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ABSTRACT: It has been shown that in larger than four space-time dimensions, soft factors
that relate the amplitudes with a soft photon or graviton to amplitudes without the soft
particle also determine the low frequency radiative part of the electromagnetic and gravita-
tional fields during classical scattering. In four dimensions the S-matrix becomes infrared
divergent making the usual definition of the soft factor ambiguous beyond the leading or-
der. However the radiative parts of the electromagnetic and gravitational fields provide an
unambiguous definition of soft factor in the classical limit up to the usual gauge ambiguity.
We show that the soft factor defined this way develops terms involving logarithm of the
energy of the soft particle at the subleading order in the soft expansion.
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1 Introduction and summary

Soft theorems, that relate an amplitude with soft photons or gravitons to amplitudes with-
out any soft particle [1-12], have been investigated intensively in recent years [13-60],
partly due to their connection to asymptotic symmetries [61-84]. Much of the discussion
that relates soft theorem to asymptotic symmetries has been in the context of four dimen-
sional theories, although there are some exceptions. However in four space-time dimensions
the S-matrix suffers from infrared divergences and is ill-defined. Therefore it is not obvi-
ous what soft theorem means in four space-time dimensions beyond tree level. Indeed,
in the case of gravity and abelian gauge theory, it has been shown that the leading soft
factors are universal and are insensitive to infrared loop effects [2, 8], but the subleading
soft factors are infra-red divergent and can only be defined with appropriate regularization
schemes [17, 20, 75]. For Yang-Mills theory, even the leading order soft factor is not uni-
versal once loop effects are taken into account and becomes regularization dependent [17].

In [85] it was shown that in generic space-time dimensions, by taking classical limit of
multiple soft theorem, where we take the energies / charges of the finite energy external
states to be large, one can relate soft factors to the power spectrum of low frequency
classical radiation during a scattering process. Since the latter can also be expressed in
terms of the radiative components of the electromagnetic and gravitational fields, this
analysis yields a relation between the soft factors and the radiative components of low
frequency electromagnetic and gravitational fields. If we take this relationship between



classical radiation and soft theorem as the definition of the classical soft factor,! it opens up
the possibility of computing the soft factor unambiguously by examining purely classical
processes, even in four dimensions. More precisely, in four space-time dimensions, the
radiative components of the electromagnetic or gravitational field is given in terms of the
soft factor S as 1
—QGE&WS. (1.1)
Thus for gravitational and electromagnetic fields, knowledge of the classical radiative
field at the subleading order defines for us the corresponding soft factor at subleading
order. We can then use this to explore the effect of infrared divergences. This is the task
we undertake in this paper. We find that while the radiative part of classical fields is well
defined in a classical scattering process, the problem appears when we try to carry out a
Taylor (more precisely Laurent) series expansion in the frequency w of the soft radiation.

The leading term of order w™!

is well defined but at the subleading order there is a term
proportional to Inw in four dimensions. This dominates the order unity term that is usually
the subleading soft factor in higher dimensions.

One can in fact find a trace of such logarithmic corrections in the standard soft theo-
rem itself. Both for electromagnetism and gravity, the subleading soft theorem has terms
proportional to the angular momentum j*¥ of the incoming and outgoing finite energy ob-
jects. For a classical particle with trajectory r#(7), where 7 is the proper time, the orbital
part of j*¥ is given by r#p” — r¥pt, where p* = mdr* /dr and m is the mass of the particle.
In dimensions higher than four, r* grows as V#1 + ¢/ for large ||, where V# and ¢* are
constants. It is easy to see that j*¥ computed using this expression is 7 independent and
therefore has a finite 7 — +oo limit. However in four space-time dimensions, in the large
|7| limit, 7#(7) will have an additional term proportional to In |7| due to the long range
attractive force due to other particles involved in the scattering. It is easy to verify that
J* now acquires terms proportional to In|7| which do not have finite limit as 7 — +o0.
Therefore the soft theorem itself shows that it breaks down in four space-time dimensions.

A naive guess would be that the logarithmic terms at the subleading order may be
given simply by replacing In |7| by Inw™?! in the usual soft theorem. We set out to test this
by examining the explicit formula for radiative fields during classical scattering processes.
We find that this is indeed true for all cases for which we carry out the analysis.

We now give a summary of our results. The first scattering we analyze is that of a
probe of a charge ¢ and mass m from a heavy scatterer of charge ) and mass My via
electromagnetic interaction, and compute the radiative part of the electromagnetic field
of polarization ¢ and frequency w along the direction n. By comparing this with (1.1) we
extract the soft factor in four dimensions. The result takes the form

Sem = -4 E'BJF_, - 5.ﬁ,_) —iglnw™! [C4 iﬂ, o Rl R finite ,
wll-nf, 1-nf . .
(1.2)

! As soft factor beyond the leading order is a function of angular momenta of external states represented
as differential operators, by classical soft factor we mean replacing these differential operators by classical
angular momenta of external particles.



where Bi denotes the velocities di/dt of the probe as t — +oo, and

ti

drm | By |3

(1- ). (13)

(1.2) agrees with what we would get by replacing the In|7| factor in the soft theorem
by Inw™.

Next we analyze a similar scattering, but instead of computing emission of electromag-
netic wave, we compute the emission of gravitational wave. However we ignore the effect
of gravitational force on the scattering, treating gravity at the linearized level sourced by
the energy density carried by the probe and the electromagnetic field. By comparing this
with (1.1) we extract the following form of the soft graviton factor:

Sgr =——¢g" = B—i—iﬁ—l-j - NS /8—15—]
w 1—n.0+ /1_5_2F 1—-n.p_ 1_53
. 1 1 1 1
—imhw eV | ——— B+iB+;C+ N f-ib—j O
/1_5’3r 1—n.6+ /1_5’3 1—n.p_
+ finite, (1.4)

with Cy given by (1.3). This also agrees with what one would get from the soft theorem
by replacing the In|7| factor by Inw™!.

Our final example involves scattering of a neutral probe of mass m from a massive
scatterer of mass My via gravitational force in the limit of large impact parameter. For
this analysis we take into account the non-linear effects of gravity, e.g. the gravitational
field produced by the probe and the scatterer acts as the source of gravity. The soft
graviton factor extracted from this analysis takes the same form as (1.4) where now, in the
81 G =1 unit, ~

p)
Cy = ;M. (1.5)
87|Bx]?
This again agrees with what we would get by replacing In |7| by Inw™! in the usual soft
theorem.

In the last example there is an additional subtlety that needs some discussion. Since
the long range gravitational force acts on the soft graviton as well, the trajectory of the
soft graviton far away from the scatterer takes the form ¢t = R + (47)~! My In R. For this
reason the radiative component of the gravitational field will be proportional to exp[iw{ R+
(47)~! My In R—t}]/R instead of the usual factor exp[iw(R—t)]/R. Therefore (1.1) should
contain an infrared divergent phase factor of exp [iw % In R] . To this end we would like to
remind the reader that the procedure for taking the classical limit, as described in [85], does
not fix the overall phase in (1.1); this must be fixed by comparison with explicit results.
Comparison with the results of explicit calculation shows that the additional factor is

exp [iw % In(w R)} . (1.6)



This phase factor, although present, is harmless since this does not affect the flux of soft
gravitons, although it can affect the shape of the gravitational wave-form. We expect this
to be related to the infrared divergent corrections to the soft factor found in [17], and the
classical counterpart of this calculation given in [86-88]. The term proportional to In R
represents the time delay of a gravitational wave to reach its target at distance R due to
the long range gravitational force of the mass Mj.

Physically the corrections to the soft theorem associated with the In|7| terms in j*”
may be understood as the effect of the early and late time acceleration and deceleration of
the finite energy particles due to the long range force that they exert on each other. Due
to this effect the particles continue to radiate even at large time, producing soft radiation

that is responsible for the Inw™!

contribution. This interpretation also tells us what the
natural scale of the problem is: it is the time-scale beyond which the particle trajectory
settles down to the form z# = ¢* + V#71 + a*In|7| due to long range electromagnetic or
gravitational force. For particle scattering in a Schwarzschild metric this is of the order of
the impact parameter b, therefore Inw~! stands for In(w=1671).

Even though the analysis of the paper is restricted to the case of scattering of a light
particle by a heavy particle, there is a natural generalization of our result for generic
scattering involving multiple initial and final states. Each initial state particle will have
early acceleration due to the long range force of the other initial state particles. Similarly
each final state particle will have late acceleration due to the long range force of the other
final state particles. This will produce terms proportional to In |7| in the expression for
the angular momenta of the particles. The natural generalization of our conjecture will be
that in the expression for the subleading soft factor the factors of In |7| will be replaced
by Inw™h.

It is natural to ask what these results mean for the quantum theory. As already pointed
out, since the S-matrix itself is divergent, in general the soft factor is ambiguous unless
the divergences cancel from both sides. The correct approach to studying soft theorem
in four space-time dimensions would be to work with finite quantities like inclusive cross
section [89-91] or Fadeev-Kulish formalism [92-94], and then see how cross sections /
amplitudes with and without soft external states are related. Presumably by taking the
classical limit of such modified multiple soft graviton theorem as in [85] we shall reproduce
the results of this paper. Furthermore in that analysis the terms proportional to Inw™!
would appear directly as Inw™! and there will be no need to make an ad hoc replacement
of In [t| by Inw™!. However derivation of soft theorem in the Faddeev-Kulish formalism is
still in its infancy, and even the leading single soft theorem has not been fully understood
in this formalism [95]. Therefore derivation of subleading multiple soft theorem, needed for
deriving the subleading correction to the classical soft theorem, may not be forthcoming
in the near future.

We end this section with a few remarks.

1. The soft factors given in (1.2), (1.4) have finite |F4| — 1 limit if we keep the ener-

gies Ex = m/y/1— ﬂ?c fixed in this limit. Therefore the results are also valid for
massless probes.



2. The leading terms in the soft factors have the property that they vanish in the limit
when the deflection goes to zero. This can be seen by setting 5+ = 5_. This is
also the property of the usual subleading factors that arise in higher dimensions. In
contrast, the logarithmic terms in (1.2), (1.4) do not vanish in the limit . — f_
since C have opposite signs. This is a reflection of the fact that the logarithmic
terms come from the early and late time acceleration due to the long range force,
and this persists even in the absence of any scattering.

3. For real polarizations, the terms proportional to Inw™! in (1.2) and (1.4) are purely
imaginary. Therefore they do not contribute to the power spectrum — proportional
to |S|2 — to subleading order. However for circular polarizations, for which the ¢’s
are complex, there may be non-vanishing contribution to the power spectrum at the
subleading order, since the tensors that are contracted with the polarizations at the
leading and subleading orders are different, and the subleading contribution cannot
be factored out as a pure phase.

4. Our analysis also suggests a regime in parameter space where the usual soft ex-
pansion may dominate the logarithmic terms. For definiteness let us focus on soft
graviton emission. If the scattering takes place via some interaction of range b that is
large compared to the Schwarzschild radius My/(4m) of the scatterer, then for impact
parameter of order b and sufficiently large interaction strength — e.g. hard elastic
scattering — we can produce appreciable deflection. This would give a leading con-
tribution to Sy, of order m/w and the usual subleading soft factor of order m b since
the soft expansion parameter is of order wb. On the other hand the logarithmic term
is of order m My Inw~!. Therefore for b > Mj we can choose a range of w in which
the soft expansion parameter w b is small, but b > My Inw™!. In this range the usual
soft terms will dominate the logarithmic term. Examples of such scattering can be
found in sections 7.2.1 and 7.2.2 of [85].

2 Logarithmic corrections from soft factors

In this section we shall see that even the usual soft theorems — wvalid in dimensions
larger than four — develop logarithmic factors when extrapolated to four space-time di-
mensions. We shall begin by reviewing the results of [85] that relates the soft factor to
the radiative component of electromagnetic and gravitational fields. The general relation
in D-dimensions takes the following form for the gravitational field Bag(w, ¥), related to
hap(t, ©) = (gap — Nap)/2 by Fourier transform in the time variable:

~ . B . 1 5 .
hag(LU,iL‘) = 6aﬂ(wa$) - m Nas 677((,0,56) ’
£ &op(w, ) = N Sg (e, k),
= |7 [ wR 7(‘0 )(D_Z)/Zi = 1 9 n :z 2.1
R=lz, N'=e“f (2 py FEwa), h= )



Here ¢ is any arbitrary rank two polarization tensor and Sy, is the soft factor for gravity
whose expression will be given in (2.4). A similar formula exists for electromagnetism.
The radiative component of the gauge field Ao (w, T), related to the gauge field A, (t, &) by
Fourier transformation in the time variable, is given by

eAq(w, T) = N Sem (e, k) . (2.2)

We shall now write down the explicit form of Sem(e, k) and Sgr(e, k) to subleading
order. For simplicity we shall consider the scattering of a pair of particles and work in the
probe approximation where one of the objects (the probe) has mass much larger than the
other (the scatterer). In this case we have

2
ek
Sem(e, k) = ¢ Z(—l)“i )pk: fy) + non-universal , (2.3)
a=1
2 v
NVp a p(a) P(a)-k Pq
Sty =3 [ (;g> 200,22 24
a=1

22: pra . @Okp}jpy LV {siokjp(a).k . Eiv Dy k]}]
— (a) k0 (a) M, ( k0)2 %0 :
Here p(1) and p(3) are the momenta of the probe before and after the scattering and ¢ is
the charge of the probe. The scatterer is initially taken to be at rest, with mass My and
angular momentum J. The indices 4,7, -+ run over spatial coordinates and the indices
p, vy -+ run over all space-time coordinates. j(;) and jr) are the angular momenta of
the probe before and after the scattering, measured with respect to the space-time point
describing the location of the center of momentum of the scatterer at some particular
instant of time before the scattering. All momenta and angular momenta are measured
with the convention that they are counted with positive sign for ingoing and negative sign
for outgoing particles; for charges this is accounted for by the explicit (—1)* factors in (2.3).
The indices are raised and lowered by flat metric n* and 7, with mostly plus signature.
The non-universal terms in the soft photon theorem appear at the subleading order but
they will not affect our analysis below.

For electromagnetic radiation the radiative part of the field satisfies the constraint
equation kO‘Aa = 0. This is reflected in the invariance of Sem (e, k) under e — e + kM.
Therefore A; determines Ay and we can focus on the spatial components A;. Consequently
we can restrict € to have only spatial components. On the other hand the radiative part
of the gravitational field satisfies the constraint k#é,, = 0, reflected in the invariance of
Ser(e,k) under €, — € + &uky + 0k, This allows us to determine €gy, in terms of the
spatial components ¢€;; and we can focus on the spatial components €;;. Consequently we
can choose £*¥ to have only transverse components /. These may be summarized as:

=0, =0 (2.5)

Since both electrodynamics and gravity has gauge symmetries, we can determine the
field configurations only up to a choice of gauge. Consequently (2.1) and (2.2) are valid



only up to gauge transformations:

Ohy = kuby + 4k, = 08 = kb + by — Ekn
§A, =€k, (2.6)
for arbitrary parameters £, and £. Using these in (2.1) and (2.2) we see that the physical

part of Sgr(e, k) and Sem (€, k) are contained in those choices of polarization tensor / vector
that satisfy

1
ket — 3 k’e?, =0, k,ef =0. (2.7)
Combining these with (2.5) we get

% =0, ki =0, €ii =0, e"=0, kie'=0. (2.8)

Let m be the mass of the probe particle and 5_ and ﬁ+ be its initial and final velocities.

Then we have
m — m N

pa) = 7_'(1,57), P = _7_'(1a5+)' (2.9)
V152 V1-5%

The minus sign in the expression for p(y) is a reflection of the fact that it is an outgoing
momentum. Of special interest will be the initial and final trajectories r()(t) and r(9)(t).
In dimensions D > 4 these can be taken to be of the form

rhy =t rly =t Tay=PBt+d, Fo=pFt+ey, (2.10)

for constant vectors c¢4. Therefore we have

i i m i i o

.](]1) = T(l)pzl) - T'(yl)p(l) = \/ﬁ(c_ﬁj — Cjiﬁ_)’

0z __ 7“0 (] e 0 —Lci

J) =Py ~ TPy = e

.]l] —TZ —7"‘7 y = — m (Ci 6] _6761)

(2) @P@) T "2l 3 +PL — Py,
P+

. (2.11)

In particular these approach finite limit as ¢ — d+oo. However in D = 4 there is a long
range force on the incoming and outgoing probe that falls off according to inverse square
law. It is easy to verify that in this case the particle trajectories (2.10) are modified to

rly =t Ty =t o= Bt+e_—C_B_Inlt], 7o) =pfit+c—Cy B Inft|, (2.12)

for appropriate constants C. This modifies the expressions for ‘]Z’; to

iy = 73(075]— —cLpl), ith = ——— {c& —C_B" Inlt|},
-2 Ji-3
iy = — =B — B, Oy = —{c, —C g} (213)
1-p% 1-p32



Note in particular that j(()g) diverges as [t| — 0o, making the expressions ill-defined. Ignoring

this for the time being, for the particle kinematics described above we can express the soft
factors given in (2.3) and (2.4) as

Sem = —g 8.ﬁ+_, — 8‘187_, — Zq ln ’t’ C+i+_, - C_i: + ﬁnite,
will—-npy 1—n.p_ 1—-n.064 1—n.6_
(2.14)
and
m 1 1 1
Sgr =——¢g" = — /8+iﬁ+j - NS = 577‘/8*]
w 1—77,.54_ /1_53_ l—nﬁ_ 1_ﬁ2
. s 1 1 1 1
—im In|t|e¥ B+iB+;C+ — — — B_if-; C_ —
1—-p% —n.f4 1—p32 1—-n.p_
-+ finite, (2.15)

where ‘finite’ refers to terms which remain finite as w — 0, [t| — oo.

A natural guess is that the presence of In|t| term implies the breakdown of the ex-
pansion of the soft factor in power series in w. Naively one might expect that the correct
expression is given by replacing the In [t| factors by Inw™!. In the following we shall verify
this by explicit computation in several examples.

3 Some relevant integrals

In our analysis we shall often encounter integrals of the form
I= /dt eI F(t) + boundary terms, (3.1)

where g(t) and F'(t) are functions of ¢ and the integration over ¢ runs from —oo to +00. As
will be discussed shortly, the ‘boundary terms’ need to be adjusted to make the integral
well-defined. In all the examples considered, g(t) will grow as a+t as t — +oo for some
constants ay, with possible corrections of order In |t|. F'(t) will typically either approach a
constant or fall off as some negative power of ¢, again with possible subleading corrections
involving In [t|. If F(t) ~ [t|”® for a > 0, then the integral is well defined, and can be
evaluated by taking the limits to be from —T to T and taking the T" — oo limit. If on
the other hand F'(¢) ~ |t|7® with —1 < a < 0, then we have to define the integral by first
performing an integration by parts:

d ; 1 1 : d [F(t)
I = td Zewa@® L~ iy d - 1 eiwg(t) 2
/d {dte } g @ (t) + boundary terms o dte A

(3.2)
where the boundary terms have been chosen to cancel the boundary terms arising from
integration by parts. Since ¢/'(t) — a+ as t — oo and F(t) ~ [t|7® as t — oo, the
integrand in (3.2) falls off as t~*~! and therefore for @ > —1 this can be defined by putting




limits +£7 on the ¢ integral and then taking the limit 7' — oco. This makes the integral well-
defined without boundary terms. If a < —1 then we need to carry out more integration by
parts but we shall not encounter such a situation.

Once we have defined the integral so that it can be evaluated as limits of an integral
with finite range, we are free to go back to the original form by integration by parts, but
now we have to keep track of the boundary terms. This reduces the integral to

I = lim { / ' dt eI p(t) — L [éwg(t)F(t)KT} : (3.3)

T—o0 _T iw g'(t)

We can use either the right hand side of (3.2) or (3.3) as the proper definition of (3.1) after
taking the T — oo limit. The first term in (3.3) has less powers of w in the denominator
compared to the right hand side of (3.2), but the boundary terms carry powers of w in the
denominator and provide the missing terms. Therefore (3.3) is convenient for carrying out
a small w expansion. This can be done by first carrying out the small w expansion of (3.3)
and then taking the limit 7" — oco. This is the strategy that was used in [85] for checking
soft theorems in dimensions D > 4.

This procedure is useful if the expansion does not have terms of order Inw™!, but runs
into difficulty if there are In w™! terms in the expansion. To see how this happens, note that
the right hand side of (3.2) is well defined as integral over a finite range (—7',7") and also
in the limit 7" — oo. Therefore (3.3) is also well-defined for 7" — +oo. However suppose
that we take the form given in (3.3) and carry out the expansion in w before taking the
T — oo limit, and then in each term in the expansion take the T — oo limit. Since this
will always produce power series in w, the only way we can see the presence of the Inw™!
term is that the expansion coefficients will now fail to have finite limit as T — oo even
though the original expressions (3.2) and (3.3) have well defined 7" — oo limit.

We shall analyze the logarithmic terms in the soft factor by always working with the
convergent form of the integral as in the right hand side of (3.2) without explicit boundary
terms and then analyzing the behavior of the integral in the w — 0 limit without first
naively expanding the integrand in powers of w. Below we write down the expressions of
five different types of integrals that we shall need for our analysis and the values of the
integrals for small w. The derivation can be found in appendix A.

Let f,g,h and r be functions of ¢ with the following asymptotic behavior:

k
f(t)—>fi+7i, g(t) = axt +biln|t|,

h(t) = pit+qeInlt], r({t) > cet+diInlft], as t— +oo. (3.4)

In appendix A we prove the following results for arbitrary constant R:

o0
I = 1/ dte—z’wg(t)f/(t) = w—l(er — ) +i(arks — a,k,)lnw_l + finite,
w —00
= iwg(t) & s iwu Y _ -
I, = /OO dte 7t [f(t) {ln 7 +/h(t)e " }] (f+ — f-) In(Rw) + finite,



00 1 : .
— - —iwg(t) _ —iwh(t)| _ :
I3 = /_OO dt 0 f(t) [e e } finite ,
I = 1/00 dt 1 f(t) [e_wg(t) — e_Wh(t)}
wl o r(t)?
= —i{fy i (ay —py) = f-cZ*(a- —p-)} In w™ ! + finite,
00 1 )
Is = / dt@ F#)e @90 = (fiei! — foeZ') Inw™! + finite. (3.5)

4 Electromagnetic radiation

In this section we shall analyze the electromagnetic radiation due to the scattering of a
charged probe from a charged scatterer. This is given by [85]

Ay (w, @) =i N’ /daeiw{To(")_ﬁ‘F(")} q Va(o) + boundary terms, (4.1)

where the ‘boundary terms’ are determined using the principle described in section 3,
n = Z/|Z], o denotes the proper time along the particle trajectory r(¢) and V¢ is the

four velocity

_dr”
 do
It can be shown that [85] in four space-time dimensions (4.1) reduces to the standard

V(o) (4.2)

formula for electromagnetic radiation from an accelerated particle described e.g. in [96].
By a change of variables from o to t = v and an integration by parts, we can bring this
expression into the form
Ai(w, &) = —qu ' N /dt eiolt=nr(t)} Ll {1 vi(t)} (4.3)
’ dt |1 —n.d(t) ’

where we have focussed on the spatial components of A. Since it follows from (2.12) that
U(t) = dr/dt approaches a constant plus terms of order 1/|t| for large ¢, the integrand
in (4.3) falls off as 1/t? and therefore we do not need to add boundary terms in this rep-
resentation.

Comparing (4.3) with (2.2) we can identify the prediction for the soft factor from
classical analysis:

~ B R
em 7k - dt -, ~ S| 4.4
Sem(E, k) w /oo ¢ dt |1 —na (44)
assuming that ¢ has only spatial components. Now as ¢ — d00, we have
. - - . . dr(t) - .
7(t) = B+t — CL PB4 In |t| + finite, T(t) = T BL(1—Cyt™). (4.5)

Therefore the integral in (4.4) has the form of I; given in (3.5) with
g(t) = nF(t) —t ~ (A.fr — 1)t — Cy 7By In|t| + finite,
E.U(t)

= C
]:q 5&[_, 1-— £ 4y, ast— +o0. (4.6)
1—n.04 1—n.0+

~10 -



Comparing (4.6) with (3.4) we get

. €5+ E.
ar = (Afe—1), fi=—q— ", ki=qCs— . (4.7)
1—n.0s (1 —-n.py)?
Therefore we get from (3.5)
Sern = _4 E'BJF_, __° — | —iglhw Cy c B+_, — C,i: + finite .
wlli—nf, 1-nf 1— 7.8, 1—nj3_
(4.8)

This agrees with Sep, given in (2.14) if we replace In |¢| by Inw™!.

For completeness let us compute C.. Asymptotically we can regard the velocity carried
by the probe to be in the radial direction. If () denotes the charge carried by the scatterer,
then energy conservation gives

m q@Q

= tant . 4.9
o Al e (49)

Substituting (4.5) into this equation and setting the coefficient of the 1/|t| term for large
|t] to zero, we get

Comtr 19 gy (4.10)

Arm | B
5 Gravitational radiation

In this section we shall analyze the logarithmic correction to the soft factor for gravitational
radiation. We shall analyze two examples. In the first the scattering takes place via
electromagnetic interaction and the energy momentum tensor during the scattering is used
as a source for gravitational radiation. Assuming that the electromagnetic interaction
is much stronger than the gravitational interaction during the scattering, we ignore the
effect of gravity on the motion of the probe. Therefore for this problem, the non-linear
effects of gravity are suppressed. The second example involves the scattering of a neutral
probe off a massive object via gravitational interaction. For this problem the non-linear
effects of gravity become important since the gravitational field itself acts as a source of
gravitational radiation.

5.1 Gravitational radiation from scattering via electromagnetic interaction

The set up here is as follows. The probe has mass m and charge ¢ and the scatterer
has mass My > m and charge @) > gq. We assume that the distance of closest approach
between the probe and the scatterer is large compared to the Schwarzschild radius of the
scatterer so that the effect of gravity on the scattering can be ignored, but that @) and ¢ are
sufficiently large so that there is appreciable scattering due to the electromagnetic force. In
this case the energy momentum tensor, that acts as the source of gravitational radiation,
receives contribution from two sources — the probe and the electromagnetic field. As long
as we focus on the spacial components of €;; whose source is the spatial component of the
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energy momentum tensor, we can ignore the contribution due to the scatterer due to the

smallness of its velocity during the scattering. Consequently the result for €;; is given by

the sum of two terms: égjl.) due to the probe and ég)

shall now analyze each component separately.

due to the electromagnetic field. We

The radiative part of the gravitational field due to the probe is given by [85]

D — i A /do‘ e*7) pi(o) Vj(o) + boundary terms, (5.1)

)

where the integral runs over the proper time o along the world-line r(o) of the probe,
V¢ = dr®/do is the D-velocity of the probe and P* = mV® is the momentum of the
probe. We now change the integration variable from o to t = 7° to express (5.1) as

wr {(dEN T
égjl') — N /dt kT (d) P; Vj 4+ boundary terms. (5.2)
o
Using
(k()? k) = _w(laﬁ) ) (5 3)
ar® dt 1 dr
N 1 ) =-, (5.4)
- dr dt dr 1
V = = - — = Ul t 5 5
do ~ do dt 1— 2 ), (55)
and m
P=mV = v, (5.6)
1 — o2

we can express (5.2) as

A - 1
ég;) =i N'm /dt eWt—TM) - v;v; + boundary terms

1 — 02
~ 1 d ( io(t—n.7 1
=iN'm /dt m@ (e (t (t))) \/17—702 v;v; + boundary terms
o d 1 1
A -1 w(t—n.r(t)) “ 0y
= dt i : 5.7
N mw / ¢ dt{(l—ﬁ.ﬁ)mm}]} (5.7)

Note that since U approaches a constant plus terms of order 1/|¢| for large ¢, the integral
in the last line is convergent and we do not need to add any boundary terms. In this
case 7(t) has the form given in (4.5) as t — oo, with Cy given by (4.10), since in
our approximation the long range force between the probe and the scatterer is purely
electromagnetic. Therefore in these limits,

1 1 .
1—ndt) Vi@
1 1 f.f. 32
o e Buiflyy 1 - S O + O +2Cs 0|
1—n.64+ 1_/8:2|: 1—n.64 1— I
t — .7 (t)) ~ t(1 — n.fy) + Cinfy Inlt] . (5.8)

- 12 —



(1)

Therefore we can use the formula for I; to express €;;” given in (5.7) as

~(1) -1 , 1 1 1 1
¢ =—w mN — BiByj — = B-iB-j
3 NI A
1 1 1
—imN Inw™? ——— B+iB+j {C’+1 — + C'+1 = }
M — .4 - B
1

1 1
,B_Z'ﬁ_j {C_lAg + 0_52} . (5.9)

_,/1—5’3

We now turn to the contribution &2 produced by the electromagnetic field. The
dominant part of the stress tensor comes from the term proportional to @2, but since the
electric field produced by the scatterer is stationary, it does not generate any radiative
component. Therefore we focus on the next term proportional to ¢ Q). Denoting by Fi; (x)
and Fiy(@ the field strengths produced by the probe and scatterer respectively, and by

F lfy (w, E) and F lﬁ, (w, 57) their Fourier transform in the space and time variables, we have [85]

E3(0) = —il; Q 2775(60) (5.10)
and
PPy — _ ; / il.r(o) @ dr;
Fiy(—0) = —q O i B doe —i4; T +ily— o[ (5.11)

=(2)

Then in D dimensions é;;” is given by [85]

e =iN' / AP e [—FD () FS(a!)— Flo(@) (@) 40, Fo () Fl ()] (5.12)
dby

— !
—iN / (2m)D

Using (5.10), (5.11) this may be rewritten as

) dD 15 07 (0) +ik.r(o) 1
—ZN dO' Z Tl QQﬁ
(@) (120 F)

Ff(—t—k) E(0)— FR(—t—k) Fg(0)+0:; FR (—0—k) Figy (0) | -

[{Mmjwikjwjki—(?%z;’)%}d""" { kot 2T kozimﬁjMoemd“”ain

do do d do
aP- 1€
—ZN//dO'/ ZZT (0)+ik.r(o) lf? zy} +fl]’ (513)

(¢
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D-1p ..
fl]_l./\/-//dO'/ d E 22 (0)+ik.r(o) QQ%
(02)2(024-20.k)
dro

{—45»6[15—1—27(&1@ +£jki)+gt]¥22 5@} o
g

dP- 1£ (o) i 1
+1Nl/d0/ zé.r(a)—&-zk:.r(a)qQ _

(2) (0220 F)
dr dr; -
{ kof iy —kot; dor + kol do (SU} . (5.14)

In the expression for fij the integration over £ is free from infrared divergence for D > 4
even after we factor out a power of w and then take the k — 0 limit. Furthermore drq/do
and dr;/do approach finite values as 0 — +oo. Taking into account the explicit factor of
k in all the terms in fij, we have

fij =w / dtetkr(®) f(t) + boundary terms (5.15)

where f(t) approaches a finite value as t — +o00. Rewriting this as

_ /dt gikr() % {Mf(t)} , (5.16)

we see that this has the form wl;. Therefore it does not have any divergent contribution

=(2)

in the w — 0 limit and we can focus on the contribution to € from the first term on the

right hand side of (5.13).

Using
1 - 1[0 (¥ o [
— {200, — 76y = —= | = | 2 — =, 1
P =3 o () + a7 (2) 617

and integration by parts, we can express (5.13) as

~2 ~ 2N dD 16 zér (o)+ik.r(o)
N qQ {ZE i + il rl}

i d’ro

_ b d=¢ .r(o)+ik.r(o) S ) S Q%o
S /da/(%)D e WFS(O) 7+ a B0} -

v ik.r(o dTO
— 5N [ e O B r@) o) +a Fi (o) (@) 0 (518)
where in the second step we have used (5.10). Using equations of motion

P, S drP
S g F () (5.19)

0

and the identification rg = —r” = —t, we can express (5.18) as

(2) _ 1 k(o) | AP dp;
& = 5/\/" /do’e (@) {da rj(a)ﬂ—ﬁri(a)

_m ik.r i Ui . i U .
_zzj\//dte [dt{m}m—i—dt{m}m]. (5.20)
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Now specializing to the case D = 4 and using (4.5) we see that the term inside the square
bracket behaves in the limit ¢ — £o00, as

B
(1 B2)%*

Therefore the integral has the structure of I5 and can be evaluated as

2671 Oy By Baj + Ot 2n|t]). (5.21)

o im AN nw ! O BBy —— € BB — | 5.22
elj tm nw -‘rﬁ-ﬁ-z 54—] (1 —63_)3/2 —6—1 B—j (1 _53)3/2 ( )
Adding (5.9) and (5.22) we get
e =)+ (5.23)
1 1 1 1
=—wilmN = B+iB+j — = Bif—
L-afe 13 Tai-af 1o !
1 1 1
—imN’ lnw_l B+1ﬁ+jc+ - B*Zﬁ*j C- =

Comparing this with (2.1) we see that the soft graviton factor Sgr, extracted from classical
radiation, is given by

) U 1 1 1
Ser(e k) = —w ™ me? — = f1ifri——= — f-iP—j (5.24)
1-n.B+ 1_6_25_ 1-n.6_ 1_6%
. 1 1 1 1
—ime” Inw ™" | ———B4if4,;C4 ———=— —fB_if-jCo——— 1|,
1_53 1—-n.64 /1-32 1-n.p_

for transverse polarization tensor e. This agrees with Sgr given in (2.15) upon replacing
In [t| by Inw™L.

5.2 Gravitational radiation from scattering via gravitational interaction

We shall now consider the scattering of a probe of mass m by a massive scatterer of mass
My due to gravitational interaction. We shall assume that the impact parameter (the
distance of closest approach) is large compared to the Schwarzschild radius of the scatterer
and work to first order in the ratio of the Schwarzschild radius My/(47) and the impact
parameter. The radiative part of the gravitational field during such scattering was analyzed
in [97]. After making appropriate changes in the signs and normalization factors described
in [85], it is given by a sum of four terms:

gj=e) +eld e e, (5.25)
¢ is given by
iwR
(1 R me dt dt iw(t—h. 7
ez(j)(wal‘) = I R / 15 20(7(0)) 2o Vivi € (t=n7(t) 4 boundary terms, (5.26)
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where 7(t) denotes the trajectory of the particle,

T
g, oA=L (5.27)
|Z]
and ¢(7) is the gravitational potential:
My
_ 5.28
o) =~ (5.25)

in the 87G = 1 unit. The other é%)’s are given by

iwR . . o
~(2)(w7$) =1 Mom e /dtdt (1 + ) (8/3/ 6ij 8;;6;2) {ln M ezw(t—n.r )

g 3272w R do R
9] du .,
+/ lezw(tfn.r Jru)} , 81/ = 8,2, , (529)
|7 |+ U 7= (t) or
“(3), - Mom  e“F dt [P()| + AT seo(—r
egj)(w,x):—z 167T2wR/dthvivj{lnRe (t=A.7()
+/°° dueiw(t—ﬁf(t)-i-u)}’ (5.30)
[7(t)|+n.F(E) U
and
eV (W, 7) = _ Mom e / ar 2 (v;0; + v;0,) i TR (i)
iy 1672 R do 70T R
0 du L,
+/ ﬂezw(tfn.r +u)} , (531)
|74 U 71 =F(t)
where
a _ [ Mo\ s
do 47 |7 (t)| 47T|T 47| 7(t)]
1 My 147 t) }
~— {1+ for large | 5.32
7 {1 ST e sl 63
We begin with the evaluation of e( ). We have
piw(t—A.r(t) _ 1 1 ﬁeiw(tfﬁf(t))_ (5.33)

iwl—n.o(t) dt
Substituting this into (5.26) and integrating by parts we get
&0 __m wrl / it it—nre) & 1 1 at ol 534
Gy (@ 0) = =R, | dte i | T h® 1 200@) do %] - O34
Parametrizing 7(t) for large |¢| as in (4.5) and using (5.32) we get, as t — +00,

1 1 ﬁm}. B 1 1 dt
1 —n.0(t) 14+ 2p(F(t)) do "7 1—n.0(t) 1 — My/(4n|7(t)|) d

1 1 1 1 M, 3—,3 1
- Cy — F 0 5%—6} = ,
2 Ty AR A T T

IR ANy

(t —a.7(t)) = t(1 — A.fe) + Cn.fe Int|. (5.35)

—— V;V;

5ilﬁij
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Comparing (5.34) with (3.5) and (5.35) with (3.4) we see that (5.34) takes the form of the
integral I; with

.om 1 1
fr=1 47rR€WR1 — - B+iB+j,
.0+ /1 — 32
.om 1 1
ky =—i wh = BtifB+;

1 M, 3-/2? 1
{Cil My B o }

ar = —(1—n.By). (5.36)
Therefore (3.5) gives

- .oy m 1 1 1 1
65]1):%0 lmesz — _ - /B+i/6’+j—1 — =~ B—zﬂ—j
—n.fy M P-4\ J1-52
m 1 1 M, 3—/2 1
— e“Rinew=1 —— 44 Oy ———=— 0 B_.++C+7_,
4T R /1_5"3_ 1-n.By 87|By] 1-5% 1-52

32
! Mo 3-P= 1 } (5.37)

1
————f_ ;< C_ —+—— —+C_——
1_53ﬂ B ]{ 1-n.3_  8m|B_| 1-/2 1-32
(3)

Next we turn to éij

®3)

given in (5.30). Using (5.33) and doing an integration by parts,

we can express é’L] as
iwR
@), 7 = Mom eV [ u—n) 1 dt
¢y T =167 R ‘ dt |1—na(t) do "

{ln(\f’(t)\ + () + /| h d“eM}] . (5.38)

()| +na.rt) U

This integral is of the form I given in (3.5) and therefore gives the result:?

53) _ A%mlMMMGWR 1 1 . 1 1
0162 R \1-nf. [1_5 YN
- 1-p32 P- /152

(5.39)

This term can be understood as arising from multiplication of the first line of (5.37) by the

B-ifB—;

phase factor expliw My In(w R)/(4m)]. This is precisely the additional phase factor (1.6)
arising due to gravitational drag and backscattering experienced by the emitted radiation
due to the gravitational field of the mass Mj.

2This term was ignored in [97] since at large impact parameter 5+ ~ 517 and the term inside the curly
bracket of (5.39) is small. However we can easily conceive a slightly different situation where a pair of
particles undergo an elastic collision in the black hole background, causing a change of order unity in each
of their velocities. In this case 54. — 5_ will be of order unity for each of these particles. The gravitational
field produced during this process will be given by the sum of the contributions due to these two particles,
each of which can be evaluated using the result given in this section.
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=(4)

Next we consider €;;” given in (5.31). It can be expressed as

iwR
S0 o __Mome At iw(t—n(t))
¢ (w,T) = 62 /dt 7 € (5.40)

(—iw) (ving +vjni) {111(!7‘ | +7.7 “’)+/IOO d“eWU}

i U
1 ) i (|7 |+h.7)
a0 ) o e {1-e }

The contribution to the integral from the term in the second line vanishes after ez(j) is

contracted with the polarization tensor £, since g;;7? = &;;k’/ \k\ = 0. The contribution

from the last line has the same structure as I3 and therefore also does not generate any
1

1= (t)

term proportional to w™! or Inw™

=(2)

We now turn to the computation of & given in (5.29). With the gauge condition

sii = 0 given in (2.8), the term proportlonal to d;; does not contribute to eijéij. Now
we have

aé{ln(lf’l + i) e 4 / du iw(t—“’”)}
|

7! |+h.7’ u

L i e iw(t—ii) > AU o(t—i 7 )
= —iwn;{ In(|7| +n.7")e + —e

| U
1 7"’ A o, . o,
i () {0 e} (.41

Substituting this into (5.29) we see that the contribution from the term in the first line of
the right hand side of (5.41) will vanish after contraction with £¥. This allows us to focus
on the term in the last line of (5.41). Now we have

1 rl . ., . L
gl (4 { iw(t—iF") _ giw(t+] \)}
i [\F’\ A (ym +"ﬂ> ¢ ¢

B 1 LT i W=~ iw(t+7])
I nwv<ww+”><wr+”>{e ‘ J

_|_
)
PR S . t-ni) _ (t+|?’\)}
7+ Ll ()P
1 i (=) iw(t+7]) 5.42
IR ANIRRIA S e 7] o

Before substituting this into (5.29) we note that the term proportional to d¢;; does not
contribute to % €;; due to the 5'2- = 0 condition. Also the terms proportional to 7; and 7;
can be dropped since 7; = k;/|k| and we have the k;c¥ = 0 condition in (2.8). Substituting
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(2
J

this into (5.29) we see that the relevant part of €;;” is given by

wR
oD (. 7) = o T gy A
Z32W2w R da( +7)

/..!
B 1 3Ty piw(t=n") _ iw(t+|F])
(|77 + n) (|77])?
1 rir

AP+ ) ()2
/
(2

, 1 T
ST A ()2

eiw(f”")] . (5.43)

Using the asymptotic behavior (4.5) we see that the contribution from the second and third
line have the form Iy and the contribution from the last line has the form I5, both given
in (3.5). The result is

iwR 32
~(2) o -1 Mom e _(1—|—ﬁ )ﬂlﬁ] 1 1 - =
& (w,7)=Inw 9.2 R - > B f + g (e|B]+n.B)

L4888 1
321/1- 32 (elBl+n.B)

+
_ Mym e | (1+5%)3:8;

=—Inw (5.44)
2 5 - )
32nm* R |33 /1—/6’2 )
where € is 4+1 for outgoing states and —1 for ingoing states. This gives
M, iwR 1 32 . . 1 32 B
ég)(w,f) = —lnw! 0mm € (1+5%)BiB+s + (1+52)8-i8- (5.45)

3272 R |7 » 7 ;
" BelPy1=53 By 1- 52
Adding (5.37), (5.39) and (5.45), using (5.25) and comparing the result with (2.1)

with the extra phase factor (1.6) on the right hand side (which cancels (5.39)), we get the
following prediction for the soft factor from the classical scattering results:

3 L 1 1 1 1
Sgr =—mw™ e — — BB~ — B-if—; (5.46)
1-n.B+ /1_63_ 1-n.6_ 1_6%
1 1 M, 332-1 1
—imlnwilsw 64_7,,64_]‘ {C+ = _(,] ﬁ+ > CJ,_ > }
1—63 1-n.py 8m[By> 157 1-p%
1 1 My, 35%2-1 1
- BB C ———p—2 e = +C_——
-2 1—n.f_ 8xw|f_| 1-52 1-32
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In order to compare this to (2.15) we need to find the relation between My and CL.
Let #(t) be the velocity of the particle at large |¢| when the particle is at a distance r from
the black hole and 5 be the velocity as |[t| — oo. The expression of the total energy of the
particle in the 87G = 1 units is given by

_ —1/2
B M, M, Mo\ ',
pen(i- 2y (el e

so that the conservation of energy gives

(- {08 () e T

To first order in an expansion in powers of M this gives

gty =73 <1 + Mf; (1— 352)> =3 (1 + %]\g‘%'ﬂu - 3E2)> (5.49)

8w 5%
where we have used r = |§||t|. Comparing this with (4.5) we get

Mo(1 — 332
Oy = ;0(—4?*). (5.50)
87| B |

Using this we can express (5.46) as

~ 1 1 1 1
Sge = —mw ™ eV — — BtiB+j — — — B-iB—j (5.51)
1*n.ﬂ+ /1_ﬁi 1—n.0_ 1_53
S _ 1 1 1 1
—ime” mw ™! | ———B4iB4; C+ - f-if—j C-———=

This agrees with (2.15) with In [¢| replaced by Inw™?.
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A Evaluation of some integrals

Our goal in this appendix will be to compute the 1/w and Inw terms in the following
integrals in w — 0 limit.

L=2 / dt e @ I® f(¢1) | (A1)
w —00
o0 . d h(t) L du
I, = twg(t) & In —~ / twu Y A9
) /_oodte ¥ [f(t){n Rl P IR (A2)
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I = / dt = (1) [e7to0) —eteh] (A.3)

—eo (1)

1 < 1 —Tw —tw
Iy = » /_Oo dt )2 () [e 9 _ ¢ h(t)} , (A.4)
Is = / . dtr(lt) f(t)ew9® (A.5)

where, as described in (3.4), f(¢), g(t), h(t) are smooth functions with the property

k
f) = fe+ 7 g(t) = axt +bsInlt],
h(t) = prt+qeInlft|, r(t) = crt+delnft|, as t— +oo. (A.6)

We shall evaluate the integrals by separately estimating their contributions from the four
regions: [t| ~1, 1 < [t < w™h [t| ~w ™! and || > w™

A.1 Evaluation of I
We express I as
I = 1/00 dt (1) + - /OO dt {e=i90 1} /1) (A7)
o) o) : .

The first term gives w™(f; — f_). The second term can be evaluated by dividing the
integration region into different segments. In the region ¢ ~ 1 the term inside the curly
bracket is of order w and we get a finite contribution. In the region 1 < |t| < w™! we can
approximate the integral as

—i/ dtg(t) f'(t) zi/ dt
I« |t| w1t 1<t w1

The last step can be justified as follows. Let us fix the integration range to be [a,bw™!]
where a and b some fixed numbers with a > 1 and b < 1. The right hand side of the above
equation can then be approximated as

a+k+

~i(ayky —a_k_)lnw™l.  (A.8)

a

i(agky —a_k_) [lnwl +1In b} . (A.9)

Even though g < 1, as w™! becomes large, we can ignore In g compared to Inw™!, arriving
at the right hand side of (A.8).

In the region |[t| ~ w™! and [t| > w™! the magnitude of the integral is bounded by a
term of order

! / 2 {ea|t2} dt ~ 2 |ks . (A.10)
[t|>w—1
Therefore for small w, I; can be estimated to be

L=w N fy — f) +ilasks —a_k_)Inw ! + finite. (A.11)
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A.2 Evaluation of I

Let us express I5 as

I = /oo dte—iwg(t) [f/(t) {lnh(Rt) + /};OO eiwu du} +f(t) h/(t) h(t)_l (1 _ eiwh(t))]

—00 () u
(A.12)
While integrating over the region [t| ~ 1, we can replace e by 1. Also in this region the
integral inside the curly bracket can be evaluated by changing variable from v to v = wu,
and yields Inw™! plus a finite term. Therefore the term inside the curly bracket is given
by —In(Rw) plus a finite term, and the integration over ¢ produces a term

—In(Rw)(f+ — f-) + finite. (A.13)

For 1 < |t| < w™! the term with the f’(t) factor is of order t~2x logarithmic terms and
produces a finite result. On the other hand the f(t)h/(t)(h(t)) "' (1—e™“"?) factor is of order
—iw fip+ and gives negligible contribution to the integral from the 1 < [t| < w™! region.
For [t| ~ w™! the integrand is of order +~! and therefore gives a finite contribution to the
integral. Finally for ¢ > w™! the term proportional to f’(t) falls off as t~2x logarithmic
terms and its contribution to the integral is vanishes in the w — 0 limit. In this range the
term proportional to f(¢) /() (h(t))~! may be approximated as

/ dt fy 1 {efiaiwt _ ei(lfai)wt} ) (A14)
w-1

After changing variable to u = —ajwt in the first term and (1 — a4 )wt in the second term,
each of the integrals can be converted to the form

f+ / duute™, (A.15)
with finite lower limit of order unity. This gives a finite result. Therefore we get
Iy = —In(Rw) (fy+ — f-) + finite. (A.16)

A.3 Evaluation of I3 = ffooo dt (r(t))~ £(t) [e—i“’g(t) _ e—iwh(t)]

The region [t| ~ 1 gives a finite contribution. For 1 < [t| < w™! the integrand may be
approximated as

(cx) ™" fi (—iw) (ax — p=), (A.17)

and the integral receives negligible contribution from this region.

For [t| ~ w™! the term in the square bracket is of order unity. But the rest of the
integrand is of order (c+t)~! f+ and integration over ¢ in the range |[t| ~ w™! produces
at most a term of order unity — there is no contribution proportional to In w. Finally
for |t| > w™! the integrand has the same form as (A.14) with (1 — a+) replaced by pi
in the second exponent, and an overall multiplicative factor (c+)~!. Therefore it gives a
finite result.
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A.4 Evaluation of Iy = w™! ffooo dt (r(t))=2 £(t) [e—i“’g(t) — e—iwh(t)]

We use

1 d 1 1
r = ) .

Substituting this into the expression for Iy and doing an integration by parts we get the
following form of the integral for large |¢|:

1 Lod(fONT i : f@®) i i
= twg(t) _ —iwh(t)| _ /dt !(¢ zwg(t)_h/ ¢ twh(t) )
w/ r(t) dt (T’(t)> [6 ¢ } ! r(t)r'(t) [g( Je (t)e ]
(A.19)
For |t| ~ 1 the integrands in both terms are finite in the w — 0 limit and we get finite

contribution to the integral. Using (A.6) we see that in the first term, part of the integrand
outside the square bracket falls off as 1/|¢t|> for |t| > 1. On the other hand, using the
inequality |sinwu| < |u|, we can see that the terms inside the square bracket of the first
term is bounded by w|g(t) — h(t)| ~ w |t| |ax — p+|. Therefore integration over the region
|t| > 1 yields a finite result as w — 0 for the first term.

The contribution from the second term can be evaluated by noting that for large |¢|,
FO/{r@) ')} = fre?t™Y, ¢'(t) — ax and K(t) — p+. Therefore in the 1 < |t| < w™?
region the integrand behaves as —i fi cf t~1 (a+ — p+) and the dominant contribution to
the integral is given by

—i{frciP(ar —pr)— fcPa-—p )y nw . (A.20)

For |t| ~ w™! the integrand is of order ¢t ~!, producing a finite result for the integral. Finally
for |t| > w™' the integrand is proportional to t~![¢'(t)e~9®) — ' (t)e~"®)]. Each of these
produces a finite contribution in the w — 0 limit.

Therefore we get

Lo~ —i{fsc?(ar —ps) — f-c(a- —p )i lnw " (A.21)

A.5 Evaluation of I = ffooo dt (r(t))~ £(t) e—twg(t)

The |t| ~ 1 and [t| ~ w™! regions give finite contributions. The region 1 < [t| < w™! gives

/ dt EES o~ :I:f—i Inw™!. (A.22)
1<<‘t|<<w71 Cit Cj:

Finally in the region [t| > w™! the integral takes the form

/ dt fie—iaiwt—ibiwln\ﬂ_ (A23)
w1 Cxt

This is bounded by a finite number. Therefore the net contribution to I5 is given by
I5 ~ (f+cl1 —foeeH) nw™t. (A.24)

Note that the result for I3 follows from this.
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