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1 Introduction and summary

It has been argued that higher spin gravity is useful to understand the tensionless limit

of superstring theory [1]. In particular, the matrix extended version of Vasiliev theory is

expected to explain higher Regge trajectories of superstrings, see, e.g., [2] including higher

tensor extensions. In [3], it was proposed that classical 3d Prokushkin-Vasiliev theory with

M x M matrix valued fields constructed in [4] is dual to 2d Grassmannian-like model

su(N + M)y,

su(N )k ® u(1)pnar(N+01)

(1.1)

at a large N limit, see also [5—7] for related works. Setting M = 1, the proposal essen-

tially reduces to the Gaberdiel-Gopakumar duality [8] and its A/ = 2 version becomes the



same as that of [9]. With A/ = 3 enhanced supersymmetry, the relation to superstring
theory on AdS3xMy has been discussed [10, 11], where M7 is a 7-dimensional manifold.
It would be useful to introduce N' = 4 supersymmetry as in [12, 13|, which enables us
to relate to superstring theory on AdSzxS3xS3xS! or AdS3xS3xT*. However, it seems
difficult to introduce the matrix degrees of freedom in a way compatible with the N’ = 4
supersymmetry.

In [14], the asymptotic symmetry of the extended higher spin gravity was examined
including full quantum corrections.! Three dimensional higher spin gravity can be con-
structed by a Chern-Simons gauge theory based on a higher rank gauge algebra g. Without
matrix extension, the gauge algebra of the Prokushkin-Vasiliev theory is given by hs[)],
which can be truncated to sl(n) at A =n (n = 2,3,...). Setting g = sl(n), the higher spin
gravity includes the gauge fields of spin s = 2,3, ...,n. We can extend hs[A] by multiplying
M x M matrix degrees of freedom [3, 12], and the extended algebra may be denoted as
hsar[A]. The gauge algebra is truncated to sl(Mn) at A = n, and it may be decomposed
as [14, 17]

sl(Mn) ~ sl(M)® 1, ® 1y @ sl(n) ® sl(M) ® sl(n). (1.2)

In particular, the higher spin gravity has sl(M) (or su(M)) gauge sector.? The gravitational
sector is identified with the principally embedded sl(2) in 15, ®sl(n). Applying the general
prescription of [18, 19], the asymptotic symmetry can be identified as the rectangular W-
algebra with su(M) symmetry. The central charge c of the algebra and the level £ of su(M)
currents were computed and the operator product expansions (OPEs) among generators
of spin up to two were obtained by requiring associativity of the OPEs. Based on the
holography of [3], it was conjectured that the rectangular W-algebra can be realized by
the symmetry algebra of (1.1) even with finite ¢, and several important checks have been
provided. The analysis of symmetry with finite ¢ would allow us to obtain some information
on quantum effects of higher spin gravity.

In this paper, we generalize the analysis by considering the restricted matrix extensions
of higher spin gravity. There are two ways to truncate the degrees of freedom [4], and the
higher spin gravity includes so(M) or sp(2m) (for M = 2m) gauge sector depending on the
way of truncation. Without matrix extensions, the gauge algebra hs[\] can be truncated
to hs®[A] with only even spin generators. The holography with the truncated higher spin
gravity was proposed in [20, 21] and the quantum asymptotic symmetry were analyzed
in [22]. The even spin algebra hs®[\] can be further truncated when A takes an integer
value, but the truncation depends on whether the integer number is even or odd. For
A=2n+1and A =2n (n = 1,2,...), hs®[\] can be reduced to so(2n + 1) and sp(2n),
respectively [23]. In a similar way, we can show that there are two types of truncation with
integer A for each restricted matrix extension, and hence we deal with four types of higher
spin gravity with truncated spins in total.

"Without the matrix extension, the quantum asymptotic symmetry was examined in [15] for the bosonic
case and in [16] for the N' = 2 supersymmetric case.

2Throughout this paper, we consider the complex elements of gauge algebras, therefore, for instance, we
do not distinguish si(M) and su(M).



Gauge algebra g Decomposition
so(M(2n+1)) so(M)@so(2n+1)®---
sp(2Mn) ) @ sp(2n) & -
sp(2m(2n + 1)) sp(2m) @ so(2n+1) @ -

so(M
(
so(4mn) sp(2m) @ sp(2n) @ -
osp(M(2n+1)]2Mn)  so(M) @ so(M) @ osp(2n + 1|2n) @

(

(

(

)
osp(M(2n —1)|2Mn) so(M) @ so(M) @ osp(2n — 1|2n) @
osp(dmn|2m(2n + 1)) sp(2m) @ sp(2m) @ osp(2n + 1|2n) &
( sp(2m) @ sp(2m) @ osp(2n — 1]2n) &

—_ | ~— |~ |~

)
)

osp(dmn|2m(2n — 1

Table 1. 8 types of restricted matrix extension for Chern-Simons gauge algebra. The gravitational
(or supergravitational) sector is identified with the principally embedded si(2) in so(2n + 1) or
sp(2n) (or osp(1|2) in osp(2n + 1|2n)).

For the truncated cases, we consider the Chern-Simons gravities with g = so(M (2n +
1)), sp(2Mn), sp(2m(2n+1)), so(4mn). We further decompose the gauge algebras like (1.2)
but with subalgebra so(M) or sp(2m), see table 1. With specified gravitational sectors,
the asymptotic symmetries of the corresponding higher spin gravities are identified as the
We-algebras obtained by the Hamiltonian reductions of g. We may call the corresponding
W-algebras as type g. We compute the central charges ¢ and the levels ¢ of so(M) or sp(2m)
currents from the Hamiltonian reductions. The W-algebras of type sp(2Mn), so(4mn)
with n = 1 include only generators of spin up to two, and we obtain the OPEs among
the generators by requiring the associativity. We further conjecture that the rectangular
W-algebras with so(M) or sp(2m) symmetry can be realized as the symmetry algebras of
the cosets in table 2. We provide the maps of parameters by comparing the central charges
¢ and the levels ¢ of the so(M) or sp(2m) currents. Moreover, we construct symmetry
generators up to spin two and reproduce the OPEs obtained from the associativity.

The analysis can be generalized by introducing N' = 1 supersymmetry. As in the
bosonic cases, we can construct the restricted matrix extensions of higher spin supergrav-
ity with so(M) or sp(2m) symmetry. See [6] for the holography with the higher spin
supergravities. Without matrix extensions, the holography with A/ = 1 truncated higher
spin supergravity was proposed in [24] and the quantum asymptotic symmetry was exam-
ined in [25]. For the cases with truncated spins, we use the Chern-Simons supergravities
based on superalgebras g = osp(M (2n+1)|2Mn), osp(M (2n— 1)|2Mn), osp(4mn|2m(2n +
1)), 0sp(dmn|2m(2n — 1)) and decompose like (1.2) but with subalgebra so(M) @ so(M) or
sp(2m)@®sp(2m) as in table 1. The asymptotic symmetries of the higher spin supergravities
are the W-algebras obtained as the Hamiltonian reductions as in the bosonic cases, and
the corresponding W-algebras are again called as type g. The central charges ¢ and the
levels 01, ¢y of so(M) or sp(2m) currents are computed, and the OPEs among generators
are obtained for the simple cases with currents of spin up to two by requiring associativity
of the OPEs. We also conjecture that the cosets in table 2 realize the A’ = 1 rectangular



Type of W-algebra Dual coset model

so(M(2n +1)) solN M),
sp(2Mn) %
sp(2m(2n + 1)) osp (N 2m)
so(4mn) %
osp(M(2n + 1)|2Mn) 22X tﬁfz)v’“)fijgw)l

0sp(M|2N)®sp(2NM) _1 /2
sp(2N)k_n1/2
0sp(N|[2m) . Bsp(2Nm) _y /5
$0(N)k—2m

osp(M(2n — 1)|2Mn)

osp(dmn|2m(2n + 1))

osp(4mn|2m(2n — 1)) Sp(zN—:}%g])\lfiifwm)l

Table 2. Our proposals on the coset models whose symmetries are realized by the rectangu-
lar W-algebras. These W-algebras are obtained by the Hamiltonian reductions of the gauge (su-
per)algebras and with the sl(2) (or osp(1]2)) embeddings listed in table 1.

We-algebras as the symmetry algebras. We give the maps of parameters by comparing the
central charges ¢ and the levels /1, f5 of the affine symmetries and explicitly construct low
spin generators of the symmetry algebras of the cosets.

In the companion paper [26], two of the current authors extend the previous analysis
of [14] on the rectangular W-algebras with su(M) symmetry in several ways. Firstly,
we examine the OPEs among low spin generators with removing the restriction of n = 2.
Moreover, we study the degenerate representations of the rectangular W-algebra with M =
n = 2 and examine the relations to states of the coset (1.1) and conical defect geometry
of Chern-Simons gravity in [27] (see also [15, 28, 29]). It should be possible to apply these
analyses to the current examples with restricted matrix extensions. In [26], we also extend
the previous analysis of [14] by introducing the A/ = 2 supersymmetry. It is important to
consider the cases with more extended supersymmetry as in [10, 11, 30].

This paper is organized as follows. In the next section, we introduce the higher spin
(super)algebras, which are used to construct higher spin (super)gravities. With the de-
compositions as listed in table 1, we identify sl(2) subalgebras as the gravitational sectors.
In section 3, we examine the properties of the rectangular W-algebras with finite ¢ for the
bosonic cases. We explain the spin contents of the W-algebras and write down the central
charges ¢ and the levels ¢ of the so(M) or sp(2m) currents. We then study the OPEs
among generators for the simple examples with generators of spin up to two. We further
conjecture that the rectangular W-algebras can be realized as the symmetry algebras of
the cosets listed in table 2 and provide some supports. In section 4, we extend the analysis
by introducing N' = 1 supersymmetry. In appendix A, we provide the derivations of the
central charges and the levels of so(M) or sp(2m) currents for the rectangular W-algebras



in the both cases with and without supersymmetry. In appendix B, we propose alternative
coset descriptions of the rectangular W-(super)algebras by swapping the dual coset models
in table 2 and provide several computations that support our proposal.

2 Higher spin (super)algebras

Three dimensional higher spin (super)gravity can be described by Chern-Simons gauge
fields A, A. Here A and A take values in a higher rank gauge (super)algebra g. For
g = sl(2), the Chern-Simons gauge theory describes the pure gravity on AdSs [31, 32].
For generic g, we should specify the gravitational si(2) subsector. In this section, we
introduce the restricted matrix extensions of hs[A] and its N' = 1 supersymmetric exten-
sions introduced in [4]. We then argue that the (super)algebras can be truncated when A
takes an integer number just as the algebra hsps[A] can be reduced to sl(Mn) at A = n
(n=2,3,...) [14]. Using the decomposition similar to (1.2), we identify an sl(2) subalge-
bra as the gravitational sector, see table 1. We examine the bosonic W-algebras in the next
subsection and then generalize the analysis to the A/ = 1 W-algebras in subsection 2.2.

2.1 Restricted higher spin algebras

Without any matrix extensions and restrictions, the gauge algebra for the bosonic trunca-
tion of Prokushkin-Vasiliev theory of [4] is given by hs[A]. In order to introduce the higher
spin algebra, we define B[\] by the universal enveloping algebra of sl(2) with removing an
ideal as

U(sl(2))
(G111

BI\ = (2.1)

Here Cy is the Casimir of s/(2). The generators of B[A\] may be expressed as V! = 1 and
Ve with s =2,3,...and m = —s+1,—s+2,...,s — 1. The higher spin algebra hs[}\] is
then given by removing Vil = 1 from B[)] as

BN =hs[A|@ 1. (2.2)

The higher spin algebra satisfies a relation hs[\] = hs[—A]. At A = n, the algebra hs[)]
can be truncated to sl(n) by diving an ideal. Multiplying the M x M matrix algebra, we
can define hs/[A] as

gl(M)® B[N\ =hsy[N @1y 1. (2.3)

An M x M matrix is expressed by Ajs with an index parameterizing its size, and, in par-
ticular, the M x M identity matrix is denoted as 1;;. With the terminology, the generators
of gl(M) ® B[\] is expressed by Ay ® V,>. The algebra hsps[\] can be decomposed as

hsp[A] ~ sl(M)®1 @ 1y @ hs[A] @ sl(M) ® hs[A]. (2.4)
From this decomposition, we can see that the algebra can be truncated to sl(Mn) as

sl(Mn) ~ sl(M)® 1, ® 1y @ sl(n) ® sl(M) ® sl(n) (2.5)



at A = n. We use the principally embedded sl(2) in 1, ® hs[A] or 1y ® sl(n) as the
gravitational sector.

We can further generalize the gauge algebras by putting restrictions on the extra matrix
degrees of freedom, and it is known that there are two ways to do so [4], see also [6]. For
one type, we decompose the M x M matrix Ays as

QAN = Ay, AS, AN = Ay, (2.6)

where A%, represents the matrix transpose of Ay;. We further decompose the symmetric
part as A5, = 1y @Af\} by decoupling the trace part. A restricted algebra is then given by

A%, @16 1y @ hst[N & AL, @ hs®[A] @ A% @ hs®[N] (2.7)

where hs®[A] and hs°[\] are even and odd spin parts of hs[\A], respectively. From this
expression, we can see that the algebra includes so(M) and hs®[)\] as subalgebras. For
M = 2m with m = 1,2,..., there is another type of restriction. In this case, we consider
a different type of decomposition as

AT QLAY Q= — Aoy, AL QSL AT Qo= Ay, Q8 = Q. (2.8)

Here €9, is a symplectic form expressed by a 2m x 2m matrix. We can decouple the trace
part as Agnf = 1o @A%’j . With these decompositions, we can introduce anther restricted
algebra as

AR 1@ Loy, @ hs®[N] @ ALY ® hs®[N] @ AL @ hs®[N] . (2.9)

m

Since Agn‘; generates sp(2m), the algebra includes sp(2m) along with hs®[\] as subalgebras.

For the both cases in (2.7) and (2.9), we use the principally embedded si(2) in 1, ® hs®[)]
(and with M = 2m) as the gravitational sector.

In order to analyze full quantum corrections, it is convenient to work with an integer
A, where the algebras can be truncated by dividing an ideal. At A=2n+1 (n=1,2,...),
hs®[A] can be truncated to so(2n+1), which may be generated by BS, | : BY., | = —Bay11.
Similarly, hs°[\] may be expressed by Bg; 41 at the value of A. This may be understood from

hs[A] >~ hs®[A\] & hs®[A], (2.10)

where the generators of hs[A\] with A = 2n+1 could be given by traceless (2n+1) x (2n+1)
matrices. Thus, at A = 2n 4+ 1, we have the truncated algebras

4 @1, @Iy @ By @ A5 ® BSq ® A% © By (2.11)
Ap® @ 1y ® Lom © By yy ® Ay @ Bliy ® At @ By - (2.12)

The first algebra includes so(M) and so(2n + 1) as subalgebras, while the second one
includes sp(2m) and so(2n + 1) as subalgebras. The gravitational si(2) is identified with
the one principally embedded in the so(2n + 1). Similarly, at A\ = 2n, hs®[A] can be



truncated to sp(2n), which implies that hs®[A] and hs°[A\] may be generated B;]T’La and
Bgf , respectively. The truncated algebras at A\ = 2n are

¢ @ lon @ 1y ® B @ A © B @ A, @ B (2.13)
AT @ 1oy ® Tom ® B @ ALY @ B @ AL @ B (2.14)

The first algebra includes so(M) and sp(2n) as subalgebras, and the second one includes
sp(2m) and sp(2n) as subalgebras. The gravitational si(2) is identified with the one prin-
cipally embedded in the sp(2n).

The expressions of restricted algebras in (2.11), (2.12), (2.13) and (2.14) look compli-
cated. However, as seen below, they can be regarded as decompositions of Lie algebras
so(ML) and sp(2mL) with L = 2n or L = 2n + 1, see table 1. We first consider so(M L)
and express the generators by Ty, which satisfy

QT s = T, Q%= Q. (2.15)

We then choose to express Tysr by tensor products Ay ® Br. With this expression, the
condition (2.15) can be realized by

O A Qur = €Ay, Q;'BYQp = —€By, (2.16)
and
QY =0, QY =nQp (2.17)

with ¢ = £1 and = £1. Here n = —1 is possible only for M = 2m and L = 2n. We can
see that the cases with n = 1 and n = —1 correspond to (2.11) and (2.14), respectively.
We then examine sp(M L) with generators Ty, satisfying

QT Q= Tz, QL =—Qur. (2.18)

Here we have assumed that ML is even. As above, Ty, are expressed by tensor products
Ay ® By, and the condition (2.18) can be realized by

Q) AN Qu = €Ay, Qp'BYQL = —eBy, (2.19)
and
O =nQy, QF = Qg (2.20)

with e = £1 and n = +1. Here n = —1 is possible if M = 2m, and the case corresponds
to (2.12). Similarly, n = +1 is possible if L = 2n, and the case corresponds to (2.13).

2.2 Restricted higher spin superalgebras

The gauge algebra for the N/ = 2 Prokushkin-Vasiliev theory of [4] is given by shs[)]
without matrix extensions and restrictions. As in the case of hs[\], we introduce sB[A] by
the universal enveloping algebra of osp(1]2) divided by an ideal as

U(osp(1]2))

sBIN = (Cy— IANA—D1)

(2.21)




Here (5 is the Casimir operator of 0sp(1|2). Decoupling the identity element 1, we define
a higher spin superalgebra shs[A] as [33]

SB[\ = shs[A]@® 1. (2.22)

The higher spin superalgebra satisfies a relation shs[\] = shs[l — A\]. At A = —n, the
superalgebra can be truncated to sl(n + 1|n). Multiplying the M x M matrix algebra, we
define shsyr[A] by (see [3, 12])

gl(M) @ sBI\| = shsy[\| @ 1y @ 1. (2.23)
The superalgebra can be decomposed as
shsyr[A] >~ sl(M) ® 1@ 1y ® shs[A] @ sl(M) ® shs[A], (2.24)
which can be truncated to
sl(M(n+1)|Mn) ~sl(M)®1® 1y @ sl(n+1n) ® sl(M) @ sl(n + 1|n) (2.25)

at A = —n. We can describe N' = 1 supergravity on AdS3 by osp(1]|2) Chern-Simons gauge
theory [31], and it is important to identify the supergravity sector in order to define a
higher spin supergravity. In the current case, we use the principal embedding of osp(1|2)
in 1y ® shs[A] or 1y @ sl(n + 1|n)

The superalgebra shs[A] has a symmetry under a Zg action o as closely explained
in [25], and the Zy truncation of shs[\] is denoted as shs?[A]. There are the sectors of
integer and half-integer spins, and the truncated algebra includes only even spin generators
for the integer spin sector. As explained in [25], shs?[A] can be truncated to osp(2n+1|2n)
at A\ = —2n and osp(2n — 1|2n) at A= —2n+1 (n=1,2,...). Just as in the bosonic case,
there are two types of truncation for the matrix extension as

A% @ 1@ 1y @ shs® [N @ A%, @ shs[N & A%, @ shs®[A],
, ) (2.26)
AL 21 @ Loy @ shs” [N @ ALY @ shs®[A] @AY @ shs”[A] .

m

Here we have used the notations introduced in (2.6) and (2.8). Moreover, we decompose
shs[A] as

shs[\] ~ shs’ [\ @ shs?[)\], (2.27)

where shs?[)\] includes only odd spin generators for the integer spin sector. The first
and second algebras in (2.26) include so(M) and sp(2m) subalgebras, respectively. As
the supergravity sector, we use the osp(1|2) principally embedded in 1,; ® shs?[\] or
with M = 2m.

We would like to discuss the truncation of extended algebras at A = —2n or A =
—2n + 1, where shs?[A] reduces osp(2n + 1|2n) or osp(2n — 1|2n). For this, we start by



reviewing some properties of supermatrices and Lie superalgebra osp(m|2n), see, e.g., [34].
We express the generators of osp(m/|2n) by even supermatrices of the form

Mo, = ( Am B"“”) , (2.28)

where Ay, By on, Conm, Don are m x m, m x 2n, 2n x m, 2n x 2n matrices, respectively.
We define the supertrace and the supertranspose as

¢ Atr C;r
StrMpjon = trAm — trDon, My, = —B‘? D’t‘;m . (2.29)
m,2n 2n
The condition for the generators of osp(m|2n) is then given by
Qb 0 Qp O
( 0 Q;%) Vil ( 0 an> = ~Mujon, Qo =m, Qp=-0,  (2.30)
which can be rewritten as

O AR Q= —Am Q5 D5 Qop = —Day Q50 Bt 9, = Conm - (2.31)
From this expression, we can see that A,, and Da,, generates so(m) and sp(2n), respectively.
We express a supermatrix satisfying the condition of osp(m|2n) by BY 2n° We then

schematically decompose a supermatrix B, 2, as

Bujon = Linjan @ By, @ Bl o (2.32)

1,0 0 0
1 = . 2.33

With this terminology, the expressions in (2.26) can be truncated to

where 1,9, actually means

Afr @ Longajon ® Inr ® BS, 4119, © A%y @ B, 1o, ® Ay @ BS 419, » (2.34)
Q Q,s’ Q G
Aoy ® Longajan © Lom ® By, )0, ® Aoy ® By 40, © Aoy @ By, (2.35)
at A = —2n. Noticing (2.33), we can see that the expressions (2.34) and (2.35) in-

clude two sets of so(M) and sp(2m) as subalgebras. Moreover, we can show as in ap-
pendix A.2 that they are identified as specific decompositions of osp(M (2n+ 1)|2Mn) and
osp(4mn|2m(2n + 1)), respectively. Similarly, the expressions in (2.26) can be truncated to

A?\/f ® ]-2n—1|2n D ]]‘M ® Bgn—1|2n D A?\} ® Bgn—l\Qn D Affl\/[ ® Bgn—1|2n ) (236)
Q Q,s Q G
A27;7(,1 ® 12”*1\271 © Lom ® Bgnfl\Qn ® A21;j ® Bgn71|2n © A277r(zl ® Bgn71|2n (237)

at A = —2n 4 1. The expressions (2.36) and (2.37) include two sets of so(M) and sp(2m)
as subalgebras and are identified as specific decompositions of osp(M (2n — 1)|2Mn) and
osp(4dmn|2m(2n — 1)), respectively, see again appendix A.2.



3 Rectangular W-algebras

In subsection 2.1, we constructed four types of restricted matrix extensions for the gauge
algebra and the gravitational sl(2) sectors are specified, see table 1. In order to construct a
Chern-Simons gravity theory, we need to assign an asymptotic AdS condition. We choose
the asymptotic AdS condition such that

(A~ Apas)| oy = O(1). (3.1)

Here p is the radial coordinate of AdS3 and the AdS boundary is located at p — oco. More-
over, Aaqs denotes the configuration of gauge fields describing the AdS background. With
this setup, the asymptotic symmetry is given by the Hamiltonian reduction of the gauge
algebra with the sl(2) embedding [18, 19]. In this way, we now have four types of rect-
angular W-algebras, and we may call them as types so(M(2n + 1)), sp(2Mn), sp(2m(2n +
1)), so(4mn). In the next subsection, we explain the basic properties of the W-algebras
including spin contents, central charges, and the levels of affine so(M) or sp(2m) algebra.
In subsection 3.2, we compute OPEs for simple examples involving only generators up to
spin two. In subsection 3.3, we propose the dual cosets whose symmetries are the same
We-algebras as listed in table 2 and provide the maps of parameters. In subsection 3.4, we
explicitly construct the generators of the symmetry algebras up to spin two and compare
the OPEs obtained in subsection 3.2.

3.1 Basic properties of the algebras

In this subsection, we examine the basic properties of the rectangular W-algebras obtained
by quantum Hamiltonian reductions of the gauge algebras listed in table 1. We first obtain
the spin contents of the W-algebras and then write down the central charges ¢ of the
algebras and the levels ¢ of the so(M) or sp(2m) currents. We explain the derivations of ¢
and £ in appendix A.1.

Type so(M(2n 4+ 1)). We set the gauge algebra as g = so(M(2n + 1)) and decompose
it as (see (2.11))
so(M(2n+1)) ~so(M) ® Lopt1 @ 1y ® so(2n+ 1) (3.2)
@ (sym)ys @ so(2n+ 1) ® so(M) ® (sym)an1 - '

Here (sym); denotes the symmetric representation of so(L), which are generated by the
matrices A5 . We use the principally embedded sl(2) in 1, ®s0(2n+1) as the gravitational
sl(2). With the identification of gravitational sector, spin s for the embedded sl(2) can
be directly related to the space-time spin. We denote the elements of s/(2) by the triplet
{&,e, f} satisfying

e =e, [fl=-f, [efl=4. (3.3)

With the sl(2) action, we can decompose so(2n + 1) and (sym),, ; in (3.2) as

n n
so(2n+1) = @ P2s—1, (Sym)on41 = @ P2s 5 (3.4)
s=1 s=1

~10 -



where p, denotes the spin s representation of sl(2). Using the dimensions of so(M) and
L1y @ (sym)ys as
M(M —-1)

oy =T oy =
M 2 ’ M

M(M +1)
— (3.5)

the gauge algebra so(M(2n + 1)) can be decomposed as

s0(M(2n 4 1)) =~ M@ -1) (@ ,025) MM + D (@ p2s— 1> : (3.6)

We can see that the modes with positive eigenvalues of & diverge for p — oo, thus the
asymptotic AdS condition (3.1) requires that the positive modes vanish. Moreover, we can
set the other modes to be zero as well except for one element in each p;. Since the gauge
fields A = A, dz" have already one space-time index, the element has total space-time spin
s+ 1 for the one from ps. Therefore, the algebra includes M (M — 1)/2 odd spin currents
with s = 1,3,...,2n 4+ 1 and M (M + 1)/2 even spin currents with s = 2,4,...,2n after
the Hamiltonian reduction with the sl(2) embedding. If we set M = 1, then only even spin
currents with s = 2,4, ..., 2n are left. The spin content reproduces the one in [22] without
matrix extension.

The M (M —1)/2 spin one currents form so(M) affine algebra, and the spin two current
in the singlet of so(M) is the energy-momentum tensor. In appendix A.1, the level of so(M)
currents is computed as

C=t2n+1)+ (M +2)2n% + (M —2)2n(n + 1), (3.7)

and the central charge is obtained as

_tM(2n+1)(M(2n+1) — 1)
o 2(t+M((2n+1)—-2)

M(M+1)
— 5 (6n2 — 8n4) —

—2tMn(n+1)(2n+1)

M) (3.8)

5 2n(n+1)(4n(n+1) —1).

Here ¢ is the level of so(M(2n + 1)) affine algebra. There could be several constructions
of the same W-algebra, and the label ¢ is not an intrinsic parameter. We can obtain the
relation between ¢ and /¢ as

(M(—4(f—1)n(n+ 1)+ M2n+1) —1)

‘= 200+ M(2n+1) — 2) (3:9)

by removing the parameter t.

Type sp(2Mmn). The gauge algebra is set as g = sp(2Mn) and the decomposition is
(see (2.13))

sp(2Mn) ~so(M) @ 1o, ® 1y @ sp(2n)

(3.10)
@ (sym)y ® sp(2n) @ so(M) @ (asym)a,

- 11 -



Here (asym)s,, denotes the anti-symmetric representation of sp(2n) generated by matrices
Agr’f . As the gravitational sector, we use the principally embedded si(2) in 1y ® sp(2n).
With the si(2), we decompose sp(2Mn) as

sp(2Mn) ~ (@pzs> M+1 (@025 1) : (3.11)

Here we have used the decompositions of sp(2n) and (asym)s, in (3.10) as

n n—1
sp(2n) = @pgs_l ,  (asym)g, = @pgs (3.12)
s=1 s=1

as well as (3.5). After the Hamiltonian reduction, there are M (M —1)/2 odd spin currents
with s = 1,3,...,2n — 1 and M (M + 1)/2 even spin currents with s = 2,4,...,2n. For
M =1, the algebra includes only even spin currents with s = 2,4,...,2n as in [22].

The M (M —1)/2 spin one currents form so(M) affine algebra, and the spin two current
in the singlet of so(M) is the energy-momentum tensor. In appendix A.1, the level of so(M)
currents is computed as

0=2t-2n+ (M +2)2n* + (M — 2)2n(n — 1), (3.13)

and the central charge is obtained as

_ tMn(2Mn + 1)
i+ Mn+1
M(M+1)
+—

Here the level of sp(2Mn) affine algebra is denoted as ¢. The central charge can be written

—t2Mn (4n® — 1)

(M —1)M
2

(3.14)

(6n2 — 8n4) — 2n (4n3 —8n?+3n+ 1) .

in terms of ¢ as

M (2 +20Mn — 40 - 2)(€ — 1)n?)
= 2(¢ + 2Mn) (3.15)

by removing t.
Type sp(2m(2n + 1)). We set g = sp(2m(2n + 1)) and decompose it as (see (2.12))

sp(2m(2n + 1)) ~sp(2m) @ Lopy1 @ Loy, @ so(2n + 1)

(3.16)
® (asym)a,, ® so(2n + 1) @ sp(2m) ® (sym)a,i1 -

We adopt the si(2) principally embedded in 19, ® so(2n + 1). The decomposition of
sp(2m(2n + 1)) by the sl(2) is

sp(2m(2n + 1)) ~ (2m? +m <@ pgs) @ (2m? —m) (EB p28_1> , (3.17)
s=1

where we have used the dimensions of sp(2m) and 1y, ® (asym)a,, as

O =2m® +m, O3 =2m®—m (3.18)

2m

- 12 —



in addition to (3.4). The algebra after the Hamiltonian reduction has 2m?+m odd spin cur-
rents with s = 1,3,...,2n+1 and 2m? — m even spin currents with s = 2,4, ..., 2n. There
appears no analogous algebra in [22] since the matrix extension is essential in this case.

The 2m? 4 m spin one currents form sp(2m) affine algebra, and the spin two current
in the singlet of sp(2m) is the energy-momentum tensor. As obtained in appendix A.1, the
level of sp(2m) currents is

(=t2n+1)+ (m—1)2n> + (m+ 1)2n(n + 1), (3.19)
and the central charge is

_tm(2n+1)(2m(2n 4+ 1) 4 1)
T i menr1l) 1 ~8tmn(n +1)(2n +1) (3.20)

+ (2m? — m)(6n* — 8n*) — (2m? + m)2n(n + 1)(4n(n + 1) — 1).

Here ¢ is the level of sp(2m(2n + 1)) affine algebra. Removing ¢, we have the relation
between c and ¢ as

_Am(—420+ D)n(n+1) +2m((2n + 1) + 1)
= (+m@n+1)+1 ' (3:21)

Type so(4mn). We set g = so(4mn) and use the decomposition (see (2.14))

so(dmn) ~ sp(2m) @ Lo, @ Loy, ® sp(2n) (3.22)
@ (asym)am @ sp(2n) @ sp(2m) © (asym)an - .
The gravitational sl(2) is identified with the sl(2) principally embedded in 1g,, ® sp(2n).
With the si(2), we decompose

n—1 n
so(4mn) ~ (2m? 4+ m) (@ p23> ® (2m? — m) (@ p23_1> (3.23)
s=0 s=1

by using (3.12) and (3.18). After the Hamiltonian reduction, there are 2m? + m odd spin
currents with s = 1,3,...,2n — 1 and 2m? — m even spin currents with s = 2,4,...,2n.

The 2m?+m spin one currents generate sp(2m) affine algebra, and the spin two current
in the singlet of sp(2m) is the energy-momentum tensor. In appendix A.1, we obtain the
level of sp(2m) currents as

(=t-2n/2+ (m—1)2n%+ (m +1)2n(n — 1), (3.24)
and the central charge as

_ t2mn(4mn — 1)
 t4+4mn—2
+ (2m2 — m) (6n2 - 8n4) — (2m2 + m) 2n (4n3 —8n%+3n+ 1) .

—12mn (4n2 - 1) (3.25)

Here t is the level of so(4mn) affine algebra. We find the relation between ¢ and ¢ as

_2m (€2 + 20mn — 20+ 1)(2€ + 1)n?)
‘= {4+ 2mn

(3.26)

by removing the parameter t.
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3.2 OPEs among generators

In the previous subsection, we have obtained the spin contents of the four types of W-
algebras. In order to determine the algebras, we need the information of OPEs among
generators as well. In this subsection, we compute the OPEs by requiring their associativity
for the simplest non-trivial examples with spin one and two generators as was done in [14].
For types so(M(2n+ 1)) and sp(2m(2n+ 1)), the minimal cases are with n = 1, where the
maximal spin is three. Therefore, we focus on the types sp(2Mn) and so(4dmn) with n = 1.

Type sp(2Mn) with n = 1. We consider the W-algebra with so(M) symmetry ob-
tained as the Hamiltonian reduction of sp(2M). The spin one currents are the generators of
so(M) affine algebra. The spin two currents are in the trivial and symmetric representations
of so(M). In order to express the elements in the adjoint and symmetric representations of
so(M), we utilize the sl(M) generators tﬁ expressed by M x M matrices. We decompose
A = (a,a) witha = 1,2,..., M(M —1)/2 and a« = M(M —1)/2+1,...,M? — 1 such
that ¢4, and t{,; are the anti-symmetric and traceless symmetric matrices, respectively. We
introduce the invariant tensors by

g'P = te(tiptyy) . if AP = te((ty Rt . P = te({tay, tar ) (3.27)

and use the convention ¢g4% = §45. With this notation of indices, we use J® for the spin
one currents, 1" for the energy-momentum tensor, and Q¢ for the charged spin two currents.

We would like to obtain OPEs among J%, T, and Q“. For the spin one currents J¢,
we use the OPEs as

(K N ife.Je(0) .

J(2)J°(0) ~ —5

(3.28)

z z

Here we have set k% = %g“b for the normalization of level £ to be the conventional one.
OPEs involving T are

J0 J(0

© + © ) (3.29)

22 z

¢/2 2T(0)  T'(0)

z4 22

T(2)T(0) ~ , T(2)J%(0) ~
where A'(0) = d%A(z)|Z:0. Here c is the central charge of the algebra. As in (3.15), there
would be a relation between ¢ and ¢, but we do not require the relation for a while. The
currents Q@ have spin two and transform as in the symmetric representation of so(M).
Using (3.27), we require the OPEs

2Q“(0) , Q*'(0 if*%Q"(0
L2800 QMO a0y ~ LoD © (3.30)

22 z z

T(2)Q(0)

Non-trivial OPEs left are Q%(2)Q”(0), and we obtain them by requiring associativity of
the OPEs.

The operator products Q%(z)Q”(0) would generate (composite) operators up to spin
three, so we classify possible operators primary w.r.t. the Virasoro generator T'. In order
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to make composite operators well defined, we adopt the normal ordering prescription

(AB) (z) = QLM 7{ wdl_vz A(w)B(2), a1

(Ardg - Ap) = (Ar--- (Ap-2(Ap-14p)) ).

Spin one primary operators are J. For spin two, there are

20
[J@Jb)} = (Jlagy — = gabp (3.32)
c
along with Q®. Here the brackets (ai,as,...,ap) and [a1,a2,...,ap] mean the symmetric

and anti-symmetric indices, respectively, with the factor 1/(p!). For spin three, composite
primary operators are

[J(GJ”JC”} = (Jlagb gDy 4 C?f2 {Aade)” - Qm(“b(TJd))} :
[J[G’Jbl} - (J[a'ﬂ) - (ci ) o, {(c — 1)+ 12(TJd)} , (3.33)

[J@Qoz] _ (J@Qoz) _ %fa%Q,B/ ‘

We expand the operator products Qa(z)QB(O) in terms of these (composite) primary
operators with several indices. In order to express the coefficients, we need invariant tensors
consisting of traces of sl(M) generators as classified in [14]. With two and three indices,
we use the tensors in (3.27). The invariant tensors with four indices are

HEGP = g, HESP = 1P,
didso.op = 4t o tDtp)
diSs3.0p = 000Dy Ay = d*Pr R eP

BEEP = 1957,
ditae.cp = 4t1"(t[At[CtB}tD]) ; ditascp = ‘VfcéBD} : (3.34)

In addition, we also need invariant tensors with five indices as

d?OBCDE = fAB(CgDE) 7 d5AlBODE = 12tr(t[AtB]t(CtDtE)) 7 ( |
3.35
A B
dsopp = 12ttt otPlipty),  diopp = 5[(cd f]jE) :

With the preparations, the ansatz for the OPEs of Q%(2)Q”(0) can be written as
c1 c/2 2T(0 T'(0
o I R

+e2if] (JQ(O) L 3770) (5= )0 + C.L“g(TJ“)(o))

23 22 z

b b b b
+ (031d4aggo + 032d4a§§1 + C33d2§§2 + 034d2“5§3)

) ([J(anﬂ ©) , 3 [Jaln] <0>> (3:36)

22 z
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Jia' Ty (0)
(endfh + e + catiy) L)

Jig | (0
+ <C51d?06abc + 052dglﬂabc + CSSdgzﬁabc + 654dg36ab0) [ (ab c)] ( )

2210, 0°0))

z

+ ¢c6 daba ( 5

JaQ~] (0
+ (C7ld4a§f?1 + C72di§i& + C73dzgj'y + 2674d4a‘§f%)[a;]() )
Requiring associativity of the OPEs, we can uniquely fix the coefficients of our ansatz in

terms of ¢ as®

¢ 2¢1 (€ (50M + 4(0 — 2)0 +2M?) — 16 M)
2Ty BT W) — 1M (20 + M — 4)(3( +2M — 4)°
Cl(e — 2) C1
=Tl M 1) BT ey M=
cr (BM + (M — 4)? + 0(—6(M — 8)M — 32) + 16(M — 4)M)
“r= (€ — 4)(0— 1)0M (20 + M — 4)(30 + 2M — 4) ’
8c1(f + M
cx=0, =0, 1= GTnT 1)(£M(3€)+ oM —4) (3:37)
2c1(0 —4) 2¢1
TR0+ M —4)BE+2M—4) BT T3 — 120+ M —4)’
2, /c1(L — 2)(£ + M)
cs4 =0, cg = ,
VI—=4)(0—1)0(20 + M —4)(3¢ +2M — 4)
cn1 =0, ery = —2 feoll —4) ey =0

(—2 BT Ui+ M)’

up to an overall normalization &,/c for the spin two currents Q“. The associativity also
fixes the central charge as
M (—30* 4 20(M + 6) — 8)

€= 2(0+ 2M) ’ (3.38)

which reproduces (3.15) with n = 1.

Type so(4mn) with n = 1. We then move to the W-algebra with sp(2m) symme-
try obtained as the Hamiltonian reduction of so(4m). The spin one currents generate
sp(2m) affine algebra. A spin two current is the energy-momentum tensor, and the others
are in the anti-symmetric representation of sp(2m). In order to express the adjoint and
anti-symmetric representations simultaneously, we again use the sl(2m) generators té‘m ex-
pressed by 2m x 2m matrices. In this case, we decompose the indices as A = (a, ) with
a=1,2....2m>+mand o =2m?> +m+1,...,4m? — 1 such that

Qo (13,) " Qo = —13,, . Qo (19,,) " Qom =15, Q5 = — Qo - (3.39)

3For the computation, we use the Mathematica package “OPEdefs” [35]. We have obtained the results
for M = 3,4,5,6 and propose that the expressions are true also for M > 6.
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We introduce the invariant tensors as in (3.27) with M = 2m. In particular, we raise or
lower indices by g4% or its inverse. With these indices, the spin one and two currents are
denoted as J%, T, and Q%.

For OPEs among J¢ and T, we use (3.28) and (3.29). Here we set x% = g% for the
convention of ¢ to be as usual. Again, we do not specify the relation between ¢ and ¢
for a while. We set Q® such that the OPEs (3.30) are satisfied. For the ansatz of the
OPEs of Q%(2)Q”(0), we use the same form as in (3.36) with the same expressions of
composite operators (3.32), (3.33). Notice that the explicit expressions differ since the
invariant tensors (3.27), (3.34), (3.35) are constructed from the different set of generators
t124m = (t5m> t5m)-

Requiring associativity of the OPEs, we can uniquely fix the coefficients of our

ansatz as?
ey — ca eay = c1(L(e(((m —9)m + 26) + (m — 9)m + 56) + 12m) — 24)
20" 120(€ + 2)(20 + 1) (20 + m + 2)(30 + 2m + 2) ’
C32 = all+1) Ca3 = ——— 1 34 =0
20204+ 1)(20+m+2)° 40204+ 1) ’
1 (€ (602 +£((m — 3)m + 50) + m(m + 9) + 98) + 24(m + 2))
o= 120(0+ 2)(20 + 1)(20 + m + 2)(3 + 2m + 2) ’
c(l+m
=0, es=0, 1=y +(1>m<32 Fom 12 (340)
Cl(g + 2) Cc1
C53 =

B2 6020+ 1)(20+m+2)(30+2m +2)°
2i\/ci (0 +1)(£ +m)

6020+ 1)(20+m+2)]

cs4 =0, cg =+ ;
VIl +2)(20+1)(20 +m + 2) (30 + 2m + 2))

cr1 =0 c % Cc73 = i66(€+2> cy =0

71 — 9 72 — 2(€+1)7 73 — 2(€+1>(€+m)1 74_

up to the overall normalization +,/c; of Q. The central charge is also determined as

2m (302 — 20(m — 3) + 2)
B {4+ 2m

CcC =

: (3.41)

which is the same as the expression of (3.26) with n = 1.

Structure of null vectors. In subsection 2.1, we have explained that there are two types
of restricted matrix extensions of hs[\], which may be called as hsoa)[A] and hsgpam) [A]-
Moreover, we have derived that hs,an[A] and hsgyam)[A] reduce to so or sp type Lie
algebras at positive integer A by quotienting ideals. From the Hamiltonian reduction of
hssoar)[A] OF hsgpom)[A]l, We can obtain a rectangular W-algebra with so(M) or sp(2m)
symmetry, which may be denoted as W yo(ar)[A] or Wpom)[A]. It is natural to expect that
our rectangular W-algebras can be obtained from W,yn[A] and W, amy[A] at positive
integer A by quotienting ideals. In particular, the spin three currents in these W-algebras
are assumed to be decoupled at A = 2, and this assumption leads to the algebras obtained

4We have obtained the expressions for m = 2, 3,4 and propose that they are true also for m > 4.
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in this subsection. As claimed below, our W-algebras are supposed to be reproduced from
coset models with labels (k, N, M) or (k, N,m). From the correspondences, we expect that
other truncations could occur with integer k, N, since coset models with positive integer
parameters will have extra null vectors. However, it is an important open problem to reveal
the structure of null vectors of W ,,a7)[A] and W9y [A]. In a coset model similar to ours,
these two types of truncation were discussed in subsection 3.4 of [36], see also [12, 26, 37].

3.3 Comparison with dual coset models

As in [14], we would like to relate the W-algebras with so(M) or sp(2m) symmetry to
the symmetry algebras of some coset models. The corresponding coset models should be
the holographic duals of the restricted matrix extensions of 3d Prokushkin-Vasiliev theory.
The symmetry algebras become quite simple at the limit when the parameter A in the
gauge algebras becomes A — 0 or A — 1. At the limit, we can realize the rectangular
We-algebras as orbifolds of free bosons and fermions [38, 39], and we can easily obtain the
cosets which reduce to the same free systems at the large level limit [40, 41], see also [3, 6].
Our proposal on the dual coset CFTs can be found in table 2. A difficult issue is on the
maps of parameters including quantum corrections. In this subsection, we achieve this by
making use of the levels ¢ of so(M) or sp(2m) affine symmetries and the central charges ¢
of the algebras.

Type so(M(2n + 1)). We start from the W-algebra with so(M) symmetry realized
as the Hamiltonian reduction of so(M(2n + 1)). As a natural guess, we propose that the
corresponding coset is given by

so(N 4+ M)y,

i (3.42)

The coset has the so(M) affine symmetry and the level is k. The central charge is com-
puted as
E(N+ M)(N+ M —1) EN(N —1)

‘T TRk INTM—2)  2k+N_2)° (3:43)

where the dual Coxeter number of so(L) is given by hY = L — 2. At the large k limit, the
coset reduces to M N real bosons with so(/N) invariance in addition to the so(M) currents.
Compared with the level (3.7) and the central charge (3.8), the correspondence is realized
with £ = k and A = 2n + 1, where the 't Hooft parameter is given by

k—2 k—2

TkErN_-2 A:_1<:+M+N—2' (3.44)

The existence of two 't Hooft parameters implies a duality relation of the coset (3.42). The
same kind of duality exists in the W-algebra with su(M) symmetry, and it was analyzed
in [14] to some extent.

5See appendix B for alternative proposals on the dual coset CFTs. It is an interesting open problem to
examine the relation between two proposals on the dual cosets.
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Type sp(2Mn). We then consider the W-algebra with so(M) symmetry obtained from
the Hamiltonian reduction of sp(2Mn). We propose that the algebra can be realized by
the coset

0sp(M|2N),

sp(2N)y, (3.45)

The symmetry algebra of the coset includes so(M) affine Lie algebra with level —2k and
moreover it has m(m + 1)/2 generators at conformal weights 2,4, ...,2N and m(m —1)/2
generators at conformal weights 1,3,...,2N + 1 by Theorem 3.15 of [42] together with the
theory of cosets of [38, 39]. The central charge of the coset is

k(M(M —1)/2+ N(2N +1) —2NM) kN(2N +1)

_ _ . 3.46
¢ k+ N —MJ/2+1 k+N+1 (3.46)

For the dual Coxeter number of osp(M|2N), we have used h¥ = N — M/2 + 1, see, e.g.,
table 5 of [43]. The dual Coxeter number of sp(2L) is h¥ = L + 1. At large k, the coset
reduces to 2M N Majorana fermions with sp(2N) invariance as well as the so(M) currents.
The comparison with (3.13) and (3.14) leads to £ = —2k and A = 2n, where the 't Hooft
parameter A is defined as

k k
S ) A4
A k+N+1’ k+N—-M/2+1 (347)

There are two correspondences and this implies a duality of the coset (3.45).

Type sp(2m(2n 4+ 1)). We move to the W-algebra with sp(2m) symmetry realized as
the Hamiltonian reduction of sp(2m(2n + 1)). We propose that the corresponding coset is

el (3.45)

The level of the sp(2m) affine algebra is —k/2, and the central charge of the coset is

_E(N(N —1)/24+m(2m+1) —2Nm)  kN(N —1)
€~ k+ N —2m— 2 T2+ N-—2) (349)

For the dual Coxeter number of osp(N|2m), we have used h¥ = N — 2m — 2 in this case.
At the large k limit, the coset reduces to 2mN Majorana fermions with so(N) invariance
in addition to the sp(2m) currents. Compared with the expressions (3.19) and (3.20), we
find that the correspondence happens at £ = —k/2, A = 2n + 1 with

k—2 k—2

A= (3.50)

A= AN o "k+N-—-2m-2°

Again, the possibility of two choices implies a duality of the coset (3.48).
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Type so(4mn). Finally, we examine the W-algebra with sp(2m) symmetry obtained by
the Hamiltonian reduction of so(4mn). The symmetry algebra is proposed to be realized by

sp(2N + 2m)

PN (3.51)

The coset includes sp(2m) affine symmetry with level k. The central charge is computed as

_ k(N +m)2N +2m+1)  kN(2N +1)

3.52
E+N+m+1 E+N+1 ( )

At the large level limit, the coset reduces to 4mN real bosons with sp(2N) invariance as well
as the sp(2m) currents. Compared with (3.24) and (3.25), we find that the correspondence
is realized at £ = k, A = 2n with

k k
A=— —— A=——" )
k+N+1’ k+N+m+1 (3.53)

There should be a duality of the coset (3.51) as in the other cases.

3.4 Symmetry of dual coset models

In subsection 3.2, we have obtained OPEs for two simple examples with generators of spin
up to two. In this subsection, we construct the generators of the restricted rectangular W-
algebras in terms of dual cosets and check that the OPEs obtained above can be reproduced.

Type sp(2Mn) with n = 1. We have proposed above that the W-algebra with so(M)
symmetry obtained from sp(2M) can be realized as the symmetry algebra of (3.45) at
k=—-2(N+1) (or k = —2/3(N—M/2+1)). The symmetry generators are constructed from
the currents in the numerator and should be regular w.r.t. the currents in the denominator.
In order to write down the osp(M|2N) currents, we fist introduce the generators of the Lie
superalgebra osp(M|2N). We use (M + 2N) x (M + 2N) even supermatrices

Ay Buman
M = ’ 3.54
M|2N < Coxt Dan (3.54)

and require the conditions
A =—Ayn, QnDiNQan = —Don, QnBion =Conar, Qv =—Qany, (3.55)

see (2.30) and (2.31). As generators, we use

M|2N 00/’ M|2N 0 th ’ M|2N QQ_]\lf(ﬁ}W 2N)tr 0 : :

Here ¢4, and 5, are so(M) and sp(2N) generators, respectively. For tl]'\/[,QN we use a
M x 2N matrix where only one element is non-zero and equal to one. We also need

. 1%, 0
M2N = < 34 0) ; (3.57)
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where ¢4, are generators for the symmetric representation of so(M). Denoting tﬂp N =

(t(le\QN’ 2N tg\)4|2N’ t§\4|2N)’ we introduce the metric

P P
gFe@ = str(tM|2Nt§\24|2N) (3.58)
and the invariant tensors

ifPet = Str([tﬂ\mvt%\m]t%m) , d"f = Str({tJ\P;IDN’t?/HQN}tJ\R;[DN) : (3.59)

Here str is defined in (2.29). For t$,,t%,, we use the same generators as in subsection 3.2.
In particular, the normalizations are such that ¢** = §?° and ¢®* = §*#. The osp(M|2N)
currents include bosonic ones J%, JP and fermionic ones J*. The non-trivial OPEs are

—k(;ab . ach 0 —kqgPq . pquT 0
L i) g1 i)

J2)J%(0) ~

7 JP(2)J9(0) ~

22 z 22 z ’
L kg dY,J%(0) + d7,J7(0
P~ 7 ( )j p/*(0) (3.60)
y ifJi(0 - i7" Ji(0
J(2)J*(0) ~ fﬂz()’ JP(2)JH(0) ~ fﬂz()

With these preparations, we write down the generators of the W-algebra with so(M)
symmetry up to spin two. For the spin one generators, we have J* with level —2k. There
are spin two generators, such as, the energy-momentum tensor 7" and the charged spin two
currents. The energy-momentum tensor is obtained by the standard coset construction [44].
The charged spin two generators are given by linear combinations as

. o IN
@ _ Jo (T 4% a 1b ) 61
Here the relative coefficients are fixed so as to satisfy the OPEs (3.30). Using the OPEs

in (3.60), we can explicitly evaluate the OPEs of Q*(2)Q?(0). In fact, we find®

: pafl
. A if*SP7(0
Q0 ~ @ ()0 + T (3.62)
with extra spin three currents P* at k = —2(N + 1). Since we can show P%(z)P?(0) ~
O(z7?), the new operators P® are regarded as null vectors. Therefore, we can decouple

P from the rest by setting P* = 0 and identify the OPEs of Q® and Q® by (3.62).7

Type so(dmn) with n = 1. We consider the W-algebra with sp(2m) symmetry
obtained from so(4m). In the previous subsection, we have proposed that the alge-
bra can be realized as the symmetry algebra of the coset (3.51) at k = —2(N + 1) (or

5We have checked this for M = 3,4,5,6 and N = 1,2, 3.

"The spin three operators P are identified as null vectors of W,(ar)[A] appearing at A = 2 discussed
at the end of subsection 3.2. A similar statement holds also for the W-algebra with sp(2m) symmetry
analyzed below.
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k= —2/3(N +m+1)). In order to express the sp(2m + 2N) currents, we decompose the
generators of sp(2m + 2N) in the following way. We use (2m + 2N) x (2m + 2N ) matrices

Ao, Bzm,2N>

3.63
Conom Doy (8.63)

Mopyon = (

and realize the condition of sp(2m + 2N) as
o A Qo = —Agm . QnDiNQan = —Dan, QB onQam = —Conam.  (3.64)
Here €9, and Qopn are symplectic forms satisfying

A = —Qop, Oy =—Qon. (3.65)

. _ (18,0 p _ (00
2m+2N 0 0] ‘2N Oth )
(3.66)

thmion = 1 (i ’ fiman
m _ )
~Qon(thon) Qom0

where ¢5,, and ¢5, are the generators of sp(2m) and sp(2N) subalgebras, respectively.

For generators, we use

Moreover, each t  ,\ has only one non-zero element, which is equal to one. We also need

g 0
a 2m
= 3.67
2m—+2N ( 0 0) ) ( )

where t,, are generators for the anti-symmetric representation of sp(2m). With t2 LaN =
(tSmrons omaans tgm+2N7tém+2N)7 we introduce the metric as in (3.58) and the invariant
tensors as in (3.59). We use the same expressions for ¢4, ,t5 as in subsection 3.2 in order
to make comparison easier. The OPEs of sp(2m + 2N) currents are given by
kgY | if 5 T%(0)

TX(2)JY(0) ~ =

(3.68)

z z

with JX = (Je, JP, J%).

We construct the generators of the rectangular W-algebra up to spin two in the coset
language. Spin one generators are J* with level k. As a spin two current, the energy-
momentum tensor 7' can be constructed in the standard way [44]. The other spin two
currents are given by

A o N
@ =d%(JT) = e dy (JO T 3.69
Q z]( ) 2% +m +2 ab( )7 ( )
which satisfy the OPEs (3.30). Using (3.68), the OPEs of Q*(2)Q”(0) can be evaluated
as (3.62) with extra spin three currents P at k = —2(N +1).8 We can show that P have
zero norm as P®(z)P?(0) ~ O(z5). Thus, we decouple P* and identify the OPEs of Q“
and Q% by (3.62).
8We have checked this with m = 2,3,4 and N = 1,2, 3,4 except for m = N + 1, where the central charge
diverges.
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4 N =1 rectangular W-algebras

The gauge algebras for Chern-Simons supergravities have been analyzed in subsection 2.2,
and it was found that there are four types of restricted matrix extensions, see table 1. We
assign the asymptotic AdS boundary condition as in (3.1) for higher spin supergravity the-
ories. Under this condition, the asymptotic symmetries are again given by the Hamiltonian
reductions of superalgebras with the osp(1]2) embeddings [9, 45, 46]. In this way, we obtain
four types of NV = 1 rectangular W-algebras. In the next subsection, we explain their basic
properties, such as, spin contents, central charges, and the levels of affine symmetries. In
subsection 4.2, we show that the associativity gives strong constraints on OPEs for simple
examples with generators of spin up to two. In subsection 4.3, we argue that the N = 1
We-algebras could be realized as the symmetry algebras of coset models listed in 2. In
subsection 4.4, we explicitly construct generators up to spin two in terms of the cosets and
check that the OPEs can be reproduced for several examples.

4.1 Basics properties of the superalgebras

In this subsection, we study the basic properties of the four types of N/ = 1 W-algebras
obtained by the Hamiltonian reductions of the superalgebras listed in table 1. Specifically,
we examine the spin contents of these superalgebras and write down the levels £, /o of
two so(M) or sp(2m) affine subalgebras and the central charges ¢ of the algebras, see
appendix A.2 for the details of computations.

Type osp(M (2n + 1)|2Mmn). We start from the case with g = osp(M (2n + 1)|2Mn).
We decompose the superalgebra as in (2.34). Here 1, ® B3, 1)2, generates osp(2n+1|2n),
and the supergravity sector is identified with the principally embedded osp(1|2) in the
osp(2n + 1|2n). With the sl(2) C osp(1]2), the superalgebra osp(M(2n + 1)|2Mn) can be
decomposed as

n—1 2n
osp(M(2n + 1)|2Mn) ~ M (M — 1) (@ p25> o M? (@ p81/2>
M(M+1) (@ P2s— 1) (M;_l)mm

As in the bosonic case, after the Hamiltonian reduction, only one element in each ps or

(4.1)

ps—1/2 survives. Therefore, the W-algebra after the reduction includes M (M — 1) currents
withspins = 1,3,...,2n—1, M(M+1) currents with spin s = 2,4, ...,2n,and M(M—1)/2
spin 2n + 1 currents for bosonic generators. Moreover, it has M? currents with spin
s =3/2,5/2,...,2n + 1/2 for fermionic generators. With M = 1, the spectrum matches
with the one in [25]

The M (M — 1) spin one currents generate two so(M) affine algebras and one of spin
two currents is the energy-momentum tensor. In appendix A.2, we obtain the levels of two
so(M) affine algebras as

Go=t2n+1)+2n(M —2), fy=—2n—2n(M —2), (4.2)
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and the total central charge as

EM(M — 1)
= BT giMn(2n + 1
“Tot+M-2) n(2n+1)+

M(M
( +1)6n2—
2 2

Here ¢ is the level of osp(M (2n + 1)|2Mn) affine algebra.

Type osp(M (2n—1)|2Mn). We next consider the case with g = osp(M (2n—1)|2Mn),
where the superalgebra is decomposed as in (2.36). We principally embed osp(1|2) in
osp(2n — 1|2n) generated by 1) ® BS With the si(2) C osp(1]2), we decompose
osp(M(2n — 1)|2Mn) as

2n—1
0sp(M(2n — 1)|2Mn) ~ (EB /325> o M (EB Ps— 1/2>
M(M +1) <@p2s 1) (]\42_{—1)0271—1-

After the Hamiltonian reduction, the algebra includes M (M — 1) currents with spin s =
1,3,...,2n — 1, M(M + 1) currents with spin s = 2,4,...,2n — 2, and M(M + 1)/2
spin 2n currents for bosonic generators. Moreover, it has M? currents with spin s =

2n—1|2n"

(4.4)

3/2,5/2,...,2n — 1/2 for fermionic generators. With M = 1, the spin content reduces to
the one in [25].

The M (M — 1) spin one currents generate two so(M) affine algebras and one of spin
two currents is the energy-momentum tensor. In appendix A.2, we calculate the levels of
two so(M) affine algebras as

0 = dtn+ (M +2)(2n — 1/2) + (M — 2)(=1/2),

(4.5
by = —2t(2n — 1) + (M +2)(—2n + 3/2) + (M — 2)(—1/2), )
and the total central charge as
tM(M +1)
= —6tMn(2n —1
“Tok+M2+1) n(2n—1) (6)

_M<MQ+1> <18(n—1)n+;> +]w(]\42_1)<6(n—1)n—;) ,

where ¢ is the level of osp(M (2n — 1)|2Mn) affine algebra.

Type osp(dmn|2m(2n + 1)). We then study the case with g = osp(dmn|2m(2n +
1)) with the decomposition (2.35). We identify the supergravity sector as the osp(1]2)
principally embedded in osp(2n + 1|2n) generated by 1, ® BY We decompose

osp(dmn|2m(2n + 1)) with the si(2) C osp(1]2) as

2n
osp(4mn|2m(2n + 1)) ~2(2m* +m (@ p25> @® 4m? <@ p5_1/2>
=1
®2(2m* —m (@st 1) @ (2m% 4 m)pa, .

2n+1|2n°

(4.7)
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The W-algebra after the Hamiltonian reduction has 2(2m? 4+ m) currents with spin s =
1,3,...,2n — 1, 2(2m? — m) currents with spin s = 2,4,...,2n, and (2m? + m) spin
2n 4 1 currents for bosonic generators. Moreover, it has 4m? currents with spin s =
3/2,5/2,...,2n+ 1/2 for fermionic generators.

The 2(2m? +m) spin one currents generate two sp(2m) affine algebras and one of spin
two currents is the energy-momentum tensor. In appendix A.2, we obtain the levels of two
sp(2m) affine algebras as

OH=t2n+1)+2n(m+1), {l=—-2tn—2n(m+1), (4.8)

and the total central charge as

tm(2m + 1
e MM L) @0 £ 1)+ (2m? — m)6n? — 2m? +m)isn?.  (4.9)
t+m—+1

Here ¢ is the level of osp(4mn|2m(2n + 1)) affine algebra.
Type osp(4dmn|2m(2n —1)). Finally we examine the case with g = osp(4dmn|2m(2n —
1)) and with the decomposition (2.37). As the supergravity sector, we use the osp(1]2)

principally embed in osp(2n — 1|2n) generated by 1, ® B
osp(dmn|2m(2n — 1)) with the sl(2) C osp(1|2) as

2n—1
osp(4mn|2m(2n — 1)) ~2(2m? +m (@ ,025> @ 4m? (@ p5_1/2>
s=1

Sn—1]2n" We decompose

- (4.10)
® 2(2m? —m) (@ pzs1> ® (2m? — m)pan_1 .
s=1
After the Hamiltonian reduction, the algebra includes 2(2m? + m) currents with spin s =
1,3,...,2n — 1, 2(2m? — m) currents with spin s = 2,4,...,2n — 2, and 2m? + m spin 2n
currents for bosonic generators. It also has 4m? currents with spin s = 3/2,5/2,...,2n—1/2

for fermionic generators.

The 2(2m? +m) spin one currents generate two sp(2m) affine algebras and one of spin
two currents is the energy-momentum tensor. In appendix A.2, we find the levels of two
sp(2m) affine algebras as

lh=t/2-2n+(m—1)2n —1/2) + (m+1)(—1/2),

(4.11)
lo=—t/2-2n— 1)+ (m—1)(=2n+3/2) + (m + 1)(=1/2),
and the total central charge as
2m — 1
= tm(m = 1) _ 6tmn(2n — 1)
t+2m —2 (4.12)

— (2m? = m) (18(n —1)n + 2) + (2m* +m) (6(n —1)n — ;) )

where ¢ is the level of osp(4dmn|2m(2n — 1)) affine algebra.
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4.2 OPEs among generators

In this subsection, we compute OPEs among generators of the N' = 1 rectangular W-
algebras only with generators of spins s = 1,3/2,2.9 There are two types of them; one
is type osp(M(2n — 1)|2Mn) with n = 1, which has so(M) symmetry. The other is type
osp(4mn|2m(2n — 1)) with n = 1, which has sp(2m) symmetry. We first study the N =1
W-algebra with so(M) symmetry, and then briefly discuss the one with sp(2m) symmetry.
Since expressions become quite complicated compared with the bosonic cases, we only
provide the outlines of what we have done.

Type osp(M(2n — 1)|2Mn) with n = 1. We start from the N/ = 1 W-algebra
with so(M) symmetry obtained from the Hamiltonian reduction of osp(M|2M). As in the
bosonic case, we introduce the sl(M) generators tJ\A/[ expressed by M x M matrices and
decompose A = (a,a) witha =1,2,..., M(M —1)/2and a = M(M —1)/2+1,...,M?>—1
such that ¢4, and ¢, are the anti-symmetric and traceless symmetric matrices, respectively.
The invariant tensors are defined as in (3.27) and the normalization of generators is set as
g8 = §4B. The W-algebra includes two so(M) currents J¢, K. With k% = Ltr(¢%,£5,),
the OPEs of J%, K% can be written as

Y ab - rab 7C Y ab . ach
Jo(2)0(0) ~ BT SN0 pay pebgy o 25T TEREO) g
z z z z
The W-algebra also includes the energy-momentum tensor 1" satisfying
c/2 2T(0) T'(0)
T(2)T'(0) ~ — . 4.14
(1) ~ G+ P+ (114)

We do not specify the relations among the levels ¢1,f2 and the central charge c for a

moment. The OPEs between the energy-momentum tensor and the so(M) currents are
J0 JY(0 K*0) K0

~ ( )—i- ( ), T(z)K*0) ~ ( )+ ( ) (4.15)

22 z 22 z

T(2)J%(0)

The algebra includes fermionic generators G with spin 3/2. There are three types, such
as, G = G in the singlet, G® in the adjoint, and G® in the symmetric representations of
so(M). For spin two generators, we have the energy-momentum tensor 7" and charged spin
two currents Q% transforming as the symmetric representation under the so(M) action.
We choose the basis of generators to satisfy

3G40) 640
3 2()+ (0)

L 20°0) | Q(0)

2 z

T(2)G*(0) , T(2)Q™(0)

- . (4.16)

z

such that the currents are primary w.r.t. the Virasoro algebra.
We obtain other OPEs among generators by requiring their associativity. For similar
analysis without matrix extensions but with supersymmetry, see [16, 25, 36]. The operator

9As discussed at the end of subsection 3.2, these algebras could be obtained from mother rectangular
W-algebras with integer A introduced in (2.21) and quotienting ideals. Similarly, we expect that coset type
truncations exist in these cases as well.
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products would produce composite operators of spin up to three, and we need to list all
independent ones. In order to avoid making expressions complicated, we use abbreviated
notation for composite operators as

[Ay - Ay = (Ay - Ay) + - (4.17)

where ... denote terms needed to satisfy the condition primary w.r.t. the Virasoro algebra.
Here we use the normal ordering prescription given in (3.31) to make the products of
operators well defined. The definitions of composite operators are not unique in general
and this fact will be utilized to make the form of OPEs simpler below. For spin one and
3/2, there are no primary operators other than the fundamental ones, J* K% and GA.
We have primary operators

@], [KeKY], [J°K"Y, [J°GA], [K°GA (4.18)
for spin two and 5/2 along with Q. We also find the composite primaries
[Jegbgo, [Keg®y9], [KeJbJ9), [KeKbK),
ey, kER), R, ), [KQY, (4.19)
GG, (GG, (GG, [Glegh, G°G?], GG

for spin three.

In the following, we consider the specific examples with M = 3,4,5 except for the
OPEs of Q% x Q°. Here we have used the symbolic form to express operator products. The
operator product of spin s; and sg operators produces (composite) generators of spin up
to s1+ s9 — 1, so it is convenient to start from the cases with smaller s; 4+ s3. The smallest
case is with s; = s9 = 1, but the OPEs were already given in (4.13). The next simplest
case is with s; = 1 and sy = 3/2. Denoting I” = (J%, K?), we examine the associativity
of I” x IQ x GA. Up to the normalizations of G#, the associativity turns out to fix the
OPEs of I” x G# uniquely. Firstly, we set

G*(0) G*(0)

JURGO0) ~ T KM(2)G(0) ~ =T, (4.20)

where the OPEs determine the normalization of G relative to G. The OPEs of I x G®
are given by

706G (0) + & f0.G(0) + 5d°,G*(0
Ja(Z)Gb(O)NM ()+2fc ()+2 [e] ()7
1 sab i jb c 1 jab o (421)
—3707°G(0) + 5 f*.G%(0) — 5d*,G(0)
. .
Here we have fixed the normalization of G relative to G by the OPEs. With the normal-

izations, the OPEs of I¥ x G® are

K9(2)Gb(0) ~

1 faa b ldaa B
J4(2)G*(0) ~ 2 /"¢ (O)J;2 5G (0)7
i pac b 1 jac 3 (422)
5 /94G(0) — 3d*BG(0)

z

K9(2)G(0) ~
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In the above analysis, we used the fact that only the non-trivial invariant tensors are
fabc 7 faa,B ’ daba , daﬁ'y (423)

among fAP¢ and d4BC,
We next examine the OPEs of I” x Q®. We use the ansatz schematically of the forms

JO % Q% ~if*%a1Q” + d*5(az1J® + anKP)

+ A5 LTI + AL KO K] + A [T KA,
K® x Q* ~if%b1Q° + d*%(b21J® + bpo K°)

+ B35 [T + B [KC K9 + B [JP K.

(4.24)

Here the small letters are constants without indices. The capital letters are given by linear
combinations of invariant tensors as in (3.27), (3.34), and (3.35) with constant coefficients.
We examine the associativity of I* x I¢ x Q® and find that there might be several discrete
solutions of a1 and b;. The charge assignments of Q< w.r.t. J% and K can be read off from
the Hamiltonian reduction of osp(M|2M), and the possible choice is a3 # 0 and by = 0 or
a1 = 0 and b; # 0. We use the former one by breaking the symmetry under the exchange
of J* and K% Moreover, there are ambiguities by redefining the spin two currents Q¢
such that

Q% = 2Q% + d°, (z1 [T TD] + 2 K@K + zg[J(“Kb)]) (4.25)

as mentioned above. Using z1, 29, 23, We set as1 = as2 = bao = 0 to make the OPEs simpler.
With this setup, solutions to the constraints from I x I? x Q% are given by
if*5Q" (0
JH2)Q™ ~ M, K*Q* ~0. (4.26)
z
In a similar manner, we can determine the OPEs of G4 x GP and G4 x Q® in terms
of one parameter ¢; up to the normalizations of G and Q* (or zp in (4.25)). Here we have
used the associativity of I” x GA x GB, I” x G4 x Q%, and G* x GB x GB. In particular,
we have found the expressions of ¢ and ¢5 in terms of /1 for M = 3,4,5 as
M (M? + M(20; — 5) + £1(30; — 11) + 4)

1
c=— ST E L l=2- (M), (4.27)

which can be obtained from (4.5) and (4.6) as well. We have also determined the OPEs
of Q* x QP in terms of one parameter ¢; up to the normalizations of G and Q% for the
simplest non-trivial example with M = 3.

Type osp(4mn|2m(2n — 1)) with n = 1. We then consider the N' = 1 W-algebra
with sp(2m) symmetry obtained from the Hamiltonian reduction of osp(4m|2m). The
situation is quite similar to the previous case, so we explain it only briefly. As above, we
use t4 as the generators of sl(2m) and express them by 2m x 2m matrices. We decompose

the indices as A = (a,a) witha = 1,2...,2m?>+m and a = 2m? +m+1,...,4m? —1 such
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that (3.39) are satisfied. The invariant tensors are introduced as in (3.27) with M = 2m,
and indices are raised or lowered by g% or its inverse. There are two sp(2m) currents
J% K® and their levels are denoted as ¢1, {3, respectively, as in (4.13) but with k® = ¢,
There are fermionic generators G4 with spin 3/2, which are G = GY in the singlet, G® in the
adjoint, and G in the anti-symmetric representations of sp(2m). For spin two generators,
we have the energy-momentum tensor 7" and charged spin two currents Q% transforming as
the anti-symmetric representation under the sp(2m) action. We choose the basis primary
w.r.t. the Virasoro algebra.

We determine OPEs by requiring their associativity. Here we mainly consider the
examples with sp(4) and sp(6). For the OPEs of the form I x G4 with I” = (J* K%),
we find

1 abG 0 i pab 0 ldab G0
Ja(z)Gb(O)N am Y ( )+2f c( )+2 G )7

z
__1 gab i rab _ 1gab o
Ka(z)Gb(O) ~ ng G(O) + Qf c(o) Qd aG (O)

(4.28)

z

along with (4.20) and (4.22). The composite operators generated by operator products are
the same as before as in (4.18) and (4.19). We can apply the same arguments as before
for the OPEs of I” x Q%, and we arrive at the same expressions as in (4.26). The OPEs
of GA x GB and G* x Q% can be determined in terms of one parameter, say, ¢; up to the
overall normalizations of G and Q“. The central charge ¢ and the other level ¢5 can be
written in terms of ¢; as

m (4€1m + £1(601 4+ 11) + 2m? + 5m + 2)
{1+ m

1
c= , fo=—-1-— 5@1 + m) (4.29)
with m = 2,3. The same expressions can be obtained from (4.11) and (4.12). We checked
that the OPEs of Q® x Q? are uniquely fixed in terms of ¢; up to the normalizations of G
and Q¢ for the example of sp(4).

4.3 Comparison with dual coset models

In this subsection, we propose cosets realizing the four types of N' = 1 rectangular W-
algebras as their symmetry algebras as listed in table 2 and identify the maps of parame-
ters.!? The cosets can be regarded as the holographic duals of the A" = 1 matrix extensions
of higher spin supergravities. The dual cosets were proposed in [6] by generalizing the holo-
graphic duality in [3] with A/ = 2 supersymmetry. However, the analysis was done in large
¢ limit and with generic 't Hooft parameters. We are interested in the cases with finite ¢
and integer A, and, in particular, the truncations depend on whether A is even or odd. For
this, we work with the four cases contrary to the two cases analyzed in [6].

Type osp(M(2n + 1)|2Mn). We first consider the N' = 1 W-algebra with so(M)
symmetry obtained as the Hamiltonian reduction of osp(M(2n + 1)|2Mn). We propose

10See appendix B for alternative proposals.
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that the algebra is realized as the symmetry of the coset

so(N + M) & so(NM )y
$0(N )01

, (4.30)

where so(INM); can be described by NM Majorana fermions. The same coset was consid-
ered in [6] and also in [25] with M = 1. The symmetry algebra includes two sets of so(M)
currents. One comes from so(NN + M) and with level k. The other can be constructed from
the free fermions and with level N. The central charge is computed as

K(N+M)(N+M-1)  NM  (k+MNN -1)

= . 4.31
20k + N+ M —2) 2 20k + N+ M —2) (4:31)
Compared with (4.2) and (4.3), we find a map
N
b=k, =N, A= =2 (4.32)
or
G=N, b=k, A= i — o (4.33)
P R ATy My N2 T '

The two choices may be understood as a duality of the coset (4.30) by exchanging two sets
of so(M) currents.

Type osp(M(2n — 1)|2Mn). We then examine the N' = 1 W-algebra with so(M)
symmetry given by the Hamiltonian reduction of osp(M (2n — 1)|2Mn). We propose that
the algebra is realized as the symmetry of the coset
osp(M|2N ) @ sp(2NM)_y /o
sp(2N) /2

: (4.34)

where sp(2N M) _ /5 is described by 2N M symplectic bosons. For M = 1, the coset reduces
to the one proposed in [25]. The symmetry algebra includes affine so(M) with level —2k
from osp(M|2N); and affine so(M) with level —2N from the symplectic bosons. The
central charge is

K(M(M —1)/2+ N(@2N + 1) — 2N M) (k— M/2)N(2N + 1)

= —NM — 4.
¢ k+N—M/2+1 k—MJ2+ N +1 (4.35)
The comparison with (4.5) and (4.6) leads to a map
N+1
b b A= EN—mprr s ot (4.36)
or
1
fl = *2N, fg = *Qk, A= kot =-2n+1. (437)

E+N—-M/2+1

The existence of two choices implies a duality of the coset (4.34).
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Type osp(4dmn|2m(2n + 1)). One of the N’ =1 algebras with sp(2m) symmetry can

be constructed by the Hamiltonian reduction of osp(4dmn|2m(2n + 1)). We propose that
the algebra can be identified as the symmetry of the coset
osp(N[2m)y, ® sp(2Nm)_1 /9

50(N)g—_2m ’

The symmetry algebra includes two affine sp(2m) with level —k/2 and level —N/2 as

(4.38)

subalgebras. The central charge is

k(N(N —1)/2+m(2m+1) — 2mN) (k — 2m)N(N — 1)

= — Nm — . 4.
¢ k+ N —2m—2 "ok + N —2m —2) (4.39)
Compared with (4.8) and (4.9), we find a map
0y =—-k/2, ly=-N/2, A= N = -2 (4.40)
L= 2= T k+N-2m-2_ " '
or
k
0 =—N/2, fo=—k/2, A= “on. (4.41)

k+N-—2m—2
The two choices imply a duality of the coset (4.38) as above.

Type osp(dmn|2m(2n — 1)). The other N' = 1 algebra with sp(2m) symmetry is
constructed by the Hamiltonian reduction of osp(4mn|2m(2n — 1)). Our proposal is that
the algebra is realized as the symmetry of the coset

sp(2N + 2m)j, @ so(4Nm)1
SP(QN)k—l-m .

The same coset was considered in [6]. The symmetry algebra includes two affine sp(2m)

(4.42)

with level k and level N as subalgebras. The central charge is

E((N 4+m)(2(N +m) + 1) (k+m)(2N? + N)
_ ONm — . 44
¢ E+N+m+1 By AT | (4.43)

We compare them with (4.11), (4.12) and find that the correspondence happens at
N+1

0y k‘, 2 , A Frmi N1 n + ( )
or
k+1
lh=N, bo=k, N=———— =2 1. 4.4
1 ’ 2 ) k:+m—|—N—|—1 n+ ( 5)

We again expect a duality of the coset (4.42)

4.4 Symmetry of dual coset models

In subsection 4.2, we obtained OPEs for the N’ = 1 W-algebras with generators up to spin
two. In this subsection, we explicitly construct generators of the W-algebras in terms of
dual coset models and reproduce the OPEs among generators.
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Type osp(M (2n—1)|M2n) with n = 1. We first examine the A’ = 1 W-algebra with
so(M ) symmetry obtained as the Hamiltonian reduction of osp(M|2M ). We have proposed
that the algebra can be realized as the symmetry of the coset (4.34). In order to write down
the symmetry generators of the coset (4.34), we introduce the generators of osp(M|2N) as
in (3.56), (3.57) and the invariant tensors as in (3.58), (3.59). The osp(M|2N) currents
consist of bosonic ones J%, J? and fermionic ones J* and the non-trivial OPEs are given
in (3.60). We use the description of symplectic bosons ¢* for sp(2N M) _ jo with

' (2)¢?(0) ~ 7. (4.46)
Using the symplectic bosons, we can construct so(M)_an and sp(2N)_ /o currents as

a i a i j i (]
Jj = 5 f%(e'e"), J§=§f€j(<ﬂ<ﬁj)- (4.47)

In particular, the sp(2N),_ps/2 factor in the coset (4.34) is given by
JP=JP+ T8 (4.48)

In terms of these currents, we write down generators of the N’ = 1 W-algebra with
so(M) symmetry up to spin two. For spin one generators, we have J% and K% = J}’ with
levels —2k and —2N, respectively. For spin 3/2 generators, we use products of J7 and @
such as to be regular w.r.t. JP. Using suitable invariant tensors, we have

G =gi(Jl¢h), G =if%(J'¢)), G*=—d%(J¢), (4.49)

where the overall factors are chosen in order to match with the OPEs (4.20), (4.21),
and (4.22). There are spin two generators, such as, the energy-momentum tensor 7' and
charged spin two currents Q. The energy-momentum tensor can be obtained by the
standard coset construction [44]. For the charged spin two generators, we find that

2N

a a 1b
B o — 4.
pY s vt A (4.50)

Q" = doy(J1J7) +
are Virasoro primaries and satisfy the OPEs (4.26). They are actually the same as those
for the bosonic case in (3.61), and this is because we use the definition of spin two currents
such as to satisfy the same OPEs. Setting

0 =—2k, ly=-2N, k=-2N+M/2—2 (4.51)

as in (4.36) with n = 1, we have checked for several examples that other OPEs among
generators are reproduced up to null vectors.

Type osp(4mn|2m(2n — 1)) with n = 1. We then examine the N' = 1 W-algebra
with sp(2m) symmetry obtained from osp(4m|2m), which is supposed to be realized as
the symmetry of the coset (4.42). In order to describe the currents in the coset (4.42),
we use the generators of sp(2m + 2N) as in (3.66), (3.67) and the invariant tensors as
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in (3.58), (3.59). With the notation, the OPEs of sp(2m + 2N) currents and the free
fermions ! from so(4mN); are given by (3.68) and

Wi (0) ~ (452)

z

We can construct sp(2m)y and sp(2N),, currents from the free fermions as
= =5l TR = = ). (4.53)
The sp(2N )1 currents in the coset (4.42) are given by
JP=JP+ T8 (4.54)

Next we construct generators of the N' = 1 W-algebra up to spin two in the coset
language. Spin one generators are J* and K% = Jg. Spin 3/2 generators are constructed as

G =gy(Jw), G*=—if%(J'y), G*=d;(J'y) (4.55)

as in the case with so(M). As a spin two current, the energy-momentum tensor 7" can be
constructed in the standard way [44]. The other spin two currents are given by

N

_7da
2k +m + 2

Q™ = d%(J'J) (4T, (4.56)
which are primary w.r.t. the Virasoro algebra and satisfy the OPEs (4.26). They are the

same as (3.69) in the bosonic case because of our definition of spin two currents. Setting
61:]{, EQIN, k=-2N—m—2 (457)

as in (4.44) with n = 1, we have checked for several examples that other OPEs among
generators are reproduced up to null vectors.
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A Computations on central charges and levels

In this appendix, we write down some details of computations on the central charges of
rectangular W-algebras and the levels of so(M) or sp(2m) affine subalgebras. Let us
consider a vertex algebra Wy(g, Z, f ). Here g denotes a Lie (super)algebra with a suitable
norm (.|.). The label ¢ is the level of the universal affine vertex algebra V;(g), which is
used to construct Wy (g, z, f) Furthermore, #, f are even elements of g, and we require
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that they form a sl(2) algebra (3.3) with an additional element é. We decompose g by the
eigenvalue of adjoint action ad Z as

We choose a basis {uq }aes; for g; and denote S4 =[], S;. The formula of central charge
for the vertex algebra Wi(g, &, f) may be found in (2.3) of [47] as

_ tsdimg
Ct+hY

—126(&|2) — Y (~1)P(12m] — 12mg +2) — %sdimgl/z. (A.2)
aEeSt

Here hY represents the dual Coxeter number of g and p(«) denotes the parity of ugq.

Moreover, (mg, 1 —m,,) are the conformal dimensions of ghost system and we set mq = 1—3.

There is no universal formula for the levels of affine subalgebras, but they can be evaluated

for each example as below.

A.1 Rectangular W-algebras

As explained in subsection 3.1, there are four types of bosonic rectangular W-algebras
obtained from the Hamiltonian reductions of the gauge algebras listed in table 1. Here we
compute the central charges of the algebras by applying the formula (A.2) and moreover
obtain the levels of so(M) or sp(2m) affine subalgebras.

Type so(M(2n+1)). We first consider the W-algebra with so(M) symmetry obtained
as the Hamiltonian reduction of so(M(2n+1)). We decompose so(M(2n+1)) as in (2.11)
or (3.2) and use the sl/(2) principally embedded in 1, ® so(2n + 1).

The central charge of the algebra can be computed by applying the formula (A.2). The
dimension of so(M(2n+1)) is M(2n+ 1)(M(2n+ 1) — 1)/2 and the dual Coxeter number
is M(2n + 1) — 2. We use the convention such that (§|2) = 3tr(92) to match with the
common one. Using this, we find

(3]3) = % M. %(271—1—1)((2714—1)2—1) - éMn(n+1)(2n+1). (A3)

We them compute the number of elements in S;. With the principal embedding of si(2),
the elements of so(2n + 1) can be decomposed as

QTL + 1 @ P2s—1 - (A4)

Moreover, the number of elements of symmetric matrix A3, is C3; in (3.5). From this,
we can read off the number of ghost system from the sector as C3,;(2n + 1 — j)/2 for
j=13,....2n—1 and C§,(2n — j)/2 for j = 2,4,...,2n — 2. The contribution to the
central charge is

n—1

—Cy Y [(n=p)(12(2p+1)* = 12(2p + 1) + 2]
=0 (A.5)
- CMZ (n—1—p)(12(2p + 2)2 —12(2p + 2) + 2] = C3,(6n% — 8n?).
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In a similar way, we decompose the symmetric representation of so(2n + 1) as

(sym)on41 = @pzs (A.6)

The number of elements of anti-symmetric matrix A%, is C§; in (3.5). The number of ghost
system from the sector is C{;(2n+1—j)/2 for j =1,3,--- ,2n—1 and C};(2n — j +2)/2
for j = 2,4,---,2n. The contribution to the central charge is

n—1

—CH Y [(n—p)(12(2p+1)* = 12(2p + 1) + 2]
p=0

e Z [(n—p)(12(2p +2)% —12(2p +2) + 2] = —C¢2n(n + 1)(An(n+1) — 1)
(A7)

The central charge is thus obtained as (3.8).

We next compute the level of so(M) affine algebra. From the diagonal sector of
so(M) ® 12,41, we have so(M) currents with the level ¢(2n + 1). Furthermore, there
are ghosts, which transform in the symmetric and adjoint representations of so(M), and
we can construct so(M) currents from the ghost system. The level of the so(M) currents
is M + 2 (or M — 2) for a set of ghosts in the symmetric (or adjoint) representation of
so(M), thus the total so(M) currents receive the shifts of level from a set by M + 2 (or
M — 2). The number of the sets is 2> 7 ;(2s — 1) = 2n? (or 23.7_,(2s) = 2n(n + 1)) for
the symmetric (or adjoint) representation of so(M). From this, the level of so(M) currents
is obtained as (3.7).

Type sp(2Mn). We then examine the W-algebra with so(M) symmetry obtained as
the Hamiltonian reduction of sp(2Mn). We decompose sp(2Mn) as in (2.13) or (3.10) and
use the si(2) principally embedded in 1;; ® sp(2n).

We compute the central charge from (A.2). The dimension of sp(2Mn) is Mn(2Mn—+1)
and the dual Coxeter number is Mn + 1. Using the convention (§|2) = tr(y2), we find
(#|2) = 2Mn(4n? — 1)/12. We decompose sp(2n) by the principally embedded sl(2) as

2n) = P pas1 (A.8)
s=1

and associate the factor C}, in (3.5). Thus, the number of ghost pair is C3,;(2n+1 — j)/2
for j =1,3,5,...,2n—1 and C},(2n — j)/2 for j = 2,4,6,...,2n — 2. The contribution to
the central charge from the sector is

C3(6n2 — 8n). (A.9)

Similarly, we decompose the anti-symmetric representation of sp(2n) by the sl(2) as

n—1

(asym)a, = EP pas (A.10)

s=1
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and associate the factor C{{; in (3.5). The number of ghost pair from the sector is C'};(2n —
1—y)/2 for j = 1,3,5,...,2n — 3 and C{;(2n — j)/2 for j = 2,4,6,...,2n — 2. The
contribution to the central charge from the sector is

—C%2n(1 + 3n — 8n? 4 4n3). (A.11)

The total central charge is then evaluated as in (3.14).

The level of so(M) affine algebra can be obtained as in the case of (3.7). The ghosts
transform in the symmetric and adjoint representations of so(M), and the numbers of sets
of ghosts are 2n? and 2n(n — 1), respectively. From this, the level of so(M) can be found
as (3.13). The factor 2 in the first term of the right hand side comes from the difference of
convention for the levels of so(L) and sp(2K).

Type sp(2m(2n 4+ 1)). Here we deal with the W-algebra with sp(2m) symmetry from
the Hamiltonian reduction of sp(2m(2n + 1)) with the decomposition (2.12) or (3.16). We
use the principally embedded sl(2) in 1a,, ® so(2n+1). For sp(2m(2n+ 1)), the dimension
is m(2n + 1)(2m(2n 4+ 1) + 1) and the dual Coxeter number is m(2n + 1) + 1. The norm
is (Z|z) = 2mn(n 4+ 1)(2n + 1)/3. We decompose so(2n + 1) by the sl(2) as in (A.4) and
associate the factor anf in (3.18). Similarly, we decompose the symmetric representation
of so(2n + 1) by the sl(2) as in (A.6) and associate the factor Cgﬁf in (3.18). The total
central charge is then evaluated as in (3.20). The ghosts transform in the anti-symmetric
and adjoint representations of sp(2m). The shifts of level from a set of ghost are m — 1 and
m + 1, and the numbers of set are 2n? and 2n(n + 1), respectively. Therefore, the level of
sp(2m) currents is obtained as in (3.19).

Type so(4mn). The final example is the W-algebra with sp(2m) symmetry from the
Hamiltonian reduction of so(4mn) with the decomposition (2.14) or (3.22) and with the
sl(2) principally embedded in 12, ® sp(2n). For so(4mn), the dimension is 2mn(4mn — 1)
and the dual Coxeter number is 4mn — 2. The norm is (£|2) = 2m - 2n(4n? — 1)/24.
The adjoint representation of sp(2n) can be decomposed by the si(2) as in (A.8) and the
factor C%Tf in (3.18) is associated. Similarly, the anti-symmetric representation of sp(2n) is
decomposed by the s/(2) as in (A.10) and the factor anf in (3.18) is associated. The total
central charge is then computed as in (3.25). The ghosts transform in the anti-symmetric
and adjoint representations of sp(2m), and the numbers of sets of ghosts are 2n? and
2n(n — 1), respectively. Therefore, the level of sp(2m) currents is obtained as in (3.24).

A.2 N =1 rectangular W-algebras

In subsection 4.1, we construct four types of N' = 1 rectangular W-algebras from the
Hamiltonian reductions of the superalgebras listed in table 1. Here we compute the central
charges of the W-algebras and the levels of two so(M) or sp(2m) affine subalgebras.

Type osp(M(2n + 1)|2Mn). We first examine the N' = 1 W-algebra with so(M)
symmetry obtained as the Hamiltonian reduction of osp(M (2n+1)|2Mn). We express the
generators of osp(M (2n + 1)[2Mn) by Ty ® Uspy1)2n, Where Ty are M x M matrices and
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Uspiij2n are ((2n + 1) +2n) x ((2n + 1) + 2n) even supermatrices. We assign

QT = €T, Q% = Qur, (A.12)
and
Qo A Qo1 = —€Agnyr, Qo DY Qo = —€Dayy (A13)
QQ_nlBg];LJrlan?n-H = €Conantl
where

Aopt1 Bongi2
Usnt1jan = nt LA O = Qongr, O = Q. (A.14)
Conont1 Doy

With this description, the subalgebras so(M) ® lg,41j2, and 1y ® osp(2n + 1]2n) are
manifestly realized, where 1,12, means (2.33). We adopt the principal embedding of
osp(1]2) in the 1y ® osp(2n + 1|2n) subalgebra.

We compute the central charge of the algebra by applying the formula (A.2). The
superdimension of osp(M (2n + 1)|2Mn) is

M@n+1)(M(2n+1)—1)
2

M(M —1)

+ Mn(2Mn + 1) — M*2n(2n + 1) = 5 . (A15)

and the dual Coxeter number is hY = M(2n + 1) — 2Mn — 2 = M — 2. The norm
(2|2) = 3str(2d) is
i M1
@)= |

5 2n+1)((2n+1)*—1) — izn(zm? — 1)] = iMn(2n +1).  (A.16)

12

We count the number of elements in S; with the choice of si(2)-embedding. For ¢ = +1
in (A.12) and (A.13), we decompose osp(2n + 1|2n) as

n 2n
(@ 2P2s—1> ® (@%—1/2) : (A.17)
s=1 s=1

Thus, the number of even elements in S; is C3,(2n 4+ 1 —j) for j = 1,3,...,2n — 1 and
C3(2n —j) for j =2,4,---,2n — 2, where C3; is given in (3.5). Similarly, the number of
odd elements is C3,;(2n — j +1/2) for j = 1/2,3/2,...,2n — 1/2. For e = —1 in (A.12)
and (A.13), we decompose the elements of Uy, )2, as

n—1 2n
(@ 2p28> @ pan D <@ psl/2> : (A18)
s=0 s=1

Thus, the number of even elements in S; is C};(2n — j) for j = 1,3,...,2n — 1 and
C$(2n—j+1) for j =2,4,---,2n, where C}, is given in (3.5). Similarly, the number of
odd elements is C{;(2n — j +1/2) for j =1/2,3/2,...,2n —1/2. The total central charge
is then computed as in (4.3).
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The levels of two sets of so(M) currents can be obtained from the information of
ghosts as in the bosonic cases. A set of so(M) currents come from so(M) ® Lap4+1, and
the ghosts from so(M(2n + 1)) C osp(M(2n + 1)|2Mn) give rise to the shift of level
by 2(M + 2)n? + 2(M — 2)n(n + 1). Similarly, the other set come from so(M) ® 1y,
and the ghosts from sp(2Mn) C osp(M(2n + 1)|2Mn) contribute to the shift of level by
2(M + 2)n? + 2(M — 2)n(n — 1). There are bosonic ghost system arising from the off-
diagonal blocks of osp(M(2n + 1)|2Mn), which transform in the vector representations of
so(2n 4+ 1) and sp(2n) and in the symmetric and adjoint representations of so(M). A set
of bosonic ghosts in the symmetric and adjoint representations of so(M) yield the shifts of
level by —(M +2) and —(M — 2), respectively. Thus the shifts of level from the sector are
—(M+2)n(2n+1)— (M —2)n(2n+1) for the both affine so(M). There are also n fermionic
ghost systems of conformal weight (1/2,1/2) in the symmetric and adjoint representations
of so(M), and the contributions to the levels are (M + 2)n + (M — 2)n. In total, the levels
of two sets of so(M) currents are obtained

0 =t2n+ 1)+ (M +2)(2n* —n(2n + 1) +n)
+ (M —-2)2n(n+1) —n(2n+1)+n),

lo = —t-2n+ (M +2)(2n* —n(2n + 1) +n)
+ (M —-2)2n(n—1)—n(2n+1) +n),

(A.19)

which lead to (4.2).

Type osp(M(2n — 1)|2Mn). We then move to the N' = 1 W-algebra with so(M)
symmetry as the Hamiltonian reduction of osp(M (2n—1)|2Mn). We express the generators

of osp(M(2n — 1)|2Mn) by T ® Uy, —1)2n, Where U, _j|2,, is given by

Azp—1 Bop—12n
U,, = ’ . A.20
2n—1izn (CZn,an Dy, ( )

We assign the conditions just like for (A.12), (A.13), and (A.14). With this description,
the subalgebras so(M) ® 1y, _1j2, and 1y ® osp(2n — 1|2n) are manifestly realized. We
adopt the principal embedding of 0sp(1]2) into the 1 ® osp(2n — 1]2n) subalgebra.

We compute the central charge from (A.2). The superdimension is sdim osp(M (2n —
1)|2Mn) = M(M + 1)/2 and the dual Coxeter number is h¥ = M/2 + 1. The norm is
(z]2) = str(22) = M -2n(2n—1)/4. We examine the number of elements in S;. For € = +1,
we decompose osp(2n — 1|2n) as

n—1 2n—1
<@ 2p2s—1> @ po2n—1 B <® PS_1/2> . (A.21)
s=1 s=1

Thus, the number of even elements in S; is C§;(2n—j) for j = 1,3,...,2n—1and C§,;(2n—
j—1)for j=2,4,---,2n — 2. Similarly, the number of odd elements is C3,(2n — j —1/2)
for j =1/2,3/2,...,2n — 3/2. For e = —1, we decompose the elements of Uy, _1j9,, as

n—1 2n—1
<@ 2P2s> D (@ ps—l/Q) . (A.22)
s=0 s=1
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Thus, the number of even elements in S; is C{;(2n — j — 1) for j = 1,3,...,2n — 3 and
C{;(2n—j) for j =2,4,---,2n — 2. Similarly, the number of odd elements is C{;(2n —j —
1/2) for j =1/2,3/2,...,2n — 3/2. The total central charge is given by (4.6).

We can compute the levels of two sets of so(M) currents as above. We obtain

0y =2t-2n4 (M +2)(2n* —n(2n —1) +n —1/2)
+(M—-2)2n(n—1)—n2n—1)+n—1/2),

by = —2t(2n — 1)+ (M +2)(2(n — 1) = n(2n — 1) +n — 1/2)
+(M-=2)2n(n—-1)—n(2n—-1)+n—1/2),

(A.23)

which become (4.5).

Type osp(4mn|2m(2n—+1)). Here we consider the N’ = 1 W-algebra with sp(2m) sym-
metry from the Hamiltonian reduction of osp(4mn|2m(2n+1)). We express the generators
of osp(4mn|2m(2n + 1)) by Toy ® Uspjons1- Here Toy, is a 2m X 2m matrix satisfying

QTS Qo = €T, Q5 = —Qo (A.24)

with € = +1. We also define Uyy,|9,,41 as

—1 4t 1 ot
Q5,, A5, Qo = —€Ayy, Qo1 D3y 12041 = —€Dapy1 (A.25)
-1 t ’
Q5 1B 2041220 = €Cont12n
with
Aon, By 2n+1
—_ k] tr I tr _
Uanjont1 = (C D v Q9 =02y Q349 = Qopyr. (A.26)
2n+1,2n 2n+1,2n+1

With this description, the subalgebras sp(2m) @ 13,112, and L2y, ® osp(2n + 1]2n) are
manifestly realized. We principally embed osp(1]2) into the 15, ® osp(2n + 1|2n) algebra.
The superdimension is sdim osp(4dmn|2m(2n + 1)) = m(2m + 1) and the dual Coxeter
number is hY = m + 1. The norm is (£|2) = 2m - 2n(2n + 1)/4. The decompositions
of Uspjons1 With € = £1 by the embedded si(2) C osp(1]2) are the same as in (A.17)
and (A.18). For the number of elements of S;, we need to replace C5* by C5:5® defined
in (3.18). The central charge is computed as in (4.9), and the levels of two sets of sp(2m)
currents are (4.8).

Type osp(4mn|2m(2n —1)). Finally we deal with the N =1 W-algebra with sp(2m)
symmetry from the Hamiltonian reduction of osp(4mn|2m(2n — 1)). We express the gen-
erators of osp(4mn|2m(2n — 1)) by Tam @ Uzpj2n—1, Where Usyja,—1 is given by

Azn Banon—1
U. = ’ ) A27
2nj2n—1 (02n1,2n Doy, ) ( )

We assign the conditions just like for (A.24), (A.25), and (A.26). With this description,
the subalgebras sp(2m) ® la,)2,—1 and Loy, ® 0sp(2n — 1|2n) are manifestly realized. We
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Type of W-algebra

Dual coset model

so(M(2n + 1)) %
sp(2Mn) %
sp(2m(2n + 1)) %
so(4mn) %

0sp(M|2N) ®sp(2N M) _q /5
sP(2N )k p1/2

osp(M (2n + 1)|2Mn)

. so(N+M)@so(NM);
OSP(M(2n 1) |2Mn) 50(N) M
2N+2 AN
ospldmn|2m(2n +1)) N2 Sueli2:
0sp(N|[2m);, Dsp(2Nm) _1 /5
osp(4dmn|2m(2n — 1)) 5o(N)r—om

Table 3. Alternative proposals on the coset models whose symmetries are realized by the rectan-
gular W-(super)algebras.

adopt the principal embedding of osp(1|2) into the 1y ® osp(2n — 1|2n) subalgebra. The
superdimension is sdim osp(4mn|2m(2n — 1)) = m(2m — 1) and the dual Coxeter number
is hY = 2m — 2. The norm is (Z|&) = 2m - 2n(2n — 1)/8. The decompositions of Us,|a,—1
with € = £ by the embedded sl(2) C osp(1]2) are the same as in (A.21) and (A.22). For
the number of elements of S;, we need to replace Cyf" by C;lms **. Thus the central charge
is (4.12) and the levels of two sets of sp(2m) currents are (4.11).

B Alternative proposals of dual coset models

In this appendix, we provide alternative proposals on the coset models dual to higher spin
gravities with restricted matrix extensions as listed in table 3. Compared with the previous
proposals in table 2, the cosets are simply swapped.

B.1 Comparison with dual coset models

We summarize the map of parameters for each dual coset model with a rectangular W-
(super)algebra as its symmetry.

Type so(M(2n 4+ 1)). As the first example, we study the W-algebra with so(M) sym-
metry obtained from the Hamiltonian reduction of so(M(2n + 1)). We propose that the
symmetry can be realized by the coset (3.45) along with (3.42). The central charge of
the coset is (3.46) and the level of so(M) affine symmetry is —2k. Compared with the
central charge (3.8) and the level (3.7) for the rectangular W-algebra, we find that the
correspondence happens at £ = —2k and A = 2n + 1 with

kE+1 k+1

— A= — . B.1
k+N+1’ k+N—-M/2+1 (B.1)
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Type sp(2Mmn). We move to the W-algebra with so(M) symmetry obtained from the
Hamiltonian reduction of sp(2nM). The symmetry is proposed to be realized by the
coset (3.42) along with (3.45). The central charge of the coset is (3.43) and the level
of so(M) affine symmetry is k. Compared with (3.14) and (3.13), the correspondence is
realized with ¢ = k£ and A = 2n with

k k
- = _ . B.2
k+N-—-2’ A kE+N+M-—2 (B.2)

Type sp(2m(2n+1)). We then consider the W-algebra with sp(2m) symmetry obtained

from the Hamiltonian reduction of sp(2m(2n+1)). The dual coset is proposed as (3.51) in
addition to (3.48). The central charge of the coset is (3.52) and the level of sp(2m) affine
symmetry is k. Compared with (3.20) and (3.19), we find the map of parameters as ¢ = k
and A = 2n + 1 with

k+1 B k+1

_ - M B.3
Ek+N+1’ k+N+m+1 (B.3)

Type so(4mn). As the final example of bosonic W-algebras, we examine the one with
sp(2m) symmetry from the Hamiltonian reduction of so(4mn). We propose the dual coset
as (3.48) along with (3.51). The central charge of the coset is (3.49) and the level of
sp(2m) affine symmetry is —k/2. Comparison with (3.25) and (3.24) leads to ¢ = —k/2
and A = 2n with
k k

SRIN -2 M7 haN —2m o2 (B.4)
Type osp(M(2n + 1)|2Mn). As the fist example of N' = 1 W-algebras, we study
the one with so(M) symmetry obtained from the Hamiltonian reduction of osp(M (2n +
1)|2Mn). We propose the dual coset as (4.34) along with (4.30). The central charge of the
coset is (4.35) and the levels of so(M) affine symmetries are —2k and —2N. Comparison

A

with (4.3) and (4.2), we find that the correspondence happens at

N

0 =2k, f=-2N, X -
! r ’ k+N—M/2+1

—2n (B.5)

or

k —
k+N—-M/2+1
Type osp(M (2n—1)|2Mn). We move to the N' = 1 W-algebra with so(M) symmetry
as the Hamiltonian reduction of osp(M (2n — 1)|2Mn). We propose that the symmetry is
realized by the coset (4.30) as well as (4.34). The central charge of the coset is (4.31) and
the levels of so(M) affine symmetries are k and N. Compared with (4.6) and (4.5), we find
that the map of parameters as

lh=—2N, fo=—2k, \

—2n. (B.6)

N -2

=k, @:N,Azk+N+M;2:—%+1 (B.7)
or
li=N, ly=k, A= k-2 = —2n+1. (B.8)
E4+N+M-2
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Type osp(4dmn|2m(2n + 1)). We then consider the N' = 1 W-algebra with sp(2m)
symmetry as the Hamiltonian reduction of osp(4mn|2m(2n + 1)). The symmetry is pro-
posed to be given by the coset (4.42) as well as (4.38). The central charge of the coset
is (4.43) and the levels of sp(2m) affine symmetries are k and N. Comparison with (4.9)
and (4.8) leads to

N

or
’ ’ ]{7+N+m+ ] ) )

Type osp(4dmn|2m(2n — 1)). As the final example, we examine the N’ = 1 W-algebra
with sp(2m) symmetry obtained from the Hamiltonian reduction of osp(4dmn|2m(2n —1)).
The symmetry is proposed to be given by the coset (4.38) as well as (4.42). The central
charge of the coset is (4.39) and the levels of sp(2m) affine symmetries are —k/2 and —N/2.
Compared with (4.12) and (4.11), we find a map as

N -2
fl——k‘/Q, 62——N/2, A k+N—2m—2__2n+1 (Bll)

or

k—2
= +1. (B.12)

(i=-Nj2, b=-k2 A==

B.2 Symmetry of dual coset models

We check the rectangular W-algebras with generators of spin up to two can be realized
from the proposed cosets by explicitly constructing symmetry generators.

Type sp(2Mn) with n = 1. We consider the W-algebra with so(M) symmetry ob-
tained from the Hamiltonian reduction of sp(2M). We construct symmetry generators in
the coset (3.42) and check that they generate the OPEs obtained in subsection 3.2. For
the generators of so(M + N), we use (M + N) x (M + N) matrices

Ay Bun
M = ’ B.13
e (CN’M . (B.13
with
A =—Ay, DR{=-Dy, Biy=-Cnyu. (B-14)

Denoting t4,,th; as the generators of so(M),so(N), we express the generators of
so(M + N) as

te. 0 00 , 0 t
a _ "M P - £ — , MN ) B.15
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Here t§\4 n has one non-zero element, which is given by one. We denote generators for the
symmetric representation of so(M) as t§; and introduce

. 10
tM+N = ( 34 0) : (B.16)

With tf/HN = (t%+N,t§\Y4+N,tﬁ4+N,t’]'w+N), we introduce the metric and the invariant
tensors as in (3.58) and (3.59). The OPEs of so(M + N) currents are

k/2g%Y ifXY,J%(0)
~ 22 + z

JX(2)JY (0) (B.17)
with JX = (J% JP,J%). With these notations, the spin one generator for the symmetry
algebra is given by J¢ with level k. A spin two generator is the energy-momentum tensor,
which can be constructed in the standard way [44]. Other spin two generators can be
found as

N

Aa: o (rigiy_ Y
Q=% (1) —

de , (JoJ°). (B.18)

We have checked that the operators satisfy the desired OPEs in subsection 3.2 up to null
vectors at k = —(2N + 2M —4)/3 for M = 3,4,5,6 and N = 2,3,4,5

Type so(4dmn) with n = 1. We then examine the W-algebra with sp(2m) symmetry
obtained from the Hamiltonian reduction of so(4m). The OPEs among generators are
examined in subsection 3.2, and we reproduce them from symmetry generators in the
coset (3.48). For the generators of osp(N|2m), we use (2m + N) x (2m + N) matrices

A2m B2m N
M = ' B.19
2m|N (CNQm Dy ( )

satisfying
Qo AS Qom = —Agm, DR =—Dy, B, vQom = Cnam, Q5 =—Qom. (B.20)

Denoting t4,,, t; as generators of sp(2m), so(N), respectively, the generators of osp(N|2m)

2m>
are expressed as

a2 00 , 0 t
a _ 2 P _ % _ 2m,N
Ol R OF) R ) B

Here t§m7 n has one non-zero element, which is equal to one. With ¢3, as the generators of
anti-symmetric representation of sp(2m), we introduce

ty 0
gm\N = ( 20m 0) . (B'22)
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With tgmw = (tgm‘N,tgm‘N,tng,témlN), the metric and the invariant tensors are as
in (3.58) and (3.59). The osp(N|2M) currents include bosonic ones J%, JP and fermionic

ones J¢. The non-trivial OPEs are
—k/2g" if ()

—k/2gP1 N ifP,.J7(0)

J(2)J°(0) ~ , JP(2)J9(0) ~

22 .. .. z .. Z2 ? |
A7) ~ —k;;zgw L 4%aJ(0) er d”pJ?(0) 7 (B.23)
s rai Tj 7T
7o~ L0 7)) ~ T,

The spin one generator of the symmetry algebra is given by J® with level —k/2. A spin
two generator is the energy-momentum tensor constructed by following [44]. Other spin
two generators can be found as

N
2k —2m — 4
We have checked that the operators satisfy the desired OPEs in subsection 3.2 up to null
vectors at k = (—2N +4m +4)/3 for m = 2,3,4 and N = 2,3,4,5.!1

Q* =d*;(J'J7) + e, (J4T°). (B.24)

Type osp(M(2n — 1)|2Mn) with n = 1. As an example of N' = 1 W-algebras,
we examine the one with so(M) symmetry obtained from the Hamiltonian reduction of
osp(M|2M). The OPEs for the algebra were computed in subsection 4.2, and we reproduce
them from the symmetry generators of the coset (4.30). We use the same notation above
for the so(N + M) generators and currents. In addition, there are free fermions ¢ from
so(NM); with
S gii
V()7 (0) ~ = (B.25)

With them, we can construct so(M)y and so(N)ps currents as
a i a 1,07 i 1,07
Jy =3 (), Jj?:—afpijw ). (B.26)
The so(N )k currents in the coset (4.30) are given by
JP=JP+ I} (B.27)
The spin one generators of the symmetry algebra are J* and K® = J§. For spin 3/2,
we have
G=gy(JW), G*=—if%(JY), G*=d%(J). (B.28)

A spin two current is the energy-momentum tensor and the others are the same as the
bosonic case in (B.18). We have checked that the OPEs in subsection 4.2 are reproduced
for several examples if we set

th=k, lo=N, k=-2N—M+4. (B.29)

" Exceptions are with (m, N) = (3,2), (4,4), where Q® become null vectors as Q(2)Q°(0) ~ O(z~%).
With these values of (m, N), the parameter k becomes an integer (k = 4), and coset type truncations would

appear as discussed at the end of subsection 3.2.
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Type so(4mn|2m(2n—1)) withn = 1. We finally consider the N' = 1 W-algebra with
sp(2m) symmetry obtained from the Hamiltonian reduction of osp(4m|2m). We construct
the symmetry generators of the coset (4.38) and check the OPEs in subsection 4.2 are
reproduced. We use the same notation above for the osp(IN|2M) generators and currents.
The coset also includes the symplectic bosons ¢ from sp(2Nm)_; /2 with

P! (2)¢7 (0) ~ =, (B.30)
and sp(2m)_py/p and so(N)_a,, currents can be constructed as

a i a i, .7 i i J
Jf=§ ('), Jjezifpij(@g’j)‘ (B.31)

The so(N)k—_om currents in the coset (4.38) are
JP=J+ I} (B.32)

The spin one generators of the symmetry algebra are J* and K¢ = J]‘}. The spin 3/2
generators are

G = gij(JiQOj), G =if%( Wy, G*= —do‘ij(Jiapj). (B.33)

A spin two current is the energy-momentum tensor and the others are the same as the
bosonic case in (B.24). We have checked that the OPEs in subsection 4.2 are reproduced
for several examples if we set

0 =—k/2, ly=-N/2, k=-2N+2m+4. (B.34)
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