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1 Introduction

Holography provides a powerful framework for analysing what happens to strongly coupled
field theories that have been deformed by spatially modulated operators. Indeed, by solving
the relevant bulk gravitational equations of motion one can deduce the entire RG flow from
the UV to the IR that is induced by the deformation. An interesting class of such RG flows
are the boomerang RG flows [1-5], which start from a fixed point in the UV and end up
at exactly the same fixed point in the IR.

Several of these boomerang flows have been studied within the framework of Q-lattice
constructions [6], which leads to important technical simplifications in solving the bulk
equations. Such constructions require the bulk gravitational theory to admit a global
symmetry and this is used to provide an ansatz for the bulk fields whereby, effectively,



the spatial dependence of the fields is solved exactly. The full equations of motion then
boil down to solving a system of ordinary differential equations that just depend on the
holographic radial coordinate.

Boomerang RG flows for CFTs in d spacetime dimensions that are driven by spatially
modulated operators that depend on a single Fourier mode, k, are parametrised by a single

k%2 where A is the scaling dimension of the operator, O, in

dimensionless parameter A/
the CFT. For small values of this parameter, when O is a relevant operator’ with A < d
one can show that the RG flow is a boomerang flow, flowing from an AdS vacuum in the
UV to the same AdS vacuum in the IR. by perturbatively solving the bulk equations. For
large values of A/k?"2, however, one needs to numerically solve the system of ODEs. In
some examples, the boomerang flow persists but in others there can be a quantum phase
transition at some critical value of A/k%2 leading to new IR behaviour.

If the boomerang RG flow does exist for arbitrary large values of A/k%2 then as
A/k?2 — oo the RG flow approaches the Poincaré invariant RG flow that is driven by
the relevant operator, O, with k = 0, before returning to the AdS vacuum in the far IR.
Thus, these boomerang flows exhibit an interesting intermediate regime, dominated by the
IR behaviour of the Poincaré invariant RG flow, that generically? imprints itself on various
observables, such as spectral density functions and entanglement entropy [5]. In some
models the Poincaré invariant RG flow has a singular behaviour in the IR and in these cases,
the boomerang RG flows can be viewed as a novel mechanism to resolve this singularity.

The starting point for the results presented here was the observation that if the
Poincaré invariant RG flow is supersymmetric then the associated boomerang flows, if
they exist for large enough deformations, should exhibit approximate intermediate super-
symmetry. In studying this in more detail, we found an interesting Q-lattice construction
in which the entire boomerang RG flows, for arbitrary values of the deformation parame-
ter A/k9"2, preserve some supersymmetry. Naturally enough, we christen Q-lattices that
preserve supersymmetry ‘Susy Q’.

We begin by examining general Susy Q constructions in the context of A = 1 super-
gravity in D = 4 with a single chiral field. If the model has a constant superpotential then
one can construct a Susy Q ansatz that is anisotropically spatially modulated in just one of
the two spatial directions of the dual field theory and preserves 1/4 of the supersymmetry.
We then focus on a specific top-down model that arises as a consistent KK truncation of
D = 11 supergravity on S7 that preserves SO(4) x SO(4) symmetry [7]. After uplifting
the Susy Q solutions to D = 11 we obtain boomerang RG flows driven by specific spatially
modulated mass terms in the dual ABJM theory [8] associated with operators of dimension
A =1 and 2. For large deformations the boomerang flows have an intermediate regime
which approaches the Poincaré invariant dielectric flows studied in [9]. Interestingly, and
independently of this work, it was recently shown that spatially modulated mass terms for
ABJM, depending on one of the spatial coordinates can preserve supersymmetry in [10],
and our work provides the gravity dual for a specific example. Another gravity dual is
provided by the supersymmetric Janus solutions presented in [11, 12].

'For marginal operators @, when A = d, the RG flows can be boomerang flows or flows to other
behaviour in the IR; see [3] for explicit examples.
2Tt is not automatic that this is the case; see [5] for more details.



We also calculate the stress tensor for the Susy Q solutions. One interesting feature
is that the stress tensor is spatially modulated. In a generic Q-lattice construction, the
metric is spatially homogeneous and hence, with standard holographic boundary terms,
this implies a spatially homogeneous stress tensor. In our set-up, however, supersymmetry
demands that we have boundary terms such that the real and imaginary parts of the bulk
complex scalar field are dual to operators with dimension A = 1 and 2, respectively. In
particular, this requires that we add boundary terms which break the bulk global symmetry
being used in the Q-lattice construction and this leads to the stress tensor having non-trivial
dependence on the spatial coordinates. Another interesting feature is that the stress tensor
for the Susy Q solutions has zero average energy density, (7%) = 0, where the bar refers
to taking the average over a spatial period. We will see that this is associated with a novel
way to preserve supersymmetry, utilising the spatial periodicity of the configuration.

Top down, isotropic boomerang flow solutions were found in [4] using a Q-lattice
ansatz. In appendix C we calculate the spatially modulated stress tensor for these solutions
and find (T%) # 0, as expected, since the solutions do not preserve supersymmetry. An
interesting feature of these isotropic boomerang flows is that for large enough deformations,
when the flows approach the Poincaré invariant RG flow, they also approach a second
intermediate scaling regime with hyperscaling violation. This latter regime is determined
not by a solution to the equations of motion themselves but to those of an auxiliary
gravitational theory whose equations of motion approximately agree when the scalar field
becomes large. While this phenomenon is rather natural from a gravitational point of view,
it is less so from the field theory point of view and deserves further study. It is therefore
natural to investigate if a similar thing happens for the Susy Q solutions constructed
here. In appendix D we show that the obvious auxiliary gravitational theory has a novel
AdS3 x R solution with the remarkable property that the value of the scalar field is not
fixed. However, it turns out that this AdSs x R geometry does not play a role in the Susy
Q boomerang RG flows which we construct. Appendix D also discusses a general class of
gravity theories that admit similar and novel AdSp_,, x R” solutions, breaking translations
in the R™ directions, which would be interesting to explore further.

2 Susy Q

In this section we describe a general construction of supersymmetric, anisotropic Q-latices.
We work within the framework of NV = 1 supergravity in D = 4 spacetime dimensions
coupled to a single chiral multiplet (see appendix A for more details). The bosonic part of
the action is given by

S = / dzy/ =g (R — GO, 20"z — v) . (2.1)

The complex scalar z parametrises a Kihler manifold with G = 200K where K(z, z) is the
Kaéhler potential. The potential V(z, z) is given by

V = 4G towow — %WQ . W=, (2.2)

where W is the superpotential which is a holomorphic function of z.



For a Q-lattice construction [6] we require that the model admits a global abelian
symmetry. Assuming that this acts as a constant phase rotation of the field z, we demand
that G and V, which are functions of both z and Z, in general, are functions of |z| only. We
can then consider the anisotropic Q-lattice ansatz, consistent with equations of motion,
given by?

ds® = 2 (—dt® + dy?) + €*Vda® + N?dr?,
z = peth® (2.3)

with A, V, N and p all functions of the radial coordinate r only. Without loss of generality
we will assume £ > 0 in the sequel. Translations in the x direction are broken by this
ansatz, as is the global U(1) symmetry, but a diagonal combination of the two symmetries
is preserved.

We proceed by taking a gauge for the Kéhler potential with IC = KC(]z]). Then the only
non-vanishing component of the Kahler connection one-form, defined by A, = %(81&9“2 —
0Kd,Zz), is the x component with A, = —1/6pkK’. In order to find supersymmetric
solutions, satisfying projections on the Killing spinors given below, we now restrict to
models with constant superpotential, which, we can take to be real

W = constant € R. (2.4)
Using the analysis of appendix A we then obtain the following set of BPS equations
N7 — ke Vp+ %e’WG*l/c’W =0,
N7TA %e’C/QW =0,
N~W 4 %e*Vkpic’ - %emw =0. (2.5)

It is straightforward to show that any solution to these BPS equations automatically solves
the full equations of motion.

Our primary interest is within the context of holography and so we assume that the
model admits a vacuum AdS4 solution. We also assume that the two real scalar fields in
z are dual to relevant (or possibly marginal) operators in the dual conformal field theory.
Setting k = 0, the above ansatz can be used to construct supersymmetric solutions that
describe a Poincaré invariant RG flow from the deformed CFT in the UV to some other
behaviour in the IR. The latter could be, for example, another AdS, fixed point, but there
are many other possibilities too. When &k # 0 the supersymmetric solutions describe the
RG flows associated to deformations of the CFT in the UV that also break translations in
the x direction.

3Note that we can also replace z with z = pe™***%® for some constant @ without changing any of the
formulae below. When k # 0 we can absorb 6 into a shift of the x coordinate. However, when k = 0 the
value of # can play an important role in the context of consistent KK truncations when uplifting to obtain
solutions in higher dimensions.



When k = 0 the Killing spinors, €, are given by
e=et?n,  TTp=-—n, (2.6)

where 7 is a constant Majorana spinor. The projection implies that the superconformal
symmetries of the dual field theory are broken but the Poincaré supersymmetries are pre-
served, as expected for the RG flow. When k # 0 we also need to impose an additional
projection on the Killing spinor given by

I = —, (2.7)

which breaks 1/2 of the Poincaré supersymmetries. It is also worth pointing out that the
Killing vector that can be constructed from the Killing spinor bi-linear via (¢I'*¢)d,, is null
and proportional to 0; + 0y.

3 Susy Q in ABJM theory

We now focus on a specific D = 4 supergravity theory with action given by

2

Asz/ﬁ%¢igca—u_iﬁy@ﬂ&w+2?_ﬁi)>. (3.1)
In particular, we have e */2 = 23/2(1 — |2|2)1/2 and W = 2%/2. This arises as a consistent
KK truncation of D = 11 supergravity on S and hence any solution can be uplifted on
an S7 to obtain a solution of D = 11 supergravity, and hence is of relevance to the dual
ABJM field theory [8]. Starting with the maximal /' =8 SO(8) gauged supergravity [13]
we can further truncate to N' = 4 SO(4) gauged supergravity [14], whose bosonic sector
is given by (3.1), after setting the gauge fields to zero. The model can also be obtained
as a truncation of the NV = 2 STU gauged supergravity theory [15, 16], as we discuss
further in appendix A.2. The formulae for the uplifted D = 11 Susy Q solutions, which
preserve SO(4) x SO(4) symmetry, can be found using the results of [7], and are presented
in section 4. We write the real and imaginary parts of z as

z=X+1i), (3.2)

and, without loss of generality, take X to be one of the 35 scalars of N/ = 8 gauged
supergravity and ) to be one of the 35 pseudoscalars.

The AdS, vacuum solution* with z = 0, uplifts to the D = 11 AdSs x S” vacuum
solution. In this vacuum X and ) have mass squared equal to minus two and hence we can
impose boundary conditions so that they are dual to operators, Oy and Oy, with scaling
dimensions A = 1 or A = 2. However, supersymmetry demands [17] that we must choose
boundary conditions, which we discuss in appendix A.3, so that

Ar=1, Ay=2. (3.3)

4Note that for convenience we have set the radius of the AdS, space to unity and we have also set
167G = 1.



For this particular model the BPS equations (2.5) are given by

1
0=rA"— ——,
V1—p?
1 2
0=rV' — ——— + ke V £ ,
V1= p? 1—p?
o
0=r=—ke™V +/1-p2, (3.4)
p
where we have now chosen, for convenience,
1
N=-. 3.5
: (35)

We showed in the previous section that these solutions preserve one supersymmetry in
N = 1 supergravity for k # 0. We show in appendix B that such solutions preserve eight
supersymmetries in the context of N' = 8 supergravity.

We are interested in solutions to the BPS equations that asymptotically approach AdS,
in the UV, which we take to be located at r — oco. Using the second order equations of
motion we can construct the following expansion as r — oo,

1 1
A= AN M+,
2 T

+...,

1 8 1
2V 2 2

1 1
with the higher order terms determined by M, A, and [). For solutions of the BPS
equations (3.4) we have the additional constraints

2
ligy = —kA M = kA2, 3.7
@) ) 3 (3.7)

Using some results on holographic renormalisation, summarised in appendix A.3, we
deduce that the field theory has non-trivial sources for the scalar operators with

X5 = —dl(g) cos kr = 4kA cos kx, Vs = Asinkzx, (3.8)
and, furthermore, we also deduce the following expectation values

) = —3M — 4Al ) sin? kx = —2k A® cos 2k,

(T*™) = =2 (3M + Al(9)(3 + cos 2kx)) = 4k A2 cos’ kx,
)
)

Oy) = 4l (g sinkr = —4k Asinkx . (3.9)

In (3.8), (3.9) the first expressions are valid for general solutions to the equations of motion
and the final expressions valid for solutions to the BPS equations. One can check that these
satisfy the Ward identities

O(Tij) = (Ox)0; X5 + (0y)0;)s ,

(T") = 3= Ax) (Ox)Xs + (3= Ay) (O)Vs - (3.10)
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Figure 1. The one-point functions of the stress energy tensor (7) = —(T¥¥) and (T**) for
boomerang RG flows driven by deformations with A/k = 3.5, 10.0, 20.3 (lightest to darkest). The
spatially averaged energy density vanishes in these flows, (ﬁ) =0.

Also notice that for solutions to the BPS equations, the dimensionless quantities (7%)/k3,
(Ox)/k and (Oy)/k?* all depend on the deformation parameter A via the dimensionless
combination A/k.

We now discuss some interesting features concerning the stress tensor which is plotted
in figure 1 for various deformation parameters A/k. First, it has non-trivial dependence
on the spatial coordinates. Recall that for generic Q-lattice constructions, with boundary
terms that preserve the global symmetry associated with the Q-lattice construction, the
stress tensor is spatially homogeneous. In particular, the bulk metric is spatially homoge-
neous in the field theory directions and furthermore the extrinsic curvature is as well. In
order to obtain a spatially inhomogeneous stress tensor it is necessary that the boundary
terms break the global symmetry. Indeed the spatial dependence that we find here is pre-
cisely because we have imposed alternate quantisation boundary conditions for the scalar
field X in order that Ay = 1.

Second, if we average over a spatial period in the z direction, we have (T%) = (Tv¥) = 0
and (7%%) = 2kA%. The fact that the average energy density is zero follows from super-
symmetry. Indeed from the first expression for (7%) in (3.9) one sees that the average
energy density is generically non-zero for Q-lattice solutions of the second order equations
of motion. Furthermore, it is also worth emphasising that (7%) =0 requires not only the
BPS equations but also the boundary conditions associated with the alternate quantisation
of X, both of which are required for supersymmetry.

3.1 The Poincaré invariant dielectric flow

When k = 0, there is a solution to the BPS equations (3.4) that gives a Poincaré invariant
RG flow first discussed in [9]. This flow preserves sixteen supersymmetries when embedded
in N = 8 gauged supergravity, and can be written in our conventions as

2
9 ,
A =2V =42 (1 - M) , 2= %ew, (3.11)
2+ p



for any constant 6. The value of 0 plays an interesting role when the solutions are uplifted
to D = 11 supergravity.® Indeed, as @ varies from 0 to 7/2, the solution rotates between
a holographic description of a purely Coulomb branch RG flow, associated with a distri-
bution of membranes, in which the operator Oﬁ‘fl has condensed, and a ‘dielectric’ RG
flow, with membranes puffing up into fivebranes, driven by a supersymmetric source for
the OJA,:Q operator.

The Ricci scalar diverges for these solutions at r = p. When 6 = 0, for example, this
curvature singularity can be simply understood from the eleven dimensional perspective in
terms of the distribution of membranes [9], much like the D = 5 analogue [20].

From the perspective of applied holography, a particularly noteworthy feature of this
solution is that operators in the dual ABJM phase are generically gapped at low frequen-
cies. To illustrate this we can consider linearized fluctuations of a massless scalar in this
background of the form

Sh(t,r) = h(r)e ™", (3.12)

These could be, for example, fluctuations of the transverse traceless modes of the metric.
The linearised equation can be solved exactly for h to get

w? 2 2 w?
_ I=pz | r o+ p”+2rpy /1 — =
h= (”‘) g S (3.13)

r+ 1 7”‘2—/J,2

Here we have demanded that we have ingoing boundary conditions for w > 2u (which also
means, as it turns out, choosing the most regular solutions as we approach the singularity
at r — p). This gives rise to a retarded Green’s function for the dual dimension three

/ 2
GT(w) oc w1 — 4%2 (3.14)

Crucially, this correlation function is purely real for frequencies w < 2. Since the spectral

operator of the form

function for this operator is proportional to the imaginary part of the two point function,
the spectral weight is gapped for energies below 2. Other bosonic and fermionic probes
from the dual field theory exhibit similar behaviour for these flows [21, 22].

The presence of the gap is associated with the detailed way in which the background so-
lution is becoming singular in the IR. In the next section we will construct supersymmetric
boomerang RG flow solutions which, for large deformations, approach this Poincaré invari-
ant flow before flowing back to the AdS4 vacuum in the far IR. These boomerang solutions
both regulate the singularity of the solution as well as close the gap in the spectral functions.

3.2 Holographic boomerang RG flows

We now show that the BPS equations (3.4) with k& # 0 admit boomerang solutions which
flow from the AdS; ABJM vacuum in the UV and then return to the same vacuum in
the far IR. We we will first exhibit such solutions, analytically, at leading order in a

®These D = 11 solutions are generalised in [18, 19].



perturbative expansion with respect to the dimensionless deformation parameter A/k. We
will then show that boomerang flows also exist for large deformations by solving the BPS
equations numerically, and show that the solutions exhibit a region that approaches the
Poincaré invariant solution discussed in the last sub-section.

An interesting observable of the boomerang flows is the ‘index of refraction’ which
measures the renormalisation of relative length scales in the UV and IR as a ratio of the
coordinate speeds of light there. For the anisotropic flows we are considering, which pre-
serve Poincaré invariance in the ¢,y plane, the only non-trivial index of refraction is in the
x direction, n,. If we define y = e4~"V then n, = % From the BPS equations, we have

dlog x v P
= > .
Tloar = (1_p2 >0, (3.15)

from which we deduce that n* > 1. An analogous result was proven for some isotropic
boomerang flows in [5] and it seems likely that this is a general result in holography.

3.2.1 Perturbative anisotropic boomerang RG flows

It is straightforward to show that for small values of A/k the BPS equations (3.4) admit
boomerang RG flow solutions. Working to quadratic order in A/k, one can develop the

expansion
A A2 2
p:—e_k/r—{—..., A =r? |14+ — —1+M6_2k/r +...],
r 4k2 r
A? (4k2 + 2kr + r2)
2V 2 —2k/r
eV =r 1+4k2(1— > e ) 4L (3.16)

This solution asymptotes to the unit radius AdS, in the UV (r — o0), with the correct
boundary conditions given in (3.6), (3.7). Moreover, it also asymptotes to the same unit
radius AdSy4 in the IR (r — 0). We can immediately read off the index of refraction in the

x direction and we find ) 5
1 /A A
T=14+-(— — ] . 1
0 +4(k) +o<k> (3.17)

3.2.2 Non-perturbative anisotropic boomerang RG flows

In order to study the RG flows for values of A/k outside the perturbative regime, we numer-
ically integrate the BPS equations. A simple and effective method is to use a perturbative
boomerang solution (3.16) to seed a shooting algorithm which integrates the background
fields towards the UV.

For this model we find that the boomerang RG flows seem to exist for arbitrarily large
values of A/k. In figure 2 we plot the value of the index of refraction as a function of A /k.
The results agree with the perturbative result (3.17) for small A/k. The figure also shows
that for very large deformations, the index of refraction grows approximately exponentially
with increasing A/k.

In figure 3 we have plotted some features of the boomerang RG flow for a specific
large deformation, A/k ~ 34.2. The figure shows the scalar field profile as well as the
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Figure 2. The index of refraction, n,, for the BPS boomerang flows as a function of the dimen-
sionless deformation parameter A/k.
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Figure 3. The scalar profile, p, and Ricci curvature scalar, R, for a non-perturbative anisotropic
boomerang flow with A/k = 34.2. The light blue dotted line shows the dielectric flow solution
whose leading fall-off matches that of the full boomerang flow. The dashed black line shows the
unit radius AdSy.

Ricci scalar as functions of the proper radial coordinate, logr. We see that such large
deformations drive the scalar towards the edge of field space, the boundary of the Poincaré
disk at p — 1, before it dives back towards zero, associated with the unit radius AdSy.
In both plots we additionally depict a dotted light blue line, which corresponds to the
Poincaré invariant dielectric solution, with the value of p in (3.11) chosen to agree with
the leading order fall-off of the numerical solution at the AdSs boundary. Specifically, we
take 24 = A ~ 1.8 x 10* for this flow. Clearly, for large deformations the boomerang flows
are closely tracking the Poincaré invariant solution, as we expect.

In section 3.1 we discussed how the Poincaré invariant RG flow has the feature that
generic operators will have spectral functions with a hard gap at low frequencies, w < 2u.
The behaviour of the boomerang RG flows for large deformations, that we just described,
allows us to infer how this gap is closed. Since for large values of log r the geometries are
nearly identical we can deduce that for large w the spectral function for the boomerang
flow will closely approximate those of the Poincaré invariant flow given in (3.14). However,
as we approach r — u, associated with w — 2u, the geometry of the boomerang flow is
modified from the Poincaré invariant flow as it heads back to the AdS, solution in the IR.

~10 -



This implies that the hard gap is replaced with a small bump of spectral weight in the
region 0 < w < 2y, in order that it approaches the power law behaviour, w?, dictated by

conformal invariance® in the far IR.

4 Supersymmetric boomerang solutions in D = 11

We can uplift the D = 4 Susy Q-lattice solutions to D = 11 either using the formulae for
solutions of the N' =2 STU model in [16, 23] or the formulae for the N’ =4 SO(4) gauged
supergravity model in [7].

To use the results of [7] we should switch from the complex scalar field z, parametrising
the Poincaré disc, to scalar fields ¢, y, which parametrise the upper half plane, as described
in appendix A.2. For the Susy Q-lattice solutions in the ansatz (2.3) we have

A
¢? = cosh \ + sinh A cos kx xe? = sinh Asin kz with p = tanh 5 (4.1)

We commented before that we can take kx — kx + 6, where 0 is a constant, and the
Q-lattice solutions are otherwise unchanged. When k # 0, we can remove 6 by a shift of
the x coordinate. However, when k£ = 0, the value of 6 parametrises different solutions in
D =11, as emphasised in [9].

The uplifted D = 11 metric can be written

sin? ¢

2 ~
COSTE 402 4 03 (4.2)

VA

N\1/3 N\1/3
ds?, = (ZZ) ds2 +4 (ZZ) {de +
where dQ% and dfl% are each metrics on a unit radius, round three-sphere, and

Z = sin® & 4 cos® £ (cosh A + cos kz sinh \)
Z = cos® € + sin® € (cosh A — cos kz sinh \) . (4.3)

The four-form flux can be written as the sum of three terms

Fuy=Fi' + Fiy + F 3. (4.4)
The ‘Freund-Rubin’ part of the flux, F (13{, is given by
F(Fﬁ = —(2+ cosh A + cos 2¢ sinh A cos kz ) voly (4.5)

where voly is the volume form for ds3. The remaining components of the flux are given by
1
F(} = sin2¢ < cos ki x A\ + o sin bz sinh 2X x d(k:x)) AdE, (4.6)

where x is the hodge dual is with respect to dsi, and

cos ¢ sin* &

) Avolg, —d (sinh)\sin kx Z ) Avolg, . (4.7)

F({f) =d (sinh \sin kz

SAs an aside, for certain operators we note that the power of w appearing in the spectral functions in
the UV and IR are not necessarily the same, as discussed in section 4.2 of [4].

- 11 -



In the dielectric RG flows of [9], obtained by setting kx — 6 for constant 6 in the above,
the D = 11 solutions were interpreted as a distribution of membranes that have polarized
into fivebranes wrapping the three-spheres. For the boomerang flows this distribution is
spatially modulated in the x direction. In particular, the number of membranes is fixed by
integrating xFy over the seven-sphere at the AdS, boundary at r — oo where A(r) — 0.

5 Spatially modulated mass deformations in ABJM theory

ABJM theory is a d = 3 Chern-Simons theory coupled to matter with gauge group
U(N)g x U(N)_gq, where ¢ labels the Chern-Simons level on each factor [8]. It is an inter-
acting SCFT that describes the low energy dynamics of N M2 branes on C* /Zq. It has
manifest N' = 6 supersymmetry and SU(4) x U(1), global symmetry. When ¢ = 1,2 there
is an enhancement of supersymmetry to ' = 8. In the large N and strongly coupled limit,
the physics of the ABJM theory is captured holographically by D = 11 supergravity on
AdSy x S7/Z, with Z; C U(1), C SO(8).

The supersymmetric boomerang RG flows that we have constructed lie within the
SO(4) x SO(4) C SO(8) invariant sector of N' = 8 gauged supergravity. In particular,
the uplifted D = 11 solutions in the last section survive a cyclic quotient of the S7 by
Zq C U(1), € SO(8) and then describe RG flows associated with spatially modulated
deformations of A/ = 6 ABJM theory. We now want to identify which operators in ABJM
field theory correspond to these deformations. A related analysis, for a different problem,
appears in [24] and we refer to that reference for additional details.

The 35, scalars and 35, psuedoscalars of N' = 8 gauged supergravity are conveniently
parametrised in the 56-vielbein V in ‘unitary gauge’ via

uij 7 vijkr 0
V= = exp , (5.1)

X0
ORI Rl e

where X satisfies X7, 1, = %ehm[ngf’“']S with RI/KL — Y77k, and the I index is an 8;
index. If we take the SO(4) x SO(4) action to be rotating the 1234 and 5678 indices of 8,
we see that we can identify our supergravity scalar z with ¥1934 = X¢g.

To identify the dual operator in ABJM theory, we recall that the field content includes
bosons, Y4, and fermions, 14 transforming under SU(4) x U(1), in the 4g and 4, re-
spectively. From these we can form the following operators, each transforming in the 15,
schematically of the form

051 L Ty (YAY; - iaﬁ Y- YT> . 02Ty (w* A — %5§ yh w) (52

and with scaling dimensions A = 1, 2, respectively. We will not nail down precise normal-
isations of the operators and we also note that the A = 2 operator is supplemented by
additional terms quartic in the Y’s, as dictated by the supersymmetry algebra [25].
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Returning to supergravity, under the decomposition SU(4) x U(1), C SO(8) we have
the branchings

ReXrikrL : 35, — 159 + 105 +10_o,
Im Z]JKL : 35c — 150 + 10_2 +T02, (53)

and we can identify the 15¢’s of Re X7k and Im X;5x 7 with the above operators with
A = 1,2, respectively. To identify the operator associated with the SO(4) x SO(4) singlet,
Y1234, we can consider the common embedding of the subgroup U(1) x U(1), x SU(2) x
SU(2) ~ U(1) x U(1)p x SO(4) into both U(1), x SU(4) and SO(4) x SO(4). We take
the U(1) to rotate the 12 indices of 8, U(1), to rotate the 34 indices and, as before,
the SU(2) x SU(2) ~ SO(4) rotates the 5678 indices. Clearly, ¥1234 is a singlet under
U(1) x U(1)p x SU(2) x SU(2). The associated singlet operator can easily be identified if
we take the two SU(2) factors to act on A = 1,2 and A = 3,4 respectively, with U(1),
acting as an overall phase and the two doublets having opposite charge under U(1) [24].
In particular we conclude that we can make the following identification between the real
and imaginary parts of the supergravity fields and the ABJM operators:

X s Ol My BT (YAY];) ,
Y o 0572~ My BT (z/ﬁ Aq/}B) , (5.4)

where M4 B = diag(1,1,—1,—1) and we recall that in the Susy Q solutions we have
X = pcoskx and Y = psinkzx.

In appendix B we show that as solutions of N' = 8 gauged supergravity, the Susy Q
boomerang flows preserve 8 supersymmetries. After taking the Z, quotient associated with
ABJM theory, 6 of these supersymmetries survive for ¢ > 2. Thus, the spatially modulated
deformation breaks the A = 6 supersymmetry of ABJM theory to N’ = 3 for ¢ > 2. In
appendix B we show that the 6 preserved supersymmetries can be characterised as four
Majorana spinors with eigenvalue 41 under the action of the d = 3 gamma matrix 4% and
two Majorana spinors with eigenvalue —1. In the special case of ¢ = 1, 2 the supersymmetry
is broken from N = 8 to A = 4 characterised by four plus four Majorana spinors with the
previous stated eigenvalues.

In a recent work it was shown that mass terms for ABJM, depending on one of the
spatial coordinates, can preserve N' = 3 supersymmetry in [10]. Our results provide a
precise holographic realisation of a specific example of these deformations. In the notation
of [10], the spatially dependent mass terms in the Lagrangian can be written as a sum of
three terms:

8
AL = m' M4BTy (YAYg> +mMABTy (mp* A + ?FYC Y[TCYAY;O +m?Tr (YAYD
(5.5)

where m is an arbitrary function of one of the spatial coordinates. To compare with our
holographic construction we should take the function m(x)  sinkxz. Up to the normalisa-
tion of the operators coming from holography, which we haven’t made precise, we see that
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the first two terms in (5.5) agree with our results (after recalling that the term quartic
in Y’s is needed for the supersymmetric completion of the A = 2 operator, as mentioned
above). The final term in (5.5) is an unprotected operator and hence is not visible from
the supergravity point of view.

In [10] it was also determined how the supersymmetry is broken from N' =6 to N’ = 3
and we find agreement with the projections given in eq. (2.20) of [10]. An interesting point
is that our supergravity analysis shows that for the special case that ¢ = 1,2, when ABJM
has enhanced N/ = 8 supersymmetry, the spatially modulated deformation will preserve
N = 4 supersymmetry, a point that cannot be seen from the field theory construction
of [10]. Given that we have shown we get the supersymmetry enhancement for the special
case that m(x) o sin kz, it is natural to conjecture that it will hold for arbitrary m(x).

6 Conclusion

We have shown that simple Susy Q constructions are possible within the context of N' =1
supergravity in D = 4. The constructions we considered are spatially anisotropic; based
on the analysis of general supersymmetric solutions of [26], it seems likely that this is a
general restriction for Susy Q for these supergravity theories.

For N' = 1 supergravity coupled to a single chiral field, our construction required
that the superpotential was constant in addition to the standard Q-lattice restriction that
the action has a global symmetry. Although restrictive, this class includes a particularly
interesting top-down example, arising from the SO(4) x SO(4) C SO(8) invariant sector
of N = 8 gauged supergravity and hence of relevance to ABJM theory. It would be
interesting to know if there are other consistent truncations with constant superpotentials.
Within A/ = 8 gauged supergravity there is a classification of truncations of N/ = 8 gauged
supergravity that keeps scalars parametrising SL(2)/SO(2), that are invariant under a
group G C SO(8) [12]. There are three examples. In addition to the case with G = SO(4) x
SO(4), studied in this paper, there are also cases with G = SU(3)xU(1)x U(1) and G = Ga.
While in these latter two cases the truncated action has an SO(2) global symmetry that
can be utilised for Q-lattice constructions, in neither case is the superpotential constant.
Of course this does not rule out the possibility that there are other consistent truncations
of D = 10,11 supergravity to D = 4 that do allow Susy Q constructions.

The Susy Q solutions that we explicitly constructed for the SO(4) x SO(4) invariant
sector of NV = 8 gauged supergravity are boomerang RG flows. They start at the ABJM
vacuum in the UV, deformed by spatially modulated operators, and then flow in the IR back
to the ABJM vacuum. We identified the participating operators in the ABJM field theory
and showed that it was consistent with the recent work of [10] who considered spatially
dependent mass deformations of ABJM theory, parametrised by an arbitrary function m(z),
preserving N/ = 3 supersymmetry for Chern-Simons level ¢ > 2. An interesting corollary
of our work is that for ¢ = 1,2 there is an enhancement of supersymmetry from N = 3
to NV = 4. The mass deformations captured by the Susy Q construction have spatial
dependence of the form m(z) « sinkz. It would be interesting to construct the gravity
solutions for arbitrary m(z) within the SO(4) x SO(4) invariant sector of N' = 8 gauged
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supergravity. The supersymmetric Janus solutions of [11, 12] provide another example of
m(z), with m(x) oc 6(x), which can be found by solving ODEs. In general, however, one
will need to solve PDEs. More generally, it would be interesting to determine the most
general spatially dependent and supersymmetric deformations of ABJM theory, both from
the perspective of the field theory and D = 11 supergravity.

We calculated the index of refraction in the direction in which translations are broken,
ng, for the Susy Q boomerang flows and showed that n, > 1. Combined with analogous
results for a class of isotropic Q-lattices [5] and also for the perturbative inhomogeneous
solutions found in [1], we expect that this is a general result in holography. It would be
interesting to know if it is also true for boomerang RG flows in field theory more generally.

It would also be interesting to investigate Susy Q constructions in the context of
supergravity theories in other spacetime dimensions. In fact, a construction in the context
of a specific top-down D = 5 gauged supergravity was already made in [27] which involves
two axion-fields, with shift symmetries, that each depend linearly on one of two different
spatial directions. That translations in two of the three spatial directions of the CFT
are broken is associated with the fact that there is a projection on the Killing spinor
involving the time and the remaining spatial direction, analogous to (2.7). A difference to
the construction of this paper, however, is that the axions are dual to marginal operators
in the dual CFT, rather than relevant operators. Furthermore, and interrelated with this
point, the D = 5 solutions of [27] are not boomerang RG flows, but instead flow from AdSs
in the UV to an AdS3 x R? fixed point in the IR, suported by the two linear axions. It
seems likely that Susy Q solutions in D = 5 using fields dual to relevant operators can also
be found.
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A Useful results for N' = 1 supergravity

Here we collect a few useful formulae, mostly using the conventions given in [28].
We begin by considering N’ = 1 supergravity in D = 4 coupled to an arbitrary number
of chiral multiplets with the bosonic part of the action given by

Se = / d‘{»c\ﬁ—g(R — 50,2015 — v) . (A1)
The complex scalar fields z* parametrise a Kéhler manifold with metric given by

Gag = 28a851C, (A.2)
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where K is the Kihler potential.” The potential V is given by
3 3
V = 4GP, WazW — §W2 . W=, (A.3)

where W is the superpotential which is a holomorphic function of the z“.
We use gamma matrices given by

2 0 o . 0 S i -
' = o with ot =(1,5), ot =(-1,9), (A.4)
o

where the hatted indices refers to an orthonormal frame, and & are the three Pauli matrices.
The supersymmetry parameter € satisfies a Majorana condition which can be expressed in
terms of chiral components via

é=(e,8)T with € =iog€", (A.5)
and the chiral projections are given by
%= —rr’rs, Py = % (1£17). (A.6)
The variations for the fermions as chiral spinors can then be written as
0y, = (VM — giAu> €+ iaue’CmWé,
5, = (% - 21‘/1“) é+ iaue’c/QWe,
V263 = o10,2%€ — eK/2G°‘BD5W6,
V255° = 648,2%¢ — 12GP D W, (A7)
where the various covariant derivatives are defined as
V=0, + iwu Doy, V= O+ iwu 51,05, Da=0u+8uK,  (AS)
and the Kahler connection is given by
Ay = £ (0aK 0" — 0aK0,2%). (A.9)

[e%
A.1 Supersymmetry for Susy Q

We now restrict to the case of a single chiral multiplet with complex scalar, z (dropping
the index). We choose an orthonormal frame with & = (0,09, ¢"). We next substitute
the Q-lattice ansatz given in (2.3) into the supersymmetry variations (A.7) and impose the
projections

I"e=—¢  TIfle=—¢, (A.10)

"Note that we have set 167G = 2x> = 1 and our Kihler potential, K, is related to the one in [28], Kenere,
via K = K/QICthere = (1/2)Kthere-
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or equivalently

0= —¢, and o%E = —ie, (A.11)

which also implies 0%¢ = —e. This then leads to the BPS equations given in (2.5), provided
that the superpotential W is taken to be constant (in order that we can divide out the
¢ factors) and real. If we wanted to work with a non-real W, by carrying out a Kihler
transformation, we can soak up the phase of W with a phase rotation of the Killing spinors,
leading to the same BPS equations in (2.5) with W replaced with |W|. We also obtain a
radial equation for the Killing spinor which, using the other BPS equations, can be solved
as in (2.6).

We can also make a connection with the general analysis of supersymmetric solutions
given in [26]. Let (ef, eV, et e") = (eAdt,eAdy, eV dx, Ndr) be an orthonormal frame and
define the complex one-form el = —%(ei +ie™). We then find that the first BPS equation
in (2.5) (with real, constant W), can be written in the form

iV2(dz); = &2GTIDW (A.12)

which can be compared with eq. (3.8) of [26] (note the latter uses supersymmetry trans-
formations as in [28] with 2x? = 2).

A.2 Consistent truncations of D = 11 supergravity

There is a consistent Kaluza-Klein reduction of D = 11 supergravity on S” to the maximal
N = 8, SO(8) gauged supergravity in D = 4. There is a further consistent truncation
of the latter to an N' = 2, U(1)%, gauged supergravity coupled to three vector multiplets,
called the STU model [15, 16]. After setting the gauge fields to zero, the STU model can
be recast in the language of N' = 1 supergravity (appendix A of [29] has a discussion of
different presentations of this theory). Specifically, the STU model with vanishing gauge
fields has

K=- Zlog [2(1 - |z°‘|2)] and W = 4\/5(1 + zlz2z3). (A.13)

In [4] isotropic Q-lattice solutions were constructed for this theory with one of the three
complex scalars set to zero.

There is another consistent truncation of N/ = 8 SO(8) gauged supergravity to the
N =4 SO(4) gauged supergravity of [14]. After setting the gauge fields to zero, we can
recast this in the language of N' = 1 supergravity. In fact the Lagrangian is obtained from
the STU model with vanishing gauge fields and setting z? = 23 = 0. This leads to

K = —log [8(1 —|2*)] and W =4V?2, (A.14)

and the bosonic Lagrangian given in (3.1):

— 22
S = /d‘lx\/fg (R — (1_2’2‘2)28“%’“‘2 + 2(3|!)> . (A.15)

1— |22
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The coordinate z parametrises the Poincaré disc. If we redefine the modulus of z via
z = tanh \/2¢% then we obtain

S = / d*z/—g <R — %(GA)Q - %sth A00)? + 2(2 + cosh A)) : (A.16)

It is also useful to employ another field redefinition, which maps the Poincaré disc to the

upper half plane. Specifically, we write z = &i‘;:) with 7 = x 4 ie~? which then puts the
action in the form

S = /d‘*x\/fg (R — %(8@2 — %e—%(ax)? + 4+ 2cosh ¢ + X26¢> . (A.17)

In this parametrisation the global U(1) symmetry that we use to build the Q-lattice solu-
tions is not immediately self-evident. On the other hand it is useful in order to uplift the
solutions to D = 11 using the results of [7].

A.3 Holographic renormalisation

We now consider the bosonic part of the supergravity action, including the boundary terms,
given by

S = /d4a:\/—g (R - Gagauz“aﬂzﬂ_ - V) + 2/d3x\/—’yK + Set + 5L - (A.18)

We have included the standard Gibbons-Hawking term, as well as a counter term, S, and
St is an additional boundary term which ensures that the operators associated with the
real and imaginary parts of the scalar fields have different scaling dimensions in the dual
field theory, as required by supersymmetry We follow the conventions and analysis of [29]
but we work in units with 167G = 1, and also the AdS4 vacuum solution is assumed to
have unit radius.

We use a radial Hamiltonian formalism and it will be sufficient for our purposes to
consider metrics of the form

ds® = N(r)?dr? + v;;(r)da’da? (A.19)

which greatly facilitates holographic renormalisation. The asymptotic boundary is normal
to the (outward pointing) unit vector n* = (1/N,0,0,0), and carries extrinsic curvature
K;j = ﬁ&«%j. Writing 2% = X% + 1) the contribution to the momenta conjugate to v;;,
X% and Y arising from the first two terms in (A.18) is

- ﬁ(KW _ Kz‘j) 7
T = \/TV(GaBaTEB + G,Bo?arzﬁ) )

V= (Gagarig - Gﬁa&«zﬂ) , (A.20)

1
N
i

respectively.
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These momenta need to be supplemented with contributions coming from the boundary
counterterms used to renormalise the holographic theory. For the supergravity theories and
their solutions of interest, the counterterm action can be written

Set = 2/d3x\/7—7W, (A.21)

where the function W was defined in (A.3) and satisfies V = 4G°? OaWOZW — 3W?2. The
addition of (A.21) to the first two terms in (A.18) renders the on-shell action finite, and
defines a well posed Dirichlet problem for the bulk fields. It also shifts the canonical
momenta: 7o — I = e + 05c/0P where ® € {;;, ¥, Y*}.

The Dirichlet problem may not be the only consistent variational problem for a given
bulk action. Depending on the details, Neumann or mixed boundary conditions may also
be permissible. For the present work, we are interested in models which supersymme-
try dictates that the scalars X' are dual to operators with dimension Ay = 1 and the
pseudoscalars Y are dual to operators with dimension Ay = 2 This can be achieved by
performing a Legendre transformation of the renormalised bulk on-shell action with re-
spect to the field X“. This manoeuvre ensures that the transformed on-shell action is
holographically dual to the field theory generating function, a functional of the sources for
the dual operators.

This can be achieved by taking Sy, to be

3 « : — 1 X
Sp = /d v =y JaX with Jo = \/TVHQ . (A.22)
With this action the field theory sources for the scalar operators in the dual field theory
are then
Ve = lim rY*, X% = lim r?J,, (A.23)
r—00 r—00

with boundary metric (source) given by lim,_,, %2%']" The associated one point functions

are given by

(TY) = lim 7° (2 "7 + Ja?{'afyij> :

r—00 —
1
OS) = lim r? (ng) ,
< y> r—00 \/—7’)/
(O%) = Jim rx°, (A.24)

where we have chosen the lapse function N = 1/r and additionally assume that the scalars

vanish near the boundary as
A* B¢
— +.... (A.25)

The associated Ward identities are given by

0"(Tij) = (Ox) - 0;Xs + (Oy) - 0 Vs ,

(T") = (3= Ax) (Ox) - X + (38— Ay) (Oy) - Vs, (A.26)

where we have used - to denote a sum over the scalar index «.
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Focussing on the bulk action considered in section 3:
2 2B -2
— [ d4zv/= _ H A2
S / x\/—g <R = ’z|2)28w28 zZ+ T ) (A.27)

we have
1
Sut = —4/d3x\/—’y <1 + 2\z|2> : (A.28)

where we have just kept the terms quadratic in the scalars (as higher powers do not
contribute), and

SL = 4/d3$\/ - (T’X@TX + XQ) . (A29)

We note that Sp breaks the bulk global symmetry which rotates z by a constant phase,
and gives rise, in particular, to a stress tensor for Q-lattice solutions which is spatially
modulated as in (3.9).

B Supersymmetry in N = 8 gauged supergravity and ABJM

The Susy Q solutions can be easily embedded in N' = 8 SO(8) gauged supergravity [13]
by considering the sector of the latter that is invariant under SO(4) x SO(4) C SO(8) [7].
Here we sketch out a few details of how to calculate the supersymmetry preserved in the
N = 8 theory.

We consider the following SO(4) x SO(4) invariant tensors

O = dz' Ada? Ada? Ada?, OFf = da® A da® A da” Ada®, (B.1)

with the z! coordinates on R®. The bosonic sector of the relevant truncation of N' = 8
follows from the scalar ansatz
Y =Cc0F+COF, (B.2)
where the complex scalar ¢ is related to the complex scalar z of the N’ = 1 theory (3.1) by
writing 2 = pe'® with p = tanh 3 (see (A.16)) and defining
A
(= Ze“’. (B.3)

The scalar /pseudoscalar fields of N' = 8 gauged supergravity parametrise the non-compact
coset E7(7y/SU(8). The relevant coset representative for the truncation can be efficiently
obtained from ¥ by working in ‘unitary gauge’, in which the 56-bein V takes the form

uii " vijkL 0
V= = exp . (B.4)

X0
oRUT kL

To carry out the matrix exponentiation, it is helpful to define the projector

1
II = Z(QL'QL—FQR'QR), where (A-B)[JKLE ZAIJMNBMNKLa (B5)
M.N
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which has the following nice properties:

)\2
II-1I =11, E*~E:E-E*:ZH, X-1I=X. (B.6)
Using these one obtains
wi; 77 =61 + ( cosh é — 1)y, oM = 1sinh i (e_i”QL + ei”QR) . (B.7)
J 1) 9 JEd> 9 9 klLIJ

Next, using standard formulae, which can be found in [13, 30], one can use these ex-
pressions to evaluate the various tensors that appear in the N' = 8 supergravity Lagrangian
and its supersymmetric variations. After some calculation, one eventually finds that the
supersymmetry variations of the fermions can be written for eight left/right chiral spinor
parameters ¢! /e; as follows. Breaking up the SO(8) indices I € {1,8} into two sets of
SO(4) indices, such that a,b,c,d € {1,...,4} and s,t,u,v € {5,...,8}, we find

Loys = [vu 1 <Za“z - Za“’z)] ¢ L 1,

2 4 1-—2zz V1—2zz

1 1 /20,7 — 20,z 1

—o? = |V o= e S+ — T B.8

PR [“+4( 1- 22 )]6+2m Hes (B8
and

L&Xabcz ;F’ia ZQL b ded— LQL bded

\/§ 1— 32 " abc 1_ 2, abc ;

1 1 z

— 5yt = TH0,2 O 0 Ve — ———QF v B.9

\/5 X 1_22 /LZ stu 6’U m StUUE 9 ( )

together with their conjugate variations. Evaluating these variations using the Susy Q
ansatz (2.3), one finds that the projections

[Mey = —€° e, = ic® and ey = —¢€°, [Pe, = —ie®, (B.10)

yield the same BPS equations as in (3.4). These projections reduce the supersymmetry

from 32 to eight real components. If we form the Majorana spinors eg M) = el + €7 then we

can write the projections as
Ty = —chn, Ty =+elyy,  Tey =~y - (B.11)
B.1 Supersymmetry in ABJM theory

To understand the preserved supersymmetries in ABJM theory, it is convenient to use a dif-
ferent basis of Gamma matrices in D = 4 than used in appendix A. Specifically, we can take

Fﬂ = (Falﬂﬁ) where F; = 'Yi X 0'2, Ff. =-1® 037 (B12)

with, for example, 7% = (io3, —0?, —ol), so that 'yify’%'yg = +1. In this basis, the bulk

n=x® <(1)> , (B.13)

Killing spinors are of the form
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and hence 7% are the d = 3 Gamma matrices acting on the two component boundary
spinor x. Furthermore, in this basis the bulk Majorana condition 7,5 = BilnEkM) with
B = 0! ® 0 becomes a constraint on the boundary spinor of the form X(M) = alxz‘M). In
this language the projections on the bulk Killing spinors given in (B.11) can be written in
terms of the boundary spinors as

’YtyX((lM) = +X?M) ) ’YtQXfM) = —X?M) ) (B.14)
or equivalently
YXOn = Xy, VX = Xy - (B.15)

with a € {1,...,4} and s € {5,...,8}.

To describe the supersymmetries relevant to ABJM theory we need to examine which of
the supersymmetries survive the cyclic quotient by Z, C U(1), with U(1), xSU(4) C SO(8).
Recall that in section 5 we took U(1), to act on 8 as a rotation in the 34 components.
We also recall that the eight gravitini of N'= 8 gauged supergravity transform as 8, and
we have the branching 8, — 6g + 13 + 1_5. Thus for the generic case, the N’ = 6 super-
symmetries of ABJM theory at level ¢ > 2 are identified with X‘(ZM)’ with @ € {1,2} and
X?M) with s € {5,...,8}. The spatially modulated deformation breaks 1/2 of this super-
symmetry to N/ = 3, given by the projections above. The projections as given in (B.15)
exactly correspond to those given in eq. (2.20) of [10]. For the special case of ¢ = 1,2 the
non-manifest N' = 8 supersymmetry of ABJM will be broken to N' = 4, associated with
the projections (B.15) but now with a € {1,...,4} and s € {5,...,8}.

C Isotropic boomerang RG flow

In [4] isotropic boomerang RG flows were constructed in D = 11 supergravity using the
consistent truncation to the N'= 2 STU model in D = 4 that we described in appendix A.2.
Here we present the calculation of the stress tensor using the holographic renormalisation
described in appendix A.3.

Using a different radial coordinate to [4], the isotropic solutions lie within the ansatz

1
ds? = —e*Adt? + eV (da® + dy?) + —er2 ,
r
zt = petkT 22 = petty | 23 =0, (C.1)
with A, V and p functions of r only. The asymptotic expansions as r — co are given by

1
A= N2 M=
r

M 8 1
eQV:r2—A2—<2+3Al(2)>r+"'°
1 1
p=A-tlg 5+ (G2)

Hence we deduce that the non-trivial field theory sources, with o = 1,2, are given by

XS = —4l9)(cos kx, cos ky) Y& = A(sinkx, sinky) , (C.3)
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and the vevs are:
= —3M + 2Al(y)(cos 2kz + cos 2ky — 2),
=(T%) = —§M — 2Al(9)(cos 2kx + cos 2ky + 2)

= A(cos kx, cos ky) ,
= 4l o) (sin kx,sin ky) . (C4)

One can check that these correlation functions obey the expected Ward identities in (A.26).

We observe that, in general, the spatial average of (T%) is non-zero. Curiously, how-
ever, constructing a perturbative solution, as in [4], we find that at leading non-trivial
order in the perturbative expansion it does vanish.

D Novel AdSp_,, X R™ solutions

Consider a general class of theories in D spacetime dimensions of the form
1 1 o
S = / dPz\/—g (R —Vi(p) - §Gab(¢>)8¢“6¢>b — 2Gij(¢>)axlaxﬂ) . (D.1)

Taking the index i = 1,...,n this theory has n shift symmetries x* — x* + €' which can
be used for Q-lattice constructions. We seek solutions of the form

ds®> = L?ds*(AdSp_,) + h*dz'ds’

P = &5, X' = ka', (D.2)
where ds?(AdSp_,) has unit radius and L?, h, k and ¢ are all real constants. We find
that the equations of motion are satisfied if

(D—2)(D—-n—1) (D — 2)k? k* i
—~ : 5z Gy —0.V = —099,Gyj, (D.3)

L2 = —V5ij =

2h?
with all quantities evaluated at the fixed point values of ¢* = ¢. Notice that G, does
not enter these conditions and also that V (¢f) # 0.

Let us now restrict to the sub-class of theories with G;;(¢) = f(¢)d;;, so that the
equations we need to solve are

D—2)(D—-n-1) k2 2 -V k%n

2| R _a, D.4
-V ’ h?2 D-2 f %V = 2h28f’ (D-4)
again evaluated at ¢% = ¢f. We have also used the fact that since solutions require

V(#§) # 0, we must also have f(¢f) # 0. We now notice the remarkable fact that if we
consider theories in which we have, functionally,

—V =cfp2, (D.5)

where c is a constant, then the equations of motion are satisfied for any value of ¢§ provided
that k2/h? and L? are given by the first two conditions in (D.4). For example, if we restrict
to a single scalar field, ¢, with f = 2%,

S= /d%ﬁ(}z V(6 )—fG(ng )(06)? 2¢Z ox') ) (D.6)
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then for D = 4 we have AdS; x R solutions for V = —ce? and AdSy x R2 solutions for
V = —ce2?. For D = 5 we have AdSy x R solutions for V = —ce2?/3, AdS; x R? solutions
for V = —ce?®/3 and AdS, x R3 solutions for V = —ce?®. Of course, for these theories
there is no AdS4 or AdS; vacuum solution.

If we consider the top-down D =4 model (3.1), or more conveniently in the form (A.16),
then we see that as |z| — 1, or equivalently, A — oo, the model is approximately of the
above form with V = —e* (after taking ¢ — 2x). This approximate model thus has
AdSs3 x R solutions with Ag unspecified. For large deformations, in the Susy Q boomerang
RG flows the scalar field is becoming large and it is natural to wonder if the bulk solutions
have an intermediate regime approximated by these AdS3 x R solutions of the auxiliary
theory. However, we do not see any direct evidence for this in figure 3. It seems likely that
this is connected to the fact that the scalar field is not fixed in the AdS3 x R solutions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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