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1 Introduction

Apart from very special cases like the harmonic oscillator, it is often quite hard to solve a

generic Quantum Mechanical system (i.e. computing eigenvalues and eigenfunctions in the

appropriate Hilbert space), even if we just limit ourselves to consider systems with discrete



spectrum: sometimes the solution can be found but cannot be expressed in a closed form,
while some other time we simply don’t know how to solve the problem with the standard
tools of Quantum Mechanics. It would therefore be very interesting to develop new, more
powerful tools to approach these problems.

In recent years it has been realized that supersymmetric gauge theories may be thought
of as a new framework to study (at least some class of ) Quantum Mechanical problems [1].
The original proposal of [1] consists in considering four-dimensional gauge theories with
N = 2 supersymmetry living on R?l X REQ, with €1, e2 Omega background parameters regu-
larizing the infinite volume of R4, in the so-called NS limit €; = ih, €3 — 0: in this limit the
remaining parameter i € R should be thought of as the Planck constant of some Quantum
Mechanical system, while gauge theory observables will admit an interpretation in terms
of various quantities of interest in the Quantum Mechanical problem such as eigenvalues
or quantization conditions. Different Quantum Mechanical systems will be associated to
different supersymmetric gauge theories, and this association can often be understood by
matching spectral curves with Seiberg-Witten curves. It is then clear what the advantage
of the gauge theory approach is: since we know how to compute gauge theory observables
via supersymmetric localization, we can provide an explicit solution to the Quantum Me-
chanical system (although often not in closed form) once the dictionary between Quantum
Mechanical quantities and gauge theories observables has been established.

Although it may be hard to prove it rigorously, the proposal by [1] can at least be
checked against analytical results in those cases for which the solution to the corresponding
Quantum Mechanical system is known, or against numerical results otherwise. A notable
example is the N-particle Toda chain, which is in correspondence with four-dimensional
N = 2 pure SU(N) Yang-Mills. This system has been solved via a technique known as
Separation of Variables in [2-7]; it was later shown in [8] that the Separation of Variables
solution coincides with the gauge theory one proposed by [1].

Ordinary Quantum Mechanical systems are often associated to differential operators:
in fact many of them can be obtained from a classical Hamiltonian H(x,p) with polyno-
mial dependence (usually quadratic) on the momentum p, therefore canonical quantiza-
tion p — —ihd, promotes the Hamiltonian to a differential operator H (x,—ihd;). There
may however be well-defined Quantum Mechanical systems, which we call “relativistic”,
arising from a classical Hamiltonian H(e”, eP) with exponential dependence on the mo-
mentum p (which therefore is a periodic variable); these lead to finite-difference operators
7/-2(6”5, e~"9:) after canonical quantization. An interesting example is the N-particle “rel-
ativistic” Toda chain, which simply is the finite-difference version of the Toda chain men-
tioned above. Relativistic Quantum Mechanical systems are typically harder to solve than
usual ones; in particular, differently from its “non-relativistic” (differential) counterpart,
the general solution to the relativistic Toda chain is not known.

Always according to the proposal by [1], relativistic Quantum Mechanical systems may
also be studied in the framework of supersymmetric gauge theory: the dictionary between
Quantum Mechanical quantities and gauge theories observables should remain the same,
and the only difference is that this time the gauge theory will have to be five-dimensional
N =1 and living on R2 x R2, x S}, (always in the NS limit), where R is related to the



periodicity of p in an appropriate normalization. Since relativistic Quantum Mechanical
systems are harder to solve than usual ones, one could hope to rely on the gauge theory
approach when dealing with relativistic problems.

Unfortunately, this turns out not to be the case. In fact, as first noticed in [9] the
proposal by [1] seems incorrect or at least incomplete since (among other problems) the
quantization conditions derived from gauge theory do not make sense (i.e. have poles) at
h/2m € Q, and even if we consider i/271 ¢ Q the gauge theory proposal gives an energy spec-
trum different from the one we can obtain by performing a numerical study of the relativistic
system of interest (as done in [10, 11] for the relativistic Toda chain). These problems are
due to the fact that the gauge theory approach seems to give the exact WKB answer, but
does not take into account possible non-perturbative corrections in A, which turn out to be
present and very important for the cases at hand; one should therefore understand how to
refine the gauge theory proposal in such a way to include Quantum Mechanical instantons.

A more refined proposal, which seems to correctly include these non-perturbative cor-
rections since it eliminates the problem of poles at i/27 € Q and provides an energy spec-
trum matching with numerical results, was put forward in [10] for the 2-particle relativistic
Toda chain (as well as for other relativistic systems, see also subsequent works [12, 13] and
especially [14] for explicit checks on the 3-particle relativistic Toda chain), at least for what
quantization conditions and energy spectrum are concerned. Differently from the original
suggestion by [1], this refined proposal implies that we shouldn’t simply consider observ-
ables of five-dimensional gauge theories on flat space in the NS limit but we should work
with a full, non-perturbatively complete theory of topological strings; quite remarkably,
the prescription of [10] also seems to agree with results in resurgence theory [15].

Another proposal which seems to properly take into account these non-perturbative
corrections for the 2-particle case, again at the level of quantization conditions and energy
spectrum, was given in [16]. The basic idea of [16] is to add an appropriate term to
the “naive” quantization conditions one would get from [1] in such a way that the total,
exact quantization conditions will be invariant under the exchange h <+ 472 /A (sometimes
referred to as “S-duality”); this symmetry is particularly nice since it naturally fits with the
modular duality property of relativistic systems. This second proposal was later extended
to the general N-particle relativistic Toda chain in [11], where it was also checked that it
gives an energy spectrum matching the numerical one (at least for the 3-particle case), and
to other cluster integrable systems in [17].

To be more precise, strictly speaking these two more refined proposals concern different
relativistic Quantum Mechanical problems. The second proposal by [11, 16, 17] really
deals with Quantum Integrable systems like the relativistic Toda chain, i.e. systems with
N — 1 commuting quantum Hamiltonians (and, as a consequence, with N — 1 quantized
eigenvalues). On the other hand, the first proposal by [10, 12-14] concerns instead the
study of the operators arising from appropriately quantizing the genus N — 1 mirror curve
associated to a local toric Calabi-Yau three-fold, which only have one quantized energy
eigenvalue. However, the two problems can be related if one thinks of the toric Calabi-Yau
mirror curve as the spectral curve for a Goncharov-Kenyon cluster integrable system [18], a
class of integrable systems that also includes the relativistic Toda chain; in this perspective



it is possible to show (as done in [19, 20] for a large class of systems) that the situation
described by the second proposal, in which all energies are quantized, can be regarded as
a special case of the situation described by the first proposal.

Despite now having concrete and consistent proposals for determining exact quantiza-
tion conditions and energy spectrum of many relativistic Quantum Mechanical systems, and
in particular of the relativistic Toda chain, a complete solution would also require knowing
the eigenfunctions for the system. Not much is known about these eigenfunctions. For what
the relativistic Toda chain is concerned (intended as a Quantum Integrable system with
N — 1 commuting quantum Hamiltonians), the general analysis of [21] in the Separation
of Variables formalism reduces the problem of finding the relativistic Toda eigenfunctions
to the problem of finding an appropriate solution to the Baxter equation associated to the
system; however, it is not known how to find this solution to the Baxter equation.

In this work we will provide a gauge theory proposal for constructing such a solution to
the Baxter equation associated to the relativistic Toda chain, out of which the relativistic
Toda eigenfunctions can be obtained via Separation of Variables. The idea is to start from
the “naive” Baxter solution one would get from the proposal by [1] and modify it by an
appropriate term chosen is such a way that the final Baxter solution will be invariant under
“S-duality” (i.e. h <> 47%/h), much like what done in [16] for the quantization conditions
and as natural from the modular duality property of the relativistic Toda chain. A similar
idea was considered in [22, 23], but the results there are incomplete; here instead we will
check our proposal against numerical results and find good agreement.

Our proposal, partially motivated by the work [24] and subsequent observations in [25],
can be thought of as a refinement of the original one by [1] in which, instead of considering
the NS limit of five-dimensional ' = 1 gauge theories on the flat background Rzl XREZ xSk,
we study the “NS limit” of the same theories but on the curved, squashed five-sphere
background Sf,hw’ws with w; squashing parameters (or some other background with the
same “NS limit”). Exact quantization conditions and exact spectrum a la [11, 16], exact
eigenfunctions, “S-duality” symmetry, and the modular double structure of the relativistic
Toda chain seem to be naturally unified in this framework; however it is not clear to us
why this should be so, therefore at the moment considering gauge theories on Sjlyw%%
should mostly be regarded as a computational tool.

Recently, other works proposing a solution to the eigenfunction problem for quantum
relativistic systems appeared [26, 27]; while [27] focusses on the 2-particle relativistic Toda
chain (for A complex or h = 2), the proposal by [26] is more general and can be used
to construct eigenfunctions of quantum mirror curves for all toric Calabi-Yau geometries
(including the ones associated to the relativistic Toda system spectral curve) in terms
of a non-perturbatively complete theory of open topological strings, much in the spirit
of [10, 12-14]. As we already mentioned while discussing exact quantization conditions, the
quantum mirror curve problem studied in [26] and the Quantum Integrable system analysed
in this paper are in principle two different relativistic Quantum Mechanical problems,
although they can be related; unfortunately, it is not clear to us how this relation manifests
itself at the level of eigenfunctions.



This paper is organized as follows. Section 2 is dedicated to the (“non-relativistic”)
N-particle Toda chain, whose solution (eigenvalues and eigenfunctions) is known: after
reminding the definition of the system (section 2.1), we will review its solution both in the
Separation of Variables framework (section 2.2) and in the gauge theory framework of [1]
(section 2.3). Additional comments are collected in section 2.4. Although pretty much
everything is already known, the concepts and ideas reviewed in section 2 will be useful in
order to understand how to approach the relativistic case.

In section 3 instead we will analyse the relativistic N-particle Toda chain. We will
first recall its definition (section 3.1) and study its solution via numerical methods (sec-
tion 3.2). We will then move to discuss how an analytic solution for this system can be

constructed by considering gauge theories on S?

o wa g €Specially for the 2-particle case:

after recovering the exact quantization conditions of [16] and energy spectrum in our frame-
work (section 3.3), we will state our proposal for the solution to the Baxter equation and
compare it against numerical results (section 3.4). A number of remarks are discussed in
section 3.5. We conclude section 3 with a discussion on the general N-particle case, where
we provide some additional explicit check against numerical results for N = 3 (section 3.6).

Section 4 contains our conclusions and a discussion on open problems; in appendices A
and B instead we collected the relevant formulae used to compute the gauge theory ob-
servables of interest.

Note added. Shortly after the submission of the first version of this paper to the arXiv
an interesting work [28] appeared, where explicit examples of eigenfunctions for quantum
mirror curves of genus 1 and 2 were studied. In that work it is also noticed that when the
curve has genus > 1, the associated eigenfunction shows an improved decaying behaviour
at infinity for the special case in which all the energies (or “true” moduli of the mirror
curve) are quantized as dictated by the underlying integrable system, rather than just one
of them; this is exactly the case we consider in this paper. Hopefully a better understanding
of this phenomenon will help us understand how the eigenfunctions proposed in this work
and the ones proposed in [26, 28] are related.

2 Toda integrable systems

In order to understand how quantum mechanical problems can be solved in terms of gauge
theory quantities, we briefly revisit in this section the case of the N-particle Toda chain.
This system has extensively been studied and the solution (eigenfunctions and spectrum)
is explicitly known in the integrable system literature as reviewed in section 2.2. The gauge
theory approach to solving the Toda chain has also been studied in detail and was found to
coincide with the integrable system community result; this will be reviewed in section 2.3.
The main purpose of this section is to introduce the relevant concepts and conventions that
will be used in the rest of the paper, as well as to provide a guideline for how to proceed
in finding the solution to the relativistic Toda chain that will be discussed in section 3; as
such there will be no new results here, apart possibly from a few comments in section 2.4.



2.1 Quantum Toda chain (open and closed)

The quantum N-particle Toda chain is a quantum mechanical system describing IV particles
on a line interacting via the Hamiltonian

N N
Hé = Z PmPn — Z gtmTimAL (2'1)
m<n m=1

Here x,,, p;, are position and momentum of the m-th particle,! satisfying the commutation
relations

[, @] = —ilidym, he€ Ry, (2.2)
and we imposed the boundary condition
N1 =11 —InQ, Q€R,. (2.3)
The value of the parameter ) allows us to distinguish between two very different cases:
e (Q = 0: open Toda chain (non-confining potential, continuous spectrum);
e ) > 0: closed Toda chain (confining potential, discrete spectrum).
Independently on the value of @), both open and closed Toda chains are actually integrable

models, and as such admit a total of N commuting Hamiltonians H!, (m = 1,...,N)
including (2.1); schematically we have (in the notation of [5, 6])

R N
Hi = Z pm7
m=1

N N
Hé = Z PmPn — Z e.’bm7$7n+17
m<n m=1
N
Hé: Z PmPnPr + .-+,
m<n<r
Hy = ... (2.4)

Decoupling the center of mass of the system is equivalent to impose ﬁ{ = 0. It will
actually be more convenient to consider the more familiar operators H,, as commuting

'In this work we will only consider z,, € R since this choice leads to quantum mechanical operators with
discretized energy levels (at least for the closed Toda chain). Choosing x. imaginary leads to operators
with continuous spectrum and will not be discussed here.



Hamiltonians [8], where

N
. 1
Hy ==Y ph+--- (2.5)

The second set (2.5) can be obtained by taking appropriate combinations of the elements
n (2.4), for example we have Hy = %(Ef{)Q — ﬁé, for this reason (2.4), (2.5) share the same
eigenfunctions, while the eigenvalues will be different although related (for example Fy =
$(E7)? — E}). In the following we will mainly use this second set of Hamiltonians (2.5); the
spectral problem we want to solve consists therefore of finding the common eigenfunctions
VU =(&, h) of the Toda Hamiltonians Hp,

Hpn W p(1,.. . an, B) = EnWa(zy,...,xn,B), m=1,...,N, (2.6)
with E = (E1,...,EN) set of eigenvalues (continuous or discrete), satisfying the appropri-

ate boundary conditions (after decoupling the center of mass) imposed by the form of the
potential:

e for the open Toda chain, ¥ z(7, k) should vanish fast enough as zp — zx11 — 00;
e for the closed Toda chain, normalizability requires ¥ (Z, h) € L*(RN1).

In a slightly more compact notation, by defining the generating function for the Toda

Hamiltonians
N
to)=> (-)"e"""Hy,, Hy=1 (2.7)
m=0

which satisfies the commutation relation

[t(0), 1(o")] = 0, (2.8)
the spectral problem (2.6) is equivalent to requiring

o)V 5(, h) = t(o, E)U 5(Z, h) (2.9)

N
to, E) =Y (-1)"cN""E,, E =1 (2.10)



is the generating function of the Toda eigenvalues. The polynomial t(o, E) also enters in
the definition of the spectral curve of the classical Toda chain: this is a Riemann surface
embedded in (o,y) € C x C* given by

y+Qy ! =t(o,E), (2.11)

out of which one can compute the action-angle variables of the classical Toda system.
Canonical quantization of the (¢, y) variables turns equation (2.11) into a quantum operator
known as Baxter equation (after a small redefinition of parameters); as we will see, solutions
to the Baxter equation play a key role in constructing the eigenfunctions of the Toda chain.

Since it will turn out to be more natural from the point of view of gauge theory, let us

—

mention that one can also re-express the polynomial ¢(o, E') in terms of an auxiliary set of

variables @ = (a1, ...,ayn) or 7= (71,...,7n) for the open and closed case respectively as
N _ L .
. _lc—a = En(a) =enla open chain),
o5y 4 s = am) (@) = @) ( ) o1
[l (0 —7m) = En(7)=en(?) (closed chain),

where e, (¥) are elementary symmetric polynomials in the variables ¥ and a1 +...+ay =
71 + ...+ 7n. Since the 7, variables should reduce to the a,, ones at ) = 0 we expect
that 7,,, = a;, +0(Q); more in general we will often think of 7,,, = 7,,,(@) as functions of the
am’s, so that also the closed Toda eigenvalues E,, = e,,(7(@)) will indirectly be functions
of the a,,’s.

2.2 Solution via Separation of Variables

Explicit solutions to both the open and closed Toda chain spectral problems (2.6) are well-
known in the integrable system literature. Historically the first step was done by Gutzwiller
in [2, 3], where he provided expressions for the N = 2, 3, 4-particles closed Toda chain eigen-
functions in terms of linear combinations of the open Toda chain ones and also obtained
quantization conditions and spectrum for these systems. His works already contained the
basic idea underlying what is today known as quantum Separation of Variables method,
later developed in more detail by Sklyanin [29], see also [4]. The Separation of Variables
method reduces the problem of finding eigenfunctions of the N-particle Toda chain to the
problem of finding solutions of a one-dimensional Baxter equation; Gutzwiller’s quanti-
zation conditions follow from certain analytic requirements on the solution to the Baxter
problem. Separation of Variables has later been used in [5, 6] to provide a solution to the
N-particles Toda problem (both open and closed) at any N; in this framework the Toda
eigenfunctions admit an explicit expression in terms of multiple contour integrals. Finally,
additional technical problems were rigorously solved in [7]. In this section we will quickly
review the general N solution by [5, 6]; we will later see in section 2.3 how this solution
can be recovered in terms of gauge theory quantities.

For what the open Toda chain is concerned, it is shown in [5, 6] that, in terms of the
auxiliary variables @, the eigenfunction Wz(Z, k) for the N-particle open Toda chain with



the appropriate boundary conditions can be expressed in a recursive way as

\I’al,...,aN (xlv <oy TN, h) =
/ H do; | (5, 1) Q(5, @, h) (2.13)

X \P017~-~,0N—1(x17"'7xN—17h)e%IN(Zm rom=35" o) (open chain),

starting from the eigenfunction of the 1-particle problem ¥, (z1) = ei21/h for an appro-
priate contour of integration C; it is also possible to show that (2.13) is an entire functions
of the @ parameters. Here u(d, h) is an integration measure,

N—-1
w(d, h) = H (Jj_hak)sinh <7r0]_hak> , (2.14)
i<k
while
N-1 N-1 N o —a
0(,a,h) = [ alos.am = [[ [ n"r <—whm) (2.15)
j=1 j=1 m=1

is sometimes referred to as the Harish-Chandra function for the open Toda chain, or wave-
function in separated variables; the function ¢(o, @, i), and consequently Q(&, @, i), formally
satisfies the one-dimensional finite-difference Baxter equation for the open Toda chain

(iYNq(o + ih, @, h) = t(o, E(d@))q(0, @, h), (2.16)

with (o, E(@))) as in the first line of (2.12).

Moving to the N-particle closed Toda chain, its eigenfunctions ¥z(Z, h, Q) can be
obtained from the eigenfunctions of the (N — 1)-particle open Toda chain via an expression
similar to (2.13), the only difference being in the function Q(&,a, i, Q); more precisely we

have (modulo normalizations)?

\Ilal,...,aN(xla -y IN, h) Q) =

/ H do; | w(@, h) Q@ 7(@), h, Q) (2.17)

X \IJUlp..,UNfl (xla ce oy TN—1, h)e%zN<Z%:1 am—Z?’:*ll Uj) (ClOSGd chain),
where this time
N—1
Q(7,7(a@),h, Q) = [[ alo;,7(@), 1, Q) (2.18)
j=1

and ¢(o, 7, h,Q) satisfies the one-dimensional finite-difference Baxter equation for the
closed Toda chain (suppressing the implicit @ dependence)

(i)Nq(o +ih, 7, h, Q) + Qi) Nq(o — ih, 7, h,Q) = t(a, E(F))q(0, 7, h,Q), (2.19)

2Here and in the following we will often distinguish Uz(Z, %, Q), Q(7,d, %, Q) associated to the closed
Toda chain from ¥z(#, k), Q(F,d, k) associated to the open Toda chain by explicitly indicating the Q-
dependence in the former case.




with ¢(c, E(7)) as in the second line of (2.12). It is important to remark that this equation
is nothing else than the quantization of the classical spectral curve (2.11) if we identify
y = (Z-)Ne—pg — (i)Nema(,.

To sum up, Separation of Variables reduces the problem of finding eigenfunctions
Uz(Z, h, Q) to the closed Toda chain (2.6) to the problem of finding solutions ¢(o, 7, i, Q)
to the Baxter equation (2.19); this is a great simplification since the Baxter equation
is a 1-dimensional problem. However, (o, 7, A, Q) cannot just be any function formally
satisfying (2.19): in fact as discussed in [5, 6], our expression (2.17) is a solution to the
closed Toda spectral problem only if the solution ¢(o, 7, h, Q) to (2.19) is entire in o and
goes to zero fast enough as || — oco; among other things, these additional conditions help us
fixing the quasi-constant ambiguity affecting ¢(o, 7, i, Q) (being a finite-difference equation,
any formal solution to (2.19) is only defined modulo iA-periodic functions). It turns out
that these conditions are only satisfied when the auxiliary parameters a,, (or equivalently
Tm) have certain special values, from which quantization of the energies E,,(7) follows.

More in detail, in Gutzwiller’s approach to the study of entire solutions to (2.19) one
first considers the half-infinite determinants KF) (o, 7, h, Q) given by

R
1 _ 0
— 3ih, E(7
K(0,7,h,Q) = 0 Q " 11 ) 1 , (220
t(o — 2ih, E(7)) t(o — 2ih, E(7))
0 < 1
t(o —ih, E(7))
! t(o + 711 E(7)) 0
o+ th, (T
Q 1 L 0
K (0,7, 1,Q) = | t(o + 2ih, E(7)) o t(o + 2ih, E(7)) ;o (2:21)
! t(o + 3ih, E(7)) !

from which two linearly independent entire solutions qéjF)(U, 7, h, Q) can be constructed:

_WJ\L’U (=) -
g5 (0,71, Q) = eN f K:, (U’Tf " Q) ; (2.22)
[[hei Ar (14 i%5mm)
_ig _nmNo (+) =
a7 (0.7.1,Q) = Q rer * KT 7hQ) (2.23)

[IY_ AT - i2=mm)
Despite being entire, these solutions do not go to zero fast enough at both ¢ = +o00. To
obtain the desired asymptotic behaviour, we use the fact that solutions to (2.19) are only
defined up to ¢h-periodic functions; we can then multiply q(()jF)(a, 7,h, Q) by an ih-periodic
factor which modifies the asymptotics as needed. The simplest choice is to consider

(F(, =
— q 0—7 7—7 h) Q
q(:’:)(g’»]—’h’ Q)= N . ( )

IL— e~ % sinh (Wa—ham) ’

(2.24)

~10 -



where a,, are the zeroes of the (ih-periodic) Hill determinant

Q ) 1 0
H(o,7,h,Q) = | Ho—ihE() o to—ih E(7) . (2.25)
0 = 1 _ .
t(o, E(T)) t(o, E(T))
which can also be written as
N . _
. sinh (ﬂ'%)
H(o, 7,0, Q) = H W (2.26)
m=1 L

By the analysis of [8], the zeroes of H(o) coincide with the parameters a,, we introduced
earlier.> However step (2.24) does not come without a price: although our new functions
¢ (0) satisfy (2.19) and go to zero fast enough at both ¢ = 400, they are no longer
entire but meromorphic since they present poles at o = a,, 4+ thny,, ny, € Z. To solve this
problem and construct a solution ¢(o) which is both entire and with the desired asymptotic
behaviour, we may consider a linear combination

q(0,@,h,Q) = ¢ (o,@ h Q) — ¢ (o,d hQ) =
— q(()+) (Ua C_ia ha Q) - £Q(()_) (0', C_L', h, Q) (227)

[ e sinh (r2)

with £ some constant chosen in such a way to cancel the poles, that is
&S (@ + ihnm, @, 1, Q) = €057 (am + ihnm, @, h, Q). (2.28)
A necessary condition for this to be valid is that the Wronskian
W(o) = a5 (0)al (0 +ih) — g5 (o +ih)al ) (o) (2.29)

vanishes at ¢ = a,, + ihn,,; this is however satisfied since computation of the Wronskian
shows that

W(o) oc H(o) fll sinh (#’ _hTm> (2.30)

and o = a,, + ihn,, are exactly the zeroes of the Hill determinant. To sum up, the solution
to the Baxter equation (2.19) of interest to us is the linear combination (2.27), which
is entire and with the appropriate asymptotic behaviour provided that the constant ¢ is
chosen in such a way that

e_ a0 __a”an)

= = ... . 2.31
a5 () g5 (an) 230

3The definition H(am) = 0, m = 1,..., N implicitly relates the a,, variables to the 7,, ones, taking
into account the constraint ZZ:I am = Zﬁizl Tm. Let us also remark that because of ifi-periodicity,
H(am + ihinm,) = 0 for any n., € Z.

11 -



It turns out that these conditions are only satisfied for particular values of @ = (a1,...,an);
as such, these are interpreted as quantization conditions for the spectrum of the closed Toda
chain and were first obtained in [2, 3].

Having solved the Baxter equation, from ¢(o,7(d@),h,Q) we can construct
Q(d,7(d@), h, Q) according to (2.18), and with this we have all the ingredients entering
in the expression for the N-particle closed Toda chain eigenfunctions (2.17); the only prob-
lem left at this point consists in performing the integrations. This can be easily done by
evaluation of residues. To give an idea of the procedure, let us first con51der integrating over
o1; denoting WL(Z, h) = Vg, on (21, N1, h)e%xN(Zm 1am=Y55" 05) for shortness,
we can split the integral as

V(7 h,Q) =
%) N-1 (+) (=) N-1
9 ' (01) — &gy '(01) Nl (=
== do-l dU o /’L(O-)\Ilg(x7 h) q(o-) =
Lo |t i s Mt
N-1 (+) N1 (2.32)
9@ (0 (o
= / doy doj| — —L ( 1) p— w(G)W%(Z, h) H q(o)
Cy i [[,,—ie # sinh (7r 1 m) jaie
= a5 (01) poe
v [ don | [Ldoy| 22 p@wi@n I a0y,
- j=2 [l # sinh (w2gem) j=2
where the contour C; contains the poles a,, + ihn,, for n,, > 0, m = 1,..., N while

C_ contains the poles a,, + ihn,, for n, < 0. The two integrals can be computed by
residues, and by using (2.28) the result can be expressed in terms of the function qéﬂ only.
Integration over other variables is performed along the same lines; the final result has the

form of an infinite linear combination of (N — 1)-particle open Toda chain eigenfunctions:

N N-—
Ua(Eh,Q)oc Y (=DM 3" A@HRE ) ) oy (E12) H (M) ihia(m)).
m=1 A(m)cgzN-1 j=1

(2.33)
Here A(¢) = ][;.(0; — ok) is the usual Vandermonde determinant and we introduced
the vectors @™ = (a1,...,m_1,ami1, ... an) and 7™ = (N1, ... N1, M1y -+ s N
More precise formulae and additional technical details on the computation and properties
of the closed Toda chain eigenfunctions in the Separation of Variables formalism can be
found in [5, 6].

2.3 Solution via gauge theory

As mentioned in the Introduction, starting with the seminal work [1] it has been gradually
understood that supersymmetric four-dimensional N/ = 2 gauge theories in flat space in
the presence of non-trivial Omega background parameters €1, €5 can provide an alternative
framework for solving stationary quantum mechanical problems with discrete spectrum
such as Toda chains. More precisely, such quantum mechanical problems are related to
supersymmetric gauge theories when we consider the so-called NS limit €¢; = ih, e = 0: in
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this limit the second Omega background parameter is sent to zero, while the first one plays
the role of the Planck constant (here and in the following we will be assuming h € R4).

Different quantum mechanical systems are associated to different gauge theories: for
example, for N-particle Toda chains the relevant gauge theory is pure N' = 2 SU(N)
Yang-Mills, where the instanton counting parameter (Q4q = e~87*/9a is identified with the
parameter ) introduced in (2.3) (open Toda chains therefore appear when the Yang-Mills
coupling constant g4q is sent to zero). A partial solution (i.e. quantization conditions and
spectrum) to the Toda chain in terms of gauge theory quantities was provided in [1], while
eigenfunctions were later discussed in [8] where it was also shown that gauge theory results
coincide with the known solution we reviewed in section 2.2. Here we will recall the main
results of [1, 8] for the case of interest, slightly reinterpreting them in a way more suitable
for generalizations.

2.3.1 Quantization conditions and energy spectrum

Let us start by considering quantization conditions and spectrum. When applied to pure
N =2 SU(N) Yang-Mills, the proposal of [1] provides new explicit expressions for quanti-
zation conditions and energy spectrum of the N-particle closed Toda chain; these may look
very different from the ones we already know from section 2.2, but it is actually possible
to show that they are in fact equivalent [8].

More in detail, for what quantization conditions are concerned the idea is to start by
X Rgz (30, 31]

2
€1

considering the pure /' =2 SU(N) gauge theory partition function on R

Z4d (6:7 €1, €2, Q4d) = Zzlfgrt (C_i> €1, €2, Q4d)ZAiLI(liSt (C_i> €1, €2, Q4d)' (234)

Here we divided the partition function into its perturbative part (classical + 1-loop) and
instanton part, while @ = (ai,...,ay) are the vacuum expectation values of the adjoint
scalar field ¢ in the N = 2 vector multiplet; on the Toda system side, these will be
identified with the auxiliary parameters @ we introduced in (2.12) (i.e. with the zeroes of
the Hill determinant (2.26)). The NS limit of (2.34) is divergent, but the effective twisted
superpotential Wyq (@, €1,Q4q) defined as

1

—Wiya(d, €1, Qaa) = lim [—eplog Z4q(d, €1, €2, Qua)] (2.35)
61 62%0

is instead finite; this can also be separated into its perturbative and instanton part as
Wid (@, €1, Qua) = Whi™ (@, €1, Qua) + WK (@, €1, Qua)- (2.36)

Replacing €; = ik, the proposal by [1] states that the quantization conditions for the Toda
chain are equivalent to the set of supersymmetric vacua equations

1 0 S
exp <—maamW4d(a7 Zha Q4d)> =1 ) m = 17 ey N? (237)
or alternatively
E)aW4d(d’, ih,Quq) = —2mhngy,, nm€Z, m=1,...,N. (2.38)
am
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The equivalence between gauge theory quantization conditions (2.38) and Gutzwiller’s
quantization conditions (2.31) was later shown to be true in [8].

Moving to the spectrum of the Toda system, [1] suggests that the energies E,, should
correspond to the NS limit of the vacuum expectation value of gauge-invariant operators
built out of ¢, that is

E® (Tr ™), (2.39)

1
o ml
evaluated at those particular values of the a,, parameters which solve the quantization
conditions (2.38) for a given set of integers (77). The energies Ey, E2 of the first two Toda

Hamiltonians are particulary simple to evaluate; in fact E7 is just the total momentum

N
Ey(d) = Z am (2.40)
m=1

(independent of Q4q) which is often set to zero, while FE3 can be obtained from
Wia(d, ih, Quq) via the Matone relation [32]

d
dQuq

The proposal of [1] therefore provides a detailed prescription on how to compute the energy

Ey(d, h, Qsq) = Qua Wia(d, ih, Qaq). (2.41)

spectrum of the closed Toda chain by means of gauge theory quantities; as discussed in [8],
this prescription is equivalent to Gutzwiller’s one. Conjecturally the gauge theory prescrip-
tion should also work for other quantum mechanical system, which will be associated to

different gauge theories.

2.3.2 Numerical study

The gauge theory solution proposed by [1] can also be explicitly tested against numerical re-
sults, as done for example in [11] for the 2-particle Toda chain. In order to give a better idea
on how the prescription of [1] works in practice, and also because we will need to do some-
thing similar later in section 3, let us quickly review the numerical tests performed by [11].
Let us consider the 2-particle closed Toda chain and decouple the center of mass for simplic-
ity; then Ey = 0, that is a; = —as = a. We can use the Hamiltonian ﬁz of (2.5) to define
the quantum mechanical problem; when the center of mass is decoupled this reduces to

Hy = p>+ e +Qe™® (2.42)

with [p,z] = —ih. This is a problem defined on = € R, and given the form of the potential
we expect a discrete energy spectrum and L?(R)-normalizable eigenfunctions; we can then
try to diagonalize (2.42) in terms of an orthonormal basis on L?(R) such as the harmonic
oscillator one, given by

1 mw\ 3 _ mws? mw
_ : N R > .
() i (Wﬁ) e 2n Hy < - m) , k=0 (2.43)

for a harmonic oscillator of mass m and frequency w,* where Hj,(z) are Hermite polynomi-

als. Although for diagonalization we should in principle consider an co X co matrix, from a

~ 2
4Here we are considering a harmonic oscillator with Hamiltonian H = =+ %mwaQ.
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(a) Level n =0, 1,2 closed 2-particle Toda numerical eigenfunctions for Q@ =1, i = 1.5.
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(b) Level n =0, 1,2 closed 2-particle Toda numerical eigenfunctions for Q = %7 h=+/3.

Figure 1. 2-particle closed Toda numerical eigenfunctions.

practical point of view one computes the matrix elements (¢, \ﬁ 2|%k,) up to a certain order
and evaluates numerically the eigenvalues of this finite matrix; the parameters m, w can be
fixed by expanding (2.42) at small . The expectation is that the numerical eigenvalues thus
obtained should approach the exact ones by increasing the size of the matrix. In the same
way, one can construct numerical eigenfunctions (normalized in such a way to have norm
1) by considering eigenvectors of this finite matrix. Examples of numerical results for the
energy of the ground state and the first two excited states at various values of ) and h can
be found in table 1, while figure 1 shows the corresponding eigenfunctions (symmetric with
respect to x = log QY 2); for numerical computations we considered 400 x 400 matrices.

Let us now try to reproduce the numerical results in table 1 from the proposal by [1].
In order to do this we first need the twisted effective superpotential (2.36). This can be
easily computed from the formulas collected in appendix A.1; we find that the instanton
part is given by a series expansion in (Q4q starting as

20a% — Th? o
4a? + h2)3 (a2 + h?)

Qia), (2.44)

. 2
inst . _ 2
Wia (a,ih, Qaq) = Q4d74a2 et Q4d4(

while the a-derivative of the perturbative part reads

1/4\ 2 2ia
0 pert . 4d . F(l h )
— h,Quq) = 4al =22 | + 2¢hl L2 1 27h. 2.45
8aW4d (a,ih, Q4q) alog ( b ihlog T io) T ( )

We can then look for solutions to the quantization condition (2.38), that is

P .
o [wfgrt(a,m, Qua) + Wit (q, i, Q4d)} — _o7hn, neN. (2.46)

At fixed Q4q, h and energy level n > 0 this equation will be solved for a particular positive
real value of a which we call a(™); for the examples considered in table 1, a 12-instanton
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Eéo) Eél) E§2)

Q=1 ~h=15 3.63012093325678... 7.11913797277331... 11.03476737232167...

Q= %, h=+/3 3.44076329369006... 7.25213834512333 ... 11.60628188091683 ...

Table 1. Numerical eigenvalues Eén) of ﬁg at level n = 0, 1, 2 for different Q, h.

20 e o)

Qua =1, h=15 1.87246705538171 ... 2.65579461654756 ... 3.31533009851180 ...

Qua = %, h=+/3 1.83145069816166 ... 2.68470017820023 ... 3.40258311045043 ...

Table 2. Quantized values of a(™ at level n = 0,1, 2 for different Quq, k-

computation produces the values listed in table 2. Having determined the (™, all we have
to do is to substitute them into the expression for the energy (2.41); this will again be a
series in Quq starting as®

Es(a, b, Qaq) = a* + Q4dL + Qb 20a” = Th +0(Q3a)- (2.47)
Y 4a? + h? 2 (4a® 4+ h?) 3 (a? + h?)

Adding more instanton corrections to (2.47) the gauge theory results approach the numeri-
cal ones better and better, and already a 12-instanton computation reproduces the numer-
ical results of table 1, thus providing some evidence for the validity of the proposal by [1].

2.3.3 Eigenfunctions

Having discussed quantization conditions and energy spectrum, it now remains to under-
stand how eigenfunctions of the Toda chain can be realized in gauge theory. Although
this point was not discussed in [1], subsequent works [33-35] and [8] showed that these
eigenfunctions should correspond to the partition function of four-dimensional pure N’ = 2
SU(N) Yang-Mills in the presence of particular codimension two defects, again in the NS
limit e — 0, e — ¢k (from this point of view, local operators (2.39) associated to the
eigenvalues can be thought as codimension four defects). It turns out that there are many
different codimension two defects one can consider, and most of them can be realized in dif-
ferent ways; here we will only discuss defects which admit a realization as two-dimensional
N = (2,2) theories coupled to our four-dimensional N' = 2 SU(N) Yang-Mills theory.
Three two-dimensional N' = (2,2) theories are of particular interest to us:

I) The quiver theory of figure 2a, associated to the common eigenfunctions Vz(Z, h, Q)
of the Toda chain spectral problem (2.6)

HpVa(Z,0,Q) = En(a@, h,Q)Vz(Z,h,Q), m=1,...,N, (2.48)

~

which can equivalently be formulated in terms of the Hamiltonians H,, in (2.5);

5The parameters 71, 7o entering in (2.12) in this case are 71 = —12 =V Ea.
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U(N)

(b) (c)

Figure 2. Two-dimensional N = (2,2) defects of type I (a), II (b) and III (c).

IT) The theory of N free chiral (or antichiral) multiplets of figure 2b, associated to the
eigenfunction ¢(o) of the Baxter equation (2.19)

() q(o +in) + Qi) Vq(o —ih) = t(0)q(0), (2.49)

which as we already mentioned can be thought of as a quantized version of the classical

N

spectral curve (2.11) if o is chosen as coordinate and y = (i) e P2 as conjugate

momentum, that is
()Ne P + Qi) NePr = t(o); (2.50)

III) The theory of N chiral (or antichiral) multiplets coupled to a U(1) gauge multiplet
of figure 2c¢, associated to the function gpr(o) which can be roughly though of as a
“Fourier-transformed” version of ¢(o); that is, gpr (o) will be an eigenfunction of the
quantized version of the curve

(HVe” + Qi) Ve = t(po), (2.51)

which is obtained from the spectral curve (2.50) via a canonical change of variables
0 — Pg, Po — —o. For the special case N = 2, this coincides with the type I defect.

In our following discussion we will mostly focus on defects of type I and II living on a disc

2

c,> and review

D,, of radius A~ = iefl coupled to our four-dimensional theory on D¢, x R
how the NS limit of the partition function in the presence of these defects provide expres-

sions for the Baxter and Toda eigenfunctions equivalent to the ones discussed in section 2.2.5

Open Toda chains. Let us proceed step by step and start by discussing the eigen-
functions for the open Toda chain and its Baxter equation. Since this case corresponds
to Q@ = Quq = 0, on the gauge theory side it means that we are decoupling the four-
dimensional gauge interaction, so that we only remain with the two-dimensional theory

5Considering all possible vacua in Rfl X REZ is equivalent to considering D¢, X RSZ, while a single vacuum
in Rfl X ]sz is only a formal eigenfunction since it does not satisfy the correct asymptotic behaviour (see
comments near (2.62)).
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on the defect. The partition function on the disc for type II defects, that is N free chi-
ral/antichiral multiplets, is simply [36-38]

N

¢ (o,a n) = H T (—ia _ham> (chiral), (2.52a)
m=1

¢ (o, H R ( h“’”) (antichiral), (2.52b)

where h is interpreted as the inverse radius of the disc while o and a,, are twisted masses as-
sociated to the Cartan of the flavour symmetry U(1) x U(N); going to SU(N) by decoupling
an overall U(1) factor sets the constraint Z 1 @m = 0 and corresponds to decoupling the
center of mass from the point of view of the open Toda chain. As we can notice, (2.52a) is
nothing else than the separated variables wavefunction ¢(o, @, h) which appeared in (2.15)
and therefore formally satisfies the open Toda Baxter equation

(i)Nq') (o +ih,a,h) = t(o, E(@)) 4" (0,a,h); (2.53)
similarly, (2.52b) formally satisfies
(i) Vg (o —ih,d,h) = (o, E(@))q"(0,a,h). (2.54)

As a comment let us remark that, as in section 2.2, these are just formal solutions since
they have poles; proper solutions q( )(O' ah), q (ac) (0,d, h) can be obtained by removing an
appropriate ¢h-periodic factor according to (decoupling the center of mass)

() . =
c . qn (o,d, h
(o) = B OB
[T,,_1 € 7 sinh (mZ=tm)
(a0) (2.55)
. a,h
oty = BOER
[I,_q€e * sinh (rZtm)
For example, using the properties of the Gamma function we obtain
N e_ﬂﬁi
qéc) (o,d,h) o H ' (2.56)

oy BT (140950 )

which is free of poles being an entire function.
Moving to type I defects, their disc partition function can also be evaluated explicitly
and for the quiver theory of figure 2a consisting of chiral multiplets it is given by [36-38]

\I/(C) (xl,...,.%'N,ﬁ):

al,...,aN
e N-1 s N-1 s U(S)_J(S)
—estee [ [Tl T TT” - of?sion =7
P e (2.57)
N-1 s s+1 () _,(s+1) o) _ (s+1) N1 ramne
xHHHh‘F(—iJ ) o D
s=1 j=1k=1 s=1
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A similar expression can be obtained considering antichiral multiplets instead of chiral ones.

(s)

Here 0,7 are vevs of vectormultiplet scalars of the U(s) gauge group (s = 1,...,N — 1),
while aan) = a,, are the twisted masses of the U(N) flavour group and x5 — x541 is the
Fayet-Iliopoulos parameter for the s-th gauge group. The integration contour C goes along
the lines Im a]@ > maxy{Im O'](CSJFD}. It is easy to see that (2.57) can be re-expressed in a
recursive form equivalent to (2.13); recursion in gauge theory language simply means that
the length IV quiver theory can be obtained from the length N — 1 one by gauging the
U(N — 1) flavour symmetry and coupling it to a set of N chiral multiplets.

We therefore conclude that, at least as far as open Toda chain are concerned, gauge
theory and Separation of Variables give the same result; then by [5, 6] we know that (2.57)
is the correct eigenfunction of the open Toda chain with the proper asymptotic behaviour.
To consider an example, the eigenfunction of the 2-particle open Toda system (with center
of mass decoupled)

o0 io — iox 2 x
U (2, h) = / BT <_Z-<T - a> r (_io’;;a> ¢'F do = 4rh K (he2> (2.58)

—00

satisfying
(=102 + ) O (2, h) = BEOO (z,h) = a® T (z, h) (2.59)

decreases very fast at * — oo while it oscillates at * < 0 as we can see from figure 3.
Considering antichiral multiplets instead of chiral, we would have obtained

o0 io — iox 2 x
B (7., ) :/ BT (i“ . a) r <z"’;;“) ¢'F do = drh K 2 <h6_2> ,(2.60)

—00

which is an eigenfunction of

(=1202 + ) O (2, h) = EWE) (2, h) = a0 (x, h) (2.61)
with behaviour at z = 400 opposite to the one of (2.58). Let us remark that \I/((;) (Z,h)
(respectively \I/éac) (Z, 1)) are related to ¢ (o, @, h) (or ¢ (o, d, h)) in (2.52) by Separation
of Variables as discussed in section 2.2. Notice also that (2.58) (and similarly its antichiral
analogue), when interpreted as a partition function on the disc D, is equivalent to the
sum over all vacua of the vortex partition function (i.e. partition function on RZ)) of the
two-dimensional theory as

) (2, ) = 2 h(emﬂ) ' F( 2“‘)2 ! <ex>n
a \T, M) =21 T 1 2iay 72
h h) Sl A, \R2

2ia
(& Q [
2mh ' — — | —
re () e ()T e (7)

as can be seen by performing the integration; both terms in this sum formally satisfy (2.59),

(2.62)

but separately they do not have the correct asymptotic behaviour and only their combina-
tion is a proper eigenfunction (see also footnote 6).
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Figure 3. 2-particle open Toda eigenfunction \Ilff)(x, h) at h =1 (left), i = v/1.5 (right) and fixed
a =1.4,v2.5,1.702 (blue, orange, green); the potential e* is in red.

Closed Toda chains. We can now proceed to discuss the eigenfunctions for the closed
Toda chain. In this case Q@ = Q4q > 0; our two-dimensional theories are then coupled
to the four-dimensional one and we therefore expect instanton corrections to the previous
expressions given by series in powers of Q4q.

Let us focus here on defects of type II, i.e. N free chiral/antichiral multiplets; the
partition function of this 2d-4d coupled system will be

q(C) (Ua C_ia h: Q4d) - q(c) (07 67 h)ql(ﬁs)éNs (Ua C_ia h: Q4d)a

o (2.63)
¢ (0,@,h, Q) = Q" ¢ (0, @, h)qfﬁg’NS(a, a, h,Quq),

where ¢°)(,d, h) and ¢(*) (0, @, h) are the ones in (2.52), the factor Q4" is introduced for
later convenience, are qi(gg;NS(a, a, h,Q4q) and ql(r?sct) ’NS(U, d, h,Q4q) are the NS limit of the
instanton corrections coming from coupling to the four-dimensional gauge theory. These
corrections can be computed by using the contour integral formulae (A.7), (A.8) in ap-
pendix A.1 according to

Z(C)’inSt(J ,€1,€2,Qaqd)
q-(c)’NS(o' an Q4d) — lim 2d/4d » Uy €1, €2, Wdd

inst s Wy 10y co—30 Zir(liSt(&',Gl,GQ,Qzld)

(ac),inst -

NS0 2 b Qua) = i 2210 @, ¢1, €2, Qaa)

inst y Uy Iy gad 30 Zzif(ljSt(C_i7 61,62,Q4d)

= ql(r(;géNS (07 C_ia _h7 Q4d)‘

Y

e1=th

(2.64)

e1=1h

Alternatively, they can be computed via the TBA formulae (A.20) in appendix A.1. The
functions (2.63) with the instanton corrections (2.64) were used in [8] to construct two
linearly independent meromorphic solutions to the Baxter equation (2.19) with the correct
asymptotic behaviour at ¢ — +o0, and were also shown to be equivalent to (2.24) obtained
in the context of Separation of Variables. The ifi-periodic factor added by hand at the
denominator of (2.24), source of meromorphicity for the function, appears instead naturally
from the gauge theory expression (2.63) if we use the properties of the Gamma functions
appearing in (2.52) as done in (2.55), (2.56); it is then very natural from the gauge theory
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point of view to have poles at ¢ = a,, + ifin,,. From the short review of section 2.2 we
already know that L?(R) entire eigenfunctions ¢(o,@, h, Q4q) of the Baxter equation

(Z)NQ(U_'_Zh? C_i) h? Q4d)+Q4d(Z‘)7NQ(U_Z‘h7 EI:, h7 Q4d) = t(07 5(67 Q4d))Q(07 67 ha Q4d) (265)

will be given by linear combinations

q(07 C_L'a h7 Q4d) - q(aC) (07 a:v h: Q4d) - gq(C) (07 67 h? Q4d) (266)

only for particular values of the a,, parameters determined by (2.31), or equivalently

by (2.38) in gauge theory language [8]. We have therefore recovered the known solution of

the Baxter equation for the closed Toda chain in terms of gauge theory quantities.”

Let us study in detail an example and consider the 2-particle closed Toda chain with
center of mass decoupled (i.e. a; = —ay = a). In this case the Baxter equation reads

- Q(U + Zhu a, ha Q4d) - Q4dQ<U - Zha 67 ha Q4d) = (02 - EQ(CL, ha Q4d))Q(U, a, h) Q4d)7 (267)

with Fs(a, h, Q4q) as computed in (2.47). This Baxter equation can also be written as

("% + Quae™" + 6%) q(0,0, b, Qua) = Eala, , Qua)a(e, 4,y Qaa) (2.68)
and can be thought as the quantized version of the classical Hamiltonian
eP + Quae? + 02 = B, (2.69)
which is the Fourier-transform of the 2-particle Toda Hamiltonian f[é
P> +¢” + Quae 7 = Ej. (2.70)

This is only true for the 2-particle Toda chain, since as we mentioned earlier in this case
type III defects coincide with type I ones. The (not normalized) solution to the Baxter
equation (2.68) will be a linear combination

Q(Ja a, h> Q4d) = q(ac) (Ga a, h, Q4d) - gq(C) (07 a, h? Q4d) (271)
where, from the formulae in appendix A.1,

q(C)(O-7aah7 Q4d) = h_mTa]_—‘ <_7;0- ; (l> T (_ZO'—;;CL)

20 — 3ih 2
% (1 Qua ih(4a? + h?)(o — a — ih)(o + a — ih) * O(Q4d)> ’

00,0, 1, Qua) = Qu" T (z‘" - “) r <z"’ - a)

(2.72)

h
20 + 3ih 9
. (1 B Q4dih(4a2 +h2) (o —a+ih)(o +a+ih) * "<Q4d)> '

This linear combination will be an entire function of ¢ only for a satisfying the quantization
condition (2.46) and ¢ determined by (2.31); for the values of a(™ in table 2 we find
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Figure 4. Gauge theory Baxter solution g(o) for @ = 1, i = 1.5 at a not satisfying quantization
conditions. Left: a = 1.87; center: a = 2.655; right: a = 3.315.
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(a) Numerical results.

-10 5 5 10 -10 5 5 10 -10 5 \/ 5 10

(b) Gauge theory results.
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(c) Difference.
Figure 5. Level n = 0,1,2 Baxter solution g(o) for Q@ =1, i = 1L.5.
& = —(—=1)™. On the other hand, singularities do not disappear when a # a™ | as shown

for example in figure 4.
In order to check these claims (which were however proven in [8]), we can compare the
gauge theory solution with numerical results; to do this it is actually more convenient to

“Our gauge theory solution will in general not be normalized to 1 since we were not able to find the
correct normalization factor from gauge theory arguments.
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consider the rescaled function

(0.0, b, Qua) = (Qua)® q(oa, h, Qua), (2.73)

which satisfies the more symmetric problem
(Qife™ + QilPe™™ 1 0%) 4(o,a,h, Qua) = Bala, h, Qua)a(o,a,h, Qua).  (2.74)

Numerical eigenvalues and eigenfunctions for the quantum problem (2.74) can be deter-
mined with the procedure described in section 2.3.2. Numerical eigenvalues are the same
as the ﬁé ones (table 1), as expected since the two problems are related by a Fourier
transformation; numerical eigenfunctions (normalized to 1) are however different and are
shown in figure 5a and 6a (blue). The gauge theory solution (2.73) to the Baxter equation,
computed up to 6-instantons and evaluated at the values of a(™ in table 2, is instead shown
in figure 5b and 6b (orange) where we plotted Re[q(0)], Im[g(o)], Re[g(o)] for n = 0,1,2
respectively, the other imaginary /real /imaginary component being identically zero.® As we
can see, numerical and gauge theory results seem to agree well and are hard to distinguish
by the naked eye; moreover, the singularities at o = +a(™ of the gauge theory results seem
to disappear already at 6-instantons. This is however an artifact, since singularities are
only expected to disappear when considering all instanton contributions: in fact some of
them are visible in figure 5¢ and 6¢ (red) which show the difference between numerical and
gauge theory results, while when they are not visible we just need to “zoom” more near the
singular point. What really happens is that divergences tend to close when we add more
and more instanton corrections: an example of this behaviour for the level n = 1 solution
at Q) = %, h = /3 is shown in figure 7, where we can see how the singularity becomes less
pronounced when moving from 4-instanton formulae (left) to 6-instanton formulae (right).

Having determined the solution to the N-particle Baxter equation, we can now compute
the (not normalized) common eigenfunctions Wz(Z, h, Q4q) of the N-particle closed Toda
Hamiltonians in terms of the eigenfunctions of the (N — 1)-particle open Toda chain by
using formula (2.17) obtained from Separation of Variables, as reviewed in section 2.2. For
the 2-particle case (2.17) reduces to

iro

\Ija(xaha Q4d) = / dUQ(Uv a, hv Q4d)€ hy (275)
R

where ¢ %" is the 1-particle open Toda eigenfunction and (o, a, i, Q4q) is as given in (2.71);
when a = a(™ satisfies the quantization conditions (2.38) (and therefore ¢(c, a, h, Quq) is
entire) this satisfies

(=h?07 + €" 4+ Quae™™) Va(z, b, Qua) = Ea(a, h, Qua)Va(z, h, Qua), (2.76)

always with Es(a, h, Q4q) as in (2.47). The integral can be explicitly evaluated as explained
in section 2.2. As shown in figure 8, at generic a # a(™ this expression does not correspond

8Remember that the gauge theory expression for (2.73) is not normalized to 1; what we show in figure 5b
and 6b is the gauge theory result divided by its norm.
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Figure 7. Level n = 1 numerical (blue dots) and gauge theory (orange dots) Baxter solution (o)

for Q = -, h = /3 near o = a1, Left: 4-instanton results; right: 6-instanton results.
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Figure 8. Gauge theory 2-particle Toda solution ¥, (x) for Q = 1, i = 1.5 at a not solving the
quantization conditions. Left: a = 1.85; center: a = 2.60; right: a = 3.28.
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Figure 9. Level n =0, 1,2 2-particle Toda eigenfunction ¥, (z) for Q@ = 1, i = 1.5.

to a true eigenfunction since it does not go to zero at both x — 400 but oscillates in
one direction. On the other hand, for the values of @ = a(™ in table 2 we obtain the
eigenfunctions shown in figure 9b and 10b, where again we divided gauge theory results by
their norms in order to perform comparison. The difference between numerical and gauge
theory results is shown in figure 9c and 10c; as we can see the difference is very small

already for gauge theory expressions evaluated up to 6-instantons.
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Figure 10. Level n =0, 1,2 2-particle Toda eigenfunction ¥,(z) at Q = %, h=+/3.

2.4 Comments

In section 2.3 we reviewed how the NS limit of various quantities one can compute in the
four-dimensional pure N' = 2 SU(N) gauge theory admit an interpretation in terms of the
N-particle quantum Toda chain, and we performed some check against numerical results
for the N = 2 case. In particular we discussed how the disc partition function of the two-
dimensional N = (2, 2) theories corresponding to defects of type IT and I precisely coincide
with the eigenfunctions of the open Toda chain Baxter equation or with the eigenfunctions
of the open Toda chain Hamiltonians as computed in [5, 6] via Separation of Variables.
Similarly, the partition function of the two-dimensional type II theory coupled to the four-
dimensional SU(N) gauge theory provides a solution to the closed Toda chain Baxter
equation (that is, the operator arising from quantizing the spectral/Seiberg-Witten curve)
which is the same as the one found in [2, 3, 5, 6] as already discussed in [8]; from this
solution to the Baxter equation we can then construct eigenfunctions for the closed Toda
chain Hamiltonians via Separation of Variables.
There are a few comments we would like to make before closing this section.

e The first comment regards the eigenfunction Wz(Z, h, Q4q) of the closed Toda chain
Hamiltonians H,,. In section 2.2 and 2.3 we computed this eigenfunction via Sep-
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aration of Variables, but this is actually not the most natural way to proceed in
gauge theory: the gauge theory prescription would rather involve the computation

of the NS limit Z)}?

type I theory coupled to the four-dimensional SU(N) gauge theory. Contour integral

(Z,d, h,Q4q) of the partition function of the two-dimensional

formulae for the instanton corrections to the partition function of this 2d-4d coupled
system are given by (A.14), (A.15) in appendix A.1; the perturbative part is instead
given by (2.58). In the 2-particle Toda case, this would lead to

2ia
x/2 h 2
(& a
Vo (2., Qua) o ( ; ) r (—h) Zygjna (.0 b, Qaa)
_ 2ia

em/2 " 2ia (I),NS
S r N Zogjsq (@, =0, By Qaa).

This expression is nothing else but the 2-particle open Toda chain eigenfunc-

(2.77)

tion (2.62) in which we replaced the vortex partition function by the NS limit of
the instanton-vortex partition function of the 2d type I theory coupled to the 4d
theory (A.14). Both the first and second line of (2.77) independently satisfy (2.76)
formally for any a, in constrast to the expression (2.75) arising from Separation of
Variables which is a solution only for @ = a(™. Nevertheless it is expected that
only when we consider first and second line together, and only when evaluated at
the values of a = a(™ satisfying the quantization condition (2.46), they provide a
proper eigenfunction of the Toda Hamiltonian with the correct L?(R) asymptotic
behaviour. Therefore we expect that the two expressions (2.75) and (2.77), although
different for generic values of a, will coincide for a = (™ satisfying the quantization
condition (mainly due to (2.28)). Unfortunately we were not able to show this
equality even at the numerical level, mainly because of the difficulty in calculating
gi)/’ﬁ(f, a, h,Q4q); however it
should be possible to prove it analytically by using the results of [39].

a sufficiently large number of terms for the series Z.

The second comment concerns the quantization condition (2.38), and in particular
the one for the SU(2) theory (2.46). Instead of the NS limit, let us now consider the
unrefined limit e; = —ey = ih of the pure N' = 2 SU(2) partition function:

Zia(a, €1, €2,Qua) = ZiNa, h, Qua) = Zaa(a,ih, —ih, Quq). (2.78)

In this limit the perturbative part reduces to a product of exponential terms and

Barnes G-functions, so we can rewrite Z}fgref(a, h,Qu4q) as

_a?

(h*Qua) #*

‘ o7 (@, ih, —ih, Qua). 2.79
G+ Z2)G(1 — gz (=t Qaa) (2.79)

735 (a, h, Qua) =

We can now consider the Zak transformof Z}fé“ef(a,h, Q44), also known as dual

partition function [31]:

7(a, b, Qua,n) = Y e 7 2 (a + inh, h, Qua). (2.80)
neZ

—97 —



This object has received much attention recently due to its relation to the theory
of Painlevé equations: in fact it has been shown in [40-43] that 7(a,h, Q4q4,7) is
the short-distance (i.e. small Q4q) expansion of the 7-function associated to the
Painlevé III3 equation. This means that (2.80) is a solution to a non-linear ordinary
differential equation in @4q, the 7-PIIl3 equation; the parameters a and 7 are two
integration constants/initial values for this equation, while & can be considered as an
overall scale which can be reabsorbed in the definition of the other parameters. From
the point of view of gauge theory the interpretation of 7 is not completely clear;
however based on [31] and on the analysis of the similar PVI case (associated to four-
dimensional N' = 2 SU(2) Np = 4 super-QCD) performed in [44-46] we expect 1 to
coincide with the a-derivative of the twisted effective superpotential Wyq(a, ih, Q44),

which is a quantity computed in the NS limit instead of the unrefined one:’
0 .
=5, Waala,ih, Qua). (2.81)

If this is the case then 1 = 2whn when the quantization condition (2.46) is satisfied;
due to periodicity, this is equivalent to setting 7 = 0. What is relevant to the present
discussion is that (2.80) admits another interpretation when n = 0 (mod 27h): as
shown in [50] based on [51], 7(a, ki, Q44, 0) coincides with the spectral /Fredholm deter-
minant of an ideal Fermi gas whose partition function is given by an O(2) (or polymer)
matrix model; this spectral determinant can also be obtained by taking a particular
4d limit of the spectral determinant associated to the local Fy toric Calabi-Yau geom-
etry which was introduced and analyzed in [10]. As such, the zeroes of 7(a, i, Q44,0)
should contain information about the spectrum of the Fermi gas. The procedure to de-
termine this spectrum was fully explained in [50]: by defining a = E—i—i%, the equation

~ .h
T <a+z’2,h, Q4d,0> =0 (2.82)

admits solutions for real (™ at fixed value of i, Quq, where n labels the n-th zero;
the energy of the n-th energy level of the Fermi gas is then given by
~ ]. 27a 27a
Bgas(a,h) — _— ( 5 *T> 2.83

e - lem te (2.83)
evaluated at @™. What does this have to do with the Toda system? Equation (2.82)
defines quantization conditions for @; it turns out that the values @ thus determined
coincide with the ones for a(® listed in table 2 obtained from (2.46) at same fixed

h, Q4q. There exist therefore two different ways to express the same quantization
conditions for the closed Toda chain from gauge theory:

A) the first one is given in terms of Wyq(a, ik, Q4q), computed in the NS limit;

B) the second one is given in terms of 7(a, i, Q4q,0) computed in the unrefined limit.

In [47] Painlevé T-functions were proposed to be related to the oper limit & la [48] of a Hitchin flat
connection. Based on the work [49], it is expected that the oper Lagrangian submanifold in the space of
Darboux coordinates (a,ap) would be given by ap = 0,Waig; this may provide an explanation for the
identification (2.81) for n o< ap.
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This is reminescent of a similar situation occurring in five dimensions: the condition
of vanishing of the spectral determinant associated to the local Fy geometry (i.e.
pure N' = 1 SU(2) Yang-Mills) studied in [10], which involves the unrefined limit
of the 5d partition function (+ non-perturbative corrections in gs ~ h~!), seems to
be equivalent to extremizing the twisted effective superpotential which is obtained
from the NS limit of the 5d N/ = 1 SU(2) partition function (+ non-perturbative
corrections in £) [16]. This equivalence in five dimensions has been proven in [20] by
making use of the 5d blow-up equations of [52, 53]; it is then natural to expect that
by considering an appropriate 4d limit of [20], or by using the 4d blow-up equations
of [54, 55], the equivalence between four-dimensional NS and unrefined quantization
conditions should follow.

Regardless of how we express them, these quantization conditions determine the
discrete energy levels of two different quantum systems:

— the 2-particle closed Toda chain via (2.47);

— a Fermi gas associated to the O(2) matrix model via (2.83).

Some relation between the “off-shell” closed Toda chain energy (2.47) and the
“off-shell” Fermi gas energy (2.83) already appeared in the mathematical literature
in the context of wild nonabelian Hodge correspondence and integrable systems
associated to Hitchin moduli spaces in different complex structures (I and J
respectively), see [56, 57] and references therein. In that context however (2.83)
is more naturally interpreted not as the “off-shell” energy of a Fermi gas, but as
the energy of the relativistic open Toda chain (the energies being identical modulo
overall factors), a quantum mechanical system with continuous spectrum which will
be discussed in section 3; consequently # = R~! is not thought of as the Planck
constant but as the “speed of light” of the relativistic system. Moreover, from the
point of view of N' = 2 gauge theories in four dimension, (2.83) is interpreted as a
Wilson loop wrapping 511% for a 4d gauge theory placed on R3 x S}% (the most natural
setting for studying Hitchin systems from a gauge theory point of view [58]). At
the moment it is not clear to us, and may be worth investigating, if the alternative
interpretation of (2.83) as the energy of a Fermi gas with discrete spectrum & la [50]
has some meaning in the context of wild nonabelian Hodge correspondence.

As a final comment, let us mention that the relation between (2.47) and (2.83)
might be clearer if we start from considering the relativistic closed Toda chain (or
five-dimensional gauge theories) and take an appropriate limit, as already suggested
in [57]; we will come back to this point in section 3.5 after having studied in some
detail this relativistic system.

3 Relativistic Toda integrable systems

In section 2 we reviewed in some detail how the N-particle closed Toda chain can be solved,
both via the Separation of Variables technique and via gauge theory, and we provided some
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numerical check of the solution. In this section instead we will study the solution of the
“relativistic” generalization of the Toda system: that is, we will consider a version of the
Toda chain in which the differential operators appearing in the (“non-relativistic”) Toda
Hamiltonians H,, (2.4) (arising from quantizing polynomials in the momenta) get replaced
by appropriate finite-difference operators, which arise from quantizing exponentials of the
momenta. While exact quantization conditions and spectrum for this “relativistic” system
have been discussed in detail in [10, 11, 16], it is not yet clear how to construct proper
eigenfunctions for the relativistic closed Toda chain or its Baxter equation in full generality,
although various particular cases were considered in [26, 27] (eigenfunctions for the rela-
tivistic open Toda chain have instead been constructed in [21]). Here we propose a solution
to this problem via gauge theoretical arguments similar to the ones used in section 2.3,
appropriately modified to take into account the novel features appearing in the problem
at hand; we will mainly focus on constructing solutions to the relativistic Toda Baxter
equation based on analogy with the non-relativistic case, and we will check our proposed
solution against numerical results.

3.1 Quantum relativistic Toda chain (open and closed)

The “relativistic” generalization of the quantum N-particle Toda chain is a quantum me-
chanical system of N particles on a line interacting via the Hamiltonian (in conventions
similar to [21])'°

Hy = i\f: [1 + qil/Qe‘%(zm_Im“)} e1bm (3.1)
m=1
Here x,,, py, are position and momentum of the m-th particle (rescaled with respect to the
ones we used in section 2.1) and satisfy the commutation relations

[P1, Tm] = —101m- (3.2)

This Hamiltonian is self-adjoint on L?(RN~1) when the parameters wy, ws € Ry ;! these
are related to the Planck constant and an additional parameter that can naively be thought
as the “speed of light” of the relativistic system, and we defined

g = e/ gl = 1. (3.3)

~

The “non-relativistic” Toda Hamiltonians H,, (2.4) are recovered from (3.1) by taking an
appropriate wi; — 0 limit. As for the Toda chain, we impose the boundary condition

2mmg

w _
IN41 =1 +My =21 — ﬁ anrela Qrel =e “2 ¢ R+ (34)

to better distinguish between the open and closed chain:

1OWe will use 7-A[m and &, to denote Hamiltonians and energies of the relativistic Toda system in order
to distinguish them from the ones of the Toda chain.

171t is possible to define a good quantum mechanical problem also for wi, wy € C, w; = ws as considered
for example in [27]; in this case it is often chosen for definiteness Im(wi/w2) > 0, i.e. |¢| < 1. Taking the
limit Im (w1 /w2) — 0 from this regime leads us to the relativistic Toda chain under consideration.
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e (o1 = 0: open relativistic Toda chain;
® (Qyo > 0: closed relativistic Toda chain.

Similarly to the Toda case, relativistic open chains have a continuous spectrum while
relativistic closed chains admit a discrete spectrum. Relativistic Toda chains are also
integrable systems, their N commuting Hamiltonians being

N
H]_ — |:1 +q*1/2€%($77l_xm+1)i| ewlpm’

m=1

N
—~ ~ 27 _
Hy-1 =HN E [1 + qil/Qewz (@m Im“)] e WiPm+1

m=1
N
HN — H €W1Pm7 (35)
m=1
with py+1 = p1. Decoupling the center of mass in this case is equivalent to impose

Hn = 1. Despite the many similarities with the non-relativistic Toda chain, a peculiar and
very important property of the relativistic Toda chain is the existence of its modular dual
version (see [21], based on [59, 60]); this is defined by the set of N commuting Hamiltonians

—~ N T
H, = Z [1 + cY_l/Qw%eiT(mmfxm“)] ev2Pm
m=1
= = N 21
Hy_1 = Hn Z [1 + a_l/2eﬁ(wm_xm+l)} e~ W2Pmtl
m=1
~ N
Hy = [ e, (36)
m=1
with boundary condition
Wl —~ ~ 727‘rm0
TNyl = T1 — ﬂanrela Qrer=e “1 €Ry, (3.7)
and where we introduced!?
q=eXmw2/on g = 1. (3.8)

The dual Hamiltonians H,, are not really independent from the original ones since the two
sets are related by the exchange wy <+ wo; however because of this relation the original and
dual set of Hamiltonians commute with each other by construction:

[, Ho] = 0. (3.9)

12More in general, tilded variables will always denote quantities in the modular dual system; these are
related to the analogous quantities in the original model by the exchange w; <+ w2. When considering wq,
we € C, w1 = w2 the canonical choice Im(w1 /w2) > 0 implies \Zfl| < 1.
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This means that the eigenfunctions of the relativistic Toda chain will also be eigenfunctions
of the dual system; we therefore expect them to be symmetric under wy <> we. Among
other things, the existence of the modular dual system plays a key role in eliminating some
of the ambiguities of the relativistic Toda chain solution: in fact differently from ordinary
quantum mechanics in which eigenfunctions are solutions to a differential equation and as
such are only defined modulo an overall constant, eigenfunctions of finite-difference oper-
ators like the relativistic Toda one (3.5) are only defined modulo an iw;-periodic function
(much like the solution to the non-relativistic Toda chain Baxter equation (2.19)); this
ambiguity can however be reduced to the usual overall constant normalization by requiring
them to be eigenfunctions of the dual relativistic Toda operators (3.6) as well.!3

To sum up, our spectral problem in this case consists of constructing common eigen-
functions \Il?lg(:ﬁ', w1,ws) of the relativistic Toda Hamiltonians H,, and dual Hamiltonians

)
~

Hm, that is
77 1 1
quf?g(xl,...,xN,wl,WQ):5m\11r;g:(a}1,...,$]v,wl,w2), m:1,...,N,
~ ’ 3.10
7:2 \Ijrel _g ‘Ilrel -1 N ( )
m ggz(flfl,...,xN,w17w2)— m g§($17~~-7$N7w1,w2), m=1,...,N,

-

where € = (&1,...,En), € = (E1,...,EN) are the corresponding eigenvalues (with
En = En = 1 after decoupling the center of mass), satisfying the appropriate boundary

conditions:

e for the relativistic open Toda chain, \I/f;%(f,wl,wg) should vanish fast enough as

Tk — Th41 —7 O0;

e for the relativistic closed Toda chain, normalizability requires \Ilrflz(f,wl,wg) €
EE

LQ(RNfl)'

)

More precise statements about the relativistic Toda spectral problem can be found in [21].
Similarly to what we did in section 2.1, we can rewrite this spectral problem in a more
compact notation: if we define

_ 270 _ 270

w=e “2, w=e “I (3.11)

and introduce the generating functions of the relativistic Hamiltonians

N
be(o0) = > (1) 2 Hy, Ho=1,
m=0 (3.12)

%

Il
NE
T
=
3
)
i
N
)
3
X
o
Il
\_}—‘

trel(U)

130f course there may still be ambiguities given by doubly-periodic functions in iw, iws.
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satisfying

[ael(a)7ael<o—,)] =V,
[ft;el(a-)yﬂ;el(oj)] =Y (313)

the spectral problem (3.10) becomes

el (0)UL(T, w1, w2) = that (0, €) WEL(T, w1, wn),
~ ~ - (3.14)
trel(U)‘I’?g(f, w1, wz) = trel(o'ag)\l}?lgz(f7 w1, w2),

>

where

m=0 (3.15)

%Vrel(o',g) - Z(_l)mwm7%5m7 gO =1

m=0

—

are the generating functions of the relativistic Toda and dual Toda eigenvalues. These
generating functions also enter in the definition of the spectral curves of the classical
relativistic Toda chain and its dual: these are Riemann surfaces embedded in (w,y) or
(w,y) € C* x C* defined by the equations

-

_1
y+ery_1:g 2trl 0’,5,
~e ~]i[ ~e( _') (316)
§+ Qrel g_l = gN

trel(0, ).
Similarly to what we saw in section 2, quantization of the spectral curves (3.16) will provide

[NIE

the Baxter equations associated to the relativistic Toda chain and its modular dual, whose
solution will be necessary in order to construct the relativistic Toda eigenfun_?tions in the
context of Separation of Variables. We may also re-express t. (0, I3 ), trel(o, g ), which are
polynomials in w, w, in terms of auxiliary sets of variables (aq,...,an) or (m1,...,7n) for
the open and closed case respectively as

_1 - [1}—2sinh wi (0—am)| = En=En(@) (open chain),
En’tral(0,€) = - Tf (3.17)
[0 _ 2sinh | —(0—7m)| = En=Em(F) (closed chain),
[ W2
1 = H%:]L 2sinh wl(a—am) — & :gNm(a) (dual open chain),
En’trel(0,E) = - Wl o (3.18)
[17,—; 2sinh ;(O—_Tm) = &£, =En(T) (dual closed chain).
L w1

The auxiliary variables a,,, T, are the same ones we used in the four-dimensional case (2.12)
and are such that a1 +...+ay =71 + ...+ 7n; sometimes it will be useful to write them
via the combinations

2mam 2mam 27T Tm ~ 2T Tm,

fm =€ “2 , [p==¢€ “l , Op=e“2 , 0p=e “1 . (3.19)
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As in the four-dimensional case, the 7,, = 7,,(@) variables can be thought as functions of
the a,, ones and reduce to these when Q,¢], @rel are set to zero (i.e. my — 00); therefore also
the relativistic closed Toda and dual Toda eigenvalues &, = En(7(@)) and &, = c‘j’m(?(g))
can be thought as functions of the a,,’s, and in fact this is the most natural parametrization
of the spectrum if we look for a solution constructed via gauge theory.

3.2 Numerical study of spectrum and eigenfunctions

Before moving to discuss how the relativistic Toda chain can be solved in the framework
of gauge theory, let us pause a moment to perform a numerical study of this system;
numerical eigenvalues and eigenfunctions computed in this section will be later used to
provide some check of the validity of our proposed gauge theory solution. Similarly to
what explained in section 2.3.2, numerical analysis is performed by diagonalizing the
Quantum Mechanical operator O of interest in terms of some orthonormal basis in the
appropriate Hilbert space; when the Hilbert space is L?(R) we can choose the basis
given by the eigenfunctions i (z) of a harmonic oscillator of mass m, frequency w and
Hamiltonian H = % + smw?az? (with [p, 2] = —ih):

1 mw i  mwas? mw
- me Y R > 0. .
Un(e) = (Wh) e 5 Hk( - a:) . k>0 (3.20)

We then compute the matrix elements <1/1k1\6\1/1k2> up to a certain ki, ko and evaluate

numerically the eigenvalues of this finite-dimensional matrix; these eigenvalues should
approach the ones of our Hamiltonian O defined on L?*(R) when increasing the size of
the matrix. Numerical (normalized) eigenfunctions are then obtained by looking at the
eigenvectors of this matrix. In actual computations we usually consider 300 x 300 matrices
and fix m and w by expanding O in small p and .

Let us show how this works in the case of a relativistic 2-particle Toda chain with center
of mass decoupled (that is a; = —az = § or p1 = py Lt/ 2); as for the non-relativistic
case, we will be interested in two different operators:

e The first one is the operator associated to the Baxter equation for the system and
its dual version (see (3.80) in section 3.4), which can be obtained by quantizing the
spectral curves (3.16); after a slight redefinition of variables these reduce to

. . 270 _ 270

[elwlaa + Qrele_wnaa tew2 e “2 — 51} q(0'7 a, w1, W2, mO) =0, (3213)
. ~ , 270 _ 270 ~

{e“‘”a“ + Qrae 2% fper feoTw — El} q(o,a,wi,ws, my) =0, (3.21b)

where the energies &1, & depend on wy, we, mo and a (a will be discretized because of
the quantization conditions). The two Baxter operators are related by the exchange
w1 <+ wo and commute with each other; the solution ¢(o) € L?(R) should then be their
simultaneous eigenfunction and as such should be symmetric under wy < wo, and is
also expected to be an entire function based on the analogy with the non-relativistic
chain. For numerical computations it is actually more convenient to consider the
function

iTmoo

q(o,a,wy,we, my) = e “1%2 q(o,a,wr,ws, Mo), (3.22)
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Figure 11. Numerical Baxter solution g(o) at wy = 21/ e =24 my = 0.

which is a simultaneous eigenfunction of the more symmetric equations

1
2 w100 —iw1 0o
[ rel <e +e )

1
2
rel

Expanding (3.23) and comparing with the harmonic oscillator Hamiltonian we can

270

+ew2 +e

_ 270

wg — 51] q(o,a,wy, w2, mpy) =0, (3.23a)

2no

+e“1 +e

_ 270

<eiw28d + e—ivﬂa") R ~1:| 6(0—7 a, w1y, w3, m(]) =0. (323b)

fix the values of m, w, h to be used in numerical computations:

1 47'('2 1 -1 4dr L

2 2 2

B lerzelaU t g = & = m= 7QI‘612’ W= ;lel’ h=wi,
“2 2 2 (3.24)
1 2 ~ 1 ~_1 47 ~1 '

2 2 ™ 9 m

—wyQ2,0; + 7 =& = m= iQref’ w=—Qy, h=uws.
1

Examples of numerical results for the energy and dual energy of the ground state and
the first two excited states of equations (3.23) at various values of wy, wa, mg can be
found in table 3, while figure 11, 12 show the corresponding eigenfunctions. As we
can see from the plots, already by considering 300 x 300 matrices there is a very small
difference between the numerical eigenfunction obtained from diagonalizing (3.23a)
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Figure 12. Numerical Baxter solution g(o) at wy = 75 W2 = 1, mg = —1373.

1

and the one obtained by diagonalizing (3.23b), supporting the expectation that there
should be only one common eigenfunction g(o) symmetric under the exchange w; <>

CU2.14

e The second one is the operator corresponding to the relativistic 2-particle Hamilto-
nian 7, itself (3.5), together with its dual H; (3.6); after a redefinition of variables
the spectral problem (3.10) reads

2mx

. . 2z
{e“"la’“ 4Tl 4 otuy 4 Qrae “2 — 51} \I’Zel($,wl,WQ,m0) =0, (3.25a)

~ 2

: . 2nz _2mz
[e“"?a’” o720 oo 4 Qe 1 — 51} W (2, wi, wa, mg) = 0. (3.25b)

Clearly, problems (3.21) and (3.25) coincide when mg = 0; moreover, since in the
special N = 2 case (3.25) is simply the Fourier-transformed version of (3.21), the
energies &1, &, are the same as for the Baxter problem even for mg # 0. Our
Urel(z, wy,wa, mo) € L2(R) should be a simultaneous eigenfunction of (3.25a), (3.25b)
since these operators commute, and as such is expected to be symmetric under w; <

MThe self-dual point w1 = ws = 1, mo = 0 is somewhat special since in this case the Baxter equation
and its dual coincide.
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wi =274y = 21/4 wlzﬁ,m:l
mo =0 mo = —1;73

me® 24605242719 . 2.7528481019. . .
mE®  3.4605592909. .. 3.8720036669. .
meY 35984708772, .. 3.8838346782. . .
mEY  5.0869593531. .. 5.4902688202. . .
me®  4.4628893132. .. 4.7460288538. ..
mE®  6.3111090796. .. 6.7114798487. ..

Table 3. Numerical eigenvalues €£n), g.l(n) of (3.23) at level n =0,1,2.

wo. For numerical computations it may be more convenient to work in terms of
the variable T = x + %5 which makes the problem more symmetric. The numerical
spectrum obtained by diagonalizing (3.25a), (3.25b) in the harmonic oscillator basis
coincides with the one in table 3 as expected; numerical eigenfunctions (symmetric
with respect to T) for the ground state and the first two excited states are as in
figure 11 in the example where mg = 0, while in the example with mg = —13—7;3 they

are plotted in figure 13.

The Baxter equation for the N-particle problem, which gives a Quantum Mechanical op-
erator on R, can be approached numerically in a similar way (see [11] for the N = 3 case
and [17] for a related computation concerning other finite-difference systems).

3.3 Solution via gauge theory: quantization conditions and energy spectrum

As quickly reviewed in section 2.3, the N-particle (non-relativistic) closed Toda chain can
be completely solved in terms of various observables of the four-dimensional N' = 2 SU(N)
Yang-Mills theory on R, ., (or D, x R2) in the NS limit e = ik, e = 0 (with & € Ry).

Schematically, the dictionary between Toda chain quantities and four-dimensional gauge
theory observables is as follows:

Extremization of Wyq (@, ih, Q4q) (NS limit)
Codimension 4 defects (Tr ¢")ng (NS limit)
Codimension 2 defects (type II, NS limit)
Codimension 2 defects (type I, NS limit)

Quantization conditions <=
Energy spectrum E,, =
<~

Baxter eigenfunction ¢(o)

Toda eigenfunction V(%) <=

It is then a natural question to ask if it is possible to find a solution for the N-particle
relativistic closed Toda chain via similar gauge theory arguments. In this section we will
discuss what gauge theory can say about quantization conditions and energy spectrum,
while leaving the study of the eigenfunctions to section 3.4.
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Figure 13. Numerical Toda solution ¥, (z) at w; = T30 W2 = 1, mg = —1;‘73.

1

3.3.1 The naive proposal: five-dimensional gauge theory on flat space

A first attempt to answer this question was done in [1], where it was suggested (based
on previous observations [61]) that the relativistic version of the Toda chain may have
something to do with the five-dimensional uplift of the pure SU(NN) theory: more precisely,
it was proposed to consider the five-dimensional N'= 1 SU(N) Yang-Mills theory on flat
space RY, ., x S}, in the NS limit e; = iw, e = 0 with w; € Ry The radius R = w, ' € Ry
of the extra circle will play the role of the (inverse) speed of light, so that when R — 0 we
recover the Toda chain discussed in section 2. The details of the proposal are the same as in

the four-dimensional case. Let us start by fixing notations: in the following we will denote
q1 = 627FR617 q2 = €2WR€2a Q54 = G_QWRmOa Hm = 627rRam (m =1,... 7N)’ (326)

where a,, are the vacuum expectation values of (the Cartan part of) the adjoint scalar
field in the A/ = 1 vector multiplet and my = 472/ g?)d is related to the five-dimensional
Yang-Mills coupling constant. We can now consider the partition function on R* _ x S}%:

€1,€2
Z5d(/j’ q1, 42, Q5d) = Zggrt (ﬂ? q1, 42, Q5d)ZéIélSt (ﬂ? q1,92, Q5d)' (327)
Sometimes it will also be useful to rewrite this partition function as
Zsa(fl, q1, g2, @sa) = exp ( — Fsa(f1, q1, 42, @sa)), (3.28)
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where the prepotential

Fsalfi, q1, 92, Qsa) = F4(@, €1, €2, R,mo) + FRES (i, 41, g2, Qsq) (3.29)

coincides with the refined closed topological string prepotential resummed a la Gopakumar-
Vafa once expanded around large Kahler parameters ¢,,, m = 1,..., N given by

ti = a; — aj4+1 (izl,...,N—l) and tN:m0+Zti; (330)

the F 54 term is a cubic polynomial in @, mg, while the FE%PS term only depends on the
number of BPS states N fL Jn of given left, right spins jj, jr of our theory and can be
expressed as

n(sR+sL+1/2)qn(stsL+1/2)

BPS JLJR 4 2 nd
SHIIPHP> G-gu-g ¢ O

n21d>0jL,jr SL=—JL SR=—JR

where we used the notation d = (dy,...,dy) and Q = (Q1,...,QN) with Q; = e 27Fti,
The NS limit of the partition function can be used to define the five-dimensional version
of the twisted effective superpotential Wsq (i, g1, @54) as

WSd(:Ja q1, Q5d) = 6121210 [_62 1Og Z5d(ﬁ7 q1,42, QSd)] ) (332)
which is also equal to the NS limit of the refined closed topological string prepotential:

Wi (i, @1, Qsa) = Fog (i, q1, Qsa) = 6121310 le2 F5a (/s q1, 92, Qsd)] - (3.33)

The twisted effective superpotential can be separated into its perturbative (classical +
1-loop) and instanton part

Wid (i, @1, Qsa) = WES (i, q1, Qsa) + WIS (i7, 41, Qsa) (3.34)
or can also be divided as

W5d(ﬁ7 a1, Q5d) = ng(a €1, Rv mO) + W%PS (ﬁ? q1, Q5d)

(3.35)
= F NS, 0(@ €1, R m()) + FNS BPS(/J'v q1, Q5d)

where (from (3.31))

- NS,BPS
WSBdPS (//J, q1, QSd) = F5d (//J, q1, Q5d)

JL jr Sinh (271 + 1)mnRe ] sinh [(2jr + 1)7nRe; ] (3.36)
DI IDS 3 Q.
sinh® [rnRe; |

n>1 d>0jr.Jr
At this point if we identify

) _ 472
€ =iwi, R=uw, Loa=aq 2 =mo, @sd = CQrel; (3.37)
5d
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and [ with the parameters appearing in (3.19), the quantization conditions for the
relativistic Toda chain proposed by [1] would be equivalent to the set of supersymmetric

vacua equations

0 _
exp <_8a Wisa(fi, q, Qrel)) =1, m=1,...,N, (3.38)
m
or alternatively
0
TWM('J’ q,Qrel) = 27Ny , Ny €Z, m=1,...,N. (3.39)
am

Moreover, always according to [1] the energy spectrum &,, of the m-th Hamiltonian ﬁm

at level (i) = (n1,...,ny) should correspond to the NS limit of the vacuum expectation
value of a Wilson loop WEE(N) in the m-th antisymmetric representation A™ wrapping S}%:
£ = Wi (g™, (3.40)

Finally, although not discussed in [1] we could expect from what happens in the
four-dimensional case that eigenfunctions of the relativistic Toda Hamiltonians or of the
associated Baxter equation should be given by the NS limit of the five-dimensional partition
function in the presence of codimension two defects of type I (figure 2a) or II (figure 2b)
living on D¢, x S}, (or R? x S}, if we sum over all vacua). For example, if we define

w = e 2™ (3.41)

we may expect the type II defect partition function with chiral multiplets

- ,pert - ,inst -
Zéz)/5d(w7 M, 41,492, Q5d) = Z,?(,(Cj)/gs ('U}, M, 41,492, QSd)Zéz)/g)ds ('LU, M, 41,492, Q5d) (342)

to satisfy the relativistic closed Toda chain Baxter equation (see (3.80) in section 3.4). It
is sometimes useful to rewrite the type II defect partition function as

Z:g(cj)/5d(w7 ﬁa q1, 42, Q5d) = exp ( - F3(§)/5d(w7 ﬁa q1, 42, Q5d))7 (343)

where the prepotential

o BPS "
Fég)/&j (w M q1, 42, Q5d) 3d)/5d(07 a, €1, €2, RJ mO) + F(d)/5d ('LU, M, 41,42, Q5d) (344)
corresponds to the refined open topological string prepotential resummed & la Gopakumar-

Vafa once expanded in the appropriate closed (¢;) and open (o) Kahler moduli; the F3( d)/5 a
(c),BPS

term is a quadratic polynomial in @, mg, o while F3 d/5d only depends on the number of
open BPS states D;)3* and reads (22, 62]'°

ns

3;)/;PS Z Z Z Z D152 nql " ) Qnd mn’ (3'45)

n=1 d me€Zs1,52

15The standard definition of the open topological string partition function does not contain the term
m = 0 in the sum, which is a constant in o (or w); we will however include this constant term since it
naturally appears from gauge theory formulae.
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which in the NS limit e; — 0 reduces to

Py isins = Z 2.0 .00 >Q”d w™", (3.46)
n=1 d me€Z s
where D)) 4 =35> D, F.

As we can see, the proposal by [1] is nothing else than the naive five-dimensional uplift
of the four-dimensional gauge theory solution of the (non-relativistic) Toda chain which we
reviewed in section 2.3, and reduces to it in the limit R — 0.1 However, as we mentioned
in the introduction it turns out that this naive proposal is incorrect, or at least incomplete.
For example, as shown in [10] the “naive” quantization conditions (3.39) cannot be the
correct ones: in fact it is easy to see from (3.36) that these are divergent when wy, ws € R
with wy/we € Q4, and even if we use these quantization conditions for wj/wy irrational
the energy spectrum we obtain from (3.40) does not match with numerical computation of
the eigenvalues [10]. Similarly the “naive” Baxter eigenfunction (3.42), although formally
satisfying the Baxter equation [35, 63], cannot be the correct one since it diverges at
w1 /wy € Q; finally, the proposal by [1] only focusses on the relativistic TodAa operators

H without taking into account the existence of the modular dual operators Hon [22, 23].
All these problems imply that if we want to solve the relativistic closed Toda system by
means of gauge theory, we should consider something more elaborated than N/ =1 SU(V)

theories on Rél e X SL in the NS limit.

3.3.2 Exact quantization conditions and spectrum

Exact quantization conditions for the 2-particle relativistic closed Toda chain have been
proposed in [10]; these conditions arise from requiring a certain spectral determinant to
vanish, and share some similarity with (2.82) (in fact they reduce to (2.82) in an appro-
priate four-dimensional limit [50]). This spectral determinant can be written in terms of
a particular combination of both the unrefined (e; = —ea = ih) and the NS limits of the
five-dimensional partition function (3.27); the key property of this combination is that it

involves non-perturbative (in k) contributions, i.e. terms of the form e'/”

, chosen in such a
way that the resulting quantization conditions are free from divergences at wy/way € Q4.
When substituted in (3.40) (modulo subtleties which will be discussed later), the values of
a., solving these exact quantization conditions provide an energy spectrum that matches
with the numerical one.

It has later been realized in [16] (and proven in [20]) that the exact quantization
conditions for the 2-particle relativistic Toda chain proposed by [10] can be equivalently
expressed in a different way which only involves the NS limit of the partition function (3.27);

this different expression can be written as

0

% Wo(aa mo, w1, (.UQ) + WBPS (/‘_[7 q, Qrel) + WBPS (ﬁv aa érel) = 27—””171 (347)

For what the general N-particle relativistic Toda chain is concerned, exact quantization
conditions in the form (3.47) and its spectrum were studied in [11] and were checked to

16This limit involves some scaling for Qsq.
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match with numerical results for N = 3. Here the function W is a cubic polynomial in
a, mg which contains ng in (3.35) as well as some additional piece, while the function
WBPS hasically coincides with WEFS in (3.35) modulo a correction due to the B-field, i.e.
a vector B such that

(-1)Bd = (—1)Yr+2rtl (3.48)

for all those d, jr,, jr whose BPS invariant N4

S..jn 1s non-zero; more precisely, with such a
9.

modification we have

2j14+2jr+1)n sin (2jL+1)7rn$—;} sin {(2jR+1)7rn5—;

—1)(
WS S S L,

f— 3 w1
nzljr,jrd>0 Sin’ [Trnw—z]

Qnd

(3.49)
instead of (3.36). The B-field is crucial in order to ensure poles cancellation in the quan-
tization conditions (3.47), and for the five-dimensional N’ = 1 SU(N) theories of interest
to us it can be chosen to be

0,0,...,0,0), N 5
B_ {( ) even (3.50)

(0,0,...,0,1), N odd.

The B-field is therefore irrelevant for N even, while when N is odd it has the effect of chang-
ing sign Qsq — —Qs4, Qsq4 — —Qsq in (3.36); alternatively, because of (3.48) one can think
of the effect of the B-field not as changing the sign of Qsq, @5(1 but as identifying €; =
i(w1+ws) instead of €1 = iw; in (3.37). We can roughly think of (3.47) as the naive quantiza-
tion conditions (3.39) corrected by a non-perturbative contribution which depends on tilded
variables. The remarkable property of (3.47) is its S-duality symmetry, that is its invariance
under the exchange wy <> wy: in fact it turns out that W is invariant under this exchange,
while the second and third terms in the left hand side of (3.47) are mapped into each other.
S-duality tells us that perturbative (or WKB) and non-perturbative sectors contribute in
the same way to the quantization conditions. S-duality also fits naturally with the existence
of the modular dual relativistic Toda system, since this is related to the original relativistic
Toda chain by the exchange w; <+ w9 and the two systems should admit a common solution.

To sum up, as we already saw happening in four dimensions (section 2.4), also for
the 2-particle relativistic Toda chain (and its dual) the quantization conditions admit two
different representations:

A) The one of [11, 16] given by (3.47), manifestly invariant under S-duality and written
in terms of the NS limit of the five-dimensional partition function (corrected by
the B-field when necessary) + non-perturbative (in %) corrections; this is the five-
dimensional analogue of (2.46);

B) The one of [10] (which we only mentioned), equivalent to requiring a certain spectral
determinant to vanish, where this spectral determinant can be written in terms of
the unrefined limit of the five-dimensional partition function 4+ non-perturbative (in
gs ~ A1) corrections; this is the five-dimensional analogue of (2.82).
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A similar statement can be formulated for general IV, although the situation in this case
is slightly more involved.!” As shown in [20] (see also [19]), these two representations are
not independent but can be related via the five-dimensional blow-up equations of [52, 53].
It might however be possible to give an alternative explanation for the compatibility of
these two representations by considering hyperKahler moduli spaces of double-periodic
monopoles. In fact, while four-dimensional N' = 2 SU(N) theories are theories of class S
and as such they can be related to hyperKahler moduli spaces of Hitchin systems [58], five-
dimensional N’ = 1 SU(N) theories are instead associated to hyperKahler moduli spaces
of double-periodic monopoles [64, 65]. It is important to remark that, differently from the
Hitchin system moduli spaces, double-periodic monopoles are self-dual under Nahm trans-
form. Being hyperKahler, these moduli spaces admit many possible complex structures
usually labelled by a parameter ¢ € CP!, and we can denote a basis of complex structures
as I, J, K. As suggested in [57], relativistic closed Toda chains may appear differently
according to the complex structure under consideration; based on what happens in the
four-dimensional case [47, 50], one would be led to associate quantization conditions in the
representation A) to complex structure I and quantization conditions in the form B) to com-
plex structure J. It would certainly be interesting to understand this point in more detail.

3.3.3 A more refined proposal: five-dimensional gauge theory on curved space

As we have just discussed in section 3.3.3, there are two main differences between the naive
quantization conditions (3.39) proposed by [1] and the exact quantization conditions (3.47)
in the form A) (related to the ones in form B)) proposed by [11, 16]:

e Naive quantization conditions are missing the non-perturbative contributions in A;
e Naive quantization conditions are missing the correction due to the B-field.

Is there a way to solve these two problems in a gauge theory framework?

A possibility would be to consider five-dimensional gauge theories on curved spaces,
& X Sk In fact as noticed in [25] and
further elaborated in [19], exact quantization conditions in the A)-form (3.47) seem to

rather than on the trivial flat background R

be compatible with a proposal put forward in [24]: this proposal states that the non-
perturbative completion of the refined closed topological string partition function (that is,
the five-dimensional partition function (3.27) for the cases of interest to us) is given by the
integrand of the partition function of our gauge theory on a squashed Sfjlm’wg background.

In an “NS-like” limit w3 — 0 this geometry will reduce to 521,w2 x R?, and the supersym-
metric vacua equations derived from the (integrand of the) S5, s wy Dartition function seem
to reproduce (3.47). This interpretation naturally incorporates the symmetry wy < wy of

the exact quantization conditions in the form A), as well as of the relativistic Toda and dual

"The approach of [10] was extended to quantum spectral curves of higher genus in [12, 13]. As we
mentioned in the Introduction, these works treat the quantum spectral curve as a quantum mechanical
operator and not as the Baxter equation of an integrable system: for the case at hand, this implies they
only provide 1 quantization condition instead of N — 1. It is however possible to recover the remaining
quantization conditions, as explained in [19, 20].
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Toda chain; let us however remark that there might be many five-dimensional geometries
which reduce to Sfjl wy X R? in some limit, and since it feels a bit unnatural to consider the
integrand of a partition function instead of the partition function itself one might prefer to
consider some non-compact five-dimensional geometry which could eliminate the problem
of integration. Although this will be important if one wants to discuss non-perturbative
completions of refined topological strings at generic values of Omega background param-
eters, we will not be concerned with this problem since we expect all possible different
five-dimensional geometries to give the same answer when reduced to Sfjl ws X R?: there-
fore in the following we will always start from the integrand of the partition function on
S(il w2,w3’

Apart from this caveat, let us try to see in more detail if the proposal by [24] effectively

keeping in mind that this might not be the most appropriate starting point.

leads to (3.47) in the limit ws — 0 or not; the discussion here mostly follows appendix E
of [23]. We start by considering the squashed S51 waws SeOmetry; this geometry can be
parametrized as

Wiz |24+ wilze)? +wilzP =1, 21,20,23€C, wi,wa, w3 € Ry, (3.51)
and admits a U(1)? isometry group. Alternatively, we can think of S, .. as an (S')?

fibration over a triangle: the three vertices of the triangle correspond to the three circles
S(li) of radii w, 1 i = 1,2,3 fixed under the action of the U(1)? isometry group, while

the three edges correspond to three squashed three-spheres Sg 1 # j. The partition

Wy ?

function of N = 1 gauge theories on S has been discussed in [66-72]; in the case of a

w1,w2,ws
pure N’ =1 SU(N) theory without Chern-Simons term, it can schematically be written as

ZS5 = /[da] Zgls (d’, wl,wQ,W3,m0)Zél5(d’, wl,wg,wg)Zié%St(d’, wl,wQ,w;g,mo), (352)

with mg = 472 /g2, as defined in (3.37). The classical term of the integrand is given by

N o nga2,

ZS5(a W1, W, w3, M) = H e “iwaws (3.53)
m=1

while the one-loop part reads (Jw| = w1 + w2 + w3)
Z85(a, wi, w2, w3) = H S3 (ia(a@)|wr, w2, ws) S3 (—ia(a@)|wr, w2, w3)
A
. (3.54)
= H S3 (ia(a@)|wr, we,ws) Sz (ia(@) + |w]|wi, w2, ws) ,
aEA 4

where o € A, are the positive roots of SU(N) and S3 (z|wi,ws,ws) is the triple sine
function defined in appendix B. By making use of the properties of the triple sine function
it is possible to show that the S one-loop term (3.54) factorizes into the product

w1,w,ws

of three Rﬁl e, X Sk one-loop terms: therefore at least for what the 1-loop terms are

concerned, the (integrand of the) S5lw2 ws Dartition function can be thought as the

product of three copies of the R . x Sk partition function (3.27), where each copy is

€1,€2

— 44 —



—1i€1 —i€y 1/R
S(l) w3 w9 + w1 w1
S(Q) w1 + wo w3 w2
5(3) w1 wy + wsg w3
Table 4. Identification Sw1 wa.ws SQUashing parameters - gauge theory parameters.

associated to one of the three fixed circles of the U(1)3 action and €1, €2, R are identified
with wi, we, ws differently for each of the three copies according to table 4.1%

For what the instanton term ZlrlSt is concerned, the situation is less clear: based on
what happens with the one-loop term it is expected that Zg; inst factorizes into the product of
three copies of the instanton partition function Z%5(d, e1, 2, R, mg) on flat space RY, ., x
St &, that is

inst /=
A 5 (G,W1,WQ,W3,mO) -

= Zér(ﬁ (@ tws, i(w2 + wi), wi t, mo) gf( (@ 1w + wa), iws, wy T, M) (3.55)

ZmSE (@ wy, i(w2 + ws), w3 b, mo),

where again €1, €2, R are identified with wy, we,ws differently for each of the three copies as
in table 4; however this expectation is still conjectural.'® Now, according to the proposal
of [24] we should consider the integrand of the partition function (3.52), that is

th(a W1, wa, w3, M) = Zglg,(é',wl,wg,wg,mg)Zélg)((_i,wl,wg,wg)ngr},St(&',wl,wg,w3,mg).
(3.56)
It is actually more convenient to rewrite (3.56) in a slightly different form, by separating
the BPS states contribution from the contribution due to classical terms; in practice we
rearrange the various terms as

. _ 10 _ BPS
Zg})t — Z ZBPS 5 — e FSS F55 ] (357)
The Z9, part is simpl
g5 P ply
70 = e Fss = H e 17298 05, (3.58)
m=1
3 w+w+w wiwo+wiwa+wow
x H ¢ Toragmy (9m—On) T E G unay - (am—an)+ 5 ST (am—an)

m<n

'8 The unusual identification used in this table follows from the discussion in [24].

19VWe prefer to indicate the dependence on the gauge coupling via mgo rather than via the five-dimensional
instanton counting parameter Qsq = e~ 2"™0 gsince Qsq depends on R and will therefore be different for
each of the three copies.

45 —



and contains (3.53) as well as the exponential terms in (3.54) coming from the Bs 3 poly-
nomials in the definition of triple sine functions (B.20), while the BPS part

N
—FBP in; ini in: : -
ZBPS P =7} SE ) Z5dS7E2) Z5ds71(33) H St wa w3 <z(aj - (zk))‘S'wl,wQ,w3 (z(aj —ag) + |w|)
i<k
(3.59)
contains the S, w,ws functions (defined in appendix B) coming from (3.54) together with

the instanton terms (3.55). The BPS part can be more compactly written as

_ BPS BPS BPS BPS
e s — o Fsa,()Fsa,2 " F5a,3) (3.60)

in terms of three copies of the function (3.31), where as usual €1, €2, R are identified with
w1, ws,ws for each of the three copies as in table 4. The ¢; parameters are the flat Kéhler
moduli and mass parameters used in [10, 11] and correspond to linear combinations of the
a; parameters and Yang-Mills coupling mo = 472 /g2, as in (3.30), that is

ti:ai—aiﬂ (i=1,...,N—1) and tN:m()-‘thi. (3.61)

We now want to take the “NS limit” of (3.57); what we mean by this is the following.
As we saw, Zg‘; roughly factorizes into three copies of the partition function on flat space
Rﬁl e, X Sg. Let us focus for the moment on the second copy and take the NS limit here:
since €2 = iws in this copy, this means that we have to take the limit ‘w3 — 0, and as a
o1.ws X R?. What happens to the

other copies? For what the first copy is concerned, the limit we are considering corresponds

consequence the squashed S2 1w ws Seometry reduces to S3

again to an NS limit because of the symmetry €; <> €3 of the partition function on flat
space; on the third copy instead we are sending R — oo, which implies that Fgff’)(%) —0.20
We therefore expect the “NS limit” of (3.57) to roughly reduce to two copies of the flat
space twisted effective superpotential (3.32), related by the exchange wq <> wo; it is however
important to notice that these two copies will be slightly modified with respect to (3.36)
because of the non-trivial identifications in table 4, and the modification exactly coincides

with the effect of the B-field thus giving (3.49). Being more precise, in complete analogy

with the definition in (3.33) we can define the twisted effective superpotential on Sfjl wawg 8
Wgs (C_I:, w1, w2, mo) = lirno [’iW3F55 (6, Wi, w2, wWs, m())] . (362)
w3 —>

This can be decomposed according to
WS5 (67 w1, w2, mO) = WgS (67 w1, w2, mO) + WE“SF’S(&'y w1, W2, mO)’ (363)
with

Wg’fs(d', wi, w2, mo) = WEES(@, (w1 +wa),wy L, mo) +WEFS (@, i (wa+w1), w ™, mo) (3.64)

20Large-volume formulae like (3.31) are only valid for ¢; — oo.
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given in terms of the flat-space function WE%PS(J, €1, R,mg) appearing in (3.35); let us

however stress once more that the non-trivial identifications for the ¢; parameters lead to
the B-field corrected formula (3.49).
To sum up, from the “NS limit” of the proposal by [24] we obtain the putative quan-

tization conditions

0
—Wegs (a, wy, w2, mg) = 27Ny, , Ny €Z, m=1,...,N. (3.65)
Ooanm
As we can see, the two problems that were affecting the naive quantization conditions (3.39)

are now solved in (3.65):

e The non-perturbative corrections (restoring S-duality) arise from a second copy of
the flat space twisted effective superpotential, related to the first copy by wi < we,

naturally incorporated in the S2 x R? geometry;

w1 ,w2

e The B-field is taken into account by the identification in table 4.

Working out the explicit expressions, in particular the non-BPS term Wg5 in (3.63), it
is not hard to verify that (3.65) precisely coincides with the known exact quantization
conditions. Let us consider for example the pure 5d N' = 1 SU(2) theory; this will be
associated to the 2-particle relativistic Toda chain and its dual, whose Hamiltonians can
be written as (by redefining variables)

~ 1 o 2mx _ 27w
Hy = e "% 4 1% L ewz + Qe 2,
~ - - sre — 2me (3.66)
Hy = e 2% 4 2% L e @t 4 Qree “1.

By setting a1 = —az = 5 the parameter a = a3 — a2 gets identified with the Kahler

modulus ¢, while mg is interpreted as a mass parameter in the language of topological
strings. Formula (3.65) for a; gives
10 2
orm — & Was _ 7.8)/\/55 _
1 Oay i Oa
2

2 2
2ma 2rmoa Twi Fwy

Wi w12 3 w12
2jL+2jr+1)n

—1)(
#3235 R s

Jjr.jrn=21dy,do

sin [(QjL + 1)7T’I’L%] sin [(2]'3 + mngt

X e—27rnd1a/w2e—27‘rnd2(mo+a)/w2 (367)

sin® [WTZ%}
2
(—1)@iL+2ir+1)n dy.d
IS - (d1 + d2) N;152
jr,jrnz=zldi,dz

sin [(ZjL + 1)m%‘;’] sin [(QjR + 1)z

« 6727rnd1a/w16727rnd2(m0+a)/w1'

sin?3 [Wnﬂ}
w1
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w1:2_1/4, wy = 21/4 W1:%,WQ:1
mgo =20 my = —1;1—75’

a'®) 0.9257432179. .. 0.8709463196. . .

n | w5 e 2.4605242719. .. 2.7528481019. ..
In | W5 G 3.4605592909. . 3.8720036669. . .
aV) 1.3615838159. .. 1.2357226878. ...

n (W5 3.5984708772. .. 3.8838346782. ..
In [ W2V M 5.0869593531. . 5.4902688202. . .
a? 1.6892652995. . . 1.5106117940. . .

In [ W3V @ 4.4628893132. .. 4.7460288538. ..
I [V @] 6.3111090796. . 6.7114798487. ..

Table 5. Energies WDU(z) () WSU(I\?%( ™) at level n = 0,1,2.

Notice
that the factor (—1)(272+2/r+)" coming from the identification in table 4 exactly coincides

The same equation is obtained from taking the derivative with respect to as.

with the effect of introducing the B-field. It is easy to check that the quantization condi-
tions (3.67) coincide with the exact ones given in [16]; as such they are manifestly “S-dual”
(i.e. invariant under the exchange wy <> w2) and free of poles at wy /ws € Q.

Having obtained exact quantization conditions for the N-particle relativistic Toda
chain from the partition function of N' = 1 SU(N) gauge theories on S3 , x R?, we
can now move on to discuss how to compute its energy spectrum. As we said in (3.40),
the expectation is that energies will correspond to the NS limit of Wilson loops in an
appropriate representation wrapping a circle [35, 63, 73]. The background Sf’,l wy X R?

naturally admits two such circles, of radii w; and wy: this is because S3 can be thought

w1 ,w:
of as a non-trivial S* fibration over S? which contains two special c1rclelzs 2at the north and
south pole of S2. It is then natural to identify Wilson loops wrapping these two circles
with the energies &, and dual energies & of the relativistic Toda chain and its dual.

For example, in the 2-particle case we only have Wilson loops in the fundamental

representation, so that?!

E0 = WELNE = 1%+ 072 = Qua (2 o 1) s 0l @),
~ ~ _ (3.68)
& = WS%@ _ ﬁ1/2 1/2 Q5d( 1/2 + /7_1/2) q _ O(di)'

(1 —gm)(1 —gp™t)

21Gince N = 2 is even, the B-field plays no role and (3.68) coincides with the flat space result; for N

odd instead the B-field will induce a change of sign for @54, @5d compared to the flat space results.
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1 1

, ¢ < ¢ and, differently from what

happens with the quantization conditions, do not present any divergence at |¢| =1, |¢] =1

These are invariant under the exchange q < ¢~

since they are one-dimensional observables; moreover, they coincide with the (inverse)
quantum mirror map of [10]. If we now fix the value of w1, wQ, mo and substitute the
solution a(™ of (3.67) for n > 0 into the expressions for VVD 1(\15), I/VD 1(\IS) (3.68), we should
be obtaining the exact spectrum for the 2-particle quantum relat1v1stlc Toda chain and its
modular dual. A few examples of energies for different values of wy, wa, Mg, obtained via a
5-instanton computation, are listed in table 5; already at 5-instantons these can be seen to
coincide with the energies in table 3 obtained by a numerical study of the operators (3.66).
Using the values of a(™ generated by the naive quantization conditions (3.39) would instead
produce an energy spectrum which does not match with the numerical one.

We therefore conclude that it is possible to obtain exact quantization conditions and
energy spectrum for the relativistic closed Toda chain and its modular dual while remaining
in the framework of gauge theory (in the NS limit); the big difference with respect to the
naive proposal (3.39) is that differently from what happens in the four-dimensional case,
in five dimensions we have to consider a curved background Sgl wy X R? instead of the flat
one ]Rzl x R? x S}z, thing which naturally takes into account the existence of the modular
dual relativistic Toda system. As a consequence, we expect that in order to obtain exact
eigenfunctions we should be considering codimension-two defects living on Sfjl w, instead
of the naive D¢, X Sk; this is what we are going to verify next.

3.4 Solution via gauge theory: eigenfunctions

As we mentioned at the beginning of section 3, while eigenfunctions for the N-particle
relativistic open Toda chain have been constructed in [21], much less is known about the
eigenfunctions of the relativistic closed Toda chain (or the associated Baxter equation).
Here we will propose a solution to this problem via gauge theory. Based on the analogy
with the “non-relativistic” (or four-dimensional) case reviewed in section 2.3.3, and from
what we have seen in section 3.3.3, the eigenfunctions we are looking for should correspond
x R? (rather than flat space D., x R? x Sk) of codimension
two defects of type II or I wrapping 5’31 w, coupled to the five-dimensional "= 1 SU(N)
theory. Here we mostly focus on studying the solution to the Baxter equation for the case

to partition functions on Sfjl ws

N = 2 and compare it against the numerical results obtained in section 3.2; in section 3.6
we will comment on the general N case and provide some check for NV = 3.

Open relativistic Toda chains. Let us start by looking for simultaneous eigenfunctions
\Ilgel(f, w1, ws) of the N-particle relativistic open Toda chain and its dual. The solution to
this problem is known from Separation of Variables [21] and can be expressed recursively as

\1129117 ’a,N(:Lila v ,l’N,LL)l,CL)Q) =
] N-1 _ (~N-1 _ N
/ H doj| p(@,h) Q(7,d, w1,cu2)ewi7;2 Yin e (Zih o= am) (3.69)
2miz
\Ijgell, O’N—l(xl? s 7xN—17W1aw2)e “192 (Zm 1 @m= Z] 1 U]) (open chain),
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rel

ta121 /wiwe
al *

starting from the eigenfunction of the 1l-particle problem W[(xi,wi,ws) = e

Here the integration contour C is as in (2.57), u(d, k) is an integration measure,

N-1
(G, wi,we) = H sinh (770] — Uk) sinh (WU] — Uk) , (3.70)
1

w w
i<k 2

while
N-1 N-1 N
Q(F, @ wi,ws) = [[ aloj,@wi,wa) = [ [ 52 (—iloj — am)|wr,ws) (3.71)
j=1 j=1 m=1

is the wave-function in separated variables, where Sa(o|wi,w2) is defined in appendix B.
Exactly as it happens in the non-relativistic case, the function ¢(o,d,w;,ws), although
not entire, formally satisfies the one-dimensional Baxter equation for the relativistic open
Toda chain and its dual:

(/L)NQ(O- + iW1, 67 W1,(JJ2) = gN

D=

trel(O', (C_I:))Q(O-u da w1, WQ))

trel(aa S(C_’:))Q(Ua aa Wi, w2)7

1 Ony

(3.72)

()N q(o + iws, @ w1, w2) = En

N

— ~

with t(o, £(a@))), t(c, E(@))) as in the first line of (3.17), (3.18).

From the point of view of gauge theory, the functions \Ilf_fl(f, wi,ws) and ¢(o, d, w1, ws)
can be interpreted respectively as partition functions of three-dimensional N' = 2 theories
of type I (figure 2a) and II (figure 2b) living on a squashed three-sphere S3  [74]; these
three-dimensional theories should be considered as codimension two defects for the five-
dimensional N' = 1 SU(N) theory on S, x R?, in the limit in which the five-dimensional
gauge interaction is decoupled (i.e. mo = 472 /g2, — 00). More precisely:

e The Sfjhw partition function for defects of type II, that is N free chiral/antichiral
multiplets, is given by

I
=
g

q(c)(a, a,wy,ws) 1( —i(0 — am)|wr, wg) (chiral),

3
1§

(3.73)

I
=
g

¢ (0, a@, w1, ws) ! (i(0 — am)|wi,w2)  (antichiral);

3
1§

these functions satisfy the equations

it .
()N g\ (0 + iwr, @, w1, w2) = Ex (0, E(@)) g (0, @, w1, w),

R (3.74)
&

)N\ (0 + iws, @, w1, w2) = En

and

5 R
R (3.75)

1 =
(i)_Nq(aC)(U —iwy, d, w1, w2) = Ex 2 trel(0, 8(6))q(ac) (0,d,wy,ws),
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respectively, with

N N
2mam, ~ 2mam
En = H e vz, En= H e “1 . (3.76)
m=1 m=1

The chiral partition function ¢ (o, @, wy,ws) exactly coincides with the function
q(o,d, w1, ws) appearing in (3.71).

e The S? | wp Partition function for defects of type I with chiral multiplets (plus Chern-
Simons and mixed Chern-Simons terms)?? reads

‘Iff;l,’.(f,)aN (3}1, e, TN, W, LUQ) =

N-1 s N-1 s (s) (s) (s) (s)
2miz Ny g — g
. Zm 1 am / (s) . j k
= e “1v2 da sinh sinh |7 ———
[T Lo T T |7 n o227
s=1 j=1 s=1 j<k
-1 s s+41

N— zs x
+1 (s)
TLITTL S5 (o) o) [T 5
J

s 08 (s) s+1 (S+1)
H wlwg =19 ( =17 Z ) , (377)
where o) = am and the integration contour C is as in (2.57); this function is a

simultaneous eigenfunction of the relativistic open Toda and dual Toda Hamiltonians

Hon (3.5), Hm (3.6). A similar expression can be obtained if we consider antichiral
instead of chiral multiplets. It is easy to show that (3.77) can be re-expressed in a
recursive form equivalent to (3.69).

As we can see, the defects we are considering are the same ones we used in section 2.3.3
for constructing the non-relativistic open Toda chain eigenfunctions; the only differences
are the dimensionality of the defect theories (three dimensions versus two dimensions) and
the background in which these theories live (S3

1wy Versus the disc D, ).

Closed relativistic Toda chains. What about the relativistic closed Toda chain? Ac-
cording to the analysis of [21], Separation of Variables tells us that eigenfunctions of the
N-particle relativistic closed Toda chain can be obtained from the eigenfunction of the
(N — 1)-particle relativistic open Toda chain via

rel o
‘I’al,,,,,aN ($1,-~~3$N,w1,w2,m0) =

N-1

s O’ —10_ m
:/; HdO'j ,u(&',wl,wg)Q(&,F(@),MI’W2,mO> wleZ =1 J(Z =1 9j Z =10 ) (3‘78)
7=1
2mizT p N o N_IO"
X‘I’fll, on 1 (T1ye, TN-1,W1 w2 )e <12 (S =) (closed chain).

*2Different Chern-Simons terms (last line of (3.77)) correspond to redefinitions of p, & variables in the

relativistic open Toda Hamiltonians ﬁm, 7-lm.
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Here
N-1

Q(a,7(a), w1, ws, mg) = H q(o;,7(@), w1, w2, mg), (3.79)
j=1
and ¢(o, 7(@), w1, w2, mo) satisfies the one-dimensional Baxter equation for the relativistic
closed Toda chain and its dual

()N q(o + iwy, 7(@), w1, w2, mo) + Qra(i) N (o — iwy, 7(@), w1, wa, M)
1 .

= &5 tel(0,E(7(d)))q(0, T(a@), w1, w2, mo), (3.80)

()N q(o + iws, 7(@), w1, wa, mo) + Qret (i) "N g0 — itwn, (@), wi, wa, mo) '

:€N

[N

fra(0, £ (7(@))) (0, (@), wr, ws, o),

-

— ~ ~

with ¢(o, E(T(d)))), t(0,E(7(@)))) as in the second line of (3.17), (3.18). As we already
mentioned, these equations can be thought as the quantized versions of the classical spectral
curves (3.16). Always according to [21], the function (3.78) is a solution to the closed Toda
spectral problem (i.g. is an eigenfunction of the relativistic closed Toda and dual Toda

Hamiltonians ﬁm, 7-[m with the appropriate boundary conditions) only if the solution
q(o, 7(@), w1, w2, mg) to the Baxter and dual Baxter equations (3.80) is entire in o and
goes to zero fast enough as |0 — oco. From what we have seen in the non-relativistic
case, we expect these conditions will be satisfied only for certain values of the a,, (or 7,,)
auxiliary parameters, or equivalently only for certain quantized values of the energies &,
Em. F inding such a solution to (3.80) is still an open problem; what we are going to do
next is to propose a solution to this problem via gauge theory, keeping in mind what we
learnt in section 2.3 and section 3.3.

Let us focus here on the N = 2 case. Let us decouple the center of mass and set the
auxiliary variables as a; = —a = 5. For what the relativistic open chain is concerned,
we know from (3.73) that when the five-dimensional gauge theory is decoupled (that is
ggd = 0 or equivalently my = oo) the SE’)IM partition function of a type II defect with
chiral multiplets

(o, a,w1,wo) = S;l( —i(o — a/2)|w1,w2)551( —i(0 + a/2)|wr, wo) (3.81)

formally satisfies

18 2re  _2m0
{e“” Tte te “2 — 51} 0o, a,w1,wp) =0,
- sre ome - (3.82)
[6“2 Ttect te w1 — 51} 0o, a,w1,wp) =0,
while the S3  partition function of a type II defect with antichiral multiplets
¢ (0, a,wi,wp) = Sy ! (i(o — a/2)|w1,w2) Sy (i(0 + a/2)|wi, ws) (3.83)
formally satisfies
1) 2re  _2mo
[e_zun Tt+ew2 e w2 — gli| q(aC) (O-v a, Wi, (UQ) = O)
b 2r0  _2n0  ~ (3.84)
[e_w T+ewr e w1 — 1} q(ac)(a, a,wr,ws) =0,
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where
El=ev24e 2, E =e1 e =1 (3.85)

are nothing but the mg — oo limit of (3.68).22 Because of the properties of the double
sine function, our expressions (3.81), (3.83) are not entire but present poles. This is not
a problem, and is not unexpected either: in fact we encountered a similar situation in
section 2.3.3, where instead of double sine functions we had Gamma functions. In that
case we found that, by moving the Gamma functions from the numerator to the denomi-
nator, (2.52) can be rewritten as the product of an entire function times a function giving
a lattice of poles at 0 = +a + inh, n € Z. Although not necessary for our purposes, let us
just mention that something along the same lines can be done also for the case at hand:
more precisely, after introducing the #-function

10 Wi _ 270 2miwg 2mo  2miwy  2miwg
9() - (e e cwre 2 se ) (3.86)
Wy W2 o ~

which is periodic in iws and quasi-periodic in iw; and is such that

10 wo _ﬁ_ﬂ_,_ﬂ m“’%*‘“’%_iz 10 Wi
9 o — e wiwz w1 w2 6wy wo 2 0 —,— , (387)

w1 w1 w2 w2

we can use the properties of the double sine function to rewrite (3.81), (3.83) as

. 2 2, 2
__im (g2ia®\__witwy . witw) | om
q(c) (Ja aawlaWQ) =ec %2 <U HE ) Tere o i

1
(qup2; q)oo(qup

X

, 2 . wliw?
s U2+L)—7rw1+w2a—z7r 12 ;7
¢ (0,0, w1, ws) = €142 (o w12 Gwrwn 2 (3.88)

1 ~~— ~

1 1 ~_ 1 _
y (qw ™17 @)oo (q ™ 107 25 @)oo (T 0725 T Voo (T 023§ Voo

(0 a/2 wl) (0+a/2 wl) ’
? o ? g

where we remind that

2miwy _ 27o 2ma 2miwg _ 270 2ma

g=e 2 , w=e “, p=e«2 and g=e %1 , w=e “1, p=e“. (3.89)

Expressions (3.88) are actually only valid for Im(wj/w2) > 0, but can also be used when
Im(w; /we) = 0 with w1 /we ¢ Q4 (in the case wy/wy € Q4 instead we can only use the
original formulae (3.81), (3.83) written in terms of double sine functions). In this form
we can easily see the similarity between (3.88) and (2.55): in particular the terms at the
numerator give an entire function, while the quasi-periodic f-functions at the denominator
generate a lattice of simple poles at o = 5 + imw + inwsz, m,n € Z and play the same
role of the sinh functions at the denominator of (2.55) in the non-relativistic Toda case.

25U(2) gauge Wilson loops (3.68) reduce to flavour Wilson loops as mo — oo.
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Let us now move to the relativistic 2-particle closed Toda chain. Here we should look
for an entire L?(R) solution ¢(o,a,ws,ws,mg) to the relativistic closed chain Baxter and
dual Baxter equations (3.80), that is

. . 2mo _ 2mao

{emla” + Qe 1% L gr 4 w2 — 51] q(o,a,w1,ws, my) =0, (3.90a)
. ~ . 270 _ 2mao ~

[elw?a" + Qreje 2% L eor 4 w1 — 1] q(o, a,w1,ws, my) =0, (3.90Db)

where the energies &y, & are given by (3.68). Sometimes it will be more convenient to
consider the function

iTmgo

q(U,Gawth, mO) =€ wiw2 q(Ua a7w17w27m0)7 (391)

which should be an entire solution of the more symmetric equations

1 . ) 210 _ 270
{ 2 (ewla" + eilwla"> +ew2 e w2 — 51] q(o,a,wr,ws, mpy) =0, (3.92a)
1o e 20 _210  ~
{ 2 (em 7 4 e 2 ") +evr +e “1 — 1] q(o,a,wr, w2, mpy) =0, (3.92b)

studied numerically in section 3.2. Again, based on the analogy with the non-relativistic
case (2.71) and the analysis of [21] we expect a linear combination of the form

q(o, a,wi,w2,mp) x ¢ (0, a,wri, w2, mo) — £¢'9 (0, a,wr,wa, mo) (3.93)

to be the correct eigenfunction of the Baxter and dual Baxter problem (modulo an overall
o-independent factor), where £ € C and, similarly to (2.63),

q(C) (07 a, Wi, w2, mO) - q(C) (07 a, Wi, w2)ql(\?s)’m8t (07 a,wy, wa, m0)7 (3 94)
2immgo . .
q(ac)(a, a,w,ws,Mp) = € “1%2 q(ac)(a, a,wl,wg)qgg)’lnSt(a, a,wi,ws, Mo),

should be the “NS limit” of the partition function of the five-dimensional N = 1 SU(2)
theory on Sg1,w2 x R? in the presence of a type II codimension-two defect on SEJWQ with
chiral/antichiral multiplets, in line with the discussion of section 3.3.3. More precisely we
expect (3.94) will have the correct asymptotic behaviour, but will not be entire functions if
taken separately (because of the poles coming from the #-functions/double sine functions);
nevertheless their linear combination should be an entire function, even if only for those
values of a satisfying the exact quantization conditions (3.67).

In order to check this expectation, we need to compute the functions (3.94); since we
already know the perturbative part from (3.81), (3.83), all it remains to understand is how

to include instanton corrections. According to [73], and similarly to what suggested for the
(c),inst (ac),inst

21,w2,w3 partition function, the instanton contributions g¢yg™ 5 gng should factorize
into the product of two copies of the type II defect instanton partition function éz)/gésﬁ\ls

ac),inst
or 72

2
3d/5d,NS €

on flat space RZ, x R? x 5}27 with €1, R and w1, wy identified as in the first two
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lines?* of table 4. The functions Z?EZ)/;%S;\IS’ Zézc/)g(iinls\?s can be computed as discussed in [35,

63]; we collected the relevant formulae in appendix A. In terms of the flat space variables

q1 = 627rR51, w = e—27rRo’ o= 627rRa, Qsq = e~ 2mRmo (3‘95)
we find
2 1/2 —-1/2 _ 2
inst Q5dq w(u + 1 Qw—q ’LU)
Z?(:i)/5d s (W 1,41, Q5a) =1+ 1 2

(1=q)(1=qu)(I=qrp= 1)1 —qrwpt/2)(1-quwu=1/2)
di‘ﬁw

(=) (1) (1= 2 )3 (1—pq)® (1% ) (1—pg?) (1- 22 ) (1— yfiguw) (1

(u%ﬂf%) (1—qi) [(QI (37 +4¢1+3) — (u+p~") (q?+qi‘+qf+q1+1)}

+

)( —Vligiw)

1 2 _ —

) v (524172 g+ (i) (—al 208 —af — ai +ar) + 405 +7a] +2q1 347 503 +1]
pb ) (@) aie? | (2072 (@ —ai—ai —af)

(n+17") (a8 + 307 —ai+ 3014207 +01~1) —q7 —3a1 90} —q +247+20: 2|

+qiw [(u 172 2at @+ @) + (urpt) (—2¢] — 3¢5 — 445 —5¢5 263 — g1 +1)

+q§+qf+5q?+7q?+11ﬁ—Q?—qf—qﬁrﬂ +0(Q3), (3.96)
while
inst inst —
25 e (W, 1, a1, Q) = Zigymnsis (w, 1,07, Qsa)- (3.97)

A few properties of the function (3.96) should be mentioned:

e The flat space defect instanton partition function (3.96) presents poles at —iRe; €
Q4 (or wi/wa € Q4): these are the same poles that were affecting the “naive”
quantization conditions (3.39) one would obtain from considering gauge theories in
flat space. Moving to curved background S2 L xR? we get two copies of this function,

related by the exchange w; > wse, and the expectation is that their poles will cancel
each other (similarly to what happens for the exact quantization conditions (3.67)).

e The function (3.96) (and similarly (3.97)) can also be written in the form

2L (w1, Qsa) = exp (—Fig) g (w, a1, Qsa) ), (3.98)

where

51
inst B B
F?E(Ci)/E)deS (’w H, QIaQrel ZZ Z Z m s n 1 q )(,u, 1)nd1 ('u 1Qrel)nd2wmn-

n=1 s1 dj,do>0m€EZ
(3.99)

24The “NS limit” on S’ihwbwg we are considering corresponds to sending ws — 0; in this limit only the
first two fixed points remain, corresponding to north and south pole of Sfjl,w2 in Szl,w x R2.
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Here dj is taken to run over N, while d; is allowed to take values in N/ 2.25 This
expression is almost the same as the BPS part of the open topological string partition
function (3.46), except for the fact that the BPS states associated to the 1-loop factor
n (3.42) (which in the present setting would correspond to (qw,u%; q)oo(qw,lf%;Q)oo
in the numerator of (3.88)) are missing in (3.99).

e The function (3.96) is symmetric under exchange u <> ', i.e.

£ t
Z?()Z)/gclisNS(w’ 1 q1, @sa) = Z:)EZ)/;,I;SNS(M 1t a, Qsa), (3.100)
and also satisfies
inst inst _ _
Zg(,d)/;:Ns (w, p, g1, Q5d) o< Z;'Sd)/g)dsNS (w 11 s qq 17 Qsd), (3.101)

where the proportionality factor is o-independent.

At this point, after moving from flat space variables (3.95) to curved space ones (3.89) and
using the identifications in table 4, according to [73] we should have

(c),inst (c),inst (¢),inst ,~—1 ~ _—2mi~1
aNs (0,a,wr,ws, mp) Z3d/5d NS(w u,e Q7 Qrel) 3d/5d NS(w y s € mq ; Qrel),
(ac),inst (ac),inst — —or (ac),inst ,~ ~ 2mi~

ans (0,a,w1,w2,mp) Z3d/5d Ns(w My € 7Qrel) 3d/5d, Ns(w 1 €' q, Qrel)

= Zéd)/;sg\]s(w_la% Qa Qrel) 3d/151218§\15(w W, e 2T q_17©rel)>
(3.102)

modulo o-independent terms. Here powers of w*!, ¢*! in the various factors are chosen
in such a way that, when combined with the numerators in (3.88), the functions Z?() d)/;)r(llsg\ls
will be completed to full open topological string partition functions, but this is not the only
possibility: in fact by using property (3.101) other choices are possible, all of them only
differing by o-independent terms. In fact a more convenient choice would be to remove
these o-independent terms completely, in the following sense: remembering property (3.98),

we can separate the m € Z sum in

)2TL81 nsi

7‘ t q _ _
Fyfz)/grclls,NS(waNa QQrel ZZ Z Z mdhdzliq)(u 1)nd1(u lQrel)ndzwmn

n=1 s1 dy,do>0m€eZ
(3.103)

into three sums over m > 0, m = 0 and m < 0:
By s (0, 1, €27, Qrat) = (3.104)
i 0 i i
= By (w, 1,27, Quer) + Fiy i (1, €270, Q) + Fig o (w, 1,27, Qrer):

the m = 0 part is independent of o, while the m > 0 and m < 0 parts turn out to be
related by

M (1, 1, €271g, Quer) = FOH (w7, 1,271, Qra) (3.105)

*5This is in contrast to the usual conventions in the literature, see for example [22], in which o is shifted
by a/2 in such a way to have d; integer; as a consequence, our BPS invariants Dfri,dhdz will be different
from the ones in the literature.
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Because of this property, if we remove the (o-independent) m = 0 contribution the modified

prepotential
t t t
Féz)/égst(waﬂv q Qrel) 33/;3SNs(w :uv q Qrel) 33/51)1;SN(S ( H,e q Qrel) (3'106)

= Fyfd)/’;ésj\’](s—‘r) (wnuv q Qrel) + éd)/;(llsf\l(s )(wauve%m‘q’Qrel)

and the modified type II defect instanton partition function

Zéé)/;‘fﬁqs(w 11, €™ q, Qrel) = exp( Fég)/égsf\ls(w W, e i%Qrel)) (3.107)
satisfy the additional property
Ey s (w, 11, €2 q, Qrat) = Fyganxs (0™ €727, Q) 5,108
Z:gd)/;(ljsg\ls (w ,LL, Q> Qrel) 3d)/15121$§\18 (w_17 /1’7 6_27riq_17 Qrel)a

instead of (3.101) which involves a proportionality factor. If we now choose to fix the
o-independent term in (3.102) according to

inst = t b~ 1~ —Omieel
Q1(\]C% e (Uva7w17w2)m0):Zéz)/grélst(w ,u) q Qrel)Z?()Z/l;:ist(w 17,“/76 27mq 17Qrel)7

ql(\?SC)’mSt(o-aaawlaw%mO):Z(aC) ns ( _la,u’ —27rz aQrel)Z(aC ) inst (&; /ja aa@rel)

3d/5d,NS 3d/5d,NS
t Jinst i1
Zg(,d)/},TNs(w 1,67 q, Qrer) 33)/;31\13(10 e 2g !, Qrel),
(3.109)
then ql(\%’imt, qgsc)’imt are mapped into each other under complex conjugation?® as well

as under the exchange o <» —o; these two properties, together with property (B.15) for
the double sine function, imply that our proposed solution g(o, a,w1,ws,mo) (modulo an
overall normalization)

6(0 a, w1,w2,mo) o (3.110)

x e iy S ( (0 — a/2)]w1,w2)52 l(i(a + a/2)\w1,w2)q§§) mSt(a, a, w1, ws, M)

—€e” Tf?fs ( —i(o —a/2)|wr, wg)Sgl( —i(o+ a/2)|w1,w2)ql(\%’in5t(a, a, w1, ws, M)
with instanton contributions as in (3.109) will be either purely real or purely imaginary
and with definite 0 <+ —o parity if we choose { = —(—1)" for the level n eigenfunction:
this is as expected, due to the symmetry o <> —o of the problem (3.92).

We now have all the ingredients entering our proposed solution (3.110) to the Baxter
and dual Baxter equations associated to the 2-particle relativistic Toda chain. It is easy
to check that the two functions entering in the linear combination (3.110) separately are
at least formal solutions to (3.92) perturbatively in Qel, @rel; however, there are a few
problems we should face:

e First, we have to check that poles at w; /w2y € Q4 of the function (3.96) will cancel if
we consider two copies of it in the combinations (3.109);

26This is true both at w1, w2 € Rand w1 = w2 € C for o, a, mo € R.
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e Second, it is not clear that our proposed solution (3.110) will be entire and L?(R)
for the values of a = a(™ satisfying the exact quantization conditions and for some
appropriate value of £ (which we fixed to £ = —(—1)" due to the symmetry o <> —c
of the problem (3.92)).

The first point can be addressed easily, since it has already been shown in [22] that the
combinations

By s (W, 11, €270, Quel) + By onns (0, 1 €7, Q) (3.111)

appearing in (3.109) are free of poles at wy /ws € Q; a key ingredient for the poles cancella-
tion argument of [22] is the term (—1)?"%1 in (3.103), which arises due to the identification of
table 4 (or alternatively to the B-field).?” Since the perturbative contributions (3.81), (3.83)
do not present poles at wi/we € Q4 because of the definition of double sine function, we
can conclude that (3.110) will be free of divergences at w;/we € Q.

However, we should still understand if our proposal (3.110) is an entire and L?(R)
function when the quantization conditions are satisfied. One observation is that the poles
in o coming from the instanton contributions (3.109) seem to be cancelled by the zeroes of
the numerators in (3.88), thus leaving only the poles coming from the #-functions in (3.88)
as possible singularities of §(o, a,w1,ws,mg). It seems however hard to show analytically
that these poles actually disappear at the particular values a = a™ determined by the
exact quantization conditions (3.67) since we do not have a closed form or TBA-like ex-
pression for the instanton contribution (3.109); for the same reason it would be hard to
prove L?(R)-normalizability. We will therefore content ourselves with performing some
numerical check of our proposal: more precisely, as we did in section 2.3.3, we plot our
proposed solution G(o, a,wy,ws, mp) (computed up to 4 instantons) for o € R and compare
the resulting plot against the Baxter eigenfunctions obtained via numerical methods in
section 3.2.28 For example, in figure 14b we fixed wy = %, wo=1,mg= —1;73 and plotted
our proposed gauge theory Baxter solution Re[g(o)], Im[g(o)], Re[g(o)] for energy levels
n = 0, 1,2 respectively (the other real or imaginary component being zero), evaluated at
those a(™ solving the exact quantization conditions (see table 5) and for & = —(—1)";
figure 14c instead represents the difference between gauge theory and numerical solutions
(figure 14a).2? Another example for wy; = 27%, wo = 2%, mgo = 0 is presented in figure 15.
By the naked eye, numerical (blue) and gauge theory (orange) Baxter solutions seem to
agree: in particular, the singularities at o = +a(™ /2 of our proposed gauge theory so-
lution seem to disappear®? already with a 4-instantons computation, in contrast to what
we would get without considering instanton corrections (figure 16), or without considering
both copies of the defect instanton partition function in (3.109) (figure 17, in which we did

2T As we already mentioned the B-field is trivial in the N = 2 case or more in general for N even, but it
has an important effect for odd N.

#We thank Ivan Chi-Ho Ip for explanations on [75] about the problem of plotting the double sine function.

29 As for the non-relativistic Toda chain studied in section 2.3, the Baxter solution obtained from gauge
theory (3.110) is not normalized to 1; we therefore divide it by its norm in order to make comparison
against numerical results.

30Clearly one of the two poles can always be eliminated by appropriately choosing &; however, the
expectation is that both poles disappear only when a = a™ satisfies the exact quantization conditions.
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(c) Difference.

Figure 14. Level n = 0, 1,2 gauge theory 2-particle Baxter solution g(o) for

| — _ _In3
OJl—ﬁ,OJg—l,mo——?.

not consider the contribution coming from the second copy with tilded variables), or by us-
ing a value for a not satisfying the exact quantization conditions (figure 18). In reality the
singularities are still there, as they should disappear only when considering all instanton
contributions, but we may need a bigger resolution in our plots to see them. For example
these singularities can be seen in the plot of the difference (red) between level n = 0 nu-
merical and gauge theory solutions in figure 14c, but we need to consider lengths of order
~ 107 to notice them; the same plot for levels n = 1,2 seems not to have singularities,
but this simply means we need an even bigger resolution (so we should more appropriately
think of these red plots as indicating the difference between numerical and gauge theory so-
lution away from singular points). More precisely what we should expect is that, by adding
more and more instanton corrections, the gauge theory solution approaches the exact one
better and better, the singularities are smoothed away and the discontinuities get smaller
and smaller. An example of this behaviour is shown in figure 19 for the level n = 1 solution
in the case wy = 27i, Wy = Qi, mo = 0: while the numerical (blue dots) solution is smooth
around ¢ = a1 /2, the gauge theory one (orange dots) diverges, but this divergence gets
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Figure 15. Level n = 0, 1,2 gauge theory 2-particle Baxter solution (o) for
wp = 2_%, Wo = Qi, mg = 0.

-2 -1 1 2

Figure 16. Level n = 0 gauge theory 2-particle Baxter solution g(o) for w; = %, we = 1,

mo = —23 without instanton corrections.

milder and tends to disappear by increasing the number of instantons (from 3 to 4 in this
example), and we need to “zoom” more in order to see it. This is completely analogous to
what we saw happening in section 2.3 for the non-relativistic Toda chain, and provides a

few numerical checks of the validity of our proposal.
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Figure 17. Level n = 0 gauge theory 2-particle Baxter solution g(o) for w; = T3 W2 = 1,

mo = —1;—773 with only one copy of the instanton corrections.
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Figure 18. Gauge theory 2-particle Baxter solution g(o) for wy = %, we =1, mg = —1;‘73 at
a = 0.87 (value not satisfying the quantization conditions).
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Figure 19. Level n = 1 numerica

1 (blue dots) and gauge theory (orange dots) 2-particle Baxter
solution (o) for wy = 273, wy = 23

, mo = 0 near 0 = aV)/2. Left: 3-instanton results; right:
4-instanton results.
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3.5 Additional remarks

There are a number of points which deserve further comments.

e As we discussed, our proposed solution (3.110) is free of poles at w; /we € Q4 thanks
to the argument of [22]; nevertheless, we were only able to plot it for w;/we ¢ Q4.
The problem is not in the double sine functions, which admit nice representations
when wy /wy € Q4 [76], but it is due to the complicated expressions for the instanton
corrections which make it hard to study these particular values of the w;’s. In fact,
already in order to show the absence of poles it is more convenient to rewrite the
instanton corrections in an open topological string form; this alternative form is
however not very good for plots since it is not exact in w but is a Laurent series.
It would be important to be able to study at least the self-dual point w; = wy = 1,
mo = 0 in order to compare our proposal to the eigenfunction given in [26, 27]. In any
case, we think that this issue can be solved by a better computer analysis of (3.110).

e In the 2-particle non-relativistic Toda chain, cancellation of poles at o = £a(™ implies
cancellation of poles at o = £a(™ +ilim, m € Z (and therefore entirety of the Baxter
solution on the whole complex o plane) because of the periodicity property of the
Wronskian of the two formal Baxter solutions, see formulae (2.30), (2.26). In the
relativistic case we only checked that poles cancel at ¢ = +a(™ . but this is not
enough to claim that the Baxter solution will be entire since there may be poles
at 0 = +a™ 4 iwym + iwsl with (m,1) # (0,0) € Z2. Although we are not able
to prove this, our expectation (based on what happens in the non-relativistic case)
is that the Wronskian of the two formal Baxter solutions will be (quasi)-double-
periodic in iwy, iws; this would ensure entirety of our proposed Baxter solution. It
may be helpful in proving this statement to derive TBA formulae for the 5d instanton
partition function of N' = 1 SU(NV) theories, with and without codimension 2 defects,
and follow a procedure similar to the one discussed in [8] for the non-relativistic case;
unfortunately such 5d TBA equations have not yet been studied in the literature.

e In addition to studying the 2-particle relativistic closed Toda eigenfunction at special
values w1 = wp = 1 and mo = 0 (case in which Toda equations (3.25) and Baxter
equations (3.21) coincide), the authors of [27] also considered the case wy, we € C with
wi = Wy and mg = 0.3 It is not difficult to show that the gauge theory solution to the
Baxter equation we proposed in section 3.4 reduces to the one of [27] for complex w;’s
if we re-adjust the constant factors. Let us choose for definiteness Im(w;/w2) > 0,

31As we already mentioned (see footnote 11) it is possible to define good quantum mechanical problems
both at w1, we € R and at w1 = ws € C [21].
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which implies |¢| < 1, |§!| < 1, and consider the linear combination
6’(a,a,w1,w2,mo) =

. 2 L witw?
) i (02+L>77rw1+w2 o—im—L—2 4
iTmoo e wiwy 4

—=e wiw2 / /
.o—a/2 w1 .o+a 2 w1
0<Z s ,@)9(@ ws w2

11 1 1 jnst ;
X (qu™ p2;5q)0e(qu ™ 2;q)ooZ§§)/l5‘§Ns(w €7 q, Qrel)

~ ]~~~ ~ ] e ,inst ~ ~ _9mi~1
(T 025G oo (T BT 2T oo Zag s (B2 G, Grel) (3.112)

. 2 2 2
_im 2, a%\___witwy . witwy -
_immgo o wiw2 <0 + 4 ) 4 ot +e 2

iée wiwg ; ;
c0—a/2  wy co+a/2  wy
Q(Z wp W1)9<Z w1 7 w1

1 _1 inst ;
X (qupr?;q) oo (qup ™2 ;q)ooZéfi)/;st(w,u,eQ’”q,Qrel)

IR S el qnst o~ ~ omieel
x (7' 20 Deo(@ o T 25 1)OOZ§Z)/;ES,NS(1U L e ™ Qrel).

This is very similar to our proposed solution (3.110), but instead of using the function
Z?EZ)/;SJ;\IS appearing in (3.109) as instanton correction we are using Zéz)/’gzi;\ls (which
only differ by a constant factor). Because of the symmetry o <+ —o we can choose
¢ = +£1; then (3.112) will be either purely real or purely imaginary since under
complex conjugation w; and wy get exchanged.?? At this point we notice that the

coefficients ¢, (€1, ¢, Qre1) of the w ~ 0 expansion of

L -1 7. T
(qup?; @)oo (qup™2; q)ooZéff/gfﬁqs(w, 11, €™ q, Qrer) =
> n 00 n (3.113)
w n(n+1) w
= ch(gl, ¢, Qrel) 1 = Z(—l)nq 2 cn(&1,q, Qrel) 7
o (@ha e & (4 9)n

can be written directly in terms of the energy & (and ¢, Q1) rather than the auxiliary
variable u; for example

co=1 =&, c=E+¢'1-90-qQ),
e3=&|E+q ' (1—q)(1— qQua) + ¢ (1 —¢*)(1— qurel)]a

This series was shown in [27] to be convergent for |¢| < 1 (and mg = 0) and was a key

(3.114)

ingredient in their construction of the 2-particle Toda eigenfunction at wi; = @Ws. In
fact it is easy to realize, after this observation, that (3.112) coincides with the solution
of [27] (modulo constant factors), where the #-functions in (3.112) due to the double
sine functions coincide with the contribution of the Wronskian of two special solutions
to the main functional equation analysed in [27]. We therefore expect our proposed
solution (3.110) to be an eigenfunction of both the quantum mechanical problem
at wi, wo € R and the quantum mechanical problem at wy = Wy € C, after the
appropriate normalization factors (or values of &) are taken into account.

32This would no longer be true if we were to consider w;, ws € R. In that case, in order to get a purely real

or purely imaginary function we should remove an appropriate constant term from the instanton corrections;
this is what we did in (3.110) where we used Zéc)’mSt instead of Z{9; s

d/5d,NS 3d/5d,NS*
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e Cancellation of poles at o = :l:# for our proposed solution (3.110) requires (the
relativistic analogue of ) conditions (2.31) to be satisfied or, equivalently, that

Res [ (0,a wl,wg,mo)” m = 0. (3.115)
o=+

. . . (n) . oy
Since in our case { = —(—1)", focussing on o = —%5~ this condition reduces to

. ac),inst (n)
_ inmga(™) Sy (—w(”)|w1,w2) ql(\ls) (—GT,UL(”),WhWQ»mO)

(_l)n — e—irrn —e wywg . : 2 )
S2 (la’(n) |W1, w2) ql(\?S)’mSt(_%7 a(n)’ w1, w2, mo)
(3.116)
These are quantization conditions for the parameter a: only when a = a(™ sat-

isfies (3.116) our solution (3.110) will be free of singularities in o. By consis-
tency, (3.116) should then be equivalent to the exact quantization conditions (3.67);
let us try to see if this is the case. First of all, by making use of the properties of the
double sine function we can rewrite (3.116) as

_ 2ma _ 2ma
. irmoa ira? _,’_171' “’1 +“’2 _,’_'er (qe w2 ? q) (e “2 ﬂ q)
—1TTn o o

e — e wiwz wiwy ' 6 wiwy Tra —
1o~ o .~—1) (e—Tl.~—1>
(q ) ) (3.117)

a
9 (I,Wl,&)g,mo)

(ac),inst
4Ns (
(c),inst
aNs (_%7avwlaw2am0)

at a = a™.

Moving to logarithms (and multiplying by 2i) we obtain

27m:27rm0a+27m2_Ew%+w§_ﬂ_2izll+q _2211+Q~k

k1l—
Wiw2 wiw2 3 wiws 1 1 q*

QZFgfgjé(ljnls\‘]ts (/"1/2> K, e?m'q’ Qrel) 2ZF3(3;?5(EH§S (ﬁl/Qv /ja 62 Qa Qrel)

2B (12, €27, Quer) + 2 (Y2 1, 2, Q) (3118)

3d/5d,NS (k

at a = a(™. Tt is easy to recognize that the first line of (3.118) precisely reproduces the
classical part of the exact quantization conditions (3.67) as well as the contribution
coming from the BPS states with do = 0, i.e. (jr,jR)d,.do = (0, %)1,0 with Nol,’g =1;
a full matching between (3.67) and (3.118) will therefore be obtained if ’

8 Wlnst( 7627riq’ Qrel) —
QZF?E(?;%&HEES(MI/27 n 627m'q’ Qrel) + 2ZF(§)/gIéStNS (Hl/Q’ L, e27riq7 Qrel)a
8 Wmst (,Uv 27rzq Qrel)

= Qi (1, 1, €27, Quer) + 2 EN N (1 1 27T, Qre),

(3.119)

with WIBst as in (3.34). In order for (3.119) to be true, some non-trivial relation
should exist between closed BPS invariants N;"J* appearing in Winst and open BPS
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) . 51 (c),inst
invariants D, ;- 3d/5d,NS’

previous works [77-79]. Although it may be difficult to prove (3.119), we were able

4, @ppearing in as already suggested in [22] based on
to check its validity up to 4-instantons; it is therefore plausible for (3.116) to coincide
with the exact quantization conditions (3.67) as expected.

e Assuming our proposal (3.110) is the entire L?(R) solution to the Baxter and dual
Baxter equations associated to the 2-particle relativistic closed Toda system, the
simultaneous eigenfunction W (z, wy,ws, mg) of the relativistic Toda and dual Toda

Hamiltonians H1, H; can be obtained via Separation of Variables as in (3.78): in our
case, this means that

2micx
\Ilgel(x,wl,wg,mo):/daq(a,a,wl,wQ,mo)ewlwz (3.120)
R

will be the (not normalized) eigenfunction satisfying?3

2nx

[e“"la“” +e 10 4 owr 4 Quae w2 — 51] \Ilffl(x,wl,wg, mo) = 0, (3.121a)

~ 27x

. . 2mx __2mx ~
[emaz e 20 4wl 4 Quae w1 — 51] \Ilzel(x,wl,wg, mo) = 0. (3.121b)

This is the analogue of (2.75) for the non-relativistic Toda chain. In the non-
relativistic chain, performing the integral leads to an expression like (2.33); going to
the relativistic system, the integral will produce a double infinite sum over n,n’ € Z
involving a + inwy + in’wy, which should reduce to a single sum over n € Z when
w1 = we = 1. This sum would be the same as the one appearing in the expres-
sion for the 2-particle relativistic Toda eigenfunction discussed in [26], although the
summands we are considering are different: in our case we only have NS limits of
partition functions in the presence of codimension 2 defects, while in [26] both the NS
and the unrefined limits are needed. It would be interesting to understand if the two
expressions are actually the same, maybe because of some identity relating different
limits of codimension two defect instanton partition functions.

In addition, as we already mentioned for the non-relativistic case, (3.120) is expected
to coincide with (a linear combination of) type I defect partition functions when
evaluated at those values a = a(™ satisfying the exact quantization conditions: it
would be interesting to check this explicitly. The ideas in the work [39] may be
helpful in this respect, although their focus is mostly on four-dimensional theories.

e Finally, we would like to come back to a comment we made in section 2.4. As we
mentioned there, quantization conditions for the (non-relativistic) 2-particle closed
Toda chain seem to be expressible in two different but equivalent ways: the first one is
related to the NS limit of the four-dimensional N = 2 SU(2) partition function, while
the second one is related to its unrefined limit. Independently on how we express
them, these quantization conditions seem to determine the spectrum of two different

33These operators are obtained from (3.5)7 (3.6) after a redefinition of variables; the eigenfunction for
the original operators is obtained from (3.78), and requires adding Chern-Simons terms in the integrand.
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quantum mechanical systems, that is the 2-particle closed Toda chain and a Fermi
gas, whose “off-shell” energies are given by (2.47) and (2.83) respectively.

As hypothesized by [57], the relation between these two systems may be clearer if
we start from five dimensions / from the 2-particle relativistic closed Toda chain and
take an appropriate limit. According to what we discussed until now, a practical
way to realize this suggestion might be to take the four-dimensional limit of our
five-dimensional ' = 1 SU(2) theory on S2 ,, x R? and see what happens. This
limit will break the symmetry w; <> ws; one possibility would be to send wo — o0
while keeping all other parameters fixed, and remembering that when going to four

dimensions the gauge coupling scales according to

47‘[‘2 N w2 1 (27TQ1/4)4 (3 122)
—— =m —n| — . .
ggd 0 2 wo 4d

If we further redefine a — 2a, w1 — h, we find that the “off-shell” relativistic Toda
and dual Toda energies &1, & (3.68) reduce to

472
& — 2+ —5Fa(a,h,Quq) + o(ws?),
w ? (3.123)

2ma

5 2ma _
E — e +e k.

As we can see, the four-dimensional limit of £ reproduces the (non-relativistic) 2-
particle closed Toda energy FEs(a,h,Qsq) (2.47), while the four-dimensional limit
of & reproduces the Fermi gas energy (2.83) modulo overall factors. In addition,
relativistic Toda exact quantization conditions will reduce to the non-relativistic Toda
ones (in the A)-representation according to the notation of section 2.4); in this way
we may be able to obtain the energy spectrum of both systems in an unified way.

It is important to stress that the interpretation of the four-dimensional limit of &) can
be a bit tricky. The limit (3.122) basically sets Qsq — 0 in &, but this also happens
when we consider the dual relativistic open Toda chain, which has the same “off-shell”
energy of our Fermi gas although its energy spectrum is continuous. However, in our
opinion it makes more sense to think of (2.83) as the energy of the Fermi gas when
considering it as arising from the four-dimensional limit (3.122), since in this case
&1 does not reduce to the relativistic open Toda energy. On the other hand, (2.83)
should be interpreted as the dual relativistic open Toda energy in the different limit
mo — oo with wo and all other parameters fixed, case in which also & reduces to
the relativistic open Toda energy; this different limit is not related to dimensional
reduction, but to turning off the five-dimensional gauge interaction.

3.6 A further example: the 3-particle case

Up to now a large part of our discussion has been valid for general N, but most of the details
(especially about the solution to the Baxter equation) were only given for N = 2. Since
this case might be a bit too special, we will consider N = 3 in this section; we will thus be
able to see the importance of the B-field, which is trivial for N = 2. However, increasing
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N makes all gauge theory computations more cumbersome, and all we were able to do is
considering instanton corrections up to order 3 for all the relevant gauge theory quantities;
we therefore expect our results to be less precise than the ones we obtained for N = 2.
Let us start by considering quantization conditions and spectrum for N = 3, which
were already studied in [11]. First of all, in this case we have three auxiliary parameters a1,
az, ag (the Coulomb branch parameters of our five-dimensional SU(3) theory); decoupling
the center of mass corresponds to imposing a1 + as + ag = 0, and this is usually done by
moving to the variables
aijp = a1 —ay, agz = az —as, (3.124)

which are nothing else but the Kahler parameters t1, ts in (3.30) (the remaining parameter
being t3 = mgy + a12 + ag3). In terms of these variables, we have
2 1 1 1 1 2

ayp = gam + gazs, az = —5012 =+ §a23, a3 = —gam - §a23~ (3.125)

We will also often use the notation

2maq9g 2magg 2maqg 2magg

Hi2g =€ “2 , L2z =€ “2 and ﬁlg =e ¥ ﬁgg =e “1 . (3126)

As we discussed in section 3.3.3, exact quantization conditions are obtained by extremizing
the effective twisted superpotential (3.63) which is computed from the “NS limit” of the
(integrand of the) partition function on S3, . ,.; the non-BPS part in (3.63) is easily

extracted from (3.58), while the BPS part is written in terms of the function (3.49) corrected
by the B-field (arising in this setting from the identifications in table 4). We then obtain

1 SU(3) 3 3 3 2 0
SWEYB) = ady+ads+(a1a+a +
/L' S 3 1Ws ( 12 23 ( 12 23) ) 3 1Wa

(a§2+a12a23+a§3)

™ w%—i—w%

3 wion (a12+ag3) —m(a12+asz3)

wWo (_1)(2jL+2jR+1)n dy o ds
_EZ Z Z n2 NjLJR (3127)

nzldy,dz2,d3jr,Jr

. . wil . . w
S [(2]L+1)an;} S [(2.711"‘1)77”;;} _ 2mndjajp _ 2mndgagy _ 2mndg(ajgtasz+mg)
X e w2 e w2 e wa

sin3 {Wnﬂ]
w2

w1 (—1)@Gget2rtn
) DY — Nyt

nzldy,d2,d3jr,Jr

. . wa | s . wa
S [(2]L+1)7Tn071} S [(2]1%"‘1)77”;1} _ 2rnndjajp _ 2nndgazg _ 2wndg(ajptazz+ma)
e “1 e “1 e “1

X

3 b)
sin [ﬂ'nﬂ}
w1

Ndz.ds
JLJR
example in [19]); exact quantization conditions (3.65) will therefore reduce to solving the

manifestly symmetric under exchange w; <> wy (the numbers can be found for

equations

1
- (281112 - aaz:s) WE‘E(:S) = 27['7112’ (3 128)
i (_6a12 + 26a23) WEE(?)) = 27ng3,
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Case mg =0: Case mo=1:

al%” = {5 = 0.4927628697 . .. al%? = {5 = 0.3342262919 ...
gfo,o) _ 52(0,0) gl(o,o) _ 52(0,0) gfo,o) _ 52(0,0) gl(o,o) _ 52(0,0)

gauge theory

. 23.1546976231... 80.7368446681... | 9.2886369712... 20.5404347303...
(3-instantons)

numerics 23.1546976231... 80.7368446681... | 9.2886369712...  20.5404347303. ..

Table 6. 3-particle relativistic Toda energies and dual energies for the ground state (n1a,n23) =
(0,0) atwlzﬁ,wgzlandmoz()ormozl.

in terms of the aio, ao3 variables at fixed wy, we, my and for chosen levels nis, ngg € N.
These quantization conditions precisely match with the ones given in [11].

Energies El(mz’mg), 52(n12’n23) and dual energies gl(nl27n23), 52(m2,n23)

at level (nlg,nzg)

will instead be given by the NS limit of vacuum expectation values of Wilson loops in

fundamental ({]) and antisymmetric (H) representations of SU(3) wrapping the two special
(n12,m23) (n12,m23)

circles in Sf,l wy X R?, evaluated at those values ajs = a1 , (23 = (3 °’ satisfying
34

the quantization conditions (3.127).°* These Wilson loops are basically the same as the
ones in flat space, modulo taking into account the effect of the B-field: more precisely, if
we denote the (NS limit of the) fundamental and antisymmetric Wilson loops in flat space
Rfl x R? x S}% wrapping S}z as

WéUI(\IS),(au,az&ﬁl,R mo), Wéli(\?s)(almaQs,EhR,mo), (3.129)

then the energies of the 3-particle relativistic closed Toda chain are®

E1(ar2, ags,wi,wa, my) = W 1(\%(@12,(123, (w1 + wa),wy tmg),

_ 3.130
Er(arz, agy,wi,wa, mp) = WH v ) (a12, azs, (w1 + w2),wy *, mo), ( )
while the energies of the dual system are
~ S _
&1 (a2, azs, wi, w2, mp) = WD[?I(\?%((IH; agg, i(we +wi),wit,mo),
~ SU(3) (3.131)

Ea(ar2, ags,wi,wa, my) = WH N (a12, gz, i(ws + wi),wyt, mo).

wn

34The qq-character introduced in [80] is a particular gauge theory observable which for SU(N) gauge
theories can be thought as the generating function of Wilson loops in the m-th antisymmetric representation
(see [81] for a detailed explanation). When €1, ea — 0, the qq-character reduces to the function t,e (o, &)
appearing in the spectral/Seiberg-Witten curve (3.16); in the NS limit instead it reduces to the g-character,
which is nothing else but the quantum version of tei(o, g) appearing in the Baxter equation [80]. From
these facts it is easy to realize that the energies &, will be given by the NS limit of Wilson loops in the
m-th antisymmetric representation.

35 As we already mentioned, for N odd identifying €1 = i(w1 + w2) is equivalent to identify €; = iw; and
change sign to the instanton counting parameter (Qsa — —Q@sd, @g,d — —@g,d).
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Explicit expressions can be obtained for example by computing the NS limit of the
SU(3) fundamental qq-character with the formulae of [81], but already at 1-instanton the
results are too long to be written down here; let us however mention that our energies will
be given by instanton series expansions starting as

1

& = #12#23 + “12 s + M12 N23 + 0(Q54),

)
2 1 1
Ey = uu N TN TR AT u +0Q5d,
12 23 12 23 12 Ho3 ) (3.132)
Qsa)
)

2 1 1
)
Q5d )

C/Jl\.')

& = M12M23 + iy’ M23 + figo?

3~
1 2 1

& = N12N23+N12H23 + iy

C~\M
OJM—A

(
(
° +of
+of

and moreover
51 <~ 82, 51 <~ 52 under a1 <> a93. (3.133)

An example of ground state energies computed via these formulae is shown in table 6;
as we can see, already at 3-instantons gauge theory results are in good agreement with
numerical ones, and the agreement gets better and better by considering more instanton
corrections.?¢

Let us now move to discuss the solution ¢(o, a12, ass, w1, ws, mp) to the Baxter and dual

Baxter equations (3.80) (with center of mass decoupled), which in the N = 3 case read

[(i)geiwla" + Qrel(i)_?’e_iwlaa} q(0, a12, ags, w1, wz, my) =

|: 27 30 2w o 2m o 2w 30

ewz 2 —Ejew2? 4 Eye 22 —e w22 } q(0, a12, a3, wi, w2, mp),

o~ s (3.134)
|:(7/) elw2 o + Qrel(i)_ 6_2w2 Gi| q(U, CL12, a23’w17w27m0) —
2m do‘ ~ 2mo 2m o _ 27 30
= [6“1 —Elen1? 4 e 2 —¢ w2 } q(0, a2, azs, wi,was, Mo).

According to the discussion in section 3.4, this solution should involve the NS limit of the
partition function of codimension-two defects of type II wrapping S2 L wo- As usual, we first

consider the mg — oo limit (relativistic open Toda chain); the S3

w1 wp Partition function

for a type II chiral/antichiral defect in this limit is given for general N in (3.73), which for
N = 3 and decoupling the center of mass reduces to

2
') (0,a12,a23,w1,w2) = 52_1<—i (0— C;u a§3>!w1,W2>5_1< (a+%—%) ]wl,w2>
2
><52—1< <+a§2+?3>\w1,m>, (3.135)
2
PRSPPI A I (R T S

a 2a
><52_1 <Z( +?1)2+323> |w1,w2>.

36Numerical results are obtained by considering 350 x 350 matrices as in section 3.2; see [11, 17] for more

details on numerical computations.
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Moving to the closed chain, we expect the solution to (3.134) to be the linear combination

Q(@ a2, a23,wi, wWa, mO) X q(aC) (0—7 ai12,0a23,wW1,w, mO) - gq(C) (07 a2, a23,wi, wWa, mO)
(3.136)
modulo an overall (complex) o-independent term and for some value of £ € C, where

(c),inst
q(C) (Ua a12, a3, Wi, Wz, mO) = q(C) (07 a2, a23,wi, w?)QNS (07 a12, a23, W1, W2, m0)7 (3137)
(ac) 22:7:,00 (ac) (ac),inst
q (Uy a12,a23,W1,WQ,m0) =€ ¥1¥2 q (Ua CMQ,GQg,Wl,WQ)qNS (0’,@12,0/237001,(02,77140),

are the instanton-corrected version of the open chain ones (3.135). Again, the instanton

contributions are expected to be given by two copies of the NS limit of the type II defect

(c),inst (ac),inst
Z34/5a.N8 OF Z34/54.N8
be computed with the formulae in appendix A. The results are too involved to be shown

instanton partition function on flat space R?l x R? x S}%, which can

here: let us just mention that, in terms of the flat space variables

g = R = R Rme . Ras () — e m2mRmo (3 13g)
these function are related as
Z?Ezc/{rjifls\?s(w, 12, 23, 41, Qsa) = Zéﬁ)/’}f;fﬁqs(wj [12, 123, 41 5 Qsa); (3.139)
moreover
Zég)/’;ﬁ\ys(w,Mmuza q1,Qsa) X Z;(»)z)/’;zisﬁ\ys(w_lj 1o las @ @sa), (3.140)

where the proportionality factor is independent of . In addition, the defect instanton
partition function admits an open topological string like representation as

Zéz)/;,Ziths(w7M127M237Q1v Q54) = exp (—Féz)/’ézfth(waMu?Hz& q, Q5d)> : (3.141)
with37
F(c),inst

3d/5d,Ns(U% p12, H235 q1, Qsd) =

i ns1 (3.142)
B %1 —ndy | —nd. —1 —1\nds
= § , § , § , E :vaidl,dz,dgn(l — Q?)Mun I (QSdﬁ‘lz N23) w™".

n=1 s1 dj,d2,d3>0meZ

Because of the property (3.140), the instanton contributions can be written in many dif-
ferent ways, all equivalent modulo o-independent terms and different values of &; here we
will choose to write them as

(¢),inst

ans (U7a127a23>w17w2am0) =
(c),inst 27 (c),inst  , ~ ~ ~ 2mi~
= Z3d/5d,NS (w7 12, po3, e q, Qrel)ng/5d7NS (w7 fi12, fi23,€°"'q, Qrel>7 o
(ac),inst (3 )
aNs (Ua a127a237w17w27m0) =
(c),inst —2mi —1 (¢),inst  ,~ ~ ~ Iri~—1
= Z3d/5d,NS (U}, H12, (23, € mq , Qrel)Z3d/5d7Ns (wu H12, (23, € mq ) Qrel)a

37As in (3.99)7 not all BPS states are contained in the instanton contributions: some of them arise from
the double sine functions in (3.135).
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Figure 20. N = 3 Baxter solution g(¢) for the ground state (0,0) at wy = %, wy =1, myg=0.
Left: numerical result; center: gauge theory result; right: difference.

where we moved from flat space variables (3.138) to curved space ones following table 4
sq=c¢
apply the argument of [22] and show that the combinations appearing in (3.143) are free

2miw1 Jwa 2miws w1 )

(here ¢ = e . By using the representation (3.141), it is immediate to
of divergences at w;/wa € Q4.

To sum up, our proposed solution to the Baxter and dual Baxter equations (3.134)
associated to the 3-particle relativistic closed Toda chain is given by the linear combi-
nation (3.136), which involves the perturbative part (3.135) and the instanton contribu-
tions (3.143), modulo an overall complex o-independent term and with £ € C determined
as in (2.31); this is expected to be entire only at the values ajs = aggm’"%), Q93 = ag;u”ms)
satisfying the exact quantization conditions (3.128). As usual, in order to check this pro-
posal we plot it and compare against numerical results; for this purpose it is actually more
convenient to consider the related function

iTmgo

q(0,a12,a23, w1, w2, mg) =e  “1%2 ¢(o, aiz, ags,wr,ws, M), (3.144)

since it satisfies a more symmetric problem. Figures 20 and 21 show the ground state
(n12,n923) = (0,0) eigenfunction obtained via numerical methods (blue) and via our gauge

theory proposal (3.136) (orange)®® for w; = we = 1 and my = 0 or my = 1 respec-

5
tively; as we can see from the left-most plots (red) the difference between numerical and
gauge theory result away from singular points is quite small already considering 3-instanton
expressions,? while divergences tend to close by considering more and more instanton cor-
rections. Eigenfunctions for excited states can also be easily obtained from (3.136), but
comparison against numerical results becomes harder since excited stated are more prob-
lematic to treat numerically.

For general N, we expect a similar story to be true: the simultaneous solution to the
Baxter and dual Baxter equations for the N-particle relativistic closed Toda chain will be

given by a linear combination

Q(aa 67 w1, w2, mO) o8 q(aC) (07 (_jv w1, w2, mO) - gq(C) (Ua C_i? w1, w2, m0)7 (3145)

38The orange plot shows the gauge theory function Re[g(c)] divided by its norm; the overall complex
o-independent term has been fixed numerically in such a way to have Im [g(c)] = 0.

39Here we fixed £ in such a way to cancel the singularity at o = 0, so that only the other two singular
points are visible. Moreover, the asymmetry in the red plots is due to numerical results, which are obtained
not from diagonalizing (3.134) but from considering a closely related operator: see [11, 17] for more details.
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Figure 21. N = 3 Baxter solution g(¢) for the ground state (0,0) at wy = %, wy =1, mg=1.
Left: numerical result; center: gauge theory result; right: difference.

modulo an overall o-independent term and with ¢ € C determined by (2.31).*° Here we

have @ = (a1,...,an) with a1 + ...+ ay = 0 and
(c) - _ (¢ - (c),inst .
q'“ (o, d,wi,w2,mp) = ¢ (0,d, w1, w2)qng (0,0, w1, w2, M), (3.146)
2immgo .

q(ac)(a, a, w1, ws, My) = € <192 q(ac)(a a wl,(,ug)ql(\?g) mSt(a, a, w1, wa, M),

where
N
o, a@ wr,ws) = H 52_1( —i(o — am)|wi,w2),
m=l (3.147)

! (i(0 — am)|wi, w2),

=
NG

q(aC) (07 C_i: Wi, WQ) -

3
I

while the instanton contributions can be written in terms of the NS limit of the flat space

instanton partition function Zéz)/ngi\ls for pure five-dimensional N' =1 SU(N) Yang-Mills

in the presence of a codimension-two defect of type II and can be chosen to be

inst, o inst v~
a8 (0, d@,wi, wa,mo) = Zi g (w1, €27, Qrat) Za s (s 1, €27, Q) (3.148)
inst, o inst Lo ¢~ o i1
ql(\?SC) e (O',Q,thg, mO) - Zé(ci)/g:js,Ns (walu’ 27” 7Qrel) 3?21)/351(11151\18(“) M, € 27”(] 17 Qrel)v

assuming that for generic N it still holds

t t
Z?(,Zc/)g,(ljnls\fs(w /’L>Q13Q5d) Z?EZ)/;I(;SNS(w /’L Q1 7Q5d)- (3149)
This solution will only be entire for those values of @ satisfying the exact quantization
conditions; energies for the Toda and dual Toda systems will then be given by vacuum
expectation values of Wilson loop at the north and south poles of 53;1 w, In appropriate
representations of SU(N).

4 Conclusions

In this paper we proposed a gauge theory approach to solve the problem of constructing
an entire, simultaneous solution to the Baxter and dual Baxter equations associated to

40Tt would be desirable to have an explicit gauge theory expression for this o-independent term and for
£ in such a way that the resulting eigenfunction will be normalized to 1, but we weren’t able to find it yet.
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the N-particle relativistic closed Toda chain, out of which relativistic Toda and dual Toda
eigenfunctions can be obtained via Separation of Variables techniques, and we tested
our proposal against numerical results finding good agreement. Our proposal basically
consists of considering various defects for the five-dimensional NV = 1 SU(N) theory
background in the “NS limit” ws — 0, rather than the flat
Rzl X REQ X 511_3 background in the NS limit e — 0 usually considered in the literature.

on the squashed Sghw%m
From this set-up, which seems to automatically incorporate the effect of the B-field and
“S-duality” w; <> we (related to the existence of the modular dual system), we were able
to extract exact quantization conditions, exact spectrum and exact Baxter eigenfunctions

in an unified setting; it is however not clear if the Sil,w%w background is the most
appropriate one to start with, since any other background that reduces to Sfjhw x R? in

some limit may be equivalently good. In any case it is important to notice that, although
usually stated otherwise, the type II defect partition function on flat space Rzl x R? x S}%
turns out not to be the correct solution to the Baxter equation by itself, but a second
copy of it (containing non-perturbative contributions) is needed.

We should stress that, although it seems to match numerical results for the cases we
checked, at this stage our proposal can only be regarded as a proposal, and we do not
know of any way to demonstrate it. What is more, even assuming this proposal turns
out to be correct, at the moment it is not clear to us why considering gauge theories on
curved backgrounds should work. Our motivation to do so came from realizing that the
known eigenfunctions of the relativistic open Toda chain given in [21] coincide with the
SE)I,WQ
on what happens in the non-relativistic (or four-dimensional) case, and on the existence of

partition function of some particular three-dimensional theory: based on this fact,

the modular dual structure of the relativistic Toda chain, we were naturally led to consider
gauge theories on Sf,l ws X R?: nevertheless, a good explanation for this has yet to be found.

One could say that starting from the (integrand of the) partition function on S2, ,, ., may
be meaningful because this was suggested in [24] to provide a non-perturbative completion
of the topological string partition function, but this claim itself is simply another proposal.
A deeper understanding of this point is surely desirable.

Another important remark is that, as we mentioned at various points in this paper,
there are two quantum mechanical problems one can associate to the same spectral curve,
and in both of them non-perturbative contributions are essential to get correct results,
although these contributions appear in different ways. The first problem, which is the one
studied in this work and in [11, 16] among others, consists of thinking of the quantized
spectral curve as the Baxter equation for a Quantum Integrable system; in this case all
energies are quantized, all “off-shell” formulas are manifestly S-duality invariant (in agree-
ment with the modular double structure of our problem), and all formulas only involve the
NS limit of the refined topological string partition function (closed or open). The second
problem instead, analysed in [10, 26] among others, concerns the study of the quantized
spectral curve interpreted as a finite-difference Schrédinger operator; in this case only one
energy (or “true” modulus) is quantized, and spectral (Fredholm) determinants and minors
associated to the inverse of this Schréodinger operator can be expressed in terms of (closed
or open) refined topological string partition function, but these expressions involve both
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the unrefined and the NS limit. As we have seen, at least for what quantization conditions
and spectrum are concerned the two problems can be related [19, 20] (in particular, the
first problem can be thought of as a special case of the second one); it would be interesting
to understand how this relation is realized at the level of eigenfunctions.

It is also worth noticing that these two problems seem to have an analogue in four
dimensions. The first problem reduces to solving the non-relativistic Toda chain: this can
be done via the original gauge theory proposal of [1], which only involves the NS limit of
four-dimensional gauge theory observables. The second problem instead is more related
to Fermi gases as discussed in the work [50], where the spectral determinant for a Fermi
gas associated to the O(2) matrix model is expressed solely in terms of the unrefined
limit of the four-dimensional partition function. These two systems may descend from
the relativistic Toda and dual Toda chains respectively as we discussed in section 3.5, but
further investigation is needed in order to clarify this point.

Finally, it would be very interesting to understand if our proposal for the solution to
the Baxter and dual Baxter equation can be extended to include purely topological string
cases like local P2, which are not associated to any gauge theory. This may be possible
since our proposal can be written in terms of the NS limit of the refined open topological
string partition function, which can be computed even for cases without a gauge theory
interpretation; we hope to be able to discuss this point in more detail in the near future.

Acknowledgments

We would like to thank Jean-Emile Bourgine, Yasuyuki Hatsuda, Ivan Chi-Ho Ip, Saebyeok
Jeong, Joonho Kim, Marcos Marino, Tomoki Nosaka, Peng Zhao for useful discussions,
comments and correspondence.

A Instanton partition functions with defects

In this appendix we collect the relevant contour integral formulae computing the instanton
contributions to the partition functions of 4d and 5d theories in the presence of various
codimension two defects.

A.1 Four-dimensional theories

The perturbative part of the partition function for a four-dimensional N' = 2 SU(NV) theory

living on ]Rgl X ]REQ is given by

N
Z5" (@, €1, €2, Qaa) = exp [ = Y Yerer (@1 — i Qua) (A1)
l#m

in terms of the function

s/4 00 it
) _ d 1d dt . e
Yer,e2 (7 Qaa) = ds [F(s) /0 t ¢ (ec1t —1)(e2t — 1) _0‘ (A-2)
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The instanton part instead reads

oo
Z54d, €1, €2, Qua) = ZQidZi?(a, €1,€2), (A.3)

k=0

where @ = (ay,...,ay) and
(k) dos k) int
Z,q (d,e1,62) = k‘]{ 1;[ i Zq (6,@,¢€1,€2), (A4)
k k 2 N k
) (95— €4 1

Z(k 1nt(¢’a €1,62) = (_ €1 ) st\Ps + —
4d €1€2 511( G—el) (0% —€3) nHls 1 Gs—am—5)(¢s—am+5)

(A.5)

Here we are using the short-hand notation e = €; + €2 and ¢ = ¢s — ¢;. The poles to be
considered are labelled by N-tuples of Young tableaux Y = (Y1,...,Yy) and are located at

b = am+ 2L (i = Der + ( — Des, (A.6)

with (4, 7) box in the m-th Young tableau Y,,.
Similarly, the instanton part of the partition function of our 4d N' = 2 SU(N) theory

in the presence of a codimension two defect of type II with chiral multiplets (figure 2b) is
computed by

Zéz)/’ﬁt(a, a, €1,€2,Qud) = ZQidzéz)/’i?(U, a, €1, €2), (A.7)
k=0
with
k
Zéﬁ)/i?(ff a,€1,€2) = kl [H mt (¢.d ,61,62)Z§d)/$)’mt(¢,a d,e1,€e2), (A.8)
k €1te€2
Ze ) (B o e en) =] | i (A.9)

;
Pps—o+9E2—e)

s=1

the relevant poles to be considered are the same N-tuples of Young tableaux as in (A.6).
If the type II defect consists of antichiral multiplets instead, the formulae are modified
according to

Zéz(;zildnst(g,d',el,ég,Q4d ZQ4dZZd/4d o 6,61,62), (A.l())

ac dos Jin ac Jin
Zéd/)éic(lk) (U a 61762) k"% [H ¢] ZAE’; t(¢7 761762)Z§d/)4c(1k t(¢)0 a 61762) (All)

21
=1

k

in ¢S_U_El+62
Z;Z%((i ) (¢,0,d,€1,60) = H 2

: A.12
571¢8_0-_61—562 +€2 ( )
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the poles contributing to the integral in this case are (N + 1)-tuples of Young tableaux
Y = (Y1,..., YN, YN41), where the first N tableaux are as in (A.6) while the tableau Yy 11

contains poles at
€1 + €2

¢s =0+ — e+ (i = Der + (J — Ve, (A.13)
with (4,7) box in Yy1.

Moving to defects of type I (figure 2a), denoting k= (k1,...,kn) and kni1 = k1 we

have -
I - k
Zé(i)/4d(:r,a, €1, €2,Qua) = Z L q]'i,NZéd)/Eld)(a €1,€2) (A.14)
kiyenskin =0
with q; = eTi=Ti+l for ¢ = 17 . N — 1 while gN = Q4d€rN—gc1 and
0),(k B dg) (1), (F)
S ,int
Zéd)/gld)(a €1,62) = j{ [HH ] Zd)/Em ({¢} a,e1,€2), (A.15)
0,(R) k) T AL o O oy
J(k)jint o S ot
Z3q)1d ({o}dser,e2) =€ " HH HH H ®) (b+1 o
b=1s4t ¢t +1b13 1i=1 s +%
N-1 kp 1 kn 1
<11 H 11 . (A.16)
ot ot (68 —ap— bea)( O —apyrte— be) (@™ —an—e) () —a1+e1)
for {gzﬁ} = ((;6 @ .., gb(N)); more details on the computation of this partition function can

be found for example in [34].

Thermodynamic Bethe Ansatz (TBA) formulae. When considered in the NS limit
€s — 0, €4 = th, some of these instanton partition functions admit a TBA expression,
which is typically easier to work with. For example, by defining the function () via

wmz—/ DK (=20 (14 QuOe 7). (A17)
where
o N 1
K=z 00 =1l G = e iy (A.18)

we have the following TBA formula for Wit

winst — —% /Z du [—;ap(u) In (1 + Q4d@(,u)ef‘p(“)> + Liy (—Q @(u)e@(“))}

(A.19)
There are also TBA formulae for qi(lfgéNs(a) and ql(ssct) NS (0), introduced in [8]:
In ¢{:NS :/ Sl ———— | o(k)
w0 = | e (1 Qe ),
(a0) © dy 1 (A.20)
(ac), NSy ae L — o)
1nqmst (U) /Oo 27TZ'O'*,U,+Z'h/2 In (1 "‘Q@(N)e ) .

These formulae are equivalent to the NS limit of the type II defect instanton partition
function with chiral/antichiral multiplets respectively.
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A.2 Five-dimensional theories

The instanton part of the partition function for a five-dimensional N' =1 SU(N) theory
living on R2 X R2 x Sk is given by the contour integral formula

7Y@, e1, 62, R, Qsa) = Y Q542 (@, €1, 62, R), (A.21)
k=0
where
. 1 27TR s in
Z8(@, €1, e, R) = i 7{ [H(%Z‘M 78 E G e, €0, R) (A.22)
’ s=1
and
: k
(k),int 2sinh |7 R(€e1+¢€2)]
Z =(- A2
5d (@ drer,ea, R) < QSinh[TrRel]-Qsinh[ﬂ'R@] (A.23)
y H 2sinh [ R(¢s—¢)]-2sinh [ R(¢s — pr+e€1+€2)]
2sinh [ s—¢rter)]-2sinh[m R(¢s — dr+e2)]
s;ﬁt

1
HH 2sinh [T R(¢s—a;+ 952)] -2sinh [T R(—¢s+a;+252)|

s=1j5=1
Written in terms of o = e2™%s ¢ = 7R gy = 27lie2 W = e2™Ra5 this becomes
1 Fodo
k),nt, > -
Z( )(M,CJ1,Q2) k‘j{ [H 27?1’; ] ZE()d) " (U,M, (I1,CI2)» (A-24)
s=1 s

with

(*), 1—qiq kklaa Y1 — 050,  q1q0)

k),int — {142 — 050y — O0s0y 142

Z (0, [, q1,92) = < >
o (1 =q)(1 = q2) lt_I — 0.0, ' q)(1 — 0407 ' qa)

(A.25)

E N
% H H /4192
et (U= o arae) (1 — 05 /@)
The poles to be considered for the evaluation of the integral are labelled by N-tuples of
Young tableaux Y = (Y1,...,Yy) and are located at

€1 + €3

bs = am + + (i —1)er + (j — 1)ea, (A.26)

with (¢, 7) box in the m-th Young tableau Y;,.

Moving to defects, it was shown in [35, 63] that the instanton part of the partition
function for a 5d N'=1 U(N) theory in the presence of a type II codimension-two defect
(figure 2b) living on Rfl x S} represented by N 3d chiral fields (S-dual to the simple
defect/type III defect of figure 2¢) admits the contour integral representation

c),ins — > c),(k —
Zéd)/5dt(0_7 a, €1, €2, R7 Q5d) - E ngdzéd)/éd) (Jv a, €1, €2, R)7 (A27)
k=0
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where

k
c 1 d27R s in c in e
28 (e R) = }{[HM 28 (56160, R) 2 0,612, )

polet Qi 3d/5d
(A.28)
and
k .
~ - 2sinh [TR(¢s — 0 + 952)]
7.9 (k). int 0,0,d,€1,6,R) = e fe 2 ) A.29
3d/5d ( ¢ 1,€2 ) 51_11 2sinh [WRM)S — o+ 61'562 _ 62)] ( )
Written in terms of o, = 2™19s ¢ = e2™e1 gy = e27Rez, i = e?mRaj = e72mRO this

becomes

k
1 dO’S k 7in - - 7k‘ 7iIl - -
Zéz)/éd)(w M7QIaq2) k'% [H . ] ZE(,d) t(ahua q17q2)Zg(:j)/éd) t(w>o—7:u'7q17QQ)a

2mio,
(A.30)
with
k
i 1 —osw\/q1q2
Z(C)’(k)7lm(w,5, ﬁ, Q1,q2) _ S . (A.?)l)
3d/5d SHl 1—oawqy /313

The contributing poles are as in (A.26) and correspond to the usual Young tableau coming
only from the Z;Z’d part.
We can also consider a type II defect with antichiral fields; in this case we have

Zéi‘})s?“(a, d, €1, €2, R, Qsa) = ZQSdZSZC/&(ik (0, €1, €2, R), (A.32)
where
k
1 d(2TR - i 7o
Zz)(,z%é J(o,d@,€1,62,R) = kl?g [HZ%) 25" (6d.e1,6, )Z?Ezc/)é((ik)mt(J’¢’a’61’€2’R)
s=1
(A.33)
and
k
. . 2sinh [WR(¢5 —0— 61+62 )]
720 WI (5 8 er, €0, R) = [[ e e - A34
sd/30 (039 d €162, R) 3131 2sinh [TR(¢s — 0 — % + )] ( )
Written in terms of oy = 2 f®s q = g2 ke q2 = e, My = e?™haj qy = e72™R7 thig

becomes

k
ac 1 dos k),int , > - ac),(k),int N
Z?()d/)5((1)(w i, a1, q2) = k'f{ [H . ]Zéd) (U,M,QLQQ)Zéd/)Bé) (w,d, I, q1, q2),
s=1 s

(A.35)
with

k
H 1—0510/\/(11(12 (ABG)

Z(aC),(k),int(w, = ‘
s l-owa//ae

3d/5d Uaﬁa qlaQQ) =
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In this case poles are labelled by (N +1)-tuples of Young tableaux Y = (Y1,..., YN, YN11);
the first NV Young tableaux correspond to the poles (A.26), while in the tableau Yx; we
have poles of the form

€1 + €3

¢s =0+ —62+(i—1)61+(j—1)62, (A.37)

with (4,7) box in Yy41.
Finally, the vacuum expectation value of a Wilson loop in the fundamental represen-
tation of SU(N) wrapping S}, can be computed as

WSU(N) (C_ia €1, €2, R7 Q5d) = Z QédWSU(N%(k) (6:7 €1, €2, R)a (ASS)
k=0
where
k
. 1 d (27 Ros int, = .
WSU(N)’(k)(aa €1, €2, R) = k:'% [H (2m¢) Zg(,fl)’ (¢, @, €1, €2, R)
’ s=1
. . (A.39)
% [Z eQﬂRam - (1 o 627TR61)(1 o e?T(RGQ)e—T(‘R(El-‘rGQ) Z eQﬂqus

m=1 s=1

The contributing poles are once again the ones in (A.26).

B Special functions

In this appendix we collect the definition and main properties of the double sine and triple
sine functions, which naturally appear when considering partition functions of supersym-
metric gauge theories on curved spaces.

B.1 Double sine function

The function Sy, w, () is defined as

e’? dz
Swiwy () =€ / ) ) B.1
() = exp ( o (@ —1)(@ = 1) = (B.1)

in the strip 0 < Rez < Re(wi 4+ w2) when all Re(w;) > 0. This function is related to the
quantum dilogarithm @, ., (z) intrdoduced in [59]

O, o, (2) = ex / e dz (B.2)
wiwp\ %) = CXD R4i0 2sinh(wy2) - 2sinh(wez) 2z )’ '

according to
w1 + w2

S wn <—ix + > = Dy, wo (). (B.3)

When Im (w1 /w2) > 0 or wy/wa ¢ Q it admits the infinite product representation

Wi —i—wz) _ (qge=272/w2: ) (B.A)
( ’ '

Surpwp (17 + w1 + wa) = Py 0y (—SE + 9 e—2ma/wi g=1)
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where we introduced the parameters

qg= 827r7jw1/wg a: 627”‘«02/“1’ (B5)

)

and the g-Pochhammer symbol

[e.o]

(w5 q)oo = [J (1 = ¢"w). (B.6)

k=0

A useful formula related to the g-Pochhammer symbol is

Z k Hk}()(l - qk+1w) ) ‘q’ < 17 (B 7)
exp = 1 .
k>1k1_q Hizo gy » =1

The Sy, w, (z) function satisfies the identities

Surws (1T + w1 +wy —wy) = (1 - 6_2”/“2) S wo (1T + w1 +w2),

(B.8)
S wo (1T + w1 + wp — w2) = <1 - 6727”6/“]1) Suopwn (iz + w1 +wa),
and
S, ' = ! S '
w1ws (1T + w1 +wa +wp) = (1= go 2/ w1 wo (12 + w1 +w2), s
. 1 . (B.9)
Sw17w2 (ZZL' + w1 + w2 + w2) = (1 — ae_zﬂ-w/wl) Sw1,w2 (Z:E + w1 + WQ) 5
as well as
. w1 +w . w1 +w
Seonwo <—za:+ ! 5 2) Seonwo <zx+ ! 5 2) =
. 22 . w%-ﬂug (Bl())
= oy (1) By (—) = €TEre IO
We also introduce the double sine function So(z|wi,ws) defined as
So(z|wr,we) = €3 Be2lElorwn) s, (), (B.11)
where ) ) )
3
By a(zfwr, we) = S B e PO W ik o R (B.12)
w9 w19 6w wo

The double sine function can be thought as the regularization of the infinite product

mwi + nws + &
S = . B.13
2(x|W1’WZ) H mwi +nws +wp +wa — ( )
m,n=>0
This function satisfies
So(z|wr, w2)S2(—x + wy + wo|wy,ws) = 1, (B.14)
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as well as

SQ(.T|Q)1,0J2) = 52(f|w71, @) (B15)
and
Sy (—ix + wi|wr, we) = —i - 2sinh m} Sy M (—iz|wr, wa),
L W2
1 . . . -7Tl' 1 R
Sy (—iz + wo|wi, we) = —i - 2sinh | — | S5 (—ix|wr, wa),
L W1
1, B 1 1,
Sy (—ir — wi|wi, we) = - Sy (—iz|wr, w2),
—i-2sinh | 7% — iwﬂ}
| w2 2
_ . 1 _ . B.16
Syt (—iz — walwy, wa) = - Syt (—iz|wr, wa), ( )
—i - 2sinh | T2 — Z'Tl'ﬂ}
| w1 w1
1, 1 1,
Sy (i — wilwr,wz) = —— . Sy (ix|wr, we),
- 2sinh [072 + mw—J
1, 1 .
Sy 1(w[: — walwy,we) = Sy (ix|wr, we)
i 2sinh |22 4 2]

B.2 Triple sine function

Let us also introduce the function Sy, up ws (), defined as

eT# dz
w1 ,w2,w = - z B.1
Sunsinsn(2) eXp( /M<ew—1><ewzz—1><ewsz—1>z) .

in the strip 0 < Rez < Re(wi + w2 + w3) when all Re(w;) > 0. When Im (w; /w2) > 0,
Im (w1 /w3) > 0, Im (w3 /wa) > 0 or when wy/wa, w1 /w3, ws/ws ¢ Q this admits the infinite
product representation

S waws (T) = (B.18)

(627riw/w2; 627riw1/w2; e?ﬂ'iw3/w2)oo(6—27riw3/w16—27riw2/w1 e?ﬂ'i:v/wl; 6—27riw3/w1; e—27riw2/w1)oo

(6—27riw2/w3 627ri:c/w3; e27riw1/w3; e—27riw2/w3)oo
where we introduced the notation

<627rz:v/w2;627ruu1/w2 ;62mw3/w2> _ H 1 _627rza:/w2 emeu/uJQ 627mw3k/w2) _

oo
J,k=0
errni:L‘/o.;g (Blg)
=exp _; n(l _ eQﬂiwln/wg)(l _62ﬂiUJ3n/w2)
The triple sine function is defined as
Sa(@|wr, wo, ws) = e~ 6 Boslrloraws)g () (B.20)
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where

3

x 3001+W2+CU3$2

Wiwow3 2 wi,w2,ws

B3 3(x|wi, w2, ws) =

N w? + w? + w? + 3(wiws + wiws + W2w3)x (B.21)
2&)1&)2&)3
(w1 + w2 + w3) (wiw2 + wiws + waws)
- 4&)1&.12&.13 ’
and satisfies
S3(.T|W1,W2,UJ3) = Sg(—l’ + w1 + w2 + W3’w1, wg,(,UQ,). (B.22)
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