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ABSTRACT: In this paper, we study an SYK model and an SYK-like tensor model with
global symmetry. First, we study the large N expansion of the bi-local collective action
for the SYK model with manifest global symmetry. We show that the global symmetry is
enhanced to a local symmetry at strong coupling limit, and the corresponding symmetry
algebra is the Kac-Moody algebra. The emergent local symmetry together with the emer-
gent reparametrization is spontaneously and explicit broken. This leads to a low energy
effective action. We evaluate four point functions, and obtain spectrum of our model. We
derive the low energy effective action and analyze the chaotic behavior of the four point
functions. We also consider the recent 3D gravity conjecture for our model.

We also introduce an SYK-like tensor model with global symmetry. We first study
chaotic behavior of four point functions in various channels for the rank-3 case, and gen-
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1 Introduction

The Sachdev-Ye-Kitaev (SYK) model proposed by [1] describes the quantum mechanics
of N Majorana fermions with disordered interactions. The SYK model features the domi-
nance of the “Melonic” diagrams in large N and is solvable at strong coupling limit [2-6].
One of the most interesting aspects of the SYK model is the emergent reparametrization
symmetry at strong coupling limit [2-6]. This reparametrization symmetry is sponta-
neously and explicitly broken, like the chiral Lagrangian for the pion. This leads to a
Pseudo-Nambu-Goldstone boson, the dynamics of which is governed by a Schwarzian low
energy effective action. These low energy modes are also responsible for the saturation of
the chaos bound [2, 5] of the SYK model, and this suggests that the SYK model might



have a holographic dual, and has resulted in great interest. In particular, it has been shown
that the low energy sector of the SYK model is captured by the dilaton gravity [7] and the
Liouville theory [8]. Furthermore, the infinite tower of states in the SYK model can be
understood as the Kaluza-Klein modes of the 3D gravity [9].

In this context, it is useful to generalize the SYK model in a way that the essential
properties of the model are preserved.! Indeed, there have been various directions such as
lattice and higher dimensional generalization [14-20] and supersymmetry [20-25]. In this
paper, we are interested in SYK models with global symmetries. There has already been
some works along this direction. For example, the U(1) symmetry in the complex SYK
model [26, 27] as well as in the 2d SUSY generalization [20] have been explored. Also,
U(1) symmetry was studied in the A/ =2 SUSY SYK model [21]. Furthermore, a model
with flavor symmetry was introduced by [28].

The SYK model and its generalizations have a common feature: the bi-locals. This
bi-local structure originates from the fact that those models are basically large N vector
models. The systematic analysis of the large N vector models can be given by the collective
field theory [29-33] where the bi-local structure naturally arises. We emphasize that the
bi-local collective field theory enables us to analyze the SYK models with a powerful action
formulation [4, 6, 24]. Even if we add extra bi-local structures such as replica space [4],
superspace [24] and doubled space in Thermofield Dynamics [34, 35] in addition to the
bi-local spacetime, the bi-local collective field theory straightforwardly incorporates them
into an enlarged bi-local space. Hence, it is also natural to add flavor structure to the
SYK model to construct a bi-local space of flavor and time. For this, we need to find a
generalized SYK model which is invariant under the global symmetry explicitly because
the bi-local collective field theory leads to a matrix model in the enlarged bi-local space.
Then, the bi-local field theory of such a generalized SYK model is nothing but the same
matrix model as in the SYK model with enlarged bi-local space.

Also, it has been shown that the same features of SYK model such as the maximal
chaos is shared by “SYK-like” tensor models? which is a quantum mechanical model of
fermi tensors without disorder [43-45]. In addition, the finite N tensor models have been
investigated in [46-49], and the generalizations of the SYK-like tensor model in large N
have been explored in [50-56]. Now, like the SYK model, it is also natural to consider
the generalize the SYK-like tensor model by introducing a global symmetry. However,
in contrast to the SYK model, there are too many invariant operators in tensor models,
which make it difficult to construct a collective action for the invariants.® Nevertheless, [53]
developed a general technique which enables us to analyze a broad class of tensor models
on the lattice. In particular, this analysis is not restrict to lattice space, but can be applied
to abstract spaces such as the flavor index. Like the bi-local field theory, the analysis in [53]
immediately gives similar results for a tensor model with global symmetry.

! Also, a variety aspects of the SYK model have been explored: the quenched and annealed average of
the complex SYK model [10], e prescription for the two point function [11] and 1/N corrections [12, 13].

*Note that various tensor models and their 1/N expanstions have been studied in early papers [36-42].

3Recently, the classification of the invariants in tensor models has been investigated in [57, 58], and a
collective field theory for tensor models just began to be studied [58].



We will introduce a new SYK model which exhibits global symmetry* G already at
the level of Hamiltonian before disorder averaging. After disorder average, this global
symmetry is enhanced to the local symmetry at strong coupling limit of which symmetry
algebra is the Kac-Moody algebra g of the group G. Together with the reparametrization
symmetry, the emergent diff x § symmetry is also broken spontaneously and explicitly,
which is responsible for the structure of the low energy effective action: the Schwarzian
and quantum mechanics of a particle on the G group manifold. We study the large N
expansion of the corresponding bi-local collective action. Furthermore, we evaluate four
point functions and study the long time behavior of the out-of-time-ordered correlators.
We also introduce a tensor model with a global symmetry, and investigate four point
functions. Moreover, we explore the conjecture on the dual 3D gravity of the SYK model
proposed by [9].

The outline of this paper is as follows. In section 2, we introduce a real O(N) SYK
model with global SO(M) symmetry, and construct the bi-local collective action of our
model. In large N, we derive the saddle-point equation corresponding to the Schwinger-
Dyson equation of the two point function of the fermions. We take SO(M) invariant
ansatz for the large N classical solution, and the saddle-point equation is reduced to that
of the original SYK model. We discuss the emergent reparametrization and local SO(M)
symmetry corresponding Kac-Moody algebra at strong coupling limit. We show that the
full symmetry algebra is diff x so(M).

In section 3, we discuss four point functions. First, in section 3.1, we study the sys-
tematic large N expansion of the bi-local collective action. Expanding around the classical
solution, we derive the quadratic action of the bi-local fluctuation. Since the fermion
transforms fundamental representation of the SO(M), the bi-local fluctuation is decom-
posed into singlet, anti-symmetric and symmetric irreducible representations of SO(M).
We discuss the properties of the singlet, anti-symmetric and symmetric irrep eigenfunction
of the quadratic action with (Bessel function) basis. Using this basis, we diagonalize the
quadratic action, and obtain the propagator of the singlet, anti-symmetric and symmetric
bi-local fluctuations. These two point functions of the bi-local fluctuations correspond to
four point functions of the fermions. Also, in this diagonalization, we obtain functions
which determine the spectrum of our model.

In section 3.2, following [5], we analyze the four point functions. We derive the kernel
of the four point function simply from the quadratic action of the bi-local fluctuations
without diagrammatics. Then, we evaluate the four point functions with the conformal
eigenfunctions [5, 20, 25, 59]. The singlet channel is the same as the original SYK model,
and the anti-symmetric and symmetric channels lead to new four point functions.” We
work on the OPE limit of the four point functions.

In section 3.3, we confirm the diagrammatics of our model. In the previous sections, we
have not used diagrammatics thanks to the collective action, and have analyzed our model

4Although we will work on a specific G = SO(M) in the main text, it could be generalized to any Lie
group. We analyze U(M) case in appendix B.
®For the U(1) case, the analogous results to the anti-symmetric channel has been found in [59].



without diagrammatics. In this section, we double check that the large N diagrammatics
also leads to the same Schwinger-Dyson equations for two and four point functions.

In section 4, following [4, 6] we derive the effective action for the Pseudo-Nambu-
Goldstone bosons related to broken reparametrization and so(M). We obtain the
Schwarzian action and the action for a particle on the group manifold. From the effective
action, we evaluate the contribution of the low energy mode to the out-of-time-ordered
correlators by using the method in [5]. The low energy mode of the Schwarzian makes
the singlet channel maximally chaotic. On the other hand, the anti-symmetric channel
gets a contribution only from the low energy mode related to so(M) which does not grow
exponentially. Furthermore, there is no contribution of the low energy effective actions to
the symmetric channel. We also analyze the contribution from the non-zero modes. The
calculation for the singlet channel, which is the same as the original SYK model, gives
the 6%7 correction to the Lyapunov exponent in [60], and the anti-symmetric/symmetric
channels do not have exponential growth. Furthermore, we also obtain the consistent result
by using retarded kernel [5, 61].

In section 5, we propose a O(N) tensor model with global symmetry (in particular, we
work on SO(M) for simplicity) which is analogous to our SYK model. Following [53], we
first analyze our tensor model with rank-3 tensor. [53] investigated tensor models on the
lattice by using general techniques that can be applied to broad class of tensor models. We
consider the SO(M) index as the lattice index in [53], and the interactions of our model
can be interpreted as the non-local hopping interactions on the lattice. Then, we can
immediately generate all the results such as two and four point functions by using [53]. We
consider two types of O(N) invariant four point functions: “Cooper” channel and “Pillow”
channels. The Cooper channel is reminiscent to the four point function of our SYK model
with SO(M) global symmetry. Hence, the singlet Cooper channel saturates [2, 5] the chaos
bound [62]. The Pillow channels do not grow exponentially up to the leading order in N.
We generalize our model into rank-(g—1) tensor model with the global SO(M) symmetry by
“uncoloring” process, and obtain the same results. We show that for ¢ > 6, the subleading
ladder diagram (in N) of the Pillow channels grow exponentially with maximal growth rate
%’r, and we claim that this is consistent with the contribution from the Schwarzian effective
action if it exists.

In section 6, following [9], we extend the conjecture on the 3D gravity for the case
of ¢ = 4 in order to understand phenomenologically the infinite tower of the spectrum in
our SYK model. Considering the three 3D scalar fields on AdSy x [—L, L], we repeat the
analysis in [9] with the spectrum of the singlet, anti-symmetric and symmetric irrep sectors
of SO(M). As in [9], we demand Dirichlet boundary condition for two scalar fields on both
ends of the interval which correspond to the singlet and symmetric irrep sectors. On the
other hand, we impose Neumann boundary condition for the other scalar field. Asin [9], the
3D propagators evaluated at a specific point on the extra space agree with the propagators
in our model. We also consider a similar action with three scalar fields conformally coupled
to gravity on AdSs x [0, L] where we impose Dirichlet/Robin boundary condition for two
scalar fields, and Neumann/Robin boundary condition for the other. And, we also have
the same result.



In section 7, we present our conclusion and future directions.

In appendix A, we consider a general form of our SYK model with the global symmetry
SO(M) by using the permutation group S 1. The corresponding collective action is a
Schur polynomial of the product of two bi-local fields with a representation R of the
permutation group S 7. Up to quadratic level, all these actions gives the same results such
as two and four point functions. In appendix B, we work on the (complex) SYK model
with U(M) global symmetry. For simplicity, we take the anti-symmetric classical solution
(the particle-hole symmetric case). We have four bi-local fluctuations corresponding to
symmetric/antisymmetric (or, equivalently real/imaginary) part of the singlet and adjoint
fluctuations. In appendix C, we give the details of the diagonalization of the quadratic
action by using Bessel function basis. In appendix D, we explore the properties of zero
mode eigenfunctions and their generalization.

2 SYK models with global symmetry

2.1 Bi-local collective actions

We begin by introducing an O(N) SYK model with SO(M) global symmetry. The model
consists of N M Majorana fermions x*® where i (= 1,--- ,N)and a (= 1,--- , M) are O(N)
and SO(M) indices, respectively. Note that we will take large N limit, but M should be
finite, or at most M < N. We define the following SO(M) invariant action with a random
coupling constant:

N M
S = / dr ZZX“‘ X = Y Y Tt | (2.1)
i=1 a=1 1,7,k,l=1 o1,a2=1

One can consider more general action with the SO(M) global symmetry, which we discussed
in appendix A. J;,i,i5i, denotes the random coupling constant from Gaussian distribution:

N
2M N3
H exp |:_JQJijliijkl:| . (22)
iuj’k’l:l

Here, the parameter J has dimension of energy. Note that we do not assume any sym-
metry property for Jiji (i.e., Jijn need not to be anti-symmetric) so that J;jp’s are all
independent random coupling constant.’

For the quenched disorder average, one has to follow the replica trick [4]. In large N,
one can take replica symmetry ansatz assuming that there is no spin glass phase. This is
equivalent to treat the random coupling constant .J;;; as additional non-dynamical field in
large N SYK model, and to integrate it out in the partition function.

For the bi-local collective action, we define the bi-local field W12 (7, 19) by

1
W2 () ) = N X ()X (72) (2.3)

5T thank Prithvi Narayan for pointing out this.



Note that the bi-local field ¥*1%2(7, 79) can be considered as an anti-symmetric matrix in
the bi-local space (71, a1; 72, a2), i.e.,

U211, 7p) = =W (12, 71) (24)

Also, in this paper, it is convenient to represent it as the M x M matrix-valued bi-local
field of the bi-local space (71, 72):

W(r,m2) : M x M matrix. (2.5)
In this matrix notation, the anti-symmetry of bi-local field in (2.4) can be written as
U (1), 7)) = —W (1, 1) (2.6)

where A’ is the transpose of the M x M matrix A. We will use the following notations
through out this work: an M x M matrix will be denoted by bold letters ¥, n etc., and
the matrix elements will be denoted by W*1%2 1192 etc.

Now, we will perform the Gaussian integral over Jj;i; with (2.2) in the action (2.1).
Since the action (2.1) and the Gaussian distribution (2.2) are invariant under (global)
SO(M) and SO(N), we expect the result to be invariant, too. In terms of the bi-local
collective field, the path integral is given by

7 = /D\I' ([ @] ¢ Seot[¥] (2.7)

where u[®] is a measure of order O(N®) which is not important in this paper, and the
collective action Sy [¥] is [4, 6, 24]

N J?
8M

N
Seot|[¥] = =Tr [-D®W + log ¥| —

5 dridry [tr (—® (11, 72)®(r2,7))]? . (2.8)

We have introduced some compact notations here which are standard in the bi-local theory
literature that requires some explanations. First, note that tr denotes the trace of the
M x M matrix, and runs over the SO(M) index v = 1,2,--- .M, ie., tr A = Zg[:l A%,
Also, note that Tr denotes the trace of a matrix in the bi-local space (11, a1; 72, a2) (i.e.,
TrA= [dr Zi/lzl A(7, ;5 T,)). Also, the bi-local derivative denoted by D is defined as

D1e2 (Tl,TQ) = 5a1a287_15(7_1 — 7'2) 5 (29)
and, ® denotes the star product in the bi-local space (71, a1; T2, 2), i.e.,
M
(A®B)1?(1;19) = /d7'3 Z A (75 13) BY32 (135 72) . (2.10)
az=1

In addition, the second term %Tr log ¥ in (2.8) comes from the non-trivial Jacobian in
Hubbard-Stratonovich type transformation to the bi-local field.”

"Strictly speaking, this should be %

in exact calculations [24, 63]. However, we absorbed the shift into the measure u[¥] in (2.7) because this

Tr log ¥, and the shift in large N by —1 plays an important role

correction does not have any effect on our calculations.



Generalization to g point interaction. One can generalize the model into one with
a g-point interaction:

S = /dT [;XiaaTXia + Z-%JilmiqxhogXigalxigagxi4a2 - .Xiq_laqxiqaq (2.11)
where we defined

q=2q, (2.12)
and, we have omitted the summation over the O(N) indices 41, - - , i, and SO(M) indices

ai, -+ ,aq. The distribution of Gaussian random coupling constant J;,..;, is given by

q_1q -1 N
gM27"N1
exXp —# Z Ji1~~~iq*]i1~~~iq . (2.13)
i1, 77"L1:1

After disorder averaging, we have the following bi-local collective action.

NJ?

N
SCOZ = gTI' [-D@‘I’ + log \II] — W

/dTldTQ [tr (=P (71, 72)®(12,71))]% . (2.14)

We have chosen the simplest action (2.1) instead of the general form of SO(M) invariant
action. In appendix A, we take more general SO(M) invariant actions and derive the
corresponding collective actions. We show that the basic building block of the collective
action is Schur polynomial of the M x M matrix —W (71, 72)® (72, 71) with Young tableau
R (J|R| = q), and the (potential term of) collective action is the linear combination of
them with positive coefficients. For example, (2.14) corresponds to the sum of all Schur
polynomials of degree g. We also find in appendix A that each Schur polynomial as a
collective action gives the identical result up to quadratic level.

Furthermore, although we obtained the collective action for G = SO(M) group here,
the reader must keep in mind that most of the steps could go through, and one would be
able to obtain a similar collective action for any semi-simple Lie group G. This is worked
out for the case of G = U(M) in appendix B.

2.2 Large N classical solution

In this section, we will evaluate the large N classical solution ¥, which is the two point
function of the fundamental fermions as well as the one point function of the bi-local field:

1 N

WO (11, 1) = { WO (71, 1) ) = ~ D X ()X (2) ) (2.15)
i=1
To evaluate the large N classical solution, we vary the collective action (2.14) with respect
to the bi-local field, and (matrix-)multiply W to the result in order to obtain the large N
saddle-point equation:

— (D@‘I’d)(Tl,TQ) + 15(7'1 — 7'2)
JQ

+ a1

/dT3 [—tr (‘I’cl(ﬁ,Tg)‘I’CZ(Tg,Tl))]Q_l ‘I’cl(Tl,Tg)‘I’d(Tg,Tg) =0 (2,16)



where I is the M x M identity matrix so that I5(m — 72) is the identity matrix in the
bi-local space.

At the strong coupling limit where |J7| — oo, one can drop the first term in (2.16),
and can solve it exactly. Recall that the collective action has global SO(M) symmetry.
Hence, we will take the following SO(M) invariant ansatz for the classical solution:

W(r1,72) = I hg(1,72) - (2.17)

Note that 1).;(71, 72) is not a M x M matrix but a anti-symmetric bi-local field in the bi-local
time space (71,72), i.e., Yo (71, 72) = —e (T2, 71) because of (2.4). Then, the saddle-point
equation in (2.16) is reduced to the large N saddle-point equation of the original SYK
models at the strong coupling limit:

T2 [pa) (71, 78) * (T3, 72) = —6(T1 — T2) (2.18)
where x denotes the star product in bi-local time space (11, 72), i.e.,

(A*B)(TLTQ)E/CZT:& A(r1,73)B(73,72) - (2.19)
The solution is [2-6, 26]

sgn(r — 72)
(1, ) = ASBRTL T T2) A
Ve (71, 72) 71— A <

| =

) (2.20)

where the constant A is given by

1 1 T
J?Nig = ( — ) tan — . 2.21
> 4 . (2.21)

2.3 Reparametrization and Kac-Moody algebra

In this subsection, we will explore the symmetries in the low energy limit. Recall that the
SYK model features the emergent reparametrization symmetry at strong coupling limit.
Apart from the reparametrization symmetry, our model has a global SO(M) symmetry,
which can already be seen at the level of action in (2.1). We will show that this SO(M)
global symmetry gets enhanced to a local SO(M) symmetry at the strong coupling limit.
Also, we will show that the symmetry algebra is the (chiral half) of an affine Kac-Moody
algebra with symmetry group G (SO(M) for this case).

First, let us recall how the reparametrization symmetry emerges in our case. To see
this, we drop the kinetic term in the collective action (2.14) at the strong coupling limit,
and define a critical collective action S :

N.J?

N
Scol,c = ETI' [log ‘I’] — W

/dTldTQ [tI‘ (—‘I’(Tl,TQ)‘I’(T27Tl))]Q . (2.22)

The critical collective action is invariant under reparametrization given by

Brm) s (F) ). f) (7)) (A:;). (2.23)



It is now easy to see that non-abelian local symmetry emerges at strong coupling in
addition to the reparametrization symmetry. Recall that the collective action (2.14) as well
as the original action in (2.11) has non-abelian global symmetry SO(M). At the strong
coupling limit, this global symmetry is enhanced to local symmetry:

‘I’(Tl,’Tz) — g(Tl)‘Il(Tl,Tg)g_l(TQ) (224)

where g(7) is a SO(M) matrix corresponding to the local SO(M) transformation. Note
that the star product ® in the bi-local space (71, a1; 72, as) is manifestly invariant under
the local SO(M) transformation, and therefore, the first term of the critical action (2.22)
is invariant. In addition, since the matrix ¥ (7, 72) is always multiplied to ¥ (12, 71) in the
second term of the critical action, the second term is also invariant.

Furthermore, we find that the emergent symmetry of our model is the semi-direct
product of the reparametrization and the affine Kac-Moody algebra:

diff x 5o(M) . (2.25)

We denote the group element of diff x so(M) by [f(7),g(7)] where f(r) and g(7)
corresponds to the reparametrization and local so(M) transformation, respectively, i.e.,

[f.9]

Q=

U(r, ) — (f'(ﬁ))é g(r)®(f(m), f(12))g (r2) (f'(72)) (2.26)
Then, the group composition law (the left group action) is found to be
[f2(7), g2(7)] - [f1(7), 91(7)] = [(f1 0 f2)(7), g2(7) g1 (f2(7))] - (2.27)

Here, - denotes the group multiplication of diff x so(M), and (f1 o f2)(7) = fi(f2(7)) cor-
responds to two successive reparametrizations. We now work with infinitesimal symmetry
transformations:

f(ry=71+4+¢€(r), gr)=I+ip(7). (2.28)

From (2.27), the successive two infinitesimal transformation® of (7, I') is given by
[T, I] [f2.92)[f1.91]
[7+e1(7) + ea(7) + €1 (T)ea(7), I +ipy (7) +ipy(T) +iea(T)p1(T) — pa(T)pr(T)]  (2.29)

Hence, denoting these infinitesimal transformations by o, ,, we have

Oez,py0ci,py = Oer.pyOcaipy = Oe (r)ea(r)—eh (r)er (7),62(7) ol (r)—er (D) ply (T — [ (7)opu ()] - (2:30)

Let us define the modes of the infinitesimal transformation by

e(r) = Z ent™ T, p(T) = Z Zp?LT’lT" , (2.31)

nez nezZ a

8] thank Prithvi Narayan for extensive discussion and collaboration on the algebra in this subsection.



where a indices run over the adjoint(anti-symmetric irrep) of so(M), and T'¢ is the gen-
erators of $o(M) satisfying the commutation relation [T9,T%] = if®“T. Defining the
generators de , = —€p, Ly, + —iplJ5, we finally get

[Lna Lm] = (n - m)Lm+n s
[J2 0] = if™ e Te, ., (2.32)
(L, Jm] = =T -

As an aside, one can easily realize the algebra by (2.32) by the following representation of
L, and J}:
L, = —1""1o, Jo =T, (2.33)

Note that the algebra (2.32) is nothing but the semi-direct product of Virasoro and Kac-
Moody algebra without the central extensions, i.e., Vir x so(M). Since the central exten-
sions are anomaly terms, we can obtain it only after a careful analysis of the theory at
finite temperature and with non-trivial background charge configurations.

We mention here that the global properties of the group might depend on the asymp-
totic fall-off that are allowed. In particular one must distinguish finite temperature diff(S*)
from that at zero temperature diff(R) although the algebra (2.32) is identical. Recall that
the classical solution is given by

Asgn (11 — 72)

1. 2.34
|7‘1 —7‘2|A ( )

\chl (7—17 7—2) -

T

5> one can also obtain the classical

Using the reparametrization symmetry with f(7) = tan
solution at the finite temperature:

2A
To(r) = A (M) sgn (7)1 = v (r)I . (2.35)
One can easily see that diff x so(M) is spontaneously broken by the classical solution. In
particular, the classical solution at finite temperature breaks diff(S') x so(M). But, it
is still invariant under the global subalgebra SL(2,R) x so(M) thereof. Furthermore, At
finite coupling, diff(S') x 50(M) is explicitly broken by the kinetic term in the collective
action (2.14) which has been ignored at the strong coupling limit. This leads to Pseudo-
Nambu-Goldstone bosons for the broken diff(S!) x §0(M), and their effective action is
invariant under (global) SL(2,R) x so(M) symmetry. We will discuss the effective action in
section 4.1. In addition, this effective action for the Goldstone bosons of diff(S') x s0(M)
with SL(2,R) x so(M) symmetry can be also captured by coadjoint orbit of Vir x so(M)
which is central extension of diff(S!) x so(M).

Note that our model is not restricted to SO(M) but could be generalized any semi-
simple Lie group G. In particular, we explicitly consider the case of G = U(M) in
appendix B, and it would be straightforward to generalize the above discussion for any
Lie groups.

~10 -



3 Four point functions

In this section, we will diagonalize the quadratic collective action in large N expansion.
In the quadratic action, we will read off the kernel, and evaluate the four point function.
From the OPE limit of the four point function, we will obtain the spectrum of our model.

3.1 Diagonalization of quadratic action in large IN

In large N, we will expand the collective action in (2.14) around the classical solution ¥
in (2.20). For this, we expand the bi-local collective field around the classical solution.

Since the fundamental fermion y** transforms in the fundamental representation of
SO(M), the bi-local field ¥ is decomposed into singlet, anti-symmetric and symmetric
irreducible representations of SO(M):

| | ® [ |= (singlet) & (anti-sym) @& (sym). (3.1)

Hence, we have

W (11, 72) = Itg(11,m2) + \/377(71,7'2) + \/ECA(T].)TQ) + \/gcs(ﬁﬂ'z) (3.2)

where the singlet, the symmetric and the antisymmetric fluctuations can be written as

1

(T, m) = 7M77(71,7'2) I,
CA(TlaTz)ZgL(;\/%:z)TZ <a:1,-~,;M(M—1)> ,
CS<7‘1,T2)=C§L\(/7—217;:2)T5 <a:17...,;M<M+1)—1> .

Here, xi denotes the Dynkin index of the representation R of the Lie algebra, i.e.,

_ dim(R)Cy(R)

2 dim(adj) (3:3)

where C5(R) is the Casimir of the representation R. We will use conventions that re-
peated indices are summed unless otherwise specified. Here, we choose the basis for so(M)
generators T'Y and T'g satisfying

tr (TOTY) = 2x,0%,  tr (TOTY) = 2x56%. (3.4)

Hence, the component bi-local fields n(7i, m2), (71, 72) and (Z(m1, T2) can be expressed as

1 1
n(r1,m2) = Wtr (n(r1,72)), (s, 72) = NCEa

tr (C(Tl,’@)TZ/S) . (3.5)

One can easily see that the singlet fluctuation n(71,72) is anti-symmetric in the bi-local
time space like the original SYK model, i.e.,

n(m1,72) = —n(72,71) - (3.6)
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In addition, because of the anti-symmetry/symmetry of the generators in the antisymmet-
ric/symmetric representation

(T3)' =-T%, (T9) =T, (3.7)

one can show that the anti-symmetric/symmetric irrep fluctuation ({(71,72)/¢¢ (71, m2) is
symmetric/anti-symmetric in the bi-local time space. respectively:

Calr, 1) = Cilm2, 1), (§(71,72) = —(§ (T2, 71) - (3.8)

Now, we expand the collective action (2.14) around the classical solution in large N:

Seot | Wet + V2/N (0 + €, + €| = NSO+, ¢, ¢+ —= 5D n. ¢, G+ (39)

1
_’_7
VN
Recalling the anti-symmetry of 7 in (3.6) and (¢ in (3.8) as well as the symmetry of (¢
in (3.8), one can read off the quadratic action Sézl):

S8 ==y g e s~ T8 [ dndnfba(nm) n(n, (. m)
— B G )+ 37 [ dndrs [ (n )2, )G ()
— St (U x5 ()~ 5 / drdrs [ (1, m2)]" ¢ (11, 72) G (71,72) - (3.10)

where br denotes the trace over the bi-local time space, i.e., tr (A) = [ drA(r, 7). Before
we diagonalize the quadratic action, it is convenient to introduce new coordinates® (¢, z):

(11 —T2). (3.11)

N =

1
t55(71+72), z =

These coordinates play a role of Poincare coordinates of AdSs. For example, in these
coordinates, the propagators of the bi-local fluctuations, which correspond to four point
functions of the fundamental fermions, can be expressed as a sum of correlation functions
of scalar fields in AdSs Poincare coordinates [4, 9].

The quadratic action (3.10) will be diagonalized by expanding the fluctuations 7, {4 and
(s in terms of suitable eigenfunctions [3, 4, 6, 24]. The eigenfunctions u,,, (and w,,), which
correspond to singlet fluctuation 1 and symmetric irrep fluctuation (¢ (and, anti-symmetric
irrep fluctuation (¢, respectively), are given by (for more details, refer to appendix C)

1 . 1_2 2 3 :071,
up (6 2) = —— e tegn ()23 25 (we), =4 T2 O ) (31
V8w ir (r20)
1 4 12 on + 1 =0,1,---
Ut ) = ——e |23 2 (w2l y_ 2t ) (313)
V8w ir (r=0)

9The generalization of this transformation in the higher dimension, so-called “bi-local map”, has been
found in [32, 33, 35, 64] in order to match the bi-local conformal generators with higher spin generators in
the context of the higher spin AdS/CFT correspondence.
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where the function Z;f(z) is defined by

Z5(x) = Jy(@) + & J-u (@) (3.14)
with w1
v = % (3.15)
tan 5 —

We summarize some useful properties of the eigenfunctions below.

J’_

e Symmetry. The symmetry properties of u,,,(,2) and u}, (¢, 2) under a transfor-

mation z — —z is inherited from (3.6) and (3.8) via (3.11), respectively, i.e.,

u;w(t7 _Z) = _uljw(tv Z) ; uz—/i_w(tu _Z) = ul—/i_u)(tv Z) . (316)

e Asymptotics. As z —> oo, the eigenfunctions asymptote to

Uy (Ey2) ~ e, cosz,  ul (t,z) ~ e~ sin 2 (3.17)
rw ) Y rw ’ : *

Furthermore, for real discrete value v’s, the eigenfunctions are regular as z — 0
because &, vanish for each discrete v’s, i.e.,

€ong3 =0 = Z;n+%(z):J2n+%(z), (3.18)

(i) =0 = Z;;H%(z) = Jopy1(2)- (3.19)

e Complex Conjugate. Note that the complex conjugate of Zf is

ZF = 60,25 (2). (3.20)

e Orthonormality. The orthonormality of the eigenfunctions is given by

X dz———r
| CEZ W) = b Ndw =) @=F) (321
0
where
N, — = (v=2+2n for Z-,or v=3%+2n for Z* (n=0,1,---))
2sinmy (for v=ir (reR))
(3.22)
In particular, for the diagonalization of v = ir modes, it is useful to use the following
integration.
© 4 - _
/ TjZ;ﬂwz\)Zif,(]w’zD = NJ6(r—1") (N =& Nip) (3.23)
0
FF > (v=23+2n for Z7,or v=3+2n for Z* (n=0,1,---))
v gi,,Lijj’”’ (for v=1ir (reR))

(3.24)
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Finally, as we will see later, we emphasize that the lowest discrete mode of each eigen-
function, u;w and uir’w, corresponds to the zero mode of the quadratic action related to
the broken 21"ep8uranf1e%1"ization and local SO(M) symmetry. Moreover, since the large N
classical solution is proportional to the M x M identity matrix, we will see that the lowest

singlet fluctuation Uy and the anti-symmetric fluctuations u‘fzu correspond to the zero

mode for reparametr?z,ation and local so(M), respectively (See section 4.1).
Diagonalization of the quadratic action. Now, we are ready for diagonalizing the
quadratic action (3.10). First, note that the second terms in the each line of (3.10), which
come from the interaction of the collective action, are reduced to the inner product of
the two eigenfunctions. Namely, since [¥]972 together with ]z\%_% factors in the two
eigenfunctions form the measure of the Bessel function, we have

=2 _
N, by, —wOp (3.25)

A
2.J° /dtdz [ (t + 2z, t — 2)] 7 2wy, (¢, 2y, (t,z) = J? P
274

AI—2
2.J> /dtdz [t + z,t — 2)] 72wk, (t, z)ul (t,z) = J?

9_4 sz_éw,—w’(sy,u’ 5 (326)
2% a

where the factor 2 in front of the integral comes from the change of coordinates in (3.11),
and A is defined in (2.21).

In order to diagonalize the first terms in each line of (3.10) which arise from the
Jacobian of the collective action, we will find a function a}, (¢, z) for each .}, (¢, z) such that

u)cl * &;w * @Z}cl = k*(h)u;w >

3.27
wcl * ajw * wcl = kA_:,_(h)ij ( )

where k(h)’s are a function of h = v+ %. In appendix C, we find that the function @, (¢, z)

is proportional to the product of [¥4]9~2 and uT, i.e.,

Uy(ts2) = (g = 1) [alt + 2,0 = 2)] g, (t,2), (3.28)
ajw(t’ Z) = J2 [wcl(t +z,t— Z)]qiz ujw(t’ Z) ’ (329)

and the k_(h) and k54 (h) are found to be

A A I
Pa+)r()rG-i-8)r(-7+4)
3 _ 1 _1 1_1,h 1_h
SUIPRNA k)Ll Gudl df  l Cad) s
P(2+q>F<Q>P(1 q 2)F(2 q+2>
We also define ks_(h) for symmetric representation by
k:s—(h)zlk—(h)——r(g l>r<1 ;)r(;+g)r<;+%_g) (3.32)
a+§)

-1 1
Tg-1 o 1,1 1 3 1 h
R IO E
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such that
T2 x ([er] Mttyny) * et = ks (h)uy, . (3.33)

Note that k_(h), kst (h) and ks_(h) are important in the four point functions as you will
see in the next section since they determine the spectrum of our model. In particular,
k_(h) is identical to that of the original SYK model. On the other hand, k,_(h) does not
appear in the (real) SYK model. But, this function has been found in the complex SYK
model which has U(1) symmetry [59] and the generalized SYK model for ¢ = 4 case [65].
Furthermore, ks_(h) appears in the Pillow channel of the rank (¢ — 1) tensor model [53].

Using (3.27), (3.28), (3.29) and (3.32), the first terms in each line of (3.10) are also
reduced to the inner product of the two eigenvectors with % factor, i.e.,

e (g * g X ) = k_(h) T P ([ ] % )
— =2
= (q2 DA 26 Bt (3.34)
“ak_(h)
_ _ 1
tr (wcl1 *ujw¢cl1 * ul—/i_’w/) - kA+(h> JQtr ([wq 2 + ] *u+ )
AT2 ~
=N Su w0y (3.35)
2% ki (R)

where h = v + 5. Note that we have used anti-symmetry of u,,, in (3.34).
Now, we expand the singlet and anti-symmetric/symmetric irrep fluctuations in

terms of

n(t, z) /dw Z Ny (T, 2) /dw Z Noawlyy (T, 2) (3.36)

v 5"33 V=l

Cit, z) = /dw Z (8wt (L, 2) /degww ub (t,2), (3.37)
g 5”32 =

Cot, 2) = /dw Z &t (t, 2) + /degS,,w us,(t, 2) . (3.38)
v=an 720

The reality condition of the fundamental fermion y** leads to
\IJQ1Q2(7—177—2) = \I/a2a1(7'2,7'1) \Ifala2(7'1,7'2) , (3.39)

and, using (3.20), we have

3
Tow = —Nv,—w for V:2n—|—§ (n=0,1,---), (3.40)
— 1
Cguw = C/‘il/,fw for v =2n+ 5 (n =0,1,--- ) ) (341)
G = _Cgu,—w for v =2n+ g (n =0,1,-- ) ) (342)
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Tow = =&y —w for v =1r (r=0)), (3.43)
Chow = E-vCiv—w for v =1r (r=20), (3.44)
=~ 0Cs—y for v=ir (r=0). (3.45)

Therefore, the quadratic action can be written as

qg—1)J?A?72
s = - la- DI AT / dw | > +) h N|771/w|
w=0

22_% = 2 +3 v=ir
v=2n h:u—«—%
J2AT2 1 kas(h) o w
T 24 Z/> dw Z +Z Fens (1) NulC3 vl
2%« qa Jw20 v=on+Li v=ir At
2 h=l/+%

2Aq—2 _
SRS [ a| ¥ X | NI

I/:2TL+% v=ir ey 1
=+ =
2

It is easy to see that v = % and v = % corresponds to zero mode of the singlet and the
anti-symmetric fluctuation respectively because

Eo(2) =1, k(1) =1 <h _—_— ;) . (3.47)

For these zero modes, one has to consider the perturbation of the classical solution ¥ at
finite coupling, and evaluate the correction to the quadratic action [6]. On the other hand,
note that the symmetric irrep fluctuation does not have divergence. For now, ignoring
the zero mode contributions, we write the propagators of the bi-local fluctuations, which
corresponds to four point functions of the fundamental fermions as we will see in the next
section, as follows.

(n(t, 2)n(t', "))

4
2275 h V——
_(q_l)J?Aq—?/dw >+ =k N, el 2wt 2) :
1/:2n+5 v=ir

n:]_727... h=v+

[N

(3.48)
(Gt )R, 2))

2% kag(h) 1 —/—— .
ab A+
— U , (3.4
o Q/dw V_Zz +1+sz“« 1_kA+(h)Nu (£, 2) Uy (', ) (3.49)
—=2N 3

n:1’27..‘ h:l/-f-%
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(Ca(t. 2) et 2"))

2_,

a; 2 1 —
=0 bJ2Aq 2 /dw DBEEDY l—ks BN, U (t, 2)u (', 2) . (3.50)
1/:2n+3 v=ir v
n:1,2,---

h:I/—l-%

One can proceed to evaluate these propagators as in [4]. However, in order to analyze
the chaotic behavior of the out-of-time-order correlators, it is useful to utilize a conformal
eigenfunction in calculating the four point functions [5, 20, 25, 59].

3.2 Kernel and four point function

In the previous section, we have diagonalized the quadratic action by using the eigenfunc-
tions which diagonalize the bi-local time translation P = 9;, + 0, = 0;. Though this basis
could imply a close connection to the bulk, it is not easy to utilize the conformal symmetry.

Therefore, in this section, we will diagonalize the kernel generating the ladder diagrams
by using a basis'® @ (y) related conformal block with the dimension h following [5, 20,
25, 59]. For this, let us first consider the four point function of the fundamental fermions,
and express it in terms of the bi-local fields:

3 (U PV () () = (B ) ) (351)
i,j=1

As mentioned in (3.1), one can decompose the bi-local field into the singlet, anti-symmetric
and symmetric representations of SO(M). Furthermore, since these representations are
decoupled in the quadratic action (3.10), one can consider three representations separately
up to quadratic level. Hence, we consider the three correlation functions corresponding to
the singlet, anti-symmetric and symmetric representations, and expand them around the
large N classical solution (3.2):

% (tr [® (71, 72)) tr [W(73,74)]) = Mter(71, T2) 0 (71, 72) + %J’—(ﬁﬁzﬁg,u), (3.52)
oo <tr (W (11, 72)T%] tr [\11(7'3,7'4)Ti}> = % gi(71>7'277'3,74)7 (3.53)
o (1 12, )T b [@ ()T ) = 72 (1,727, ma) (3.54)

where F_ (71, 72,73, 74) and F s (71, T2, 73, 74) denote the two point function of the corre-
sponding fluctuations:

F (71,72, 73, 74) = 2 (n(11, 72)0(73, T4)) , (3.55)
fﬁi(ﬁ,Tg, T3, T4) = 2 <Cﬁ(7’1,7'2)d(7'3,7'4)> , (3.56)
f;ﬁ (T1, T2, 73,T4) = 2 <Cg(71,7'2)§g(73,7'4)> . (3.57)

°Tn this paper, we use a different notation for the conformal eigenfunction from [5, 20, 25, 59] for
consistency in our notation. Hence, readers should keep in mind that ®; (x) = ®;(x) and @} (x) = @ (x).
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First, the factor 2 in (3.55)~(3.57) comes from the large N expansion of the bi-local
field in (3.2). Also, note that the correlation function of the anti-symmetric/symmetric
representation does not have the leading disconnected diagram of order O(N?). This is
because the classical solution belong to the singlet representation of SO(M). Furthermore,

from the quadratic action (3.10), one can expect that F%_ is proportional to 6%, i.e.,

A/s+
FZZ (7—17 T27 T3’ 7—4) = 5abFA+(7—17 7-27 T37 T4) ) (358)
F (11, 70,73, 74) = 0P Fs_ (11,70, 73,74) . (3.59)

Hence, it is enough to consider F,1 and Fs_ without index a and b up to quadratic level.

The correlation functions F_, Fa4 and Fg_ correspond to the ladder diagrams. For
now, we will derive the Schwinger-Dyson equation without diagrammatics. We also work
out diagrammatics in section 3.3, and obtain the same result.

Schwinger Dyson equation for four point function. In order to obtain the
Schwinger-Dyson equation for the two point function of the bi-local fluctuations, let us
consider the following identity:

_ 0 —5sPncacs])
/DUDCADCSﬁ(Tﬁ,%) (n(73’74)e l ) =0 (3.60)

where we include terms up to of order O(N?). Recall that the classical solution ¥ (71,72)
and the singlet fluctuation 7(71, ) are anti-symmetric under 71 <> 72 (See (3.6)). Then,
the variation of the quadratic action (3.10) with respect to n(7g, 75) is

652)
O = (gt k) (75, 76) + TP (g — 1)[Ya(756)) 0 (75, 76) - (3.61)
577(7_677_5)

Note that the anti-symmetry of the bi-local fluctuation gives

m N %5(7'36)5(7'45> - %5(735)5(746)- (3.62)

Substituting (3.61) and (3.62) into (3.60), and then multiplying ¢ (71, 75) e (76, T2), We
have

F_ (71,72, 73, 74) — F_ o(71, T2, T3, T4) :/dT5TﬁK(71,72,75,7'6)]:(7'5,7'6773774) (3.63)
where F_ (11,72, 73, 74) is found to be

F_o(11, 72,73, 7T1) = = (71, 73) Ve (T2, Ta) + ei (71, Ta)er (T2, 73) - (3.64)

Note that F_ o corresponds to the zero-rung ladder diagram. Also, the kernel K_ is
given by

K_(71,79,73,71) = —J*(q — 1)/dT3dT4 Vo1 (T13)er (Toa) (e (T34)]972. (3.65)
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This is identical to the kernel from the diagrammatics in section 3.3. In the same way, using

ST T (i) + 5073 (3.66)
§§ E:Z) ::; 39°0(70)3(7i5) = 537 8(r3a)b(r). (3.67)

we obtain
]:A+(7-177_2a7-3y7_4)fA+,O(TlaTZ;T3)T4):/d7576K+(7_177-257_5,7_6)-FA+(7-537—6aT3)7—4)’ (3.68)
fs—(7'177'277'377'4>_fs—,0(7177'2a7'377'4)_/d7576K+(7'177'277'5;7'6)]:8—(7'577'677'377'4) (3.69)

where the kernel K, the zero-rung ladder diagrams Fa4 o and Fs— o of order O(N ) are
found to be

Ky (11,72, 73, Ta) = —J*9a(T13) Ve (Toa) [Vt (34)] 72, (3.70)
Faro(11, 72,73, T4) = Vo (71, 73)0er (T2, 74) + Ve (71, Ta) e (12, 73) = Fi0, (3.71)
Fs—o(T1,72, 73, 74) = =t (11, 73) Ve (T2, Ta) + Yer (71, Ta) et (T2, 73) = F— .- (3.72)

Here, we dropped the trivial matrix structure of the kernels and the ladder diagrams of
non-singlet representation because they are diagonal in (a,b) space up to quadratic level.
Note that the anti-symmetric and symmetric fluctuations have the same common ratio K.
Also, note that the zero-rung ladder diagram F o of the symmetric representation is the
same as F_ o of the singlet representation. Moreover, we will denote by F o the zero-rung
diagram F,4 o of the anti-symmetric representation for simplicity.
The Schwinger-Dyson equations (3.63) and (3.68) for the two point function of the
bi-local fluctuations generates geometric series, which leads to
1
1-K
for each F_, F, + and Fs_. Using SL(2,R) symmetry, one can express the correlation

F=

Fo (3.73)

functions in terms of the cross ratio. Hence, we define

F_(71,72,73,T4) Fas(T1,72,73,T4)

F_(x) = . F = , 3.74
00 Vet (T12) Vel (T34) w+(X) Vet (T12) Vel (T34) (3.74)
and similar for Fs_(x) where the cross ratio is given by
Y= T12734 . (3.75)
T13T24

Following [5], we will expand the correlation functions F_(x), Fa+(x) and Fs_(x) in
term of the hypergeometric basis @f(x) called as conformal eigenfunctions [5, 20, 25, 59].

_ 1 o F_
1 oF Fy
0 = R0 gy G e o

>, F_
S0 =Y B (07— kls_(h) <<qf}:’ q);;> (3.78)
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where the inner product is defined [5] by

2 R
(9, 1) = /U i);g(x)f(x) ; (3.79)

and we used Fgso = F_ . Here, k_(h), kat(h) and ks_(h) are given by

(1

M\:‘

) (3.80)

= =
~ \|/
—

|

Q=
Av
/\
\_/

= | =

QM—‘ »Q\)—‘

r(3+4) %)F ***** )( +5)
. _f(%—%)F<l—%>F<%—%+%)F(% ) s
S GG |
3 _ 1 _ 1 1 h 1 1_h
ks—(h)z—r(? jﬁ(ﬁ ">3F<j+i)r(2+‘j i>=qilk_<h>, 552
F(2+q>F<Q)F(2 q 2>F<1 q+2)

which we have obtained in diagonalization of the quadratic action in section 3.1. Also,
F+0(x) is obtained from (3.64) and (3.71) in the same way as in (3.74):

:FX§+(1X)<)3 (0<x<1)
Fro) =4 s : (3.83)
- - (&) (<)

The conformal eigenfunction ®;7(x) was introduced by [5, 20, 25, 59], and their integral
representations are given by

@521/00 ; "ﬂ _dy, (3.84)
2 J_oo lyl"ly — 117"y — x|

[e'¢) h
1 _
o — S ) / [x|"sgn (hy)sgn (3{ - )sgn (i/ X) g, (3.85)
2 Jw lyl*ly = 1"y — X
and, their inner products were evaluated in [5, 20, 25, 59]:
tan(mh) .
o oty = TR Vons(h — 1/ =z .
(D7, D7) 9 wo(h — h') (h 2+zr), (3.86)
26,0,
(@F, f) = T (h=2n+2 ford, , h=2n+1 for &}) . (3.87)
In addition, the inner product (®,’, F_ ) was shown [5] to be
_ a_
(@5 F_g) = 0k (h) (3.88)
where a_ g is defined by
2 1
a o= 4 _ = . (3.89)

—90 —



In a similar way as in [5, 20, 25, 59], we evaluate the inner product of <I>,Jlr and Fy . For

this, one can use the anti-symmetry of the integral representation <I>,'f under y — X

x—1
and symmetry/anti-symmetry properties of the zero-rung F o(x) in (3.71) to extend the
integration region 0 < x < 2 in the inner product to the entire line xy € R. Like ®;  case

in [5], this extension picks up sgn (x) factor, and the inner product can be expressed as

1 ~1 -
(@ Fro) = / sg;f(hyi)zgn (y —Dsgnl(y —x) (3.90)
—oo X fylPy = 1Ry = X"

o0

In order to evaluate this integral, we derive the following integral formula by using (2.23)
n [21]:

/OO P (x—b)  wsin(r(2a+28—1))I'(2a+28—1) sgn(a—0b) (3.91)
oo | —al?|z —b2F cos(ma) sin(mB)I'(2a)T'(23) |a — b|2at26-1"
Using this integral formula, we have
o'
(B, Fro) = = ke (1) (3.92)
where ay o is defined by
2mq 1
= = =(g—1a_p. .
o (¢ —2) tan% EN (g=1)a—p (3.93)
Finally, the correlation functions F_(x), Fa+(x) and Fs_(x) can be expressed as
ds 2h—1 k_(h) __
_ = a_ ®
F-)=a ’0/0 2r wtan(wh) 1 — k_(h) " w00 h=11is
> [2h — 1 k_(h) __
+a_ g [ o7 (x )] , (3.94)
; 2 — k- (h) " h=2n
ds 2h—1 kA+(h) .
= @
Far) = oo [ gt sy -
2h —1 kay(h) o
d 3.95
+a+02[ et e
ds 2h—1 ke (h) . _
Fs—(x) = a— )
=) =a ’0/0 2m 7 tan(wh) 1 — ks_(h) oY h=1tis
2 [2h—1 ks (h) __
_ P . .
o ,OnZ:l [ 2 1—ks (h) n (X )]h—Qn (3:99)

As mentioned before, the singlet channel correlation function F_() is the same as that of
the original SYK model. Also, the symmetric channel Fs_(x) is also almost the same as the
original SYK model except that there is no divergence because of ks = q_%k_. The anti-
symmetric channel F,4 () are also of the same form, but since the properties of ka4 (h)
and @Z(x) are different, the results are slightly different. Nevertheless, the calculations are
exactly parallel to those in section 3.2.5 of [5]. Hence, we will not repeat the details here,
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but we point out the difference and present the results. We also note here that a similar
analysis was also done in [20, 25, 59].

The basic idea is to change the continuous and the discrete sum into a contour integral,
and express the correlation functions as a sum of the residues. For this, in addition to

S — 1 used for F_, we will also utilize
an m tan% tan ‘rﬂ-(l_h)

——— tan 5 — tan 5 (3.97)

to manipulate F,4 in (3.95) into

Freaiily) __ [ dsh= 3 g™ _Eash) gy
= h

a4 o 2T T T kat(h)

7Th kat(h)
) 1 —kat(h)

& () (3.98)
h=2n—1

— i Res
n=2

where we neglect h = 1 zero mode which make F, | divergent. Note that the simple pole

7rh

from tan &' enables us to write the discrete series as the residue sum. Also, note that the

7rh
2

In the same way as in the singlet channel, the symmetric channel can also be written as

poles at h =2n of <I>+ are cancelled with the zeros of tan

Fs—(x)
a_0
© ds h—3 ks,(h h—3% ke (h) __
= — )+ Res i) 3.99
/oo 2 Wtan%h 1—Fks—( Z 7 tan T ’Th 1—ke_(h) " %) . (3.99)

Now, by moving the contour, we will pick up the residues which were not included
n (3.98). These poles are located at

hem:  k_(h_. m) — (m=0,1,2,---), (3.100)
hA—l—,m : kA+( = (m:0,1,2,"'), (3101)
hs—m - (hs, ) - (m=0,1,2,---). (3.102)

Note that the integrands have double pole at h = h_o = 2 and h = hyyo = 1 which
correspond to the zero modes related to reparametrization and SO(M) symmetry. The
lowest dimension in the symmetric irrep channel is hs_ o = 1.24340 - - -. Using the property
of the conformal eigenfunction ®F [20, 25, 59]

T ,(x) = +8f (x), (3.103)
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we finally have (together with F_ j2(x) found in [5])

Fonz2(0) h—3  k_(h) T(h)? ,
E Res Fi(h,h,2h, <1) (3.104
oo es wtanghl o (h) F(Qh)X 2 1( X) - (X ) ( )
Fas, h;él 7rh k;(h) F(h)2 h
g R — Fi(h,h,2h 1 3.105
e es 2 1—k (h)r(zh)x 2 1( IRAZ) 7X> (X< ) ( )
+ h=hp4 m

h—3  ks_(h) T(h)?
Wtan”hl ks—(h) I'(2h)

thFl(h,h,2h,X)] (x<1) (3.106)

h:hS—,m
and
F_nz2(X) > h—5  k(h) _
: — R (0] 1 3.107
a_p E:O “ Wtang—h 1—k_(h) " () (x>1) ( )
m= h=h_,
Fariii(X) Lo mh kay(h)
: tan — d 1 .1
= ) Res|— 2 T k() 2 0 (x>1)  (3.108)
) m=0 h:hA+7m
Fs—(x) = h=35 ke (h) __
= — Res P >1 3.109

ri-nr( hl—h 1 (x—2)?

o7 (x) = (3—3) (2>2F1<2, . ’27(XX2)>, (3.110)
oy LO=)T(GE+5)x=2 . (2-h h+1 3 (x-27
h(X)_ 2 9 7 9 9 XQ :

(3.111)

Now, we will take the OPE limit (x — 0) of (3.104), (3.105) and (3.106) in which
the two point function of the bi-locals (or, the four point function of the fermions) is
decomposed into conformal blocks as follow.

o)
f,7h7é2(7'1, T2, T3, T4) = Z CQ—,m [Xh_’mgFl(h_’m, h_7m, 2h_7m, X)} , (3.112)
m=1
0
]:gi,h;«él(71;7'2>7'377—4) = Z Ci—i—,m |:XhA+’m2F1(hA+,ma hat ms 2hA+,maX)] ; (3.113)
m=1
o)
]:a (7—17 72,73, 7—4) Z Cg—,m |:Xh37’m2F1(hsf,ma hS*,ma 2h’S*,m7 X)i| (3114)

3
Il
o

where h_ p,, hat m and hs_ ,, are defined in (3.100)~(3.102), and they can be understood
as the conformal dimensions of the operators in the OPE channel. One can write the
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conformal dimensions as

2
he—m=—-+14+2m+e,, (3.115)
q
2
Batm == +2m+ent, (3.116)
q
2
hs—m==-4+1+2m+¢€, , (3.117)
q

and, the asymptotic behavior for large m are given by

2 s 27
2T (3 — 5) sin <-

€ = 5 P (3.118)
7l (1 + 5) (2m)"" a
2r (2 — %) sin 27”
ent = — (3.119)
7l (2> (2m)~ a
q
2r (2 — 2) sin 27”
e = (3.120)

The OPE coefficients c_ ;,, ¢a4,m and cs— , in (3.112), (3.113) and (3.114) are found to be

0 hemn — 3% D(h_,)? 1
2, == tom —2 (=) ) : (3.121)
, N rtan P T(2h ) —K (h_m)
1 2
2 arohatm =35,  TharmT(haym) 1
= t 3.122
CA+,TTL N T an 2 F(QhA+7m) _kéF(hA-’_Jn) ) ( )
_ o hstm—3 T(h 2 1
Eyp =0 2 s m) ) : (3.123)
' N rtan M% L(2hstm) =k (hst.m)

which are positive.

3.3 Diagrammatic derivation of two point function and kernels

! we give an alternate derivation for the two point function and for the

In this subsection,’
kernel (relevant for the four point function calculation) given in (3.65) and (3.70). The

diagrammatics is done at large N.

Two point function. We begin our analysis with the two point function. We will find
the Schwinger-Dyson equation satisfied by the disorder averaged two point function

N
1 . .
Vo m) =+ D O ()X (r2)) (3.124)
=1

where we used the notation W5'** because the two point function of the fermions corre-

1T thank Prithvi Narayan for extensive discussion and collaboration on diagrammatics in this subsection.
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Figure 1. Contributions to two point function self energy.

sponds to the large N classical solution (or, equivalently one point function of the bi-local
field). Recall that the two point function of the free theory is given by ‘I/?lffolfje(ﬁ,m) =
$0%19250n 715, The SO(M) invariance guarantees that 3% (11, 72) oc 62192 to all orders
in J. Some diagrams which contribute to the self energy are given in figure 1.

The only difference from the original SYK model, in fact, is that the fermion propa-
gators carry an extra SO(M) index. From figure 1, it is obvious that this results in extra
factors of M due to the sum over internal indices (e.g., sum over as and a3 in figure 1).
Let us see how this works for the simplest case of the second diagram in figure 1: There are
g — 1 internal legs, of which one carries the same SO(M) index as the external legs. Hence
the sum over internal indices gives an enhanced factors of M%/2~1 compared to the original
SYK model. However, this is offset by the fact that the disorder average is suppressed by a
factor of M9/2~" as in (2.13). From the SO(M) invariant ansatz WL = 541924 (11, T2),
we finally get the same Schwinger-Dyson equation as in the original SYK model, i.e.,

Or e (T1,72) — J2/d7—3[¢cl(7-177-3)]q_1¢cl(7-377-2) =0(m1 —T2). (3.125)

This agrees with what we already derived in section 2.2, and the rest of the analysis is the
same as given there.

Four point function. Let us start with the four point function which has the % expan-
sion of the form

7 SO ()X () () (7))
]

1
= \Ilg‘lloé2 (7'1, TQ)\I/Z3Q4 (7'3, T4) + NfaloQaS(M (Tl, .. 7’4) (3.126)

where the first term is the leading disconnected diagram made out of two propagators. We
will evaluate the second term via diagrams. As in the SYK model the diagrams contributing
to F are the ladder diagrams built out of the propagators ¥.. The first two diagrams for
F is shown in figure 2. Let us denote the ladder with n rungs by F,,. The first diagram in
figure 2 gives

Foora2osa (o) = =6M B2y (T13) et (Toa) + U142 ¥ (T1a)her(T23)  (3.127)
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a1, T a3, T3 a1, T a3, T3

ok

2, T2 Ay, T4 2, T2 Ay, T4

Figure 2. Ladder diagrams. There are also diagrams with (as,73) < (a4, 74) with a relative
minus sign.

whereas the second diagram in figure 2 gives

Fere2esa(ry ory)

= J? [50‘10‘360‘20‘4+q_]\;5“1“25a3a4} /de??Z)cz(ﬁ,T)%z(ﬁ,%)chz(ﬂTs)%z(ﬁm)%z(ﬂ%)q_Q
—[(as,73) <> (a4, 7)] - (3.128)

It is useful to define a kernel by

K1e20804 (1 o T3, Ty)

-2
=_J? [50‘1“450‘20‘3 + qM5ala25a3a4] Vet (11, 73) et (T2, Ta) e (T3, T4) 172 (3.129)

It is also convenient to consider K, F' as matrices with a collective index given by the time 7
and the SO(M) index. Correspondingly one can define matrix multiplication as an integral
over 7 and a sum over SO(M) index, e.g.,

(K- F)(X1, X5, X3, Xy) = Y K(X1, X, X5, X6) F(X¢, X5, X3, X) (3.130)

X5,X6
where X1, -+, Xg are the collective indices of the time 7 and the SO(M) index. With this
compact notation, the sum of all ladder diagrams becomes just a geometric series which

can be summed to obtain

1
F= zﬂ:]—“ =% (3.131)

Let us note the following properties of the kernel K and the first term of the geometric
series Fy (or, the zero-rung ladder diagram).

e Singlet Sector of Fy and K

1
f_,o(Tl,Tg,Tg,Tzl) = Z 5a2a15a4a3f-0a1a2a3a4(7177_2,7_3’7_4) s (3.132)

M
a1,02,03,04
1
K_(11,70,73,74) = i §A2AL XS [(OAO2030 (1 [y Ty ) (3.133)
a1,02,03,04
where
F_o(71, 72,73, 71) = — e (T13)Ver (T24) + Ve (T14) i (T23) (3.134)
K_(11,72,73,74) = — J*(q — V)er (71, 73) et (T2, T4 )0er (73, 74) 972 (3.135)
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e Anti-symmetric Sector of Fy, K

1 .
Fbolmmms ) = o= D (TR)asar (TR)awas g ™ * (11, 72,73, 74)
xa a1,02,03,04

(3.136)

1
K9 (11,72, 73, 71) = T D (T anor (TR )sas K102 (11,79, 73,74)  (3.137)
A

(e %Yo 7

where

T o1, 72,73, 74) = 6 Fa 0 = 0% (er(118) e (T2a) + ber(T1a)her(r23)) ,  (3.138)
K9 (11,72, 73, 71) = 0Ky = =0 T2 (71, 73) et (T2, Ta) et (73, 74) 972 (3.139)

where a,b = 1,--- ,%M(M — 1) and x, is the Dynkin index of the anti-symmetric
representation of G = SO(M).

e Symmetric Sector of Fy, K

1
}—gg,o(ﬁ’T%T& T4) = 9% Z (T)azon (Tg)a4a3f(]oz1a2a3a4 (71,72, 73, 74) s
%8 01,02,08,04
(3.140)
1 )
K9(11,72,73,71) = o (T apery (T8) ayas K123 (1 79 73,74)  (3.141)
S a3y

where

f§f70(7'177277'3774) = 6% Fy_ o = 6 (—par(T13)0er (T24) + et (T14) et (T23)) = F20,
(3.142)

K (m1,72,73,71) = 0K = 3" T2 (11, 73) Vet (T2, Ta)Yer (T3, 7)1 2 (3.143)

where a,b = 1,--- 7%M(M + 1) — 1 and xg is the Dynkin index of the symmetric
representation of G = SO(M).

With these ingredients, one can easily see that

1
= K'F_y= 0. 144
v an SFeo=1g Fo (3.144)
Similarly, we get
1
Fh =6 K Fayo=06" e Fat 0, (3.145)
1
FE =8P K1 Fs o= 5ab1 % Fsp- (3.146)

Note that all the results are consistent with the results found in section 3.2.
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4 Chaos

4.1 Lypunov exponent from effective action

In this section, we will deduce the low energy effective action for Pseudo-Nambu-Goldstone
boson of the broken reparametrization and the local SO(M) symmetry by using e-expansion
technique introduced in [4, 6].

At strong coupling limit, the collective action (2.14) (or, the critical collective ac-
tion (2.22)) has an emergent reparametrization and a local §5(M ) symmetry. They are
spontaneously broken by the classical solution (2.20). In addition, these local symmetries
are explicitly broken by the kinetic term of the collective action, which leads to an effective
action for the Pseudo-Nambu-Goldstone bosons. In order to obtain the effective action, we
transform the classical solution (2.20) by the reparametrization and the local §5(M ) trans-
formation with parameters f(7) and g(7), respectively. Then, substituting the transformed
classical solution to the kinetic term which break the symmetries explicitly, we obtain the
effective action of f(7) and g(7). In order to evaluate this in a controlled manner, we will

use the following e-expansion of ¢ (= 2) suggested in [6]:

2
= 4.1
9= (4.1)
where the range of the corresponding € is [0,1]. Let us consider the large N classical
solution:
By, ) = AT (4.2)
71 — 72|

The coefficient A can be expressed as

At (4.3)

1
s (1—e¢)
1—¢, 30
J €a+70

where a4 o is defined in (3.93) whose e-expansion is given by
1 1 = 9 o
——— =—|1+elogmr+ —(12(logm)* —7%) +--- | . (4.4)
5(1—¢) s 24
@t
Under the (finite) transformation of diff x so(M) in (2.26), the e-expansion of the classical

solution is

NELCECSIK
|f(11) = f(72)]

W 1,9 (11, T2) = sgn (112)g(11)g ™" (72)

Qo

- 71)g L (m2)sgn (7 f'(m) f' (72)
= s e <12><‘f(7)_f(72)|>
2
Ll _—ello 1) () 1o, VI()f(n)
I <1gJ|f(ﬁ)f(Tz)|>+2 <ng|f(ﬁ)f(Tz)l> M
2nd 3‘1:1
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Ll
where we did not expand aifo 9 in terms of e. We substitute the e-expansion of the

transformed classical solution (4.5) into the kinetic term of the collective action:

(4.6)

T1—T2

N N
Seolin = Pl [-De¥] = 2 /dT2 tr [0, (11, 72)]

Then, we will evaluate the effective action order by order. For this, it is convenient to
define $0(M) current:

1) = —kd-g(7) - g7 (7) (4.7)

where k is a constant which is not important for now, and does not appear in the final
result. In components, we have

1

J(7) NoTN

SOHNTL, 1) = et ()T (4.8)

V2x,

where x, is the Dynkin index of the anti-symmetric representation, which is the same as
the dual Coxeter number of SO(M). Using the expansion of g(71)g~!(72)

2

g(m)g H(12) = I + 0r,g(m2) - g~ ' (r2) (11 — 72) + %8329(72) g N () (=) 4

71— %J(n)(n — 1) I = ko) (n—7) + -, (4.9)

L
2k?
the substitution of the first term in (4.5) gives

1 M (1703 POV L S o
Jai(ée)/df [12 <f,(7) -3 <f’(¢)> >+2k22ajJ (7)) (T)] . (4.10)

(Ist) = —

Also, for the second and the third terms, we have

(2nd) = —1(1_6)/617 —Q;EZCL:J&(T)JG(T)] , (4.11)

Jaio L
1 M 1) 3 (110
(3rd) = —W/dT Mo ( o2 (f/(ﬂ) )] , (4.12)
2! I

As argued in [6], the higher order terms do not give any contribution to the effective action
because (—log|f(m1) — f(72)|)™ makes the contribution vanish as 71 — 72. Therefore, the
effective action for f(7) and g(7) becomes

B MNOédiﬁr NaG 1 a a
Sefr = J/dT Seh(f,7) = — /dT W;J (1)J%(7) (4.13)
where Sch denotes the Schwarzian derivative:
(o) 3 (f"m)?
Sch(f,7) = - = 4.14
D= "2\ iy
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Moreover, the coefficients agq¢ and g are defined by

1
= ———(1—y =472 (4.15)
12027 30200
+,0 o
1 2(q — 1
% = 15 (14+¢€) = a1 T ) (4.16)
aio qa o

where we expressed € in terms of ¢ by using (4.1), and also used a4 o = (¢—1)a— o in (3.93).
Following [5], we obtain the effective action at finite temperature. For this, we perform the
successive reparametrization 7 — tan 75 — tan mf ( ) using (2.26):

' B
Seff:—j\ﬂ\lf]adﬂ/o drSch <tan7rfﬁ(7-),r> NQG/() 2k22_]“ Jo(f(r)) (4.17)

S R G e R

Contribution of effective action. Now, we will consider the contribution of the zero

modes to the correlation functions of the bi-local fluctuations. For this, it is convenient to
use the dimensionless angular variable 8 instead of the Euclidean time 7:

2
g=""r 0<6<or. (4.18)
B
In this coordinate, the large N classical solution (2.35) at finite temperature becomes
2
1 q
() =A < - 9> sgn (0)I . (4.19)
2sin 5

Let us consider an infinitesimal transformations of the diffeomorphism and the local so(M):
f0) =0+e@0), g(0)=I+ip(0), (4.20)

and, the quadratic effective action'? for these zero modes is given by

MN gy o~ QG
Sef = =5 "n*(n? — 1)ene_ N nplp, (4.21)

where we expanded the fluctuations as follows.

€(0) = % Z ene” M Z ple=ind (4.22)

12Note that we do not have the cross term of the reparametrization and so(M) zero modes at quadratic

level (4.21) because the fluctuation p is traceless. When we consider U(1) symmetry with non-zero “spectral
asymmetry” [27], we expect to have such a cross term.
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One can easily read off the propagators of the zero modes:

__BJ 1 _ o
(€n€—n) = MN o nQ(nQ —1) (n=2,3,4, ) (4.23)
(gt = 60 5L L (n=1,2,). (4.21)

Nag n?

The corresponding zero mode eigenfunctions can be obtained from the transformation (2.26)
of the large N classical solution (4.19) at finite temperature by the corresponding infinites-
imal transformation. The eigenfunctions corresponding to the reparametrization were al-
ready discussed in [5, 6, 27], which are given by
1 iV M
tr (5en \Ilcl) =
VM Tq
where |n| = 2. Note that Y2 = 0 and Y2, = 0 because the classical solution is invariant
under SL(2, R).

In the same way, we will obtain the zero mode eigenfunctions related to the local

n sin 2012 0
Yt (B12)e "2 (1F02) [m2 — ncos % (4.25)

012
tan 5

Ti(el, 92) =

so(M) symmetry. Under the so(M) transformation with g(6), the classical solution (4.19)

is transformed as
2

- iz ] q sgn (612)9(61)g " (62) (4.26)

In particular, we consider the following infinitesimal transformation:

g0)=I+ip(0). (4.27)
Using the mode expansion
1 1 .
“(0) = tr (p(0)T3) = — > pphe " 4.2
0 = ot (POT) = 5 3 e ™, (4:28)

one can get the zero mode eigenfunction for the so(M):
1
V2K

We explore the further properties of zero mode eigenfunctions in appendix D.

nbi2
2

1 ‘n
Trlz’a(el’ 02) = tr (6,, ¥ TY) = ;wcl(012)€_15(01+92) sin (4.29)

Singlet channel. First, let us consider the contribution of the effective action to the
out-of-time-ordered correlation function of the singlet channel. For this, we first consider
the correlation function of the bi-local fields without contraction of the SO(M) index:

1
(0 1)U () = UG UG ) 40 (1) - (430

Then, we take the singlet channel of the infinitesimal transformations of the leading con-
tribution, which capture the contribution of the zero modes. The variation with respect to
the zero mode of reparametrization gives

1

M <6n6_n> tr (5%‘1’01(01, 92)) tr (567 ‘Ilcl(93; 04)) . (4.31)
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This is exactly the same as that of the original SYK model, and was evaluated in [5]. For
the out-of-time-ordered correlator, we take the specific ordering of 6’s following [5]:

01 < 03=0< 6y < Oy=m, (4.32)

and evaluate (4.31). Then, by taking analytic continuation

T 2w T 2w

__r_2r = -2 4.

th > 3 t, O 5 3 t, (4.33)
one can repeat the same calculation as in [5]:
FE(t) BJ ™ 27t 00 FE(t) BJ  2my
= = 1— ~cosh — N ——eP

Ya(m)a(m)  m2¢% Qg 2 g Yer(m)Per () ATq g (4.34)
4.34

As expected, it saturates the chaos bound )\SL"‘glet = %” On the contrary, one can easily see
that there is no contribution of the so(M) effective action to the singlet channel because
the variation with respect to p, is traceless, i.e.,

1
M <pnp7n> tr (5pn\I/cl(917 92)) tr (5p_n\:[lcl(93a 94)) = O, (4.35)

and therefore, we have

FP(t)=0. (4.36)

Anti-symmetric channel. In the same way, we analyze the contribution of the zero
modes to the anti-symmetric irrep channel:

o= (i (260, 02)T5) o [ (6,007} ) (4.37)

The zero mode of the reparametrization does not give any contribution to the anti-
symmetric irrep channel because the variation with respect to € is proportional to the
identity matrix, i.e.,

1
b <6n6_n> tr (6en‘I’cl(01, GQ)TZ)tI' (66771‘1,01(937 94)Tg) =0. (438)

X
Hence, we have

< (t)=0. (4.39)

The non-trivial contribution to the anti-symmetric irrep(adjoint) channel comes from
the so(M) effective action:

o (Pnp—n) 01 (0, @ ar (01, 02)T5)tx (pe_, a0, 0,)T%) . (4.40)
A

Hence, using (4.29) and (4.24), we obtain

fﬁﬁb(91,92,93304) B 5ab BJ Z e%(93+94—91—92) 7”L912 7%934

T i i . 441
¢cl(912)¢cl(934) 71'204(; n2 sin 5 sin 5 ( )
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With the particular ordering of #’s in (4.32), we evaluate the summation, and then take
the analytic continuation (4.33):

,ab
FR ()
wcl(ﬁ)¢cl(ﬂ)
2i8J | 2z 11 33 4 _2m 11 33 _4m
SO I GETAES A8 & Sl RO CE AR S Sl | B

As t —» 00, one can see that there is no exponential growth.

Frb(t 2

TR )2y (4.43)
Vet (m)Yer () g

Symmetric channel. It is easy to see that there is no contribution of the low energy

effective action to the symmetric irrep channel since the variation of the classical solution

is either the singlet or the anti-symmetric irrep:
tr (55n lIICl(Hly 92)Tg) = tr (5Pn \1’61(91, HQ)Tg) =0, (4.44)

and therefore, we have
Fob = Fpeb— o, (4.45)

Summary. We summarize the zero mode contribution to the long time behavior of the
out-of-time-ordered correlators for the singlet, anti-symmetric and symmetric irrep chan-
nels:

F) BT e

_ Pr) —

wcl(ﬂ')wcl(ﬂ') - 47Tq2@difre " 7= (t) 0, (4'46)
Freb () 2

Fo ) =0, S AT = 4.47

A ( ) ¢cl(7r)wcl(ﬂ-) (676! ( )

Fo(t) =0, FOt) =0. (4.48)

Here, we found that the $o(M) zero mode does not give an exponentially growing con-
tribution to the anti-symmetric irrep channel. In the next section, we will see that the
anti-symmetric/symmetric channels do not have any exponential growth even if we take
all contributions into account up to quadratic level. Hence, we conclude that

_ 27
67

4.2 Out-of-time-ordered correlators by analytic continuation

)\in/nglet )\ﬁ — 0’ )\i =0. (4.49)

In this section, we will analyze the long time behavior of the out-of-time-order correlators
from the non-zero modes which we evaluated in section 3.2. The singlet fluctuation 7
is the same as that of the original SYK model, and the out-of-time-order correlators of
the non-zero modes were already studied in [5] by analytic continuation of the Euclidean
correlator. Following [5], we find the long time behavior of the out-of-time correlator of
the anti-symmetric/symmetric channels.
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Singlet channel. Following [5], we will consider the following type of the out-of-time-
ordered correlator for the singlet channel:

TS ST AR [y () Oy (I 0)]  (450)

a1, ,Q4 14,]

where y = p(,B)i and p(B) is the thermal density matrix. This correlators can be eval-
uated by analytic continuation of the Euclidean correlator. It was shown in [5] that this
corresponds to the Euclidean correlators with the cross ratio

2
_ . 451
X T s 2 (451)

27t

Furthermore, since y = 2 for t = 0 and x ~ e # for large t, one has to perform the
analytic continuation of the Euclidean correlators for xy > 1 to x < 1 for large ¢. The
out-of-time-ordered correlator of the singlet fluctuation is the same as that of the original

SYK model [5]:
21T
Foppo ~tes!, (4.52)
and, this corresponds to the ﬁ%] correction to the maximal Lyapunov exponent %’r of the
singlet fluctuation which we evaluated from the effective action of h = 2 mode in section 4.1.

Anti-symmetric channel. For the out-of-time-ordered correlator of the anti-symmetric
channels, we consider

pe 2 TR T) TR [y Oy O (O 0)] . (459

Q04 i:j

The relevant expression of the Euclidean correlator for this analysis is given in (3.98)

Fassnl) _ _ [ doh 2 gan TP g
40 oo 2mm 2 1—kay(h) " h=1+tis
o) 1
— 5 wh katr(h
— Z Res T2 tan 21_‘7:(()}0(1)2 (X)] : (4'54)
oy At h=2n—1

For the analytic continuation, we first simplify the residue sum by introducing a function
k4 r defined by
. 1_h
kA—‘,—,R(l _ h) Sl 7 (a — 5)

kat(h) sinm (% + ﬁ) 7

(4.55)

or, equivalently, it is given by

basm(l—h) = B Gl R ), . (4.56)
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Note that ka4 (h) is identical to k4 r(1 —h) for h=2n+1 (n=1,2,---):

kA—f—,R(l - h)

=1. (4.57)
kat(h) h=2n+1

Therefore, one can replace k54 (h) inside of the residue sum with ky4 g(1 — k). Then, we
change the residues into the contour integrals around the h = 2n —1 (n = 2,3,---), and
push those contours back to the contour along h = % +1is (s € R). This pick up one pole
at h = 1 which did not included in the residue sum of (4.54). Therefore, we have

Farnz1 (0 _ /Oo ds b= 2 tan | k) karr(Zh) } @ (x)
4.0 —o0 2™ T 2 [1-kas(h) 1-kep(l=h)] " h=1+i
=3 18
h—3 mh  katr(1—Nh)
el : dF 4.
+ Res - tan 2 T—kny n(1—h) () - (4.58)

Using the expression of CID;;()O for x > 1 in (3.111), we consider the analytic continuation
toxy <1. As x = 0, @;(X) behaves like

F N ~ i 2 Y _
P (x) > —i 21 (1 4+ 1) (=ix)"+(h—1—h). (4.59)
Noting that
2 _ &mt
X=—"T"">55"~¢€ 5 (t = 00), (4.60)

- c e 2t
1 — ¢sinh A

one can easily see that the contour integral along h = % + is does not have an exponential
growth as y — 0. In addition, the residue at (double) pole h = 1 also does not grow
exponentially. At most, it grows — log(—ix) ~ ¢ because of the double pole, i.e.,

Farnm () ~ ; (4.61)

The effective action analysis showed that the h = 1 mode also give the linear growth of
the out-of-time ordered correlator in section 4.1. In this section, we also found that the
contribution of the non-zero modes grows linearly.

Symmetric channel. For the out-of-time-ordered correlator of the symmetric channel

1
2%g

Y D (THMOTYMNTR [yy'™ )y’ (0)yd 2 (t)yy?* (0)] ,  (4.62)

at,,a4 1,5

we will consider the following Euclidean correlator

Fo(x) _ _/00 ds h—3  ks_(h) - (x)
a_p oo Qthang—hl—ksf(h) h hel i
=3 18
> h ks—(h) __
B R 2 d , 4.63
; ® |7 tan = 1T — ks_(h) 0 h=2n o
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and we will perform the analytic continuation in (4.51). Note that (4.63) is the same as
that of the singlet channel (or, the original SYK model) except that the contribution of
h = 2 eigenfunction is included because it does not diverge. Therefore, in a similar way,
we define ks r(1 — h) such that

ksf,R(l _ h) cos (é -
ks—(h) CoST (% +

) . (4.64)

)

Explicitly, one can see that ks_ r(1 — h) is the same as kx4 r(1 — h):

SIS N

_P(2—%)F(h—1+%>_
ks—r(1—h) = F(%)F<h+1—§> = kat,r(L—h). (4.65)

As before, we replace ks_(h) with ks— r(1 — h) inside of the residue, and we push the

contour around the poles to the contour h = 3 + s (s € R). Then, we have

Fo(x) _ _/00 ds h—1} [ ks—(h) ks r(1—h) ]‘P(X)
ap,— —o0 2T Wtan”—Qh L—ks—(h) 1- kS—yR(l —h) g h=11;
=3 18
h—35 ks r(l1—h)
+ Res 2 : i . 4.66
mtan gt 1 — ks— (1 —h) » () hel (460

Note that the function inside of the residue has a simple pole at h = 1 unlike the anti-
symmetric channel where the analogous function has a double pole at A = 1. Therefore,
using the asymptotic behavior (x — 0) of @, (x) in (3.110)

D, (x) ~ —i 23 (—ix)"+ (h —1—h), (4.67)

both contour integral and the residue at the simple pole h = 1 give at most a constant (or,
exponential decay) in the real time ¢, i.e.,

Fs—(t) ~ (constant) . (4.68)

This is also consistent with the low energy effective action analysis where we have shown
that there is no contribution of the low energy effective action to the symmetric irrep
channel in section 4.1.

Summary. We summarize the long time behavior of the out-of-time-ordered correlators
from the zero mode contribution in section 4.1 and the non-zero mode contributions found
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in this section:

2m t 2n
Singlet : Fon~ BJer’ +  Zent (4.69)
—— 15}
h=2 zero mode S~
non-zero modes
t
Anti- ic : ~ — .
nti-symmetric :  Fsq Jt + 3 , (4.70)
h=1 zero mode ~—~—
non-zero modes
Symmetric : Fa— ~ (constant) (4.71)

—_——

non-zero modes

where we omitted unnecessary numerical factors.

4.3 Retarded kernel

In this section, we will utilize the real time propagators of two point function of the fermions
to study the out-of-time-ordered correlators following [5, 61] instead of analytic continu-
ation of the Euclidean result. We also consider similar out-of-time-ordered correlators
to (4.53) and (4.62) for the anti-symmetric/symmetric fluctuations

Fyq(ta,t2) = Q;A(TX)“”“(TAI’)O“*O“’TR [y (1) g7 (0)yw' (t2)yyp"*4(0)] . (4.72)
Fs_(t1,t2) = ;XS(T )T TR [yg' (1) ye?** (0)yd 2 (t2)yy!** (0)]  (4.73)

N

where y = [p(8)

over ag,---,aq4 and %,j. Recall that both anti-symmetric and symmetric irrep channels

and p(f) is the thermal density of states, and we omitted summations

have the common ratio of their geometric series of the ladder diagrams (See (3.139), (3.143)
or (3.70)). For the configuration of the ordering in the two real-time folds, the relevant
retarded kernel for both four point functions is given by

Ky r(t1,ta, ta,ts) = J* Uy r(t13) U r(t2a) [Werir (t34)] 92 (4.74)

where W r(t) and W, (t) are the retarded propagator and the Wightman propagator,
respective, which one can obtain by using appropriate analytic continuation [5, 65]:

2A
™
\IICLR('[:) = 2A cosTA (ﬂ) 6’(75) y (475)
B sinh T
2A
™
Uy =A| —2— ) . A4.76

In order to find the exponential growth, we utilize the following integral equation [5].

/dt3dt4 K+,R(t17t27t37t4)FA/s(t37t4> = FA/S(tth) (4'77)

which means that the exponential growing part of the sum of the ladder diagrams does
not change by attaching additional rungs. Thus, let us consider the following eigen-

value problem:
K+,RFA/S = k+,R(h)FA/S (4.78)
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where we will find the eigenfunction F), /s corresponding to the eigenvalue ki r(h) = 1.
Using the exponentially growing ansatz [5]

6—%(151-&-152)
Fy(ty,t2) = (4.79)

2_p0
mtio | 4
{cosh 3 ]

we find the eigenvalue to be

_2 2 _
ky,r(h) = - (2 q) : (q h) = kat,r(h) = ks— r(h) = qilk—,R(h)- (4.80)

e

Note that k4 r(h) is the same as kx4 r(h) and ks_ r(h) which were found in the evaluation
of the non-zero mode contributions of the anti-symmetric channel (4.56) and the symmetric
channel (4.65). In addition, recall that the kernel K for the anti-symmetric/symmetric
channels is equal to q%lK _ where K_ is the kernel of the singlet fluctuation. Hence, the
corresponding retarded kernels have the same relation. Since we used the same ansatz as
in [5], it is not surprising to have the relation between k4 r and k_ p in (4.80).

It is enough to consider solutions of ki r(h) =1 for h < 0 because positive h’s do not
give exponential growth of the Fy (¢1,t2). First, one can easily see that h = 0 is a solution:

ky r(0) =1, (4.81)

and, since the function k, g is increasing function for h < 0, h = 0 is the only solution
for k4 r(h) = 1 (h = 0). Therefore, there is no exponential growth for the out-of-time-
ordered correlator of the anti-symmetric/symmetric channels, which is consistent with the
results from the analysis in the previous sections. The same result for U(1) case of the
complex SYK model was also found in [59]. In order to see the linear growth in the anti-
symmetric/symmetric channel from the retarded kernel, one need to consider a different
type of eigenfunctions. We leave this for future work.

5 Tensor model with global symmetry

It has been shown that tensor models also feature the dominance of the “melonic” diagrams
in large N. In [43, 44], it was shown that a new class of tensor model (Gurau-Witten (GW)
model) reproduces interesting behaviors of the SYK model such as the saturation chaos
bound. Also, [45] suggested the simplest (SYK-like) tensor model (Klebanov-Tarnopolsky
(KT) model). The lattice generalizations thereof were investigated in [53] which developed
general techniques to analyze a broad class of tensor models. For example, [53] showed that
the GW model can be understood as a KT model on the 4-site lattice after “uncoloring”
process. However, this analysis is not restricted to the lattice generalizations. One can
add any additional structure to the tensor model, and the same analysis can be applied
straightforwardly. In particular, we add SO(M) index to the tensors, and we follow [53] to
study tensor model with SO(M) global symmetry.
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Figure 3. The Vertices of the on-site and (non-local) hopping interactions.

Let us consider the simplest uncolored O(NV) tensor model with SO(M) global sym-
metry of which Hamiltonian is defined by

3 M
JNT2 o
1 aq a2 a2
Z X g1 k1 Xin joka Xiojr ko Xigjoki (5'1)

aq,a2=1

H =

where Xiik denotes M N? Majorana fermions which transform in the tri-fundamental
representation of O(N) (i,7,k = 1,2,--- ,N) and in the fundamental representation of
SO(M) (e« =1,2,---,M). Since the three O(N) indices are distinguishable, we label them
by RGB color ¢. (E.g., the first index i corresponds to red color, etc.)

One can see that the form of the Hamiltonian in (5.1) is similar to that of the tensor
model on the lattice if one think of the SO(M) index as the lattice index. Hence, we can use
the analysis carried out in [53] in this model. To contact with [53], we need to write (5.1)

in the same form as that of [53].
3 M
J T2 JN— (0% o (0% (6
H= 4 ZX?ljlklxgx1]2k2x’ta2]1k2x?2]2kl + 9 Z X’il%]'lk‘lXi132k2¢i2?1kgxi2?2kl . (52)

a=1 a1>a

e

Here, SO(M) invariance is not manifest, but one can directly use the result of [53]. Com-
paring to the Hamiltonian in [53], (5.2) can be interpreted as a tensor model on the lattice
with non-local hopping interactions. Moreover, the coupling constants of the on-site and
hopping interactions are given by

Jonsite = J, S =V2J, Jg=Jy=0. (5.3)

Note that v/2 in front of .J, appears because we follow the normalization of the hopping cou-
pling constant in [53]. However, this v/2 factor is cancelled in the Feynmann diagram since
the contribution of these vertices to the Feynman diagram is Jonsite = J and %Jr =J,
respectively. See the corresponding interaction vertices in figure 3. Moreover, we empha-
size that the SO(M) index is connected to each other along the red line. Hence, J, is the
only non-zero hopping interaction constant.

First, let us consider the O(N) invariant two point function:

SO (m) (54)
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Figure 4. Contribution to the Schwinger-Dyson equation for the two point function.
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Figure 5. Dipoles D¢1*2%3% of three colors.

where the summations over O(N) indices are omitted. It was shown in [53] that the large N
diagrammatics of the two point function leads to a geometric series of the melonic diagrams
which corresponds to the same Schwinger-Dyson equation of the two point function as in
the SYK model. For the tensor model with SO(M) global symmetry, we have two types of
the contribution to the melonic diagrams: one melonic diagram with the on-site interactions
and (M — 1) melonic diagrams with the hopping interactions of red color. See figure 4.
Hence, considering all contributions, one can obtain the same Schwinger-Dyson equation
as in the ¢ = 4 SYK model with the coupling constant J of the SYK model replaced by
the effective coupling constant 7 given by

1
J = Jgn—site + (M - 1)§J7? = MJ2 . (55)
At strong coupling limit, the two point function is found to be

N G mNGR () = A (02) jeres gy, my)ne. (56)
Ti2|2

Here, 1. (7,72) is the same as the classical solution (71, 72) for ¢ = 4 SYK model with

the effective coupling constant J in (5.5).

Now, we will analyze the ladder diagrams. [38, 40, 44, 66, 67] introduced a dipole as
the basic building block of the ladder diagrams. In addition, [53] generalized the dipole for
the tensor model on the lattice (See figure 5), which have tensor structure in the lattice
space. For our model, the dipole is a tensor in the SO(M) index.

Dipoles. There are three dipoles D, (¢ = r, ¢,b) depending on the color that is transmit-
ted along the ladder. See figure 5. The ladder diagrams can be constructed by connecting
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Figure 6. Contribution of interactions to dipoles of red color. For a; = a3 # as = a4, there are
two configurations that can give a contribution to the dipole of red color.
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Figure 7. Contribution of interactions to dipoles of red color. For a; = a3 # as = ay, there are
two configurations that can give a contribution to the dipole of red color.

these dipoles. Moreover, depending on how we connect the dipoles, we will have different
types of ladder diagrams.

Hence, let us evaluate the dipoles first. Recall that the red color is distinct from
green and blue colors in that the SO(M) indices are contracted along the red line in the
interaction vertex. For the dipole of red color, one can consider four configurations of the
SO(M) index which can give a contribution to the dipole of red color (See figure 6 and
figure 7). By summing up all contribution, we have

D203 (71, 7y 73, 74) = —N 2 M 25403624y (113) et (T24) [Vt (734)]°
= — J25403592% ) 1 (113)1ber (Toa) [Vt (T34)] (5.7)

where we express the dipole in terms of the effective coupling constant (5.5). Also, note
that 1. (7) denotes the full propagator obtained in (5.6).

On the other hand, there are two configurations which give a contribution to the dipoles
of green and blue color. E.g., see figure 8 for dipole of green color. Therefore, we have

D123 (1) 7y 73, 74) = —J 26U 6% M )y (T13) et (Toa) [ther (T34)]
j2 ol ,0 a3,
= _ﬁé 102 §05,044) 1 (713)e1 (T24) (et (T34) ]2 (5.8)
D293 (1 19, 73, Ta) = —J26%0 259849 (T13) et (T24) [0t (T34) )
j2

= —M&”’0‘250‘3’a41/1cz(713)¢cl(724)[%1(7’34)]2 . (5.9)
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Figure 8. Contribution of interactions to dipole of green color.

Four point functions. From these basic building blocks, we will construct the ladder
diagrams and four point functions. Unlike the SYK model, tensor models have various
O(N) invariant operators because of O(N) tensor structure. In particular, there are three
types of O(N) invariant four point functions. In this work, we consider the following two
types of four point functions:

FG 0 = OG0k (TOXG 1k (72X ok (T3) X5k, (T2)) (5.10)
FRieseses (o (e (e (e (), (5.11)
Faiq”a?’a“ = <X?11j1k1 (Tl)X?lele (TQ)Xmle (7'3)X2232k2 (T4)) (5.12)
Fpieaoscs = <X?11j1k1 (Tl)x?fjle(Tz) 1232;“ (T3)X 12321@(7'4» (5.13)

where we omitted the summation over the O(N) indices. Note that they have different
contraction of the O(NV) indices, which is schematically shown in figure 9b. Depending
on the structure of the O(N) contraction, we call F5'***** to be Cooper channel, and
Fp*29%% to be Pillow channel of color ¢ (€ {r, g,b}). The Cooper channel is the analogous
to the four point function of the SYK model. Hence, one can expect that the Cooper
channel exhibits the same behavior as that of the SYK model. We emphasize that the
Pillow channel is a new O(N) invariant observable which does not appear in the original
SYK model. Note that in the Pillow channel there exist two fermions that are contracted
by only one O(N) index. The color of this O(N) index characterizes the Pillow channel.
Hence, we have three Pillow channels: Fp,, Fp, and Fpy, (e.g., see the Pillow channel of
the red color in figure 9b.) Furthermore, the ladder diagrams F¢ and Fp, are defined by
excluding the leading disconnected diagram from each four point function:

Fare20304 (1) 1y 73,74) = NOGU1O26%3% 0}y (T12) ey (T34) + NP F G123 (14, 79,73, 74)
(5.14)

FRLoeesai () my m3,74) = NP6 260 (T19) et (734) + N  F L2 (7 79, 73, 74) (5.15)

where the first term of the r.h.s. corresponds to the leading disconnected diagram, and the
second term is the ladder diagram which we will analyze.

Cooper channel. First, we consider the ladder diagram in the Cooper channel. In [53],
it was shown that the leading ladder diagrams of order O(N?3) are composed of any com-
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(a) Cooper Channel. (b) Pillow Channel of red color.

Figure 9. Schematic representation of O(N) contraction of the Cooper and Pillow four point
functions. Each vertex represents a fermion, and the colored edge denotes the contraction of O(NV)
index of the corresponding color in the two fermions.

bination of dipoles. This leads to the geometric series of the dipoles, and one can write

Fo=)Y (D, +Dy+Dy)"Fo =

n=0

1

Here, the multiplication of dipoles is the matrix multiplication in which the first two SO(M)
indices and 7’s form one matrix index, and the second two SO(M) indices and 7’s become
the other matrix index. Also, Fy denotes the first term of the geometric series, and is
given by

Fo = =010 (T13) et (T2a) + ¥y (T14) Vet (T23) - (5.17)

The common ratio of the geometric series (5.16) is defined by

) 2 )
Kc=D,+D,+D, = -J? <5°‘1°‘55a2a4 + M5°‘1’O‘Z5°‘3’a4> Vet (T13) Vet (T24) [Pt (T34)]?

(5.18)
This is the same as the kernel (3.129) of the SYK model with SO(M) global symmetry
found by diagrammatics in section 3.3 except for the structure of SO(M) indices a3 and ay.
Note that the matrix multiplication of the tensor model is slightly different from (3.130)
of the SYK model with global symmetry:

(A-B)(X1, X2, X3,X4) = Y A(X1, X5, X5, X4)B(Xs, X6, X3, X4) (5.19)
X5,X6
where Xi,---, Xg are the collective indices of the time coordinate and the SO(M) in-

dex. We define this multiplication for the tensor model because it is more natural when
we connect the dipoles. These two differences in the tensor model lead to the same fi-
nal results as those of the SYK model with global symmetry after the contraction with
SO(M) generators.

Pillow channel. The leading ladder diagrams of the Pillow channel have a different
feature. The specific combination of dipoles becomes the leading ladder diagram [53]. For
example, consider the Pillow channel of red color. The leading ladder diagram of order
O(N*) comes from the series of dipoles of red color. Hence, one can write the leading
ladder diagram as follows.

> 1
]:P,c = Z(Dc)anO = m:’:P,O (C =ng, b) (5-20)
n=0 i
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The common ratio K p, are found to be

Kp, =D, = —J26%1935%2% ) (113)11 (T24) [0er (T34)]% (5.21)
2

Kpg=Dy= _%5a1’a25a3’a4¢cl(7’13)%1(7‘24)[¢cl(7'34)]2 ; (5.22)
2

Kpy =Dy, = —jﬁéo‘l’”é%’a“%l(ﬁg)%z(724)[wd(734)]2 ) (5.23)

Note that the Pillow channel of red color has different tensor structure from those of green
and blue colors.

The Pillow channel (e.g., of red color) can be further decomposed into the symmetric
part (the singlet and the symmetric irrep) and the anti-symmetric part (the anti-symmetric
irrep) of O(N) index (e.g., of red color). For example, one can decompose the Pillow
channel of red color Fp, (71,72, 73, 74) (See (5.11)) into the symmetric and anti-symmetric
parts in (i1,72) which are the contracted external O(/NV) indices of the red color. This
decomposition can simply be taken into account by the same decomposition of the first
term of the geometric series:

Fprp=FOU5 Y (113) et (T2a) + 614 5¥ %9 (T14) 1 (T23) 5 (5.24)

where Fp-  (or, Fp+ o) corresponds to the symmetric part (or, the anti-symmetric part,
respectively) under i; <> is.

Rank (¢ — 1) tensor model with SO(M) global symmetry. As in the SYK model,
it is easy to generalized to rank D = (¢ — 1) tensor model with global symmetry. In par-
ticular, [53] introduced “uncoloring” process to obtain the explicit Hamiltonian of the KT
tensor model from the GW model. And, it is straightforward to generalize the diagram-
matics of rank-3 KT tensor model. For our model, we also repeat the same process, and
quickly generalize the above results. For details, we refer readers to [53].

In rank (¢g—1) tensor model, RGB color is generalized into (¢g—1) colors: ¢1, ¢, -+, ¢g—1.
Without loss of generality, let us choose one color ¢; such that the SO(M) index are
connected along the ¢; line in the interaction vertex. (i.e., ¢; is analogous to the red color
in the rank-3 case.) Then, the dipole of the color ¢; is given by

D219293% (1 1y 73, 74) = — T 20403522y (113) et (To4) [t (T34)] 72 (5.25)

while the dipole of the other colors ¢, (m =2,3,---,¢ — 1) is found to be

2
D129 (), 19,73, 74) = _%6017&25&37a4¢d(7—13)¢cl(724)[wcl(7_34>]q_2 (m#1).
(5.26)
Note that the full propagator denoted by 1. is the same as that of the SYK model for the
case of general ¢ with effective coupling constant J = v/ M J.
As before, all combinations of the dipoles form the leading ladder diagrams of the
Cooper channel, and the corresponding geometric series is given by

00 qg—1 n
1
Foe=3 ( Dcm> Fo= 1o g0 (5.27)
1

n=0 \m=
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where the kernel is found to be

q—1
-2
Kog=)Y D, =-J° (50‘1“36“20‘4 + (1]\456“’”5%0‘4) Yer(T13) et (T24) [er (134)]7 2.
m=1

(5.28)
As expected, this kernel (together with the zero-rung ladder diagram Fj in (5.17)) agrees
with (3.129) in the SYK model with global symmetry for general ¢ case except for the
structure of the SO(M) indices a3 and oy in the kernel. But, they will give the same result
as in the SYK model with global symmetry after the contraction with SO(M) generators.
Furthermore, the leading Pillow channel of the given color ¢,, is consist of combinations

of the dipoles of color ¢;,:

o
1
_ D VFy = - 5.29
Fpom n§_0( )" Fo I—KP,cm}-O’ (5.29)

and therefore, the kernels are found to be

Kpg =De = —J26%6%2% 4 (113) et (124) [t (730) (5.30)

J? 2

Kp., =D, = —Mfsal’azfsa‘"”a“%z(713)1/161(724)[¢cl(734)]q7 (m=2,3,---,¢q—1). (5.31)

Decomposition into irreducible representation. As in the SYK model with global
symmetry, one can decomposed into the singlet and anti-symmetric/symmetric channels of
the SO(M). We summarize our result:

e Cooper Channel of order O(N9~1). The Cooper channel is decomposed into
the singlet, anti-symmetric and symmetric irreducible representation of SO(M):

Fo- = %56“2&150‘40‘3?%10‘20‘30‘4 , (5.32)
Fllys = Fous = g (T (TR Fgionmses, (5:33)
FO = Fos = 21XS(T‘;)‘”"‘l(Tg)o‘4°‘3.77°“01°‘2°‘3°‘4 . (5.34)
Moreover, we decompose the common ratio of the geometric series as follows.
Ke_ = %50‘20“50‘4“3 (K ¢)razasad (5.35)
Ky = 8" Kews = 5 ()™ ()W (Koo, (5.30)
K¥y =6"Kes = ;XS((Té‘)t)azc”(Tg)a4a3(Kc)“1°‘2°‘3°‘4 : (5.37)

where we took the transpose of one generator in order to respect the matrix multi-
plication (5.19). Therefore, we get

Ko = —(q = 1)T*%a(113) e (T24) [her (134)] 7% = K, (5.38)
Kot = =T *Ya(m13)0ea(rea) e (134)] 772 = K, (5.39)
Kes— = =T *a(13)a(24) e (134)]T2 = Ky . (5.40)
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One can decompose the first term (5.17) of the geometric series of the ladder diagrams
into the singlet, anti-symmetric and symmetric irreducible representations of SO(M):

Fog= e (e, (5.41)
1
J—_‘gbﬁo = 5abFA+,O = E(Ti)awﬂ (Tg)awxs (:Fo)alagaga4 , (5.42)
1
}-élio = 6ab}—3770 = g(Tg)ozzocl (Tg)a4a3 (j:o)a1a2a3a4 , (5.43)
S

where xp is the Dynkin index of representation R. Note that the zero-rung ladder
diagram (the first term of the geometric series) in the anti-symmetric and symmetric
channels are diagonal in a,b space. Hence, we have

F_0 = —%a(T13)0er(124) + e (T14) e (123) (5.44)
Faro = Fr0 =Y (113)Va(m24) + Yei (T14) Ve (23) (5.45)
Fs—0 = =0 (T13) Ve (124) + Yer(T14)e(23) = F— o (5.46)

In this section, we will denote by F o the zero-rung diagram of the anti-symmetric
channel F, o. Note that the first terms and the common ratios of the Cooper channel
are the same as those in the SYK model with global symmetry after decomposition.
Finally, we have

1 1
_=—F _ = _ 4
Fe. l—Kc,_]: 0= r T (547)
1 1
e — = 4
Font = 1 KC7A+]:A+,O T K+]:+’0’ (5.48)
1 1
o =— Fe_o= _0- 4
]:073 1_K087fs ,0 l—K_,_]: ,0 (5 9)

e Pillow Channel of order O(N?). We can also decompose the Pillow channel
ladder diagram and the common ratio of the geometric series:

1

Fpe- = 7000800 Fpipeean, (5.50)
Flons = 6" Fpens = (TP T HSFHE - (551)
Fhes— =00 Fpes = 2}1{8(TS)W“(Tl;)“‘*%]-'%}f“wm“ : (5.52)

and
Kpe_ = %5“2%5&4&3 (K p,_)1020504 (5.53)
Kifon = 6K pear = 5 (D) (TR (K pens) "0, (554)
Ko = 0" Kpes = 5 (T (T (K pes )0 (5.55)
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Here, we also took the transpose of the one generator in the decomposition of the
common ratio because of the matrix multiplication (5.19). For the Pillow channel of
the color ¢1, we have

Kpe, - =0, (5.56)

Kpeyas = =T Pa(m13) el (121) [ (134)] 972 = Ky (5.57)

Kpe s = =T Va(113) e (T2a) [her(134)] 7% = K, (5.58)

and, for the Pillow channels of other colors ¢, (m = 2,3,---,q — 1), the common

ratios are given by

Kpe, - = =T *a(T13) e (T04) [ (734)]972 = K4, (5.59)
Kpeyas =0, (5.60)
Kpe, s =0. (5.61)

As in the Cooper channel, we decompose the zero-rung ladder diagrams (the first
terms of the geometric series) in (5.24) into the irreducible representation of SO(M):

Fpr,—0 = Fa(T13)¥e(T24) + Ya(T14)Ye(m23) = Frp, (5.62)
Fp¥ at,0 = Ta(T13) Ve (T24) + Ve (T14)Yer(T23) = Fro, (5.63)
Fprs—0 = Fa(m13)Ve(T24) + Yer(T14)Yer(T23) = F0- (5.64)

The decomposition of the zero-rung ladder diagrams with respect to O(N) and
SO(M) leads to the various decomposition of the Pillow channels. Note that the
common ratio of the Pillow channel is independent of the O(N) decomposition. E.g.,
Fpz ¢ have the same common ratio, and the difference comes from the zero-rung
ladder diagram. Hence, the leading ladder diagrams of the Pillow channels of the
color ¢y are given by

Fpe,- =0, (5.65)
7, - F - F (5.66)
Poenat ™ 10 Kpas Pma+,0 = 7 K. +,0 .
1 1
Fp=c1,s— 1— Kps_ Fp-s-p0 m}——,o- (5.67)
Fpt,-=0, (5.68)
1 1
v =——7F =——F_ 5.69
Pter,a+ 1— KP,A-i- P+,A4,0 1— K_,.F ;00 ( )
1 1
.FPJr,cl,S— 1— vas, ‘FP+,S—,0 = = K+ -7:+,0- (570)

On the other hand, we obtain those of the other colors ¢, (m =2,3,--- ,q—1):
1 1

f _ — 7‘F _ = _ . 1
P sCmy,— 1 _ KP7_ P ,7,0 1 _ K_,’_‘F 70, (5 7 )

1 1
F = S = — 5.72
Pram— = T jp P01 K+f+,0, (5.72)
FPF cpoat = FPFeps— = 0. (5.73)
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Note that the ladder diagrams Fp- , 14, Fpt - and Fpi . _ (m # 1) are the
same as the anti-symmetric channel of the SYK model with SO(M) global symmetry,
and the other non-zero ladder diagrams Fp- . o, Fp+ ¢ aq and Fp- o _ (m # 1)
are analogous to the symmetric channel of the SYK model with global symmetry.

According to the analysis in section 4.2, when evaluating the out-of-time-ordered corre-
lator, one can expect that there will be no exponential growth except for the linear growth
in various channels which are analogous to anti-symmetric channel in the SYK model with
SO(M) global symmetry.

In [53], it was shown that although there is no exponential growth in the large N
leading ladder diagram of the Pillow channel, the subleading ladder diagram of the Pillow
channel would grow exponentially with the growth rate %” Recall that the leading ladder
diagram of the Pillow channel consists of dipoles of the same color as that of the Pillow.
The rest of combinations are subleading. I.e., broken ladder diagrams of order O(N9~2).
Note that the anti-symmetric part of the external O(V) indices in the Pillow channels will
not give a contribution to the broken ladder diagram because of the O(N) tensor structure
of the dipoles. Hence, for the broken ladder diagrams of color ¢,,, one may consider the
symmetric part of the external O (V) indices of color ¢, in the Pillow channels. By summing
up those subleading dipoles of order O(NY9~2), we have

00 q—1 n 00
subleadin n
Fpiem = Z Dy | Fp-p— Z(Dcm) Fpr-o
n=0 \k=1

n=0
1 1

_ _ 74
i e ol (5.74)

where m = 1,2,--- ,¢ — 1 and we used Fp- g = Fo. This seems suggest that the sub-
leading ladder diagram grows exponentially with %” rate. But, one also has to consider
other contributions which has not been considered. Namely, in rank-3 tensor model, this
subleading ladder diagram is suppressed by the non-melonic diagrams which has not been
evaluated yet. However, in rank (¢ — 1) tensor model, [53] showed that the order N of the
(melonic) ladder diagrams of both Cooper and Pillow Channel increases with ¢ while the
order N of the non-melonic diagrams do not. Schematically, the order NV of the four point

function of Cooper and Pillow channels are given [53] by

Fo~ N2@ Dy apy NITLFgns + N*(Non-melonic) , (5.75)
leading disconnected ladder
2(¢g—1)—1 q Tleading q—2 Tsubleading 4 :
Fp.~N Yatba + NIFS + NT*Fp + N*(Non-melonic) . (5.76)
- ~~ —— —
leading disconnected leading ladder subleading ladder

Therefore, for ¢ > 6, the non-melonic diagrams are suppressed by the ladder diagrams
in (5.74) which are indeed the subleading contributions to the ladder diagrams of the
Pillow channel and grow exponentially with maximal growth ratio %”

This maximal growth in subleading ladder diagram could be explained by assuming

that there exists the Schwarzian effective action. The effective action of the tensor models
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has not been derived yet because there are too many invariant operators and we do not
have collective action for the tensor model. Nevertheless, one can expect Schwarzian action
for the tensor model because the pattern of symmetry breaking is reminiscent to that of
the SYK model. If exists, the effective action is proportional to N9~'. Then, one may
estimate the long time behavior of each channel by using method discussed in section 4.1.
Recalling the tensor structure of the leading disconnected diagrams (5.14) and (5.15), one
can immediately conclude that the singlet Cooper and singlet Pillow channel will grow
exponentially with maximal growth rate %” as in the SYK model. Furthermore, when
we evaluate this exponential growth from the leading disconnected diagrams, the order
N of them are decreased by N9~! which is the N scaling of the effective action. Hence,
from (5.75) and (5.76), one can see that this exponential growth is of order O(N9~1) for
the singlet Cooper channel and is of order O(N?~2) for the singlet Pillow channel, which
is consistent with (5.74).

However, we do not claim that the Pillow channel saturate chaos bound because we
have not considered 6%7 correction to the leading ladder diagram. The Cooper channel does
saturate chaos bound since the leading ladder diagram has maximal Lyapunov exponent.
On contrary, the leading ladder diagram of the Pillow channel does not grow exponentially,
and one has to consider the 1/3J corrections which is higher order than the subleading
ladder diagram in N. Unless one proves that all 1/87 corrections do not grow exponen-
tially, one cannot conclude that the Pillow channel saturate the chaos bound because of
the 1/N subleading ladder diagram. Our claim is that there exists exponentially growing
terms with maximal growth ratio which comes from the effective action if the effective
action exists.

6 3D gravity: g =4

It is highly interesting to investigate the holographic dual of the SYK model. The low
energy modes have been captured in the dilaton gravity [7] and the Liouville theory [8]
in the context of 2D gravity. On the other hand, the non-zero modes of the SYK model
suggest an infinite tower of particles in the matter sector. In [9], for ¢ = 4 case, this infinite
tower of particles was interpreted as Kaluza-Klein modes from 3D gravity. In our model
with global symmetry, we have obtained additional infinite towers of spectrums. Hence,
following [9], we will also interpret them as Kaluza-Klein modes.

In section 3.1, we have found the spectrum of our model. In particular, the spectrum
of the ¢ = 4 case is determined by simple trigonometrc functions:

3 tan TR
.,  (m=0,1,2--): —szl, (6.1)
m
At
COt TTPm
p?n—’— (m:O>1727"'): 22?7/;3_:17 (62)
m
S
tan Z2m-
pf); (m207172)"'): _753_
20m,
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where we used p,, = h,, — % and similar for pAt and pS;. For this case, we will briefly

extend the conjecture by [9] on the 3D bulk dual of the SYK model. [9] interpreted the
spectrum of the SYK model as the Kaluza-Klein modes of the three-dimensional scalar
field. For this, let us begin by a simple quantum mechanical problem [9]: two Schrodinger
equations with delta function potentials

(=05 +V=6(y)] f+(y) = E f+(y) (1=1,2) (6.4)
where the coordinate y is restricted to an interval:
—LSy<sL. (6.5)
At the boundary y = +L, we demand different boundary conditions:

f-(£L)=0: Dirichlet , (6.6)
fl(£L)=0:  Neumann.

For these boundary conditions, general solutions with even parity can be written as

) Asinp~(y - L) (O=y=1L)

= { Asinp(y+I) (~L<y<0) 09
_ J Beospt(y—L) (0=y=1I)

Frw) = { Beosp*(y+ L) (-L=y=0) (09

where the normalization is given by

2p~ 2pt
A= B= . 6.10
\/Zp—L —sin(2p L)’ \/2p+L Fsin(2pt L) (6.10)

The continuity condition at y = 0 leads to quantization condition:

2
—7119‘ =tanp L, (6.11)

2
—p" =cotp L. (6.12)

Va

By choosing
T

L=g, V-=3, V=1, V=1, (6.13)

one can get the spectrum p;, in (6.1), pAt in (6.2) and pS; in (6.3). To make contact
with the SYK model, we generalize the action of the three-dimensional scalar fields in the
near-horizon limit of a charged extremal BTZ black hole proposed by [9]:

1
Sip = 4 [ oGl (6" 0p0 200~ w202 ~v_5a2)

1
+3 /dgaj lg] [—gBC(?BCDA+8CQ>A+ —mi ®%, — Vard(y) @3]

1
+ ) /dgx lg] [—QBCaB‘I)s—aC‘I’S— —mi_®F_ - VS—‘S(?J)(I)g—] ) (6.14)
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where three-dimensional metric is given by
- 1
ds?® = Gudatdz” + dy? = ] (—dt2 + dzz) + dy?. (6.15)

Note that we choose the constant dilaton ¢g = 1 for simplicity, which is enough for our
discussion.'® We also demand the boundary condition on the boundary y = +L:

O_(t,z;y==+L) =0, OyPat(t,zs;y=%xL)=0, Ps_(t,z;y==xL)=0. (6.16)

Using the function f(y) with suitable normalization, one can decompose the
three-dimensional scalar field into a tower of the Kaluza-Klein modes [9]:

o0
@1(25, zZ3 y) = Z d)%m(t? Z)fi,m(y) . (6'17)
m=0
If we choose the mass to be the BF mass bound m2 = —2 19], the action can be written as

1 & 1
S3p = 5 Z:O/dzx |91 [—g“”@uqﬁ_’m&,qﬁ_,m - <(pr_n)2 - 4> qﬁ,m}
+1§:/fmA1—ww¢ Oubnmn — ()~ 1) &
5 2 g g uPa+mOpPa+m DPm 4 A+,m

+ % Z /dzx\/@ |:_§“yau¢s—,m8u¢s—,m - <(p§n_)2 - i) Qﬁ_}m} . (6.18)
m=0

It was shown in [9] that the propagators of the three-dimensional scalar field,
(®_(t,2;0)2_(t, 2, 0)) (6.19)

agrees with the four point function of the SYK model. In this proof, the following identity
plays a crucial role in transform the residue of ﬁ at v = p,, to the square of eigenfunction
at y =0:
€S = — -
vmpm L= k- (v+3)  [(pm)2 + (3/2)2] [7pm —sin(pm)]  2pm”

Likewise, by using the identity

(0)f~m(0). (6.20)

os k‘A+ (V_‘_%) _ (pg;")z _ f+,m(0)f+7m(0) (6 21)
v=pit 1=kaq (v+3)  [(on")2+(1/2)?] [mpi’ +sin(mpit)] 2p o

o Fs=(vt3) (Pr) _ S-m(0)f-m(0)
V}:{pﬁ;l—k‘s, (V—I—%) n [(p?nf)2+(1/2)2} [Wpf‘{fsin(ﬂpfn*)} N 205 ’ (6.22)

one can easily see that the anti-symmetric and symmetric channel correlation functions
agree with
(Bai(t,2;0)Pa4 (Y, 250)), (Ps—(t,2;0)Ps_(¢',2";0)), (6.23)

131n fact, the 2 correction to the constant dilaton provides a strong evidence for the conjecture. But, we
will not discuss in detail in this paper, and refer the readers [9] for the details.
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respectively. We leave the further analysis related to 1/J correction, which was carried out
in [9], for the future work.

Now, we will consider an action for the three-dimensional scalar fields similar to (6.14),
which does not have delta function potential. This is not a new approach at all, but we
follow the same idea as in [9], and elaborate it with Robin boundary condition. Let us
consider the following action for three scalar fields in AdSy x I:

1 1
Sy = /d%dyx/ g [—29308]3(1)_60(1)_ — (RP% — EchaB(I)A-I-aC’(I)A-‘r — (RP%

1
+ / d*xdy/|g| [—2gBCaB<1>Sva>S — (R®2_ (6.24)
where the metric is the same as before (6.15), but we chose a different range of the extra
coordinate:
0sy=1L. (6.25)
When ¢ = 1—16, this action is invariant under the Weyl transformation
gpc  — Dgpc, (6.26)
D, Dy, Ds. — Q2D Q2 QT Idg . (6.27)

Now, we impose boundary conditions at y = +L. Note that the Dirichlet boundary
condition is invariant under the Weyl transformation while the Neumann condition is not:

O(t,z;90) =0 —  @(t,2;50) =0, (6.28)

1
081, 210)l,yy =0 > BBy, 5 (108w, Bt 250)=0.  (6.29)

Y=Yo
For the invariant boundary condition, we consider the following Robin boundary condition:
(E(y) + 0y) @(t, 2 9)],—,, = 0. (6.30)

This Robin boundary condition is invariant under the Weyl transformation if Z(y) also
transforms as [68, 69]

=) — )+ (01050)],_,, - (6.31)

We demand the following Robin boundary condition assuming that there exists a suitable =:
D150 =0, 92 (1my)l, -2 (h5L)=0,  (632)

0Pt 50)lg =0, O@as(t 50|,y — 5 Pas(t D) =0, (633)

Do (1,20) =0, 0Dy (L), - %@S,(t, “L)=0.  (634)

One can repeat the same calculations as before, and obtain the same result. For this case,
the odd parity solution in the previous KK modes is naturally excluded. Furthermore, the
to Ricci scalar R = —2 of AdS, leads to m2 = —. Note that we switch the boundary
conditions at y = 0 and y = L for simplicity. Hence, the correlation functions of the 3D
scalar field evaluated at y = L will agree with the correlation functions of our model.
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7 Conclusion

We have explored the SYK model and the SYK-like tensor model with global symmetry.
The global symmetry is enhanced to local symmetry at strong coupling limit. Furthermore,
the emergent local symmetry together with the reparametrization symmetry is sponta-
neously broken by the large N classical solution as well as explicitly broken by the kinetic
term of the action. This leads to Pseudo-Nambu-Goldstone bosons and the corresponding
low energy effective action is found to be a sum of the Schwarzian action and the action of
a particle on the group manifold. In both SYK and tensor models with global symmetry,
the four point functions have a richer structure, and we have additional infinite towers
of spectrum. For the SYK model, the singlet channel four point function saturates the
chaos bound'* due to the zero mode of reparametrization. On the other hand, the anti-
symmetric channel does not grow exponentially, but shows a linear growth of which the
leading contribution comes from the zero mode of the local SO(M) symmetry. Moreover,
there is no contribution of the effective action to the symmetric channel, and it does not
exhibit exponential growth.

For the tensor model with global symmetry, we first consider the rank-3 tensor model,
and generalize it into rank-(¢ — 1) tensor model by using “uncoloring” process [53]. We
showed that the Cooper channel exhibits a similar result as in the SYK model with global
symmetry. The Pillow channel does not grow exponentially at the leading order in large
N. However, for the rank-(¢ — 1) tensor model (¢ > 6), the subleading ladder diagram
in N shows exponential growth with growth rate %’r We also extended the 3D gravity
conjecture [9], and confirm that the Kaluza-Klein modes could phenomenologically explain
the various spectra of our model for g = 4 case.

Here, we describe future directions and questions that remain to be addressed:

e One can also consider a large N classical solution which break global SO(M) group.
The saddle point equation (2.16) implies that such a solution should be proportional
to a matrix of which square is the identity matrix. Hence, after diagonalization, the
general solution can be written as

I, 0

W (11,m2) = ( 0 Iy
—m

) Ve (71, T2) (7.1)

where 0 < m < M, and v is the same as (2.20). We leave this for future work.

e It is interesting to study the central extension of diff(S') x ¢ and the corresponding
coadjoint orbit action explicitly. Furthermore, the generalization to VW symmetry is
highly interesting.

e In a tensor model with global symmetry, the leading ladder diagram of the Pillow
channel does not have exponential growth while the subleading ladder diagram in N
does grow exponentially with maximal growth rate as mentioned above. In order to

1Not all singlet channel saturate chaos bound. See U(M) case in appendix B.
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prove that the Pillow channel also saturates the chaos bound, one need to show that
the 5%7 correction to the leading ladder diagram does not grow exponentially. We
also leave this for future work.
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A Generalized collective action: Schur polynomial

In this appendix, we will study a general form of the SO(M) invariant actions for ¢ =
2@ case:

Sk = / dr |X0X" 42D chp(p)Jiy..igX XYW L x T 0ey i (A1)

PESy
where we omitted the summation over SO(N) index i’s and SO(M) index a’s. And, chg(p)
denotes the Sg character of p € Sg in the representation R. Since we do not assume any

symmetry of the random coupling constant J; one might expect S, permutation of ¢

Lomig)
SO(N) indices'® rather than Sy = q/2- After a disorder average of the random coupling
constant J;...;,, not all interactions give distinct results, and therefore it is enough to
consider Sq = S,/ permutations in (A.1). As before, we will treat J;,..;, as an additional
non-dynamical field and will perform the disorder average over the Gaussian distribution

given by

N9~1(q!)? dimg (R)
eXp - J2M dimSQ(R) ZZ ) le qu 11 Zq . (A.Q)
=
Here, dimg (R) denotes the dimension of the representation R of the corresponding group G.
After the disorder average, we use the following generalized orthogonality of the characters

to obtain the collective action:

Z chR(gh)ChS(g_l) =I0Rs
geG

ChR(h)
ChR<1)

’é’ (A.3)

5More precisely, there would be % independent SO(M) invariant interactions.
22 (41

3)!
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where |G| is the dimension of group G, and R and S are irreducible representation. Then,
one can show that the bi-local collective action is

NM.J?

N
T —D*W 4+ log W] — —
Seot.p = 5 T [=D* W + log ] 4g dima(R)

[ dndrs Pal-¥(n )W) (A4)
where Pr(x) is the Schur polynomial of  corresponding to the representation R, and the
bi-local field W (71, 72) is defined as before:

N
[ ()] = £ X () () (A.5)
=1

One may also consider the generic configuration of SO(M) indices. For this case, the
interactions are decomposed into irreducible representations of Sg. This also leads to the
decomposition of J;,...;, into the irreducible representations which are transpose'® of the
representations appearing in the decomposition of the SO(M) indices. Then, the random
coupling constant in each representation are averaged separately. Hence, one can obtain
a linear combination of the Schur polynomials corresponding to each representation with
positive coefficients.

Now, by varying the collective action with respect to the bi-local field, one can obtain
the large N saddle-point equation which corresponds to the Schwinger-Dyson equation for
the two point function of the fermions. We also take the SO(M) invariant ansatz

W = Ipy(m1,12), (A.6)
and the saddle-point equation is reduced to that of the original SYK model:
T[] (11, 73) * (73, T2) = —0(T12) - (A7)
Hence, as before, the solution is given by

sgn(m — 72)

1/)01(7'1,’7'2) :A |T1 _7-2|2A (AS)
where the constant A is defined by
1 1 T
J?*ANig = ( — ) tan — . A9
> 4 . (A.9)

Now, one can repeat the same analysis as in section 2.1. We expand the bi-local field
around the large NN classical solution

W(11,72) = Iy(11,m2) + \/zn(ﬁﬂ?) + \/ECA(T:[)TQ) + \/gcs(ﬁﬂ'z) (A.10)

1For example, one can treat the original SYK model as if the only possible o is 1. Then, the only

possible representation is Young tableau with one row (fully symmetric one). Then, the coupling constant
Ji,...q which corresponds to Young tableau with one column (fully anti-symmetric one) will survive.
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where the singlet, the anti-symmetric and the symmetric fluctuations are given by
1
n(r1,72) = ﬁn(ﬁ,m) I,
1 1
i) = p=GinwTt (a=1ee GMOr-1) (A1)

CS(Tlv 7-2) =

1 1
\/ECS(TLTQ)TZ (a:17a2M(M+1)—1> .

Then, we consider the quadratic action from the large N expansion of the collective action
around the classical solution:

1
Seot,t [ @ar+v/2/N (+C )| = NSO o4 S5 . sG] +ﬁ5§§3,3[n, CanCsl oo
(A.12)

Since the classical solution is proportional to the identity matrix, the calculation for the
quadratic action is straightforward as before. In particular, using the fact that the Schur
polynomial of the identity matrix is equal to the dimension of the representation i.e.,

Pr(I) = dimg(R) (A.13)

we obtain exactly the same quadratic action as in section 2.1:
5 p=—gtr (W smxgtsn) ~ L7 [ andnfa(n ), ), n)
col,LR~ 75 ol XN*YP *1n B T1AT2 Pl (T1, T2 n\T1,T2)N\T1, T2

b (g + )+ 57 [ dndn Waln I m) )

—;u:r(w':_ll*gg*wc_ll*gg)—;JQ/dTldTQ [wcl(ThTQ)]q72Cg(T1,TQ)Cg(Tl,Tz) (A.14)

Hence, up to quadratic level, one can expect the same physics as before (e.g., Pseudo-
Nambu-Goldstone boson, spectrum, out-of-time-ordered correlators, Lyapunov exponent
etc.). The difference might begin to appear in the cubic interactions of the bi-local fields
which are related to the 6-point function of the fermions.

B SYK model with U(M) global symmetry

In this appendix, we present the generalization of our model with U(M) global symmetry.
The generalization is straightforward, and the most calculations are parallel to the SO(M)
case. Hence, we do not repeat the same calculations and briefly show the result.

Let us star with NM complex fermions

X)), XialT) (i=1,2---,N and a=1,2,--- , M) (B.1)

where x® (and, ¥'*) transform in the fundamental(and, anti-fundamental, respectively)
representations of U(N) and U(M).
We consider the simplest ¢ = 2q complex SYK model with U(M) global symmetry:

S = /dT [XiaaTXia + lequz'r--iqxilal o 'Xiqaq2j1a1 e quaq] (B.2)
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where the summation over U(N) indices i’s and U(M) indices j’s are omitted. le“'jﬂil...z-q
denotes the random coupling constant with Gaussian distribution:

M3-1Na-1 -
[1 e |- i I Ty | - (B.3)

Note that the reality of the action requires “Hermitian” condition of the random coupling
constant, i.e.,
lequiy“iq = Jll"'lqjlqu s (B4)

and we will not demand any other symmetries of J7'"Ja; ..; as in the SO(M) case. After
the disorder average, we have the bi-local collective action for the case of U(M):

NJ?

Scol :NTY [—D*lII—i-lOg‘Il] — W

/dﬁdTg ltr (— @ (r, )@ (r2, 7 )% . (B.5)

Here, we also defined the bi-local field as follow.

N
1 4
Uy (71,72) = 37 D X' ()i (). (B.6)
i=1

and, we also introduce the M x M matrix notation ¥ (1, 72) for the bi-local field:
(O(71,72))" o, = ¥ 0y (71, 72) . (B.7)

For the U(M) case, the bi-local field ¥ ,,(71,72) also have a symmetry analogous to
anti-symmetry of the SO(M) case (2.4): ¥, (71, 72) is a “Hermitian” as a matrix in the
(11, 001; T2, (r2) space, i.e.,

\I/ala2(7'1,7'2) :\I/a2al(7'2,7'1). (B.S)

Furthermore, the fermions transforms in the fundamental and anti-fundamental represen-
tation, the bi-local field can be decomposed into the singlet and the adjoint representation:

(] ® [ |= (singlet) @ (adjoint). (B.9)

Also, note that Ntr log ¥ in (B.5) comes from the Jacobian in Hubbard-Stratonovich type
transformation to the bi-local field [24, 30, 63] where we have the overall factor IV instead
of % because of complex vector field.

Now, let us consider the large N classical solution. For this, we vary the collective
action (B.5) with respect to the bi-local field. We have

— (D@‘I’cl)(Tl,TQ) + I(S(Tl — 7'2)
J2

b

/dTg [—tr (‘I’cl(7'177'3)‘1’cl(7’3,Tl))]q_l ‘I’Cl(Tl,Tg)‘I’cl(Tg,Tg) =0 (B.lO)

where we multiplied another bi-local fields after the variation. We take U(M) invariant
ansatz:

W (11, 72) = I (11, T2) , (B.11)
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and the large N saddle point equation becomes the Schwinger-Dyson equaiton for the
complex SYK model:

— (Dxtp) (11, 72) +6 (11 —72) +J* /d73 (Ve (71, 73) e (73, 7] et (71, 73) e (3, 72) =0
(B.12)
At strong coupling limit |J¢| > 1, one can drop the first term which comes from the kinetic
term, and a general solution [27] is given by

sgn (712) + tanh 7€

Yer(T1,72) ~ (B.13)

|71 — 12|22
where £ is “spectral asymmetry” introduced by [27], which appear because the classical
solution need not to be anti-symmetric unlike the real SYK model. It plays an important
role in thermodynamics of the complex SYK model. However, in this paper, we consider the
anti-symmetric solution £ = 0 (the particle-hole symmetric case) for simplicity, and leave
the thermodynamics of the generic £ # 0 case for future work. Then, the (anti-symmetric)
classical solution is the same as before:

W (1, m) = Awl (B.14)
|T12] 7
where A is defined by
9 1 1 T
JNr = (- ——)tan—. (B.15)
2 q q
We expand the bi-local field around the large N classical solution:
1 1
U(71,72) = Ipa(71,72) + —=n(71, 72) + —=C((71,T2) (B.16)

VN VN

where the singlet and the adjoint fluctuation can be written as

77(71,7'2)1 Ca(T1,72)

"7(7—177—2) = \/M ) \/ﬂ

where T is the su(M) generator of which normalization is given by

C(r,m) = T (a=1, - ,dim(su(M))), (B.17)

tr (T°T) = 2x6% (B.18)

where x = M is the Dynkin index of the adjoint representation which equals to the dual
Coxeter number of the SU(M). Let us consider the complex conjugate of the bi-local
fluctuations. Omne can easily see that the complex conjuate of both the singlet and the
adjoint fluctuations becomes

?7(7'1,7'2):7](7'2,7'1), Ca(Tl,TQ) :Ca<7—2,7'1). (Blg)

Note the SU(M) case do not have other symmetry property such as (3.6) and (3.8). Using
this complex conjugate, one can obtain the quadratic action from the large N expansion
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of the collective action (B.5):
1 .
Sgl) = _§&T (wdl*n*¢d1*n)+;JQ/dTld7'2[@Z}cl(Tl77'2)}(]_277(7_177'2)77(7-1’7_2)
—1
—02J2/d7'1d72[¢c1(71,72)]q27](71772)77(71772)
1 1 _—
—Q&W(wtgl*g“*w;*gaw2J2/d71dr2 [¢cl(71,Tg)]q_zca(ﬁ,Tg)(“(Tl,TQ). (B.20)

To see explicit analogy to the SO(M) case, we further decompose the bi-local fluctuations
into symmetric and anti-symmetric components under 71 <> 72 (or, real and imaginary com-
ponents).

n(11, 72) = 104 (11, 72) + 0 (11, 72), (B.21)
¢ (i, m2) = CL(T1,m2) + ¢4 (71, T2) (B.22)

where 14 and (¢ are real, and satify

N+ (11, 72) = £nx(m2, 1), (E(11,72) = £(E (12, 71) . (B.23)

Hence, the quadratic action can be decomposed as follow.

S8 =gt (Wt xvgtens) 402 [ dndmafia(n, )t (e (.7
—;&T(@Zﬁdl*ﬂ*%l*ﬁ)—q;1J2/dﬁde[wcz(ThTz)]q_QU(71772)71(71772)
_;[t““(lﬁc_zl*Ci*lﬁc_zl*Ci)Jr;ﬁ/dTldT? (e (71, 72)]7 2L (11, 72)CY (71, 72)
_;[t”“(iﬂc_zl*ﬁ*wc_ll*(f)_;‘]z/dﬁdm [Yer(71,72)]972C (11, 72)¢% (11,72) . (B.24)

Note that n_ and (_ correspond to the singlet and symmetric irrep fluctuations of the
SO(M) case, respectively. Moreover, 4 and (} are analogous to the anti-symmetric irrep
fluctuation of the SO(M) case. Therefore, one can repeat the same analysis as in sec-
tion 2~4 and section 6 (i.e., the spectrum, correlation functions, the low energy effective
actions, chaos and 3D gravity, etc.). Also, note that the lowest mode of the 7y is related
to the broken 4(1) symmetry which is a part of 4(M) symmetry.

It is also straightforward to generalize the diffeomorphism and the Kac-Moody algebra
discussed in section 2.3 to the U(M) case. At strong coupling limit, we have emergent
reparametrization and the local U(M ) symmetry. These local symmetry is spontaneously
broken by the classical solution as well as explicitly broken by the kinetic term of the
collective action. Hence, we will have the effective actions related to the reparametrization
and the local 4(M) symmetry. They are of the same form as those of SO(M) case in
section 4.1. Furthermore, one can also repeat the analysis of the chaos in section 4, and
one can see that the singlet channel will saturate the chaos bound because of the Schwarzian
effective action, and the adjoint channel will not. Furthermore, the zero mode from the
broken local 4(M) symmetry will not give any exponential growth.
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C Eigenfunctions of quadratic action

In this appendix, we will study eigenfunctions of the quadratic action S(E?;l) in (3.10). Recall
that the classical solution ¥.; (2.20) is invariant under SL(2, R). Thus, one can easily check
that the quadratic action, which is consist of 1;’s, commutes with the Casimir of SL(2, R)
as well as the conformal generators up to total derivative. Therefore, we first diagonalize
the Casimir of SL(2,R) to find eingenfunctions of the quadratic action.

For the bi-local field, it is natural to define the bi-local conformal generators P, D, K:
P=P1+Py, D=D1+Dy, K=Ki+Ks (Cl)

where each generator is given by

P1=0r, P =0y, (C2)
Dy =107 + ;, Dy = 120, + ; , (C.3)
K= 7'12871 + 371, Ko = 7'22372 + 27'2 . (C4)
Using the bi-local map
t=S(rt+m), c=o(n-m), (C.5)

2 2
one can write the corresponding SL(2,R) Casimir in terms of (¢, z) coordinates:

1 4 2 4
— 2 _ 2(_92 | 52
C=D —§(PIC+/CP)—?—§+§28,Z+Z(—8t+3z). (C.6)
In order to find eigenfunctions u(t, z) of the Casimir i.e.,
Cu(t, z) = Au(t, z), (C.7)

we diagoanalize the bi-local generator P. Then, with ansatz f(¢t,z) ~ e*mz%_%, the
differential equation (C.7) is reduced to the Bessel’s differential equation for f(z). Hence,
the eigenfunction of the Casimir is a linear combination of two Bessel functions, J, (wz) and
J_,(wz) with the corresponding eigenvalue A of the Casimir being v — %. Furthermore,
by change of variable x = logwz, this Bessel’s differential equation can be understood as
a Schrodinger-like equation with potential V (z) = —e?*, and the corresponding energy is
—v2. [3] argued that there are a continuum spectrum for the positive energy (v = ir and
r 2 0), and there are also discrete states with negative energy (v: real.) Therefore, the
form of eigenfunction can be written as

v=ir (r=0)

v : discrete real number

ot w) = €22 70 (J, (w2) + ey Ty (w2)) { (C.8)

where ¢, is a constant. To determine v and c,, we consider boundary conditions. Because
the eigenfunctions are symmetric or anti-symmetric under 71 <> 7o (or, equivalently,
z — —z) (e.g., see (3.6) and (3.8)), one can restrict to z > 0 space. Then, we demand
UV/IR boundary conditions.
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First, we demand IR boundary condition in which the eigenfunction behave either
sinz or cosz as z —> oo. For now, we do not have a good argument to justify this
boundary condition. However, even if we do not demand this IR boundary condition, one
can determine the relative coefficient of the J,(z) and J_,(z) by direct calculations of the
integration. And, the resulting coefficients agree with what one can obtain from the IR
boundary condition. Hence, for the pedagogical purpose, we first demand the IR boundary
condition. As z — 00, the eigenfunction asymptote to

Ju(z)+ad_y(z) = \/Z (cos%(u—i— 1/2) + ¢y sing(l/—k 1/2)) cos z
2 T ™ .
—|—\/;<31n2(1/—|—1/2)+c,,cos2(1/+1/2)> sinz. (C.9)

By demanding either sin z or cos z, one can determine the coefficient &:

Zi(2) = du(2) + & d-u(2), & = tany +1 , (C.10)

T
tan 5 =

and, their asymptotic behaviors are
(C.11)

In addition, the eigenfunction should be regular as z — 0 (UV boundary condition).
Since J_, diverges at z — 0 for the case of the discrete spectrum, this term should be
vanishes. Hence, noting the following identities

Sty =00 & (i) =0 (=012, (C12)

one can obtain the quantization condition of the discrete spectrum:

Z,(2): V:2TL—|-% (n=0,1,2,---), (C.13)
Z1(2) : V:2n+% (n=0,1,2,--+), (C.14)

and, thus, we have
Z;H%(z) = J2n+%(z), Z;L+%(z) = J2n+%(2). (C.15)

Now, using the properties of the singlet and anti-symmetric fluctuations, we will find
their eigenfunctions. First, we found that the singlet/anti-symmetric fluctuation is anti-
symmetric/symmetric under 71,7 (or, equivalently z — —z), respectively. Furthermore,
the singlet fluctuation have the reparametrization zero mode (h = 2 or v = %), and the
anti-symmetric(adjoint) fluctuation is related to SO(M) zero mode (h = 1 or v = 3).

Hence, these two properties determine the eigenfunction up to normalization, i.e.,

1 12 o+ 3 =0,1,
Upa(t,2) = ——e~lsgn (2) 23 2 (wel), v={ T2 ) (cae)
V8r ir (r=0)
1 . 1_2 2 +l _0717
W) = ——e o g (), w={ T2 ) e
V8T ir (r20)

Note that the symmetric irrep fluctuation is analogous to the singlet one.

— 61 —



Finally, we briefly present the integrals to evaluate the important identity in (3.27)
which relate 4, to u],:

1
Vei *u *’L/Jcl = k+(h) (h =v+ 2> . (018)
In particular, we will show w},, case explicitly because the other has been discussed in the
original SYK models. We claim that
b, (t2) = J? [t + z,t — 2)]7 2wt (L, 2) . (C.19)
The Lh.s. of (C.18) can be written as (up to trivial factors)

3

2
o—tw|z— Zo‘tsgn (1- t)sgn (1+t)‘2| 2Tz Z;) (Jwz|)

(Lhs. ) ~e Wt / dtdz (C.20)

121z~ zo] "

Ne_i“’toél/d z]_2+qZ+ \wz] / gt cos\w z— zo ]t / it cos]w z— zo)|t
’Z Zo’q l‘q 1‘q

where we used

1 1
t= 5(7’3 +71), z= 5(73 —T4), (C.21)
1 1
t055(71+7'2), 2055(7'1—7'2). (0.22)
Then, using the integral formula
o 2\" 1
/ dt (2% — 1)”*% cos ar = VT <) r <1/ + > Y_,(a), (C.23)
1 2 \a 2
! 2\" 1
/ dx (1 — xQ)V*% cos ar = \/27? <> r <1/ + 2> Ju(a), (C.24)
0 a

we have (up to trivial factors)

(Lhs. ) ~ / dz fwzl "2 0 Z5 (lwalw(z—20)12 "1 [Ty _2(jw(z = 20))) + Yz_y (w(z = 2)))]
(C.25)

Now, one can consider the Fourier modes of the three Bessel functions by using the following

_2 1
q 2

integral formula.

, 2'r(3) 11 1
dw ™|z T (|2]) = — =2 F (5, 5+v, 5:0")0(1=Ipl),
/ r(l-v) ‘272772

DT 1/ 21+VF(1+1/) .
[z ial (e = = 00— [pl)-sinmoo(lpl-1).
VAl 17+
21+ur(1+u+y) ) Lt 1
2 [ dele s, el cospe = F< e Lo ”,2,p2)0<1—|p|>
o

V—u+1)

[\V]

22T (1+p+v)cos [5(1+p+v)]
[(v+1)[p|t ety

1+p+v 24+p+v 1
F 1;— | 6(|p|—1
(P B LY ol
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Also, one can evaluate the Fourier modes of the r.h.s. of (C.18). By comparing the Fourier
mode on the both sides, one can prove (C.18) with k4 (k) (h=v+ 3) in (3.31)

D Zero mode eigenfunctions

In section 4.1, we utilized the zero mode eigenfunctions related to the Kac-Moody alge-
bra and the reparametrization to evaluate the chaotic behavior of the out-of-time-ordered
correlators. In this appendix, we will shortly discuss the properties of the zero mode
eigenfunctions given by

s nbia
. nb2 sin nbi2
Ti’jaNSIDT’ Ti'\/ sz*ncos? (Dl)
tan =52
2

01+02)

where we omitted the normalization constant and % ( . In [5, 27], these zero eigen-

—2
functions were normalized by |¢cl]qT for the symmetric kernels:

sin 2012 1 sin 2012 nbis
The o CE 2 _ pcos—-= D.2
" sin g " sin g tan % 2 (D-2)
In this appendix, we are interested in the 615 dependence. Hence, we define
_ _ins Sinnz e Tsinnz
fin(r,z)=e ——,  fon(t,2)=—— —ncosnz (D.3)
sin z sinz |tannz
where 7 = 3(61 4 62) and z = 3(6; — 6>). By the inner product given by
9 2w ™
() = o [ dr ["ax g9, (D.4)
T Jo 0
the inner product of two functions are
<f1,ma fl,n> = 27Tn6m,n , (D'5)
27
<f2,ma f2,n> = ?n(nQ - 1)5m,na (D'G)
(fim, fan) =0. (D.7)
Now one can easily see the relation between two zero mode eigenfunctions:
fQ,n = 8Zfl,n . (D8)
Note that 0, = 0y, — 0p, is not part of the SL(2,R).
We construct a function f3,, by acting derivatives on fo ,:
_ L 1 2
f3,n = 8zf2,n + g(n - 1)f1,n = azf?,n + g(_aq- - 1)f1,n
—inT 1 2
S— [(1 - 3+.C(2)S$> $innw + 6n .+ 2n2 sin nw (D.9)
3sinx sin® x tan x
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where we included the second term in order to make f3,, orthogonal to fi,. Furthermore,
one can keep constructing such functions, e.g.,

4 4
fan =0 fan+ 1z (*=4) fon=0u fan+ 1z (~07=4) fom (D.10)
= —;S_ [(5cot3a:+25cotxcs02:1:—7cotm) sinnx
inx

+n(7—15cot? x—15csc? x) cosnx —12n? cot x sinna +2n> cosnz]. (D.11)

And, their inner products are found to be

(Frms fra) = 2mn6mn = Ny b (D.12)
(o Foae) = (0 = g = N (.13
s Faaw) = Tl = 102 = )0 = N (.14
(i fae) = Joen(n® = D0 = 90 = O = Nidur, (D15
(fsms form) =0 (for s # ' €{1,2,3,4}) . (D.16)

Now, we will repeat a calculation performed in section 4.1 where we evaluate the
long-time behavior of the out-of-time-ordered correlators from the effective action.

This construction aimed to guess a way to incorporate the larger symmetry than
reparametrization into the SYK model (e.g., W symmetry). For now, we assume that
there exists an effective action of f; modes with its eigenvalue of the quadratic action
being |n|. Then, the contribution to the out-of-time-ordered correlator can be obtain from
the following expression.

1
Fé= Z T fn(T 2)f5 (2 (D.17)
|\
In|zs

where N} is the normalization defined in (D.12)~(D.15). As in section 4.1, we will take
the particular configuration of 6’s
il
2 9y

and then perform the analytic continuation:

1 1
T':§(G3+94) = 7= g3 —01) = —2, (D.18)

o

1 27
T = 5(01 +62) = —?

z = %(91 — 92) = —T. (D.QO)

t, (D.19)

For t > 1, we have

FLt) ~t, (D.21)
Ft)~ed?, (D.22)
Py ~est, (D.23)
Fit) ~eBl (D.24)
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Note that F!(t) ~ t and F2(t) agree what we have obtained in section 4. However,
F3(t) ~ t and FA(t) violate the chaos bound [62]. This seems to be closely related!” to the
Lyapunov exponent 27(N — 1)/ of CFTs with higher spin current [70]. Hence, it would

be interesting to explore a generalized SYK model with an emergent W symmetry and its

relation to the higher spin gravity. We leave this for the future work.
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