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Introduction

The Sachdev-Ye-Kitaev (SYK) model was proposed in [1] and recently has been studied
vigorously not only in the context of AdS/CFT [2-5] but also in the context of non-
Fermi liquids [6-8]. The SYK model is a quantum mechanical model of N fermions with



disordered interaction. In large N diagrammatics, the dominance of “melonic” diagram
make the model solvable at strong coupling limit [2-5, 9-12]. Also, this model features
emergent reparametrization symmetry in the strict strong coupling limit after disorder
average [3, 4, 9-12]. This reparametrization symmetry is broken spontaneously and ex-
plicitly at strong but finite coupling limit, which leads to Schwarzian effective action for
Pseudo-Nambu-Goldstone modes [3, 4, 9-12]. Due to this mode, the SYK model is maxi-
mally chaotic, and the Lyapunov exponent of out-of-time-ordered correlator saturates chaos
bound [4, 11]. The same feature has been found in unitary quantum mechanical model
of fermi tensors without disorder [13-21]. In tensor models, the “melonic” diagrams also
dominate in large N, which leads to maximal chaos like the SYK model [13-15, 19]. This
maximal chaos [22-24] indicates that both quantum mechanical models could be dual to
gravity theory near horizon limit of extremal black hole, and the dual models have been
proposed to be dilaton gravity [25, 26], Liouville theories [27] and 3D gravity [28]. Be-
cause of these attractive features, the generalizations of the SYK and the tensor models
have been studied in various context (e.g., random matrix behavior [29-34], flavor [35, 36],
lattice generalization in higher dimensions [37-45], Schwarzian effective action [46-49] and
supersymmetry [50, 51], massive field instead of random coupling [52, 53], higher point
function [54] and 1/N corrections [55, 56].)

Most generalizations of the SYK model share the same feature: bi-local in time space.
This bi-local structure is naturally appears in SYK model because the SYK model is es-
sentially a large N vector model. One of the systematic analysis of such large N models
was introduced as collective field theory in [57], which captures invariant physical degrees
of freedom and provides the effective action thereof. The collective field theory has suc-
cessfully analyzed the large N models in the context of AdS/CFT [58-67]. Especially, a
bi-local collective field theory for three-dimensional U(N)/O(N) vector model gave rich
understanding of higher spin AdS;/CFT 3 correspondence [68-78]. However, in collective
field theory, the bi-local structure is not restricted to space-time. In general, one can con-
struct bi-local space of other abstract space in addition to spacetime. For example, in the
bi-local thermofield CFT [77], the bi-local field is given by W(z1, a;x2,b) where z1 and z2
corresponds to spacetime as usual. a,b(= 1,2) represents labels of two copies of system
in thermofield CFT, which corresponds to CFT lives on the left and right boundary of
eternal black hole. Furthermore, we have also constructed bi-local field ¥(7y, a; 2, b) from
the time (71, 72) and replica space (a,b=1,2,--- ,n) in the SYK model [10].

In this paper, we will develop the bi-local collective superfield theory!' for one-
dimensional vector model by constructing bi-local superspace, especially will focus on su-
persymmetric SYK model introduced by [50]. This bi-local collective superfield theory
enable us to analyze the effective action of SUSY SYK model in large N systematically.
Furthermore, in the bi-local collective theory, the matrix structure in the bi-local space
naturally appears so that the bi-local collective theory can be seen as a matrix theory in
the bi-local space. Hence, one can analyze the SUSY SYK model in the supermatrix for-
mulation. This supermatrix formulation drastically simplifies analysis. We find that A" =1

Note that the collective theory for large N supermatrix model was already studied in [79-81].



superconformal generators becomes simple matrices in the supermatrix formulation. We
also study the large N classical solution and the large N expansion of the collective action
of the N/ =1 SUSY SYK model. In particular, the quadratic action in large N expansion
can be easily diagonalized in the supermatrix formulations. Furthermore, the interaction
term in the SUSY SYK model can be understood as the inner product in the supermatrix
formulation. Furthermore, this also help diagonalize the rest of the quadratic action. We
also emphasize that our formulation is not restricted to the SUSY SYK model. We develop
a general framework to analyze large N SUSY vector models as supermatrix theory in the
bi-local superspace. Hence, this can be applied the generalization of the SUSY SYK models
as well as other SUSY vector models.

The outline of the paper is as follows. In section 2, we develop the bi-local collective
superfield theory for one-dimensional A" = 1 SUSY vector models, and we systematically
study the collective superfield theory for /Y = 1 SUSY SYK model. N = 1 bi-local
superconformal generators and eigenfunctions of superconformal Casimir is analyzed in
section 3. In section 4, using these eigenfunctions, we diagonalize the quadratic action of
the collective action for N'=1 SUSY SYK model in large N. In section 5, we also develop
the bi-local collective superfield thoery for N' = 2 SUSY vector models and discuss its
application to SYK model. In section 6, we give our conclusion and future work.

Note added: while this draft was under preparation, a related article [82, 83] appeared

in arXiv.

2 N =1 supersymmetric SYK model

2.1 Bi-local superspace, superfield and supermatrix

Let us start with doubling the superspace (7,6) to construct bi-local superspace:
(1,0)  —  (711,01;72,02) (2.1)
In this super bi-local space, superfields A can be expanded as
A(1y,015712,02) = Ag(11,72) + 01A1(T1,72) — Aa(T1,T2)02 — 01 A3(T1,72)02 (2.2)

where the lowest component Ay could be either Grassmannian even or odd. This choice
of the signs and the ordering of Grassmann variables will lead to a natural definition of
a supermatrix and its multiplication. Furthermore, it is useful to call the superfield A to
be Grassmannian odd (or, even) if the component A; and Ay are Grassmannian odd (or,
even, respectively). i.e.,

AT (11,01;79,02) = AT (11,72) + 01 AT (11, m0) — AT (11, 72)02 — 01 AT (11, 72)62 (2.3)

Note that the lowest component of Grassmannian odd superfield is a Grassmannian even
and vice versa. We will see later that this unusual definition is related to the fact that
the star product (matrix multiplication) in the bi-local superspace is a Grassmannian
odd operation.



Now, we define a star product (matrix multiplication) ® in the bi-local superspace of
two superfields A and B by

(A@B)(Tl,Hl;Tg,Hg)E/ A(7y,07;73,03)dr3dfsB(13, 03; 72, 02) (2.4)

where the star product x of the components fields is the usual matrix multiplication of
the bi-local space (11, 72). i.e., (A; x Bj)(11,72) = [ dr3 A;(11,73)B;(73,72). Note that we
place the (Grassmannian odd) measure between the two superfields to obtain a consistent
star product ® for all superfields. For example, the star product of two Grassmannian odd
superfields is

(A~®B7)(11,01;12,02) = / A" (71, 61;713,03)dT3d03 B (13, 03; T2, 62)

= (AJ x By + Ay xBy) + 01(A] * B] + Af «BJ) (2.5)
— (A * Bf + Ay x By )02 — 61(A] » Bf + AT x B )6>

This star product in bi-local superspace simplifies in the supermatrix formulation. We
represent the superfields A as a supermatrix as follow. i.e.,

AT AT
AT = L =73 2.
(Aoi A;) (2:6)

In this definition of supermatrix, Grassmannian odd (even) superfield corresponds to Grass-
mannian odd (even) supermatrix. e.g.,

A A
A= Ao +60; Ay +- = Lo
Nalg, ~— Ay As
Grassmannian Odd (Even) Grassmannian Even (Odd) ——
Grassmannian Even (Odd)
(2.7)
Then, the star product ® in the bi-local superspace becomes a simple matrix product:
Aq Ag By Bs
A®B)(11,01;79,600) = 2.8
(A®B)(71,01;72,02) <A0A2>®<3032 (2.8)

where the multiplication between component fields is the star product * in the bi-local
space (11,72). One can easily see that the identity supermatrix gives the expected delta
function in the bi-local superspace. i.e.,

L. 01: 70, 0) = (5(710— 72) 5(710— TZ)) = (01 — 02)6(m1 — ) (2.9)

Furthermore, the natural definition of the trace in the bi-local superspace is consistent with
the supertrace of a supermatrix. i.e.,

/d’l’ld915(7’12) [A()(Tl,TQ) + 91A1(7‘1,7‘2) — A2(7'1,7'2)91] =trAd; — (—1)"4“61"142 =strA
(2.10)



where (—1)I4l is 1 if the supermatrix A is Grassmannian even and (—1)I4l is —1 if A is
Grassmannian odd. Also, it is useful to define the superdeterminant (Berezinian) of the
supermatrix. For our formulation, since the supermatrix is not restrict to be Grassmannian
even, the supermatrix is defined by

Ber(A) = Ber (j; jz) (2.11)

Ber(A) = det(A; — A3A; T Ag) det(Ag) ™! (A: Grassmannian even)

Ber(JA) = det(Ag — Ag A3 A1) det(—A3)~™"  (A: Grassmannian odd)

where the constant supermatrix J is defined by

J = (—OI é) . (2.12)

2.2 Calculus of bi-local collective superfield and supermatrix

Before formulating the bi-local collective superfield theory, we clarify our conventions for
the calculus of superfields. First of all, we define the functional derivatives of the same
superfield by

Of(m0) _ /
_ (g _ _ 2.1
Sf (7,0 (0" —0)é(r" —7) (2.13)
We also define a change of variables and a chain rule for a superfield:
_ 1ot g 0 (7. 0)
0f(r,0) _/59(7 ,0")dT'do 597 0) (2.14)
4 _ [ 6g(=.0") . g

570~ ) orn) T e (219)

Note that we chose this unusual position of the Grassmannian odd measure to allow for
uniform formulation independent of whether f and g are Grassmannian odd or even. This
can easily be generalized to the bi-local collective superfields which could be Grassmannian
odd or even. For example, one can check that this definition is consistent with the change

of variables and the chain rule:

/ / / 6 o 9 / / /
Ofa(T,0) = /5f57' 0") dgéff 7;0/ /5fa7' 0\dr'do' (0" — 0)5(7" — 7)
(2.16)
5f,87 9/ ! 10/ 0 _ Y o INgap! g
T Z/ G Sty = [ O O =
(2.17)

where o runs over some complete basis.
Furthermore, let us consider a change of variables and a chain rule for the bi-local
superfield. In general, it is natural to define
5F(7—17 91) T2, 92)
0F (73,03;74,04)

= (03 — 01) (04 — 62)8(13 — 71)0(74 — T2) (2.18)



Note that the r.h.s. could be different depending on the symmetry of a superfield or su-
permatrix. Also, we find that the following convention for the change of variables and the
chain rule of the bi-local superfield is consistent.

OF (1,01;72,02)

F : = : 2.1

O0F (71,01;72,02) /(5G(Tg,93,74,94)d7’4d94d73d93 5G (7, 03 74, 01) (2.19)
1) 0G (73, 03;74,04) 1)

= 2.2

SF(ra, 000, 02) ) 5F(ry. 1m0, 02) T S o) (2:20)
For example, in this notation, we have

(5((F®G)(T1, 01; 19, 92)) = (5F®G)(T1, 01; 79, 92) + (F®5G)(7'1, 01; 719, 92) (2.21)

2.3 Bi-local collective superfield theory: Jacobian

For the collective action for the SUSY vector model(e.g., supersymmetric SYK models),
we first study the Jacobian which appears in the transformation from the fundamental
superfield to the bi-local collective superfield. Let us consider a superfield in A/ =1 SUSY
SYK model:

VT, 0) = X' (1) + b (7) (i=1,2,---N) (2.22)

where X! is a Majorana fermion, and b’ is a boson. This superfield transforms in the
fundamental representation of O(N):

Vi(r,0) —  OY¢I(r,0) (2.23)

It is natural to define a bi-local collective superfield which is invariant under O(N) by

U (71, 01572,002) = %W(ﬁﬁlwi(m%) (2.24)

It is important to note that the bi-local superfield is anti-symmetric in the bi-local super-
space. i.e.,
W(71,01572,02) = =W (72,0571, 01) (2.25)

When changing variables in the path integral from the fundamental superfield to bi-local
collective superfield, we will get a non-trivial Jacobian. To obtain the Jacobian, it is useful
to consider the following identity for an arbitrary functional F'[¥].

S .
Dip———— [ (10, 0:)F[Tle ] =0 2.26
2/ Vg [V 02 e (226)
Using the chain rule of the bi-local superfield in (2.20), we have
. 5 . 5‘1’(7’3,03;7’4,04) 5
Y19,00) ———~ = (79,0 : drydf4dT3d0
V' (72, 2)5¢Z(T1,91) /1/1 (72,02) Sui(m 0y) T o)

1)
U (71, 61;73,63)

= 2/‘1’(72,92573,93)d73d93 (2.27)



Hence, recalling our convention (2.13), (2.26) can be written as

SF[Y]
N0y —62)0(m1 — F)+2 U (1, 02;13,03)dT3d0
(01 — 02)0(m1 — T2)(F) + /< (T2, 02; 73,03)dT3 35\11(71’01;73’03)>
0S[V]
-2 W (7o, 05;13,03)dT3d0 IVIDES
/< (72,02; 73,03)dT3 35 (r, Or: 73, 03) ]> 0
(2.28)
where we used the fact that the superfield WSTG) is Grassmannian even.
On the other hand, one can also utilize a similar identity in the bi-local collective
representation:
1)
Dy | drsdb (12, 09;73,603) J F[¥le ] = 2.2
/ ¢/ i& 36\11(71,91;73,93) [ (72,0275, 63) 3 F[¥]e ] 0 (229)

where J = J[V] is the Jacobian for the bi-local collective representation. Then, we have

1 ' dlogJ
5(91 — 92)5(7’1 — ’7’2)<F[\If]> + / <\I’(T2,02,7'3,03)(17’3(1935\1}(7_1’91;7_3793) F[\If]>

oF
g Oo: 03)dm3db 2.
+/< (12, 02;73,63)dT3 35\1,(7_1,91;7_3793)> (2.30)

08
_/<\I/(T2,92;T3,93)d7’3d035‘1l(7_1 91'7_3 93) F[\Il]> =0

Note that we used

OW(7y, 01572,62) _ 1
0V(73,03;74,04) 2

(03 —01)(04 — 02)5(m3 — 11)0(T4 — T2)

— (65— 02)(64 — 61)3(73 — 72)3(73 — ) (2.31)
which is imposed by anti-symmetry of the bi-local superfield ¥ in (2.25). As usual in
supersymmetry, we do not have divergence proportional to §(7 — 7) unlike what appears in
the bosonic bi-local collective field theory [63, 65, 68, 74]. In our formulation, this naturally
comes from the fact that the analogous (0 —6)d(7—7) for superspace, vanishes. From (2.28)
and (2.30) for an arbitrary functional of F[¥], we obtain a functional differential equation
for the Jacobian J:

N -1

T(Ql — 02)5(7’1 — 7’2) = /\11(72,92;7-3,93)d7-3d03

dlogJ
OW (71,013 73,63)

(2.32)

This differential equation can easily be solved using the supermatrix formulation in sec-
tion 2.1. In the supermatrix formulation, it is trivial to conclude that

logd = — str log (71, 61; 72, 62) (2.33)

We emphasize that anti-symmetry of the bi-local superfield? leads to a term %(91 —02)6(m1 —
T2) in (2.30), which shifts large N to N — 1. This shift of large N in the Jacobian was

2We thank to Robert de Mello Koch for pointing out this.



already observed in non-supersymmetric bi-local collective field theory [74], and it was
shown to play an important role in matching one-loop free energies of higher spin theories
and vector models [74, 84-87]. Though this shift is not crucial for the discussion in this
paper, it is essential to obtain the exact result. For example, one can consider a free
one-dimensional N = 1 SUSY vector model for which one knows the exact answer.? We
confirm that the shift N — 1 gives the correct one-point function of bi-local superfield (or,
invariant two-point function of fundamental superfields) (See appendix A).

2.4 Bi-local collective superfield theory for ' =1 SUSY SYK model
In [50], the action of the supersymmetric SYK model is given by

Loini Lo i gk

L= Z LX Ox' — b +i > Cib'xIx (2.34)
i 1<j<k<N

where Cjj;, is a random coupling constant, and is totally anti-symmetric in its indices. After

the disorder average of the random coupling constant Cj;, over a Gaussian distribution,*

one has an effective action [50]:

Sur= [ ar <;Xi3xi - ;b"bi> - oz [ B ) ] () ()

-3 b (r)X (r2)] D ()Y (7)) (1) x* (72)] - (2.35)
Note that the disorder average leads to an emergent O(N) symmetry. As before, we define
the (fundamental) superfield by

Pi(1,0) = X' (1) + 0b'(7) (2.36)

we will express the effective action in terms of the bi-local collective superfield given by

N
W(r1, 00372, 02) = 0 S 01,00 (72, 02) (231)
i=1

N
= % D D)X (1) + 016 (1) X (72) + X' (71)b (72)02 + 016" (11)b' (72) 62
=1

In terms of supermatrix notation, the bi-local superfield can be represented as

N /b () (T b (OB (T
‘I’(7'1,‘91;7'2,t92)=i < (r)x"(m2) (71) (2))

¥ (2.38)

X' ()X (12) =X ()b (72)

i=1

Recall that the bi-local superfield is anti-symmetric in the bi-local superspace (see (2.25)).
As a supermatrix, the bi-local supermatrix has the following symmetry. i.e.,

JUT =0 (2.39)

3We also thank to Robert de Mello Koch for raising this issue and confirming the result.

4Rigorously, we perform annealed average instead of a quenched average. For a proper quenched average,
one has to use the replica trick, which was also done for non-supersymmetric bi-local collective field theory
in [10].



where A5t is the supertranspose of a supermatrix A defined by

G [ A (—yMia
4 _<—<—1>'A'A§ A (240

and the matrix J is given in (2.12).
For the collective action, it is useful to define a superderivative matrix:

D(71,01;72,02) =Dg, (01 — 02)5(11 — T2) = 0(11 — T2) — 0107,0(T1 — T2)0>2

0 815 7'1 — T2
= 2.41
(5(7’1 —7‘2 ) ( )

where the superderivative Dy, is defined by
Dy, =0p, + 6107, (2.42)

Note that the superderivative matrix ® is Grassmannian odd supermatrix. Using the
supermatrix formulation, one can easily check that

(D®A)(71,01;72,02) = OnAo(m1,72) On a1, 2) (2.43)
Ay As

and, therefore, the supertrace of the supermatrix leads to the kinetic term:
str (Do) = / dry [0r X (MOX (7)., + 6 (B ()] (2.44)
As an aside, the superderivative matrix has a similar property as the ordinary superderiva-

tive. i.e.,
o(m — 0
(D®D) (71,615 72,02) = Oy (=) = 0r, I(71,01; 72, 02) (2.45)
0 o(11 — 1)

where (7, 01; 72, 02) is the identity supermatrix. Hence, one can immediately obtain the
bi-local collective action for the SUSY SYK model.

N N N
Scol = —?str [@@‘I’] + ES‘CI‘ log\Il - <]6/d7'1d91d7'2d92[\:[1(7'1, 91; T2, 92)]3 (2.46)

Also, one can rewrite the collective action completely in terms of supermatrix notation.

N J
Seol = st [@@xp +log U — 3\11@[\1:}2} (2.47)

where we define [¥)%(71, 01; 72, 02) = [¥(71, 6172, 02)]2. Note that it is also straightforward
to generalize this into general ¢ case, which we present in section D. Note that in this paper
we drop the shift in NV found in (2.33) for simplicity because it does have an effect on our
discussions. But, one should take this into account for the sub-leading calculations in 1/N.



2.5 Large N classical solution

At large N, the variation with respect to the bi-local superfield gives the large N classical
solution. Note that in the supermatrix notation, the variation of the collective action (2.47)
can easily be performed.” Hence, one can immediately obtain the large N saddle-point
equation of the collective action:

—D+ U - JU? =0 (2.49)
or equivalently, by multiplying supermatrix ¥, we have
— D@V +1— J[Pav =0 (2.50)
The most general ansatz for a scaling solution is given [50] by

¢y + c3sgn (112)
|2A2

c18gn (7‘12 — 9192)
0
|Ti2 — 6162]221 o

Wa(r1, 01572, 02) = F—s

¢y + c3sgn (112)

c 016
ﬁ [sgn (112) + 201 2| + 12

D |T12] | 12|22
CQ+Cgsgn (T12) _ 2A1¢c1
|7.12|2A2 ‘7_12‘2A1+1
158N (7’12) _cg—l—cgsgn (7’12)
|T12]281 712|222
B (szzsAQ (T12) + e3fin, (T12)  —2A1c1f58, 41(T12) ) 251)
c1fia, (T12) —Cc2fon, (T12) — c3f3a, (T12)
where we define 019 = 6; — 03 and
1 sgn (7)
s - = a —
= g =2 (252)
Note that c; is Grassmannian even while ¢z and c3 are Grassmannian odd. Moreover, [¥]?
can also be expressed as a supermatrix:
[Wal?(m1, 01572, 02)
2
s 4A1sgn (T12) 2¢1 (cosgn (T12) + ¢3)
=——— |14+ 01— 0 2.53
Eatlia [ LRGN P [rafPAies (259)
. (201 [C2f§A1+2A2(7'12) + c3fin, 420, (7'12)} _4A16%fEA1+1(7_12) >
A fia, (112) —2c1 [eaf§n, yon, (T12) + C3f5n, 1on, (T12)]
Using the integrals
L a1 [ -\ A1 A
/dT We“” =2w / dr x~ " cosz =2w" "I'(1 — A)sin 5 (2.54)
T 0
oo
; A
/dT sg|n |(/\T) e = 21 / dz xsinz = 2w (1 — \) cos % (2.55)
T 0

5Tt is sometimes simpler to vary the collective action in terms of superfield notation. For instance, the
variation of the third term in (2.46) can be expressed as

% /dTldaldedez 5\11(7'1,91;TQ,HQ)[\IJ(Tl,Ql;TQ,QQ)]Z = %str (5@@[\11]2) (2.48)

~10 -



we can Fourier transform f5(7) and f(7) into ffw*~! and f¢(w)w*~!, respectively. In
addition, one can write the star product of f’s in terms of f§(w) and f{(w) as follows

1 . I
() = o [dw e R i —sa) (250
where
_ A ) A
FE=or(1— N)sin =2 . fe=2(1 - \)cos -2 2.57
A 2 A 2

Thus, the third term in (2.50) can be written as

[(U)2@T(11, 01; 72, 02)

_ _ 97
_ i dw e*iwﬁz 2c1 [CQfélAl‘f’QAQ + c3f25A1+2A2} _4A161fZA1+1
2mi A i, 201 [e2f8n van, + C8f3n 10
C2f25A2 + C3f§lA2 _2A101f25A1+1
X %0 2 P (2.58)
leQAl _CQfQAQ - C3f2A2

where the matrix multiplication in the integrand is ordinary matrix multiplication. Recall-
ing the action of the bi-local superderivative, the first term of (2.50) becomes

0 Ve o(T1,72) Or Wara(T1, Tz))

@@‘chl = < \Ilcl,l (7’1,’7’2) \I/cl,?)(Tl; 72)

2

o ra : s _fa
L[ g emivme ( —wafia e, fCSf2A2]> (2.59)
c2fon, tC3fon,  —2D1C1 57, 41

while the second term of (2.50) is trivially given by

1 } 10
T=— [ dwe iwm2 2.60
omi | Y€ (0 1> (2.60)

Now, we will consider the strong coupling limit:

w
— 1 2.61
< (2.61)

Note that the constants cq, co and c3 should be scaled with J as follows

J72A1

¢ ~ .y, c3~ JT2A2H3 (2.62)

Requiring positive conformal dimensions, matching the power-laws of the diagonal elements
of the classical equation (2.50) gives

1
Al = 6 or 2A1 +4A5 =2 (263)

Let us consider the first case. i.e.,

(2.64)

| =
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We match the leading terms of the diagonal elements in the classical equation (2.50). In
this case, the off-diagonal elements from [¥]?®WV diverge in the strong coupling limit for
Ay < % This divergence cannot be eliminated by tuning the coefficients. Moreover,
for Ay > %, these terms vanish in the strong coupling limit. However, since we want
reparametrization symmetry in the strict strong coupling limit, we had better not treat

[U]2®V as a perturbation. Hence, we find that the only solution is given by
1-2V3n3T =0 , eca=c3=0 (2.65)

Note that we do not have to find As because ca = ¢3 = 0. Also, note that the kinetic
term ®®WY is a perturbation in the strong coupling limit as in the non-supersymmetric
SYK model.

Next, we analyze the second case. I.e.,

2A1 + 409 =2 (2.66)

For this case, the off-diagonal elements contain divergent terms of order O(w~1) in the
strong coupling limit. To remove this divergence, we choose

7TA1

c3 = icg cot (2.67)

But, in this case, one cannot solve the diagonal and off-diagonal classical solution
simultaneously.
To summarize, the classical solution is found to be

1
sgn (7’12 — (91(92) 0 _3‘7. |4/3
Ug=c =c N (2.68)
‘ |T12 — 0102]1/3 S\g;i\(f/l;) 0
where
1-2V3rJ =0 (2.69)

This classical solution was already found in [50], and corresponds to a vacuum with definite
fermion number.

2.6 Large NN expansion and quadratic action

Now, we expand the collective action (2.47) for the bi-local superfield:

2
(71,015 72, 02) = Wa(71, 01572, 02) + ) N‘I’(ﬁ,@ﬁﬁa@z) (2.70)

where ®(71,0;;72,02) is a bi-local fluctuation around the classical solution W given by

O (11,015 72,02) = (71, 72) + 0111 (71, T2) — M2(T1, T2)02 — O10(T1, T2)02

_ <’l71(7‘1,7‘2) J(Tl,’i'g)> (2'71)

©(11,72) M2(T1,T2)
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Note that the anti-symmetry of the bi-local field in (2.25) leads to

p(11,72) = — (12, 71) (2.72)
o(r1,72) = o(72,71) (2.73)
M (T, 72) = n2(72,71) (2.74)
or, equivalently, we have
JotT = (2.75)

From the supermatrix notation, one can easily obtain the quadratic action:

1
S(Egl) = *gsm (V' eteV, 'ed) J/d71d91d72d92 Wei(11, 01372, 02)[@(11, 013 72, 02)]?

(2.76)
From the classical equation, the inverse supermatrix is given by
_ 0 —3f25(m2)
\I/CII(Tg,Qg;TQ,HQ) Z—J[\Ifd(Tg,gg;TQ,gg)]z = J02 s 375/3 (2.77)
f2/3<7—12) 0
Hence, one can write the kinetic term as
1
st (V' '@deV @) (2.78)
J2c4 4 a a S S 4 S a
— _Ttr §f5/3*<p*f5/3*cp = Jog ko Kk f33ko+ §f2/3*771*f5/3*772

where the cross terms are cancelled because of the supertrace. Also, the classical solution
can be written as

sgn(ﬁg) 9192 o . 1 s
\chl(7—1791§7—2792)20[ 15 T s | = | fislmz) =6 —§f4/3(712) 02

T12 3719
0 —%ff/:%(ﬁ?) 9
_ .79
. ( i (279

The square of bi-local fluctuation can be also written using the supermatrix notation:

2[pm](m1,m2) 2[po](r1,72) + 2[mn2(T1, 72)
[®(71,01;72,00)]* = ( ) (2.80)
[p*] (71, 72) 2[en2] (71, 72)
which leads to
J/d71d72d91d92\11(7'1,01;7'2,92)[@]2(7'1,91;7'2,92)
1
= et (=g i x [] — 2t x ool - 205+l (281)
In conclusion, the quadratic action can be manipulated as follows.
JC 4 a a S S 4 S a
S — mtr (—9f5/3*g0*f5/3*g0+fz/g*a*fQ/S*a— §f2/3*771 * f5y3 % 12

4
+ \fmff/g * [p?] + 8\/§7Tf1a/3 x [po] + 8\/§7Tff/3 * [7]1772]>

(2.82)
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In the section 4, we will diagonalize this quadratic action. Though we express the quadratic
action in terms of component fields for pedagogical purposes, we will not use this expres-
sion (2.82) in terms of component fields for the diagonalization of the quadratic action.
Instead, we find that the collective action of N' =1 SUSY SYK model can completely be
written in term of the supermatrix notation:

1
Sl = —5str (V' @eev e + 2706 (Vad)) (2.83)

We will see that It is much easier to diagonalize the quadratic action.

3 N =1 bi-local superconformal algebra

3.1 Bi-local N' = 1 superconformal generators

In non-supersymmetric SYK models, it is useful to find eigenfunctions of the Casimir of the
SL(2) algebra in order to diagonalize the quadratic action because the Casimir commutes
with the kernel of the quadratic action. Similarly, in the SUSY SYK model, it is important
to consider generators of the N' = 1 superconformal algebra given by

Pa :aT,l (31)

Ko =720., + %Ta + 74040s, (3.2)
1 1

Da —TaaTa + 5‘90,80(1 + 6 (33)

Qa :aQG - 0(16’7'@ (34)
1

Sa =Tadl, — Tabladr, — 50 (3.5)

where a = 1,2. Note that the % factors appear because the fermion has conformal dimen-
sion %. We define bi-local superconformal generator as follows.

L=Ci+Ls  (Le{PK.,D,Q,S}) (3.6)
which satisfy
P.K]=2D, Qo= -2,  DQ=-.0 [PQ=0
D,P]= —P,  {Q,§) = —2D, D8] =15 K,8]=0  (3.7)
DK = K | (5,8 = —2k,  [KQ=-8  [P8=0

The Casimir is given by
1 1 1 1
C:D2—§(PIC+ICP)+Z(SQ—QS):D2—§D—ICP+§SQ (3.8)

Now, we will translate the generators as differential operators acting on superfields into
supermatrices notation. Let us consider a superfield

N N AT AT
A$(Tl, 7'2) = AO + GlAf - A;:QQ - 91143 (92 = Ali Ag’F . (39)
0 ‘2
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where we omit the bi-local time coordinates for a while. For example, one can consider the
action of Iy and Ky in (3.2) on the superfield AT:

1 4
K AT = (ﬁaﬁ + 3n> AZ + 0, (ﬁan + 3n> AT
2 1 S 2 4 +
— 7’187-1—|—§7'1 A2 0y — 01 7'187-1—|—§7'1 A3 02 (3.10)
F 2 1 + 2 1 F
KoAT = 72872+§T2 AO + 01 72872+§T2 Al
2 4 F 2 4 +
— 7'2872 —i—g’l’g A2 0y — 04 T2(97—2 +§T2 A3 02 (3.11)
From the view point of super matrix, this can be written as

AT = Ke@AT | AT = ATeK? (3.12)

where A? is the composite operation of the parity transpose and supertranspose of a su-
permatrix A. Namely, the parity transpose of a supermatrix A is defined by

B Al A3 T _ A2 AO
() e (2 "
We define A? by
¢ VAl 4t
Al — (Aﬂ')St _ ( AZA ( 1) A3> (3.14)
—(-nAf A

Recall that |A| denotes the parity of the supermatrix A. Repeating the same calculation
for the other generators, we find that

LIA=L®A, LoA=(—1)FAFALE (L, € {Pa,-- . Sa}, Le{P,KD,Q,S})
(3.15)
where the supermatrices {P,K, D, Q,S} are defined by

. 37-15(7'1—7'2) 0
F= ( 0 6715(7'1 — ’7’2)) (3'16)

(7207 + 371)0(T1 — T2) 0 > (3.17)

0 (120, + %7‘1)6(7'1 —73)

D= ((7—18‘1’1 + %)5(7—1 - 7-2) 0 ) (318)

0 (7’187-1 + %)5(7’1 — 7'2)

0 —67-15(’7'1—7'2)
5(71 — 7’2) 0 ) (3'19)

0 (=710r, — %)5(7'1 - 7'2)> (3.20)
0
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Note that |£]| is the usual parity of the generator while |A| is the parity as a superma-
trix.% Hence, the action of the bi-local superconformal generator on the superfield can be
represented as follows

LA =LaA+ (—1)FH1AFD pgLLf (Le{P,K,D,Q,58}, Le{P,KD,Q,S}) (3.21)

Note that the supermatrix generators are

Pl =[K|=D|=0 , [Q=[s=1 (3.22)
Especially, P and Q satisfy
P=-P , Q=Q , QeQ=P, (3.23)
and therefore, the action of P and Q are simply given by
PA=P®A— AP , QA=Q®A+ (—1)HAaQ (3.24)

3.2 Eigenfunctions of superconformal Casimir

In non-supersymmetric SYK model, it is natural to use new coordinates given by
1 1

t:§(7'1+7'2) ) 225(7'1—7'2) (3.25)
In fact, this is the simplest example of the bi-local map found in [68, 75, 76, 78| for the
duality between higher spin theory in AdS4 and free vector model CFTg3. This bi-local
map can be obtained by comparing the bi-local conformal generators for O(N)/U(N)
vector fields and conformal generators for higher spin fields. But, the bi-local space of
(non-supersymmetric) SYK model is so simple that we need not do such calculations.” For
the rest of Grassmannian odd coordinates, we do not transform, but we will relabel the
coordinates by

h=C , O2=0
O =09, Oy = Op, (3.26)

Under this bi-local map, the superconformal generators can be expressed by
P=d (3.27)

2
K = (t* 4 2%)8; + 2t20. + t(Codg, + Q10¢,) + 2(¢0dg, — C10;,) + 3t

= (—t2 + 2’2)8,5 +2tD + Z(Coago — Clagl) (3.28)
1 1 1
D= tat + z@z + §C08<0 + §C18<1 + g (329)
1 1
Q= — JCo(B+0:) + G0y +0.) + g, + (3.30)

§ = (14 2), — (~t+ 20, — gGolt +2)(@1 +02) — 5G(~t +2)(~0+ 8.)

2o+ G) (3:31)

SRecall that parity of A as a supermatrix is opposite to the “usual parity” of A as a superfield.
“On the other hand, bi-local map of superspace might be non-trivial because there could be a mixing
between 71,72 and 6102. For N'=1 SUSY SYK model, such a mixing does not seem to be natural.
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and the corresponding Casimir operator is found to be

1

C=— T8 + 23 + 22(=07 + 92) — 20¢(Co0c, — 10¢,) + <Z<9 + >(Co<9<o +10¢,)

1 1
+ *Coﬁaglago — 20¢,0¢, — *azCoCl — E(—Z%f + 2202)¢oCa
- < 20; + >(C0841 +Q10g) — Zat(Coagl — G10g) (3.32)

Now, we will find (super-)eigenfunctions for the Casimir:
A(t, 2, o, C1) = AA(L, 2, o, C1) (3.33)
where the (super-)eigenfunction is given by
A(t, 2, Go, G1) = Ao(t, 2) + GA1(t, 2) — A2(t, 2)G1 — CoAs(t, 2)G (3.34)

First, we will focus on bosonic® eigenfunction, that is, Ag is Grassmannian even. Then,
acting with the Casimir on the eigenfunction, we have

CA™ = [—18A0+ Z20,A0 + 22 (— 8;52+83)A0+ZA3

1 1 1
+ ¢ [ A+ 5za Ay + 2202 + 0%) A — 201 A1 — 570:40 = 5201 A, — GAQ}

1 1 1
- [AQ + fzaZAQ + 220 + 0%) Ay + 20, Ag — 57041+ 5201 A1 — 6,41} G

1 1
—C0|: Asg + ZaA3+Z( 83-}-83)1434-682140"‘@(

—228252 + 2283)A0:| Cl
(3.35)

Note that Ay (and, A1) and As (As, respectively) are mixed. For Ay and As, we will use
the following ansatz which is similar to non-supersymmetric SYK model [9, 10]:

Ay = e_i“’tz%Jl,(wz) (3.36)
As = age*iU’tz*%Jl,(wz) (3.37)

We find that there are two solutions given by

1/1
ag = = < + 1/> (3.38)
and the corresponding eigenvalues are
_ 1 _
CA” =v (1/ + ) A (3.39)

Since @ commutes with the Casimir, QA~ is also an eigenfunction if A~ is an eigenfunction.
However, since that the parity of QA™ is opposite to A, Q@A™ is a fermionic eigenfunction.

8Recall that bosonic bi-local superfield corresponds to Grassmannian odd supermatrix A~.
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Furthermore, Ag and A3 components of the bosonic eigenvectors can determine the A; and
Ay components of the fermionic eigenfuction because of parity. This is also easily seen by
the action of Q on the (bosonic) eigenfunction:

1 1 1 1
QA” = A1+ A+ (p (—28tAo - 582140 + A3> — (26,5AO - 562140 + A3> C1
18A 1(9A 18A 1<9A 3.40
—Co T2 = 50, 2+§t 17 5041 C1 - (3.40)

In the same way, one can also find the Ay and A3 components of the fermionic eigen-
functions. i.e., The action of the Casimir on the fermionic eigenfunction is

1 2
CAt = [18A0 + gzﬁon + 22(—83 + (93)140 - ZAS]

1 ) 1 1 1
+ (o §A1 + gzﬁzAl + 2’2(—8152 + 83)/11 — 20:A1 + §Z82A2 + 52875142 + 6A2:|
1.5 o 1 1 |
— §A2 + gzazAz +z (_8t + 8Z)A2 + z&tA2§z8ZA1 — izGtAl + 6141 (1
(7 8 1 1
— CO §A3 + gZ@ZAg + 22(—6752 + 6§)A3 - EOZAO - @(—2281:2 + 2265)140] Cl .
_ (3.41)
Using an ansatz
Ao = e*mz%Jy(wz) (3.42)
Az = age_iwtz_%Jy(wz) , (3.43)
we find that
1/1
1
CAT =v (1/ + 2> At (3.45)
Now, QAT gives A; and As components of the bosonic eigenfunctions. e.g.,
" 1 1 1 1
QAT = A1 — A2+ Qo _iatAO - §aZAO — A3 ) - —§8tAo + 532140 + A3 ) G
1814 1814 18A —1—16/1 (3.46)
<o 2t22z22t1221€1 .

We will also utilize the fermionic eigenfunctions of the Casimir in diagonalizing the
quadratic action involved with fermi components in section 4.2. We summarize all eigen-
functions in appendix B.
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4 Diagonalization of the quadratic action

In this section, we will diagonalize the quadratic action in (2.83). For this, one can directly
diagonalize the kernel as in [9] by using eigenfunctions for the Casimir found in the previous
section because the classical solution (anti-)commutes with superconformal generators. i.e.,

(£, Ty} = LoT, + U@Lt (Le{P,K,D,Q,8}, Le{P,KDQS}  (4.1)

We give this direct diagonalization in appendix C because they involve tedious integrations.
Instead, we present the diagonalization in a pedagogical way based on an observation from
the result of the direct evaluation.

The basic idea is to diagonalize separately two terms in the quadratic action

1
Sl = —gstr (V' 0PV @D + 2/ 20[Tad]) . (4.2)

col T

Indeed, we will see that the second term
str [P® [V P]| (4.3)

is nothing but the inner product of two eignfunctions. In addition, in order to diagonalize
the first term
str [V '@d@ V' ®d], (4.4)

we will use a similar calculation as in [10]. That is, for each eigenfunction u,,,, we will find
a function 1,,, such that

V@t @V = g(V)Upw (4.5)

where w is a frequency related to the eigenvalue of P, and v is a representation of the
superconformal algebra. In addition, g(v) is a function of v, which will determine the
spectrum of the SUSY SYK model.

4.1 Eigenfunctions of the quadratic action: bosonic components
1

ow Of the superconformal Casimir

Eigenfunctions: we begin with eigenfunction wu
in (B.1). This can be written as

wt 1 O _j
e "ze J,(lwzl) 2|z (4.6)
sgn(z) O

Here, we demand that the eigenfunction ul, obeys the symmetry of the supermatrix of
the N'=1 SYK model in (2.39). i.e.,

In general, we also have a second solution involved with J_, because the superconformal
Casimir related to this eigenfunction is reduced to Bessel’s differential equation. For the
given v and w, we have such an eigenfunction in the same representation in (B.2) given by

iwt 1 0 ij
e "ze J_,(Jwzl) 2|z| (4.8)
sgn(z) O
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where we also demand the symmetry of the eigenfunction in (4.7). Hence, one has to
find a relative coefficient of the eigenfunctions (4.6) and (4.8) to diagonalize the kernel of
the quadratic action. This coefficient is usually determined by boundary condition. In
particular, it is useful to think of the IR boundary condition (i.e., 2 — o00). From the
asymptotic behavior of the Bessel function, we have

Jo(2) + €T (2) ~ \/Z<cos g(u +1/2) + €sin g(y + 1/2)) cos 2
+\/Z<sing(u+1/2)+§cos;(u+1/2)> sinz  (4.9)

where ¢ is a relative coefficient. In the non-supersymmetric SYK model, after direct di-
agonalization of the kernel, it turns out that the eigenfunction behaves like 273 cosz in
large z. In this section, we demand the generalized boundary condition thereof by brute
force, but we also confirmed in appendix C that this eigenfunctions indeed diagonalizes
the quadratic action. In addition to the asymmptotic behavior 273 cos z, it would also
possible to demand 2 2sinzin large z. Hence, demanding those two boundary conditions,
we generalize the function Z,(z) introduced in [9]:

ZF(2) = Ju(2) + Exn -0 (2) (4.10)
where &, is defined by
tan T2 + 1
& = % (4.11)
tan o5 =

Note that at large z, they behave as

(4.12)

Now, we will consider UV boundary condition (z — 0). In [9], the Bessel’s differential
equation from the Casimir operator was interpreted as a Schordinger-like equation to claim
that a real v corresponds to a discrete bound state, and pure imaginary v’s are consist of
continuum spectrum. Likewise, one can also expect that there are bound states for real v.
Furthermore, we can also demand that the such eigenfunctions do not diverge as z goes to
zero. This gives a discrete series of possible v’s for each ZF. i.e.,

Z,(2) : v=2n+_ (n=0,1,2,--+) (4.13)
ZH(z) : v=2n+- (n=0,1,2,--+) (4.14)

Now, since there are two independent linear combination of (4.6) and (4.8), we have to
determine which UV/IR boundary condition is possible for them. For this, we utilize the
zero mode of the kernel involved with reparametrization. In non-supersymmetric SYK
model, the zero mode can be evaluated [12] by

OWe, p(T1,72)
0f(r) =

uo (71, 72) (4.15)
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where W) is the large N classical solution of non-supersymmetric SYK model, and W  is
transformed classical solution by reparametrization f(7). i.e.,

Vo s = |F/(r)f ()] 7 BalF(r), £(72)) (4.16)

In the SUSY SYK model, one can quickly obtain the zero mode from the classical solution
in (2.68) by using the reparametrization instead of super-reparametrization. We found

0 __4
sgn (712)

It was already known that this zero mode corresponds to the eigenfunction Z3 (z) [50]. On
2
the other hand, we have two types of eigenfunctions (B.1) or (B.5). For v = J or v = 3,
we found that only (B.1) with v = 3 can become the zero mode in (4.17). Hence, we can
deduce that (B.1) satisfy the boundary condition of Z,, and therefore, we can write the
eigenfunction as
y—1
1 _—iwt) 7k - 0 -5t
Uy (t, 2) = e " Jz|6 Z, (|lwz]) E (4.18)
sgn(z) O
or equivalently,

1
Y%

> 0 _2‘%(T1—7'2)|
sgn (11 — T2) 0

(4.19)

where the representation v can be either a pure imaginary continuum value or a discrete

6*%”(7'1+7'2)

ulllw(Th 7—2) = \/8771'

1
T — T2

5 ' Zu<'1;}(7—1 —72)

real value for UV boundary condition as in [9]. i.e.,

l/:%—i—Qn (n=0,1,2,---) (4.20)
v =ir (r=20) (4.21)

For the other UV/IR boundary condition, we have the eigenfunction (B.6) corresponding
to Z:

9 e—iwt - 0 %
Uy (t, 2) = e 2|8 2 (|wz]) 2lz (4.22)
8 sgn(z) 0
or equivalently,
— 1 (r1+41y) T 0 v+i
w2y (r1, 7)) = DR 2502 (= ) AT | (4.23)
‘U 2 2 sgn (11 — T2) 0

where we also demanded the symmetry of eigenfunctions in (4.7), and the representation

V’s are
1
V:§+27”L (n=0,1,2,---) (4.24)
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Diagonalization of the second term: it is useful to find orthogonality of the functions
Z7’s because the second term in the quadratic action in (2.83) is, in fact, reduced to an
inner product of ZJ’s. i.e.,

* dz /
St (U, ®[Waty wr]) ~ 8w + w’)/ 723(2)23/ (2) (4.26)
0
where a, o/ = F. First, it is easy to see that Z, is orthogonal to Z because they have

different eigenvalues for Casimir. By a similar analysis to [9], we found that

®dz , ,
/ WZS‘(|wz|)Zﬁ‘/(]w z|) = baar NLO(v — V') (4.27)
0 z
where

1

— (v=23+2n for Z7,or v=3+2n for Z* (n=0,1,2,---))

2v

N, = 5
STy (for v=1ir (re€R))
v

(4.28)
For real v, Zf is a real function so that we can immediately see that (4.26) is diagonalized.
On the other hand, for pure imaginary value v = ir, the complex conjugate of the function
ZF can be written as

ZF = J(2) + &0 (2) = & [T (2) + € (2)] = &0 Z5 (2) (4.29)
where we used a useful identity for &,:
g—u*fu =1 (4.30)

Hence, we have

/MZ*(\W!)Zifwzn=N356<r—r’> (N} = €4irNiy) (4.31)
0

‘Z| r

and, (4.26) is also diagonalized. We emphasize that (4.26) leads to an induced inner product

for the supermatrix formulation. i.e.,
(W 0s U ) = SET (U@ [P a1ty ) (4.32)

Diagonalization of the first term: next, let us consider the first term in (2.83). To
diagonalize it, for each wu,,,, we will find a function ,,, such that

V@ Uy @Y = g(l/)uuw (433)

where g(v) is a function of v. In appendix C, one can directly find @ for each ul,, and u2,.
But, in this section, we present a new method to find .
Suppose that there exist @, to satisfy (4.33). Then, the first term in (2.83) becomes

1
str (u,//w/ @\I{;l®uyw®¢,al) — @Str (uylw/ @ﬂyw) (434)
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one may find a function ., such that
Uy (11, T2) = [Wellipw] (11, 2) (4.35)
where the product on the r.h.s. is the usual product of superfields. Then, (4.34) becomes
SET (U BV A ® Uy BV 1) = (Upra s Uy (4.36)

where ( -, - ) is the induced inner product of supermatrix defined in (4.32). Hence, if the
first term is diagonalized by u,,,, we should have

U (71, 72) ~ Wity (71, T2) (4.37)

Of course, this is confirmed by direct calculation for ¢ = 3 case as well as general g case
where W, on the r.h.s. of (4.37) and (4.32) is replaced by \I/zl_Q. The remaining calculation
is to fix the coefficient and the function g(v) where one cannot avoid evaluating integrations.
We found that

A __vts _
auw(TlaTQ):_ 24 J c 1Zy_<’w(7'1—7'2)> ’ 2|%(71—T2)|Sgn(7—1 72)
V8r |%(71—72)‘g 2 1 0
(4.38)
~Fnm) _vg _
ﬂyw(ﬁaﬁ):jA—J < 2;Zz, (‘120(71—72)) OQI%(TI—TQ)\Sgn(TI ™) (4.39)
81 ‘%(71_7—2”6 1 0
1
where A = (4\/1%)3 and
T(AT (& -\ (& 4+ 1
L L (110
FE)M(-5T(E+5)
TAT (& -\ (& 4+ 1
pv)=—-273 (31) (112 hZ) (11324'}12) (4.41)
F(3)r(-3)T(5+3)

which agrees with [50]. Note that @,,,’s in (4.38) and (4.39) have different symmetry from

Uy 1.€.,
T@L®T = i (4.42)

This can be easily seen from the definition of @, in (4.33):
T (V@i @V  &T = V@I @i,eT 8Va = Va®iy,®Va (443

Now, we expand the fluctuation ® in (2.83) in terms of ul, and u2,:

_ 1 1 2 2 1 1 2 2
¢ = § § ‘Auwuuw + E ‘Auwuuw + § (‘Auwuuw + ‘Auwuuw) (4'44)
w 1/:2n+% V:2n+% v=ir
>
n=0,1,-- n=0,1,- r20
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Note that the reality condition of the component fields leads to

U=-V (4.45)
which imposes the following constraint.
AL =—AL for y:2n+g (n=0,1,2,---) (4.46)
A2 = —A2 for V:2n+% (n=0,1,2,---) (4.47)
Al = —¢ AL for v=1ir (r=0) (4.48)
A2 = —¢ A% for v=ir (r2=0) (4.49)

Then, we found that the quadratic action in (2.83) can be written as

1
5% = ,géz S sy

w20 p= 2n+— or V=14T

e 3 VN,,li A2, |2 (4.50)

3 6 3 2
2 361 w20 p= 271-‘,—2 or v=ir g(

where we absorbed the factor £+, in the normalization N} = &4, N, into the reality con-
dition. This leads to two-point function of bi-local collective superfields (or, invariant
four-point function of fundamental superfield). The summation over v = ir can be un-
derstood as a contour integral along the imaginary axis. Repeating the same procedure
n [10, 11], one can expect that the contour integral will pick up simples poles comes from
1—g1(v) and 1 — g2(v) and the residues from other simple poles will cancel with the con-
tribution from discrete series of v. Hence, the half of the spectrum of the N' = 1 SUSY
SYK model is given by two equations

gv)=1 , g(v)=1 (4.51)

which was shown in [50].
One can also diagonalize the quadratic action with the following fermionic

eigenfunctions:
1
uiw@,z)=e—iwt|Jz|éZ;<|wz|>( ; B”wmf> (4.52)
Bwsgn (z) 0
l (t,z>=emuz|éz+<|wz|>< 0 ‘BWVQTZT) (4.53)
o V8 Y Bwsgn (z) 0

where B, is a Grassmannian odd constant. Comparing to wul, and u2, in (4.18)
and (4.22), one can see that the only difference is the sign of 6102 components. More-
over, because B,,, is Grassmannian odd, one can ends up with the same calculations as
those in bosonic Grassmannian eigenfunctions except for an overall minus sign.
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4.2 Eigenfunctions of the quadratic action: fermionic components

After obtaining the bosonic eigenfunctions and the corresponding eigenvalues for the kernel,
the diagonalization by fermionic components of bosonic eigenfunction is straightforward
because of supersymmetry. In this section, we work out this diagonalization in detail.
Also, we double-checked a part of the diagonalization by direct calculation in appendix C.

We claim that Quf,, (a = 3,4) diagonalize the quadratic action with the same eigen-
value as u?,. First, note that the classical solution ¥, is annihilated by the bi-local
supercharge Q which we have discussed in (3.1)

Q\I/d = Q@)\I/cl + \II(Z]@Q =0 (454)

where Q is defined in (3.19).
Now, we will find an analogous identity to (4.33). We will act with QB® on the both
sides of (4.33) where B is a constant Grassmannian odd supermatrix defined by

B= (? %) B : Grassmannian odd constant. (4.55)

Note that the supermatrix B commutes with Q,P and ¥.. Using (3.24) and (4.54), it
becomes
9Q(Bau) = Q(Va@B®i®V,) = Q¥ @BauiaV, — VaeBeu®V.®Q
= — (VaeQeBeuaV, — V @Beu®QeV, ) = —V @[Q(B®u)|®V
(4.56)

where we omit v and w. Hence, for the given u,,, Q(B®u,,,) and Q(B®w,,,) satisfy (4.33)
with the same g(v), but with an additional minus sign. i.e.,

g(V)Q(B®qu) = _\de@Q(B@alxw)@\Dcl (457)

This simplify the first term in (2.83), and we need to evaluate str [Q(B®u)®Q(B®u)].
Using (3.23) and (3.24), we have
str [Q(B®u)®Q(B®u)| = str [(Q@B®u — Bou®Q)®(Q®@B®u — Beu®Q)]
— str [-QaQ® (B®u)®(B®u) + (Beu)@Q®Q@® (Baw)|
+ str [Q®(Bou)®Q® (B®w) — Q@ (Bou)®Qa®(B®i)]
= —str[P@Beu)®B®t) — (Beu)@P®(Bou)]
= —str[(P(B®u))®(B®u)] (4.58)

where we used the following property of the supertrace in the second line
str (XY) = (—=1)X W str (v X) (4.59)
Therefore, the first term in the quadratic action can be written as

1 _ _
— istr [Q(Bylwl @’U,l/w/)@‘I/dl@Q(Byw@UVw)@‘I/dl]

1
= — str [(P (B, ®tyrey ) ) By ® Uy 4.60
o (P ) I 60
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and, this corresponds to diagonalization of Grassmannian odd eigenfunctions in the previ-
ous section.

In a similar way, one can also show the Qu will diagonalize the second term of (2.83).
For this, we need to move the differential operator Q by using integration by parts in the
superspace integration. But, in the supermatrix formulation, this is nothing but property
of supertrace. e.g.,

str[(QX)®Y] = str[Q@X®Y] + (-1)X 1+ str [XeQaY]
= (1) lstr [X®(QY)] (4.61)

Thus, the inner product of two Q(B®wu) is given by

(Q(B®u), Q(Bodu)) = — str [Beu®Q(¥,Q(BRu))]
= — str[Bou® (¥, Q% (B@u))] = str [Bou® (Vo P(Bou))]

= /dﬁd91d72d92 V(71,015 72,02)
X [B@u](ﬁ,el;7-2,92)[77(B®u)](7-1,01;7-2,02) (4.62)

In the same way as before, we expand the fluctuation ® in terms of Q(BL, x uj,) and
Q(BL,, *ut,), and the diagonalization is exactly the same as those of u3, and u?, which
we shortly discussed before.

5 N = 2 supersymmetric SYK model
In this section, we will generalize N' = 1 bi-local collective superfield theory to N' = 2 case.

5.1 Bi-local chira/anti-chiral superspace, superfield and supermatrix

We begin with the bi-local superspace for N' = 2 SUSY vector models. At first glance,
it seems that we have a larger Grassmannian space because there are two Grassmannian
coordinates 6 and 6. However, since we will focus on the chiral or anti-chiral superfields,
the construction is almost the same as for N' = 1 case. First, let us focus on superfield A
which is chiral with respect to the first superspace and anti-chiral in the second superspace:

D1 A(71,01,01;72,02,00) = Do A(Ty,01,01;72,02,00) =0 (5.1)
where the superderivatives are given by
D=0y +00, , D=0y+ 00, (5.2)
Hence, the superfield A depends only on (o1, 61; &2, 02) where
oc=7+00 , s=7-00 (5.3)
and, one can expand the superfield A as follows.

A(01,01;59,02) = Ag(01,02) + 01 A1(11,52) — Aa(o1, 72)02 — 01 A3(71,72)02 (5.4)
= Ao(01,02) + 01A1(01,52) — As(01,59)02 — 01A3(01,52)02
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This bi-local superfield naturally appears in the U(N) vector models because chiral su-
perfields and anti-chiral superfields transform in the fundamental and anti-fundamental
representations of U(N), respectively so that they form a U(N) invariant bi-local field.
Hence, it is natural to construct the following bi-local superspace for such bi-local U(N)
superfields.

(01,01;52,02) (5.6)

Now, we will define a star product in this bi-local superspace. However, it is difficult
to construct the consistent star product of two chiral/anti-chiral bi-locals because the first
and the second superspace have opposite chirality. Hence, we also introduce conjugate
anti-chiral /chiral bi-local super field:

B(51,01;02,09) = Bo(51,02) + 01B1(51,02) — B2(51,02)09 — 01 B3(51,02)02 (5.7)

We found that a consistent star product between A(c1,61;62,02) and B(G1,601;02,0s) is
given by
A@B = /A(O’l, 61; o3, ég)dngégB(a'g, §3; 09, 92) (58)

which was already recognized in [50] to analyze the Schwinger-Dyson equation. Similarly,

we also define
B@A = /B(é’l, 9_1; o3, 93)d’7’3d03A(0’3, O3; 72, ég) (59)

Note that A®B is a chiral/chiral superfield while B®A is an anti-chiral/anti-chiral super-
field. As in A/ = 1 case, the punchline is that the supermatrix formulation drastically
simplifies this complicated star product in the bi-local superspace into matrix multiplica-
tion. First, we represent the bi-local superfields A and B as the following supermatrix.

A(0y1,01;62,02) = Ag(o1,52) + 01 A1(01,52) — Aa(o1,52)02 — 01 A3(01,52)09

_ Ay(0o1,02) As(o1,02)
= <A0(01,02) A2(01,02)> (5.10)

B(&lv él; o, 92) _ 30(51’ 02) + 5131(&1, 02) — BQ(&l,UQ)QQ — §133(51702)92
_ <B1(61,02) B3(51,02)> (5.11)

By(51,02) Ba(o1,02)

Then, one can show that the star product of superfields becomes the following matrix
product:

_ = A1 A3 — Bl Bg = Bl BS Al A3
A®B = _t , BxA=|_ _ 5.12
® (Ao A2> ® (Bo By * Bo By ) ® \ 4 A (5.12)
These matrix products ® and ® are a combination of the usual matrix product and star
product % in bi-local time space (11, 72) like the N' =1 case:

A1 As % Bl Bg _ (Al*Bl+A3*B0) (A1*Bg+A3*Bg) (5 13)
Ay Ay BO BQ (Ao*Bl +A2*B0) (Ao*Bg +A2*Bg) '
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However, in the star product x between components, we replace ¢ or & in the intermediate
integration variables with 7. i.e.,

(A1 *Bl)(dl,ag) = /dTgAl(Ul,Tg)dT?,Bl(Tg,Ug) (5.14)

It is natural to consider chiral/chiral (or, anti-chiral/anti-chiral) supermatrices, too. They
also follow the same multiplication rule in the supermatrix formulation. In general, the
star product of supermatrices A and B is possible when the chirality of the second index
of A is the same as the chirality of the first index of B:

Ayy® By = Cy (u,v,w € {chiral , anti-chiral}) (5.15)

Before discussing the A/ = 2 collective superfield theory, let us present useful formu-
lae for the calculus of the bi-local superfield in A/ = 2 which generalize the formulae of
section 2.2. First, the functional derivative of the same fundamental superfield is given by

0f(0,0) SF@0) s
6f( ! 9/) 5]0( / 9/) - (0 6)5( ) (5.16)

We define the change of variables and chain rule for the fundamental superfield as follows.

=@ -0)5(c' —0o)

! 10/ 5foc(‘7> 6)
5fa(c,0) /5fﬂ o0yt S T (5.17)
5f5 o’ 9/ ! 30/ g
5fa Z/ 51a(,0) Y 50 0 (5.18)
B
—1 3p/ 5fa(7— 9)
0falc Z/afﬂ o, 0)de'df == AR (5.19)
(5f3 &' 9 ) 1)
5fa Z/ 51a0,0) ST ) (5.20)
p\o

where «, 5 label some basis, and the summation runs over a complete basis. For bi-local
superfields, we have the analogous formulae:

§F(01,01;52,00)

F(03,03;04,04) = (63— 61)(01 — 62)3(05 — 01)8(04 — 72) (5.21)
g?g Z;: Zi: Zi; = (63 — 01)(01 — 62)6(53 — 31)d(04 — 02) (5.22)
OFa(01,01:72,02) = / 5F) 03’03’04’94)d04d04d03d03§FgEZ;:Z;:Zi:Zi; (5.23)
e i
§Fo(51,61;09,00) = /5F/3 03, 03504, 04)do404do3d03 g?;g;: Z_;: Zz: Zi; (5.25)
OF, (01,91702,92 Z/ giﬁ :j:z?:Zi:Zi;da4d04d53d9—35ﬁ’ﬁ(03723;04794) (5.26)
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5.2 N = 2 bi-local collective superfield theory

Consider Grassmannian odd chiral and anti-chiral superfields

DY'=0 , D=0 (i=1,2,---,N) (5.27)
In terms of component fields, we have

V'(0,0) = X' (o) + 0bi(T) (i=1,2,---N) (5.28)

Vi(7,0) = xi(5) + 0b; (1) (i=1,2,---N) (5.29)

where y, Y are complex fermions while b,b are complex bosons. They transforms in the
fundamental and anti-fundamental representation of U(IV), respectively:

We define bi-local superfields and their conjugate:

%W(Ul, 01)1hi (a2, 02)

(51, 01;00,02) = %W(ﬁﬁl)%(ﬁ,@z) (5.31)

U(ay,61;09,00) =

Note that ¥ and ¥ are related by complex conjugation:

[U(0y,01;02,02)] = —U(01,06:;02,02) (5.32)

where this is not the complex conjugation of supermatrix but that of a superfield. As a
supermatrix, it can be written as

1 (bi(Ul,Ql)Xi(U2792) —bi(01791)bi(02,92)>

U(01,01502,02) = — | e . _
X'(01,01)Xi(02,02) —x"(01,01)bi(F2,02)

¥ (5.33)

The complex conjugate relation of the bi-local superfields in (5.31) can be translated into
the following relation in the supermatrix formulation.

JUT =¥ (5.34)

Hence, ¥ and U are not independent degrees of freedom, like a hermitian matrix. For
the bi-local collective action, we need to evaluate a Jacobian coming from the non-trivial
transformation of path integral measure. As in section 2.3, we will use the following
identities for arbitrary functional F[¥] of W.

;0 i —S7 _
/D¢Dw<wfh91) [@Z’ (02,62) F[¥le } =0 (5.35)

_ 3 0 o ) A —81 _
/,Dw/d03d03(5\1/(01,91;53,9_3) [\11(0'2,92,03,93) J F[\I/]e ] =0 (536)
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and, is similar for ¥. In the same procedure as before, we can obtain functional differential
equations for the Jacobian:

o= = 0logJ
N0y —02)(01 — =[v 02; 73, 03)dosdl — 5.37
(01 — 02)6(01 — 02) / (02,092;53,03)dos 50 (0. 01 5.0%) (5.37)
o . dlog J
N0y — 02)6(a1 — =[v 02; 03,03)dos3dfs— — 5.38
(01 — 02)0(51 — 02) / (G2, 02; 03,03)dos 3556101 03.05) (5.38)
As usual, this can be solved by
N _
logJd = —Estr log U@W (5.39)

Note that the Jacobian J should be a function of ¥®W or ¥®W¥ because this is the only
allowed combination, and they are related to

N _ = N =
logJ = —?str log¥®W¥ = —Estr log(—¥Y&®W) (5.40)

Moreover, when analyzing the collective action later, one might be temped to treat ¥ and
U as if they are independent variables. This seems to give the correct result, with certain
prescriptions, as usual. However, rigorously speaking, they are not independent, and one
should take this into account. For example, a functional derivative with respect to ¥ will
act on W in the Jacobian. For this, it is helpful to use

in addition to the fact that supertrace is invariant under the supertranspose. Also, we do
not have a shift in N because the bi-local collective superfield does not have symmetry
analogous to (2.25). This was already seen in higher dimensional U(N) vector models [63,
65, 74], and has been shown to be consistent for matching one-loop free energy of higher
spin AdS/U(N) vector model [74, 84-87].

Now, to express the kinetic term, we will find the supermatrix representation of the
superderivative.

(5.42)

D1A<O'1,9176'27§2) _ <2871A0(7—1;0'2) 2871142(7177—2)) =9D®A

Aq(01;02) As(o1;2)

Note the chiral superderivative is (Grassmannian odd) anti-chiral/chiral supermatrix:

(5.43)

9(51751;0%92)5 ( 0 28715(51—02)>

(5(51 —02) 0

Hence, the chiral superderivative can be multiplied to ¥ from the left by star product ®.
In the same way, one can also define the anti-chiral superderivative as follows.

(5.44)

@(0’1,91;5’2,§2) = ( 0 2871(5(01 — 0'2)>

5(0’1 —5’2) 0
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which satisfy

0

o1 — 02)

(DED) (01, 01; 02, 05) = 20, (‘5("10_"2) 5 ) =20, 1(01,01;09,05)  (5.45)
5(5’1 — 5’2) 0

0)(51,01; 52, 02) = 20;
(©®©)(Ul7 1,02, 2) 1( 0 (5(6’1—5’2)

) = 28T1ﬁ(51,91;62,§2) (5.46)

Then, in the supermatrix notation, the kinetic term can easily be written with the su-
perderivative matrix as follows.

str (D@V) = str (DY) = /dﬁ [2871¢i(71)@5i(72)} + b (11)bi (1) (5.47)

T2—T1

Therefore, like NV = 1 case, the bi-local collective action for A/ = 2 SYK model is given by

N _ - N _ _
Scol = — Nstr (:DGB\I’) + ?str log(\I/GB\I/) — J? dTldeldTngz[\If(O'l, 01; 5’2,92)]3 (548)
1 o _
—Nstr |~D&W + 3 log(VET) — ‘;\p@[qﬂ (5.49)

The rest of calculation is parallel to N' = 1 case except that the large N classical solution
need not to be anti-symmetric, which admits a one-parameter family of solutions depending
on “spectral asymmetry” & [5, 88]. Also, since the collective action as a supermatrix
in (5.49) contains both ¥ and ¥ which are not independent, one need additional care.
Practically, it is useful to go back and forth between the supermatrix notation (5.49) and
the superfield notation (5.48). For example, the superfield notation is useful in varying the
interaction term because one can easily change ¥ into W. i.e.,

/dTldaldTQdQQ[\I’(O'l,91;0’2,92)}3 = /dﬁd@ldngHg[\T/(al,91;02,92)]3 (550)

This is a trivial identity from the point of view of the superfield notation, which leads to
an identity that can also be proven in the supermatrix notation:

str [U@[P]?] = str [T@[P]?] (5.51)

Varying the collective action with respect to ¥ and multiplying ¥ from the right, one can
obtain the Schwinger-Dyson equation for the A/ =2 SYK model [50]:

—DeU +1— [T)?e¥ =0 (5.52)
One can also study A/ = 2 bi-local superconformal generators and its representation for
the supermatrix formulation. Moreover, after finding the eigenfunctions for the Casimir

operators, one can diagonalize the quadratic action to find all spectrum as in N’ = 1 SUSY
SYK model. We leave them to future work.
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6 Conclusion

In this work, we formulated the bi-local collective superfield theory for one-dimensional
N = 1,2 SUSY vector models. We showed that this bi-local collective theory can be re-
formulated as supermatrix theory in the bi-local superspace. This drastically simplify the
analysis of the A/ = 1 SUSY SYK model. We also studied the bi-local superconformal
generators and its representation in the supermatrix formulation. Using them, we diag-
onalize the quadratic action of the N/ = 1 SUSY SYK model. We also developed the
bi-local collective superfield theory for N' = 2 SYK model, and also connected it to su-
permatrix formulation. The rich structures of the supermatrix formulation could provide
deeper understanding on the SUSY SYK models.

In section 2.3, we easily obtain the shift in large N by —1 which would be advantage
of supersymmetry. Otherwise, one needs careful analysis of the differential equation for
Jacobian. We showed that this shift in IV is not only important in matching free energy
in the higher spin AdS/CFT but also in getting correct result in large N expansion (See
appendix A). Though we did not evaluate various observables by utilizing supersymmetry
in this work, the simplicity of supermatrix formulation and the supersymmetry will enable
us to calculate various observables exactly. We leave that to future work.

As mentioned in the introduction, this bi-local construction is not restricted to space-
time or superspace. The bi-local collective (super)field theory would shed light on the
generalization of the SYK models like higher dimensional generalization by lattice. It is
highly interesting to construct N' = 4 bi-local superspace and its supermatrix formulation.
Also, one might be able to generalize the bi-local superspace into higher-dimensional vector
models in the context of higher spin AdS/CFT.
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A % corrections in one-dimensional free SUSY vector model

In this appendix, we show that the shift of N by —1 indeed gives the correct one-point func-
tion of the bi-local collective superfield (or, invariant two-point function of the fundamental
superfield) for a free theory. Consider a one-dimensional free vector model:

Stree = / dr [;Xiaxi — ;bibi] (A1)
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Because it is a free theory, we expect the exact one-point function of the bi-local field
will be

(U (71, 0r: 79, 0)) = <;w(ﬁ,el)w(fz,eg)> _ %(sgn (112) — :20(r12)02)  (A.2)

The corresponding bi-local collective action for the free theory is given by

N -1
2

N
Seol = str {—29(@\11 + log \I/] (A.3)

One can easily check that the large N classical solution is the same as exact answer.

Wor(r1, 01: 72, 0) = %(sgn (T12) — 0126(r12)62) = <1Sgn0(7-12) 5?)) (A4)
2

However, when we expand the bi-local superfield around the classical solution in large N

1
U=Uy+ ——0 A5
R (A.5)

the collective action (A.3) generates vertices which comes from

-1
str log (A.6)

and, there should be no % correction to (A.4) from those vertices. At large N, the collective

action can be expanded as

VN N—1& (—1)mtt .
Scol = — TStr (@@Q)) + B mZ::l mN% str [(\I’d@@) m]

VN _ 1 _ _
== str [U 0P — D@d] — Istr (V' @@V, @)

+

str [—\Ifalcm +1 (@51@9@)@3} +O(NTY (A7)

1
2V N 3

First, one can easily calculate the inverse of the classical solution from (A.4), and it turns
out to be equal to the matrix superderivative in (2.41).

\1151 =9 (A.8)

In fact, this is the large N Schwinger-Dyson equation for the free collective superfield
theory. Then, from the quadratic action of order O(N?), one can read off the two-point
function of the bi-local fluctuation. Furthermore, one can easily show that

B _ d(r2) 0O
U ledel  'ed = A9
<( cl ®P® cl ® )(7-177-2» ( 0 5(7_12) ( )
Now, the leading correction to the one-point function of the bi-local collective superfield is
given by
_ 1, __ ®3
ﬁ <(I)(T1,91;T2,92>St1‘ I:—\I/dl@q)—i- g (\I/dl@(b) ]> (A.IO)
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Using a property of the supertrace and (A.9), one can easily see that this correction van-
ishes. If it were not for the shift in NV by (—1), this correction would not vanish, and
therefore would not give the exact one-point function which one can expect in free theory.
Though this shift does not have any influence in the main text of this paper, it would be
important in evaluating % corrections to correlation functions or the free energy.

B Casimir eigenfunctions

In this appendix, we present the (bosonic and fermionic) eigenfunctions of the supercon-
formal Casimir operators discussed in section 3.2.

B.1 Bosonic eigenfunctions

o FEigenvalue of Casimir: v (V — l)

2
y1
. _ 6
T, = e_zwtz%J,,(wz) 0-= (B.1)
1 0
v—1 y—1
2, = e_iwtzéJ,,,(wz) 0—= or T2, = e_iwtzéY,,(wz) 0 —= (B.2)
1 0 1 0
s, = %we*i“’tzé [Jy(w2)1 + iJy—1(wz)os) (B.3)
rd, = %we_mzé [V (w2)1 +iY,_1(wz)os]
or rl, = %we*mtz’é [Jo(w2)l —iJ_p i1 (wz)os] (B.4)
e Figenvalue of Casimir: v (1/ + %)
. vty
s, = efmzéJV(wz) 0 = (B.5)
1 0
) v+i ) v+i
e, = eilwtzéJ_y(wz) 0= or TS = ef“"tz%YV(wz) 0= (B.6)
1 0 1 0
r’, = %we*mz% [Jo(w2)1 — iy 41 (wz)os) (B.7)
e, = %we_iwtzé Y, (w2)1 —iY, 41 (wz)os]
or e, = %we*mz% [J_p(w2)1 4+ iJ_,_1(wz)os] (B.8)
e Action of supercharge:
orl - (m)%e—iwtz% [Tyt (w2)1 — iJ, (wz)os)] (B.9)
3 D iwt L 0 La
Qruw = (Z'LU)§€ ZGJIJ—I—I (’LUZ) 1 26" (Bl())
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QI = (iw)ge ™2 [~ Jyu1(w2)1 = i, (w2)or]

7 . i —iwt + 0 VJF%
or,., = (zw)§e 26 J, (wz) 22

1 0

B.2 Fermionic eigenfunctions

o Figenvalue of Casimir: v (V — %)

02, = e b I (w2) (g = ) or 02, = e MY, (w2) (
Q3 = Qwe_“”tz% [Jo(w2)1 + iJ,_1(wz)os)

O =Se 1t ¥y w2)1 + Vs (w2)o)

or Q= %we_i“’tzé [J—v(w2)1 = iJ-ps1(wz)os]

o FEigenvalue of Casimir: v (1/ + %)

. l/+l
Q?jw — @7'Lwtz%<],/(wz) <(1) - 0226>

1
V—I—E

0

s, = efiwtzéj_y(wz) (? 2z > or I'S = efiwtzéYy(wz) (0

sz - %we*mz% [Jo(w2)] — idyq1(wz)os)
ng — %we_iwtzé [YV(U]Z)]]. - ’L'YI/+1(U}Z)O-3]

or 08, = twe b [y (w1 i1 (w2)os)

e Action of supercharge:

T . 1

Q0L = (iw)se ™28 (i, (w2)1 + Jy— (w2)ors

SN

[\

y—1
Q03 = (iw)se ™2 J, (w?) (‘1) = )

o> = (iw)%e_iwtz% [—iJy(w2)1 — Jyy1(wz)os)

. I/J,»l

. T 1 0 _ 6
QQZw = (iw)=e 25 J,(wz 2z
(i), (w) (97
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0

v—=
2z

)

1 0

1

1
V—‘rg

2z
0

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)
(B.22)
(B.23)
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C Direct diagonalization

In this appendix, we will diagonalize the quadratic action following [9, 10]. In 4.1, we
already showed that the second term in the quadratic action (2.83) corresponds to the
inner product of two eigenfunctions. Hence, we will focus on the first term of the quadratic
action. For each u%,, (a = 1,2), we will find @, such that

\Ilcl®ayw®\1’cl® = g(y)u,,w (Cl)

where we will use the known functions g(v)’s in [50]. (See (4.40) and (4.41).) Because of
the symmetry of @, in (4.42), we have the following ansatz.

0 Akf§(712)

fg (712) 0 (C.2)

Uy (Tla TZ) ~

One component of the Lh.s. in (C.1) is

/ drsdry  sgn(713)sgn (7'42)2,,(’ (73 — 7'4)‘)sgn (13 — 74)
|3 (

5 7'3—74)|% |71—T3|%|7'4—7'2|%

1 .

. 2 — 20132, (Jwz|)sgn (2) e~ ®lz=20ltgon (t + 1)sen (t — 1

it [ g o Bl ) g (¢ -+ 1)sgn (¢ = 1
HE t2 — 1[5

:_&3mm/‘12—%PZ(WdB@()

B

o /OodtCOSlU!Z—lzoﬁ _/1 dtcosw\z—lzoyt
1 [t2 — 1|3 0 [1— 2|5

_2\/7;<2>%<§>6_m0 I 2= 2] 2, wz)sem (2

v 2]

x [T (w(z = 20)]) + Yo (lw(z = z0))] (C.3)

up to a trivial factor. Here, we defined

~
Il
N
Il

(13 — 1) (C.4)

(11— 72) (C.5)

(13 + 74),

tO (7-1 + 7_2)7

N — DN =

N

o

Il
NSRRI ORI

In the last line, we used eq. (3.771) in [89]:

1 cosazr 7T a b—*
/ dr B V(O 0y @) (>0 Rb<1)  (C6)
o (2?

—1 2
[mdxmz ‘5(2) PO - b)Y, i) (@>0,R%>0)  (C7)
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In the same way, we found that the other component becomes

/ dngT4 ZV(‘%(T?)_TOD
|3 (

1 4 4
s —ma)|o |1 — T3]3 |Ta — 7|3

5 _iwto/dtdz e 7, (Jwz])
=2e

215 182 = (2 = 20)?

) —iw|z—zo|t

= 2 A8 Peminto /dtdz Z(lwe) e .

9 Stz — 2off -1

Z‘%|Z—Zo‘§

/ dtcosw[z zolt / dtcosw\z—folt
0 11— 123
5
:2\/7?<w>6r<_1>€—zwto/dz (|’LUZD -
2 3 [2]5]z — 2[5

x |7 (jw(z = 20)]) = Y3 (jw(z — =) (C)

up to trivial factors.

Now, we will use Fourier transformation of each Bessel function with appropriate
factors. That is, in the Lh.s. of (C.1), we will consider the Fourier transformations of the

following six functions.

IZ—ZoléJ;(Iw(Z—Zo)IL |2 — 2[5 _s 1(w(z = 20)l) , 275 2 (lwe])  (C9)

5 1
|2 — 2|78 s(lw(z=20)[), [z =207V (Jw(z = 20)]),  [2]75Zu(lwz])  (C.10)
while on the r.h.s. we need the Fourier transformation of the following function.
1
|20[6 Z,, (|w2ol) (C.11)

The Fourier transformation of these functions can be performed by using the following
integrals (e.g., see eq. (6.699) in [89]).

I: /dw Ve ], (|z|) = 2/dx z” cospxJ, (z)
ol+vp(l 4 )
= 2D by o)y —sinetlpl — 1) (€12
VAP — 17+

IT /dx e J_,(|z|) = Z/d:L‘ x” cosprJ_,(x)

21+u\/> 1
1l 7,,)2F (2 5 T¥gip ) (1—lpl) (C.13)
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cosmvdy,(x) — J_, ()

sin v

IIT /d:r " eV, (|xz)) :2/dm x” cos px
_ 2T(3+v)
Valp? — 1]z

ol /rlp|2
sin (3 + v)|p? — 1|”+%

[0(1 = |p[) — sinwvB(|p| — 1)]

0(|pl — 1) (C.14)

v /da: |lz|“eP® J,(|z|) = 2/ dx x* cosprJ,(x)
0

21T (14 p+v)cos [F(1+p+v))
- I'(v+1) [p|tHrt
XF<1+g+K2+g+y

1
v+ 1; p2> O(lp| — 1) (C.15)

+

1+ I4ptv
2 “F< 2 )F Lbpty Top=v 1 o\ o0 )
F(V_g+1) 92 ) 92 727p p

Vo /dm |lz|ePT_,(|x]) :2/ dx x* cosprJ_,(x)
0

2" (14 p—w)cos [F(1+pu—v)]
- ['(=v+1) p[tr=

l4pu—v 2+pu—
WP (A 2thTy
2 2

1
,—v+1,— |6 -1
p2> (Ip] = 1)

+

1 Ly
2*“F( ’é‘”)F l4p—v I+p+v 1,
T (—V—Q/H—l) 2 ’ 2 72’
. [e.9]
VI /dw |x|#sgn (2)eP* J,(|x|) = Qi/ dx z" sin pxJ, (z)
0

.21_VF(V +p+1)sin [Z(14 p+v)] y
=1

L(v -+ 1)[p[rtrtt
XF<2+u+u1+u+u

pﬁeu—m>«n®

2 ’ 2

2+pt+
P ()

7_X
L (5")
24pu+v 24+ p—v 3
or (B 2EAZE 22 001 o) (c17)

1
v+ 1= ]0(p| —1
ﬁ><m )

+i2*Tsgn (p)[p|

Substituting these Fourier modes into (C.3) and (C.8), one can perform the integration
with respect to z. The e~™% factor can be easily obtained. By comparing the rest of the
components on the both sides of (C.1), we found that

1 1
p=-3 <I/ + 6> for u), (C.18)

1 1
h= (l/ - 6> for u2,, (C.19)
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and, thus we also confirmed our claim in (4.37). Using there wu,,,’s, we obtain the eigenvalues
of the kernel by evaluating the inner product. We find that

- 1
__ v 1N;< 1) for ul, (C.20)
253673 g1(v)
~ 1
QJI/ 1Nj( - 1> for uZ, (C.21)
233673 92(v)

Now, we will confirm a part of diagonalization of the quadratic action (i.e., the second
term in (2.83)) by OB®ug,, (a = 3,4). Explicitly, we obtain

gpent ol 1 [ A G oa — iz wABe] (w>0)
®uuw - .
2 v8n ¢lvlt [ (jwz|)sen (2)Boos +iZ) (lwz)Be]  (w < 0)
(C.22)
where o3 is a Pauli-like supermatrix (i.e., o3 = ( (1] _01)) and
3
:§+2n (n=0,1,2,--+) (C.23)
v=ir (r e R) (C.24)
In component, we have
el 1 [ e [z (wesen (=) — iZg (ws)] (w > 0)
Vpw :B7\/j|g]2‘6 ) (025)
o e (2] (wel)sen (2) + 25 (jwz))]  (w<0)
gl L I (s () - 2 (usl)] (w2 0)
=B— F|Jz\6 ‘ (C.26)
o et 2 (lwzl)sgn (2) +iZ; (wz)]  (w <0)
We will evaluate
4
2J3C/dT1d7'2 fism (71, 72)m2(71, 72) (C.27)

where we expand the 1’s in terms of v!'! and v'2. i.e.,

Z Z BVUJ uw + Z Z Buw I/w +c.c. (C28)

w20 v=ir =0 3
=0 wZ 1/_2n+
n=0,1,--

E , E Buw Vw+ E E fBuw vw +CC' (0'29)
w>0 v=ir w>0 3
=150 = u_2n+
n=0,1,---

In order to evaluate these integrals, we need an identity
_ v, _
erll =Jp1+édvp = 8ZZ,, + ;Zl, (C.SO)

where we used

§—V+1 = _§V . (031)

-39 —



The identity (C.30) enables us to evaluate the following integral.

/ 02 (ZF ()75 (2) + 2 () ZF (=) = Z;Z;|?+<u+u>/ E ()7 (2)

0 0
=2uN, d(v —p)

Then, we find that (C.27) is

2J§c/d7'1d7'2 ff/3771(7‘1,72)772(7'1772)

2 1

1
233676

>+ Y | > BB (—iwwN, (C.33)
v=ir V—2n+— w20

>
=0 01,

For the other modes, one can repeat the same evaluation. Qu?, is given by

e~ vt 7, (Jwz|)sgn (2)os + i Z; (Jwz])1] (w>0)

Qul, = ’7“2”‘&|Jz|é | (C.30)
T et (2 (lwz))sen (2)os — i Zf (Jw2])1] (w < 0)
where
Z%Hn (n=0,1,2,--) (C.35)
v =ir (r e R) (C.36)

In components, we have

eI (2], (lwzl)sgn (2) +iZ, (Jw2])]  (w > 0)

21 |w\ 1 1
2 = 723 (C.37)
2 Ver el (2, (wel)sen (=) — iZ; (we))]  (w<0)
e~ twlt 7+ (lwz|)sen (2) +iZ; (|lwz w
EfU:';U‘\lﬁlJ A (=21 (lwz])sgn (2) +iZ; (lw2])]  (w>0) (©38)
B et [~ z5 (jwel)sen (2) — iZ; (fwel)] (w < 0)

D N =1 SUSY SYK model: general g

In this appendix, we discuss the eigenvectors of the N/ = 1 SUSY SYK model for the
general ¢ case. Since the idea is the same as the ¢ = 3 case, we present only important
results. For the general ¢ case, since the fundamental superfield has dimension 2—1[1, the
appropriate N' = 1 superconformal generators are given by

P, = 0r, (D.1)
Ko = 7'387& + 2A47q + 740400, (D.2)
Dy = 7140~ + %Haaga + Aq (D.3)
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Qa - 89a - 0(187'@ (D4)

So = 7400, — Taba0r, — 24,0, (D.5)
where ¢ = 1,2 and A, = Qiq (a = 1,2). The bi-local superconformal generators are
defined by

L=L1+Ls (LG{P,K,D,Q,S}) (D.G)
and the associated Casimir is
1 1 1 1
C:D2—§(PIC+/CP)+1(SQ—QS):D2—§D—ICP+§SQ (D.7)

Via the bi-local map in (3.25) and (3.26), the superconformal generators are represented as
P =20, (D.8)

2
K= (t2 + Z2)8t + 2t20, + t(C()@CO + Clagl) + Z(Coago — Cﬁgl) + 6t

= (—t2 + 22)& + 2tD + Z(Coago — Clagl) (D.g)
1 1 1
D =t0;+ 20, + 5{03@ + 5@8@ + 5 (D.10)
1 1
Q= — §C0(at+6z) + 5@(—@—1—62) +0¢ + 9, (D.11)

§ = (14 2)0, — (~t+2)0, — 5ot +2)(@1 +02) — SG(~t + )0+ 8.)

1
- 5((0 + (1) (D.12)
and, the Casimir can be written as

1 1 2 1
C= 2 faz +2%(=0F + 02) — 204(Co0c, — 10c,) + <23z + 2q> (C0dgo + C10¢,)

1 1 1
+ §C0C18C18C0 - Za(laCo - ?qazCoﬁ - E(_ZQ&? + ZQ@E)COCI

= (50 + 5 ) B + G5 = g0t — G5 (D.13)

In the same way as in section 3.2, we obtain the following eigenfunctions of the Casimir:

o FEigenvalue of Casimir: v (1/ — %)

yo(1_1
YL = e 375 ] (wz) [ O —7(222 ) (D.14)
1 0
) 11 ”‘(%‘%)
T2, =e ™0 (wz) |0~
1 0
9 ot 11 0 v—(5-1)
or Y2, =e "2 aY, (wz) T2 (D.15)
1 0
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e Figenvalue of Casimir: v (1/ + %)

3 _ —iwt i-1 2 4
T, =e "z2 a ], (wz) 2z (D.16)

0

1
| (3
i, = e_““tz%_%J_,,(wz) (0 2z
1 0

2 —iwt 55 0 ——2
or 'y, =e ™22 aY,(wz2) 2z (D.17)
1 0

The other eigenfunctions are also similar to those in appendix B.
For general ¢ case, one can the collective action for the N' =1 SUSY SYK model is
given by

N
Scol = Estr DV + lOg\I’ — z‘l’@[\y]qil (D18)
q

Note that the additional factor comes from the ¢’s in the action with disorder interaction
which makes the Largrangian real. The large N saddle point equation is given by

- JP'ev =0 (D.19)

where we take the strong coupling limit. Using (2.56) and 2.56, one can easily evaluate the
classical solution [50]

Ug=c c=
f1q(m12) 0

and the eigenfunction of the quadratic action are found to be

0 —%fls/q+1(7'12) [tan 27;] q (D.20)

ul(t,2) = ——e Wt I a2 (lwe]) | O TR (D.21)
V8T sgn (2) 0
1 11 vt (3-4)
W2 (t2) = ——e Wt J22 0 25 (jwe]) | O ER (D.22)
V8 sgn (z2) 0

We also confirm that

Aq e 3t w 0 —ﬁsgn (11— 72)
Uy (T1,T2) = — \/87J 57, <‘2(7'1 —T2) > 2[T(ri—m)|
Tolgn )2 1 0
~ [(We) Tt (D.23)

for some constant A,.
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