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1 Introduction

It is believed that in the QCD vacuum the strong interactions of gluons and quarks in-
duce spontaneous breaking of chiral symmetry SU(Nf)g x SU(Ng), — SU(Ng)y when
the number of massless Dirac fermions Ny is below the conformal window. The quantum
fluctuations of the gauge fields in the broken phase manifest themselves in characteristic
spectral fluctuations of the Dirac operator in the microscopic domain [1], which can be
exactly reproduced by a zero-dimensional matrix model with the same global symmetries
as QCD known as chiral random matrix theory [2-4]. We refer to [5-9] for reviews.

In three-dimensional spacetime, whether the symmetry of fermions is dynamically
broken or not has remained a matter of debate for decades [10-12]. Three-dimensional
gauge theories are of distinguished importance in various contexts, ranging from domain
walls and surface (boundary) states in four dimensions to quantum Hall effects, graphene,
spin liquids and high-temperature superconductivity [13-17]. Part of this rich physics
stems from the existence of a Chern-Simons term. In three-dimensional QED (QEDs3)
the interplay of a Chern-Simons term and fermionic symmetry breaking was investigated



in [18-24]. A consensus from these studies is that dynamical symmetry breaking is generally
suppressed by a Chern-Simons term, because photons acquire a gauge-invariant mass term
which in turn quenches quantum fluctuations. However, recent lattice simulations [25-27]
report that dynamical mass generation of fermions does not occur in QED3 with two two-
component Dirac fermions even in the absence of a Chern-Simons term (see also [28, 29]
for studies on QED3 with a single Dirac fermion).

In contrast, in three-dimensional QCD (QCD3) with an even number 2Nt of massless
two-component flavors and without a Chern-Simons term, dynamical symmetry breaking'

U(2N;) — U(N;) x U(Np) (1.1)

is believed to take place through fermion bilinear condensation when Nt is below a certain
threshold [31-33]. The fermion condensate has been observed in quenched lattice sim-
ulations [34, 35]. A non-chiral matrix model corresponding to (1.1) is also known [36];
see [37—46] for further developments. However, not much is known about QCD3 at nonzero
Chern-Simons level k.? This is partly due to the sign problem that makes a direct lattice
simulation prohibitively hard. Recently, it was argued [48] that there is a finite window of
N in which a novel symmetry breaking

U@RN;) = UN; + k) x UN; — k) for k| < N; (1.2)

occurs. New boson-fermion dualities describing the transition region of (1.2) were also
proposed [48]. While a proof is not available yet, this conjecture passes nontrivial tests such
as the matching of symmetries and anomalies, and consistency under mass deformations.
Related discussions can be found in [49, 50].

In this paper, we propose a new random matrix model that realizes the symmetry
breaking scenario (1.2).> This is made possible through a judicious choice of a non-Gaussian
weight for matrix elements in which k enters as a parameter. We show that in the large- N
limit with N the matrix size, the model reduces to a sigma model with a target space of the
complex Grassmannian U(2Ny)/[U(N¢ + k) x U(N; — k)]. When k is varied there occurs a
sequence of first order phase transitions that separate phases with different complex Grass-
mannians. By solving the model we delineate the structure of the Dirac operator spectrum
that underlies the exotic symmetry breaking (1.2). Under the assumption that (1.2) in-
deed characterizes the vacuum of QCD3 with a Chern-Simons term, our approach offers
an entirely new way to probe the interplay of strongly coupled fermion dynamics and a
topological term within a tractable framework.

This paper is organized as follows. In section 2 we define the model and derive key
properties. The partition function of the model is computed and the phase structure
as a function of k and the fermion mass is investigated. Section 3 is devoted to the

'A Vafa-Witten-type argument [30] shows that the U(N¢) x U(N¢) symmetry is unbroken. Here we
assume that fermions are in a complex representation of the gauge group.

2 As is well known, non-Abelian gauge invariance forces the Chern-Simons coefficient to be quantized [47].
Here we label it as k € Z.

3To avoid confusion we note that the approach of the present paper is unrelated to Chern-Simons matrix
models in [51-55], where the dynamics of fermions was not the main focus.



spectral functions that are first derived at finite matrix dimension N. As k grows the
spectral density evolves from a smooth semicircle to a distorted complex oscillatory form. In
addition, we compute the large- N microscopic limit of the spectral density in the quenched
and unquenched ensemble. The details of the calculations to get these results are given in
appendix A. Concluding remarks are made in section 4.

2 Random matrix model

We introduce three new random matrix models labeled by the Dyson index 8 in subsec-
tion 2.1. They are associated with QCDj3 in the presence of a Chern-Simons term with
fermions transforming in a complex/pseudoreal/real (8 = 2/1/4) representation of the
gauge group, respectively. The class 8 = 2 comprises quarks in the fundamental represen-
tation of SU(NNV;) with N. > 3; 8 = 1 includes quarks in the fundamental representation
of USp(N,) (here, N, must be even);* and 8 = 4 corresponds to quarks in the adjoint
representation of SU(N,)® and in the vector representation of SO(N,). In subsection 2.2
we give a discussion on the renormalization of the Chern-Simons term due to the dynamical
quarks that are related to the n-invariant.

Each of the above three random matrix models produces a universal non-linear sigma
model that is derived in detail for 8 = 2 in subsection 2.3. As in the case of three
dimensional QCD, the model experiences a phase transition from one to another sigma
model due to the Chern-Simons-like term. In subsection 2.4 we show how the mechanism
works in general, and in subsection 2.5 we illustrate our findings by studying the two-flavor
case for f = 2. Therein, we also present finite results for the partition function at finite
matrix dimension.

2.1 Partition function of our model

The partition functions of our model are defined by

2N¢
_ N
zP=2 = /dA exp [Og(TrA — 2ik)? — 5 Tr AQ} I det (GA+mysin), (2.1)
f=1
2N¢
751 = / dA’ exp [al(Tr A’ — 2ik)? — N'Tr A’ﬂ [ det (i + mysiy) . (2.2)
f=1

2N

— N
7P=1 = /dA” exp [C?(Tr A" — 2ik)* — 0 TrA"Q] H \/det (A" +mslon), (2.3)
f=1

where A is a complex hermitian N x N matrix, A’ is a real symmetric N x N matrix, and
A" is a self-dual N x N matrix whose elements are real quaternions.® The measures dA,

4Our convention is such that USp(2) = SU(2).

SThere is an argument against spontaneous symmetry breaking in large-N. QCDj3; with adjoint
fermions [56].

5The matrix size N is not equal to the number of colors in QCDj3. It replaces the dimension of the Hilbert
space that is the product of the space-time volume, number of colors and spinor dimension (dimension of
the gauge group representation).



dA” and dA” are the corresponding Lebesgue measures, in particular the products of the
differentials of the real independent matrix entries. The square root of the determinants
for g =4, see (2.3), is exact and may be implemented as a Pfaffian determinant,

\/det (1A” + mf]lQN) = Pf[(—io2 ® 1n) (iA” + mf]lgN)]. (2.4)

The masses are gathered in the diagonal matrix M = diag(my, ..., man;).

The positive constant ag determines the effective strength of the “Chern-Simons”
coupling. Starting with section 2.5 it will be chosen

N
YT NT4AN/B+1

1. (2.5)

In sections 2.3 and 2.4 the detailed form of ag is irrelevant apart from the convergence
requirements of the integrals and, thence, remain unspecified therein. Indeed the integra-
bility of the variable Tr A is guaranteed when a1 < 1, ag < 1 and a4 < 2, which is satisfied
by eq. (2.5).

In eq. (2.3) A" is regarded as a complex 2N x 2N matrix, using (lg,io,) as the
quaternion basis. Note that all matrices are square, reflecting the absence of topological
zero modes in 2 + 1 dimensions. The real parameter k corresponds to the Chern-Simons
level, and 2N represents the number of two-component Dirac fermions for 8 = 1,2 and of
two-component Majorana fermions for § = 4. The case of an odd number of flavors will
not be considered in this paper. We expect that the mechanism described below should
work similar to the even number of flavors case though their is a significant difference; the
Goldstone manifold is disconnected for an odd number of flavors [36, 41, 42].

The models (2.1), (2.2) and (2.3) differ from the conventional random matrix models
for QCD3 [36, 41, 42] by the presence of the squared trace term in the exponent.” At
k # 0, the latter makes the statistical weight complex-valued, just as the Chern-Simons
term does in Euclidean QCD3 causing the infamous “sign problem”. It is not problematic
for us because we can still solve the matrix models exactly without recourse to numerical
simulations. Our motivation to include a squared trace term is that this deformation
changes the pattern of flavor symmetry breaking. The microscopic large-N limit [2, 3]
makes this more lucid. For this purpose, we take N — oo and my — 0 with my = Nmy
and k fixed.® If N is identified with the volume of space-time, this limit is equivalent to
the leading order of the e-expansion in chiral perturbation theory [1, 64], in which the
partition function reduces to a non-linear sigma model of static Nambu-Goldstone modes.
If k € Z with |k| < N¢, one can show for the partition functions (2.1), (2.2) and (2.3) in

TA squared trace term was first also introduced in matrix models in [57] with application to 2D quan-
tum gravity, see also [58-62]. Additionally, they appear in random matrix theories for the Wilson Dirac
operator [63].

8This limit should not be confused with the large-N,. limit in gauge theory. We keep the number of
colors N, in QCDs finite throughout our work.



the microscopic limit reduce to

ZP=2 ~ /du(U) exp [TrUTALUM], (2.6)
U(2N¢)
ZP=1 / du(U) exp [Tr U diag(Ag, —Ap)U diag(M, —M)] (2.7)
USp(4Ny)
254 / du(0) exp [T OTALOM] , (2.8)
O(2Ny)
where M = diag(my, ..., man,) and
Ay, = diag (Ln;4x » —Lnp—k) - (2.9)

The Haar measure of the respective groups are denoted by du. This result is derived in
subsection 2.3.

Effectively we do not integrate over the whole group but a coset. These cosets are the
Goldstone manifolds and reflect the patterns of flavor symmetry breaking in the “chiral”
limit given by

2: U(2Ng) = U(Ng + k) x U(Ng — k),
1:  USp(4N;) — USp(2(N¢ + k)) x USp(2(N¢ — k)), (2.10)
4 O(2Nf) — O(Nf + k‘) X O(Nf — k‘)

™ @
I

yielding 2(N? — k?), 4(N# — k?) and N? — k? Nambu-Goldstone modes, respectively. When
k = 0, we regain the usual symmetry breaking patterns proposed for parity-invariant QEDg
and QCDg3 with no Chern-Simons term [10, 12, 31, 36, 41, 42, 44, 46]. This agreement is
nontrivial because the partition functions (2.1), (2.2) and (2.3) are different from those
in [36, 41, 42] even at k = 0 due to the squared trace term. It highlights the universality of
the large-N limit. When k # 0, the symmetry breaking schemes (2.10) coincide with the
generalizations proposed recently [48] for QCD3 with a Chern-Simons term at level k.

In (2.6), (2.7) and (2.8) we omitted overall multiplicative factors, which are all pro-

portional to (—1)NF,

Therefore choosing even N is mandatory to ensure positivity of
the partition function, although the overall normalization of Z does not affect physical

expectation values.

2.2 Chern-Simons term and 7n-invariant

The parameter k is not the only source of the Chern-Simons-level as we will show for the
Dyson index § = 2. For M — 0 the phase of the fermion determinant also contributes by
the n invariant n(A) = Zjvzl sign();), see [65-68], as follows

IN;

M|—0 . .
TT det(iA +mygiy) """ | det A[2NseinNe Sl sieny), (2.11)
F=1



—a,=0.1,N=100
—adp=1,N=1000
—ap=1,N=100
—a,=10,N=1000

a,=10,N=100
—a,;=100, N=1000
—ad,—0

Qsign(r)

Figure 1. Distribution psign () of the ratio r = Tr A/ Trsign(A) for k = 0 and Ny = 0 generated by
Monte Carlo simulations. The matrix size N is chosen to be one of the two values N = 100 (bright
solid histograms) and N = 1000 (dark dashed histograms) and the parameter ag = 1 —as/N takes
three values with the ratios a/N = 107! (green), az/N = 1072 (red), and a3 /N = 1073 (blue). The
ensemble size varies because we omitted those configurations with r = oo, i.e. Trsign(A4) = 0. The
number of these configurations decreases according to /as/N. The limit as/N — 0 (the physical
case) becomes a Dirac delta distribution at » = 7/2 (black vertical line). Since the histograms with
fixed quotient @ /N agree almost perfectly, they are barely distinguishable, we are save to assume
that the plots show the limiting large N behavior.

This can be combined with the imaginary part of the first term in the exponent of eq. (2.1),
which can be written as

N
N>1,|1— <1
—2ikayTrA R ik S sign(y). (2.12)
=1

This approximation can be seen by considering the integral (2.1) for k¥ = 0 which gives a
quenched approximation for Tr A. The integral can be rewritten as

Z8=2 _ C/dA/daj e_wﬁ_%ﬂm_‘mﬂvy. (2.13)

For the physically interesting limit of @ = 1 — O(1/N), we have that = ~ O(v/N), so
that Tr A fluctuates with a magnitude of O(1/v/N), which is much larger than the average
level spacing of O(1/N). These fluctuations are collective, meaning that all eigenvalues of
A move up and down with z in the same way. Therefore, starting with a configuration
with an equal number of eigenvalues on the left and right of zero, a fluctuation where k
eigenvalues move to the right changes Tr A by

0Tr A= NEAX (2.14)
and A\ = w/N the level spacing so that
NANk = 7k, (2.15)

The sum of the sign of the eigenvalues changes by

4] Z sign\; = 2k. (2.16)



This results in the ratio

Soosign); Y, dsign; T2

which is the desired relation (2.12). This relation (2.12) has also been checked numerically,
see figure 1, where the distribution of the ratio r = Z;Vﬂ Aj/ijzl sign(\;) has been
generated with Monte Carlo simulations.

2ihi 20N T (2.17)

Summarizing, the phase of the fermion determinant renormalizes the bare Chern-

Simons level as

— mikyn(A) = —mi(k — Ne)n(A). (2.18)

Therefore, the action occurs as in three-dimensional QCD, see eq. (1.4) in [48].Y We will
see in the ensuing discussion that the pattern of chiral symmetry breaking does not depend
on ag, as long as the integrals are convergent, which is certainly the case for any value of
ag < N/(N+4Nt/B) < 1. The slightly smaller bound than 1 avoids that the integral over
TrA does not diverge (this can be seen after splitting A into its trace and a traceless part).

2.3 Derivation of the sigma model at large N

The derivations of the partitions functions (2.6), (2.7) and (2.8) are similar, and we, there-
fore, outline only the 8 = 2 class here. The procedure follows standard steps [2, 69]. First
we linearize the squared trace term at the expense of a new Gaussian integral over an
auxiliary variable x and, afterwards, shift A — A — 21y to eliminate the linear term in A.
This makes it clear that the partition function of our model is nothing but a reweighted
integral of the ordinary Gaussian matrix model'”

_ N o0 N21—as _ _
ZP=2 = m/@dx exp [—2 - 2%+ 2iNkz| Zy N, (M —iz), (2.19)
N 2N¢
Zn N (M —iz) = /dA exp {—QTr A2] I det [iA+ (my — iz)Ly] . (2.20)
f=1

Upon rewriting the determinant in terms of Grassmann variables,

- - N —_a .y o b
det [i + (my — iz)Ly] = J A dyy expl—3 g Tlff(ZA:Vr (WZZ al$)ﬂN)ab¢f], (2.21)
J dippdio g exp[— -, wfwf]

one can easily integrate out g,

N%j2 N o0 N?1l-qa
=2 _oNy2 (T / q A e I I e 2.22
(N) s ) P T Ty ke (2.22)

| dwdBexpl- S0, SN B (M — i) v+ 7 (Sal U7) (Kl 6y U)/ (2N)]
Jdvdyexpl= Yo, 7Y ]

9The relation between the number of flavors Nf in [48] and our choice Ny is Nf = 2Ns.
9Matrix models having a similar structure were studied in [70-73].



The quartic term in the fermions can be brought into bilinear form by means of the
Hubbard-Stratonovich transformation. For this purpose we introduce an auxiliary Hermi-
tian 2Ny x 2Nf matrices H. This allows to integrate out the Grassmann variables leading
to the result

7B=2 _ o(N=2Np)/2 <7T)(N24Nf2)/2 N (2.23)

N V2o

o0 N?21-— N
x/ dx exp [—20‘%2 +2¢ka] /dH exp [— 2TrH2} det™ (H — iz lon, + M).
Q2

After shifting H — H + ixlon, via analytic deformation of the contours, we perform the
z-integral for which we need the stricter bound as < N/(N + 2N¢). Then, we obtain

2 2 ~
=2 _ o(v-2np)/2 (T \WAND/2 Jan
27 =2 () o

—0o0

(2.24)
X /dH exp [— g&g(TrH —2k)% — ];[TTHQ] det™ (H + M)
with 1 1
— =N—22 _9N; >0 (2.25)
a9 a9

This is the finite N result that is still exact without any approximations. When employing
the choice (2.5) the parameter s simplifies, i.e., &2 = 1. In the following we keep s fixed.

Let us consider the large-N limit with M = NM fixed. The integral is dominated
by saddle point manifolds and fluctuations around them. When diagonalizing H = UTAU
with a real diagonal matrix A = diag(\1,..., An;), the saddle-point equation in the chiral
limit M = 0 reads

| 9 ‘ C~Jé2 2N¢ 2 1 2N¢ ) )

0= aTnSA with Sy = 2<;)\i - 2k:) + §Z(Ai —log \?)

=1 (2.26)

1 2N;
— M—An—&g(;ki—2k> for n=1,---,2Nt.
In general, there are multiple real solutions to this equation. However, we look for the
minimum of the real part of Sy which is achieved for A = Ay, cf. eq. (2.9), when k € Z
with |k| < N¢. Indeed, the lower bound to the real part is

~ 2N¢ 2 2N¢ ~ 2N¢
1 F2>0 1
Re Sy = 0;2<§ A,-—Qk;) +5 :<2A?—log])\i|> = :(2)\?—10g])\i|> > Np (2.27)
=1 =1 i=1

which is saturated only by Aj and permutation of its diagonal elements. The second
inequality follows from the fact that A\?/2 — log|)\;| is a concave function with its two
minimums at \; = 1. The fluctuations about Ay give an overall constant, that comprises
the sign (—1)V* from detV Ay, and can be incorporated exactly. As a result we obtain to
first order in M,
I
772 ~ /du(U) det™ <HN+ UTAkNUM> ~ /du(U) exp [Tr(UALUTM)]. (2.28)
U(2Ny) U(2Ng)



where we exploited that A,:l = Ay because k is an integer, cf. (2.9). This result holds
regardless of the value of as as long as as is fixed. The latter implies that 1 — ayg is
of the order 1/N. The proper normalization of this partition function is computed in
appendix A.2.

The result (2.28) realizes the symmetry breaking pattern (2.10) for the 8 = 2 class. The
integration for U is effectively over the coset U(2Nt)/[U(N¢+k) x U(Nf—k)]. This modified
symmetry breaking pattern is evidently enforced by the squared trace term in (2.24).
The idea of using squared trace terms to constrain the symmetry realization is similar to
the squared trace deformation in Polyakov-loop models [74-76]. The symmetry breaking
patterns for 5 =1 and 4 in (2.10) are realized by the same mechanism.

Spectral sum rules for the eigenvalues of the Dirac operator can be derived by matching
the quark mass expansion of the effective finite-volume partition function (2.28) with that
of the partition function in QCDg3. They have already been obtained in eq. (5.17) of [77]
for general k from a mathematical perspective. Adapting [77] to our convention, we obtain

1 — k?) 1\? 1 — 4k2
(T2), 7% (55),-wawn (T2)), -t e

for a few low order sum-rules. Here {i(,} are the Dirac eigenvalues rescaled by the average
level spacing with ¢, € R, while (---); denotes the average with respect to the QCDs3
action with a Chern-Simons term at level k. These sum-rules are a direct consequence of
the pattern of spontaneous symmetry breaking and are independent of the specific details
of the random matrix model.

2.4 Phase transitions at non-integer k

As the symmetry breaking pattern changes when k is shifted with unit increment, there

must be a phase transition at non-integer values of k for |k| < N¢.'! To determine the

locus of phase transitions, we have to solve the 2N; coupled saddle point equations (2.26).
In the first step we consider

~  ,2Ng
_
Ao =—— ( > - Qk) (2.30)

as the (2N¢ + 1)’st variable. Then, the equations (2.26) for A1, ..., Aan; decouple and can
be solved in terms of the auxiliary variable Ag, yielding

Ao =AXo+ Ly /A3 +1 (2.31)

with L, = +1 a sign which is not fixed yet. The sum of these signs is denoted by 2k;, =
Z2Nf L;, which plays the role of 2k for a non-integer k. To obtain the solution for Ao, we
sum over all n in (2.31) and find

2N¢

20
An—2k—— = 2NgAg + 2k /A3 + 1. 2.32
nz: G tAo + 2kr, + ( )

"Note that k in the matrix model can be varied continuously even though k in QCDs is quantized to

integers.



Ny | o, L2 23] [3.4]  [45] [56]
052770  — — — — —
0.50551 1.51674  — — — —
0.50237 1.50713 2.51194  — — —
0.50132 1.50396 2.50661 3.50927  — —
0.50084 1.50252 2.50420 3.50589 4.50759 ~ —
0.50058 1.50175 2.50291 3.50408 4.50525 5.50642

T == W N +— O

Table 1. Location of first-order phase transitions in each interval of k for the Dyson index 8 = 2
and the choice a3 = 1, in particular we have chosen eq. (2.5) for the “Chern-Simons” coupling as.
The critical point in the interval [Ny, Nf + 1] is obtained by solving (2.35) for N + ¢ with e — 0.

This equation has a unique real solution, because the right hand side plus 2Xg/az is strictly
monotonically increasing. The unique solution is

o kN 1) b/ (Ne+ 1/G2)2 + K2 — K o)
" (Ni+1/a2)% — k7 ' ‘

Summarizing, equations (2.31) and (2.33) yield all 22t saddle points. The solutions
only depend on the still free integer k; = —N, ..., Ny. The solutions for a fixed k; are

2N
! degenerate. The real part of the action Sy for a fixed k; is
Nt + kp,

2N;

2
Re[sikL)] _ 52)\3 +Z {;(Ao + Liy/ A2+ 1) —log‘/\o + Lizn/ A3 +1 ‘}
=1
- 2<Nf+ (;2>A3+2kLAm/A3+ 1 —2]<:L10g‘)\0 /241 ‘ + N

This quantity has to be minimized in the integer k; = —N¢,..., Ng.

(2.34)

When k is an integer with |k| < N, (2.34) has a unique minimum at k; = k when
Ao = 0. Note that this minimum is completely independent of Ny and ay. Thus the
discussion is valid for any number of flavors. The N; and as dependence enters the game
when we studying the phase transition point with a real-valued k. Then we have to compare
the actions Sl(xm) and S/(\m) with the floor function |.| and the ceiling function [.] yielding
the largest integer smaller than or equal to k£ and the smallest integer larger than or equal
to k, respectively. The phase transition then happens when

Re[S{H)] = Re[5{"V]. (2.35)
This is a transcendental equation in k which always has one solution in each interval [, j+1]

with j = =N, —Ny+1,..., Ny — 1. The change of S/(\ij) to S/(\W) obviously exhibits a kink
in the parameter k;. Therefore these phase transitions are of first order.

~10 -



Phase transition points for general N; are located symmetrically on the positive and
negative sides of the k axis, and hence it is sufficient to look for solutions to (2.35) for
k > 0. Table 1 is a summary for 1 < Ny < 5 with the Dyson index g = 2 and the “Chern-
Simons” coupling ag chosen as in (2.5). Only in the limit Ny — oo do the half integers
k =n+ % (n € Z) become the phase transition points. For a finite number of flavors we
get corrections, which can be computed via a large- Nt expansion of (2.35) and the solution
k=(n+1/2)372, ¢j/(Ng+1/a2). Assuming n = O(1), the corrected transition points are

L1 1 LT 1
24 (N; + 1/a9)% ' 1920 (N; + 1/ais)

1
k=1 -+ O((Ne + 1/a2)—6)] (n + 2) (2.36)
for n € Z. The residue O((N; 4+ 1/d2)~%) may depend on n, as well, though it seems to
be a very weak dependence.

2.5 Partition function at finite and large INV

In this section, we evaluate the partition function at finite N and use this result to derive
its large-N limit. This discussion serves two purposes. First and foremost, the finite N
results enable us to study the approach to the thermodynamic limit. Second, it provides
an independent consistency check of the large N result (2.28).

The partition function (2.19) is a one-parameter integral over a GUE partition function
with 2Ny flavors. The latter will be rewritten using the identity [78, 79],

[dA exp[—5 Tr A2 TTj, [det(\ 1y — A) det(uly — A)]
[ dA exp[—F Tr A2]

(2.37)
Cn,L

= = (V)
— AL(NAL() 1sda%tgL [KN-*‘L()‘aaﬂb)} :

where the integration is over hermitian N x N matrices, and we employ the notation Ay (.)

for the Vandermonde determinant with the exceptional case A; = 1. The kernel is given by
N N N N

PP ) = P ) P )

IC(.N) A, — _J j—1
¥ ( ) )ub) Aa _ Mb

, (2.38)

with the monic polynomials

N, .1 N
P )(S)ZWHZ(,/QS» (=0,1,2,... (2.39)

where Hy(z) = e (—8)! e~ are the Hermite polynomials. The polynomials PE(N)(S) sat-
isfy the orthogonality relation

o0 V2w m!
ds e N2 PN () PN (s) = b, B = YR (2.40)
—00 N™T3
and the normalization constant is given by
™ g N+L-1 "
SV [ I | A (2.41)
i=N
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In our case we have 2N flavors, each with its own mass m , so that we have no natural
splitting into two sets of masses. We choose \; =z +im; and p; =z +im; =z + My,
for j = 1,---, N¢. Applying (2.37) to the partition function (2.19), we obtain, up to an
irrelevant normalization,

Z’BZQN(—I)NfN/Ode exp[—N (Nf+%)x2+2i]\7kx] . [
—o0 A, (z+im)An, (z+im)  1<ab<N;

(_1)Nf(Nf_1)/2+NfN ood N L, .
Anc () Bnc(77) /_OO x exp [—N (Nf+2> x“+2iN x] (2.42)

Hy N, <\/§(x +z'ma)> Hy N1 <\/§($ +imb)>

ICme(:c+ iMg, T +imy)

x det - =
1<a,b<Ng i(mg—mp)
N L~ N .
HN+Nf <\ /5 (:c—l—zmb)) HN+Nf—1 <\ /5 (x+zma)>
B i(ma —mp) ’

where we used the translation symmetry and homogeneity of the Vandermonde determinant
A, (z+im) = Ay, (im) = iV Ne=D/2 Ay (m) and likewise for . The sign (—1)V results
from pulling a factor ¢ out of each determinant in (2.19).

In the simplest case k = 0, due to the Gaussian factor, the variable z scales as O(1/v/N)
while the masses m and m are of order O(1/N). When exploiting the asymptotic form,

Hn(t) ~ e/ cos KQN + ;) \/;Tv - ]\ﬂ (2.43)

at N > 1 and t = O(1), we obtain

Hy N, <\/§ (r+ ima)) Hy N1 (\/g (z + iﬁ%))

Fr—— (2.44)
_ N <\/§ (z+ imb)>HN+Nf1 (ﬁ @+ ima))  oNa?/2 SB[ (g — )]
i(ma — mp) Mg, — My '

Thereupon, the integral over x factorizes, and we are left with the simpler expression,

= (_1)Nf(Nf—1)/2+~NfN sinh[N(ma: )] | (2.45)
An,(m)An, (M)  1<a,b<Ng Mg — My
For a parity-invariant mass m = —m it coincides with the partition function obtained

previously [45, 46].
One can also obtain the result (2.45) from the low-energy limit of the partition function
given in (2.6) for k = 0. For this purpose we exploit the parameterization [80, 81]

cos® sin ®

Ut AU = diag(U], UY) ( ) diag(Uy, Us),

sin® cos ® (2.46)

with ® = diag(¢1, . ..,on;) € [0, 7] and Uy, Uy € U(Ny).
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2Nf'=2, my=mpy=m, N=500

0.7
06", * ]
\ 1
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=z 0.3 \W\\, ] "o
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k

Figure 2. The free energy for two flavors with equal mass in the chiral limit for varying N for zero
mass (left) and various masses for N = 100 (right). The value at k = 0 is subtracted for each N.
The spacing between curves in the right plot has been adjusted by hand for better visibility.

The measure is then

Ny
dp(U) ~ A?Vf (cos ®) H sin @ dp;du(Ur)du(Us), (2.47)
j=1
and the Lagrangian takes the form
TrU'AGUM = N(Tr U] cos ®Uym — Tr UJ cos ®Usin). (2.48)

The integrals over U; and Uy are each Harish-Chandra-Itzykson-Zuber integrals [82, 83],

deti<qp< N, [exp[Nmy cos py]
AN, (m)An; (cos @)

/@MmmwﬂﬁmmMMN (2.49)

and similar for m. The remaining integrals in

B=2 / ﬁ sin 5, deti<qp<n; [exp[Nmyg (Z)S o] detlgaj,ng [exp[—Nmy, cos @p)]
1 e (m) B ()
(2.50)
over ® can be performed with the Andréief identity [84] yielding (2.45).
Let us examine the simplest case of two flavors (2Ny = 2) with a U(2)-invariant mass
mi = mj = m. Then, eq. (2.42) simplifies to

Zing(mi k) ~ (—1)NINHL Nk ssm) 2 (2.51)

X /_Oodm e 3 cos (\/ﬁ(%’ + 3m)x) [HN+2(ZL')HN(IL') - HN+1(£L')2]

after substituting + — /2/Nx — im. This integral can be carried out with the help of a
formula in [85, section 7.374, eq. 9], with the result

N+1 Vi .

B=2 (. 1\ o—2NK2/3 3 ivV3N (2k+3m)
Zani=alrmiR) e ;::1(B—1)!(N+2—£)!(N+1—£)!H2N+22£< 6 ‘
(2.52)
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Figure 3. The mass dependence of the free energy for k = 0 for two flavors with mass (mq,ms) =
(m,m) (left) and the k dependence of the chiral condensate, X, for three different values of the
mass also for two flavors with equal mass.

This form is suited for fast numerical evaluation. Since Z(m;k) = Z(—m;—k), one may
assume m > 0 without loss of generality. The k& dependence of the partition function can
now be investigated via (2.52).

Figure 2 (left) displays the evolution of the free energy with N in the microscopic
limit. Evidently there are quite strong deviations from the large N limit even for rather
moderate matrix sizes like NV = 50 which usually yields close to perfect agreement for the
microscopic level density. As N grows, kinks appear that get sharper. They represent first
order transitions in the thermodynamical limit. The region around the origin is the flavor
symmetry broken phase U(2) — U(1) x U(1) with massless Nambu-Goldstone modes. The
other two regions are the symmetry-restored phases. The right plot of figure 2 illustrates
the shift of the phase transition points as a function of the masses that are of order O(1)
instead of O(1/N), and hence they are outside the microscopic domain. The two kinks
move towards negative k (positive k) for m > 0 (m < 0), respectively.

Figure 3 (left plot) shows the mass dependence of the free energy at k = 0, again at
an N independent mass, i.e., Nm > 1. The two pronounced kinks at m =~ 4+0.34 indicate
a strong first-order transition that corresponds to the passage of a kink over the origin
in the right plot of figure 2. The middle region corresponds to a symmetry-broken phase
with massless Nambu-Goldstone bosons'? whereas the outer regions are symmetric gapped
phases. Such phase transitions at nonzero masses were argued to exist in [48] and our
matrix model serves as a toy model for this phenomenon.

Finally, in figure 3 (right) we show the k dependence of the quark-antiquark condensate
defined as

1 0

for three different values of the mass, m; = ms =0, m; = my = 0.25 and m1 = mo = 0.75.

by

Hence, also in figure 3 we do not show the microscopic limit of the chiral condensate. The

12Note that the pions remain massless in the presence of flavor-symmetric fermion masses. This is
an important difference from four-dimensional QCD where the quark mass inevitably breaks the flavor
symmetry of quarks.
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masses are of order O(1) and not O(1/N). In the microscopic limit the two kinks are at
exactly the same position as in figure 2 (left). The condensate has still a discontinuity
at the values of k for which the free energy has a kink for masses which are of order
one. Yet, for increasing mass the kinks move to infinity, approximately as ~ %m, and the
quenched result is recovered for m — oo. For masses with opposite sign, m; = —msg, the
k-dependence of the free energy remains symmetric about zero, but the kinks move away

from zero, again like ~ %m for large m, so that for m — oo the quenched limit is recovered.

3 Spectral correlation functions

This section is mostly devoted to the level density, the quark-antiquark condensate and their
microscopic large-N limit, though in subsection 3.1 we also study all k-point correlation
functions at finite N. In this subsection we obtain an exact expression for the spectral
density at finite N. To illustrate what happens when N is increasing at fixed Chern-Simons
coupling k, we consider the quenched level density (Ny = 0) at finite N in subsection 3.2.
This result is amenable to a saddle point approximation which allows us to obtain the
microscopic limit of the spectral density (see section 3.3) defined as

R(\;k) = lim 1R<X- k) . (3.1)

For more flavors the microscopic limit can be derived much more easily from an ex-
pression where the spectral density is given by a ratio of an N¢+ 2 flavor partition function
and an Ny flavor partition function as is discussed in section 2.5. Starting from this result
we obtain in section 3.4 the microscopic spectral density for Ny flavors. In particular, we
will work out the one-flavor case in detail.

For Ny = 1 the partition function is given by the sum of three saddle points (see
section 2.4)

ZNi=1(m1,ma; k) = Zne=1k=—1(m1,ma; k) + Zn,=1,k,=0(m1, m2; k) + Znp=1,k,=1(m1, m2; k).
(3.2)
Because of the reweighted structure of the partition function, the spectral density is given by
N¢

Y Znemin (mismas k) Ryem, (G R)] (3.3)
[—

1
Zng=1(m1, ma; k)

R\ k) =

with the level density corresponding to the saddle point k; given by

(Zd =)

RNf:l,k)L (A’ k) = 7 P . (34)
Ne=1,kr,
Since the partition functions behave as
ZN=1 ey, ~ € e, (3.5)

where fi, is the free energy of the kr’th saddle point, we have that in the large-/V limit,
the spectral density is dominated by one saddle point (unless k is exactly at the phase
transition point). To derive the results of subsection 3.4, we make use of results obtained
in appendix A.
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3.1 General N at finite N

The matrix model approach gives us a way to investigate spectral fluctuations of the
Dirac operator in QCDj3. The simplest way to compute the n-point correlation func-
tions R(A1,...,Ap; M; k) of the matrix A in the ensemble (2.1) would be to make use of
the reweighted structure (2.19). If é()\l, .oy An; M 2) is the n-point spectral correlation
function of A for the GUE ensemble Zy n, (M — iz) with 2Ny flavors, we simply have

[ da e NWitg)a?+2iNke Z o (M —iz)R(A1, .., s M 2)

_ T\ 2229; .
[Zda e N(Ni+3)e? +2iNke z o 0 (M — i)

R(A1, ..., \; M k) ~

(3.6)
The spectral correlation functions corresponding to the partition function Zy n, (M — ix)
have been computed in [36, 37] for the massless case, and in [38, 39, 45, 46] for nonzero
masses with pairwise opposite signs. By substituting the results from [38, 39, 45, 46] into
R we obtain the spectral functions for our matrix model.
In this paper we only explicitly work out the one-point function (spectral density) for
arbitrary 2/Nf masses. Recalling the shift A — A — 1y, we get from (2.20)

2Nt
> 1
M) = 5 [ 44T 0 o= ) 3 [ et i+ (my i) 1]
N,N¢ -
2Ny N
(_1)NfN _NSN 42 .
NZN]\/(M/RNdalmdaN d(A+z—ay)e 2 2n=1 " A%(a) H H(an_(x+sz))
s IVE

f=1n=1

(—1)NeN o5 (Ata)? HQZ;&

I(A_imf) _N§N-1 2
— ZNN<M_Zx) /RN 1da1...daN_1e 2211:1 nA?V_l(a)
s4VE -

2N;

N-1
<[] [(an—x—)\)z [ (an- (x+7;mf))] . (3.7)
n=1 f=1

The remaining integral is nothing but the partition function of GUE with 2Ny 4+ 2 flavors.
Thus, it can be expressed as an integral over a hermitian (N — 1) x (N — 1) matrix B,

R VATOS )

~ (§
R(X; M) ~ (—1)Ne N

ZN,Nf (M — zx)
N 2N¢+2 (38)
2
x/dB e”2 B TT det[iB + (my — iz) Iy _1]
f=1
where we have defined m, Ny+1 = Man, 1o = —tA. This matrix integral can be computed

with the help of (2.37). In doing so, the degeneracy of m, Ne+1 and myp o must be lifted
slightly to avoid an apparent singularity in (2.37). Labeling

(Ky, - ’K/Nf7K/Nf+1) = (myq,- - ,me,—i)\),
(%17 T 7:‘%Nf7%Nf+l) = (mla e 7me7_i)‘ +6) - (me+17 U 7m2Nf7 —iA +5)7 (39)
e=0"
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and combining (2.37), (2.42), (3.6) and (3.8), the spectral density is finally obtained as

2N;
ROMik)~e™ 22 [ (A—imy) (3.10)
f=1
(—1)(Ng+1)N¢/2

—N[(Ng+1)a? —(2ik—X (N) . ~
A a1 J e e VDT = ERT N ety oy [’CN+Nf(f+Ma7$+mz>)}

x lim
e—0 (—1)Ne(Np—1)/2

AN (m)Apn, (M)

(~1)Nre BN

[ dze™™ [(We+§)a2-2ika] deti<ab<n; [’C%\Qm (x—&-ima,sc—kiﬁzb)]

~

[ da o~ NIV +D)a® —(2ik—N)a] ot . 1<bS Ny .
{ICN+Nf(x+/\7as+imb)} [OK] x4 n, (m+A)

1<b< Ng

N . . N .
{ICE\,QNf(a:+zma,x+zmb)}1§a§Nf {ICS\,JF)Nf (a:+zma,x+)\)}1<a<Nf]

I

[ dze™™ [(We+3)a2—20a] deti<ab<n; [’ngjr\:zzvf (a:—&-ima,:c—kiﬁ%)]

where we employ the notation

oKL 0) = Jim K 0h) = 7 |1 <\/§ 1)~ Huia <\/§ w) i (5 0)]
(3.11)

The overall normalization of R is fixed by f_ooéio)\ R(X\; M; k) = N. Equation (3.10) implies
that for real masses the complex conjugate of the level density acts as a reflection of the
spectrum, i.e.,
[R(X\; M k)] = R(—=\; M; k). (3.12)
Hence, Re [R(A; M, k)} is an even function of A\ while Im [R()\; M, k:)] is odd.
Another representation of the level density, which is convenient for the derivation of
the microscopic limit, is

(MmN N T
R(\; M k) = me*ﬁ [T+ my) (3.13)
f=1

[ dBexp[%(Tr B+ X — 2ik)? — § Tr BAT[3Y0 " det[iB + mply_1]
X
J dAexp[%(Tr A — 2ik)% — 5 Tr A2 [[}Y) det[iA + my1x]

This result is obtained by shifting back to A —+ A+ x2ly and B — B + zly_1 and then
integrating over x in the denominator as well as in the numerator. The normalization

follows from integration over A and combining this integral with the B-integral to the A-
integral in the denominator. We recall the value of ag = N/(N +2N;+1), cf. (2.5). Indeed
this result could be directly derived from the partition function (2.1), by setting one of the
eigenvalues of A equal to A.

When additionally shifting B — B + N1y_; with X' = A\/(2Nf + 2) in eq. (3.13), we
reduce the level density to a quotient of two almost identical partition functions,

N-1 2N; + 1)N N Gl
M) = (—1)NV-L T _7( f 2_5 ) .14
R\, M; k) =(-1) (N_l)!exp N £ D) A sz+1/~€)\ fl_ll(z)\—i-mf) (3.14)

[ dBexp[%(Tr B — 2ik)? — 5 Tr B?| T[22 det[iB + (my + i) Ly 1]
X .

J dAexp[% (Tr A — 2ik)? — § Tr A2 [T} det[iA + my1x]
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Figure 4. Quenched spectral density at kK = 0. It is an even function of A.

3.2 Quenched limit at finite N

In the quenched limit Ny = 0, equation (3.10) reduces to

R(X; k) Ne_g)\Q/ dy e NE=2R)(E=A) [H?v(\/gl") —Hy+ (\/?x)fbvl( ];]x)]

(3.15)
after shifting x — x — A. Using the orthogonality relations for the Hermite polynomials,
the normalization can be easily evaluated. The z integral may also be performed with the
help of the formula [85, section 7.374, eq. 9], leading to the result

R K) = N NeN(%—ik)z—%)\2+2Nk2

ON+1\[
3 22 N (3.16)
X ; L-1D(N+1-0Y(N — E)!H2N72£ (2()\ + 2zk)) .

Since Hon 9 is an even function, R(\; k) = R(—\; —k), and one can assume k > 0 without
loss of generality.

As can be seen from figure 4 for the quenched spectral density at k& = 0, in contrast
to the standard GUE, the oscillatory structure of the spectral density due to peaks of
individual eigenvalues is not present even for small N. This feature was also seen in other
one-parameter-reweighted ensembles [72, 73]. We expect that this feature will carry over
to three-dimensional QCD as well. This figure also shows that the large N-limit, given by
the semi-circle p(z) = /1 — (2/2)? /7, is already well-approximated for N = 100.

When increasing k for a fixed matrix dimension N, say N = 20, the spectral “density”
becomes complex-valued. We illustrate this in figure 5 where the real and imaginary parts
of the level density R(\;k) are shown. At nonzero k > 0, the semi-circle undergoes a
dramatic deformation of its shape. First, small oscillations at the two edges appear. They
even change the sign of the spectral density for small regions regardless of how small k is.
The amplitude of these oscillations grows with k. While keeping & below a threshold k.,
see the ensuing subsections, the oscillations die out around the origin and we can expect a
well-defined microscopic limit. Yet, when increasing k beyond k., the oscillations intensify
and move into the bulk of the spectrum, see figure 6, such that even there the spectral
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Figure 5. The real (left) and imaginary (right) part of the quenched spectral density for N = 20.
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Figure 6. The real part of the quenched spectral density for N = 20 at k = 0.7 and 1.

density does not remain strictly positive. The amplitudes of the oscillations grow rapidly
with k, even though the normalization condition [ dA R(\;k) = N is strictly satisfied. A
similar oscillation of the spectral density was also observed in matrix models for QCD at
nonzero chemical potential [8, 86-88] and for QCD with nonzero theta angle [89, 90].

The question is how this oscillatory behavior carries over to the large-/N limit while
keeping k fixed. Three things may happen. Either the oscillations do not reach the origin;
then we expect the universal results from GUE with a possible reweighting since the level
spacing is changing. Second, the oscillations reach the origin but are not strong enough to
make the microscopic limit ill-defined, in particular the amplitude does not grow with the
matrix dimension N. And third, the oscillations become so dominant that the microscopic
limit is not well-defined at the origin. The latter will usually happen at about k. ~ N¢+1/2

as we will see below.
3.3 Quenched microscopic large-N limit

The next task is to evaluate the microscopic limit of the quenched density (3.15) where
we evaluate its large-V limit at fixed A = AN. Incorporating the normalization factor, we
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Figure 7. r(N,z) and its large-N approximation (3.21) for N = 20.

write (3.15) as

1 N N o0 )
NGk = M = e;w/ do e NE2RENETS (N g), (37
where
N(N, k) = 2NN — 1)l 7 e 2NF (3.18)
and

r(N,z) = \/%N(;O) e 2 [H%,(ﬁ% —Hya (\/fx> Hy_ <\/§x>] , (3.19)

which is normalized as [ da (N, z) = 1. While 7(N, z) is similar to that of the Wigner-
Dyson ensemble, the N dependence is slightly different. However, for large N it also ap-
proaches a semi-circle. To obtain more quantitative results we use the uniform asymptotic
expansion of the Hermite polynomials [91]

INVNV/2 o—N/2 1

Hy(x) N2t \/§(<)2e)1/4 /2 cos [N{2 sin (2 arcsin (\/%V)) (3.20)
T

T 2N

+ arcsi < x ) T +1acs' ( T >
resin | —— | — — — arcsin
V2N 2 2 V2N
N/2 .—N/2
— 2(2N) / € / e.’L'2/2

N 22 x N <N+ 1> _ < x > N7

cos - = — Jarcsin (| —— | — —|,

(1_ﬁ>1/4 2 V2 2 vVON 2
2N

valid for |z| < v2N. For large N, we thus obtain

N1 1 1 2 1 cos[N(x\/l—’vj—2arccos§>]
- .

>
N ~
r(N,z) 4 7N 4— 52

(3.21)

In figure 7 we compare (3.19) and (3.21) for N = 20. The agreement is excellent except
near the edge of the semi-circle. Returning to the quenched density, it is comprised of two
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pieces
1 N>1 1
NR()\’ k) =~ NR

associated with the two terms in (3.21), where R (); k) corresponds to the semi-circle

@ (X k) + %R(b)()\; k), (3.22)

part and R®) (\;k) to the oscillatory part. The prefactor 1/N results from the scale on
which we want to zoom in about the origin.
To evaluate the first contribution at large N we note

N A\ N
— N(z —2ik)(z — \) + 53;2 = N(— 2k% + 2) - & (z = 2ik - N2, (3.23)

The saddle point can be approximated as x = 2ik since A = X/N , SO

~ oo ~ 2 2
iR(a)(A; k) = /Nesz2;fV/ Qg o N2 @3/ N+Ne2 1 [ 22 N31 VI+ R
N 27 oo T 4 m

(3.24)
The average over the oscillatory part can be evaluated as
~ 2 -
iR(b)()\,k) 1 esz?-QfV/ du o= N(@—2ik)(a—X/N)+ Y o2
N 7 V21N )
cos [N(x\/l — % — 2arccos %)}
X 12 (3.25)
N>l 1 o2NK? 2 da exp[N f4(2)] + exp[N f- ()] e(m—Qik)X' (3.26)
27V 27N —2 4 — 22

We have dropped the term exp[—N\2/2] since A ~ 1/N in the microscopic large-N limit.
Furthermore we introduced the function

2 2
fi(z) = —(x — 2ik)z + % :l:z'(:m/ 1-— % — 2 arccos ;) . (3.27)

For large N the integral can be evaluated with the saddle point method. Solving

2
f’i(x)z—x+2¢ki2m1—%=o (3.28)

{fﬁr(mc) =0, for k<O, k2 -1
=0,

yields the solutions

with z. =1 . (3.29)
fL(ze)

for k>0, k
To check this, we want to point out that

R ) [ RS

which forbids a saddle point of fy(x) for £ > 0 and of f_(z) for k < 0.
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Figure 8. Shown is the function 2k? + Re[f_ggn(k) (@c)]-

The saddle point expansion leads to

1 N>1 1 k2 k2 + 1~
—RO (X k)R — N (2k? : — i A
W RO0a) "B e e N + i) —
X /_Oodx exp [—H_W(:U — Zc) ]
1 k2 5 K1
= eeN (E L1 exp [N(2k: + fsign(k) (Tc)) — i ’ )\] . (3.31)
The explicit form of the function f_gen k) (7c) is given by
2 _
fsign(k)(Tc) = 1 — k? + 2arcsinh < 37 ) + sign(k)mi. (3.32)
To derive this intermediate result we used the identity
arccos(iz) = g — darcsinh(z) for x € R. (3.33)
Let us collect all results, so that the microscopic level density reads
1 N1 VIT+E2 (DN k2
—R(N k) = -
N " VBTN (K + 1) (3.34)
x exp |N 1+ k? 4 2arcsinh E —@X |
Xp resin 37 i— .

This indicates that the amplitude of the oscillation is controlled by the term 1 + k% +
2arcsinh[(k? — 1)/2|k|], which is shown in figure 8. The function changes sign at k = 4k,
with

00 1— k‘2
ke = / 0 [Qarcsinh ( T ) - 1} dk = 0.527697 - - , (3.35)
0

where O is the Heaviside step function. Thus, for N > 1, the amplitude of the oscillations
grows exponentially for |k| > k., but it dies out for |k| < k.. In the limit & — 0 we smoothly
recover the well-known microscopic spectral density of GUE, puic(A) = 1/, see [36]. It
is intriguing to note that the value of k. in eq. (3.35) coincides with the phase transition
point obtained from (2.35) in the limit Ny — +0. This observation is not surprising when

considering an alternative derivation given in the appendix A.3.

- 29 —



N=20, k=05 N=20, k=0.55

0.40 r
042}
0.38F !
— — 040}
~ = [
< 036] = o038}
& & [
2 o34 S o036}
—|= —|= [
032 0.34f
0.32}
0.30Ls ‘ ‘ ‘ ‘ ‘ L. . . . . ]
-03 -02 -01 00 01 02 03 -03 -02 -01 00 01 02 03
A A
N=20, k=0.7 N=20, k=1
15000+ [
4x10™+
10000F [
< 5000 X 2x10M;
= 0 = [
5 o 0
E -5000¢ E [
— = -10000F = - -2x10™;
-15000¢ _4x1014}
-20000¢ " ‘ ‘ ‘ ‘ ; LY . . e |
-0.3 -02 -01 0.0 01 02 03 -03-02-01 00 01 02 03

A A

Figure 9. Comparison of the real parts of the exact quenched density (3.16) (blue line) and its
asymptotic approximation (3.34) (red line).

In figure 9 we numerically compare (3.34) with the exact density (3.16) for various
k. In all cases they show good agreement in the region A ~ 1/N despite the relatively
small matrix dimension N = 20. When increasing N for |k| > k. the oscillations become
dominant; the amplitude grows exponentially, and a microscopic limit does not exist.

The quark-antiquark condensate in the quenched case can be readily calculated since
the microscopic spectral density is R(\;k) = v1+ k?/m. Hence, the quark-antiquark
condensate is equal to

XV = R()\ ¥ S AN = sign(m) V1 + k2. (3.36)
o PN

This result only holds for |k| < k..

3.4 Unquenched microscopic level density

To derive the microscopic level density with dynamical quarks, we start from eq. (3.14)
where we have to compute two kinds of partition functions. For this purpose, we first need

~ 93 -



to approximate the prefactor in eq. (3.14) which in the microscopic limit simplifies to

N-1 ON; + 1)N N gl
N _( A2 i kA i\
R A i s I To Ay "Nir1 [TGx+my)
/= (3.37)
N-3/2_ N Cex 2N ’
)V e T (A + i)

V2NN—1/2+2N;

We recall that in this limit AN = X and myN = my with A and my fixed in the limit
N — oo. The two partition functions in the numerator and denominator of (3.14) are
computed in detail in the appendix A with the aid of random matrix methods.

Let us briefly revisit the quenched density. To obtain this quantity we combine
egs. (A.3), (A.30) and (3.37), the latter two for Ny = 0, in (3.14). Since the partition
function Zn,—o = Zq is always in the trivial phase k;, = 0 for |k| < k. = 0.527697 and

M = —i)\/21,, we obtain

1 2Nk?2 — N(A\2 +)%)/2+ N ok
NR()\;M;k:)Nzlexp[ (A} +A2)/2+ N] /1+k2exp[i/w\2k>\]
s
(3.38)

Since Ay = k £ V1 + k? in the present case (see eq. (A.12) for the definition for arbitrary
Ny), we can simplify this expression to

N>1 V14 k2

™

1
NR()\;M;k‘) (3.39)
This is the leading order term in eq. (3.34). The oscillatory part which becomes dominant
for |k| > k. can be obtained from eq. (A.30) in the limit k;, — 1 instead of kz = 0. The
limit is important since some terms seem to diverge; nevertheless they cancel with other
terms that vanish so that one needs to employ I’Hospital’s rule several times.

In the case of dynamical quarks, we collect the terms in egs. (A.18), (A.30) and (3.37)
and find

2k;,
2
L pouariky N2 CD Vet ko)l (Ne— k)l VD R =R~k Ny
N 2r  (2Ng+1)!(2N¢)! \/(Nf+1)2+k2_k%+k Ni+1—kp
2N;+1
(Nf+1)\/(Nf+1)2+k'2—k‘%—k’k‘L f i )Xsz ~
2 ST A— i 3.40
: (Ni+1)> k2 ¢ 11O —imy) (3.40)
f=1
fU(2N 12) dﬂ(U) e~ Tr Ut diag(A- 1y 114k) At ]leH,kL)Udiag(ml,...,mng,—i/)\\,—i/)\\)
f
fU(QN ) dM(U) e—TI‘UWL diag()\,]le_HcL,/\+11Nf_kL)Udiag(fﬁh...,ﬁmng)
f
Now, we combine the saddle point solutions A+ into
- (Nt + 1)/ (Ny +1)2 + k2 — k2 — kkyg,
= v = (3.41)

2 (Nt +1)2 — k%
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and their sum, and we perform the two Harish-Chandra-Itzykson-Zuber integrals [82, 83]
in (3.40) which yields the simplification

2kr,
2
iR()\.M.k) N1 (—1)ke+1 \/(Nf+1)2+k2—kL—k Ne+1+kr (3.42)
N 2m VN 124 k2 - gk VTR
det (wime) @ Lewme (—in)a_le_i‘”X (a—1-— z'(,uX)(—Z'UJX)“_%_’AWX
€ ~ -~ e ~ ~ N
oot | e poteom] (APt | (0 14 h)(iwh -2
’@C&Nf t

X

1<a<Ni+kp
1<b< Ne—ky,
1<c<2N;

~ Ya—1 _ wme
[T2Y% (A — iwing)  det !((‘”m") ‘ ]

w,r/ﬁc)b—l e~ Wi

Thence, the density for k;, = 0 is essentially the one with no Chern-Simons term. Interest-
ingly, at the phase transition points the sign of the level density jumps. Especially in the
case of k being an integer, the result reduces to

| e (iR e (- 1= iR (i) e
(S R ) - ) ) VA
1<a<Ne+ 14k | mb=le=me | (—iX)0=leX | (b= 14iN)(—iN)0~2e
1 v (1 SN
RN Mi k)R Soda,
N ’ ’ 2 2N /O ma—leﬁc
Y Goim) _det | 7

<a<Ni+k | po—1le—Te

1<b<N¢—k c

1<c<2N:

(3.43)
Here, we want to underline as before that we assume that |k| is smaller than a critical
value k. > Ny + 1/2. Above this value, the microscopic level density is governed by the
oscillations as in the unquenched system, and a microscopic limit does not exist. The
corresponding oscillatory part can be obtained by choosing k;, = Nf in eq. (A.18) and
kr, = N¢ + 1 in eq. (A.30). The amplitude will again grow exponentially with N. The
critical value k. for a fixed number of flavors 2Ny can be obtained from (2.35) by comparing
|k] = N¢ and [k] = Nf + 1.
Finally we want to present the result for two flavors (2N¢ = 2). For the phase k;, = 0,
the level density is equal to

1 i —1a) _sinho(7s -+ ) sy 3

L R, mgi ) B2 (14 M=) _sinble( 1 id)]sinblw (7o +12)

N ™ sinhw(my —m2)] w2(A—imy)(A—ima)
:wpilﬁfﬁ(w:\\;wﬁu,wﬁm;k:m (3.44)

with w = /1 + k2 /4, cf. eq. (3.41), and piﬁféﬁ(k = 0) being the microscopic level density
without a Chern-Simons term. Interestingly, the whole spectrum is only rescaled by the
factor w, in particular the mean level spacing is not anymore = but 7/w. We recall that |k|

has to be smaller than the critical value of 0.50551 ..., see table 1. When m; = —ms =m

— 95—



&
I
—_—

Re[R]/(Nw)
S
2
3 >:, 4
2‘ .
Im[R]/(Nw)

R/(Nw)
SO O
— bt W

S
>\
>=
> =

0 5 10 15

Figure 10. Microscopic level density for two flavors, 2Ny = 2, at the masses Nm; = —Nmg = 0
(blue solid curves) and at Nm; = —Nmgy = 1.5 (red dashed curves). The left plot shows the level
density in the phase k;, = 0, see (3.45), which is the standard situation without or very weak
|k| < 0.50551... Chern-Simons term. In particular the level density is real and positive. The
middle and right plot represent the real and imaginary part of the microscopic level density in the
phase k, = 1, cf., eq. (3.49). Since only the normalization constant in front of the level density
changes with & inside this phase (note the unfolding with w), we have chosen k = 1. We recall that
the imaginary part is an odd function around the origin while the real part is an even function.

the density is evidently real

1 N>l W 2w | sinhfw (@ + iN)][2
—Ron;=2(A;myp = —ma = my; k) = 1— — — | [,\( — i
N m sinh[20m]  W2(A2 + m2) (3.45)

= wpfrﬁfcf (w}\\; wm; 0).

It is shown in the left plot of figure 10 for two different quark masses. When taking
the masses to infinity m — oo the quarks decouple and we recover the quenched case
pmic(A) = 1/7 as expected.

The corresponding quark-antiquark condensates for m = mq = Mo and m = my =
—Me are in this phase equal to

— 19 B=2 . _ 10 —(Ax+2A)m| )\Jr + A
XV = Q% 10g Z2Nf:2(m, m; ]’C, kL = 0) 587 log [6 i| = 77 (346)
and
10 B=2 ,~  ~ 10 sinh[2wm] w 1
YV =—-—logZ —m; =0)=-—1 = - —
V=5 5m 198 Zang=a (M =i ko b = 0) = 5 57 log [ i tanh[2wm]  2m’
(3.47)
respectively.
In the nontrivial phase k7, = 1 (the case k;, = —1 is very similar), the level density has
the form
1 N>1 9w (V3+k2—k i 1
~Rong=2(Asma,mes k) & — | (——— 5 +—=
N ( ) ™ <v3+k2+k> 2 [ —imyq) w()\—iﬁbg)]
—w( M) —2iwh [N _ 5 3
+€ (Al 2)/\ /)\\— m o (M1 —iiz) _ w w(Mg—imy) > (3.48)
w(ml - m2) A — iMma A — img
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Figure 11. The k dependence of the condensate in the limit of zero quark masses. The exact
result (blue curve) and microscopic result (red curve) have been obtained from the partition func-
tions (2.52) and (A.18), for N = 400 and m; = mg = 1074, respectively. Note that the two curves
completely overlap. The black curve represents the analytical result (3.51).

with w = (23 + k? — k)/3 [cf. eq. (3.41)]. This spectral density has always a non-trivial
imaginary part even when we set m; = —mo = m in which case it simplifies to

2 N
1 N1 9w (V3+E2—k <1 ) W
w?(

v = mme =mik) =S\ e SRR
2032 _ 72) sinhPwi] . ~ N . '
4+ W (f\\ ) Sm [ ijm] 6—22w)\ — 3 AW)‘ Cosh[2wm]e—21w)\) .
W22 4 m2)  2win W2 (N2 + 2)

From these results we can read off several things. First of all, the level density exhibits
complex oscillations in the phase kr = 1, cf., middle and right plot in figure 10, which
also holds for any |kz| > 0 phase when considering even more flavors. Additionally, the
amplitude of these oscillations grows exponentially in the quark masses. Therefore, we
cannot expect that the quenched limit exists in this phase; especially the reduction of the
number of flavors does not work anymore. Finally, the change from one phase to another,
say kr — kr + 1, drastically changes the microscopic spectral density. There is not a
smooth transition of the microscopic level densities in the various phases and it completely
breaks down when |k| crosses a critical k., see discussion above.

The quark-antiquark condensate as a function of k£ readily follows from the partition
function which for 2Ny has three components

Zyn o (i, g ke, ki = 1) + Zhn (i, sk, ki = 0) + Zoy (i, s b, by = —1).
(3.50)
The explicit expressions are given in eq. (A.18). In the thermodynamic limit only one of the
three components contributes to the condensate depending on the value of k. For my = mo
the integrand in eq. (A.19) does not depend on U resulting in a pure exponential mass
dependence. In the microscopic limit, we thus find a mass independent chiral condensate
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given by
(k) = —0(k — k)A_(k, ki, = 1) — 0(—k — ko)A (, ki, = —1)
—%e(zfc )0k + ko) (A (k. ki = 0) + Ay (ky bz = 0)) (3.51)

with k. = 0.50551 (see table 1). Up to 1/N corrections, this result (black curve in figure 11)
is in agreement with the k dependence of the condensate for close to massless quarks
obtained from the exact partition function (2.52) (blue curve in figure 11) which coincides
with the result from the microscopic partition function (A.18) (red curve in figure 11).
The small discrepancy between the last two curves and the analytical result is due to 1/N
corrections — taking the quark masses closer to zero does not change the curves.

4 Conclusion and outlook

We have constructed a random matrix theory for QCD in three dimensions (QCDs3) with
a Chern-Simons term of level k& that reproduces the pattern of spontaneous symmetry
breaking according to U(2N¢) — U(N;+k) xU(Ng—k) as proposed recently by Komargodski
and Seiberg [48]. This random matrix model is an extension of the random matrix for QCDj3
without a Chern-Simons term (k = 0). The Chern-Simons term of the random matrix
model is in some aspects different in character from the Chern-Simons term of QCD in 3
dimensions but agrees in other aspects. In particular, the level k is not quantized, which
is not surprising since the random matrix model does not have a local gauge invariance.
However, the effect of the Chern-Simons term on the eigenvalues is similar — it adds a
phase proportional to k£ to the phase of the fermion determinant. It is remarkable that, in
all cases we know of, random matrix theories with global symmetries of QCD-like theories
reproduce their pattern of spontaneous symmetry breaking and break the symmetry in
such a way that the corresponding condensate has the maximum global symmetry, see
ref. [92]. The present work shows that a complex action can violate this feature, even in
the case of random matrix theory.

What we have learned from earlier work on random matrix theory with a complex
action is that the imaginary part of the action can move the phase boundaries of the phase
quenched theory. For QCD at nonzero chemical potential the phase of the fermion determi-
nant moves the critical chemical potential of half the pion mass to 1/3 of the baryon mass.
For QCD at nonzero theta angle, the chiral condensate does not change sign when one of
the quark masses does not change sign. Keeping this in mind, it is not unexpected that the
phase due to the Chern-Simons term can change the phase of the theory: the imaginary part
of the action nullifies the leading phase so that the subleading phase becomes dominant. At
k # 0, the phase with the standard pattern of chiral symmetry breaking is canceled, so that
phases with asymmetric breaking of spontaneous symmetry breaking becomes dominant.
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A Derivation of some partition functions

In this appendix we work out the explicit computation of the two partition functions
in eq. (3.14). The one in the denominator has to be dealt separately for the quenched
(subsection A.1) and unquenched (subsection A.2) ensemble while this distinction is not
relevant for the partition function in the numerator, which is evaluated in subsection A.3.

A.1 Quenched A integral

We first consider the quenched partition function
Zq:/dAGXp [Q(TrA—sz:) —ETrA } , (A.1)

and linearize the squared term by introducing an auxiliary z-integral,

T de v’ N,
Zq_/_m\/m dAeXP[Mx(TrA2zk)2TrA] (A.2)

Next, we shift A —+ A — x/N1y and integrate over A,

2 o0
Zy=2 (N) - exp ay x* + 2ikx| . (A.3)

Finally, we perform the integration over x and arrive at

Zq

N/2 NZ2/2
_ 2 (W/N) exp |:_Mk,2
RV4 1-— (6 %)

A.2 TUnquenched A integral

: } Ng! 2N/2\/N(W/N)N2/2 exp [-2NE?].  (A4)

The next quantity we consider is the unquenched partition function

2 N¢
Zy, = /dA exp [Og(TrA — 2ik)? — gTr AQ] ] detliA +mys1y). (A.5)
f=1

As in the previous section, we first linearize the squared term with the help of an x-integral
and then introduce a Gaussian integral over a complex Grassmann valued N x2N¢ matrix V',

*  dx 2 N
ZN. = dA —— —x(Tr A —2ik) — — Tr A?
Ne /mm/ exp{ dop  M(Tr A= 2ik) = 5 T ]

y [dV exp[—i Tr AVVT + Tr VIV M]
[ dV exp[Tr ViV]

(A.6)
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Here, we used the anticommuting property of Grassmann variables. The integral over A
can again be performed after the shift A — A —z /N1y yielding

NZ?/2 dz 1— a9
Zn _2N/2( ) / % exp |- 2 1 92k
N 2Omrexp 22:1:—|—za:

fdvexp o Te(VIV)2 + Te VIV(M — i & 1oy,
J AV exp[Tr ViV] '

(A7)

In the next stage, we integrate over x and find

2 oN/2 ( /NYN?/2 [ AV explgy Te(VIV)? + Te VIVM — m@k — % TrViv)?]
N T Ao, [ AV exp[Tr ViV] '

(A.8)

Now we are ready to apply the bosonization formula [94-96] and replace VIV by NU

with U € U(2Nf). The scaling factor N is chosen for convenience of the saddle point
analysis. Thus, we have

e oN/2 (1 /N) N2/2 fdﬂ ) det™ NUexp[N TeU2 + T UM — ﬁ(Qk—Trﬁ)Q}
f V1 —as fd,u U) det ™ U exp[N Tr U] 7

(A.9)
where M = NM is fixed in the microscopic limit. Next we diagonalize the matrix U =
UtzU with z a diagonal matrix of complex phases,

2N/ (7T/N)NZ/2 J detg’ilz |A2Nf(z)|2fdﬂ(U)eXP[gTrzz B 2(2J</\:-+1) (2k—TrZ)2+TYU*zUJ\7}

Zn,

Ve J gtz 1o, (2) Pexp[N Tr ]
(27i)2Ne N2NeN (2 Np)/T — g i 3!
dz N N —
—|A 2 — T2t ———(2k—Tr2)>+TrUT2UM]|.
< [ B @F [ases [ St okttt
Let z, be one saddle point solution of the saddle point equation
eor (2k = Trz)lan, =0 (A.11)
2N + 1 f

and maximizing the integrand. The relation to Ay, discussed in section 2.4, is z, = Alzl
which indeed yields the saddle point equation (2.26) after plugging this relation into (A.11).
Therefore, we already know that there are (2N¢)!/[(Nf + kp)!(Nt — kz)!] points satisfying
these two conditions, where kr, is either the integer above k or below k depending on the
phase the system is in. In particular we can choose z; = diag()\J_rlIle+k, )\Zl]le,k) with

kﬂ:\/(Nf—i—l)?—l—kQ—k%
Ne+1xkp

A = (A.12)

We underline that these solutions are always real because k* —k? > —|k+kg|/2 > —[|k|] >
— Nt. Moreover we have always Ay > 0 and A_ < 0.
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The contribution from the fluctuations about the saddle point can be obtained from
the expansion z = z, + idiag(6z,, —02_)/VN with dz, € RVMTFL and 62 € RNi—ke,
where the phase pre-factors reflect the direction of the original contour. Then, the measure
transforms as follows

Ao, () 52 (A13)
N1 A= AZDNERIAR L (024)A%, y, (520) (— 1k YR N TEL Qs 2 d6z
~ N Ne+kr)(Ne+kp—1)/24+(Ny—kr) (N —kr—1) /2 NNt '
Exploiting the identity Ay A_ = —1, one can explicitly write
q Ne [\ (Ne+ )2+ K2— K3+ .
A, (2) P~ "R D f LT7 Netl—ks (A.14)

~ 2 1.2
det z NNf+kz \/(Nf+1)2+k2_k%_k Ne+1+kr

2(NF=k})

(Ne+ 1)/ (Ne+1)2+ k2 — k3 — b, , ,
AN,k (024 ) AN, g, (62-)ddzyddz_.

x| 2
(Nf+1)2—k‘1%

In the next step, we expand the determinant

N>1 _
det=N » §> )\i/(Nf+kL))\]_V(Nf kr)

1
X exp [—\/Ni()\+ Trozy —A_Troz_) — 5()\1 Tréz3 + A2 Tr 57:3)]

kLN
\/(Nf+1)2+k;2—k%+k Ne+1—ky (A.15)

Ve 12 g2 — g3 —p NP

— (_1)(Nf+kL)N

X exp [—\/Nz‘m Trézy —A_Tréz_) — %(Ai Tréz3 + A2 Trézz)}

and the exponent

N N(2k —Trz)? N>1 N
ST TR (Y 2 Nr — 2 (ON: 1+ 1)()\2 2 _ 9
> I~ SeN T 5 (Nt k)N (Ne = kr)AE = (2N + )M + X2 —2)
) 1 2 2 (TI' (52+ —Tr 5Z_>2
+ VNi(Ay Trdzy — A_Tréz_) 5 (Troz3 + Tros?) + et (A16)

where we employed the saddle point equation. The mass dependent term is independent
of the massive modes dz4. As it should be, the exponents proportional to v/ N cancel each
other so that we are left with the dz4 integrals that can be computed as follows

/ d62+d(5z_A?Vf+kL (52+)A?Vf_,% (6z-)

(Trdzy — Trdz_)?
2(2N; + 1)

1
X exp [—2(()\3r +1)Trozf + (A2 +1)Tr 623)%—

> V2N; +1dz
= [TENTEE [ 5 0m 88, (5200, 05-)
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—%ile—%((/\ﬁ_—s—l) Tr 6z_2~_+()\2_+1) Tr 622 )+x(Trdz+—Tréz_)

_ V2Ng +1 (A.17)
(A2 + 1)Netke)?/2(N2 4 1)(Ne—k)?/2 |

* dz Nf+kL Nf—kL 332
—(oNy+1— - =
X/_oomwexp[ ( S AQ_+1> 2

) /d(SZ*A?Vka(‘sZHe_Trézi/Q/dézA?vf—kL(CSz)e_T“SZQ_/?

X e

/7Nf + 1/2 Nf+kL—1 ]\Tf_k;L—1
= (Nf+kL)! H \/27Tj! (Nf—k:L)! H \/27Tj!

(N +1)2 + k2 — k%)l/zl 1 11
x \/(Nf+1)2+k2—k‘%+k Ne+1—kr o
\/(Nf+1)2+k2—k%_k Ne+1+kp
[N D\ (Ne+ 1)2 + K2 — 1 — kb, (Vi)
(Ne+1)2— k2

Now we are ready to put everything together and apply Sterling’s formula. We even-
tually arrive at

N1 (—1)Netkp)No(N=1)/2,N2/2 e (kL(AZ =22)—(Np+1)(A2 422 )+2(2N; 1))

ZNf ~

NN (N 4 1)2 4 k2 — k2) V4

Ne+krp—1 - Ne—kr—1 .
(H]:fg v J!> (Hj:fo v J!)

” J P
kL(Nfo+l)
VONEH 1242 =Bk N1 gy (A.18)
y .
N R
NZ—3k2+1
2(Nf+1)\/(Nf+1)2+k2—k§—k;k;L P
X

(Ne+ 1) — 2
X /d,u(U) e_TrUTdiag()\fﬂNf_',kL,)\‘F]le_kL)UM\.

In the case when k is an integer, meaning k = k; and Ay = +£1, this result simplifies
drastically to

Ni+k—1 . Ni—k—-1 .
Nt (1) N Fenzskt vz oo (TR 1) (TR )
ZNf ~ N2 k2_N2_1 2N¢—1 3
NZ RN =g /N F 1 [T 4! (A.19)

« /dM(U) eTrUT diag(]leLk,—ﬂfok)UJT/I\.

Note that the prefactors that only depend on N and Ny could have been absorbed in the
definition of the partition function. We would like to emphasize that the partition function

~32 -



for integer as well as non-integer k is real, as can be already seen from its definition, and
even positive when omitting the factor (—1)(Nf+k)N . The latter can be readily achieved by

choosing an even matrix dimension N.

A.3 The B integral
In this section we evaluate the integral

2N¢+2
N
Yy, = /dB exp [O;?(TrB — 2ik)? — 5 TrBﬂ [T detliB + (mys+iN)ln_1] (A.20)
f=1

in the large-N limit. The computation proceeds along the same lines as for Zy,. However,
we cannot easily carry over the entire result for N — N — 1 and Ny — N; + 1 since the
standard deviations do not change in the same way.

Again, we introduce the auxiliary real variable x to linearize the squared trace term and
the complex Grassmann valued matrix V', albeit now it has the dimension (N —1)x (2N¢+2).
Collecting the masses in the diagonal matrix M = diag(mi, ..., man,+2) + N Tong+2, wWe
find the integral

Yy, = 20V- 1)/2<N)(N )/2/00 ;x o~ A @t +2ike
Q9T

A21
de explgr Tr(VIV)2 4+ Tr VIV(M — i Lan,42)] ( )

J AV exp[Tr ViV] ’

after the integration over B, which is the counterpart of (A.7). Next, we apply the bosoniza-
tion formula [94-96] and integrate over the variable x so that we obtain

v 22 JNYNVT2 NN + 1
N = Nf +1

fd,u U)det™ N+1Uexp[ TrU2+TrUM (N+1)(
[ du(U) det™N*1 U exp[N Tr U]

2k — Tr U)?] (4.22)

with M = NM. When diagonalizing U = U'ZU with Z a 2N; + 2 dimensional diagonal
matrix of complex phases we obtain

o 2N /N N PN T ”ﬁ“ _1+.7 A23)
Nt = (o eNer2 N2 N D (N1 (2N; + 2)1/V; 1 :

dz N _ N Y
A 2 - T 2 2% — Tr 2 /d U TrUTzUM
< [ AP e | 12 - k-1 [auw)e

We are ready for a saddle point analysis of the Z integral whose saddle point equation
is

1
—1
— ——(2k —Tr2)1 =0. A.24
Z—z +2(Nf 1)( rZ)lan;42 =0 ( )

— 33 —



By plugging in the choice zj, = diag()\j_lllNHHkL, /\:1]le+1,;%) with exactly the same A4
and ky, as in section A.2, one can easily verify that this is a solution. The real part of the
two corresponding actions is apart from an N also the same, especially

N N(2k — Trz)? -
Tz - ———— % NTrl
Re(2 Iz, AN 1 1) rln zx

N N(2k — Tr 2;)?
- A, AR S kel VA
Re( kT TN 1)

(A.25)

2 —NTrlnzk>—|—N.

Thus, the phase transition points from the original A integral and from the original B
integral are the same as they should. If they were not equal, the spectral density would be
either exponentially small or exponentially large in N. Yet, Yy,, with two more flavors than
ZN;, has one additional phase transition compared to Zy, at about k. ~ (N¢+1/2). This
suggests the presence of an additional phase transition in the spectral density as compared
to the original partition function. Indeed, we have found in section 3.3 that the limit of the
microscopic level density does not exist when |k| is larger than a critical value k.. Hence
we have to stay always in the regime where the two phases of the partition functions Yy,
and Zy, agree. When this is not the case the oscillation will become dominant and a
microscopic limit does not exist, see the discussions in sections 3.3 and 3.4.

The expansion works exactly the same as before, i.e., Z = Zj, + i diag(dZ,, —62_)/V N
with 0z, € RVi+1+ke and §7_ € RM*1=* Thence, we have for the measure

2((Ne+1)2—k3)

A ezt () (Ve + 1)/ (Nt +1)2 4+ k2 — k3 — ki
[Raner2(BMAZ - o (Ne +1)2 — k2
X AR 1k, (074) AR 41, (07-)d67,do7, (A.26)

for the determinant

(Ny+1)2+k2— k% + k o
f L Ny +1—kp,

VN 124 k2 — g — g NET LR (A.27)

deth’Zj Nzl (_1)(Nf+k‘L+1)N

1
X exp {—\/Nim Trézy — A Tréz.) — 5(& Tr6z% + A2 Tr622) |,

and for the exponent

N_ , N@2k-Trz)? n>1 N 9 9 9 9
2TI“Z— 4(Nf+1) ~ 2((Nf+k3L)>\_+(Nf—k3L))\+—(2Nf+1)()\+—|->\_—2)+2)

(TI' 5/54, —Tr 557)2

+VNiI(AL Trdz, — A Tréz ) —= (Tréz2 +Tréz2) + A(Ne+1)

1
2

, (A.28)

where we again have used the saddle point equation to simplify the result. The integral
over the Gaussian fluctuation dz1 about the saddle point is given by

[ 671057 % 1, (07008 1, 7)
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>, — > )2
P _;((A2++1)Tr553+02+1)Tr552)+(Tr5z+ Tr52—>]

4(Ng + 1)
Ni+kr
N+ 1 .
— f 1/4<Nf—|—1+kL)! H \/271']!
((Nf + 1)2 + k2 — k%) =0
Ne—kr,
x (Np+1—kp) [ J] v2nj! (A.29)
=0
5 5 2 —(Ne+1)k
y \/(Nf+1) TR =R R N+ 1— Ky
Ve 1242 — g3 —p NP LR
L ((Ne+1)24k2)
(Ve+ Dy /(N + D2+ k2= —kkg
x |2

(Nt +1)2 — k2

The degeneracy of the saddle points is (2N;+2)!/[(Ng+ 1+ k) (Nf+1—kz)!]. Combining
all contributions we arrive at the main result of this subsection,

N>l (_1)(Nf+kL+1)(N—1)2(N—2)/2 (N—1)2/2 e%(kL(/\%*Ai)*(Nf‘f’l)()\i‘F)\z,*‘l))

YNf =~

N(N 12 +k2 —(Ng+1)2 —*((Nf+ ) —i—kz—k%)lM
() (™ )

X
2Nf+1
4!

kr(N—Ng—1)

Nf+1 + k2 — k‘%—l—k N +1—kp (A.30)

V@Ne+ 1242 — g3 —p NP LAk

1
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( Nf+1 (Nt +1)2 + k2 — k2 — kkp,

dp(U
and for integer k, implying k = k7, and AL = £1, it reduces to

Nt (—1) Ntk D (V=1 g MG+ (N4 D)2 =32 1 (N=1)?/2 N (Ni-+1) (]‘[fﬁ’ﬁj) (vafo j)

YVNf =~

H2Nf+1 ]|

N%Jr]ﬁf(Nerl)Q*% Ne+1

% / dp(U) elr Uf diag(ﬂNf+1+ka—]1Nf+1—k)U/]\~} ) (A.31)
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