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Abstract: Inspired by the idea of viewing amplitudes in N = 4 SYM as differential forms

on momentum twistor space, we introduce differential forms on the space of spinor variables,

which combine helicity amplitudes in any four-dimensional gauge theory as a single object.

In this note we focus on such differential forms in N = 4 SYM, which can also be thought

of as “bosonizing” superamplitudes in non-chiral superspace. Remarkably all tree-level

amplitudes in N = 4 SYM combine to a d log form in spinor variables, which is given by

pushforward of canonical forms of Grassmannian cells. The tree forms can also be obtained

using BCFW or inverse-soft construction, and we present all-multiplicity expression for

MHV and NMHV forms to illustrate their simplicity. Similarly all-loop planar integrands

can be naturally written as d log forms in the Grassmannian/on-shell-diagram picture, and

we expect the same to hold beyond the planar limit. Just as the form in momentum

twistor space reveals underlying positive geometry of the amplituhedron, the form in terms

of spinor variables strongly suggests an “amplituhedron in momentum space”. We initiate

the study of its geometry by connecting it to the moduli space of Witten’s twistor-string

theory, which provides a pushforward formula for tree forms in N = 4 SYM.

Keywords: Scattering Amplitudes, Supersymmetric Gauge Theory, Differential and Al-

gebraic Geometry

ArXiv ePrint: 1807.11051

Open Access, c© The Authors.

Article funded by SCOAP3.
https://doi.org/10.1007/JHEP10(2018)054

mailto:songhe@itp.ac.cn
mailto:zhangchi@itp.ac.cn
https://arxiv.org/abs/1807.11051
https://doi.org/10.1007/JHEP10(2018)054


J
H
E
P
1
0
(
2
0
1
8
)
0
5
4

Contents

1 Introduction 1

2 Scattering amplitudes as differential forms on Γn 3

2.1 Forms for supersymmetric amplitudes 4

3 Differential forms for tree amplitudes of N = 4 SYM 6

3.1 Inverse-soft construction for the tree form 10

4 Differential forms for loop integrands 13

5 Towards tree amplituhedron in momentum space 16

6 Outlook 19

A The IS-decomposition for 8-pt N2MHV BCFW terms 22

1 Introduction

The current work was inspired by a more intrinsic definition [1] of the amplituhedron for

planar N = 4 super-Yang-Mills (SYM) [2, 3]: the key idea is that instead of thinking about

scattering amplitudes merely as functions, they are to be thought of more fundamentally

as differential forms on the space of physical kinematic data. In the context of planar

N = 4 SYM, the natural kinematic space is the space of momentum twistors Zi for the

particles i = 1, ..., n [3]. On this space the differential form has a natural purpose in life: it

“bosonizes” the super-amplitude (after stripping off the MHV tree amplitude) by treating

the on-shell Grassmann variables ηi as the differential of Zi, ηi → dZi. This seemingly

innocuous move has dramatic geometric consequences: given a differential form, we can

compute residues around singularities, which reveals the underlying positive geometry [4].

In particular for Nk−2MHV tree amplitude, we have a d log form of degree 4(k−2) in

momentum twistor space, which encodes the geometry of the amplitudhedron. As discussed

in [1], the amplituhedron is given by the intersection of a top-dimensional region (with

positive kinematics and correct winding related to k) and a family of 4(k−2)-dimensional

subspaces, and the form is completely specified by its behavior when “pulled back” to the

subspace. On any such subspace, the form becomes the canonical form with logarithmic

singularities on the boundaries of this positive geometry, from which locality and unitarity

of the amplitudes emerge.

The same idea has played a crucial role in novel, geometric formulations for tree am-

plitudes in a wide range of massless theories [5], and for the cosmological polytope [6]. For
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theories in general dimension, the natural kinematic space is the space of Mandelstam vari-

ables, and differential forms there, dubbed “scattering forms”, have very different meaning.

For bi-adjoint φ3 theory, the scattering form is a d log form of degree n−3, which is given

by the canonical form [5] of an associahedron polytope in Mandelstam space, and the lat-

ter is the amplituhedron for this theory. Here the associahedron is again the intersection

of a “positive region” with (n−3)-dimensional subspaces, whose canonical form gives tree

amplitudes of bi-adjoint scalar theory. This picture of polytopes and associated canonical

forms in Mandelstam space has been generalized to the so-called Cayley polytopes [7, 8], as

well as the Halohedron which encodes one-loop amplitudes [9]. The purpose of these scat-

tering forms on Mandelstam space is that they encode color degrees of freedom, in general

massless theories including Yang-Mills and non-linear sigma model [5]. Wedge products

of ds’s for tree-level cubic graphs satisfy the same Jacobi relations as color factors, and

these scattering forms can be viewed as full color amplitudes without color factors [5]. Of

course for these theories, scattering forms cannot be interpreted as canonical forms of any

positive geometry, since they are not d log forms anymore, but the idea of viewing color-

dressed amplitudes as differential forms is useful e.g. in providing a “geometric” origin of

color/kinematic duality, double copy and connections to worldsheet formulation [5].

Given these advances, it is natural to ask what other kinematic space and amplitudes

can we apply the general idea of differential forms, and what can we learn from it in

the new context. In this paper we initiate the study of differential forms in the space of

spinor-helicity variables, {λi, λ̃i}, for massless amplitudes in four dimensions. The use of

spinor-helicity variables is crucial for the drastic simplifications of massless amplitude start-

ing from the celebrated work of Parke and Taylor [10]. Instead of using polarization vectors,

one computes amplitudes in helicity basis using spinor variables, which has nevertheless led

to a proliferation of helicity amplitudes. It is thus highly desirable to combine all different

helicity amplitudes into a single object. For supersymmetric theories, a nice way to do

so is to package them as super-amplitudes using Grassmann variables in on-shell super-

space(cf. [11]). In section 2, we propose a conceptually simple but powerful idea that also

applies to general, non-supersymmetric theories, namely combining all helicity amplitudes

in a differential form directly on kinematic space. For supersymmetric case, this amounts

to “bosonize” (non-chiral) super-amplitude with ηi → dλi, η̃i → dλ̃i, but we emphasize that

such forms exist for supersymmetric as well as non-supersymmetric theories. As we will see

shortly, this idea of combining helicity amplitudes into a single differential form is purely

kinematical, which applies to any loop order in general massless theories with the highest

spin not exceeding one. These include any gauge theories with massless fermions/scalars,

such as (super-)Yang-Mills, massless QCD/QED etc. To study the differential forms in full

generality for any gauge theories goes beyond the scope of this paper; the idea can even

be applied to the complete standard model, which deserves to be investigated on its own.

In a sense, these forms encoding helicity amplitudes of general theories are the analog

of general scattering forms in Mandelstam space that encode color amplitudes. The analog

of the d log form for bi-adjoint scalar theory here is the differential form which “bosonize”

super-amplitude in N = 4 SYM; it is remarkably a d log form in terms of spinor variables,

which is our main focus. In section 3, we will study in detail this form at tree level, which
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is the prototype for differential forms in the space of spinors. The existence of this d log

form strongly suggests an “amplituhedron” directly in momentum space, and it is still

an important open question to determine completely this positive geometry. While en-

coding the same information, both the geometry and its canonical form are very different

from those in momentum twistor space. In particular, the degree of the form is 2n−4 for

any tree amplitudes. The fact that these are d log forms immediately follows from the

Grassmannian/on-shell diagram picture for N = 4 SYM. The differential form for each

BCFW term of the superamplitude is the pushforward of canonical form of the corre-

sponding cell of positive Grassmannian. In addition to the general proof, we study how to

construct these forms though inverse-soft-construction, and work out explicitly all-n MHV

and NMHV forms as primary examples. As a byproduct, these remarkably simple formula

for the forms provide results for non-chiral superamplitudes for N = 4 SYM [12, 13].

As we will discuss in section 4, this clearly extends to any on-shell diagram or cell of

Grassmannian, i.e. the form that “bosonize” super-function of any on-shell diagram is the

pushforward of the Grassmannian canonical form, including those needed for planar loop

integrands. Conceptually, this provides a unified picture for tree and loops: an L-loop

integrand in planar N = 4 SYM is a degree-(2n−4+4L) differential form, which are inter-

esting object themselves. Such forms can be obtained by using the all-loop recursion [14],

where the differential form of the additional pair of particles in the forward limit is turned

into that of the additional loop variable. In practice, one can construct them using BCFW

bridges familiar from on-shell diagrams. Furthermore, these differential forms can be ob-

tained even beyond the planar limit, and we provide evidences that they are d log forms in

the full, non-planar N = 4 SYM [15].

The Grassmannian picture of d log form does not, however, provide an intrinsic defi-

nition of the amplitude form (as opposed to individual BCFW term etc.). The form must

be completely determined by the underlying, still mysterious “amplituhedron in momen-

tum space”; to define the form as a single object, we give a “twistor-string” pushforward

formula for the tree amplitude form. Recall that Witten’s twistor string theory [16] for

N = 4 SYM uses G+(2, n) as the moduli space, by summing over solutions of the Roiban-

Spradlin-Volovich (RSV) scattering equations [17], its top form pushes forward to exactly

the full tree-level form. This simple observation provides strong hints for the underlying

geometry, as we will show in section 5. We end in section 6 with open questions.

2 Scattering amplitudes as differential forms on Γn

We will refer to the configuration space for n massless momenta as Γn, where both λ’s and

λ̃’s form 2× n matrices, and these two matrices are subject to momentum conservation:

Γn = {Λα, Λ̃α̇ | Λα · Λ̃α̇ = 0} ≡

{
(λα

1 , . . . , λ
α
n), (λ̃

α̇
1 , . . . , λ̃

α̇
n) |

n∑

i=1

λα
i λ̃

α̇
i = 0

}
. (2.1)

The basic idea for combining helicity amplitudes as differential forms on Γn is to dress

each external state of helicity h with a certain differential to cancel its little group weight.
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Recall that |tλ, t−1λ̃〉(h) → t−2h|λ, λ̃〉(h), thus this is possible for |h| ≤ 1. For a massless

particle with helicity ±1, it is natural to dress it with

h = +1 : (dλ)2 ≡ dλ1 ∧dλ2 =
1

2
ǫαβdλ

αdλβ ; h = −1 : (dλ̃)2 ≡ dλ̃1̇ ∧dλ̃2̇ =
1

2
ǫ
α̇β̇

dλ̃α̇dλ̃β̇ .

This already allows one to combine different helicity amplitudes with gluons or photons,

into a 2n-form with no little-group weight. For example, the form for tree-level four-gluon

amplitudes in Yang-Mills theory reads (here s = (p1 + p2)
2 and t = (p2 + p3)

2):

F tree
YM (1, 2, 3, 4) =

1

s t

(
〈1 2〉2[3 4]2(dλ̃1)

2(dλ̃2)
2(dλ3)

2(dλ4)
2 + perm.

)
, (2.2)

where “perm.” denotes terms with (12) exchanged with (13), (14), (23), (24), (34).

For a massless fermion of helicity −1
2 , it is natural to assign either dλ̃α̇ or (dλ̃)2dλα,

while for helicity +1
2 , either dλ

α or (dλ)2dλ̃α̇. One may worry that the unit does not work

out uniformly, but for all theories we consider, the fermions always come in pair with +1
2

and −1
2 helicities, so we can “contract” a 1-form with a 3-form for a pair of fermions. It is

thus natural to associate these spinor indices with the flavor indices of the fermions, and

for a pair (q̄−i , q
+
j ), we have four choices of 4-form to dress with:

dλ̃α̇
i ∧ dλ̃j,α̇(dλj)

2, α̇ = 1 or 2 , or (dλ̃i)
2dλα

i ∧ dλj,α, α = 1 or 2 . (2.3)

with the indices lowered by ǫαβ or ǫ
α̇β̇

, and any of these choices can be used for a fermion

flavor. Note that the 4-form for a pair of fermions have the same unit with the form

for two spin-one particles. In this way, we can combine different amplitudes in massless

QCD/QED, at least for theories with no more than four flavors of fermions, e.g. F tree
n,QCD =

F tree
n gluons+F tree

qq̄+(n−2) g
+ · · · , which contains the form for n-gluon tree amplitudes in Yang-

Mills theory, that with (n−2) gluons and a pair of quarks qq̄, etc.

Similar 4-forms can be used for a pair of scalars, since we will only consider theories

where they are charged and always come in pair. In general, any n-point amplitudes can

be turned into a 2n-form on Γn, which carries no little-group weight and combines different

helicity amplitudes together as a single differential form. By definition, the form has only

contractions among λ’s (λ̃’s) and those among dλ’s (dλ̃’s). This is certainly not the case

for a general differential form on Γn, i.e. it can contain contractions like 〈λ dλ〉 or [λ̃ dλ̃],

thus the 2n form we just defined is a special form on Γn, where we can safely distinguish

between spinor indices of λ, λ̃ and those of dλ, dλ̃.

2.1 Forms for supersymmetric amplitudes

All the above results obviously apply to general theories, without any supersymmetry or

special properties. However, if we do have a supersymmetry, it is very natural to associate

the indices of dλα and dλ̃α̇ with the indices of R symmetry. In this way, the differential

forms are in one-to-one correspondence with the superamplitudes, where we simply replace

the anti-commuting variables η or η̃ by the forms defined above. For example, with N = 1

supersymmetry, one can choose two superfield [18] Φ† = g+ + ψ̄1η̃
1, Φ = g− + ψ′

1η
1 with

Grassmann variables η1 and η̃1. The rule is very clear: for Φ†, we take 1 → (dλ)2 and

– 4 –



J
H
E
P
1
0
(
2
0
1
8
)
0
5
4

η̃1 → (dλ)2(dλ̃)1, while for Φ, 1 → (dλ̃)2 and η1 → (dλ̃)2dλ1. Thus the superamplitude

naturally leads to the form which packages all N = 1 helicity amplitudes.

In the following we will take N = 4 SYM as our primary example, where the spinor

indices of the differential form α = 1, 2, α̇ = 1, 2 can be precisely associated with the

SU(2, 2) R-symmetry indices. As mentioned above, dλ̃α̇ and (dλ̃)2dλα can be associated

with 2 + 2 negative-helicity gluinos, which we denote as ψα̇, ψ
′
α, and similarly for positive-

helicity ones, ψ̄α and ψ̄′
α̇. The 6 = 1 + 4 + 1 scalars, denoted as φ, φ′

α,α̇, φ
′′, are associated

with 1, dλα∧dλ̃α̇, (dλ)2(dλ̃)2 respectively. The unit works out as before since we have pairs

φ, φ′′ or φ′, φ′. The upshot is the expansion in analogous with the non-chiral superfield [12]

Φ(λ, λ̃, dλ, dλ̃) = (dλ)2g+ + (dλ̃)2g− + φ+ dλαdλ̃α̇φ′
α,α̇ + (dλ)2(dλ̃)2φ′′

+ dλαψα + (dλ)2dλ̃α̇ψ̄α̇ + dλ̃α̇ψ̄′
α̇ + (dλ̃)2dλαψ′

α , (2.4)

thus any n-point super-amplitude in N = 4 SYM, recast in a non-chiral SU(2, 2) form,

can be translated into a 2n-form with η1,2 → dλ1,2, η̃1,2 → (dλ̃)1,2. An important observa-

tion is that the 2n-form obtained in this way vanishes identically for any parity-invariant,

supersymmetric amplitudes. To see this, recall that for N supersymmetries, the superam-

pliutde must contain overall fermionic delta functions δN (Q)δN (Q̃), where Q and Q̃ are

2N supercharges which are parity conjugates of each other. Under the above prescription,

the fermionic delta functions translate to a pair of N forms defined as follows:

(d q)α,α̇ :=
n∑

i=1

λα
i (d λ̃i)

α̇ , (d q̃)α,α̇ :=
n∑

i=1

(dλi)
αλ̃α̇

i , (2.5)

where α = 1, 2, α̇ = 1, 2 allows one to have N = 1, 2, 3, 4 supercharges Q’s and the same

amount of Q̃’s. Thus, the 2n form must contain two overall factors (d q)N and (d q̃)N , e.g.

for N = 4 we have (d q)4 := ∧2
α=1 ∧

2
α̇=1 dqα,α̇ and similarly (d q̃)4 (with 3-pt amplitudes

being the only exception). However, on the support of momentum conservation we have

P =
n∑

i=1

λiλ̃i = 0 =⇒ dq + dq̃ = dP = 0 =⇒ (dq)N ∧ (dq̃)N = 0 , (2.6)

thus the total form always vanishes for amplitudes (n > 3) in any supersymmetric theo-

ries. This is not surprising since the vanishing of the form simply reflects the fact these

amplitudes satisfy supersymmetry Ward identities. To extract the non-trivial part of the

form, we need to strip off a copy of (dq)N , or equivalently up to a possible sign, (dq̃)N .

For example, for the 2n form associated with amplitudes of N = 4 SYM, FN=4
n , we define

2n−4 form Ωn and also 2n−8 form Ω̂n (for n > 3) by stripping off such overall forms:

FN=4
n := (dq)4 ∧ ΩN=4

n , FN=4
n>3 := (dq)4 ∧ (dq̃)4 ∧ Ω̂N=4

n , (2.7)

and similarly for 2n−N form Ω
(N )
n for N < 4 theories. Recall that for non-supersymmetric

theories, the degrees of dλ’s and dλ̃’s in Fn are unambiguous since it does not contain overall

factors dq = −dq̃. It is determined by the MHV degree, k (number of negative-helicity

gluons for Yang-Mills amplitudes): Fn ∼ (dλ)2(n−k) (dλ̃)2k. For supersymmetric theories,

ambiguities arise since we can swap dq with −dq̃, and it is natural to go to 2n−2N form

which has no such overall factors. For example for n > 3 we have 2 ≤ k ≤ n−2, and the

2n−8 form for Nk−2 MHV amplitudes in N = 4 reads: Ω̂N=4
n ∼ (dλ)2(n−k−2) (dλ̃)2(k−2).

– 5 –
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3 Differential forms for tree amplitudes of N = 4 SYM

In this section, we study these tree-level differential forms, ΩN=4
n,k , in detail. We start with

n = 3, with MHV and MHV forms read:

FN=4
3,MHV = (d q)4Ω3,2 =

(d q)4 (dλ1〈2 3〉+ dλ2〈3 1〉+ dλ3〈1 2〉)
2

〈1 2〉 〈2 3〉 〈3 1〉
,

FN=4
3,MHV

= (d q̃)4Ω3,1 =
(d q̃)4 (dλ̃1[2 3] + dλ̃2[3 1] + dλ̃3[1 2])

2

[1 2] [2 3] [3 1]
. (3.1)

Note that although there is no (dq)4 ∧ (dq̃)4, (dq)4 or (dq̃)4 vanishes by itself, since these

λ’s or λ̃’s live in G+(2, 3) which is two dimensional. The non-vanishing MHV/MHV form

is obtained by stripping off the overall 4-form, the remaining 2-form is a d log form:

Ω3,2 = d log
〈1 2〉

〈3 1〉
∧ d log

〈2 3〉

〈3 1〉
, Ω3,1 = d log

[1 2]

[3 1]
∧ d log

[2 3]

[3 1]
. (3.2)

This is not obvious a priori, but a direct use of the following identity

dλi〈jk〉+ dλj〈ki〉+ dλk〈ij〉 = −(λid〈jk〉+ λjd〈ki〉+ λkd〈ij〉) .

Eq. (3.2) is the first example of our general claim: after stripping off an overall 4-form,

the 2n−4 form for any tree amplitude in N = 4 SYM is a d log form on Γn! This is not at

all obvious from expressions of non-chiral superamplitudes, but as we show now it becomes

manifest and is in fact guaranteed by the Grassmannian picture [19]. In this picture, any

tree amplitude in N = 4 SYM is given by a sum of on-shell (super)-functions, which

are in turn given by contour integrals over C ∈ Gk,n (C⊥ ∈ G(n−k, n) is its orthogonal

complement):

f (k)
γ =

∮

C∈γ

dk×nC

volGL(k)

δ0|2k(C · η̃)δ0|2(n−k)(C⊥ · η)

(1 · · · k) · · · (n · · · k − 1)
δ2k(C · λ̃)δ2(n−k)(C⊥ · λ) . (3.3)

Here each on-shell function is associated with a certain (2n−4)-dimensional cell γ of the

positive Grassmannian G+(k, n), which determines the contour; the measure here is the

top form of Gk,n but after the contour integral one is left with the canonical form of

the (2n−4)-dim cell γ [19]. We have abbreviated the 2n−4 bosonic and fermionic delta

functions, and the latter are written in non-chiral, parity-invariant superspace (the dot

product always means summing over particle index a · b :=
∑n

i=1 aibi). We will see shortly

that the differential form corresponding to any such on-shell function immediately turns

into a d log form: it is in fact the pushforward of the canonical form on the cell γ inG+(k, n).

To turn the super-function to a differential form, note that first there are four redun-

dant bosonic delta functions δ4(λ·λ̃) imposing momentum conservation and eight fermionic

delta functions δ0|4(Q)δ0|4(Q̃) (for n > 3) for supercharge conservation. This can be seen

by fixing e.g. the first two rows of C to be Cµ,a = λα=µ
a or those of C⊥ to be C⊥

µ̃,a = λ̃α̇=µ̃
a .

As we have emphasized, to obtain the differential form, we need to strip off δ4(P ) and

δ0|4(Q̃) before making the replacement η → dλ, η̃ → dλ̃. By fixing Cµ=1,2,a = λα=1,2
a and

– 6 –
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pulling out δ4|4(P |Q̃), the Jacobians for the bosonic and fermionic parts cancel each other.

In this way, the differential form corresponding to the cell γ reads (we denote the remaining

part of C as Cµ′,a with µ′ = 3, . . . , k):

Ω
(γ)
n,k =

∫
ω
(γ)
n,k

∏

µ′

δ2(Cµ′(x) · λ̃)
∏

µ̃

δ2(C⊥
µ̃ (x) · λ)

∧

µ′

(Cµ′(x) · dλ̃)2
∧

µ̃

(C⊥
µ̃ (x) · dλ)2 (3.4)

Let us define the 2n − 4 dimensional vector Vi := (Cµ′(x) · λ̃α̇, C⊥
µ̃ (x) · λα) where i =

{(µ′, α̇), (µ̃, α)} with µ′ = 3, . . . , k, µ̃ = 1, . . . , n−k and α, α̇ = 1, 2 (thus i = 1, 2, . . . , 2n−4).

Note that the delta functions imply Vi = 0 and hence d Vi = 0, thus

0 =
∑

j

∂Vi

∂xj
dxj + δi,(µ′,α̇)Cµ′ · dλ̃α̇ + δi,(µ̃,α)C

⊥
µ̃ · dλα , (3.5)

which can be decomposed into two parts

∑

j

∂Vi=(µ′,α̇)

∂xj
dxj = −Cµ′ · dλ̃α̇ and

∑

j

∂Vi=(µ̃,α)

∂xj
dxj = −C⊥

µ̃ · dλα . (3.6)

By taking the wedge product of 2n−4 copies of eq. (3.6), we obtain

dx1 ∧ · · · ∧ dx2n−4 det({∂Vi/∂xj}) =
∧

µ′

(Cµ′(x) · dλ̃)2
∧

µ̃

(C⊥
µ̃ (x) · dλ)2 . (3.7)

Note that the Jacobian is exactly that comes from integrating over the delta functions

in (3.4), and the remaining form is nothing but the right hand side of eq. (3.7). Thus, after

solving the x variables via the delta functions, we find the final result is

Ω
(γ)
n,k =

dx1(Λ, Λ̃) ∧ · · · ∧ dx2n−4(Λ, Λ̃)

x1(Λ, Λ̃) · · ·x2n−4(Λ, Λ̃)
= ω

(γ)
n,k(Λ, Λ̃) , (3.8)

where the differential hits λ’s and λ̃’s. Thus, it defines a pushforward from the canonical

form ω
(γ)
n,k on the cell γ of Grassmannian space to the differential form Ω

(γ)
n,k on the Γn

Let us see how our formalism works for the cases of MHV/MHV and 6pt NMHV.

MHV/MHV cases. In the case of MHV, the canonical form on the Grassmannian’s

side is simply the canonical form for the G+(2, n) (top cell)

ωn,2 =
d2nC

volGL(2)(12)(23) · · · (n1)
,

and we can take the solution to be Cαa = λα
a . Now, to put the differential form into the

form of d log, we can make a gauge fixing by acting with a particular GL(2):

C∗ =
1

〈12〉

(
λ2
2 −λ1

2

−λ2
1 λ1

1

)(
λ1
1 λ1

2 · · · λ1
n

λ2
1 λ2

2 · · · λ2
n

)

=
1

〈12〉

(
〈12〉 0 〈32〉 · · · 〈i2〉 · · · 〈n2〉

0 〈12〉 〈13〉 · · · 〈1i〉 · · · 〈1n〉

)
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such that by evaluating ωn,k=2|C∗ we immediately obtain a d log form

Ωtree
n,2 =

n∏

i=1

(
〈i i+ 1〉

〈12〉

)−1 n∏

i=3

d
〈i2〉

〈12〉
∧ d

〈1i〉

〈12〉
=

n−1∏

i=2

d log
〈i i+ 1〉

〈1 i+ 1〉
∧ d log

〈1 i+ 1〉

〈1 2〉
. (3.9)

The result for MHV is the same with all λ’s replaced with λ̃’s. In particular, let’s record

the differential form for n = 4 (MHV and MHV coincide here):

Ωtree
4,2 =

(d q̃)4

st
= d log

〈1 2〉

〈1 3〉
∧ d log

〈2 3〉

〈1 3〉
∧ d log

〈3 4〉

〈1 3〉
∧ d log

〈4 1〉

〈1 3〉

=
(d q)4

st
= d log

[1 2]

[2 4]
∧ d log

[2 3]

[2 4]
∧ d log

[3 4]

[2 4]
∧ d log

[4 1]

[2 4]
, (3.10)

where the equality between MHV and MHV forms follows from momentum conservation.

In fact, it is well known that (3.9) is one of many equivalent representations of the

canonical form of G+(2, n). To write a general one, we use the terminology of the cluster

algebra for G+(2, n). Recall that here each cluster correspond to a triangulation of n-gon,

and for MHV case we label the n edges as 〈i i+1〉 for i = 1, 2, · · · , n, and the n−3 diagonals

of the triangulation as 〈i j〉 (connecting vertex i and j). Given such 2n−3 brackets, one

can then take any 2n−4 independent ratios of them, which we call x1, x2, · · · , x2n−4. For

example, one can choose the triangulation such that the 2n−3 edges correspond to 〈i i+1〉

for i = 1, . . . , n and 〈1i〉 for i = 3, . . . , n−1, and one choice of x’s can be given by the 2n−4

ratios in (3.9). A simple but remarkable fact is that the wedge product of these 2n−4

d log x’s are independent of the triangulation (up to a sign). Thus the differential form for

MHV amplitude can be written for any cluster of Λ ∈ G+(2, n):

Ωtree
n,MHV = d log x1 ∧ d log x2 ∧ · · · ∧ d log x2n−4 , (3.11)

Similarly for MHV we define x̄’s as ratios of square brackets, for any cluster Λ̃ ∈ G+(2, n):

Ωtree
n,MHV

= d log x̄1 ∧ d log x̄2 ∧ · · · ∧ d log x̄2n−4 . (3.12)

To prove MHV or MHV tree forms are independent of the triangulation of a n-gon (up to

a sign), it is sufficient to prove this holds for n = 4. This is because that if the differential

form for 4-pt MHV tree is independent of the triangulation, then we can do the so-called flip

operation, which transform a triangulation of a tetragon into the other, for any tetragon

in this triangulated n-gon. It is obvious that any two triangulations of a n-gon can be

transformed to each other by a sequence of flip operations. On the other hand, we have

d log
〈2 3〉

〈1 2〉
∧ d log

〈3 4〉

〈1 2〉
∧ d log

〈4 1〉

〈1 2〉
∧ d log

〈1 3〉

〈1 2〉

= −d log
〈2 3〉

〈1 2〉
∧ d log

〈3 4〉

〈1 2〉
∧ d log

〈4 1〉

〈1 2〉
∧ d log

〈2 4〉

〈1 2〉
.
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6pt NMHV. Beyond the MHV/MHV cases, the tree form becomes more interesting

since the corresponding Grassmannian cell is no longer the top cell of G+(k, n). Instead,

we have a sum of (2n−4)-dim cells which are dictated by e.g. BCFW representation of tree

amplitudes. The first such example is 6-pt NMHV amplitude, where each BCFW term

comes from a 8-dim cell of G+(3, 6). There are six such cells γi with i = 1, . . . , 6, each

of which corresponds to the C matrix with vanishing minor (i, i+1, i+2) [19]. Note that

γi’s are related to each other by cyclic shifts, and since the corresponding cell in C⊥ have

(5−i, 6−i, 7−i) = 0 the on-shell functions for γi and γ5−i are related by parity. It is well

known that there are two BCFW representations, related to each other by parity, for 6-pt

NMHV tree amplitudes. Therefore, the tree form can be written as a sum of three terms

in either of the representations:

Ωtree
6,3 = Ωγ1

6,3 +Ωγ3
6,3 +Ωγ5

6,3 = Ωγ4
6,3 +Ωγ2

6,3 +Ωγ6
6,3 . (3.13)

It is straightforward to work out the form for cell γ1 (others are obtained by cyclic shift):

Ωγ1
6,3 =

(dq̃)4(dλ1〈2 3〉+ dλ2〈3 1〉+ dλ3〈1 2〉)
2(dλ̃4[5 6] + dλ̃5[6 4] + dλ̃6[4 5])

2

s123 〈1 2〉 〈2 3〉 [4 5] [5 6] 〈1|5+6|4] 〈3|4+5|6]
, (3.14)

since in this case we have the solution

C∗ =



λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6

λ2
1 λ2

2 λ2
3 λ2

4 λ2
5 λ2

6

0 0 0 [56] [64] [45]




with vanishing minor (1, 2, 3), where the numerator arises from (C∗ · dλ̃)2(C∗⊥ · dλ)2 after

stripping off the factor (dq)4 and the denominator is the product of five non-vanishing minor

(i, i+1, i+2) of C∗ with i = 2, . . . , 6. It is equivalent to d log(x1)∧d log(x2)∧· · ·∧d log(x8)

with one choice of canonical variables x1, x2, . . . , x8

x1=
〈12〉

〈31〉
, x2=

〈23〉

〈31〉
, x3=

[3̂4]

[3̂ 1̂]
, x4=

[46]

[3̂ 1̂]
, x5=

[61̂]

[3̂ 1̂]
, x6=

[1̂4]

[3̂ 1̂]
,x7=

[54]

[64]
,x8=

[65]

[64]
.

which also can be written as a wedge product of a 3-pt MHV form and a 5-pt MHV from

Ωγ1
6,3 = Ωk=3(1̂, 3̂, 4, 5, 6) ∧ Ωk=2(1, 2, 3) (3.15)

where hats mean that these momenta are shifted by

λ̃1̂ = λ̃1 +
〈1 2〉

〈1 3〉
λ̃2 , λ̃3̂ = λ̃3 +

〈2 3〉

〈1 3〉
λ̃2 .

The structure exhibited in eq. (3.15) implies another construction of differential forms

besides pushforward map, which is called Inverse-soft (IS) construction and described in

detail below. This method allow us to build the differential form for any tree amplitude

recursively instead of working out the pushforward map.
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3.1 Inverse-soft construction for the tree form

As we have seen in the above, one way to obtain the differential forms is the pushforward

from a certain cell of positive Grassmannian. Such cells also have a diagrammatic repre-

sentation, that are on-shell diagrams [19]. A particularly interesting procedure to build

on-shell diagrams, is by attaching the so-called inverse soft factor [20], which here amounts

to attaching a 2-form to the (2n−4)-form for n points to obtain the (2n−2)-form for n+1

points. Attaching k-preserving and k-increasing inverse soft factor correspond to inserting

two cases of (3.2) respectively:

k − preserving : Ω(. . . , n, n+1, 1) = Ω(. . . , n̂, 1̂) ∧ d log
〈nn+1〉

〈n 1〉
∧ d log

〈n+11〉

〈n 1〉
,

k − increasing : Ω(. . . , n, n+1, 1) = Ω(. . . , n̂, 1̂) ∧ d log
[nn+1]

[n 1]
∧ d log

[n+11]

[n 1]
,

(3.16)

where the first case λ̃n̂ = λ̃n +
〈n+11〉
〈n 1〉 λ̃n+1, λ̃1̂ = λ̃1 +

〈nn+1〉
〈n 1〉 λ̃n+1 (λ’s unchanged) and the

second case λn̂ = λn + [n+11]
[n 1] λn+1, λ1̂ = λ1 +

[nn+1]
[n 1] λn+1 (λ̃’s unchanged). In the context

of on-shell diagrams, these two operations correspond to

n+1

n

1

n̂

1̂

Ω n+1

n

1

n̂

1̂

Ω

These operations actually are two special cases of BCFW constructions: attaching k-

preserving inverse-soft factor correspond to the BCFW construction (•⊗A
(1)
3 ) and attaching

k-preserving inverse-soft factor correspond to (A
(2)
3 ⊗ •). Since the n-pt MHV amplitude

A
(2)
n has the BCFW-recursion (A

(2)
n−1⊗A

(1)
3 ), we arrive at the n-pt MHV form (3.11) again

by repeated use of this recursion, and similarly for the MHV cases. It is not difficult to

include the contribution (3.14) to the 6-pt NMHV form in the IS construction by recognizing

the particle 5 as the k-increasing inverse-soft-factor or particle 2 as the k-preserving inverse-

soft-factor, since (3.14) has two equivalent forms

Ωγ1
6,3 = Ωk=2(1, 2, 3, 4̂, 6̂) ∧ d log

[4 5]

[6 4]
∧ d log

[5 6]

[6 4]
(3.17)

= Ωk=3(1̂, 3̂, 4, 5, 6) ∧ d log
〈1 2〉

〈3 1〉
∧ d log

〈2 3〉

〈3 1〉
, (3.18)

where the second equality can be shown by using of eq. (3.10).

If an on-shell diagram can be obtained by successively adding particles to a 3-pt on-shell

diagram, such an on-shell diagram is called ‘inverse-soft constructible’. It turns out that
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all on-shell diagrams generated by BCFW recursion scheme are IS constructible through 9

particles.1 Fortunately, the on-shell diagrams that have the contribution to an amplitude

are depend on the BCFW recursion scheme [19, 21], and there is indeed a scheme {−2, 2, 0}

so that all on-shell diagrams for any tree amplitude are inverse-soft constructible.

Based on the above discussion, an effective method to construct the differential forms

for tree amplitudes is the IS construction. If the IS decomposition of a on-shell diagram is

found, then as is its differential form. There is a effective way to obtain the IS decomposition

via the permutation labelling a on-shell diagram, if a permutation σ for some particle a has

σ(a−1) = a+1 or σ(a+1) = a−1, then a is a k-preserving or k-increasing inverse soft-factor,

respectively. For instance, the permutation corresponding to (3.14) is {3, 5, 6, 7, 8, 10}, then

it is not difficult to recognize 2 as a k-preserving inverse soft-factor and 5 as a k-increasing

inverse soft-factor. After removing this inverse soft-factor, the permutation becomes:

(i) if a is a k-preserving inverse soft-factor, then taking σ(a − 1) equals to σ(a), finding

the particle whose permutation equals to a and changing its permutation to a + 1,

leaving the other particles unchanged.

(ii) if a is a k-increasing inverse soft-factor, then taking σ(a + 1) equals to σ(a), finding

the particle whose permutation equals to a and changing its permutation to a − 1,

leaving the other particles unchanged.

Here we illustrate how this procedure work by the following 8-pt N2MHV BCFW term

{3, 6, 7, 8, 10, 12, 9, 13}
remove 2
−−−−−→ {6, 7, 8, 11, 12, 9, 13}

remove 8
−−−−−→ {6, 7, 9, 11, 12, 13} , (3.19)

where {6,7,8,11,12,9,13} is the permutation of {1,3,4,5,6,7,8} and {6,7,9,11,12,13} is the

permutation of {1,3,4,5,6,7}. The last permutation correspond to the 6-pt MHV amplitude,

that is why we stop there. In the first step, we recognize 2 as a k-preserving inverse

soft-factor, then we change σ(1) from 3 to σ(2) = 6, since σ(5) = 10 (2mod 8), then

σ(5) equals to 11 in the new permutation, similarly for the second step. (Note that the

second permutation is the permutation of {1,3,4,5,6,7}, we need to relabel these particles

by {1,2,3,4,5,6,7} for repeating this procedure, after this procedure has been done, we

can recover the labels of these particles.) We can represent this decomposition by such a

formula

{3, 6, 7, 8, 10, 12, 9, 13} = B(1, 3, 4, 5, 6, 7)⊗W (7, 8, 1)⊗W (1, 2, 3) , (3.20)

where B denotes the MHV amplitude and W denotes the MHV amplitude, this decom-

position is order-dependent except some special cases. In what follows, we will give some

further details of this decomposition and introduce a diagrammatic representation.

In the case of MHV or MHV, we find the x-variables correspond to edges and non-

crossing diagonals of a n-gon, thus we represent the n-pt MHV or MHV differential form by

1If the BCFW bridge parity is restricted to one fixing type, then all on-shell diagrams built by the tree-

level recursion relations are inverse-soft constructible through 13 particles. A counter example is the on-shell

diagram whose BCFW-decomposition is ((A
(2)
3 ⊗(A

(2)
4 ⊗A

(2)
4 ))⊗A

(1)
3 )⊗(A

(2)
3 ⊗((A

(2)
4 ⊗A

(2)
4 )⊗A

(1)
3 )) [19].
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a white n-gon or a black n-gon, respectively. With the triangulation of this n-gon specified,

the differential form is determined at the same time, for example, a n-pt MHV differential

form with x-variables fixed can be represented by

1

2

3

4 5

6

n− 1

n

=

n−1∏

i=2

d log
〈1 i〉

〈i+ 11〉
∧ d log

〈i i+ 1〉

〈i+ 11〉
. (3.21)

This representation can be easily generalized to non-MHV(MHV) cases via inverse-soft

construction. In the spirit of the above construction, each inverse-soft factor with its two

adjacent particles (for each step of IS construction) can be viewed as the building block

of this diagrammatic representation and represented by a white triangle or black triangle

respectively for the k-preserving case and k-increasing case. For example, those three

contributions to 6-pt NMHV amplitude are represented by

1̂

2

3̂ 4

5

6 1

2

3̂ 4

5̂

6 1̂

2

3 4

5̂

6

which correspond to γ1, γ3 and γ5, respectively. Actually, for n-pt NMHV case, the differ-

ential form is represented by

∑

1<i<j<n

n

1̂

î−1
î

ĵ

ĵ+1

=
∑

1<i<j<n

Ωk=2(1, · · · , i−1)∧Ωk=2(i, · · · , j)∧Ωk=2(j+1, · · · ,n,1)

∧Ωk=3(1̂, î−1, î, ĵ, ĵ+1) , (3.22)

where any Ωk=2 with less than 3 arguments is defined to be 1, and these shifted momenta

are

λ̃1̂ = λ̃1 +
i−1∑

a=2

〈i a〉

〈i 1〉
λ̃a +

n∑

a=j+2

〈a j + 1〉

〈1 j + 1〉
λ̃a ,

λ̃î = λ̃i +

i−1∑

a=2

〈a 1〉

〈i 1〉
λ̃a , λ̃

î+1
= λ̃i+1 +

j−1∑

a=i+2

〈j a〉

〈j i+ 1〉
λ̃a ,

λ̃ĵ = λ̃j +
n−1∑

a=m+1

〈a i+ 1〉

〈j i+ 1〉
λ̃a , λ̃

ĵ+1
= λ̃j+1 +

n−1∑

a=m+1

〈1 a〉

〈1 j + 1〉
λ̃a .

Here we briefly comment on the difference between our result and the momentum twistor

form for NMHV case. Of course, their BCFW representations are very similar, but they
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are very different d log forms. The momentum twistor form for Nk−2MHV has dimension

4(k−2), which is independent of the number of particles n, and for NMHV it has a very nice

interpretation as the canonical cyclic polytope; while our form always has degree (2n−4)

(independent of k). As will be discussed later, even for NMHV the geometric interpretation

of our differential forms are still not clear. One reason is that these forms also encode the

information of the MHV prefactor, which has been striped off in the momentum twistor

forms (more precisely, the latter is the form for the (super) Wilson loop). Of course the

two can be connected by e.g. first inserting back the MHV prefactor for the super Wilson

loop, and translating to non-chiral superspace, but we remark here that it is still an open

question how to directly connect the two differential forms.

For a generic n and k, the order of adding inverse-soft factor becomes important. For

k = 2, our forms are independent with the way of adding inverse-soft factor since they are

independent with the triangulation of the n-gon. For k = 3, we must begin with a black

pentagon, then add inverse-soft factor in three edges of this pentagon as shown in (3.22),

however, each white or black region is triangulation-independent, and the shift momenta

are also independent with the triangulation of these white regions. We leave the systematic

study of our form for any n and k to the future. As an illustrative example, in the appendix

we give IS-decomposition for 8-pt N2MHV case, which immediately gives the form.

4 Differential forms for loop integrands

It has been well established that any Grassmannian cell and its super-function is determined

by the associated on-shell diagram [19]. All mathematical characterizations and properties

of on-shell diagrams carry over to our new picture of differential form directly, except one

transforms to non-chiral superspace and takes η → dλ and η̃ → dλ̃. For example, there

are two common elementary operations for on-shell diagrams, one is direct product which

simply puts two on-shell diagrams together, and the other is projection which just identifies

two external legs. These two operations in our picture of differential form are simply:

direct product : FnL+nR,kL+kRδ4(P ) = FnL,kL
L δ4(PL) ∧ FnR,kR

R δ4(PR) , (4.1)

projection : F̂n,k =

∫
d2λId

2λ̃I

GL(1)
Fn+2,k+1(1, · · · , n, I,−I)|

d2λId2λ̃I
, (4.2)

note that here we used the dressed form F instead of Ω, it is still need to strip the overall

factor (dq)4 (or equivalently, (dq̃)4) to obtain the final result, and F|
d2λId2λ̃I

means taking

the coefficient of d2λId
2λ̃I in the dressed form F .

In principle, these two operations, direct products and projections, together with two

3-pt differential forms are enough to build the corresponding form for any on-shell function.

There are some specific combinations of these two operations simplify, one is IS-construction

mentioned above which is already enough to yield differential forms for all tree amplitudes.

Generically, the on-shell functions can either have singular kinematic support for d < 2n−4,

or they can become differential forms that depend on some internal auxiliary variables as

well for d > 2n−4. There is a operation, that is so-called BCFW-bridge [19], yielding such

differential forms with internal auxiliary variables.
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In the context of on-shell diagram, adding a BCFW-bridge means the following oper-

ation:

Ω

a b

=⇒
Ω

a b

â b̂

The net result of this operation just add a d logα into the measure and shift the external

date a and b by λ̃a → λ̃â = λ̃a − αλ̃b and λb → λ
b̂
= λb + αλa. Based on our push-forward

definition (3.4), under this operation,

Ω(1, · · · , a, b, · · · , n) → d logα Ω(1, · · · , â, b̂, · · · , n) (4.3)

In the context of on-shell functions, such on-shell functions with auxiliary variables are

d log forms dressed with super-functions that are known as leading singularities [22] (similar

to BCFW terms). Here, an important point is that we no longer need to distinguish between

such super-functions and the (internal) differential forms. By considering encoding helicity

information of N = 4 SYM as a form on Γn, we have a unified picture: any Grassmannian

cell evaluates to a d log form (possibly with singular kinematic supports) as the pushforward

of its canonical form:

f
(γ)
n,k =⇒ Ω

(γ)
n,k = ω

(γ)
n,k(Λ, Λ̃;α) = d log x1 ∧ · · · ∧ d log xd , (4.4)

which depends on external variables on Γn and internal variables, collectively called α.

Beyond tree amplitudes, we are mostly interested in forms that correspond to L-loop

integrands in N = 4 SYM, which are generally d = 2n−4+4L forms. The d canonical

variables x1, . . . , xd can be solved in terms of external and loop momenta, and the push-

forward simply gives ∧d
i=1d log xi(Λ, Λ̃, ℓ1, . . . , ℓL). Note that we do not have to restrict

ourselves to planar case, although for that we have the additional advantage that loop

variables can be defined in an unambiguous way. In the old way of thinking about the

loop integrand in N = 4 SYM, we have 4L d log forms which encode the loop integral

measure, dressed with leading singularities as super-functions of external data. Now the

picture unifies trees and loops: we have a combined 2n−4+4L d log forms with arguments

depending on both external and loop variables. For example, since the one loop 4-pt

amplitude can be obtained by adding 4 BCFW bridges between 4 external legs, the one-

loop four-point form can be simply written as

Ω1-loop
4,2 = d logα1 d logα2 d logα3 d logα4 d log

〈1 2̂〉

〈1 3〉
d log

〈2̂ 3〉

〈1 3〉
d log

〈3 4̂〉

〈1 3〉
d log

〈4̂ 1〉

〈1 3〉

= d log

(
α1〈3 4〉

〈3 4〉+ α1〈3 1〉

)
d log

(
α2〈2 3〉

〈2 3〉+ α2〈1 3〉

)

× d log

(
α3〈1 2〉

〈1 2〉+ α3〈1 3〉

)
d log

(
α4〈4 1〉

〈4 1〉+ α4〈3 1〉

)
∧ Ωtree

4,2 , (4.5)
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here we omitted almost wedge product symbols for saving space, Ωtree
4,2 in the last row is

the 4-pt tree differential form (3.10), and the shifted external momenta are

λ2̂ = λ2 + α2λ1 + α3λ3 λ4̂ = λ4 + α1λ1 + α4λ3

The d log from besides the 4-pt tree form in this expression is exactly the 1-loop 4-pt

amplitude integrand. In terms of the well-known four d log form for the loop, the whole

expression can also be written as

Ω1−loop
4,2 = d log

ℓ2

(ℓ−ℓ∗)2
∧ d log

(ℓ+p1)
2

(ℓ−ℓ∗)2
∧ d log

(ℓ+p1+p2)
2

(ℓ−ℓ∗)2
∧ d log

(ℓ−p4)
2

(ℓ−ℓ∗)2
∧ Ωtree

4,2 , (4.6)

here ℓ∗ is a solution such that all the four propagators become on shell when plugging

ℓ = ℓ∗. An interesting new features is that now the d can hit external data as well, so

the form contains not only d4ℓ part but also d3ℓ, d2ℓ, d ℓ etc. although the latter obviously

integrate to zero with the usual R4 contour.

The Grassmannian/OSD picture makes it manifest that the 2n−4+4L-form for L-loop

integrand of planar N = 4 SYM is a sum of d log’s. Obviously there are other representa-

tions as well, for example, one can translate the local representation [22], i.e. a sum of pure

d log integrals with local poles multiplied by leading singularities, into differential forms.

As the first non-trivial example, we record the 1-loop 5-pt MHV form

Ω1-loop
5,2 =

(
d log

(ℓ−p1)
2

ℓ2
∧ d log

(ℓ−p1−p2)
2

ℓ2
∧ d log

(ℓ−p1−p2)
2

(ℓ−ℓ
(1)
∗ )2

∧ d log
(ℓ+p4+p5)

2

(ℓ−ℓ
(1)
∗ )2

+ d log
(ℓ+p2+p3)

2

(ℓ−p4−p5)2
∧ d log

(ℓ+p3)
2

(ℓ−p4−p5)2
∧ d log

ℓ2

(ℓ−ℓ
(2)
∗ )2

∧ d log
(ℓ−p4)

2

(ℓ−ℓ
(2)
∗ )2

+ d log
ℓ2

(ℓ+p1+p2)2
∧ d log

(ℓ−p3)
2

(ℓ+p1+p2)2
∧ d log

(ℓ−p3)
2

(ℓ−ℓ
(3)
∗ )2

∧ d log
(ℓ−p3−p4)

2

(ℓ−ℓ
(3)
∗ )2

)

∧ Ωtree
5,2 (4.7)

which can be obtained from the one loop local form by turning momentum twistor variables

into spinor variables [19] and corresponds to the following three integral,

1

2 3

4

5 1 5

3

2 4

1

3 4

5

2

where

ℓ
(1)
∗ =

(
λ1 +

[32]

[31]
λ2

)
λ̃1 , ℓ

(2)
∗ =

(
λ4 +

[15]

[14]
λ5

)
λ̃4 , ℓ

(3)
∗ = λ3

(
λ̃3 +

〈54〉

〈53〉
λ4

)
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are solutions such that some propagators on-shell, more precisely, ℓ
(1)
∗ is the solution of

ℓ2 = (ℓ−p1)
2 = (ℓ − p1 − p2)

2 = (ℓ + p4 + p5)
2 = 0 [23], while ℓ

(2)
∗ is the solution of

ℓ2 = (ℓ−p4) = (ℓ−p4 − p5)
2 = (ℓ+ p2 + p3)

2 = 0, and similarly for ℓ
(3)
∗ .

In general, an important question is how to characterize and determine the form for

the planar integrand for N = 4 SYM. Here we show that the form can be completely

characterized by residues on all its co-dimension one boundaries, which are factorization

and single-cut poles. Of course the statement is parallel to that for usual super-amplitudes,

but given the new way of summing over supermultiplet for the form, conceptually the

form language makes the “hiding-particle” picture for loops more transparent. There are

two types of simple poles for the loop integrand, factorization poles with (
∑

i∈L pi)
2 =

(
∑

i∈R pi)
2 → 0 and single cuts with ℓ2 → 0 for some loop variable ℓ (or more generally

(ℓ+
∑

i pi)
2). Note that since we are taking the d of external data as well, now factorization

pole can also be seen as single cuts where we cut only external data. The key difference

of these two types of cuts is that the former cut the amplitude into two parts ΩL,ΩR,

connected by an on-shell internal leg, while the latter cut a loop and make it a lower-loop

amplitude Ω
(L−1)
n+2 with two additional legs under the forward limit.

Let’s denote the two on-shell particles, as in factorization or forward limit, as (λ, λ̃) and

(λ,−λ̃), and recall that we need to extract the top component, i.e. taking the (dλ)2(dλ̃)2

part, which receives contributions from (dλ)2×(−dλ̃)2, dλα×dλα(−dλ̃)2, . . . , (dλ̃)2×(dλ)2.

From a simple counting we know that we must take the form itself with the coefficient: for

factorization, this is because we have a 2(nL + 1)− 4 + 4lL form and 2(nR + 1)− 4 + 4lR
form, which precisely gives 2(nL + nR)− 4 + 4(lL + lR) = 2n− 4 + 4L form as needed; for

forward limit, we have a 2(n+2)− 4+ 4(L−1) = 2n+ 4L− 4 form, which is also what we

need. This is quite interesting since it demonstrates the hiding-particle picture vividly: the

top form (dλ)2(dλ̃)2 of the forward-limit particles, directly translate into the loop integral

measure in the single cut limit, which can be written as d4ℓ/vol GL(1). There is no need

to do GL(2) integral as in the case of momentum twistor space, and we see directly that

loops just come from top component of the two hidden particles! To summarize, we have

Resp2=0Ω
(L)
n,k =

∑

lL+lR=L
kL+kR=k

Ω
(lL)
nL,kL

(L,{λ, λ̃}) Ω
(lR)
nR,kR

({λ,−λ̃},R)|(dλ)2(dλ̃)2 , p=
∑

i∈L

pi=λλ̃ ,

Resℓ2=0Ω
(L)
n,k =Ω

(L−1)
n+2,k+1(1, . . . ,n,{λ, λ̃},{λ,−λ̃})|(dλ)2(dλ̃)2 , ℓ=λλ̃ , (4.8)

where we have extracted the (dλ)2(dλ̃)2 part in both cases. Thus we have specified residues

of the form on all simple poles, which is sufficient information to determine the form of

all-loop planar integrand. One way to achieve this is to use BCFW recursion, which is of

course parallel to that for all-loop superamplitude in planar N = 4 SYM.

5 Towards tree amplituhedron in momentum space

So far our discussions for forms in N = 4 SYM are more or less based on Grassmannian/on-

shell diagram picture, thus it is important to ask if there is a more intrinsic definition of

the full amplitude form (not as a sum over Grassmannian cells/on-shell diagrams)? This
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is already quite challenging for tree amplitudes, since the “amplituhedron in momentum

space”, whose canonical form gives the amplitude form, is yet to be found. On the other

hand, there is a interesting formula for tree amplitudes in momentum space that is still

missing in momentum twistor space, namely the RSV “connected formula” from Witten’s

twistor string theory. We will see that it provides a pushforward formula for the tree form

Ωtree
n,k as a single object, which we expect to serve as an important guide for understanding

the underlying positive geometry.

As already mentioned in the introduction, the formula expresses tree-level super-

amplitude as an integral over G+(2, n) (the moduli space of twistor-string worldsheet),

which is localized by scattering equations in four dimensions. These scattering equations

can be written as the constraints for Grassmannian using the Veronese map from G(2, n)

to G(k, n): C(t, σ)µ,a = taσ
µ−1
a for a = 1, 2, . . . , n and µ = 1, 2, . . . , k. Since we use

the parity-invariant form, we can simply take the orthogonal complement G(n−k, n) as

C⊥(t̃, σ)µ̃,a = t̃aσ
µ̃−1
a for µ̃ = 1, 2, . . . , n−k. Here t’s and t̃’s satisfy tat̃a =

∏
b 6=a(σa−σb)

−1

(which implies Cµ ·C⊥
µ̃ = 0k×(n−k) as expected).

In this parity-invariant form, the (2n−4) canonical form of G+(2, n) reads [24]

ωn :=
1

volGL(2)

n∏

a=1

dσa dta dt̃a
(σa − σa+1)

δ

(
tat̃a −

∏

b 6=a

1

(σa − σb)

)
. (5.1)

where it is easy to see that we can recover the standard G+(2, n) form after integrating

over dt̃a’s (or dta’s) against the delta functions. Now the RSV formula is an integral over

ωn with delta functions similar to those in (3.3):

Atree
n,k =

∫
ωn

k∏

µ=1

δ(2|2)
(
Cµ(t, σ) · (λ̃|η̃)

) n−k∏

µ̃=1

δ(2|2)
(
C⊥

µ̃ (t̃, σ) · (λ|η)
)
, (5.2)

from which we can remove the overall delta functions for (super-)momentum conservations

Atree
n,k := δ4|4(P |Q̃) Atree

n,k , and again by replacing η(η̃) by dλ(dλ̃), we arrive at a formula for

the form (here µ′ denotes k−2 rows of C after removing those for overall delta functions)

Ωtree
n,k =

∫
ωn

∏

µ′

δ2(Cµ′ · λ̃) (Cµ′ · dλ̃)2
∏

µ̃

δ2(C⊥
µ̃ · λ) (Cµ̃ · dλ)2 , (5.3)

From here the step is exactly the same as that from (3.4) to (3.8) except for one difference:

instead of solving linear equations for a Grassmannian cell, we solve polynomial scattering

equations and sum over their solutions {σ, t, t̃}(Λ, Λ̃). Recall that in k-sector, we have

Eulerian number E(n−3, k−2) solutions, for k = 2, · · · , n−2. We arrive at:

Ωtree
n,k =

E(n−3,k−2)∑

sol.

ωn(Λ, Λ̃) =
∑

sol.

1

volGL(2)

n∏

a=1

dσa dta
σa,a+1 ta

= parity conjugate , (5.4)

where by parity conjugate we mean ωn written in terms of σ’s and t̃’s (thus t’s are solved).

Though equivalent to eq. (5.2), eq. (5.4) itself is a remarkably pushforward formula

from ωn to Ωtree
n,k . It strongly suggests the existence of a (2n−4)-dim postive geometry
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in Γn, which should be called the tree amplituhedorn in momentum space; the scattering

equations, C(σ, t) · Λ̃ = C⊥(σ, t̃) · Λ = 0, in turn provide a map from G+(2, n) to it.

The BCFW representation, or equivalently Grassmannian/OSD picture, provides certain

triangulations of this object, just like in momentum twistor space, but the definition of

the tree amplituhedron (and its canonical form) in Γn is intrinsic and independent of any

triangulation.

To define the tree amplituhedron in Γn, it is important to compare it with that in

momentum twistor space. By analogy, it should be the intersection of a “positive region”

Γ+
k,n ⊂ Γn, with a (2n−4)-dim subspace. While we have not been able to identify the

subspace in general, here we present our conjecture for the “positive region”. Recall that a

necessary condition for the push-forward is that for Λ, Λ̃ ∈ Γ+
k,n, the equations C(σ, t) · Λ̃ =

C⊥(σ, t̃) · Λ = 0 have exactly one solutions in G+(2, n), which is defined as σa < σa+1 and

either ta > 0 or t̃a > 0, for a = 1, 2, . . . , n. Our proposal for Γ+
k,n consists of two conditions,

which are the analog of those in the momentum twistor space [1]:2

• Positive kinematics: i.e. all planar poles si,i+1,...,i+m > 0.

• Correct sign flips: let N and Ñ to denote the sign flip in the list

{〈1 2〉, 〈1 3〉, . . . , 〈1n〉}, and {[1 2], [1 3], . . . , [1n]}, respectively, here we require one

of the two possibilities, (N, Ñ) = (k−2, k) or (N, Ñ) = (n−k, n−k−2).

For positive kinematics with (N, Ñ) = (k−2, k) we conjecture that there is exactly

one solution to the scattering equations with σa < σa+1 and ta > 0, while for (N, Ñ) =

(n−k, n−k−2) exactly one solution with σa < σa+1 and t̃a > 0. We do not have a proof

for this, but it has been checked numerically for all k sectors up to n = 10. This is very

strong evidence that the 4d scattering equations can be viewed as a one-to-one map from

G+(2, n) to (certain (2n−4)-dim subspace of) this “positive region”.

Note that these equations are the refined version of the CHY scattering equations in

four dimensions [25, 26]: given 4d kinematics, the (n−3)! solutions of scattering equations,

fall into k = 2, · · · , n−2 sectors which are exactly the solutions for σ’s in RSV equations,

and for each solution we can get one solution for t’s (or t̃’s). Our observation here is thus

a refinement of the observation in [5] where it was found that for positive kinematics there

is a unique solution with σa < σa+1. What is more here is that depending on what sign

flips the spinors have, we can further identify the unique solution to a particular k sector

with all t’s (or t̃’s) being positive.

Last but not least, it is interesting to compare the complete tree form ΩN=4,tree
n :=∑n−2

k=2 Ω
tree
n,k with the (n−3) canonical form of the associahedron for bi-adjoint φ3 am-

plitudes. The latter is given by the pushforward of the canonical form of M+
0,n :=

G+(2, n)/GL(1)n−1, via summing over (n−3)! solutions of the scattering equations [5]:

Ω
(n−3)
φ3 =

(n−3)!∑

sol

1

vol SL(2)

n∏

a=1

dσa
σa,a+1

. (5.5)

2The region can be translated from the region in momentum twistor space once we make a choice about

where to put the infinity twistor. As pointed out to us by Arkani-Hamed, our choice amounts to putting

the infinity twistor inside the one-loop amplituhedron or its parity conjugate.
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We see that, when summing over all solutions of 4d scattering equations, by dressing with

n−1 dt
t
’s or dt̃

t̃
’s for each solution, it seems we can “uplift” Ω

(n−3)
φ3 to Ω

(2n−4)
N=4 !

So far this is just an observation and we do not know if it implies any deeper connection

between Ωφ3 and ΩN=4. It does reflect a simple fact: the singularity structure of ΩN=4

is given by those of Ωφ3 , or planar cubic tree graphs, as well as soft singularities which

correspond to either some λ (equivalently t) or λ̃ (t̃) vanishes. This may provide another

clue for finding the positive geometry underlying N = 4 tree form.

6 Outlook

In this paper, we have initiated the study of differential forms for scattering amplitudes in

the space of spinor variables, and in particular the remarkable d log forms for N = 4 SYM.

The main results can be summarized as follows

• It is natural to combine all helicity amplitudes of a theory into a differential form on

Γn, which amounts to “bosonizing” super-amplitudes for the supersymmetric case.

• Tree amplitudes in N = 4 SYM yield a d log form, Ωtree
n,k , which is manifest in the

Grassmannian picture. We present explicit formula for MHV and NMHV forms.

• For any Grassmannian cell the form on an extended space can be obtained via push-

forward, which in particular applies to the form for loop integrands in N = 4 SYM.

• Our explorations strongly suggest an underlying “amplituehdron in momentum

space”.

There are numerous open questions raised by these first steps, and here we discuss two

directions concerning N = 4 SYM and more general theories.

Forms and amplituhedra in N = 4 SYM. Obviously we have only scratched the

surfaces of differential forms and geometries for amplitudes in N = 4 SYM. Already at

tree level, the most pressing question and a major milestone in this direction, is to find

the underlying amplituhedron geometry; if our conjecture is correct, all we need is to find

a family of (2n−4)-dim subspaces. We emphasize that the positive geometries in Γn must

differ significantly from the tree amplituhedron in momentum twistor space, though both

of them can be triangulated by BCFW terms. In this aspect, it would be highly desirable

to look for some other triangulations (such as the analog of the “local form” in [27]) or

more intrinsic way of describing the geometry. For recent studies on triangulations and

geometric structures of the usual amplituhedron, see [28–35].

Beyond tree level, it is not clear at the moment how to get loop amplituhedron in a

space extended by L loop variables. Nevertheless, it is already of great interests to study

differential forms for loop integrands. For example, we can compute various residues of

the L-loop form: in addition to usual cuts which take residues with dℓ’s, one can also take

residues with dλ, dλ̃’s etc. Moreover, as already mentioned in [1], the final (integrated)

amplitudes now becomes some (pure) transcendental functions dressed by d log forms,

which of course deserve further investigations.
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A major advantage for N = 4 forms in spinor variables, as opposed to momentum

twistor ones, is that we can study them beyond the planar limit. Now we argue that the

L-loop integrand in full (color-dressed) N = 4 SYM can also be written as a 2n−4+4L

d log form, just as the planar case. This is based on two conjectures proposed recently: (1).

those 4L loop-integral forms in non-planar N = 4 SYM only have logarithmic singulari-

ties [36] and (2). the leading singularities which dress them can be obtained from on-shell

diagrams [19], thus by translating into forms they can also be written as 2n−4 d log forms.

The upshot is the following conjecture. To all loop orders, one can find variables such that

the form of full N = 4 SYM can be written as a sum of d log’s:

ΩL−loop
n,k ({λ, λ̃, ℓ}) =

∑

i

ci

(∑

α

d log x
(i,α)
1 ∧ d log x

(i,α)
2 ∧ · · · ∧ d log x

(i,α)
2n−4+4L

)
, (6.1)

where we first sum over color structures ci, and for each i we sum over d log structures, α’s,

which can be e.g. (non-planar) on-shell diagrams or local d log integrals. Let’s illustrate

this by the simplest non-trivial example, the two-loop four-point integrand in full N = 4

SYM, whose form reads [36]

Ω2−loop
4,full =

∑

σ∈S4

(
c(P )
σ Ω(P )

σ + c(NP )
σ Ω(NP )

σ

)
,

where we sum over permutations σ ∈ S4 and over planar and non-planar double boxes,

with c’s their color factors. Here Ω’s are 12-forms obtained from the d log integrals in [36]

and the (3.10) with different orderings: Ω
(P )
σ = Ωtree

σ ∧ Ω
(P )
σ with Ω

(P )
σ the normalized

double-box integral, and Ω
(NP )
(1234) = Ω1 ∧ Ωtree

(1234) ∧ Ω+
2 + Ωtree

(1243) ∧ Ω−
2 ) where Ω1 is a d log,

one-loop sub-integral and Ω±
2 = Ωeven

2 ± Ωodd
2 with parity-even and parity-odd 4-forms.

In [15], a closed formula for MHV non-planar leading singularities has been obtained;

by trivially taking the pushforward of the correspodning G(2, n) cell, we record here the

nice expression for their differential forms. Any such MHV on-shell diagram with d = 2n−4

has n−2 black vertices (denote the set as T ), where each vertex τ is connected (via white

vertices) to three external legs τ ≡ {τ1, τ2, τ3}, and the graph can be specified by n−2 such

triplets τ ’s [15]. The total form is nothing but the wedge product of the (n−2) 2-forms,

Ω3,2(τ1, τ2, τ3), in (3.2):

Ω
(T )
n,2 =

∏

τ∈T

d log
〈τ1 τ2〉

〈τ3 τ1〉
∧ d log

〈τ2 τ3〉

〈τ3 τ1〉
, (6.2)

which of course reduce to (3.11) for planar case. It would be interesting to generalize this

to non-planar on-shell diagrams for higher k (cf. [37]) and to connect to possible non-planar

extension of amplituhedron [38].

Forms in more general theories. Our discussions have centered around N = 4 SYM,

but one important direction is to study forms in more general theories. First of all, as we

have outlined, one can write down forms for less or non-supersymmetric theories, which

are no longer d log forms. In addition to logarithmic singularities, these forms have poles
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at infinity. To be concrete, let’s even consider the 2n-form that combines all MHV gluon

amplitudes in pure Yang-Mills:

ΩYM
n,MHV =

∑

i,j

〈i j〉4(dλ̃i)
2(dλ̃j)

2
∏

k 6=i,j(dλk)
2

〈1 2〉〈2 3〉 · · · 〈n 1〉
. (6.3)

This is not a d log form, but it can be obtained by projecting the vanishing (dq)4ΩN=4
n,MHV

to gluonic part. It turns out that such a projection introduces poles at infinity, and al-

ready at tree level it would be interesting to systematically study them; we expect that

such poles at infinity are responsible for boundary terms in BCFW recursion for gluon

amplitudes [39], and in the Grassmannian/on-shell-diagram picture they are related to the

Jacobian factors [19]. Beyond tree level, it would be of great importance to study forms

for loop integrands in theories with less or no supersymmetries, since the additional poles

must be related to UV property, which is absent in the N = 4 case.

Though we’ve restricted our discussions to gauge theories, it is trivial to write down

differential forms for gravity amplitudes for N ≤ 4 (super) gravity e.g. from the double-

copy of pure Yang-Mills amplitude (function) with forms for N ≤ 4 SYM. Of course we

need many differential forms (one for each helicity amplitude from the pure Yang-Mills

side) since dλ, dλ̃ cannot accommodate all helicity amplitudes for gravitons. Moreover, it

is tempting to further extend the idea to massive theories and/or those in other dimensions.

For example, using massive spinor-helicity variables developed in [40], it is possible that

one can combine massive amplitudes into differential forms, and in particular the form for

N = 4 SYM on the Columb branch might again be the prototype of such massive forms.

Going beyond four dimensions, it is also tempting to e.g. possible d log forms for ABJM

amplitudes in d = 3 and supersymmetric theories in d = 6, where Grassmannian and

related picture exists [41–43].
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A The IS-decomposition for 8-pt N2MHV BCFW terms

The IS decomposition of 8pt-N2MHV:

{3, 6, 7, 8, 10, 12, 9, 13} = (1, 3, 4, 7)⊗B(5, 4, 7)⊗B(6, 5, 7)⊗W (8, 1, 7)⊗W (2, 1, 3)

{5, 7, 6, 8, 10, 12, 9, 11} = (2, 4, 6, 7)⊗W (3, 2, 4)⊗B(5, 4, 6)⊗B(1, 2, 7)⊗W (8, 1, 7)

{6, 7, 5, 8, 10, 11, 9, 12} = (1, 2, 3, 7)⊗B(5, 3, 7)⊗B(6, 5, 7)⊗ [W (4, 3, 5)⊗W (8, 1, 7)]

{5, 6, 7, 10, 11, 8, 9, 12} = (1, 2, 3, 6)⊗B(4, 3, 6)⊗B(5, 4, 6)⊗W (7, 8, 1, 6)

{4, 6, 7, 10, 8, 11, 9, 13} = (1, 4, 5, 7)⊗ [B(6, 5, 7)⊗W (2, 1, 4)]⊗B(3, 2, 4)⊗W (8, 1, 7)

{5, 7, 6, 10, 8, 11, 9, 12} = (2, 5, 6, 7)⊗W (4, 2, 5)⊗B(1, 2, 7)⊗ [W (3, 2, 4)⊗B(8, 1, 7)]

{3, 5, 7, 8, 10, 9, 12, 14} = (3, 4, 5, 6)⊗B(1, 3, 6)⊗W (8, 1, 6)⊗W (2, 1, 3)⊗B(7, 8, 6)

{4, 7, 5, 8, 10, 9, 11, 14} = (2, 4, 5, 6)⊗W (3, 2, 4)⊗B(1, 2, 6)⊗W (8, 1, 6)⊗B(7, 8, 6)

{4, 5, 7, 10, 8, 9, 11, 14} = (1, 2, 3, 5)⊗B(4, 3, 5)⊗W (8, 1, 5)⊗W (6, 5, 8)⊗B(7, 6, 8)

{4, 6, 8, 10, 7, 9, 11, 13} = (1, 2, 3, 5)⊗B(4, 3, 5)⊗W (8, 1, 5)⊗B(7, 8, 5)⊗W (6, 7, 5)

{3, 4, 7, 8, 9, 10, 13, 14} = (1, 4, 5, 8)⊗ [W (3, 1, 4)⊗B(6, 5, 8)]⊗ [W (2, 1, 3)⊗B(7, 6, 8)]

{3, 6, 8, 9, 7, 10, 12, 13} = (1, 3, 4, 8)⊗B(5, 4, 8)⊗B(7, 8, 5)⊗ [W (2, 1, 3)⊗W (6, 5, 7)]

{3, 6, 8, 7, 9, 12, 10, 13} = (3, 4, 5, 7)⊗B(6, 7, 5)⊗W (8, 3, 7)⊗B(1, 3, 8)⊗W (2, 1, 3)

{3, 5, 8, 7, 9, 10, 12, 14} = (3, 4, 5, 6)⊗W (8, 3, 6)⊗B(1, 3, 8)⊗ [W (2, 1, 3)⊗B(7, 6, 8)]

{5, 8, 6, 9, 7, 11, 10, 12} = (2, 3, 4, 7)⊗B(5, 4, 7)⊗W (8, 2, 7)⊗B(1, 2, 8)⊗W (6, 5, 7)

{4, 8, 6, 9, 7, 10, 11, 13} = (2, 4, 5, 8)⊗W (3, 2, 4)⊗B(1, 2, 8)⊗B(7, 1, 8)⊗W (6, 5, 8)

{5, 8, 9, 6, 7, 10, 11, 12} = (3, 5, 7, 8)⊗W (4, 3, 5)⊗B(1, 3, 8)⊗B(2, 3, 1)⊗W (6, 7, 8)

{5, 8, 6, 7, 9, 12, 10, 11} = (2, 6, 7, 8)⊗W (4, 2, 6)⊗W (3, 2, 4)⊗ [B(5, 4, 6)⊗B(1, 2, 8)]

{6, 8, 5, 7, 9, 11, 10, 12} = (2, 3, 5, 7)⊗B(6, 5, 7)⊗W (8, 2, 7)⊗B(1, 2, 8)⊗W (4, 3, 5)

{4, 8, 5, 7, 9, 10, 11, 14} = (2, 5, 6, 8)⊗W (4, 2, 5)⊗W (3, 2, 4)⊗B(1, 2, 8)⊗B(7, 6, 8)

Notation: the BCFW scheme we used is {−2, 2, 0}. The left side of equations are the

permutation of an OSD [44], we begin with a colorless quadrangle (since the 4-pt amplitude

can be MHV as well as MHV), and add some black or white triangle to make a 8-gon, the

white triangle means k-preserving ISF, and black-triangle means k-increasing ISF, the order

can not be changed unless they are in a square bracket [ ].
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