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1 Introduction

Recently there has been much progress on the understanding the Seiberg-like dualities in
lower dimensions than 4. With the help of the recently developed localization results,
substantial evidences were cumulated in 2-dimensions and 3-dimensions. There’s a close
relation between the dualities in 4-dimensions, 3-dimensions and 2-dimensions [1]. In 2-
dimensions, Seiberg-like dualities for N' = (2,2) U(k) gauge theory with fundamental
chiral multiplets with/without anti-fundamental chiral multiplets were studied in [2-9],
and the elliptic genus was computed to give the evidences for such dualities. The peculiar
feature is that such duality holds for asymptotically free theories as well, while in higher
dimensions the duality holds for superconformal field theories (SCFT). Also the analogue
of the so-called Kutasov-Schwimmer-Seiberg dualities are studied by [10] for U(N) gauge
group following the conjecture about such dualities for 2-dimensional theories in [9] in the
context of AGT correspondence. The authors of [9] gives the evidences for such dualities
by working out the S? partition function. Furthermore these 2-dimensional dualities are
shown to be derived from their 3-dimensional or 4-dimensional analogues.

When we consider the dualities involving orthogonal groups, many of the subtleties
arise. Given the Lie algebra of so(k), there are many possibilities of gauge groups such as
spin(k), SO(k), O(k). In 4-dimensions, we need more refinements due to the existence of dif-
ferent line operators. Thus there are rich structures of dualities involving so(k) Lie-algebra
and via dimensional reduction, equally rich structures of dualities in 3-dimensions [1]. We
also expect the similar rich structures in 2-dimensions concerning the dualities of orthogo-
nal groups. Here we study the N = (2,2) Seiberg-like dualities of orthogonal gauge groups
with fundamental chiral multiplets. In fact such duality was proposed and studied by Hori
some while ago [13] and recently studied in [14]. Especially when we regard O(k) gauge
group as the (semi)-direct product of SO(k) x Z, there are two choices of Z, orbifold
actions. Thus we have two kinds of O(k) theories, denoted by O (k) theories depending
on the Zs actions. The pattern of the proposed dualities are

O, (k) «— SO(N —k+1)
SO(k) +— OL(N —k+1) (1.1)
O_(k) «— O_(N —k+1).

where N is the number of chiral multiplets. We work out the elliptic genus of the pro-
posed dualities for a few cases and show that the elliptic genus perfectly matches, thereby
providing important evidences for such dualities. One subtlety arising for 2-dimensional
theory is the existence of the non-compact Coulomb branches. Whenever such non-compact
branches exist, the computation of the elliptic genus is subtle and the blind computation
of the elliptic genus does not give the sensible answer. When we deal with dualities of U(k)
gauge group, we turn on Fl-term or 6 term to lift such non-compact Coulomb branches.
When we deal with SO(k)/O(k) groups, we can turn on the discrete 6 angle. Depending on
k, N some of the theories exhibit the non-compact Coulomb branches. They are called the
irregular theories. If the non-compact Coulomb branches are lifted such theory is called



regular. All tests of dualities have been checked for regular theories. For irregular theories,
elliptic genus does not give the same answer for the candidate dual theories. The Witten
index as a limit of the elliptic genus typically gives rational number for irregular theories.
In this paper, we provide evidences for the dualities of the regular theories with orthogonal
gauge groups.

Also additional difficulty arises when evaluating the elliptic genus of the theory with
SO(k)/O(k) groups. For U(k) theory with fundamental flavors and adjoint chiral multi-
plets, the general formulae of the elliptic genus are known since the classification of the
nontrivial JK-residues are possible [10]. However for the theory with SO(k)/O(k) gauge
group with N fundamental multiplets, such general results are not known. Thus we have
to work out each case separately so that check of the dualities are done for small rank of
the gauge groups and small number of matter multiplets. Furthermore for the U(k) theory,
equality of the elliptic genus of the dual pair can be shown analytically [10]. Here we man-
age to prove the equality of the elliptic genus of the dual pair for small £, N and numerically
check the equality of the elliptic genus of the dual pair for more complicated cases.

The contents of the paper are as follows. In the section 1, we introduce the Z5 orbifold
of the massive chiral multiplet as a warm-up of the study of O(k) gauge group. In the
section 2, we work out the elliptic genus for the proposed dual pairs of orthogonal gauge
group and find the perfect match. In the appendix A, we work out the elliptic genus for
the pure SO(3) gauge theory. Depending on the mod 2 # angle we can have both regular
and irregular theory. We indicate the subtleties of the elliptic genus arising due to the
existence of noncompact branches. Some useful formulae for the elliptic genus are also
collected at the appendices B and C. The chiral ring structure and operator matching
between the dual pairs are discussed at the appendix D. It’s more convenient to use the
superconformal index, which imposes NS boundary conditions on fermions, to enumerate
the gauge invariant operators, though superconformal index and the elliptic genus are
related by the spectral flow. At the appendix E, we provide the analytic proof of the
equality of elliptic genus of the dual pairs for small &, N.

Note added. As this work is completed, we receive the paper by Aharony et al. [11],
which overlaps partially with our paper. See the appendix B of their paper. Also as the 2nd
revision of our paper is completed, which includes the analytic proof of the elliptic genus of
dual pairs with gauge group SO(1),04(1),SO(2),0+(2), the paper by Avraham et al. [12]
appears where the analytic proof of similar theories is worked out. On the third revision,
we extend the analytic proof to simple cases of theories with SO(3),04(3),S0(4),0+(4)

gauge group.

2 Massive field and Zs, orbifolds

Let us consider a free chiral superfield ® with either a complex mass or a twisted mass.
Because the theory has the mass gap, the Witten index of the theory is well-defined and
count the number of supersymmetric vacua. We consider its Zs orbifolds. There are two
choices in the Zy orbifold. The standard Zs orbifold defined in [13] which acts as & — —®



has the number of vacua

Tr(—1)F = (2.1)

1 for complex mass
2 for twised mass.

The theory of a chiral superfield with complex mass has one supersymmetric vacuum in
twisted sector while the theory with a twisted mass has two vacua, one in twisted sector
and one in untwisted sector. The other non-standard Zy symmetry is denoted by Zo(—1)%*
where (—1)%* is the operator that acts as the sign flip of all states in the untwisted RR sec-
tor. The nonstandard Zs(—1)%* orbifold theory of a chiral multiplet has the Witten index,

2 f 1
Tr(—1)F = { or complex mass (2.2)

1 for twised mass.

We carry out a consistency check with the elliptic genus. The elliptic genus of a chiral
supermultiplet with a complex mass W = m®? is given by

zm(r, s = M3 (2.3)
) ) 01 (T‘%
where ¢ = €2™7, y = €2 1 is the complex structure of torus and z is a holonomy for

the left-moving U(1) R-symmetry. The value 1 represents a trivial vacuum where the sign
depends on the definition of the fermion number of the vacuum. The elliptic genus of the
Z- orbifold theory of the massive chiral multiplet is given by

78/ (€)= Zz‘i{f% (7, 2,€) (24)
ab 0
where
ot (7] = 5 + 5T
ZEM (7€) = y b2 220 = (—1)(erer) (2:5)
(ab) 01(r|5 + “57)

The factor y~%?2 is needed for the elliptic genus to show the sensible modular behavior.
Thus we have

Z%/ % (r 2 6) =1 (2.6)

Contributions from untwisted sector is
Z¢/22,m,untwisted (1,2,6) = ZZ‘?/Z% _ (2.7)

and that of twisted sector is

Z@/Zg,m,twisted 7_, P § Z Z<I>/Z2 mo_ (28)



Thus only twisted sector ground state survives. This Zy orbifold in (2.4) is the standard
one in which the ground states of untwisted sector are projected out as defined in [13].

The elliptic genus of the non-standard Zy(—1)* is given by

2O/ 2Dy ey % <_ Z(q;{))zz,m + Z%)zz,m n Z(cl;/l)zz, i ZEI»/)ZZ, ) 2 (29)
Now let’s consider a chiral multiplet with a twisted mass. If a theory has generic twisted
masses and has no non-compact Coulomb branch, namely a gapped theory, its Witten
index can be obtained by a limit of the elliptic genus of the theory with generic flavor
holonomies on the torus, which regulate bosonic zero modes. Witten index of one free
chiral multiplet having a twisted mass can be obtained by

o _ (] =2+
Z%(1,2,§) = ECEE (2.10)
(-1 = lim Zo(r,2,6) = 1 (2.11)

where £ is a holonomy for U(1) flavor symmetry. Let us compute the Witten index of the
standard Zs orbifold.

D/Z
Z%%2(7 2, ¢) = Z Zin2(7,2,€) (2.12)
ab 0
where
o 01(T] — 2+ €+ oEbT)
Z(CI)/ZQ( T, 75) b/2 ’ a+br : (213)
91(7”6 + T)

We have

Tr(—1)F = lim 2%/%2(7,2,¢) = 2, (2.14)

z—0

thus both the untwisted RR vacuum and the twisted one survive. The Za(—1)* orbifold
has the elliptic genus

®/Zs(—1)Fs Yy eze | 0/2, | ,0/2: | 020
220 (12,6) = 5 (<Zoh + 20 + Zgt + 2507 (2.15)
so we have

Tr(~1)" = lim 7%/%CD% (7,2, 6) = 1 (2.16)

Notice the sign flip of the (00) sector. (—1)F of the untwisted RR ground state is the
opposite to that of the twisted RR ground state.



UMy U(1) SUWV)
Q| o 1 N
N(N+1
M| 0 2 (X41)
q % -1 N

Table 1. The quantum numbers of the chiral superfields for the left-moving R-symmetry U(1)
and a flavor symmetry U(N).

3 Hori duality
Hori proposed the dualities between N' = (2,2) theories with gauge groups,

04 (k) +— SO(N —k+1)
SO(k) +— OL(N—k+1) (3.1)
O_(k) «— O_(N—-k+1).

for N > k. We refer the theory with the gauge group on the left hand as the theory
A and the corresponding dual theory on the right hand side as the theory B. Theory
A has N massless chiral multiplets Q,, a = 1,..., N in the fundamental representation
with no superpotential. Theory B has N massless chiral multiplets ¢© in the fundamental

representation and w gauge singlet chiral multiplets M,g, M,3 = Mg,, with the
superpotential,
N
W = Z Masq%q” . (3.2)
a,f=1

The mesons Q.3 in the original theory correspond to M,g3. The global charges of the
fields are given by the table 1.

The O(k) gauge theory can be treated as the Zs orbifold of the SO(k) gauge theory.
There are two versions of Zy orbifold for the theory. For a different choice of Zo orbifold
the untwisted RR ground states can survive or be projected out while the twisted RR
ground states always survive. Following [13] we call “standard” for the Zy orbifold under
which the untwisted RR ground states survive. The other “non-standard” Zs orbifold is
denoted by Za(—1)fs where (—1)s is the operator that acts as the sign flip of all states
in the untwisted RR sector while the states in the twisted RR sector are invariant. This is
similar to the terminologies for the case of one chiral multiplet with twisted mass.

In order to define O4 (k) and O_(k) gauge theory, the twisted mass deformation is
useful because it gives discrete quantum vacua. The number of ground states, especially
Zs symmetric vacua, depends on k and N so do definitions of O (k) and O_ (k). When £ is
odd, the theory with generic twisted masses has Zo symmetric vacuum thus the spectrum
in this sector is sensitive to the choice of orbifold. When N is even, O (k) gauge theory is
the one with standard Z, orbifold while O_(k) theory has the non-standard one. For odd
N, the role of O (k) and O_(k) are interchanged. When £ is even and N is odd, the theory



N
even | even <Z>
2
N-1 N-1
2 2
even | odd <,C >+2<k_1>
2 2
odd | even 2< 1>
2 2
N-1 N-1
2 2
odd | odd <k_1> 2<k_1>
2 2

Table 2. The total number of ground states of the O (k) theories.

has Zy symmetric vacua and Oy (k) (resp. O_(k)) gauge theory is the one with standard
Zs (resp. non-standard) orbifold. When k and N are even, the theory does not have Zs
symmetric vacua so we extend the definition of O (k) and O_(k) theory with odd N to even
N. In other words, O (k) (resp. O_(k)) gauge theory with even N is O (k) (resp. O_(k))
gauge theory with N + 1 chiral fields where N massless and one massive chiral fields with
a complex mass. The standard orbifold has twice as many Zs symmetric vacua as the non-
standard one. The total number of vacua for O (k) and O_(k) is summarized in table 2.

Hori also claimed that the SO(k) gauge theory with N = k — 1 massless fundamental
chiral multiplets flows to a free theory of @ mesons, M,g. Then the non-standard
Zy(—1)*s orbifold, O_ (k) gauge theory with N = k — 1 has no vacuum in the untwisted
sector and its twisted sector is dual to the free theory of mesons. On the other hand, the
standard Zjy orbifold, O (k) gauge theory with N = k — 1, flows to two copies of the free
theory of mesons, one in each of the untwisted and twisted sectors.

When N < k—1, the supersymmetry is broken. The duality is valid when the theories
do not have non-compact Coulomb branch, which are referred to as regular theories [13].
Regularity is determined by vacuum solutions of the effective twisted superpotential for

the adjoint scalar field in the vector multiplets of the form, for even k (resp. odd k)

—0y
—01

01
01

i resp. i K . (3.3)

|
Q
[NIE
(V]

NI

When the chiral fields have no twisted masses the effective twisted superpotential only
shifts the theta angle: f.g = N7 for k even or f.g = (N + 1)7 for k odd for each U(1)
factor. If effective theta angle is zero modulo 27, the theory has non-compact Coulomb



N 04(1) 0-(1)
even Zo Zz(—l)FS
odd | Zo(—1)Fs Z,

Table 3. Definitions of OL(1) group.

branch. Therefore, the theory is regular if and only if one of following is true,

1. N —kisodd and § =0 (3.4)
2.N—kisevenand 0 =

where 0 is the tree level mod 2 theta angle. The mod 2 theta angle can be introduced by
adding a fundamental chiral field with a complex mass. As the massive chiral field is inte-
grated out it yields the theta angle 7, which can be seen from the effective superpotential.

3.1 O4(1) gauge theories

Let us consider a O4 (1) gauge theory or a free theory (SO(1)) with N massless fundamental
chiral multiplets, Q.. As discussed before, definitions of O (1) group can be summarized
as follows.

The standard Zo acts as simultaneous sign flip of all chiral fields

Zy: Qor— —Qq (3.6)

and it keeps the ground states in the untwisted RR sector. On the other hand, the non-
standard Zo(—1)* orbifold projects out the untwisted RR ground states.
The elliptic genera of the theories can be written in terms of contributions from four

sectors
ZASOWN (7 4 ¢) = Z(OOS)JV (3.7)
Zh O N (1,2, 6) = % (M2 + 2™ + 2™ + 205 (3:8)
ZAO-(N(p 4 ¢) = ; (M HZQ0N + 200N + 200N + 200N)  3.9)
where
2 ) =P T A .10

01(716a + a—ng)

The sign factors in front of Z(?)(();)’N in (3.8) and (3.9) are related to the type of orbifolds.

If a sign factor is +1 (resp. —1) then the theory corresponds to Zo (resp. Zo(—1)%)
orbifold.!

!The additional minus sign can be introduced by introducing one massive chiral field with complex mass,

which maps Z2> to Zg(—l)F s and vice versa. For example, Z2 orbifold of N massless and one massive chiral

fields is the same as Z2(—1)™ orbifold of N massless chiral fields.



Let’s compute the Witten index of the theories.

lim 24 50N (7.2, 6) = 1 (3.11)
DN +1 2 for N even

lim z% O+():N G i P 3.12

50 (7:2,8) 2 * 1 for N odd (8.12)
~NH 41 1 for N even

lim z4 O~ ( 1= 3.13

250 (r2,6) = 2 * 2 for N odd (8.13)

The result agrees with the number of ground states of the theories. The standard Zs
orbifold (O4(1) for even N or O_(1) for odd N) has one vacuum in each of the untwisted
and twisted sectors while the non-standard Zs(—1) orbifold has only one vacuum in the
twisted sector.

Let us consider the theory B which is O4(1) theory or a SO(1) theory. The elliptic

genera of the dual theories can be written as

7B,S0(1),N (r,2,6) = 7 ((S) (3.14)
1 - -
B,0,(1 O(1),N O(1),N O(1),N O(1),N
VA +(1),N 7—, z § 5 ( 00) + Z(lO) + Z(Ol) + Z(ll) > (315)
1 ~ ~
B,O_(1 N N 17 O(1),N O(1),N O(1),N
280~ (2 6) = 2 (~)NRZQEN + ZOGN + Zg0Y + Z00N) (3.16)
where
Z N (7, 2,6) = ZMN (7, 2,€) x Z0g)N (7,2, €+ 2/2) (3.17)
O1(1| — 2+ &a +&p)
ZMN (7 2 6) = 3.18
IfIEE— 19
ZM:N is the contribution of the mesonic singlet fields and Z(Z g)’N(T z,—& + z/2) comes

from fundamental fields in the dual theory.
Let us check the dualities for N

ZA,80(1),1

ZA O4(1),1

ZA,0- (1)1 _

and in terms of contributions of sectors,

om, 1

Zoy ' =5 (-2

om,a 1

00 5

o)1 | Lo, 01, o)1 _ =0
Zooy tZao) T4 Han =%

(1,1, 70,1, 70(1),1
o a2

= 1, which require that

_ 7B,0(1)1

ZB SO(1),1

ZB’O*( )7

ZO(1, Z0(.1 Z0()1 70(1),1
00 T2y o1y Tan” )
701, ;0.1 01, ,0(),1
Zooy T2 T4y T4m) )

50(1),1
20

(3.19)
(3.20)
(3.21)

(3.22)

(3.23)

(3.24)



Note that the equalities (3.22) and (3.23) imply (3.24).2 The duality between two O_ (1)
theories have additional mapping of states that the twisted (resp. untwisted) sector of
the theory A corresponds to the untwisted (resp. twisted) sector of the theory B. At the
appendix E, we prove analytically

O(1),1 o)1 _ 70(1),1 | 7O(1),1
Zooy tZa0) = Zony 20 (3.25)
o(1),1 o)1 _ 70O(1),1 ~0(1),1
Zoy  t2anyT =2Zep) tZa0) (3.26)
Furthermore, we prove an additional identity,
O(1),1 om,1 _ 750(1),1 ~0(1),1
Z(01) B Z(11) - _Z(01) + Z(11) : (3.27)

Because we have four independent equations, the contributions four sectors can be written
in terms of those of dual theories,

Z(OOS)’1 11 1 1 {88“

et IO R RS T W N I (3.28)
28%%1 2111 -11 28%“ '
70,1 11 1 -1/ | zoha

(11) (11)
3.2 04(2) gauge theories

Let us consider O4(2) theories with N fundamental chiral multiplets. The O(2) gauge
theory can be treated as the Zy orbifold of the SO(2) gauge theory where Zsg is generated

10
h = <O _1> (3.29)

There are two versions of the orbifold [13]. For N odd, the semi-classical vacuum equation

of the theory with generic twisted masses for all flavors has % pair of solutions which

by a group element,

are mapped within themselves (o1 # 0 in (3.3)) and one solution which is Zy symmetric,
o1 = 0. We have two choices for the Zs symmetric solution as in O(1) cases. If N is
odd O4(2) theory is defined to have two vacua from one twisted and one untwisted sector
while O_(2) theory is defined to have only one vacua in the twisted sector. Thus the total
number of ground states is

Tr(—l)F =

N—1 _ N+3 :
{ A +2=N8 in 0;(2) theory (3.30)

% +1= % in O_(2) theory

for odd N. The O(2) theory with even N flavors and generic twisted masses have only %
vacua which break the Zs symmetry (o # 0) so we have
F_N .
Tr(—-1)" = 5 i O+ (2) theory (3.31)

2This is related to the fact that the duality between O_(k) theory can be derived from the duality
between SO(k) and O_(N — k + 1) theory by a suitable Z; orbifolding [13].




for even V. Since the vacua break Zs we cannot use the twisted mass deformation to define
0O+(2) theory. In [13], O+(2) theory with an even number of massless flavors is defined
from the O4(2) theory with odd number of flavors; even number of massless flavors and
one flavor with a complex mass.

Let us compute the elliptic genus of the Oy (2) theories with this definition. All flat
connections of O(2) gauge theory on 72 are explained in [5, 15]. The moduli space of the
flat connections consists of seven components. One corresponds to the flat connection of
SO(2) group, u € C/(Z + 7Z) modulo u = —u. Its contribution to the elliptic genus is

given by
N
o@.N _ N~ _in(@)® Tl—z4u+&) O(t| -z —u+é&)
Z(OD) N 5222191(7"—2 j{ du U 01 |U+fa 01(7’*U+5a) (3.32)

N N N
O1(7] — 2+ &a — &p) 01(7] — 2+ & + &)

= E I | | | 3.33

501 \aciaxs N (7[60 — €5) bt (7]&y +€5) (333)

The other six components are represented by discrete holonomies labeled by s = (k,, %)
for (k,1) = (1,0),(0,1),(1,1) and each contributions to the elliptic genus is given by

Z0@2),N _ }y—%l 01(rlag + a3) ) ﬁ 01(|(=2 +ag + &) O (7] — 2 +af + &)

s ) 01(7] — 2z + al + a2 ke 01(7|al + &a) 01(7|a2 + &a)
(3.34)
where ¢~ G can be derived from modular properties of the elliptic genus and
1 T 147
(a%1,0,+)’a%1,0,+)) = <07 2) , (a(ll,o,—)va(21,0,—)) = (_2’ 2) (3.35)
T 1 1+7
(a%0,1,+)aa%0,1,+)) = (0, 5) ) (a%o,l,—)va?o,l,—)) = <_27 —5 > (3.36)
147 17
(a%1,1,+)7 a%l,l,“r)) = <07 2 ) ) <a%17177)7 a%l,l,*)) = <2, 2> (337)
Elliptic genus of O(2) gauge theory can be written as
70(@2),N _ ( (((?)é?) N Z nsZO > (3.38)

where we took a positive sign for Z(Oé N

and the sign factors (—1)"s, ny € Z come from
a choice of the two orbifolds and mod 2 6 angle [13]. We determine the sign factors as
follows. The contributions of components s = (1,0, +), (0,1, +), (1,1, +) should have the
same phase and those of components s = (1,0, —), (0,1, —), (1,1, —) should also have the

same phase. This can be seen from the modular property of the elliptic genus,

oaN ([ 1 2 &\, o@N o N[ 1 2 &Y\  , 02N
Z(OO) <_77) _AZ(OO) (7—727604)7 Z(IO:I:) <—7, _AZ(OI:E) (T,Z7£a)

T T T T T T
702N 1 2 &a — 70N Z0@),N 1 2 &a _ A7O@N
(01+4) _;7;7 - (104) ( 72756!)7 (114) _;7;,7 (11+) (T,Z,ga)
(3.39)
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where A = exp %’((2]\[ —1)2% — 42 > &a) and

0(2),N 0(2),N 0(2),N O 2)
Z(Oé)) (T+1727£Q):Z(0(())) (T z goc) Z(l(():IZ) (T+17Z7§Oc): (1(():|: ( T, 7504)

O(2),N O O(2),N O
Z(O?:IZ) (T+17Zv§a): (1%:) (7 7504) Z(lﬁi) (TJrl,Z,fa): (ngl: (a vfoz) (340)

Note that Zggz’)N nd Z(og jZ) are exchanged under the transformation 7 — —% and
Z(%gzjz) nd Zgg jz) are exchanged under 7 — 7+ 1. Thus, we have only two independent

sign factors in (3.38),

1
O(2),N O(2),N 2 : n O(2),N n_ 0(2) N
Z ( ) 5 Z ((—1) +Z(k,l,+) ( 1) (k,l,*) ) (341)
k,l

In order to fix the signs we consider O4(2) theory with N odd. It is a standard Zs
orbifold theory whose states in the untwisted sector survive. Furthermore, it is a regular
theory by setting the mod 2 theta angle zero. Therefore all sign factors in the elliptic genus
Z9+@)N with N odd are positive,

0L(2),N _ 2),N 0(2 O(Q)JV
20+ = 00) + ( ki) T2 ) : (3.42)
Tl

For N even, O, (2) theory is defined as a IR theory of O (2) theory with N+1 fundamental
chiral fields where N massless and one massive chiral having a complex mass. The elliptic
genus of O (2) theory with N even is given by

1
0+(2),N _ O(2),N 70(2),1 0(2),N ,0(2),1
Z +OWN = 5 Z(OO) 00 ma851ve+z ( k,l,+) (k,l,Jr) masswe—l_Z(k,l,f) Z(k,l7 ), massive)
. 70(@2),N O@2).N | ,0(2).N
= 5 Z(00) +Z ( (ki) T 2010 ) (3.43)
0(2),1 0(2),1 I : : P
where Z(oo) masswe, (kolot), massive A€ the contribution of massive chiral whose left-moving

R-charge is 2. As the massive chiral field is integrated out it changes the type of Zs orbifold
as well as it shifts the mod 2 theta angle by w. Therefore, we can write the elliptic genus
of O4(2) theory for any N as

1
0,(2),N _ 0(2)N 6 O(2),N
7O+ — 5 | %oy te Z( k,l,+) Y te Z(k,z,—)) (3.44)

where € = ¢ = (—1)N*+1. We identify the factor € as a choice of the two types of orbifolds
from the fact that e determines a relative phase between sectors (00) and (10), which are
the contribution of untwisted sector. Next, we identify the other sign factor €? as the mod
2 theta angle, which changes as the massive chiral is integrated out.
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After we identified € and €% it is straight forward to get elliptic genus of O_(2) theory.
For N odd, O_(2) theory is a non-standard orbifold so ¢ = —1 and it is a regular theory
for = 0. The elliptic genus of O_(2) theory for any N is given by

1
Z0-ON = 298N ¢ Z ( OO 4 020 ) (3.45)

where € = (—1)V, ¢ = (—=1)N*1. Therefore, the elliptic genus of SO(2) and O (2) theories

can be written as

Z8SOON (7 5 ¢,) = ZQDN (3.46)
1
A, 04 (2),N _ 1 (,0(2),N _1\N+1 (,0(2),N O(2),N O(2),N
ZMOs DN (72 e0) = o (200N + (DM (20N + 200N + Z0PN)) am)
1
A,0_(2),N _ 1 (,0(2),N _1\N (,0@2),N O(2),N 0(2),N
z (r,2,60) = 5 (205 + (0N (205 + 20N + 205N))  (3.48)
where
O@2),N _ ,0(2),N N+1,0(2),N
Z(kl) _Z(k,l,Jr) +( ) + Z(k,l, ) (349)

Let’s compute the Witten index. It is obtained by a limit y — 1,

lim ZA:SO@).N _ pr (3.50)
y—1

. N (=D)N*lgq (—1)N*141 N for N even

lim 72 0+@).N _ [ 22 = 2 3.51
yol 2 1 T Nyl for Nodd Y

N (—1)N*tly1 ~1)N*+ X for N

i zA0-@N _ (N (DT ALY ()T AL 2 OF TV OVEL (3 59)
y—1 2 4 2 “5-—1 for N odd

where contributions in the parentheses come from the untwisted sector and the others come
from the twisted sector. When N is even it reproduces (3.30) and (3.31). However, when
N is odd (3.52) is different from the number of ground states (the sum of ground states in
the untwisted and twisted sectors) of O_(2) gauge theory due to the relative sign difference
for (—1)¥ between the untwisted and twisted sector ground states.

Let us consider the theory B with O4(2) or SO(2) gauge group. The elliptic genus is

given by
ZB,SO(Q),N(T 260) = Z ( ) (3.53)
1 ~
ZB0+@N (1 gy = 5 ( —1)NH (Z(Ol(())) + Z(og)) + Z(Ol(j)’N>) (3.54)
1 ~ ~
B,0_(2) N 1 O(2),N O(2),N 0(2),N
Z T < 50& - 2 ( 00) ) (Z(lo) + Z(Ol) + Z(ll) )) (355)
where
N N
50(2),N O1(7] — 2+ &a +&3) 0(2),N
Zay (7,2,6) = HIBH Tt ) X Zgay (T2, =€+ 2/2)  (3.56)
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Let us check the dualities for N = 1,2,3. When N = 1 the dual theories are free
theories and we have

01(r| — 2+ 2€)

7A,50(2),1 _ 70,1 _ oMy TINTI 2T AS) 3.57

(00) 6, (7]2€) (3:57)
1

A0.@01 _ L (001 001 L0@.1 L0010\ _ 4

Z +4>_§(4w + 205 + 20 +Zm)>_2Z (3.58)
1

AO_@1 _ L (001  Lo@1  Lom1 L0001\ | u,

7 @ﬂ_i(gw —Z09" - 208 —Zm)>_—Z L (3.59)

0(2),1

where Z(kl) = ZO(Q)’1

(k7l7+)
M. At appendix E, we prove analytically

+ Z(Ok(?)_’l) and ZM1 is the elliptic genus of one free chiral meson

M,1 0(2),1 0(2),1 _ ,0(2),1 0(2),1
27 =200 =Zao) = o) =4 (3.60)

When N = 2 the elliptic genera for the dualities are

7A,50(2),2 _ 7B,04(1),2 (3.61)
ZA,O+(2),2 — ZBsz( )’ (362)
7A,0-(2)2 _ 7B,0-(1),2 (3.63)

and in terms of contributions of sectors,

0@.2_1 o(1),2 7O(),
Zoo) =3 ( oo) 10) JrZ(m) JrZ(n) ) (3.64)
o2 1 22 ,02).2 ,0(2).2
00 D) Zoo) o 10) _Z(o1) _Z(n) > (3.65)
02),2 , »,0(2),2 , ,0(2)2 | ,0(2),2 0(1),2 01)2 , ~O(1),2 | 70(1),2
Z(Oo) +Z(10) —I-Z(O 1) —I-Z( 1) Z( 00) +Z( 10) +Z( 01) +Z(11) (3.66)

where (3.64) and (3.65) implies (3.66). But the twisted sector and the untwisted sector are
exchanged under the duality so we also have

022 | ,0(2)2 _ 70()2 , 70(1)2
Zoo) T Za0) = Zony 2 (3.67)
0@ | 022 _ _z0(M)2 , 5012
Zoy "+ 20" =~ Z) " + Ly (3.68)
With additional equality
02)2 , 022  50(1)2 ZO(1),2
—7Q0? 4 200 = 70002 - 70002, (3.69)

the contribution of each sector can be written as

L (Am
Z(ol(é;’z Y %%E??Q (3.70)
Zo 21 -11 -1 1 Ziy)"
Z09? -1 -1 | goe

At appendix E, we prove analytically the eq. (3.70).
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When N = 3 the elliptic genera for the dualities are

7A,50(2),3 _ 7B,04(2),3 (3.71)
ZA,O+(2),3 — ZB,SO(2)73 (372)
7A,0-(2),3 _ _ 7B,0_(2)3 (3.73)

where the theory B with O_(2) group has additional sign flip for all states. In terms of
contributions of sectors, It is written as

02,3 1 /5023 5023, 5023 Z02)3
Zot=3 (Z(OO) + 200+ 200+ 20 ) (3.74)
02,3 1 /023, ,023, ,02)3, ,002).3
Zot =3 (Z(OO) +205)° + 200+ 200 ) (3.75)
02),3 L0233 L0023 023 (5023 02,3 02,3 502)3
Z(oo) _Z(IO) _Z(01) _Z(n) __<Z(oo) _Z(w) _Z(01) _Z(n) ) (3‘76)
We checked following relations numerically up to ¢>,
0(2),3 50(2),3
e | (1LY [ S
B B e B (T (3.77)
2),3 - _ o =0(2),3 .
200 2 1=t 1 -1 Zgh
7023 1-1-11 )| 70023

(11) (11)

We comment on the irregular theories. For irregular choice of mod 2 theta angle the
Witten index as the limit of the elliptic genus is generally not an integer. For example,
when N is even (resp. odd) the O4(2) theory is irregular for # = 0 (resp. # = 7) and
the Witten index from its elliptic genus can be obtained by replacing (—1)V*! with (—1)¥
in (3.49). We have

N-3
. A0,2),N 1 Nt19 N 5 for N even
lim Z; > % =— | N+ (-1 —(1+ (-1 = 3.78
yl 1 “irregular 9 ( ( ) 2 ( ( ) )) { ];] for N odd ( )

The half-integer value can be understood as the contribution of bosonic zero mode param-
eterizing the non-compact Coulomb branch. We have checked that for irregular choice of
the theta angle, the elliptic genera do not match for the potential dual pairs.

3.3 04(3) gauge theories

O(3) group is a direct product, SO(3) x Zy where Zj is generated by a group element
—1343. As defined before there are two versions of Zy orbifold depending on a choice of
the untwisted RR sector. Let us summarize the definition of O (3) gauge group and the
number of vacua in table 4.

Let us compute the elliptic genus of the O (3) theories using flat connections explained
in [15]. The moduli space of the flat connections consists of eight components. Four of
them are represented by continuous holonomies

k41t
(a%k,l,+)’a%k,l,+)’az())k,l,+)) = <U7 —u72> . (3.79)
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N 10+(3) ] 0-(3) | SOB)
N N
2 2
odd | &2 I N-—1| &

even N

—_

Table 4. The total number of ground states of the O (3) theories. The standard Zs orbifold has
twice as many vacua as the non-standard one. For even N, O, (3) is the standard Z, orbifold while
O_(3) is the non-standard Zg(—1) orbifold. For odd N, the role of O, (3) and O_(3) are reversed.

Contribution of each sector to the elliptic genus is

O(3
200 (7, 2,) (3.80)
1 m( Z f 01(7|u + k—HT) O1(7] —u + %)
291(T|—z S Ju= Or(T| — 2 +u+E5T) 01 (7] — 2 — u + BT
U sing
XH bt ) (] 2wt ) O] 2t 6+ E5)
. 91 (T|u+ &) 01(7] —u+&) 01 (7]&a + E5IT)
where k,[ = 0,1 and zm;ng = {z— #, —£a}. Evaluating the Jeffrey-Kirwan (JK) residue
we obtain
O(3),N
Z(kfl,)—i-) (7,2,8) (3.81)

1 s 01 (7| — z+k+HT) ﬁ O01(T]€a—E5T) 01 (7| =22 HEET) 01 (7] — 24+-EatEET)
2 |_22+k+l7_) a1 01(T|Z+§a_%) 91(7’_24_5044‘%) 91(7‘504""%)

(r
zvﬁ: 01 (7|€a +

+ L M) e =G+ M)
T3 01(7] — 24 o + EET) 0y (7] — 2 — £, + BHIT)
l]—V[ 01(7] — 2 — &a +£p) Hel(f\—z+ga+57) 01(7] — 2+ &, + EEIT)
stira 01—t &) [\ 0Tl + &) O (7€, + E3r)

The other four are represented by discrete holonomies a’(k 1) and their contribution to the
elliptic genus is given by

O(3),N
Z@ﬁ.@w@) (3.82)
H H T|a (k,l, )+a{k,l,_)) (Hﬁel z+a )‘l‘fa))
i1 i1 0 z—i—a(kl )—l—a%k’l’_)) ottt 7'|a )+§a)
where
1 1+7 7
(a(oo K (oo —) (00—)) = <2>— 5 ,2> (3.83)
T 147
(a(1,0,-y> @{1,0,-)7 O(1,0,-)) = <25 5 ,0> (3.84)
1 1+7
( 0,1,—)> 4(0,1,-)* (0,1,7)) = (‘27 5 ,0> (3.85)
17
(a%m,f)va%1,1,7)7a%1,1,7)) = <27 270> (3.86)
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As in the O4(2) cases we fix the mod 2 theta angle contribution by introducing a
massive fundamental chiral field. As a result we define

OB)LN _ LOB)N N ,O@3),N
Zaay =Ly (D200 (3.87)

where (k,1) = (0,0), (1,0), (0,1), (1,1) and mod 2 theta angle factor (—1)" is fixed to be
a regular theory. The elliptic genus of the theories is given by

7A, SO(S),N(T7Z7€Q) _ Z(%g:;),N (3.88)
1 0(3),N O(3),N O(3),N

MO DN (5,20 = L (( DN ZIDN 4 ZODN 4 70N L 700) ) (3.89)
1 0O(3),N O(3),N O(3),N

ZA-0-®.N (1,2,6a) = B} (( )NHZ(()E))) + Z(1é§) + Z(Ogﬁ;) + Z(lg) ) (3.90)

O(3),N

(00) correspond to a choice of the two type of orbifolds

where the sign factors in front of Z
as in O(1) theories.

Let’s check the Witten index limit y — 1.

Li ZASOS)N -
lim (T2.6a) =5 =3+

1N _1\NV
e (- ) (2 ) (N Vo

N 1 (=N X N even
:{ 2 (3.91)

y—1

(3.92)
, N 1 (-DN\ /(-1)NFl41 N for N even
lim ZA 0-(3).N D=(=—= 1)=¢ 2
Yol (mzta)={5 7373 2 N—1 for N odd
(3.93)
where in O (3) (resp. O_(3)) theory the contribution (71)21\7“ (resp. %) and +1 in

the second parentheses come from the untwisted sector and the twisted sector respectively.
It reproduces the number of vacua in table 4.

Let us compute the elliptic genus of the theory B which has the gauge group, O (3)
or SO(3).

ZB,SO(:&),N(T’Z’%) _ Z(%g’;),N (3.94)
1 —~ —~ ~
ZBOLBN (1 ey — 5 ((_I)NZ((())E)?))),N " Zgé?)’)’N " Z(C(D)()) 1 Z(O(i;)) N) (3.95)

1 _
B,0-(3),N _ N+170@3),N | 7O(3),N | 7O@3),N , ~O(3),N
Z%0-0) (T>z7£a)_§((_1) HZOWN + ZGIDN + Z00N + 7 ) (3.96)

where

Za"N (r,2,6) = Z2MN (7,2, 208 (7,2, —€ + 2/2) (3.97)

and contribution of singlets ZMN (7, 2, £) = (Ha 1 Hﬁ o %).
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We have checked the dualities for N = 2,3,4,5 cases. For N = 2, the theory A is dual
to a free theory and we proved analytically at appendix E that

M2 _ ;0B)2 _ 0082 _ ;0(3)2 _ ,0(3)2
ZM2 =z = 200 = 200 = 20 (3.98)

up to ¢>. Thus we have

7A,80(3),2 _ 7 M,2 (3.99)
7A,04(3),2 _ o7 M2 (3.100)
ZA0-(3)2 _ 7 M2 (3.101)

For N = 3,5, the dualities imply the following identities of the elliptic genera

OB3)N _ 1/ ZOWN-2) N, 5O(N-2),N , 5ON-2),N , 5O(N—2),N

z08 _5(—2(00) +200 N+ 200 TN+ 200 ) (3.102)
so(N-2),N _ 1 OB),N . ,OB),N = ,OB),N . ,O(3),
Zay =5 (2o 20 + 200 N+ 20 (3.103)

O(B).N | OGN | LOBN | LOBN _ ZON-2)N | 50(N-2).N | ZO(N-2).N | ZO(N-2).N
Zooy " +Zao) TZony " tZay =Zeey O+ Zagy gy T Zay)

(3.104)

where (3.102) and (3.103) imply (3.104). Furthermore, we checked the following relations

ZOB)N FOWN-2),N
Otk v Bl N

S L B O (3.105)
ZoM 2t -1 Zigy

0(3).N 11 1 1) | zow-2

Za) Za)

up to ¢® for N = 3, 5 with some specific values of flavor holonomies such as &, = g for
computational simplicity.
For N =4, the dualities imply the following identities of the elliptic genera

oB3),N _ 1 (50(N-2)N ZO(N-2),N ZSON-2),N ZO(N-2),N
Z(OO) - 5 (Z(OO) Z(10) Z(o1) Z(n) ) (3-106)
SO(N-2),N _ 1 (_0@B) N K ,O0B),N _O0B),N k ,O0@3)N
720 —2(2(00) + 200N 4 Z0ON 4 708 ) (3.107)
_ LOB)N | ,OB)N O8N, ,0B),N_ ZO(N-2),N | ZO(N=2),N | 7O(N—=2),N | ZO(N—-2),N
Zoo' +tZany 2oy tZay =Zgy  tZae ey T2
(3.108)

where (3.106) and (3.107) implies (3.108). We further check the following relations

70BN ZO(N=2),N

O~ L=1-1-1 Sy

Zaoy" | 1111 1 | Zag (3.109)
Z(%S’%N 2111 -1 1 Z((f)gf)V—QW

O(3),N 11 1 -1/ | zow-2§

Za) Za)

up to ¢® for N = 4 with some specific values of flavor holonomies.
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N 0,(4) 0_(4) S0(4)

odd | (3)+N-1| (3)+252 | 2(F) + 252
even (%) (%) 2(%)

Table 5. The total number of ground states of the O4(4) theories.

3.4 0O4(4) gauge theories

In this section we compute the elliptic genus for the O (4), O_(4), SO(4) gauge theories
with N fundamental chiral fields and test the dualities. For odd N, O, (4) (resp. O_(4))
gauge theory is the standard Zo (resp. the non-standard Zo(—1)%*) orbifold theory of
SO(4) gauge theory. Zs can be generated by a group element diag(1,1,1,—1). O4(4) and
O_(4) gauge theory have the same ((N_;)/Q) vacua which break Zs (o1 # 0, 02 7& 0 in (3.3))

nd % vacua which preserve Zs (01 # 0,092 = 0). O (4) gauge theory has ¥ vacua in

each of the untwisted and twisted sector while O_(4) gauge theory has N 1

vacua in only
in the twisted sector. When N is even the theories have only (N / 2) Zs breakmg vacua.
Let us compute the elliptic genus of the O4(4) theories with flat connections ex-

plained in [15]. The moduli space of the flat connections consists of eight components,

_ 1 2 3 4
Ak,l,+ = (ak,l,i’ A 145> Ok 1 +> ak,l,i)

1 1+7 T
a(0,0,+) = (u1, —uz, ug, —uz), a(0,0,-) = (07 —3 3 ,—5> (3.110)
T 1+7
(1,04) — (u17 —u1,0 >7 (1,0,—-) = <u17_ L7577y >
1 147
ao,1,+) = (ul» —uq,0 >, 0,1,-) — (Ul, Ui, =55 5 >
1 + T 1 7
a,1,+) = (u17 —u1,0 > ) 1,1,—-) — (Ul, —u1, 9 2)
where ZZ L ak I+ = kHT Contribution of a(y 1) to the elliptic genus is given by
O(4),N 1 (4),N
Z(0707+) ( o 5 Z Z % durdug Z (0,0,4),1-loop (3111)
u*emslng
ZOA)LN

(0,0,+),1-loop

_( 2m(q)? 2 01 (T’u1+u2) 01 (T’u17uz) 01 (T’*U1+'LL2) 01 (T’*U1*'LL2)
RGGE 01 (7| —z+urtuz) 01 (7| — 24w —uz) 01 (7| —z—u1+uz) 01 (7| —z2—u1 —uz)

ﬁ 01 (7| —2+Ea+u1) 01 (7| —24+E&a—w1) 01 (T|—2+Ea+uz) 01 (7| —2+Ea —us2) (3.112)
01 (T‘§a+u1) 01 (T|§a—u1) 01 (T|fa+uz) 01 (T|€a—u2) '

where the set 9% . is determined by JK residue [6, 15]. The poles us = (14, u2+«) with

sing
non-trivial JK residues are

k+1 k+1
(1): —z+ui+uza=0, —z—u1+us=0 — (U1, u2s) = < —; T,z—i— ; T> (3.113)
(2): Uz +Eny, —zF+urtus=0 — (Ui, u2s) = (2+&a, —a) (3.114)
(3): Uz +&a, U1+ =0 — (w14, u2:) = (€3, —&a) (3.115)
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O(4),N

Then Z (1,2,£) can be written as

(kl,+)
O(4),N 1/ 0@, O(4),N O(4),N
Zoos) (m58 =7 (Z(O,O,+),(1) 20012 Z(o,o,+),(3)) (3.116)
where each contribution of the poles is
1
o4),N _ 1 _1 01(r|-2) Oi(r|—2—k—I7)
Z(O’O’+)’(1) 2 Z 4 01 (7‘722') 01 (’7"7227]67[7') (3'117)

ﬂ” 7|2 tbat BT 0 (1|~ 2t Ea—EHT) 01 (r]Eat+EET) 61 (1] 2o +6a—BEIT)

S O(rleattEE) (TG —tEE)  Oi(rlzHat B5E) Oi(r] -z —5T)
N
O@,N _ N Oi(r]=2-26) 6:(r]=2) 61(r]z+26)
Z(0,0,+):(2)7 291(7—|_22_2§a) ACEOAGES) (3.118)
N N
H 01 (7| —2—&a+£5) H91(7|—z+§a+§7) 91(| 22—Ea+&y) O1(T|a+Ey)
ﬂ:Lﬂ;ﬁa (T‘fé.a‘i’é-ﬁ) (T‘£a+€7) ’ zZ— §a+§w 91 {Z+£a+£7)
0N _Nn N _0i(T]-6-8)  0i(r]a+Ey)
ZOWAN = SN, S SLLRAL 3.119
0.0, ;B}ﬂ;a 0 e Ry Y oy (3:119)
N N
H ’ z— §a+§w 91 ’ z— §ﬁ+f«/ H | ZJrfaJrfé 91 ‘ Z+§/3+§6)
(t|=€at+8&)  Oi(7|-Es+¢) (T|€a+&5) (T|¢s+¢5)
y=1y#a, 5=1
Contribution of a(y o ) to the elliptic genus is given by
ZOWN _ 1 91( - 2) 0:(r|57)  0i(r|-3) _ 6:(7|3) 91(T|—137) 61(r|3)
0,0,=) 801 (7| —2—1) 61 ( | 24+ H5T) 01 (1| —2—3) 01 (|- 2+ %) 01 (7| —2—LF) 61 (7| —2+3)
ﬁ Z+€a ’ Z+§a ) 1(T|72+£a 2 ) 0 ‘ Z+£a 7) (3 120)
‘ga |£a 5 91(7‘|£a+1+7) |£a ’

Contributions of a(; 9 +), @(0,1,4), @(1,1,+) can be written in terms of a(; +) = (u1, —u1,a,b),
where a, b are given in (3.110) corresponding to (k,, £).

O(4),N _
Z(kflﬁi 42m sz: % duy Zk,l,:l: ),1-loop (3.121)
Usx sing
O(4),N 2m1)(q) > Oi(r|uita)  bi(r]-uita)
Z = 122
(k,l, %), 1-loop (91(7'|—z) 01(7|—2+ui+a) 01 (7| —2—u1+a) (3:122)

01(r|ur+b)  O1(7|—u1+b) 01(7|a+b)
01 (T!—z+u1+b) 01 (T‘—z—u1+b) 01 (T|—z+a+b)

ﬂ 01 (T}—z+§a+u1) 01 (T’—z—kfa—ul) 01 (T|—z—|—§a—|—a) 01 (T}—z+§a+b)
a1 61 (T‘ga"i'ul) 01(7-‘504_“1) th (T|£a+a) 61 (T‘£a+b)

where (k,1) = (1,0), (0,1), (1,1) and M, , = {z —a, z — b, —&,}. Evaluating JK-residue

sing
we obtain
oN _ 1 _N-s;/ 0@), (4),N O(4),N
Zwak) =¥ 7 (Z(k,l,i),(1)+Z(kz ),(2)+Z(k,l,:|:),(3)) (3.123)
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where

O(4),N _91 (T‘—a—i-b—i-z) 01 (T‘—Z+2a) 01 (T‘—z—&—a—i—b) 01 (T‘a—i-b)
(kLA gy (T!—CL—H)) 01 (T|—2z+2a) 01(7|—22+a+b) 6, (T‘—Z—f—a—i-b)

|
ﬁ 91(T‘§a—a) 01 (T’§a+a—2z) 01 (T‘fa—i-b—z)
01 (T\gaﬂwg) 01 (T’§a+a) 01 (T|§a+b)
O(4),N 01 (T’—b+a—|—z) 01(7|—2+2b) 6 (T|—Z+a+b) 01 (T’a—i—b)

Akat)e = 01 (7| =b+a) 01(7|—22+2b) 01 (7| —22+a+b) 0 (7| —2+a+b)

|
el(T‘fa_b) 91(T‘§a+b—22) 91(T‘§a+a—z)
Lo, (T\fa—b+z) 01(r[eatb)  O1(7]|¢a+a)

4)N Z fa—i—a) ( ‘—fa‘i‘b) 91(T}a+b) 91(7‘2§a—z)
Zikics), §a+a 2) 01 ([ —€a+b—2) 01 (7] —2+a+b)  01(7|264)

a=1

ﬁ 9 |§B fa—Z) 91( }f@-kﬁa—z) 91(7‘55—1—@—2) 01(T|§g—|—b—z)
01(r]6s—6a)  O1(T|¢p+&a)  Or(T[€s+a)  Oi(T[Es+D)

Z

B=1,f#a

We fix the mod 2 theta angle and a choice of two orbifolds as in O(2) theories. We
define

O(),N _ ,O(4),N N+1,0(4),N
Z _Z(k,l,+) +(_1> +1Z(k,l’,) (3.124)

where (kl) = (00), (10), (01), (11). Finally we obtain the elliptic genus for the theory A

O(4),N

A, 80(4)’N(T,Z,§a) _ Z(oo) (3.125)

ZAOLON (1, ¢ ) % ( Z0WN 1 (vt ( ZQWN 4 700N Z(Olg?vN)) (3.126)

7N ) (Y (A YY)
and for theory B

7B,S0(4),N (7, 2,60) = Z )N (3.128)

ZBOON (1 ey % ( OUN 1 (—p)Vet <Z§$>N + 203N + Z5 N )) (3.129)

ZB 0N (r ey = % (Zoo™ + (0N (ZG5™ + Zg 0N+ Z05)) (3.1s0)

where

N N
ZOWLN 01(7| — 2 +&a +&p) O(4),N
Zoy " (7,2,6) = (}_[lﬁl_[a Tt &) x Zgy N (r 2, =€+ 2/2)  (3.131)
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Let’s compute the Witten index from the elliptic genus.

N(N—-2)
. 7A,SO(4),N _ 1 oy DV f =5 — for N even
lll;le 1 (N(N 2)+ 3 (NZUQ tor N odd (3.132)
1 \N+1 \N41
N(N—2)
_ N2§1 . for N even (3.133)
3 +T for N odd
- 1 1+ (=DM 1 14 (—1)NH!
ilgiZA,of(zx),N: 3 (N(N_2)+(2)_(N_l)(1+(_1)N+1)> _E(N_l)%
_ N(N=2) for N even (3.134)
(N_DIN=5) N1 for N odd '

where two terms for odd N correspond to the number of vacua in the untwisted sector and

the twisted sector respectively. Note that for odd N, the Witten index of the O_(4) gauge

theory has a relative sign difference between the untwisted sector and the twisted sector.
We have tested dualities for N = 3, 4, 5, 6, 7. N = 3 we checked

M3 _ 5,04)3 _ ,04),3 _ ,04),3_ ,0(4),3
Z9° = Z(oo) = Z(10) = Z((n) = Z(11) (3.135)
analytically at appendix E. Thus we have
ZA, SO(4),3 _ ZM,3 (3136)
ZA0+()3 — 97 M.3 (3.137)
ZA0-W8 = ZM3 (3.138)
For N =5, 7 we checked that the elliptic genera satisfy
O(4),N SO(N—3),N
i I NN B (TS
Zag” | 1| -1-1 11 Zao) (3.139)
Zg0N | T2 -1 -1 Zigsy I '
70(),N -1 1 1 -1 ZO(N=3),N
(11) (11)

up to ¢> with some specific values of flavor holonomies such as &, = NLH for computational

simplicity. For N = 4,6 we checked

70N ZON=3).N

(00) 11 1 1 ~(00)

Zgé‘?’N i1 -1 Z((-f((f)vfg)’N (3.140)
Zg)N 2(1-1 1 -1 || ZGON '
LO),N 1-1-1 1 FON=3),N

(11) (11)

up to ¢® with some specific values of flavor holonomies.
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A SU(2) VS SO(3)

A1 N = (2,2) pure SU(2) gauge theory

Let us consider an N = (2,2) pure SU(2) gauge theory. The elliptic genus is given by [5]

Zmz8) =3 01 T| ) /([ du g o= Ei)Qu) elfir_‘;iuz)u) (A1)
Lemi,,
The set Sﬁ;ng i
imjmg_{m;m | a,b:O,l} . (A.2)
We have
ZW@““f”—igzﬂ%zﬁﬂfiii:Z% (49)
- = (A4

This is the same as elliptic genus of a Y5 = Tr %2 twisted chiral field which has vector-like R-
1

charge 4. The Witten index limit z — 0 of the elliptic genus gives lim,_,o ZSV®) (7, z, &) = 5

where non-integer value comes from the bosonic zero mode of Ys.

A.2 N = (2,2) pure SO(3) gauge theory

Let us consider an N = (2,2) pure SO(3) gauge theory. The elliptic genus is given by

IO 0 S e D R )
Zr2(7,2,8) = 291(T|—z)7§ Qe = el(T|—z—u) (A-5)
Lotk Oi(r]+3) O[T 6i(r[+ D)

40,(7) — 2+ 1) 0u (1] — 2 — D) bi(r] — 2+ 3)
_16:(r[—2) 6@'91 01(7| + 3) 01(| — 5T) 6,(7|+I)
201(r] —22) " 40i(7| -2+ 3) 02(7] — 2 - %elw et 1)

where 0 is a tree level mod 2 theta angle which is a phase difference between holonomies.
We checked that

bi(r|—2) _1 6ilrl+3)  6@-87)  6rl+3)
01(1] =22)  201(7| — 2+ 3) 01 (7| — 2 — BT) Ou(7| — 2+ F) (A.6)
so we have
01(t] —z) [—1+e?
Zp2(1,2,8) = o (r] — 22) ( 2 ) (A.7)

In the convention of [13], the pure SO(3) gauge theory is regular for § = 0 and irregular
for = m. The elliptic genus shows that the pure SO(3) theory has no supersymmetric
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vacuum for § = 0 while it has a non-compact Coulomb branch for § = 7w as in the pure
SU(2) theory. According to [13], we expect the supersymmetry is broken for the pure SO(3)
gauge theory whether it is regular or not. The elliptic genus computation of the regular
theory is consistent with it, but for the irregular theory it gives the unexpected answer.
We interpret such discrepancy is due to the existence of the noncompact branch [16].

B Elliptic genus formula

The elliptic genus of a gauge theory with gauge group G of rank one is given by [5]

01 (:I7
ZTQ(T Zf ’W‘ Z f 91 H 91 1xa

smg

01 (q, yRi/2=1 g 627riPi(§))
91 q yR /2 pp 2miP; ({))

<1111

®; pER;

(B.1)

where |[W| is the order of the Weyl group. The integrand in the first line is a contribution
of gauge multiplet and the factors in the second line come from matter fields. Elliptic genus
of a chiral multiplet is given by

01 (7](§ —1)2+Qu)
01 (7'| z+Qu)

1—y!=327Q (1_?/%_137@‘1”) (1—y_(g_1)x‘%”>

1-y22@ ;5 (Py%x@q") (Py—gm*%”)

Zo rQ(T,2,u) =

R_1
22

=-y

C Eta and theta functions

The Dedekind eta function and the Jacobi theta function are

q) = q'/* H(l —q") (C.1)

01(r]z) = —ig"/3y'/? H )1 —yg" )1 -y~ ') (C.2)
> _1 1 -l
O3(r|2) = [T =" (1 +yg"2)(1+y '¢"2) (C.3)
n=1
where ¢ = e2™7, y = €™ and Im 7 > 0. Two Jacobi theta functions are related as
s’ s’ 1
61 (T‘Z) =1 7t5 221y, <T‘Z + JQFT> (C4)

The modular properties are

01 (v +1]2) =01 (7]2). 4 (‘i\i) = —iV=ire T 0 (r]z) (CH)
(=+1)

03 (T—l—l‘z) =03 <T‘Z+;> , 03 :\/—17-67:%93( ‘ ) (C.6)
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Under shifts of z the Jacobi theta functions transform as

01 (]2 + 0+ br) = (~1)*He—2mibs—i¥rg, (7)) (c.7)
05 (T|z+a+br) = e~ 2mibs—mib’T g, (]2) (C.8)
Useful integral formula for poles associated with a chiral multiplet and a twisted chiral

multiplet are

Q-1

01(7|(r—1)z4+Qu) _bi(r]=2) 1 be(Ll,_
2771 Z f_ retathe) du 01 (r]rz+Qu) fu)= 2m(@)° Q § Y f(Q( rz—l—cH—bT)).
a,b=0 Q( ot a,b=0
Q-1
91(7’|(1—r)z+Qu) __O0i(r]=2) 1 b1
27m Z % Tz+a+b7' 01 (1| —r2+Qu) f(u)— 211(q)? Qagbzoy f(Q(TZ+a+bT)) .

(C.9)

where f(u) is analytic at u = %.

D Superconformal index

In this section we would like to compute the superconformal index for O4(1) and O (2),
SO(2) theories (including free and Landau-Ginzburg theories). We also compute (c,c)
ring elements and check their matching between dual theories. To obtain the chiral ring
elements we need the superconformal index, which imposes the NS boundary condition for
fermions [4]. This can be obtained from the elliptic genus using the spectral flow. Thus
the main object to discuss in this section is the superconformal index.

D.1 O(1) gauge theories

The superconformal index of a free chiral multiplet is given by

) sy
(1—ag=1)(1—a"1¢) 0, (T‘ﬁ — HTT)
(D.1)

Iq)(q’y>a) - Qa Yy,a

where ¢ = €2™7, y = 2™ g = €2™¢ [4]. The superconformal index of a chiral multiplet
with a left-moving R-charge r is Z*" (¢, y, a) = A(q, v, a(q%y)”). We shall sometimes simply
write A (a).

Let’s compute the superconformal index for O+ (1) and SO(1) (free) theory A. It is

given by

TASOMN (g, a) = T (D2)
1

A,04(1),N L 1),N N7O(1),N O(1),N

N U 2( 00) Jr210) + (=D Loy + 2y ) (D.3)
1

A,0_(1),N 1 O(1),N | , {\N+170(1),N O(1),

T (0,9, a 2( IO + ()N HZEIDN 4 700N (D.4)
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where

N
O(1),N 1 1\ M 1
700 M @ y.a) = (afy3) T] A=) g an) (D.5)
a=1
The phase factors in front of the (01) component come from a choice of two orbifolds where
04 (1) (resp. O_(1)) theory is a standard Zs (resp. non-standard Zo(—1)*) orbifold for
even N. For odd N, the role of O, (1) and O_(1) are reversed. The effects of (—1)F* on
RR and NSNS sectors are [13]

(—1)Fs _ { 1 in untwisted NSNS and twisted RR (D.6)

—1 in twisted NSNS and untwisted RR.

The superconformal indices are consistent with a complex mass deformation where a mas-
sive chiral field contribute to the index given by

o(1),1 11y koL 1. )1 for (k) = (00), (10), (11)
I(kl)?massive(q’y’a) B (q4y 2) A(q’ y’( 1) v <q y)2) - { —1 for (kﬁl) = (01)
(D.7)
The O4(1) and SO(1) (Landau-Ginzburg) theory B have the superconformal index
IBSOWN (¢ 4 a) = j (()) (D.8)
1
BO+(1).N( FO(1),N FO(1),N | O(1),N
TBO+N (g y,a) = o (To)™ + o5 + (~DVIOHN +Z0G) (D.9)
1
B,0_(1),N FO().N N4150(1),N | 50(1),N
THO-0N(g,y,a) = 5 (TOH)™ +Z0)™ + (DM HZEDY +Z00Y)  (D.10)
where
F0(1), O(1), 1, 1 (1
Top"N (0,y0) = TN (g, 5, )00 (0, 9,07 (g2y)?) (D.11)
IM:N s the contribution of & singlets Mg,
MM (g,y,a H H A(¢,Y; aata) (D.12)

a=1 =«

We would like to check the operator matching for the dualities. We focus on (¢, ¢) ring
elements whose left-moving energy and R-charge satisfy h = 7. They can be obtained by

P(a,a) = lim I(qt, yt 2, a) (D.13)

where the right-hand side is a function of z = q%y and a, which means only states satisfying
= 5 survive in the limit. For theories A, chiral ring contributions are

PASOMN (g 4 ) = p((g(%) N (D.14)
1 o(1 N o@
PO (g, 0) = 2 (P(oé)) P(u%) +(= 1)NP(O()) +P(1§)) ) (D-15)
1
A,0_(1),N _ * (pO),N o(1), N N+1 pO(Q1),N O(1),N
P (@.y,a) = 5 (P( o) T Pag "+ (=D)TTPGT 4+ Py ) (D.16)
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where

O(1),N N 1—a, g O(1),N N 1+a-lx
k) _ B 1 ) _ «
Pog)™ = L[l B Py = };[1 e (D.17)
O(1),N N N O(1),N N Al
1 N _ 1), N _
P(oi)) = [[aat, P(1§)) =2 []ag! (D.18)
a=1
For theories B, chiral ring contributions are
O(1),N
PPSOWN (q.y,a) = Fg) (D.19)
1/~
B,04(1),N O(1),N | pOQ),N 1N po).N O(1),
prO+ N (q,y,a) = 3 (P(oo) + Poy) "+ (DN Py + By ) (D.20)
1/~ ~
B,0_(1),N O(1),N O(1),N N+1p0(1),N O(1),N
PEO-N(g,y.0) = (o™ + Bas)™ + (~nNHBOIN 4 PODN) (D21
where
50(1),N -1 1
P(kl()) (z,aq) = PMN x P(kl()) z, 0, x?), (D.22)
N N 1— a*l T .23
}_[1 Bl_[a 1—aqa (D-23)
and PM-N is the contribution of the singlets Meg.
We have checked the simplest dualities
IA, SO(1),1 _ IB7O+(1)71 (D24)
IA,O+(1),1 — IB,SO(l),l (D25)
IA,O,(I),I — IB,O,(I),I (D26)
and in terms of contributions of four components,
om1 _ 1 (o FO(1).1 | FO(1),
Loy =3 (I(OO) +I(1 ~ZLior) +I(11) ) (D.27)
o1 1 /oma O(1),1 O(1),
Towt =5 (700 + 700 — 100 +200")  (D.28)
o(1),1 o(1),1 o(1),1 O(1),1 _ O0(1),1 , Z0(1),1 , ZO0(1),1 , ZO(1),1
I( 00) —|—I( 10) —|—I( o) —|—I( 1) I( 00) +I( I(01) I(n) (D.29)

For dualities between O_(1)/O_(1) theories we also have checked that the untwisted (resp.
twisted) NSNS sector of the O_(1) theory A is the same as the untwisted (resp. twisted)
NSNS sector of the O_(1) theory B as derived in [13]. This is also true for O_(k)/O_(N —
k + 1) duality in general. Thus the four components of the superconformal index of dual

theories are related as

g
G
i
"

1 1 -11
1111 -1
21 -11 1 1
1 -1 1 1
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Let’s consider SO(1) theory A (free theory) with N =1 and its dual description O (1)
theory B. The (¢, c) ring contribution of SO(1) theory A is given by

o)1 _ 1—alz

A,SO(1),1 _
P M) ((Lyaa)_P(oo) 1—a

(D.31)

The chiral ring of the SO(1) theory A is parameterized by free scalar field ) whose contri-

bution is ﬁ 17 is the contribution of a left-moving fermion 9¢. In the O (1) theory

B, the untwisted NSNS sector has contributions

1 /so01)1 , o)1\  1—=
2 (Bon " +EG0)" ) = 1= (b-32)

—a~

with identifications ﬁ — M and —x — qizq. The twisted NSNS sector has contributions

1/ soma | zom 1—a 2z

5 (—P(Ol) + P(ll) > - 1 — a2 X a ) (D33)
where ﬁ — M, —a %z = Yy, a — Qﬁq where 15,1 is a zero mode of the fermion in the
twisted NSNS sector. Twisted 7,/_Jq operator in the twisted NSNS sector is anti-invariant
under the standard Zs but it is invariant under non-standard Zo(—1)%s. Operator map is

QM < M", Q™ ' MWy, g < Yty (D.34)

Note that the operator () corresponds to the twist operator Q;q in the dual theory.

Let’s consider (¢, ¢) ring for the O (1) gauge theory A with N = 1 and its dual, SO(1)
(LG) theory B. SO(1) theory B is a theory of two chiral multiplet with a superpotential
W = Mq? so we have classical relations

Mg=¢*=0. (D.35)
(¢, ¢) ring contribution is given by
—9 1
~o(1),1_1—a T 1—ax2 _1—:13 g1
P(oo) =12 X PRy 1_a2+a x2, (D.36)
where ﬁ — M, L g, —a %z = P, —azr? — 11_1(1 in the first equality. On the

l—a—1z2 -
right-hand side of the second equality, the remaining elements are ﬁ — M, —x — qifq,

alzz = g. Thus the contribution of Mq and ¢? are canceled out with QZq and ¥y
respectively. The O4 (1) gauge theory A with N = 1 is a non-standard Zy orbifold. The

untwisted NSNS sector has the contribution from M = QQ), which is

L /somy | poma) _ 1—-=
5 (P +PS)) = = (D.37)

where ﬁ - Q2 -z — Q@Q. The twisted NSNS sector has the contribution from the
zero mode of the fermion v which is bosonic,

1 o(1),1 o(1),1 11
5 (_P(Ol) + P(ll) > =a 1(1;2 (D38)
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so we have identification between the twist operator ¢¢ of the O, (1) theory A and g of
the SO(1) theory B.

Now let’s consider the O_(1) theory A with N = 1, which is a standard Zy orbifold,
and its dual description, the O_(1) theory B with N = 1. For O_(k)/O_(N —k + 1)
dualities, the untwisted (resp. the twisted) NSNS sector of theory A is mapped to that of
theory B. Furthermore, the untwisted NSNS sector of O_ (k) theory is the same as that of
O (k) theory because (—1)Fs operator has no effect on the untwisted NSNS sector. Thus
we have seen the untwisted NSNS sectors of the theories in (D.32) and (D.37), which are
the same. The twisted NSNS sector does not have (¢, ¢) ring elements.

D.2 O(2) gauge theories

The superconformal index of O(2) gauge theories is computed by summing over all flat
connections. We already identified seven components of the moduli space of the flat con-
nection in the computation of the elliptic genus. Each contribution of components to the
elliptic genus and the superconformal index has the same form because both of them have
the same pole structure. However, relative phase factors are different, which are related to
the action of (—1)* operator, the mod 2 theta angle and zero point energy and R-charge.
Let us first write down the superconformal index and explain about the phase factors.
The superconformal index of the theory A is given by

TASORN (g, a) = T (D.39)
1
A,04(2),N _ 0(2),N 0(2),N N+170(2),N 0(2),N
TAO+®) (q7y7a)—§(f(00) +ZQON (VOO 4 100 ) (D.40)
1
A0 (2).N B 0@2),N = ,O(2),N N+ O@2),N L O(2),N
740-) (q,y,a)—i(I(OO) + IO + (NN 1+ 70D (D.41)
where
o). N N N
00N =" I A(eatas) | | TTA (@) (D.42)
a=1 \ f=1,#a y=1

709N = 8 (~aby) ( ﬁ A (aq) A(—aa)) H(=1)NHL (ﬁ Afqta.) A (_qéaa)» (D.43)
(—1)N+1 (ﬂ A(—aa) A (_qéaa)»

N
o O
2x
—
=
|
—
@I
NI
)
N
~—
=
l>|“
—
)QI
N =
)
NI
s
~
VR
7~
— =
>
IS
e
>
—
)
SIS
IS
N
~—
+

- - (D.44)
0(2),N _1 1\N-l 1,1 N 1 N1 N 1
2= i) s ) (It () o (oo o))
a=1 a=1
(D.45)

),N

The sign factors (—1)¥+! and (—1)" in front of I((())g are the choice of (—1)%s action on

the twisted NSNS sector. (—1)N 1 factors inside of I(?CE)Q) AV

angle and are determined by introducing a massive doublet with a complex mass and de-

come from the mod 2 theta

manding that the theory is a regular theory. In the twisted sector ((01), (11) contributions)
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N-1
we have additional factor (y 2q111> which shift zero point energy and R-charge. This

factor is compatible with matching of operators between dual theories.
The superconformal index of the O4(2) and SO(2) theory B can be written as

IPSOCIN (g, a) = T (D.46)
1
B,04(2),N _ (2),N FO(2),N N+170Q),N | FO2),N
TB:0+(2) (q,y,a)—§(I(00) +ZOSN + (~)MHZOBN 1 706 ) (D.47)
1 /=0 0(2),N 0(2),N | 70(2),N
T g )= § (FD 0D MRS LT
where
~ 1 1
00N (g, 9,0) = TN (g5, 0) TN (0,9, 07 (g7)?) (D.49)

We have checked agreements of superconformal indices for the dualities, O4(2) and
SO(2) theory A with N = 1,2,3. When the theory A has one flavor N =1 it is dual to a
free theory. We have

o0 _ 1 =2 i—L
IM,1:IO(2)1 I0(2)1 10(2)1_10(2)1 (1 a“y q 2) (1 a"%yq 2)

(00) (10) (01) (11 P (1—a2q¢’) (1—a=2¢")

(D.50)

Therefore the SO(2) and O_(2) theory A with N = 1 is dual to the free theory of a meson
M and the O4(2) theory A with N = 1 is dual to double copies of the free theory. For
N = 2,3 we have following relation,

IO(Z),N i—O(N*l),N
I(lO) ’ _ } 11 —-1-1 I(lO) 7 (D 51)
(_1)N+1IO(2),N - 9 1-1 1 -1 f(()(éV—l),N ) .
01 01
20(2)7]\7 1-1-11 iO(Nfl),N

(11) (11)
which shows agreement of superconformal index for the dualities. We expect this relation
persists for the dualities with any N.
We would like to identify contributions of chiral primary operators in the superconfor-
mal index. We obtain (¢, ¢) ring elements from the superconformal index,

TR Sl B ) e R N § y B D)
a=1 \ f=1,+a Qo ap =1 Aoy
PO = ((ﬁ T _ai:E EEs ;%) ‘xNﬁaEZ) (D.53)
POIN = (—1)NaT ((ﬁ 11__‘“;:”%—1> _ (ﬁ 1;2:‘::”@;1)) (D.54)
a=1 a=1
Py =aE ((ﬂ 132?@#) - (ﬂ 111“;;;%;1)) - (0.5

~ 99 —



First example is SO(2) theory A and O (1) theory B with N = 2. SO(2) theory A has
(¢, c) ring generators, three mesons and one baryon,

Mag = (QaQp), b1z = [Q1Q2] (D.56)

where (---) and [ - -] are symmetric and anti-symmetric in indices respectively. The (¢, c)
ring generators are subject to one relation

where the notation follows [13]. Thus all operators bf,, n > 2 are not independent opera-
tors. The superconformal index of the theory is given by

1+ ajas
(1= a})(1 - araz)(1 - a3)

where ajas in the numerator corresponds to b2 and the three factors in the denominator

TASO(2),N + o(q%) (D.58)

(¢,y,a) =

correspond to three mesons. The superconformal index of the O4 (1) theory B can be seen
from (D.20). Contributions from the untwisted and the twisted NSNS sectors are

2 1 2 1
1 <~O( )2 1—a, Clg < l—ayx2 1+a,x2 )
P21 PO ) - n
00 10 1 1 T
2\ (00) ) }_[mr[a l—aqap aH:1 1—agla? }_[1 l14+az'x
1
~ (1—a)(1-araz)(1-a3)

1((—1)2ﬁ0(”’2 %) = H f[ s H“
2 (01) 11) 1—a aﬁ a

a=1p=«a a=1

+0(q2) (D.59)

1
~ (1=ad)(1-araz)(1-a3)

comes from singlets M,g. The twisted sector has contribution

Xa1a2+0(q%) (D.60)

1
(1—af)(1-a1az)(1—a3)

aiag which comes from zero modes of fermions in the twisted NSNS sector, &ql 1Zq2 SO we

where

have (g, 1y,)? = 0. Therefore, we confirm the identification that the baryon operator in
the SO(2) gauge theory A corresponds to the twist operator in the O (1) theory B.

Let’s consider the O4 (1) theory A with N = 2 and the SO(2) theory B with N = 2.
In the untwisted sector of the O (1) theory the (c, c) ring is generated by three mesons,

M1, Mg, M (D.61)
and they are subject to a relation, det(M,3) = 0 and explicitly
(M12)? = My My . (D.62)

Thus (Mi2)? operator and its higher order product are not independent operators. The
superconformal index of the untwisted sector has the form of

N N

1 (1),2 omz2) 1 1—-a, Ly 1+aa_1$

2 (Foo)” + 735 %) = l_Ill—aa 15 (D-63)
1+ ajas

~ =0 )+0( ) (D.64)

— 30 —



where ajas — Mi2 and ﬁ — Meyq. The Oy (1) theory also have (¢, c) ring elements
from the twisted sector.

1 0O(1),2 —-1 -1

5 ((—1) Py ()) +P(1§)) > =aj ay ¥, (D.65)
which comes from twist operator ¥g,1g,. In the SO(2) theory B the relations in the (¢, c)
ring of theory A are not visible in the classical theory but appear in the infra-red limit

of the quantum theory. (D.62) can be seen as integrating out (qi1q2) operator [13]. The
superconformal index of the SO(2) theory B is given by

1 1—ajas)(1—a? 1—ajas)(1—a2 1
powa_ o L a2>x<( tar)(1-f) , (1-aies)C 2>>+O(q2)
1 2 a2 al
(D.66)
1+ajas

one can see the leading order is the same as One can also see that the baryon

Tad-a)
operator [g1qe] contributes al_laQ_ 12 to the superconformal index and corresponds to the

twist operator of the O (1) theory A.

E Analytic proof of the equality of the elliptic genus of several dual pairs

E.1 Jacobi theta functions

In this appendix, we prove the equality of the elliptic genus of dual pairs analytically for sim-
ple cases. We need some addition rules between the Jacobi theta functions. We use the no-
tation 6;(z) = 0;(7|z) for i = 1,2, 3,4 for simplicity. The relation between 6;(z) is given by

91(2 + 1/2) = QQ(Z) (El)
O1(z+7/2) = iq_l/sy_1/294(z) (E.2)
01(z+1/2+7/2) = ¢~ /3y~ 1/203(2) (E.3)
The addition rules are as follows.

01(y & 2)02(y F 2)0364 = 01(y)02(y)03(2)04(2) £ 03(y)04(y)01(2)02(2) (E.4)
01(y £ 2)03(y F 2)0204 = 01(y)03(y)02(2)04(2) £ 02(y)04(y)01(2)03(2) (E.5)
01(y £ 2)04(y F 2)0203 = 01(y)04(y)02(2)03(2) £ 02(y)03(y)01(2)04(2) (E.6)
O2(y + 2)03(y F 2)0203 = 02(y)03(y)02(2)03(2) F 01(y)04(y)01(2)04(2) (E.7)
02(y £ 2)04(y F 2)0204 = 02(y)04(y)02(2)04(2) F 01(y)03(y)01(2)03(2) (E.8)
03(y £ 2)04(y F 2)0304 = 03(y)04(y)03(2)04(2) F 01(y)02(y)01(2)02(2) (E.9)

Where 6; = 6;(0). From the eq. (E.4), with y = z, we get
01(22)929394 = 291 (Z)92(2)93(Z)94(2) (E.l())
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Also, the periodicity of the Jacobi theta functions is given by

b2

01(2+a+br) = (=1)Ty =07 56, (2) (E.11)
Ba(z +a+br) = (—1)*y g7 6a(2) (E.12)
B3z + a+br) =y g7 b5z ) (E.13)
6a(z +a+br) = (—1)’y g 04(2), (E.14)

where y = e2™#. From the fact that 0;(a + br) = 0 for a,b € Z, we can deduce that
02(1/2) = 65(1/2 + 7/2) = 04(7/2) = 0. (E.15)

Also, the other relations between the Jacobi theta functions are

1
02 (z + 2) = —91(2:)
02 (z + g) — ¢ sy 26(2)
1
05 <z+ ;T — —iq 5y 204(2)
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04 <z + % = 03(2)
04 (Z + % = iq Sy 201(2)
04 (z + ! ; T) = qféyféﬁg(z) (E.16)
For small z with (a,b,7) = (0,0,1),(1,0,2),(0,1,4),(1,1,3), we have
0; (z+a—;b7> ~ zh (E.17)

E.2 Elliptic genus of O(1),0(2) theories

We start by writing down the elliptic genus of the O(1),O(2) gauge groups with N fun-
damentals and the mesonic variables Z*~. The elliptic genus of the SO(1), 0+(1) gauge
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theory with N fundamentals is

T 0160 — 2)
ZASO(),N _ Alsa — <) E.18
01—[1 91(504) ( )

o (€ bl bl (€
ZHOr N = ( H 191 fa H 2 H | H 494 () )

a=1 a=1 a=1
(E.19)
N
0 ga 92 goz 03 Ea 94(504_ Z)
ZA0-(N _ 2 )N+ 1 ‘
H 91 ga CHl 92 ga 0];[1 O];[1 ‘94(504)
(E.20)
The elliptic genus of the SO(2), 04 (2) gauge theory with NV fundamentals is
7ASO(2),N _ Z(((?)g),N (E.21)
0@ _ Lij0@.N O@.N | ,O@.N | ,O@).N
7A4,04(2),N _ §<Z(00) + (71)N+1(Z(01) + Z(m) + Z(n) )) (E.22)
1
A0_(2,N _ 1 (02N 1\N ,O0@2),N O(2),N O(2),N
Z =3 (Z(OO) + ()N (2o + 20PN + 208 )) (E.23)
where
N
02N _ 01(Ea — 55 — 2) 01(6a + &5 — 2)
Zoo) = ; (a# 01(&a — H 01(6a + &5) (B24)
N
o@),N _ 104(0) 01(&a—2) 94(€a—2 1N+ 02(Ea—2) 03(Ea—2)
Zon” = 30,0\ 0 o Hl e e )
N
O(2),N _ 1 92(0) th (fa—Z) 92(5(1_2 N+1 93 fa—Z 94 ga_z)
Zoo " =35, \ 706 muie) Hl b ae) )
N
o@),N _ 163(0) 01(§a—2) 93(§a—2 N+ 02(Ea—2) 04(Ea—2)
A == E.27
" =a5,6 | L 66 ae Hl () o )

Finally the elliptic genus of N(N + 1)/2 mesonic variables is

91 ga + 56 - Z)
OHMHQ et ) (E.28)

E.3 Dual pairs of consideration

In this section, we enumerate dual pairs we are interested in. Before writing them, let
us define some notations. We denote the elliptic genus of the gauge group G with N
fundamentals of the A theory as

ZAGN — ZA,G,N(7-7 2, ) (E.29)
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and the elliptic genus of N(N + 1)/2 mesonic variables is denoted by
ZMN = ZMN (7 5 €. (E.30)

Also, we denote the elliptic genus of substitution { — —¢ + 5 multiplied by Z M.N " which
becomes the dual B theory, using tilde notation as

ZAGN — 7AGN (T,Z, et %) « ZM.N
= 7BGN, (E.31)

It is easy to see that the elliptic genus of the dual of the dual theory is that of the original
theory.

~ ~A,G,N
7BGN _ 7

= ZA’G’N <T,Z, — <—§+ g) + %) X ZM’N (T7Z7_€ + g) X ZM’N

= 240N (7, 2,¢)
= ZAGN (E.32)

where we use

ZM’N<Tz—§+Z>:ﬁﬁ 01 ( 55)
e 2 01(—¢ £ﬁ+z)

=1 =«

N N
B 91 éa"‘gﬁ)
B H H §a+§ﬁ_z)

=1p=
ZM

Q

=

Q

(E.33)

—~
\_/ Q

If we have a dual pair between two different gauge groups G in the A theory and G5 in the
B theory, we must have the same elliptic genus. Using the above notations we should have

7AGLN _ 7B,G2,N (E.34)

Also, if we check the eq. (E.34), the equality of the elliptic genus of G in the A theory
and G in the B theory automatically follows since
7A4.G2,N _ 7B,G2,N

— 7AGLN

= 7BCGLN (E.35)

where we use the eq. (E.32) in the first line and the eq. (E.34) in the second line. Now, we
list the possible dual pairs that we have to check analytically

1. O(1),1 +— O(1),1

7A4,0+(1),1 _ 7B,SO(1),1 (E.36)
7A0-(1),1 _ 7B,0-(1),1 (E.37)
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2. 0(2),1 «— 0(0),1

7A0+(2),1 _ 97 M1 (E.38)
ZAS02),1 _ 7M1 (E.39)
Z7A0-(2),1 _ _ M1 (E.40)

3. 0(2),2 «+— 0(1),2
ZA,O+(2),2 — ZB,SO(l),2 (E41)
ZA,SO(2)72 — ZB’O+(1)’2 (E42)
7A4,0-(2).2 _ 7B0-(1).2 (E.43)

Later we will also consider

4. 0(3),2 +— 0(0),2
7A,80(3),2 _ Z(%g’;)’? — g M2 (E.44)
7A04+(3),2 _ 97 M2 (E.45)
ZA0-(3)2 _ s M2 (E.46)

5. 0(4),3 +— 0(0),3
7AS0(4),3 _ 288)73 — gM3 (E.47)
ZA0+(4)3 _ 97 M3 (E.48)
ZAO-(4)3 _ _ M3 (E.49)

E.4 One fundamental cases

E.4.1 SO(1),04(1) theories with 1 fundamental

From the elliptic genus expressions and the relations of eq. (E.1)-eq. (E.3), we have

asoy _ h(€—2)

Z 701 © (E.50)
aorr _ L[ 6i(€—2)  62(§—2)  O3(—2)  0a(—2)

Ze s 2( 0© 60 60 6o > (51
a0 a1 _ 1[0 —2)  0a(§—2)  035((—2) 04— 2)

s 2< 6© | 60 T 60 T 6O ) (152
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We can simplify them as

74,04 (1)1 _ 101(8)02(§=2) =01 (6= 2)02(€)}05(£)04(6) +01(£)02(6){0(€ — )04 (€) +05(£) 04 (€~ 2)}
201(£)02(£)05(£)04(8)
01(5)02(5)05(§ — 5)04(§— 5)03(£)04(£) +03(5)04(5)03(§— 5)04(§—5)01(£)02(¢)
01(£)02(£)03(£)04(£)03(0)64(0)

©
i (00(2) 02 (5) 05(9004(©) +01€002(6)05 (£) 04 (3))
)

(E.53)

At the first line, we rewrite eq. (E.51) to have a common denominator. At the second
and third line, we use the addition rules of eq. (E.4), eq. (E.9). At the last line, we use
eq. (E.10). The duality between ZASO0M):1 can be checked by changing the holonomy at

740+ as € - —¢ + 3 and multiplying 21 = 24229,

7B,0+(1),1 _ ZAO+1)1(£_> e+ )xZM,l

01(=§+2) 01(=28) X91(25—2)

01(—&) 01(—26+2) 01(2¢)
_ 01§ —2) 01(26) 61(2€—2)

01(€) 01(26 —2) 01(28)

_ (-2 A,80(1),1
G Z . (E.54)

For ZO0-(1),1 , we have

7A4,0-(1),1 _ 101(6)02(6=2) +01 (= 2)02(€) }05(6)04(6) +01(£)02(€) {05 (6~ 2)04(6) +05(€)04(E = 2) }
201(£)62(£)03(£)04(8)

) (E.55)

At the first line, we rewrite eq. (E.51) to have a common denominator. At the second line,
we use the addition rules of eq. (E.4), eq. (E.9). At the last line, we use eq. (E.10). From

— 36 —



this we can obtain

7B,O-(1),1 _ 7A0-(1).1 (5 4 g) « 7M1
013 0() | A2
01(— f—i—z) 01(5) 01(2¢)
(26 = 3) 01(2) 01(28 — 2)
) 1(3)  01(28)
Ez)) — zA0-M1, (E.56)

We also check the following identities appearing in the main text

o(1),1 o(1),1 o(1),1 o(1),1
Z( 00) + Z(m) = Z( 01) + Z(n) (E.57)

Oo(1),1 om,1 _ 70(1),1 O(1),1
Z(o1) + Z(u) = Z( 00) + Z(10) (E.58)

o1),1 om,1 _ 70(1),1 _ 7O(1),1
Z(01) - Z(11) - Z(n) - Z((n) : (E.59)

Actually, eq. (E.57) and eq. (E.58) are equivalent since eq. (E.58) is obtained from eq. (E.57)

by taking the duality transformation, which adds the tilde in both sides and Z = Z for
involved expressions. So, we only need to check eq. (E.57) and eq. (E.59).

01(§—2)  0a(6—2)
Za" 200" = o o
_ 91(5—2)92(5)93(5)94(5) + 01(£)02(£-2)03(£)64(€)
2(£)63

01(£)0 £)04(¢)
_{BER)0(O) + (€ )92< 2) 00, 205
a 01(§)02(£)05(£)04(8)
:291(5 5)02(6-5)05(£)04(£)05(5)04(3)
01(£)02(£)03(£)04(£)0304
S )92(5—*){93(§+§)94(§—*) + 03(6—5)04(£+5) 10304
B (€)02(& (5 )030.4
(5—*)92( %) % §+2 04(§+5)
02(€)0s 5—* —£)
91 25 - Z ( 2
61(2¢) (5—5
Z(%% 1- (E.60)
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Similarly,
o, ba(—2) 035(5—2)

D)7 g8 05(9)

o(1),1

Z(01)

-7

01(§—3)02(§—35)03(—5)04(E—3) [ 03(6+35)  0a(E+3)
01(£)62(£)05(£)04(€) 05(§—3) 04(§—3)
01(26—2) (03(6+35) 0a(§+3)
01(26) \03(6—35) 0a(E—3)
- ~8S),1_2(<3%) ! (E.61)

E.4.2 SO(2),04(2) theories with 1 fundamental

Let us show the case of one fundamental with SO(2), 0+(2) gauge theories. The elliptic
genus expressions of the SO(2), 04 (2) theories with 1 fundamental are given by

0@2),1 _ 102(0) [01(§—=2)02(§—2) | 05(§—2)04(E—=)

Zao 2ax@< 000 T 00 >’ (62
0@2),1 _ 104(0) [ 01(§—=2)04(§—2) | 02(§—2)03(6—=)

Zon) 294z>< GGG >’ (65
o)1 _ 105(0) [ 01(§—=2)03(§—=) | 02(§—2)0a(E—=)

Za) ‘29&@( 0O 00 >' (200

Using the theta functions addition rules, we can get

Z0@)1 _ 91(25 — z)

o) = 0:(38) (E.65)
L0@1 _ 102(0) (01(6-2)02(€-2) 93 (£)04(§) + 61(£)02(£)03(§—2)04(§—2)
o) 205(2) 01(£)02(£)03(£)04(E)
~165(0) 61(26 — 2)65(—2)03(0)64(0)
C260a(2)  01(6)02(6)03(£)0a(€)
_ 91(2f - 2) (E.66)
0@ _ 104(0) (01(£-2)04(€-2) 92 (£)03(§) + 61(£)04(£)02(§—2)05(§—=)
(o) 204(2) 01(£)02(£)03(£)04(8)
104(0) 01(2€ — 2)04(—2)62(0)63(0)
294( ) 01(£)02(£)05(£)04(E)
éf§>) (00
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70@),1 _ 103(0) [ 01(62)05(62)02(6)04(€) + 01(£)03(£)0(£-2)04(€—2)
(11) 2 05(z) 01(£)02(£)05(£)04(€)
_ 105(0) 01(2€ — 2)03(—2)02(0)04(0)
203(2)  61(£)02(£)05(£)04(€)
_01(26 - 2)
028 (209
We use eq. (E.10) at each of the last line. Hence, we have,
R A i T e AL
and with eq. (E.21)-eq. (E.23) we get
ZASO(2),1 _ 7M1 (E.70)
7A04(2)1 _ 9 7M1 (E.71)
ZAO-(@)1 _ _gM (E.72)

as desired.

E.5 SO(2),0+(2) theories with 2 fundamentals

E.5.1 Duality between O4(2),2 < SO(1),2

We consider the duality between the O, (2) gauge theory with 2 fundamentals and the
SO(1) gauge theory with 2 fundamentals. We should have the equality of the elliptic genus

ZA7SO(1),2 — ZB7O+(2)72_ (E73)

Once we prove this we can automatically have

ZA,O+(2),2 _ ZB,SO(l),Q' (E.74)

It turns out that it’s more convenient to prove the eq. (E.73). The elliptic genus is given by

0 (ga - Z)
7A,80(1),2 H 1 E.75
a1l 91(504) ( )
and
1
A,04(2),2 0(2),2 0(2),2 0(2),2 0(2),2
74,0+(2) _§<Z(00) _(2(01) +Z(10) +Z(11) )) (E.76)
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where

4022 _ 61 (&2—€1—2) 91(251—Z)+91(§1—€2—2) 01(282—2) | 01(§1+62—=2) (E.77)
(00) 01(&2-61)  01(26) 91(51—52) 01(262) ) 01(&+E2)
0(2),2 1 04 01 fa_z 04 fa_z 92 ga_z 93 fa_z)
_ E.78
(00 7 20,(z) (H 01(€a)  04(a) }_[1 02(&a)  03(&a) (E.78)
0(2) 02 0) 91 fa Z ‘92 {a Z 93 ga_z 94 fa_z)
7 E.79
(10) Z <H 01 fa 92 ga 0]{‘_[1 93 ga 94(504) ( )
0(2),2 1 93 0 91 fa—z 93 §a—z 92 §a—z 04 §a—z)
7 E.80
(D) 204(2) < H 01(a)  03(&a) H 02(€a)  0a(6a) (E.80)
We first simplify Z4©+(2)2 using the Jacobi theta function addition rules. Consider first
Z(OO%)’Q. The &; part of the first term can be written as

01(§1—=2) 04(&1—=2) _ 01(£1—2)04(§1—2)02(61)03(81)
01(61)  04(&1)  01(€1)04(61)02(61)05(61)
0205 (9, (2¢1-2)04(2) — 01(2)04(261—2))

501(2£1)602030,4
N 91(251—2)04(2) _ 91(2)94(251—2)
@0 066 (55
and the & part of the second term can be written as
02(61—2) O3(&1—2) _ 02(61—2)05(61—2)01(£1)04(&1)
02(1)  05(61) 92(51)93(51)91(51)94( 1)
_ 01(26—2)04(2) ( )04(261—=2)
C 01(261)04 01(261)04 (£.82)
Combining these results, we get
0@z _ 1601(26—=2) 3 161(2)04(261—2)
O 2 6(26) <A1A4 A2A3) 2 01(2£1)04(2) (A1A4 - AZA?))’ (E.53)
where A; = 01-9(15(2;2). Also we can evaluate
_ 01(§22)04(§2—2)02(82) 03 (§2)HH2(§2—2) 03 (£2—2) 01 (§2) 04 (€2)
SrditAals = 01(62)02(£2)03(82)04(&2)
_ 020301 (&2 — 2+ £2)04(&2 — 2 — &2)
$01(2£2)602030,4
_ o 01(26 — 2)04(2)
=2 7,620 (E.84)
and similarly
MDAy Ay = —o1(2)04(26 = ) (E.85)

01 (252)94
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so that

Z022 _ C01(26—=2) 01(2)04(262—2)  01(2)04(261—2) 61 (282—2)0a(2)
(01) 01(261)  01(2&2)04 01(261)04(2)  01(282)04

_ 01(2)
— —91 (251)92(2§2)04 (91(2&1—,2)94(2{2—2) + (91(252—2)94(251—2))
01(2)01 (§1+£2—2)04(E1+€2—2)02(61-62)03(61—&2) (F.86)
61(2£1)601(2£2)026304 '
We can follow similar procedures for the Z(1(())) nd Z(lg)) The results are given by
o2 _ 0z )91(€1+€2—Z)92(§1+§2—Z)93(€1—€2)94(51—52)
Yo" =72 01(261)01(262) 60301 (E.87)
02 _ 0z )91(§1+€2—Z)93(§1+§2—Z)92(€1—§2)94(51—52)
Ao = 01(261)01(262) 60361 (E.88)
Now consider ZO(Q)’2 0(2),2 + Z8(2)’2 = 70(2)2

oy T 2o D

0 61"‘62—2 (91
0(2),2 _ 1 B B -
g B 01 (261 91 252 929394 (292 51—1—52 Z 03 51 52)64(51 52)

+ 203(§1+HE2—2)02(E1—62)04(61—E2) + 204(51+§2—Z)92(€1—€2)93(51-52))

 01(&ta2)0i(2
T 01(26))01(28) 929394 02(£1—€2) 94 (§1+52—2)03(61—€2) +03(§1+§2_Z)94(51_§2))

+ 03(§1—62) (94(§1+€2— )02(E1—62) + 92(514-52—2)94(51—52)>

+ 04(§1—E2) (92(€1+€2—Z)93 (§1-62) + 93(514-52—2)92(51—52)>)

201 (E+62—2)01(2) [ 02(61—E2) 2 z z z
~ 01(261)61(262)00504 ( 0.0, 03 (51—5) 04 (51—§> 05 (§Q—§> 0, <€2_§)

. 93(95219—452) 0, (51_9 0, (51-%) 02 <€2—7) 0, (52_9

+ 04(5219_352)02 <§1—2> 63 (51—%) 02 (fr%) 03 (52—%) > (E.89)

So we get

74.04(2)2 (Z(oé)) _ 70), )

1

3

_ [ 61(6=61—=2) 01(26—=) 91(51—52—2) 01(262—=) D(E1t6e—2) | O1(2)00(E1+62—2)
2\ 0(&-&) 60:(26) T 01(&—E&) 601(2%) 01(£1+E2) 01(261)01(2¢2)

y <92(§01252) 03(5l—g>e4<§19—3222$2—g>94(52—3) FOREI TR 4)>_ (F.90)
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We should change the holonomies as £ — —& + 5 and multiply Z M2 to compare with the
dual theory Z4:50(1):2

ZBvO"r (2)72 — ZAvo"r (2)72

1<91 (£=61—=2) 01(261—=2)  01(&—62—=2) 91(252—Z)> _ 01(2)01 (E1+E2—2)

01(&-61) 01(26)  0i(6—&)  61(2%) 01(2€1)01(2¢2)
y [02(51—52) 03(£1)04(61)03(£2)04(E2)

2 24 4)). E91
7 e RCE R RCRE >] (E91)

We can have further simplifications. Let’s consider the square bracket |- - -],

[-] = i(&182)
01(61—¢2)

1 [(91 (£1—62)02(€1—€2)03(£1)04(E1) 03(€2)04(62)

~ 20, (&1—¢2) 020304 0304

01(£1—62)03(£1—62)02(£1)04(81) 02(€2)04(2)
20304 0904

01<§1—§2>e4<§21;§924>92<51>03<&> 62(%322(&)) — (G + &)] . (B92)

_|_

Using the relations below,

(620 E-E2)05(E1)0a(62) = 5 (D1 261-)0a(E2) 01 ()02 261-)
01(&1—62)05(§1—€2)02(£1)04(&1) = 929 ( 1(261—62)03(&2)— 91(52)93(2&—52))
O (E-E)0M(E-E)0(E)05(61) = 2 (012610 E) () 26-6))  (E9)

2
we get
_ 1 01(261—8&)  02(261—&)  03(261—62)  04(261—E2)
[.-']_891(5152)[<3 01(&2) - 02(£2) - 05(&2) - 01(62) )91(252) (E.94)
02(282—¢€1) | 03(282—E&1) | 04(262—&1) 01(262—&1)
+( LG T 6E) T 6@ S 6E) )91(251)]

_ Qe)0 (26 -&)  01(26) 16020 -8) | 02026 —8) | 0526 -8) | 04(26 &)
201(£2)01(61—&2)  40:1(&1—&2) 2\ 01(&2) 02(&2) 03(&2) 04(&2)

61(261)01(262—&1)

n _h(26) 1
201(£1)01(&2—&1)  401(&2—&1) 2

1 61(262—&1) | 02(262—&1) | 03(262—&1) | 04(262—&1)
( 0E) T &) T 6E) ) )

Using eq. (E.55) for & = &(&1), 2 = 28 — 2£1(261 — 2€2) we can simplify the expressions
in the two brackets as

1 91(251—52)+92(2§1—§2)+93(2§1—§2)+94(2€1—€2) _ 01(&1+82)01(262—261)
2\ 61(&) 02(&2) 03(&2) 04(&2) 01(262)01(&2—&1)
1<91(2€2—€1)+92(2§2—§1)+93(2§2—§1) 94(%2-&)) _ 01(&1+82)01 (26 —26)
2

01(81) 02(&1) 03(&1) " 04(&1) 01(2&1

\./

01(§1—&2)
(E.95)
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so that

_ 161(26)01 (26 — &) 1 61(26)  01(& +£)01(28 —26)
2 01(&)01(& — &) 4016 — &) 01(28)01(& — &)
161(26)01(26 — &) 1 6:(26) 61(& +&2)01(26 — 28)
2 01(&)01(Ea—&1) 401(&2—&) 01(261)01(&1 — &2)
_ 161(262)01 (26 — &) 161(& +£2)01(26 — 28)
2 01(&)0i (6 — &) 4 {01(61 — &2)}?
101(261)01(26 — &) | 101(61 +§2)01(26 — 26)
2 01(&1)01(&2—&) 4 {01(&1 — &2) 12
_ 1601(26)601(26 — &) | 161(261)601(26 — &)

T2 0(Q)0h(G-&) 2 B(E)h(&—&) (E.96)
Thus we finally get
780,22 _ 101(&—6-2)01(26—2)  161(&+E—2)01(26~&)01(2)
2 01(&—&1)01(261) 2 01(§2—£61)01(261)01(&2)
L1006 —6—2)01(26—2) | 101(&+8—2)01(26—61)01(2) (E.97)

2 01(§&1—&2)01(282) 2 01(§&1—82)01(262)01(&1)

Now we show the equality of Z4S0(1):2 — 7B.0+(2).2 yging the fact that doubly periodic
entire function is a constant.> Consider @) defined as

ZB,O+ (2),2
Q= ZAS0(1),2

_ L 016 =61—2)01 (26 —2)01(£)01 (&) | 016 —&2—2)01 (26— 2)01 (£1)01(&2)
2| 01(&2—€1)01(261)01(§1—2)01(&2—2) ~ 01(&1—E2)01(262)01(&1—2)01(&2—2)

)
+91(€1+€2—Z)91(2§1—52)91(2)91(51)+91(§1+§2—2)91(252—51)91(3)91(52)
01(&2—£1)01(261)01(§1—2)01(E2—2)  01(&1—E2)01(2€2)01(§1—2)01(E2—2)

. (E.98)

If we think @Q as a function of z for fixed & and &, we can easily check that @ is invariant
under the changes z — z + 1 and z — z + 7 which means @ is a doubly periodic function
of z. Also we should check that @) has no poles. Since the Jacobi theta functions have no
poles in z, there are only two points where they have the possibility of poles: z = &1, &
(we don’t consider the points z = &, + a + br with a, b nonzero integers since @ is doubly
periodic). @ is symmetric under the change &; <> & so that we just need to check a point
z = &. The fact that ZB:0+2:2 = 0 at z = & gives

7B,04(2)2 O((z — &)™) (E.99)

as z — &1 for some n > 1. Meanwhile ZAS0().2 hocomes zero at 2z = & and 01(& — 2) ~
O((z — &)Y as z — & so that

ZAS0(1)2 O((z — &)Y (E.100)

3We thank a referee of the previous version of the draft for suggesting this method.
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B,0,.(2),2 . .
as z — &1. Thus we can deduce that Q) = ZzAsﬁ converges to a finite value and it tells

us that the @) has no pole at z = &;. From the fact that doubly periodic entire function is

a constant, we can easily find the constant as
1
Q=lmQ@=-(14+1+0+0) =1, (E.101)
z—0 2

which implies

7A,S0(1).2 _ 7B,04(2),2 (E.102)

One might worry that Q can have a pole at &, — &, & — 0 and & — 0 where Q seems
to diverge. If we take a limit & — &, the divergent parts of the first and the second term
of the eq. (E.98) are cancelled by the third and the fourth term respectively so that Q
becomes finite. Also for the limit & — O(we don’t consider the & — 0 case since @ is
symmetric under &; <> &), one can easily check that

1
lim Q = =

51%0 2

<; 410+ (_21)2 + (_1)2> =1. (E.103)

E.5.2 Dualities between O(2),2 < O(1),2

We can also check the following equalities

ZA,SO(Q),Q _ ZB,O+(1),2 (E104)
ZA,O_(Q),Q — ZB,O_(l),27 (E105)
from which we have the following relations
ZA,O+(1),2 — ZB,SO(Q),Q (E106)
z40-):2 - 7B.O-@)2, (E.107)
We prove these equalities by showing relations below
50(2),2  50(2),2 _ ,0(1)2 0(1),2
Z(01) — Z(lo) = Z(lo) — Z(01) (E.108)
~0(2),2 ~0(2),2 _ 5,0(1),2 0(1),2
Z(n) — Z(w) = Z(10) — Z(11) (E.109)
~0(2),2 ~0(2),2 _ ,0(1),2 0(1),2
Z(01) + Z(11) = Z(10) — Z(oo) . (E.110)

Let’s first show the relation eq. (E.108). From the eq. (E.86) and eq. (E.87),

Z(OOS)’Q - Z(Olé?’z becomes
s
_ o 01(2)01 (&1 +&—2)05(&1—&2)
=2 01 (261)0: (962) 030 {92(§1+§2—2)94(€1—52)—92(51—52)94(§1+§2—2)}

 01(2)01 (&1 +E2—2)03(81 —&2) z 2 2 p
=0 2600, 260203040201 " (a-3)0s(a-3)0(e-3)0(e-3) ®@y
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Now changing the holonomies §; — —¢§; + 5 and multiplying Z M2 we get

~0(2),2 50(2),2
Zory —Zqo)

=4%2éiéfféiiéﬁjﬁiéf;ﬁ Bu(Efs(€n)0 €)1 6o

_ 01(2)03601 (§1+E&2—2)03(&1 —&2)
01(£1)02(£1)03(£1)04(£1)01(62)02(€2)05(82)04(82) 01(€1)05(81)01(&2)63(¢2)
01(2)0301(&1+8&—2)03(&1—&2)

02(£1)04(81)02(€2)04(E2)
2 1

= 0267 05(€1)04(€1)02(2)04(2)

S QG BCHRIGEGRCE DI AIORIG
o6 (6-3)0 () (3) 0 (-3 o (6-3) (5) 0 3) )

_ 02(61=2)02(§2 = 2)04(£1)04(€2) —02(£1)02(£2)04 (61 — 2)0a (E2 — 2)
02(£1)04(£1)02(£2)04(82)
_ 02(&1—2)02(2—2)  0a(§&1—2)0a(E2—2)
02(£1)02(&2) 04(&1)04(&2)
_ 50(1),2 0(1),2
=200~ o)
which shows the eq. (E.108).
Secondly from the eq. (E.88) and eq. (E.87), Z 2.2 _ 7022 b0 omes

(E.112)

(11) (10)
20—
_ 01(2)01(&1+E—2)04(61 — &)
B oo e LGRS L CRORUCR O ICRER D),

_ 01(2)01(E1+E—2)04(&1—&2) z z z z
= 0126101 (2€2) 6205040505 o (51_5) b4 (51_5) o1 (52_5) 4 (527) (E.113)

Now changing the holonomies §; — —¢§; + 5 and multiplying Z M2 we get

50(2),2  50(2),2 _ ,01(2)01(&1+E—2)04(&1 —E&2)
Z(1§)) _Z(u())) =4 91(251)91(262)02293940203 01(£1)04(£1)01(£2)04(&2)

_ 01(2)0401 (§1+82—2)04(61 = &2)
02(£1)05(81)02(€2)05(&2)
2 1

= 0263 0(€1)05(€1)02(2)05(2)

{ole-Dne-nEnGae e 2nEn)
) ale)ne5)ui)uG)

_ 02(61—2)02(§2—2)03(£1)03(§2) —02(£1)02(&2)05 (€1 —2)03(£2—2)
02(£1)05(81)02(€2)05(&2)
02(61—2)02(§2—2) _ 03(61—2)05(E2—2)
02(£1)02(£2) 03(£1)03(&2)
o(1), o(1),
- Z(18) Z—Zu%) 27

which shows the eq. (E.109).

(E.114)
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0(2)
(01)

0(2)

72 b
(11) ecomes

Finally from the eq. (E.86) and eq. (E.88), 292 4+ 7

02)2 . ,0(2)2
Zon  +tZan

01(2)01(§&1+E2—2)02(&1—&2)
01(2€1)01(2€2)020504

01(2)01 (&1 +E2—2)02(81 —&2) z 2 2 p
= 00600126 0203010501 (6-3)0s(a-3)0s (&=3) s (e—3) B115)

Now changing the holonomies §; — —¢§; + § and multiplying Z M2 we get

=-2

{B3(61+62-2)04(61 &) +05(61 - £)0u(61 +2—2) |

~0(2),2 |, 0(2),2 _ ,01(2)01(§1+82—2)02(61 —&2)
Zon T2a1) =40 38,10, (2650205010501 03(£1)04(£1)03(£2)04(&2)

_01(2)0201(E1+E2—2)02(61—&2)
01(£1)02(81)01(€2)02(E2)

__ 2 1

0307 01(£1)02(€1)01(£2)02(&2)

ol n-nE)nG)nn-5n6)n0)
a3l )u () ne-5)nl)n6)e ()

_ 02(&1=2)02(§2—2)01(£1)01(§2) —02(£1)02(£2)01 (&1 — 2) 01 (E2 —2)
01(£1)02(£1)01(£2)02(82)
_ 02(&=2)02(62—2) _ 01(&1—2)01(§2—2)
02(£1)62(&2) 01(£1)61(&2)
o2 _ ,0(1)2

=Za0) ~ %0y

(E.116)

which shows the eq. (E.110).
Thus we have shown the eq. (E.108)-eq. (E.110). By subtracting the eq. (E.109) from
the eq. (E.108), we can get

7022 _ 702)2 _ 50()2 _ ,0(1),2 (E.117)

(01) (11) (11) (01)

Also we can use the proof of the last subsection

omz2 1/-0@),: _ 50(2),2  70(2).2  50(2)2
Zoo) = §<Z(00) Z o1 Z Z ) (E.118)

Adding the eq. (E.110) to the eq. (E.117), we can get

o022 _ 17/ _ow,. 0(1),2 oMz ,0(1)2
Z3) —2( Zoo)? + 2057 + 2007 - 20 ) (E.119)

Subtracting the eq. (E.110) from the eq. (E.117), we can get

so@2 _1l¢ Jomz jome _,omz2  ,00)2
Z(o1) —5( Z(Oo) +Z(10) Z(01) —l—Z(H) ) (E.120)

Using the eq. (E.120), the eq. (E.108) gives

o022 _ 17/ Jowz2 o)z 0(1),2 0(1),2
2097 = 5 (= 2057 = 2007 + 2007 + 200)?). (E.121)
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Again using the eq. (E.119)-eq. (E.121), the eq. (E.118) gives
~0(2),2 1 0(1),2 0(1),2 0(1),2 o),
Zony =3 (Z(oo) t 240"t 2oy "t Zay ) (E.122)

So from the eq. (E.119)-eq. (E.122), we get relations given by

50(2),2 0(1),2
£ I R B
Za8) 1| -1-11 0 Z00) (.13
Zor | 211 -1 2002 | :
~0(2),2 -1 1 1 -1 0(1),2
Z(m) Z(11)
from which it follows that
0(2),2 50(1),2
0 I R
Z30) 1f-1-11 1 Z3)
022 | =5 o2 |- (E.124)
Z(01)7 21 -1 1 -1 1 Z(01)7
0(2),2 -1 1 1 -1 ~0(1),2
Z) Z (1)
~G,N
where we use the fact that Z ;) = Z(C;’bj)v from the eq. (E.32).
This tells us that
A,S0 0(2),2
74:50(2),2 Z(oo)
/o2 | z00)2 | 501).2 0(1),2
=3 (Z(OO) 200y T o) T Z(11) )
= zB.0+(1)2 (E.125)
and
1
a0-@2_ (002, 022, 002, ,00).2
Z =3 (Z(oo) + 2097 + 2007 + 208 )
1 0.2 | ZO().2 | ZO().2 | ZO(1).2
—5(‘Z<oo> +Z00)" + Zony)” + 2y )
_ 7BO-(1)2, (E.126)

So we check the equalities Z4:50(2):2 = zB.0+(1).2 (or equivalently Z4:0+(1).2 = zB:80(2).2)
and Z40-2).2 = 7B.0-(1).2 (or equivalently Z40-(1):2 = ZB:0-(2)2) analytically.

E.6 SO(3),0+(3) theories with 2 fundamentals

Using the same method as adopted at the subsection E.5.1 one can prove the duality
between SO(3), 04 (3) theories with 2 fundamentals and the theory of 3 free mesons. Even
though the length of the computation is long, the argument is straightforward. And the
same method applies to the duality between SO(4), 0+ (4) theories with 3 fundamentals
and the theory of 6 free mesons.
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In the below we evaluate lim,_,; 0;(z —  + “527) f(2) instead of lim,_,,(z — z)f(2)
when we evaluate residue of f(z) at z = x since 0;(z — = + “5T) has zero at z = z. Also
recall that for small z with (a,b,7) = (0,0,1),(1,0,2),(0,1,4),(1,1,3), we have

&(z+azh>~z. (E.127)

Using the Jacobi theta function’s relations we can get

01(26a—2) 61(£a) 01(€a+8s—2) 01(€s—8a—2) 01(§5—2)
01(2¢a) 91(5a+z)ﬁ¢a 01(6at+8s)  01(§p—Ea)  01(8p)

ZO(3)7N 1 6i(») N 01(€a—22)
(0707+) 2 601 (22) 01 (ga -|—Z)

I
_|_
N =
Mz

Q
Il
—

ZOB)N _ 1 6:(2) al 02 (€0 —22)
(1,0,4) 201(22) - 02(gu+z)

01(26a—2) 62(&a) 01(§a+Ep—2) 01(Ep—Ea—2) 02(§—2)
01(2¢a) 92(§a+z)5¢a 01(€a+8s)  01(€s—Ea)  62(&p)

+
| —
Mz

o]
Il
—

01(26a—2) 04(£a) 01 (Sa+8s—2) 01(§s—Ea—2) 04(§s—2)
01(26a) 94(§a+z)ﬁ¢a 01(6at+8s)  01(§p—Ea)  04(Ep)

ZO(S) N__ 16:(2 H 94(§a—2z

(0.14) — 7 26:(22) 94(§a+z)

l\.’J\»—A
Mz

Q
Il
=

01(26a—2) 03(&a) 01(ba+Ep—2) 01(§s—Ea—2) 03(§s—2)
601(28a) 93(§a+z)ﬁ¢a 01(€a+8s)  01(€s—Ea)  63(&p)

ZO(3),N 1 (91(2 H Gg(ga*QZ)

w\)—‘
Mz

(LL,4) 7 260.(22) 93(§a+z —
(E.128)
and
o~ _ 1 6:1(2) N 01(6)  01(260 — 22)
200 = 2601(22) 1;‘[ 01(a —2)  01(2&0)
o@)~n _ 1 61(2) ﬂ 02(8a)  01(280 — 22)
(L0707 201(22) 14 026 —2)  01(2a)
O@W:1&u>ﬂ 61(6a) 61(260 —22)
01707 201(22) 14 0a(6a —2)  01(26a)
161(2) o) 01(260 —2
87(:13,);];[ _ 2911((22)) H 03(6a)  01(28a — 22) (E.129)

03(Sa — 2)  01(26a)

so that Z(O(i’) N = Z(k(l )Jr) + (—l)NZ((Z(?)f)V can be evaluated. Note that in eq. (E.129),
01(260—22)

gi(2e,)  can also be written as,

91(2§a - 22) o 91 (foz - 2)92(€a - 2)93(&)4 - Z)04(§oc - Z)'

_ E.130
01 (26.) 01(6a)02(E0)Bs € Bs ) (B130)
The expected elliptic genus matching that we want to check is
M2 _ 700)2 _ 0(3).2 0(3),2 0(3),2
27 =200 =200 = 4oy T Zay
_ 01026 —2) 01(&1 + &2 — 2) 01(262 — 2) (E.131)

01(261)  01(&+ &)  01(26)
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o2 1 01(2) [ ¥y 02(€a—2)05(Ea—2)0a(Ea—2) 1 01(Ea—22)
oo = 261(22) (H 02(€a)03(8a)04(8a) H 01(¢a+2)

L3 020 =2) (6t =2) D(E5—6a=2) 01(6a) (&)
2 61(2504) 01(§a+§ﬁ) ‘91(55 foe) 91(504""2) (55)

92(501_22)
el(fa)HS(goc)‘94(£a) 02(&1"’_2)
1 i&(f 2) 01(6atés—2) 01 (&5~ €a— 62(éa) 02(65—2)
2 (26a)  01(&a+8&3)  01(Ep—Ca) 02(éatz) 02(8p)

Z0@)2_1 01(z) ﬁ 01(6a—2)02(8a—2)03(Ea—2) 2 04(60—22)
B 01(£0)02(€a)03(Ea) 0(Eatz)

a=1 a=1

a=1

20(3)72 — 1 01 Z) H 91 (fa_z)93(€a_z)04(£a_z) .

= e
I

Py 2= il 6 —2) (65 —Ca2) OalSa) ulEs—2)
2 (260)  01(6a+Ep) 61(Ep—&a) 0a(éat+z2) 04(&p)
o2 1 01(2) [T 01(Ea—2)02(6a—2)04(Ea—2) T O3(6a—22)

z || R R AT CATA N H B(€at2)

a=1 a=1

+;§:01(§ )91(6044‘65 2)91(5,8 §a—2) 63(5&) 93(€ﬂ_z)

01(260)  01(€atEs)  01(E5—Ea) 03(Catz) 63(&p) (E.132)

E.6.1 2z9®)2 _ zM.2

Let’s start with Z(([))é?;)’Q. Consider Q(z) = Z(O(:i) JZM:2 We will check that Q(z) is a
doubly periodic function and has no pole. It can be easily checked that Q(z) is a doubly

periodic function using the periodicities of the Jacobi theta functions.

Qiz+1)=Q(z+71)=Q(2). (E.133)

We should check that @) has no poles. Since the Jacobi theta functions have no poles in z,
there are 9 points where () has the possibility of poles z = 2£1, 28, &1 + &9, —&1, —&o, ‘”ébT,
where a,b = 0,1. However, we only check z = 2£1,& + &2, —&;, % since () is symmetric
under the change & <> &o.

1. z = 251
Since ZM2 ~ O((z — 2£1)!) as z — 2&;, it’s enough to show that Zgg)’z(z:%l) =0
to check @ is not divergent at z = 2£; since Z((())g‘;’)’2 admits Laurent expansion at
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z = 2&;. From the eq. (E.132),

70(3).2

(00 (2=2&)
16

261) 01(§2—481) | 101(261) 02(Ea—281) 03(62—281) 04(E2—261)

( 3
T 20,(4€) 01(&+281)  201(461)  02(E) 03(&2) 04(&2)

)

C161(26-26)  61(&2)
2 01(282)  01(&+24)

11 01(€2—4€1)02(82)05(£2)04(E2) + 01 (§2+2€1)02 (82— 261)03 (€2 — 261) 04 (§2— 261)
01(§2+261)02(£2)03(£2)04(S2)

(&
L 28) 01(262 —281)620304
01(481)  201(£24281)02(62)03(62)04(82)
)

:[91(52—451)92(52)93(52)94(52 101 (§2+281)02(E2 —2£1)03(E2 —261)04(§2—261)

01(261)

—01(2&2 —251)92(261)93(2&)94(251)} /291 §2+261)02(62)05(82)04(E2)

161(2¢) 1

T 20, (461) 01 (62 1 261)02(62)03(€2)0a (2) -

=0.

[;91@2—2&)02(&—2&)(03<£2+2£1)04(£2—2&)+03(52—2£1>94<§2+251))

— 5 (B(E 4260026 —26) 01 (6~ 260)02(6+261) ) Bs(62 - 26104 62~ 261)
+01(§2+281)02(§2—261)03(§2—261)04(&2—261)
—% (91(524-251)92(52 —261)+61(&2 —251)92(52-1-251)) 03(&2—2£1)04(&2—2£1)

- %91(52 —2£1)01(§2—261) <93(52+2§1)94(§2 —261)+05(&2 —251)94(§2+2§1))]

This shows that () has no pole at z = 2&;.

. 2=

&1+ &

(E.134)

It’s enough to show that Z( () (z=Er€2) = 0 to check @ is not divergent at z = £+
for the same reason as before. Just simple substitution of z = & + &, at eq. (E.132)
gives Z( 0@) ( =£1+€2) = 0. So, @ has no pole at z = & + &o.

.=

Since ZM? is non-zero at z = —&;, we just need to check the residue of Z(oo)

z = —£; is zero. Since the theta function is linear at small value 0;(z) ~ 2!,

00)

—&1
0(3),2

0(3),2

at

the

residue evaluation is equivalent to lim,_, ¢ 6, (§1+Z)Z(00) "“ up to some overall factor.
We checked

0(3),2

hm 01(&142)Z (00)’ = 0. (E.135)

Z—r— 1
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0(3),2

00) is finite, which means

This shows the residue of Z(Oé))’ at z = —£; is zero so Z(
Q is finite at z = —¢&;.

__ a+br
4. z = +T
Since ZM:2 is non-zero at z = aEbT, we just need to show lim,_, a+sr 91(22)28((;’)’2 =0
2
as before. We checked
0(3).2 _
Zilg . 91(22)2(00) =0 (E.136)

for a,b = 0,1. This shows the residue of 70602 4t 5 = @ is zero, which means )

(00)
is finite at z = “‘;’” for a,b =0, 1.

We checked that @ has no pole so that ) is a doubly periodic entire function of z and
it is independent of z by the theorem. Then, we can evaluate

Q(z) = lim Q(z) = (E.137)

z—0

0(3),2 — ZM’Q.

which means Z (00)

0(3),2
E6.2 Zj; " = zZM?

We do similar works for the case Zgg;m = ZM:2 Define Q as Q(z) = (O(?;) /ZM2 Then
one can easily check that Q(z + 1) = Q(z + 7) = Q(z) using the periodicity of the Jacobi
theta functions which means @ is a doubly periodic function of z. There are 9 points where
@ has the possibility of poles z = 2¢1, 2&s, &1 + &9, —&1 + 2 5,8 +35 L a+bT , where a,b =0, 1.
However, we only check z = 2£1,& + &, —&1 + 1 aH’T since Q is symmetric under the

change &1 <> &o.

1. z = 2{1
Since ZM2 ~ O((z — 2£1)!) as z — 2&;, it’s enough to show that Z(O(Z;’) 2(,2:251) =
to check @ is not divergent at z = 2¢;. From the eq. (E.132),

o),
Z(l(Oi;) (z=26)

101(2861) | 01(§2—261)03(§2—261)04(£2—281) | 02(£2—4&1)
C20,(4&) 61(&2)03(£2)04(&2) 02(£2+2£1)

161(26-2&)  62(&2)
2 01(28)  02(&+26)

_ —01(261) B _ _
201(4€1)01(62)03(€2)04(€2)02(62+261) (G200t 2 )0~ 20)ulba —200)
+01(62)02(62—161)03(62)01 (&) — 01 26-26)0:(261)05(261)0(261)|  (B.138)
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The last two terms in the square bracket become
% 9 {91(52—251)92(52—251)95(251)94(251)+91(251)92(251)93(52—251)94(52—251)}93(52)94(52)
~ %01 {91(52)92(52)93(52—251)94(52—251)+91(52—251)92(52—251)93(52)94(52)}93(251)94(251)

— {1 €€ (260)01(260) 00 (260)02(260)90(€2)04 (62 Yl - 260) 002 -26)
= —01(&2—281)02(&§2+261)03(§2 —281)04(E2—261) (E.139)
so that Z(Ol(()‘;’)’z(z = 2£1) becomes zero which means @ has no pole at z = 2§;.
2. 2=4+&

It’s enough to show that Z( 0(3) ( =¢€2) = 0 to check @ is not dlvergent at z = £1+&o.

Just simple substitution of z = & + &2 at eq. (E.132) gives Z 10) ( =&1+E2) = 0. So,
Q has no pole at z = & + &.

3.2=-4+1
ZM:2 is non-zero at z = —&; + % So we checked
lm  fy(&142) (%?5),2 —0 (E.140)

z——&1+1

which means the residue of Z(lé))’ at zz—fﬂ% is zero so that @ is finite at z:—&—%.

_ atb
4. z =457
Since ZM:? is non-zero at z = “‘EbT, we just need to show limza% 91(22)2853)’2 =0.
We checked
0(3),2 _
Z_I;zg-lbf 91(22)Z(10) =0 (E.141)

for a,b = 0,1. This shows the residue of Z(Ol(()‘?)g at z = % is zero, which means @

is finite at z = % for a,b =0, 1.

We checked that @) has no pole so that @ is a doubly periodic entire function of z and
it is independent of z by the theorem. Then, we can evaluate

Q(z) = lim Q(2) =1 (E.142)

0(3),2 _ — gM2

which means Z (10)

0(3),2 M,
E6.3 Zg,, =2zM?

We do similar works for the case Z(([))g)) = 7ZM2_ Define Q as Q(z) = (O(?;) /ZM2 Then
one can easily check that Q(z + 1) = Q(z + 7) = Q(z) using the periodicity of the Jacobi
theta functions which means @ is a doubly periodic function of z. There are 9 points where
@ has the possibility of poles z = 2£1, 282,81 + &2, —§1 + 5, &2+ 7, a+bT , where a,b =0, 1.
However, we only check z = 2£1,&1 + &, —&1 + 3, ‘”bT since Q is symmetric under the

change &1 <> &o.
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1. z = 251
Since ZM2 ~ O((z — 2£1)!) as z — 2&;, it’s enough to show that Z(%S’)’Z(z:%l) =0
to check @ is not divergent at z = 2¢;. From the eq. (E.132),

o ’
Z(og?;) (z=26)

__161(2¢1) 91(52—251)92(52—251)93(52—251)+
2 601(4&1) 01(£2)02(£2)03(&2)

+161(2£2—2£1) 04(&2)
2 01(262)  Oa(E2+261)

—01(2¢1)
T 201(4€1)01(62)02(2)03(€2)04 (€21 261) [91 (§2-261)02(82 - 261)03(82 = 261)04 (€2 +261)
+601(£2)02(&2)03(62)04(E2—481) —01(282 —251)92(251)93(251)94(251)} (E.143)

The last two terms in the square bracket become

04(62—4£1)
04(&2+261)

93%491@2)92(52){93(52—251)94(52—251)93(251)94(%1)—91(251)92(251)91(§2—2§1)92(§2_2§1)}

1

~ g |01 (€2)02(€2)05(€2—261)0a 62— 261) + 01 (E2—261) 062 260)05(62)04(62) 05(260)4(261)

— 01 (6= 26080(62—260) {1 (€2)02(62)01 (260)02(261) + 03 260)04 261 o £2)64(c2)

= —01(§2—281)02(§2—261)03(§2 —281)04(E2+261) (E.144)

so that Z(%S)’z(z = 2£1) becomes zero which means @ has no pole at z = 2¢;.

2. 2=86+&

It’s enough to show that 703)2

(01)
z = &1 + &. Just simple substitution of z = & + &2 at eq. (E.132) gives Z(%S’m(z:
&1+E2) = 0. So, Q has no pole at z = & + &o.

(z = & + &) = 0 to check @ is not divergent at

3. z2=-6+3
We checked

lim 94(§1+2)Z8§)’2 —0 (E.145)

z——81+7

which means the residue of Z(?)g‘r;m at z=—&rt5 is zero so that @ is finite at z=—§+5.

b
4. 7=t
Since ZM:? is non-zero at z = “‘EbT, we just need to show limzﬁ# 91(22)Z88)’2 =0.
We checked
lim 61(22) 20} =0 (E.146)
e
for a,b = 0,1. This shows the residue of Z(?)g?)’)’Q at z = % is zero, which means @)

is finite at z = % for a,b=0,1.

— 53 —



We checked that @) has no pole so that @ is a doubly periodic entire function of z and
it is independent of z by the theorem. Then, we can evaluate

Q(z) =limQ(z) =1 (E.147)

z—0

0(3),2 — ZM’Q.

which means Z (01)

0(3),2 _ M,
E64 Z;,)" =2zM2

We do similar works for the case Zgg‘q;m = ZM:2 Define Q as Q(z) = Z(Olg)’2/ZM’2. Then
one can easily check that Q(z + 1) = Q(z + 7) = Q(z) using the periodicity of the Jacobi
theta functions which means @ is a doubly periodic function of z. There are 9 points
where Q) has the possibility of poles z = 2£1,289,&1 + &2, —&1 + HTT, —&o+ H{, aEbT, where
a,b=0,1. However, we only check z = 2£1,& + &2, —&1 + HTT, # since (@) is symmetric

under the change & <> &9.

1. 22251

Since ZM2 ~ O((z — 2£1)!) as z — 2&;, it’s enough to show that Zgg’)’Z(z:Qfl) =0
to check @ is not divergent at z = 2¢;. From the eq. (E.132),

O )
Z(f;) (z=26)

_ _101(26) | 01(62—281)02(82—261)0a(§2—261)
20, (4€1) 01(£2)02(E2)04(&2)

+101(2§2—2§1) 03(&2)
2 61(282)  03(E2+261)

_ —01(261)
- 201(451)01(52)62(62)04(62)63(52+2§1) 01(62_251)02(52_261)93(62—’_251)04(52_261)

+01(62)02(62)0a (62— 461)01 () — 01 22 -26)0:(261)05(261)0(261)|  (B.148)

_l’_

03(§2—461)
03(62+2¢61)

The last two terms in the square bracket become

ﬁ‘% (§2)02(&2) {93(52 —2&1)04(§2—281)03(261)04(281) +01(261)02(281)01 (§2—261) 02 (&2 —251)}
1

~ 0, {91(52)92 (§2)05(§2—281)04(E2—281) +01 (€2 —261)02(§2—261)05(62)04(82) }93(251)94(251)

= —93%491 (€2—2£1)02(&2—2&1) {93(251)94(251)93 (£2)04(&2) —01(&2)02(£2)01(2£1)6 (2§1)}
= —01(&2—281)02(§2—261)03(§2+281)04(E2—261) (E.149)

so that Z(Olg)’z(z = 2£1) becomes zero which means @ has no pole at z = 2§;.
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2. 2=86+&

It’s enough to show that Z( o) ( =¢r€2) = 0 to check @ is not dlvergent at z = £1+&.

Just simple substitution of z = & + & at eq. (E.132) gives Z 11) ( =£1+€2) = 0. So,
Q has no pole at z = & + &o.

— 1+
3. Z——§1+TT

ZM2 is non-zero at z = —&; + HT . We checked
lim  O5(&+2) 257 =0, (E.150)

Z%*£1+HTT

which means the residue of Z(Olg?;)’2 at z:—El—i—HTT is zero so that @ is finite at

Zz—fl—i-l—i%.
b
4. z =427
Since ZM? is non-zero at z = “5T, we just need to show limzﬁ% 91(2z)288)’2 =0.
We checked
0(3),2
Z _1}155_11)7 01(22)2()% =0 (E.151)

for a,b = 0,1. This shows the residue of 7932 ot 5 — “ngT is zero, which means @

(11)
is finite at z = % for a,b =0, 1.

We checked that @) has no pole so that @) is a doubly periodic entire function of z and
it is independent of z by the theorem. Then, we can evaluate

Q(z) = lim Q(2) = (E.152)

z—0

which means Z(Olg?)’)’z = ZM2,

To summarize we checked analytically that

0(3),2 0(3).2 _ ,0(3)2 _ ,0(3)2 _ »M_2
209 = 205 = 2097 = 2097 = 7 (E.153)
which gives
74,80(3),2 _ Z(%(()?;)’Q — M2 (E.154)
1
A,04(3),2 0(3),2 0(3),2 0(3)2 3),2 M,2
7A4,04(3) §(Z(oo> + 2007 + 2007 + 205 ) — 927 (E.155)
1
A0-(3)2 _ L  50(3),2 0(3),2 0(3),2 0(3),2) _ »M2
z (2097 + 2002 + 200 + 20)7) = 22, (E.156)
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E.7 SO(4),04(4) theories with 3 fundamentals

Using the Jacobi theta function’s relations we can get

2¢ N N N
_ 1|1 6 01(a=22) 01 (6a=2) | TT 02lba=22) b2(a—2) | T folbe=22) fs(6a—2)
412 1 01(504"_'2) 01(504) =1 92(504"1‘2) 02(60&) el 03(§D¢+Z) 03(50)

«

N N

H (€0 —22) 0a(€a—2) | 01(260—2) 61(260+2) H 01(6p—Ea—22) 01(Ea+Ep—2)
L 0,(6atz)  0a(60) — 01(2¢4) 01(2§a+2z)6¢ 01({p—Ea)  01(CatEs+2)
N

01(260—2) 01(263—2) 01 (Ea+E5—2) 01 (&, — §x z) 01(&+6x—2)
+ZZ 01(26a)  01(265) 01(Eat+Estz) H H 01 (& — 01 (&4 +8€x)

a=1fB#«a Y#o,B A=a,p
2 N
N1l [ 61(2) 01 (260 —22)
(=1 2<el(2z>> [175,Ge (E157)
O(4),N
Z10)

:1§:el(zga—z) 0, 61(65—6a—2) 1(6at&5—2)
4 01(280) 02(2) 01(€s—6a)  01(at&p)

a=1 B#a

01(6a)  02(a) 91(55—2)92(§B—Z)+(_1)N+1 03(6a)  0a(8a) 03(s —2) 0a(§s—2)
91(fa+2)92(§a+2)6#a 01(6s)  02(&p) 93(fa+z)94(€a+z)ﬁ#a 03(s)  04(&p)

1 6:(2) 02(2) y 01(§a—2z) Qz(fa—z N+1 H 03(6a—22) 04(6a—2)
461(22) 62(22) - 91(§a+z) 02(&a) O3(a+z)  0i(la)
02 {a 01 fa Z N+1 04 fa*22 03 fa Z)
+H 0o €a+z 01(&a) H 01(8at2)  03(&a) ) (E.158)
O(4),N
Z (01

N
_1 1(26a—2) 04 01(8p —Ea—2) 01(§at8s—2)
4; 1(26a) O4(z [# 01(s—8a)  01(SatEp) X

a

01(8a)  0a(8a) 01(€ﬂ*2)04(§ﬁ*2)+(_1)N+1 02(8a) _ 03(8a) 02(8p—2) 03(6s—2)
91(§a+z)94(§a+2’)ﬂ¢a 01(&s)  0a(Ep) 92(§a+z)93(€a+2)ﬂ¢a 02(&5)  0s(&p)

N
1 61(2) 04(2) % 01(Ea—22) 94(§a—z N+1 H 02(Ea—22) O3(Ea—2)
- 91(£a+2) 94(504 02 £a+z 03 ga)

94 §a—22 91 fa Z N+1 93 {a—QZ 02 fa Z)
+H Oa(Catz) 0a(6a) H b5(6atz) O2(6a) ) (E.159)

— 56 —



(1)

N
l 2£<¥_Z 3 91(§ﬁ—§a—z) 01(£a+53_z)
4 g 2€a 93 ﬁ;ﬁa 01 (5B_£a) 01 (ga +€B) %

01(6a)  03(a) 91(&3—2)93(&3—2)+(_1)N+1 02(6a)  0a(&a) 02(8s —2) 0a(§s—2)
91(€a+2)93(§a+2)6#a 01(&s)  03(&p) 92(&14-2)'94(€a+?«')5;”é 02(&s)  0a(&p)

(o7

_1 91(2) 93(2) % N ol(fa—Zz) Qg(ga—z N+1 H 02 ga_zz 94 éa_z)
4 01(22) 03(22) 91(§a+z) 05(Ea) Ba(€atz)  0a(en)
03 ga 91 §a—2 N+1 04 §o¢_2Z 92 ga Z)
+H 03 €a+z 01 "Sa H 94 £a+2 02 ga) ) (E160)

0(4)3 _ M,
E7.1 Zgy =~ = ZM3

Consider Q(z) = Z Ooﬁ) 3 /ZM3. Tt can be easily checked that Q(z) is a doubly periodic
function under z — z + 1,z — z + 7. Again, we check that Q(z) has no pole. There could

be potential poles at z = —£,+ ‘H'bT ‘”‘bT —£0—E3,8a+E8, 28, for a # 5,a,b =0, 1. Since
Q(z) is symmetric under &, <> 55, we only need to check for z = =& + “*bT ‘”bT —& —

§2,81 +&2,261.
1. z2=-& + M

0(4),3
(00)

this point. So, it’s sufficient to check that the residue of Z((())((;)L)’S at this point is zero
to show @Q(z) has no pole. We checked

ZM,3

The potential divergence at this point comes from Z since is nonzero at

. 0(4),3
lim 0;(&1+ 2)Z =0 (E.161)
zﬁffﬁr# (00)

for (a,b,7) = (0,0,1),(1,0,2),(0,1,4),(1,1,3) which means the residue of Z(%g;)’g

z2=—& + “‘;bT is zero for a,b = 0,1 so that Q(z) has no pole at z = =& + %.

at

2. z= —“H’T
0(4),3

By the same reason, it’s sufficient to check that the residue of Z( 00) at this point is
zero to show Q(z) has no pole.

0(4).3
lim 75 =1 (E.162)

. . 0(4),3
1% zEI%nJre 91 (2z) Z(OO)

 Oa(c)? & 92<sa—>91<ea—2e> 201 (Ea—€) Ba(Ea—2¢)
[ H ) )

e—>0 491 (26) 01 (504) +0£‘[1 01 (5&"‘6) 02 (601

—2€)  1r 01(ba—€) O5(Ea—26) | 1 1o 01(260—2¢)
g irrems oy }‘ 11 ]




where we used 0;(€q + €) ~ 0;(q) + €0(Ea) for i = 1,2,3,4 to see the square bracket
is order of O(€?).

/ 3 /
mifeenn () b-an (i) oo
a=1i=1 a=1i=1 e

~ O(e?). (E.164)

Similarly,

94(6)2 C 1 94(&2 )91 § 93 fa—ﬁ 92 fa—QE)
[8{H94(§a+6 01 ( H93 (bate)  Ba2(8a)

S 02(Ca—e) 03(€a—26) 1y 01(Ea—€) Ba(Ea—2¢) | 1 P 01 (260 —2¢)
+£[102<£a+e> 03(¢a) +Eel(§a+e) 0a(Ea) —§H 01(2€a)
=0 (E.165)
0(4),3

1 17 05(6a—) 01(6a—26) | 17 Oa(€a—e) (€ —2¢)
8{H9(£a+6) 91(504) +};‘[194(5a+€) 0( )
i

5(Ea—26)  1x 02(€a—e) 04(€a—26) | 1 vy 01(260—2€)
93(501) +H92(§a+€) 94(504) }21—[ 9(2504) ]
1

where ¢ = e4mi(&t€2ts3¢) Qo the residue of 70W3 ot 5 = “+bT is zero for a,b=0,1

(00)
. _ atb
which means Q(z) has no pole at z = “%.

2= — &
0(4),3

By the same reason, it’s sufficient to check that the residue of Z(OO) at this point is
zero to show Q(z) has no pole. We checked

0(4),3

zalfiglfgg (fl =+ 52 + Z) (00) = 0. (E.167)
So, the residue of Z(O(()))’ at z = —& — & is zero which means ((z) has no pole at
z ==& —&.
2=+ 8&

The divergence at this point comes from ZI%” and the order of divergence of it is

— 51 7=£,—5 S© that we only need to check that Z 00) |Z —¢1+6 = 0 to show Q(z) has no
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pole at here.
2 4
(4),3 01(&1+&2) 01(614+8&2—E€3) 01(261+262—E3) ]
ZOO) ‘Z &1+ — (01(2§1+2£2)> {91(§1+£2+£3) 91(53) +z_;(91 Hez)}

2
101(§1+82—283) 61(§14+82+283) 1( 01(61+&2) ) 01(281 4262 —2€3)
)

T 026) G626 126) 2\ 626126 61 (265)

2
1 01(&14¢2) 1 1 »
2\ 601(261+282) (026304)2 01(2€3)01(261+2824283)

[61()0(€)05(€)04(€)-61(£)82.(n)B5 ()0 ()
+

0
01(€)02(n)03(&)04(£)-01(n)02(&)03(n)04(n)
+61(£)02(£)03(1)04(€) -01(1)02(1)03(£)04(n)
1@%@%@Mn%M®W%W&@]
01(&1+&2) >2 1(261 4282 —283)

01(261+2¢2) 01(2¢3)

01(61+&2) ’ 01(2£)01(2n) _ 01(26+28 —263)
01(261+262) 01(2€3)01 (2614282 +283) 01(2€3)

~0. (E.168)

where we set n =& + & — &3 and € = &1 + & + &3. This result shows that Q(z) has
no pole at z = &1 + &o.

. Z:2§1

The divergence at this point comes from Z]bg and the order of divergence of it is

ﬁ so that we only need to check that Z((())gl) 3|z 2¢; = 0 to show Q(2) has no pole.

0]
Z( ()3 ’z 261

2
_ 160028 01(281 —&2)01 (461 —&2) 61 (261 —€3)01 (461 —&3)
8 (91(4&1)) [{ 01(2£1462)01(&2) 01(2614+€3)01(&3) +Z 01 0; }

46 —26) 91(451253)] C101(26—&—¢&3) {2‘91(251252) 01 (26 —2€3)

01(262) 01(263) 4 61(261+82+83) 61(262) 61(2¢3)

01(261—282) 01(261+282) 01(4&1+862—83)  01(261—283) 01(261+283) 01(4&1 —§2+E3)
01(282)  01(461+28)  01(E2—Es) 01(283)  01(461428)  01(La—&3)

(E.169)

We define a function of 2£; that is doubly periodic by dividing Z(OO[(;;)’?’| 2=2¢, With the
first term in the second curly brackets.

01(261+2+E3)  01(282)  01(2&3)
01(261—E2—E€3) 01(261—262) 01(261-263)

O K
Pioo)(261) = Z(Ug;) %) sy X (E.170)
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We will show P(gg) = 0 by checking that it has no pole. The potential pole points
are 261 = 2,6 + &3, —&4 + %,% for a« = 2,3 and a,b = 0,1 and only o = 2
will be checked since Py is symmetric under 3 <> §3. We checked

2 e, 01(2&1 — 2&2) Poo) = 0, (E.171)

where we used the eq. (E.168) with & — &,

li 01(261—E9—&3) P, =0 E.172
e, 0 1(261—62-¢3) Poo) ( )
lim  6;(2614¢2)Pgg) = 0 (E.173)
26 ——E&+ 2T
lim 91(451) (00) =0 (E174)
26 _>a+b7'

for (a,b,7) = (0,0,1),(1,0,2),(0,1,4),(1,1,3) and a,b = 0,1. We used eq. (E.163)-
eq. (E.166) with changing z — 2¢;.

Eq. (E.171)~(E.174) show the residues of P)(2&1) at the all potential poles are zero
so that P (2€1) is a doubly periodic entire function of 2£;. So, we have

Poo) (261) = 22%0 Poo)(261) = 0. (E.175)

s Toing 01(261+8+E€3)  61(2€2) 61(2¢3)
Multiplying 91(25 fz gg) 91(2151 2262) 01(2151 32£3) we have Z(oo) |z 2¢, = 0 except for a

point 2§, = —&5 —&3. Smce the residue of Z(og) )3 |2=2¢, at 21 = —&2 — &3 is zero(from

the eq. (E.175)), Z( ] 2—2¢, is continuous at this point. So, we finally have
Zio) le=2, =0 (E.176)
for all 2&;. This result shows that Q(z) has no pole at z = 2&;.

We checked that () has no pole. So, ) is a doubly periodic entire function of z and it

is independent of z by the theorem. Then, we can easily evaluate

which means Z (

Q(z) = lim Q(2) = (E.177)

z2—0

0(4),3 M,
w) =Z 3,
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0(4),3 _ M,
B.72 Z0W° = zM3

Consider Q(z) = Zgg;)’?’ /ZM-3 which is a doubly periodic function under z — z + 1,z —
z + 7. Again, we check that Q(z) has no pole. There are many potential poles: z =
&0 + %, @;’T,i + ang,fa + &5,2¢, for a # fB,a,b = 0,1. Since Q(z) is symmetric

under &, <+ &3, we only need to check for z = —¢& + 9T a4bT Ly adbT gy 46y 9¢).

1. Z:*§1+%

0(4),3 )
(4) and ZM3 is nonzero at

(10)
this point. So, it’s sufficient to check that the residue of Z(Ol((;;)’

to show @Q(z) has no pole. We checked

The potential divergence at this point comes from Z

3 at this point iz zero

0(4),3

lim  0;(¢ +2)2°W3 = ¢ (E.178)
o per (10)
where (a,b,i7) = (0,0,1),(1,0,2),(0,1,4),(1,1,3). So, the residue of Z(Olgi)’?’ at z =
&+ % is zero for a,b = 0,1 which means @(z) has no pole at z = —& + %.

__ a+br
2. z=%557

By the same reason, it’s sufficient to check that the residue of Z(J\l/[d? at this point is

zero to show (z) has no pole. We checked

0(4),3 _

lim 61(22) 21" = 0 (E.179)

a+bt
2T

for a,b,= 0,1. So, the residue of Z(Ol((ﬁ)’g at z = % is zero which means @Q(z) has

no pole at z = %.

_ 1 a+br
3. z=7+%5

O(4),

(10) ® at this point is

By the same reason, it’s sufficient to check that the residue of Z
zero to show Q(z) has no pole. We checked

0(4),3 _

lim  6(22)Z =0. (E.180)

1, atb (10)
2=+

So, the residue of 288%3

nopoleatz:i—i—%.

at z = i—i— % is zero for a,b = 0,1 which means Q(z) has

4. z2=86+&

The divergence at this point comes from % and the order of divergence of it is

2_51_& so that we only need to check that Zg((ﬁ)’g

2=t14+6 = 0 to show Q(z) has
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no pole.

ZO

|Z =£1+& —

01(263—2)01(263+2)  01(2)02(2) [ 02(§3—22)01(§3—2)
201 (2{3)91(2{34-22) 491(22)92(22’) 92(§3+Z)91 (fg)

01(&3—22)02(§3—2) N 03(§3—22)04(§3—2) n 04(§3—22)03(§3—2)
01(§3+2)02(&3) 03(&3+2)04(&3) 04(&3+2)05(&3)

_ 01(26—2)01(285+2)  02(0304)
201(263)01(2634+22)  802(22)

94(2§3+Z)94(253 —Z>93(22’)03 —93(2§3+Z>93(2§3 —2)04<2Z)04
01(&3+2)02(E3+2)03(E3+2)04(E3+2)01(£3)02(£3)03(€3)04(E3)

_ 91 (253 — 2)91 (253 +z)
291 (253)91 (2{3 +2z)

_ 94(2§3+Z>94(2§3 —2)93<22’)(93 —93(2§3+2)93(2§3 —2)04(22)94
2(91(253)91(253—1—22)9292(22)

_ 01 (253 —2)91(2534-2) B 01 (253—1—2’)(9291(253 —Z>92(22’)
264 (2{3)91(2{34-22) 291(2{3)91(2{34—22)9292(22)
~0. (E.181)

This result shows that @(z) has no pole at z = & + &o.

LR = 251
The divergence at this point comes from
so that we only need to check that Z

1
2—2&1

VA

|Z 261

_ 101(2¢
40, (461)

ZMB and the order of divergence of it is
(0104 P 2¢, = 0 to show Q(z) has no pole.

10:1(262—261) 62 91(53—52—251)91(524-53—251)X

A 0026) 0:026) 01(G-E)0(&atE)
(_91(52)92(52)91(§3—2§1)92(§3—2§1) +93(52)94(52)93(53—251)94(53—251)>

01(624261)02(624-261)01(€3)02(E3)  O3(E2+281)04(E2+281)03(83)04(E3)

+(& < &3)

1 61(261)02(261) 01(Ea—4£1)02(E0—261) O3(Ea —461)04(Ea —261)
02 (4 <_ H +H

(461) 01(6a+2£1)02(Ea) 03(Ea+281)04(Ea)

a=2

02(Ea—481)01(Ea—281) 04(Ea —461)03(Ea—261)
H 92(5&"‘251 91 fa +H 04 §a+251 03 ga) ) (E182)

a=2

We define a function of 2£; that is doubly periodic by multiplying Z 10) ‘z 26, by

appropriate factor as

Puoy(261) =

| 02 (§2+E3+281)
=2 X 01(281 — &2 —E3)01 (261 —262)01 (261 —263)°

4)3

(E.183)

We will show P10y = 0 by checking that it has no pole. The potential pole points
=&+ 3,260, —&o + 4B, AT L AT for ¢ = 2,3 and a,b = 0,1 and only

are 2&;
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a = 2 will be checked since P(1g) is symmetric under & <> {3. We checked

li 01(261—€2—€3) P19y = 0 E.184

251_1>T5121+§3 1(261—62-€3) (10) ( )

lim 01(251—252) (10) :0, (E185)
261282

where we used the result of eq. (E.181),

2§1H*§2+a+lﬁ
251_>a+b7'
lim  09(481)Pg) =0 (E.188)
2£1Hi+a~gbr

for (a,b,7) = (0,0,1),(1,0,2),(0,1,4),(1,1,3) and a,b = 0,1. Those are basically the
same calculations that we did from eq. (E.178) to eq. (E.180). Thus we proved P
is a doubly periodic entire function of 2&;.

P(lo)(Qfl) = 22&0 P(w)(2§1) =0. (E189)
. . 0 0 — 0 — ,3
Multiplying 1(2&{?{22(;2?2;23 126 253), we have Z(lé)) = 0 except for a
point 261 = 5 — & — &3. Since the residue of Z(l(())) B, _oe, at 26 = % — & — &3 is zero,
Z(Olgl) 3| 2=2¢, 1s continuous at this point. So, we finally have
285 lemae, = 0 (E.190)

for all 2¢;. This result shows that Q(z) has no pole at z = 2¢;.

We checked that () has no pole. Since @) is a doubly periodic entire function of z and
it is independent of z by the theorem. Then, we can easily evaluate

Q(z) = lim Q(2) = (E.191)

z2—0

0(4),3 _ — gM3

which means Z (10)

0(4)3 _ oM,
E73 Zg =~ =2zM?

Consider Q(z) = Z((())g)) /ZM:3 which is a doubly periodic function under z — z + 1,z —
z + 7. Again, we check that @(z) has no pole. There are many probable poles: z =
—&a + %QI’T, %,i + anbT,ﬁa +&5,28, for a # B,a,b = 0,1. Since Q(z) is symmetric

under &, < &3, we only need to check for z = —¢& + @HT atbrT T4 bt £ 4 £, 0¢).
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_ +b
1. Z——fl—i-%

The divergence at this point comes from Z(%%)’B and ZM3 is nonzero at this point.
So, it’s sufficient to check that the residue of Z(%%)’g at this point iz zero to show

Q(z) has no pole. We checked
lim 0i(& +2) 20" =0 (E.192)

_ atbr
z—=—61+%5

for (a,b,i) = (0,0,1),(1,0,2),(0,1,4),(1,1,3). So the residue of Z(Ooﬁ)’?’ at z =

&1+ % is zero for a,b = 0,1 which means @Q(z) has no pole at z = —&; + %.
2. z = athr

2
By the same reason, it’s sufficient to check that the residue of Z(J\gl’;’ at this point is

zero to show (z) has no pole. We checked
0(4)3 _

lim, 61(22) ()" = 0 (E.193)
2T
for a,b,= 0,1. So, the residue of Z(OO%)’:S at z = % is zero which means @Q(z) has

no pole at z = %.

_ T a+br
3. z= 1+ 57

O(4),

By the same reason, it’s sufficient to check that the residue of Z(01) % at this point is

zero to show Q(z) has no pole. We checked
lim  04(22)7

T atbr
=g +=—5—

0(4)3 _
oy =0. (E.194)

So the residue of Z(OOS)’?) at z = 7+ % is zero for a,b = 0,1 which means Q(z) has

nopoleatZZE—l—#.

4. z2=86+&

The divergence at this point comes from ﬁ and the order of divergence of it is

z—{}—& so that we only need to check that Z(%%)’3|Z:§1+§2 =0 to show Q(z) has no pole.

Z

O(4),3| _91(253—Z)91(2£3+Z)_ 91(z)94(z) 91(53—2z)94(£3—z)
(01) 12=8148& = 90, (263)0, (265 +22)  461(22)04(22) \  01(Es+2)04(Es)

+

02(£3—22)05(§3—2) | 04(§3—22)01(&3—2) 93(53—22)92(53—Z)>
02(£3+2)03(&3) 04(&3+2)01(&3) 03(§3+2)02(&3)
_ (26 —2)01 (26 +2) | 01(2)0a(2)
201 (263)01 (263 122)  461(22)0a(22)
201 (€3 —5)02(€3—5)03(§3 — 5)04(§3— 5)01(263+2)02(2)05(2)04(22)
01(§3+2)02(€3+2)03(E3+2)04(§3+2)01(€3)02(€3)03(€3)04(E3)
_ 01(263—2)01(263+2)  01(2)---04(2)01(263+2)01(§3—3) -+ 0a(Es—3)
©201(263)01(2634+22)  201(22)01(E3+2) - 04(E3+2)01(E3) -+ - 0a(Es)
_ 01(26-2)01(26+2)  01(265+2)01 (285 —2)
201 (2€3)61 (2£3+2z) 2601 (2£3+2z)01(2£3)
_o. (E.195)

This result shows that @(z) has no pole at z = & + &.
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9. 22251

The divergence at this point comes from Zfl‘“ and the order of divergence of it is

— 26 so that we only need to check that Z((())YL) 3|z 2¢; = 0 to show Q(z) has no pole.

ZO@).3

1(262—261) 64 1(53—52—251)91(524-53—251)X
(01)

10
1 01(262)  04(2&1) 01(£3—E2)01(§2+&3)

( 01(£2)04(£2)01 (63 —261)04(E3 —261) 02(62)93(52)92(53251)93(532&))
_|_

01(82+261)04(€2+261)01(€3)04(83) ~ 02(§2+2£1)05(§2+2€1)02(€3)03(E3)
(&2 &3)

1 ‘91(251)94(251) ‘91(€a—4fl 94 fa—Qfl 92 fa—4€1 93 fa—Qfl)
16,0260 (161) (-H +H

(4&1) 01(Ea+2£1)04(8a) O2(a+261)05(Ea)

a=2

_ 94(504*451 01 éa 261 93 fa 4§1 6'2 6[17251)
H 04 (8a~+2€1)01(8a) +H 03 (€a+261)02(E) ) (E.196)

a=2

We define a function of 2¢; that is doubly periodic by multiplying z9 01) |z 2¢, by
appropriate factor as

04(E2+E3+261)
01(261 —62—63)01(261—262)01 (261 —283)

We will show P(1) = 0 by checking that it has no pole. The potential pole points
are 281 = & + &3, 260, —&o + 5T, T 4 DT for o = 2,3 and a,b = 0,1 and only
a = 2 will be checked since P(01) is symmetmc under & <> 3. We checked

O b
Py (261) = Z(OS) %] m2e, X (E.197)

26, ngl 6 1(261—62—€3) Pon) ( )
lim  601(26—2&) Py =0 £.199
2&1 2%, 1(2 1—2 2) (01) ) ( )

where we used the result of eq. (E.195),

261%*§2+$b'r
lim  61(461)Po1y =0 (E.201)
25 _>a+b7
hHl 4(4&1)P(01) =0 (E202)

b
26151 4 atbT

for (a,b,7) = (0,0,1),(1,0,2),(0,1,4),(1,1,3) and a,b = 0,1. Those are basically the
same calculations that we did from eq. (E.192) to eq. (E.194). So we proved P is
a doubly periodic entire function of 2&;.

P (26) = 22%0 Po1)(261) = 0. (E.203)
Multiplying 91(2&1{2_%1%2?2;2_2391(251_253), we have Z(1o) |z 2¢, = 0 except for a

point 261 = T — & — &3. Since the residue of Z |Z —9¢, at 2§ = § — & — &3 is zero,
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0(4),3

Zo1)

|2—2¢, is continuous at this point. So, we finally have

Zion P emae, =0 (E.204)
for all 2¢;. This result shows that Q(z) has no pole at z = 2¢;.

We checked that @ has no pole. Hence @ is a doubly periodic entire function of z and
it is independent of z by the theorem. Then we can easily evaluate

Q(z) = lim Q(z) =1 (E.205)

0(4),3 — gM3

which means Z (o1)

E7.4 Z(()? = zM3
Consider Q(z) = Z(Olg4)’3 /ZM:3 which is a doubly periodic function under z — z + 1,z —
z + 7. Again, we check that Q(z) has no pole. There are potential poles at z = —&, +
inT, "‘EbT, LfTT + a’+bT,£a +&3,28, for a # ,a,b = 0,1. Since Q(z) is symmetric under
§a €3, we only need to check for z = —&; + “‘H’T “‘;bT, IIT %,& + &9, 267

1. Z:—fl—i—ﬂ

The divergence at this point comes from Z(O(A;) 3 and ZM-3 is nonzero at this point.

So, it’s sufficient to check that the residue of Z( (Zi) 3 at this point iz zero to show
Q(z) has no pole. We checked

lim i +2) 20" =0 (E.206)

z—>—§1+%
for (a,b,7) = (0,0,1),(1,0,2),(0,1,4),(1,1,3). So the residue of Z O3 ot 2 =

(11)
=&+ # is zero for a,b = 0,1 which means Q(z) has no pole at z = —&; + %.

_ a+tbr
2. z =557

By the same reason, it’s sufficient to check that the residue of Z(]\fl‘? at this point is
zero to show Q(z) has no pole. We checked

lim  6(22)20W? = 0 (E.207)

z—yatbr a+bT (11)

for a,b,= 0,1. So the residue of Z O3 ot 2 = @ is zero which means Q(z) has

(11)
_ atb
no pole at z = 5°-.

_ 147 a+bt
3. z=+ 55

0(4),3

By the same reason, it’s sufficient to check that the residue of Z( 1) at this point is
zero to show Q(z) has no pole. We checked

lim 05(22)Z 04).3

PN 1+T+a-;b7‘ (11)

= 0. (E.208)

Thus the residue of Z(lg))’ at z = 4T+ “+2b7 is zero for a,b = 0, 1 which means Q(z)
has no pole at z = 147 4 aEbT.
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4. z2=86+6&

The divergence at this point comes from Zﬂlm and the order of divergence of it is

Z_gi_& so that we only need to check that z9 11) |Z e1+¢6 = 0 to show Q(z) has
no pole.

Z

0(1).3, 01(283—2)01(283+2)  01(2)05(2) [ 61(£3—22)05(&3—2)
(1) 1#=6482 T 90, (26,)01 (263 +22)  401(22)03(22) \  01(Es+2)03(Es)

02(&3+2)04(&3) 03(§3+2)01(&3) 04(&3+2)02(&3)

_ 0126 —2)01(265+2) | 0i(2)05(2)

201 (2€3)01(2€3+22) 461(22)03(2z)

201 (€3 —5)02(€3—5)03(63 — 5)04(§3— 5)01(263+2)02(2)04(2)03(22)

01(&3+2)02(&5+2)05(§3+2)04(§3+2)01(€3)02(€3)03(§3)04(E3)

_ 01(26—2)01(283+2)  01(2)---04(2)01(283+2)01(§3—5) - 0a(Es—F)
201(263)01(283422)  201(22)01(E3+2) - 04(E3+2)01(E3) - - 0a(Ea)
_ 01(26—2)01(26+2)  01(26+2)01(263—2)

201(265)01 (265 +22) 2601 (265122)01(263)

=0. (E.209)

0a(65—22)0a(65—2) | 03(65—22)01(E5—2) e4<53—2z>92<£3—z>>

This result shows that Q(z) has no pole at z = & + &o.

9. 22251

The divergence at this point comes from ZM3 and the order of divergence of it is

271251 so that we only need to check that Z814 3|Z 2¢, = 0 to show Q(z) has no pole.

o4

1(262—261) 03 01(63—62—261)01(E2+E3—261)
11) |z 26 = X

191 252 93 251) 91(53—52)91(52"'53)

10
Z( 1
( 61(£2)03(£2)01 (€3 —281)05 (€3 —2£1) 92(62)94(52)92(53251)94(53251))
+

01(82+281)03(E2+261)01(€3)05(83)  02(§2+281)04(§2+2€1)02(€3)04(E3)
(&2 &3)

1601(2£1)03(261) 01(§a —4£1)03(6a —261) 02(Ea —4£1)04(Ea —261)
40,(4€1)05(4¢ ( H +H

3
3(4€1) 01(Ea+2£1)03(Ea) 02(Ea+281)04(Ea)

a=2

01 (£a+2€1 91 ga 04 £a+2£1 62(§Q)

71—[ 03(Ea—4€1)01(Ea —281) +H 04 (80 —4£1)05( 50‘_2&))_ (E.210)

We define a function of 2¢; that is doubly periodic by multiplying Z 11) |z 2¢, by
appropriate factor as

03(§2+E€3+261)
01(281 — &2 —E3)01 (261 —262)01 (261 —283)°

We will show P(;1) = 0 by checking that it has no pole. The potential pole points
are 261 = & + &, 260, —€a + ©5T, G5, HT + 45T for a = 2,3 and a,b = 0,1 and

O )
Pu1)(261) = Zug) 3|z:2£1 X

(E.211)
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only a = 2 will be checked since F(q1) is symmetric under £ <> §3. We checked

li 01(261—69—E3) P11y =0 E.212

e, 1 1(26—62-€3) Py ( )

lim 91(251 252) —0, (E213)
261282

where we used the result of eq. (E.209),

21— —Ea+ 04T
lim  61(461)Py1y =0 (E.215)
261_>a+b7

1 b
gglﬁ%JrﬁTf

for (a,b,7) = (0,0,1),(1,0,2),(0,1,4),(1,1,3) and a,b = 0,1. Those are basically the
same calculations that we did from eq. (E.206) to eq. (E.208). So, we proved Py is
a doubly periodic entire function of 2&;.

P, 261) = lim P, 261) = 0. E.217
(11)(261) i (11)(261) ( )
. . — — 3
Multiplying 01(251_52—522%2%;2361(251 253), we have Z(lg)) = 0 except for a
point 2&; = 1+T — & — &3. Since the residue of Z ]Z 2¢, at 261 = 1‘2” — & — &3
is zero, Z( g)) is continuous at this point. So, we finally have

O
2880 ae, = 0 (E218)
for all 2¢;. This result shows that Q(z) has no pole at z = 2¢;.

We checked that @ has no pole. Hence @ is a doubly periodic entire function of z and
it is independent of z by the theorem. Then we can easily evaluate

Q(z) = lim Q(z) = (E.219)
z—0
which means 28%)’3 = ZM3,
Thus we proved analytically
0(4),3 0(4),3 0(4),3 0(4),3 M,3
Z(oo) Z(10) Z(01) Z(u) =7 (E.220)
so that we have
7AS0(4),3 Z(OES)S — M3 (E.221)
1
A,04(4)3 _ 0(4),3 0(4),3 0(4),3 0(4)3) _ M3
7404 (4)3 _ §(Z(oo) + 2057 4 20 4 20 ) — 97 (E.222)
1
A,0_(4),3 _ 0(4),3 0(4),3 0(4),3 0(4),3\ _ M3
ZA0- 3 = (Z(OO) —Z00% - 20—z ) = —ZM3, (E.223)
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