the two conventions are
related by exchanging the g and g~ -twisted sector. The detailed form of the modular transformations (E.2)

depends on this choice.
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i.e. they are the components of a vector valued weak Jacobi form for SL(2,Z). For sim-
plicity, we assumed that the multiplier is trivial; our analysis can be easily extended to the
general case, as explained at the end of this section.

Let us focus on twisted twining genera of the form ¢gs ,», where both the ‘twist’ and
the ‘twining’ are powers of the same element of ¢ € G, and therefore generate a cyclic
group Zy. We can define the discrete Fourier transforms

N
¢st7z —Z _27”Nd> chtnlqy, s,t € Z/NZ, (E.3)

where now n € NZ n > 0, and ¢ € Z. The Fourier coefficients ¢;¢(n,l) of qﬁst are the

Zy-graded dimensions of the g-eigenspace with eigenvalue e’N" in the g°-twisted sector,
and in particular they are all integral.

The elliptic property of weak Jacobi forms of index 1 implies that, for each s and ¢,
ést(n,1) depends only on the discriminant 4n — {2 and on [ mod 2

esa(n,1) = égpp(dn —1%), s,t € Z/NZ, { € /27, (E.4)

where £ =1 mod 2 [25]. As a consequence, every weak Jacobi form of weight 1 admits a
decomposition [25]

¢st7_z Z Fstﬁ QQETZ) (E5)
€22z

where all the z-dependence is encoded in the level two theta functions
O2,(7, 2) Z q y e )27 (E.6)
r€Z+2
and
Fyu(T Z ésie(n)g™, st €ZL/NZ, L €L)27, (E.7)
are holomorphic functions on the upper half-plane. The theta functions 5 ¢(7, z) transform
as
Ore(ri1.2) = loy(r2), Oae( 1.0 ) = /2T Y () ye(rz). (B8
T z)=c¢e T, Z — =, = | =4/ =€ — (1,2) . (E.
2.4 ; PRANE ) 2.4 7_7 T 2% 2,0 ;
VEL)2L

Egs. (E.2), (E.3), (E.5), and (E.8) imply that the functions F;; , transform as

_ wil?

Fop(r +1) = 2N e™ ™2 Fyy0(r)

1 \/Z _9 st+st 2mile!
Fur(=3) = pir XX e ).

§' W EL/NT V' EL)2T

This mean that the Fy; g, s,t € Z/NZ, { € Z/2Z, are the components of a vector valued
weakly holomorphic (i.e. holomorphic in the interior of the upper half-space and possibly
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with poles at the cusps) modular form F of weight —1/2 for the metaplectic group Mp(2,Z).
The latter is a double cover of SL(2,Z) whose elements can be written as

((Z Z) ,EVer + d) : (Z Z) € SL(2,Z) . (E.9)

Let us analyse this representation of Mp(2,Z) more in detail. Given an even lattice M
of signature (b*,b7), one can define the Weil representation py; of Mp(2,Z) on the group
ring C[M*/M], with generators es, 6 € M*/M (see for example section 4 of [33]). The
representation pjs is defined by

\[b —bt
PM (T)€5 = €7r7'qM(6)€5 R pM(S)e(S Z —27rz 56’ 5

V| 5/eM*/M

where ¢y is the discriminant form on M*/M, (-,-) the corresponding Q/Z-valued bilinear

() ()

are the generators of Mpy(Z). In particular, let us consider the even lattice M := I''! @
I'M(N) & (—2) of signature (b™,b7) = (2,3), so that M* = ' g TH(L) @ (—1). The
group M*/M = Z/NZx Z/NZx Z/27Z of order |M* /M| = 2N? has generators a, 3,y with

discriminant form

form, and

2st (2
qu(sa+tB+ ly) = ~ 3 mod 27,
for s,t € Z/NZ and ¢ € Z/2Z. Then, F can be seen as a C[M*/M]-valued function

F = (Fs)sen+/m, with components
Fsa+tg+gfy(7') = Fsﬂg’g(T), s,t e Z/NZ, l e Z/QZ,

transforming as a modular form of weight (b* — b7)/2 = —1/2 with respect to the Weil
representation pyy, i.e.

at +b 1 ab
F<c7‘—|—d> = ﬁpM <<c d) ,\/CT+d> F(r) .

Theorem 13.3 of [33] then associates with the modular form F' an automorphic form
Uy (F) under a certain group Aut(M,F) C O(M) of automorphisms of M (see [33] for
details). In particular, for a lattice M of signature (b™,b™) = (2, 3), the domain of definition
of Up/(F) is the Siegel upper half-space of genus 2, and Aut(M,F) C O(2,3,R) can be
seen as a discrete subgroup of Sp(4,R) = O(2, 3,R), whose intersection with Sp(4,7Z) is a
suitable congruence subgroup (see [65] for more details). The automorphic form W, (F),
therefore, is a meromorphic Siegel modular form of genus two, whose zeroes and poles are
described in point 2 of Theorem 13.3 of [33]. Finally, for each primitive null vector z € M,
the form Wy, (F') admits an infinite product expansion convergent in a suitable region of
the Siegel upper half-space (see point 5 of Theorem 13.3 of [33]). In particular, if we take z
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to be a primitive null vector in the component T (N) of M = TH @ THY(N) @ (—2), the
infinite product becomes exactly the one in eq. (4.8). This proves our claims in section 4.
Expansions of ¥/ (F') at other cusps (i.e. different primitive null vectors) can also be related
to ‘second quantized twisted-twining genera’, i.e. generating functions for twisted-twining
genera in K 3" models.

More generally, for any commuting g, h € G, generating a group Zy X Zjs, one can ob-
tain a ‘second quantized twisted-twining genus’ starting from the vector valued Jacobi form
whose components are the twisted-twining genera ¢gspr kpi, S,k € Z/NZ, r,j € Z/MZ
where the group generated by g and h is not necessarily cyclic. The procedure is analo-
gous: one considers a double ‘discrete Fourier transform’ q@smt’u, analogous to (E.3), whose
Fourier coefficients are the Zs-graded dimensions of simultaneous g- and h-eigenspaces in
the g°h"-twisted sector. Then, one performs a theta decomposition analogous to (E.5) to
get some functions Fj,;,¢. One can easily show that these functions are the components
of a vector-valued modular form of weight —1/2 for the Weil representation pys of Mp(2,7Z)
with M = THY(M) @ THY(N) @ (—2). By applying Theorem 13.3 of [33], one gets a mero-
morphic Siegel modular form of genus two for a congruence subgroup of Sp(4,7Z), which
admits several different infinite product expansions near its cusps. These expansions are
related to generating functions for twisted-twining genera of symmetric products of the
K3 model.

The construction also generalizes to the case where the multiplier is not trivial, at least
in the case where g, h generate a cyclic group. The presence of a non-trivial multiplier can
be interpreted as the fact that the order N of the symmetry g, when acting on the twisted
sectors, is larger (in fact, a multiple) than the order N of g on the untwisted sector. The
construction then works simply by replacing N with N everywhere. In the context of
orbifolds of vertex operator algebras, similar ideas were used in an example in section 3.5
of [66], and were described in some detail in appendix B of [67]; we refer to these references
for more details. Second quantized twisted-twining genera when the group generated by
g, h is not cyclic and the multiplier is not trivial were considered in [59].

One of the hypotheses in Theorem 13.3 of [33] is that the Fourier coefficients cs(n)
of Fjs are integral for all n < 0 and for all 6 € M*/M. In our case, the ‘proof’ that this
condition is satisfied (for all n, not just for the negative ones) comes from physics. Indeed, it
follows from the fact that the coefficients c¢s(n) can be interpreted as Zs-graded dimensions
of certain eigenspaces in the twisted sector of the theory. In turn, this interpretation is
based on the claim, justified by path integral arguments, that the SL(2, Z)-transformations
of the twining genus ¢, correspond to traces of the form (E.1). In order to prove that
eq. (4.8) is a Siegel modular form without using any input from physics, one needs to verify
this assumption through a (tedious) case by case analysis — notice that the functions Fj
are known explicitly, and that there are only a finite number of coefficients cs(n) with
negative n.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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