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1 Introduction

It is well-known that the spectrum of single-trace operators in N' = 4 super-symmetric
Yang-Mills (SYM) can be described by an integrable system, see [1] for a review. A more
recent development is the observation that non-extremal three-point functions of single-
trace operators can also be studied using integrability. This was first worked out in terms
of a spin-chain “tailoring” picture at tree-level [2] and then extended to all loops by the
“hexagon” approach [3]. While the hexagon prescription is not yet complete — finite-size
corrections akin to Liischer corrections in integrable field theories [4, 5] need to be more
systematically understood [6, 7] — its success for a large number of correlators strongly
suggests that the integrability structure can be used to compute three- and possibly higher-
point functions.

A natural next step are four-point functions. Unlike two- and three-point functions,
whose space-time dependence is fixed by conformal invariance, these depend on the position
of the operators through two conformal cross-ratios. In fact, this dependence is highly
non-trivial: at every loop order there will be a new polylogarithmic function of the cross-
ratios, even in the simplest case of a four-point function of half-BPS operators (whose two-
and three-point functions are entirely protected from quantum corrections). Four-point
functions are in principle uniquely determined in terms of the conformal data through the
operator-product expansion (OPE). One might indeed think of combining the integrability
approach with the OPE to construct four-point functions. While this is certainly worth
investigating, the difficulties in re-summing the whole OPE make it desirable to look for
different approaches. The aim of this letter is to propose such an approach, exploiting the
hexagon formalism.
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Figure 1. Planar four-point tree-level diagrams involving single-trace operators. Operators are

depicted by a black ring, with crimson lines between operators 7, j representing the product of I;;
propagators.

We will restrict to a special configuration. Consider K scalar single-trace operators on a
line. If the operators are half-BPS and suitably rotated in R-symmetry space, the resulting
K-point function is protected, as argued by Drukker and Plefka [8]. For K = 3, this
configuration is indeed the vacuum of the hexagon approach; we will also take it as a starting
point here, even if for K = 4 such a set-up is non-generic. We then consider the case in
which one of the half-BPS operators is replaced by a non-protected Berenstein-Maldacena-
Nastase (BMN) operator [9]. Then we expect the four-point function to depend on the
position as well as on the structure constants of the operators involved; this dependence is
what we will compute at tree-level for single-trace operators.

Our proposal is inspired by integrability and guided by the structure of planar tree-
level diagrams in SU(V) gauge theory: the fields in a single-trace operator are like “beads
on a chain”, to be connected to those of the other operators by free propagators on the
surface of a sphere. Line-crossings are suppressed in the planar limit. As a consequence,
for the four-point function one can draw only four types of graphs, each of which provides
a tiling of the sphere by four triangles, cf. figure 1. We can think of the operators as sitting
at the corners of a soft cushion with propagators connecting them along the edges. The
diagrams acquire volume by marking a diagonal on the front (solid line) and another one on
the back of the cushion (dashed lines). Planarity does not permit any other configuration.

We want to compute these four-point functions by partitioning each of the topologies
of figure 1 into four hexagons. Each hexagon will have three edges running in parallel to the
propagators (crimson lines) and three edges on a portion of the chain representing the op-
erators (black circles). We can then use a suitable modification of the formalism introduced
by Basso, Komatsu and Vieira (BKV) [3] to compute the hexagon form factors.! While the
original approach cleanly separates three-point functions into a space-time factor and the
structure constant — computing the latter though hexagon form-factors — we rather put a
part of the space time factor into the hexagon vertices in order to reproduce the (restricted)
kinematic dependence of our mixed BMN-BPS? correlators. We then proceed to classify
all possible tree-level diagrams of topology (a) to (d) (cf. figure 1) by conformal weights,
and evaluate their overall numerical factor and kinematic dependence by integrability.

1For this purpose it is important to take all our operators on a line, which guarantees that each set of
three operators lies on a line too, as it is necessary in the hexagon approach.



In this way, we reproduce a number of tree-level four point functions of single-trace
BMN-BPS? operators; we checked our proposal for two-impurity BMN operators of length
up to seven. It is worth stressing that, already at tree-level, this approach appears quite
efficient compared to straightforward Wick contractions. Our method is similar in spirit
to the one proposed by Caetano and Escobedo [2], which relied on computing spin-chain
scalar products — the perturbative “tailoring” picture. The fact that we instead reduce
the four-point functions to a hexagon tessellation gives us confidence that our approach
may be extended to more general operators and higher loop orders — as the hexagon form
factor is known at all loops and for generic operators.

2 BDMN operators and tree-level four point functions

2.1 BMN operators at one loop

Here we focus on a class of single-trace “BMN operators” [9] that yield a simple spin-chain
picture in planar A’ =4 SYM. Let Z a complex scalar; then

Or = Tr(Z1). (2.1)

LNL
These scalar operators are half-BPS and highest-weight states of the su(4) R-symmetry al-
gebra; their dimension does not receive quantum corrections. An immediate generalization
of these operators is to insert two impurities?

1
ok = Te(ZE+2y ZFy), 2.2
where Y # Z is another scalar field; this probes an su(2) C su(4) sector of the theory.
Due to the cyclicity of the SU(NN) colour trace there are [L/2] distinct operators at length

L. Already at the first order of perturbation theory, these acquire a non-trivial anomalous
dimension encoded in a mixing matrix. It is well known that this mixing problem is equiv-
alent to the diagonalization of the Heisenberg spin-chain Hamiltonian [10]. The spectrum
is constructed out of magnons, or spin-waves; these two-impurity states depend on two mo-
menta pi, p2 with associated “rapidities” u; = %cot (%J) Integrability of the Heisenberg
Hamiltonian imposes the Bethe Ansatz equations eiijSkj =1 with j #k =1,2 and

Uj + 5 Uj — U +1

Sjp = A kT (2.3)

e'Pi = .
uj—f uj—uk—z

Furthermore, cyclicity imposes p; + p2 = w1 + us = 0, yielding that physical states are
determined by the quantization condition

i L—-1
Uty —1, (2.4)
u=3

Inserting a single impurity results in a R-symmetry descendant of the highest-weight state, due to the

cyclicity of the trace.
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Table 1. We list the two-impurity BMN operators that acquire a non-trivial anomalous dimension
with length from 4 to 7. We denote the operators by Bf, and indicate their anomalous dimension
71 and the related Bethe Ansatz rapidity u.

with v = u; = —ug. The one-loop anomalous dimension is the spin-chain energy level
2
7 = E(u1) + E(ug) = 2E(u) = . (2.5)
u® + 1

We collect the first few eigenstates of the one-loop dilatation operator in table 1, along
with their anomalous dimension and rapidity u.>

2.2 Four-point functions

A very simple (and in fact, protected) set of four-point functions was considered in ref. [8].
We take four half-BPS operators on a line parametrized by a € R, and perform an a-
dependent su(4) rotation in R-symmetry space of the form

Z(a)=[Z+d*Z+a(Y -Y)], (2.6)
or, in an so(6) covariant notation
Z(a) = 2y, 2= ((1+4%),0,0,2ia,0,i(1 - a)) (2.7)

viewing the fifth and, after Wick rotation, the sixth component as times as in the embedding
formalism; the middle four entries parametrise Minkowski space. Labelling the four points
on a line by a; with =¥ = 65 a; we find
~ ~ (a1 - a2)2 1

Z(a1)Z = = 2.8

(Zan)2(0)) = i = 1 (28)
In the following we will drop the factor 472.

We now want to consider a non-protected four-point function. To this end, we replace

one of the half-BPS operators with a BMN operators of the type BE. Without loss of gen-
erality, let us place it at a; = 0. Note that (Z(0)Z(a2)) = 1 and (Y (0)Z(ag)) = —é; hence

3More precisely, we write the single-trace part of the operators. By s receive no double trace admixtures
while at length 6 and 7 there is mixing with O; - B4 5. Here we also ignore the descendants of the BPS
operators, whose anomalous dimension trivially vanishes.



G (4;222) 4,/2 (1,1,1)
G(4;242) % (1,0,1)
G(4;233) V6 (2,2,3)
G(5;232) V6 (3,2,3)
G(67;222) | 4v2 (1,1,1)
G(4;235 V10 (2,4,5)
G(4;244 8y/2 (1,1,2)
G )
G(5;252 3v/10 (1,0,1)
G(5;234 2v/3 (3,4,7)
G(5;333) 9v6 (1,1,1)
G(6F;242) | 1025 (91 9)

G(6T;233) | 2025 (4 4,6+ /5)
7':232) 2v/6

G(7":232) | 6v2
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Table 2. Tree-level four-point functions of single-trace operators, computed by Wick contraction

are encoded in a prefactor C' and a vector v; namely G(---) = C'v - a where the position vector is
_ (2 2

a = (0’2?)’ 23034, CL34).

the four-point functions we wish to construct will be homogeneous of order —2 in the a;.
More is true: we can rewrite all our free field theory results in terms of two differences, say
1 1 1 1

ag3 = — — —, azy = — — —. (2.9)
a2 as as a4

By way of example we introduce the notation
G(?”; 232) = <B/7/(0)02(a2>03(a3>02(a4>> . (2.10)

Wick contractions yield the results in table 2. We have evaluated correlators that require

up to seven Wick contractions.*

This can, of course, be improved a little without too
much difficulty, although the fact that every rotated vacuum Z contains four terms renders
the enterprise somewhat clumsy already at this level. Note that G(4;262) = 0 for group
theory reasons. The leading order four-point function at large N goes like 1/N?; we omit

this overall factor.

4We have restricted to planar contractions of single-trace operators. This is consistent at large-N with
the possible exception of the correlator G(7”;232). It is interesting that we can reproduce the planar and
single-trace contribution to this operator by the hexagon method, suggesting that such an approach works
across the single-trace sector.



Figure 2. A planar three-point function can be split into an inner and an outer hexagon (green
and blue dotted lines, respectively). This splitting partitions the Wick contractions (crimson solid
lines) among the two hexagons. In the BKV proposal, we should sum over all these partitions with
appropriate weights.

The pattern of numbers in the examples we studied is far from easy to understand.
In the next section we want to derive it by integrability methods. The aim is to list all
possible planar tree-level graphs on the sphere for operators of lenghts Ly, Lo, L3, L4, and to
associate coefficients and kinematic dependence to each of the diagrams using the recently
developed hexagon operators.

3 The hexagon approach and four-point functions

3.1 The hexagon approach

Planar three-point functions in A/ = 4 SYM can be computed by the hexagon approach [3].
Let us represent a three-point function as a triangle; three spin-chain states are the vertices
and the propagators are the edges, as in figure 2. Then cutting this figure in two yields two
hexagons, with three edges made out of pieces of the spin-chain, and three “virtual” edges
along the propagators. The tree level three-point function can be obtained by summing
over all the possible ways of distributing the spin chain excitations over the hexagons —
this precisely reproduces the “tailoring” picture of Escobedo, Gromov, Sever and Vieira [2].
A key advantage of the “hexagon” picture over the “tailoring” approach is that the former
can be related to a form-factor on the worldsheed of the dual AdS5xS?® string theory. This
allows us to use the integrability of the world-sheet S matrix to obtain an all-loop prediction
for the three-point function of operators with large R-charge.® Let us review this approach
in the simple case where only one of the three operators is non-protected, and contains
excitations in an su(2) sector only — this will be sufficient for our four-point function
construction. We denote the set of all magnon rapidities as u; for us, u = {uj,u2}. Then
we express the three-point function <B§IOL20L3> in terms of the one of three half-BPS
operators (Or,0r,0r.),

<BI[€/10L2 OL3> _ A
(Or,01,0L,) \FQHK,C V/Sik

5The hexagon picture is obtained in an asymptotic regime, where finite-size corrections due to virtual

(3.1)

particles wrapping cycles in the worldsheed can be overlooked. It is an ongoing struggle to incorporate such
virtual-particle effects by Liischer-like corrections [6, 7).



with
A= Z (_1)‘64 w(a, Q, 112) hfront(a) hback(@)a (32)
u=ala
where G is the Gaudin norm and b is the hexagon form factor. They are given by
0%;(u)
o

Uk

with ™™ =@ [T S(uj,u), b(@)= [] hirSe, (33)

1#] j<kea

Q:det[

and h(0) = h({u;}) = 1. At leading order, e and S(uj,ur) = Sjx are given by eq. (2.3)
and hj, = % The splitting-factor w gives the relative normalization of the different
partitions

w(a,a,l) = H P! H Skjs (3.4)
kea jEa, >k
where [ is the so-called “bridge-length”, i.e. the number of tree-level contractions between
a pair of operators in figure 2.
For our purposes it is convenient to slightly modify this Ansatz to make explicit the
dependence on the coordinates ag, as (we have set a; = 0) by replacing A with ./Zl\,

A= 3" wla,a,bs)bea)aky by(@)aly. (3.5)

u=alUa

Note that in this definition the (—1)1% sign of eq. (3.2) is implicit, since as3 = —agy. This
prescription has a simple interpretation in terms of Wick contractions. As in figure 2, the
inner (“front”) hexagon connects points 1,2,3 (clockwise around the triangle), b ~ hio3;
the outer one (“back”) connects 1,3,2 (also clockwise) by, &~ h132. Excitations are only on
operator 1, and can propagate to point 2 or 3. If h(«) is a hexagon with |«| excitations, then

be(a) — be(e) al,  by(a) — by(a) aly. (3.6)

While this is inconsequential for the three-point function, it will be very useful to keep
track of the dependence of each hexagon on the a; coordinates: as we will see, it will
neatly yield the space-time dependence of the tree-level four-point function. Finally, notice
that we should also bear in mind that the overall scaling of the half-BPS three point by

V' L1LaLs cancels in eq. (3.1).

3.2 Four-point function by hexagons

We now want to compute tree-level four-point functions by tessellating each panel of figure 1
with four hexagons. We take operator 1 to be a BMN operator at a; = 0, while the other
(half-BPS) operators sit at a;.

Consider panel (d) in figure 1. The sphere is split into four hexagons, which we denote
by their vertices, labelled clockwise. We therefore have hexagons 124 (front), 142 (back),
234 (front) and 243 (back). The latter two hexagons involve only half-BPS operators, there-
fore we expect the amplitude for this graph only to involve hexagons 124, 142; we define

AP = 37 w(o,@,hz) iza(e) ajy huae(@) alf). (3.7)

u=alUa



To avoid over-counting we should insist on I,, 15, > 1 for both edge-widths on the back
and the front of the “cushion”. Were this not the case, we would be able to represent this
graph on the topology of panels (a) or (b) in figure 1, too. Note that with this restriction,

graphs of type (d) only appear for correlators with 8 or more Wick contractions.®

A slightly more complicated set-up given in panel (a) of figure 1. We have hexagons
123, 134, 142, 243; only the last does not involve any excitation. We first partition the
excitations among 123 ~ o and a ~ 134 U 142, and distribute them among the latter two
hexagons, @ = 3 U 3. This double-partition yields

= 3 Y wla,a, i) w(B, B, 1s) hias(e) aby hisa(B)all hiaa(B)ay . (3.8)

u=ala a=pUp

Figure 1 (b) gives a similar amplitude, as it is related to panel (a) by swapping 2 < 4.

Finally, figure 1 (c) is partitioned in hexagons 143, 132, 123, 134, all of which contain
excitations. By nesting three partitions we find

= 3 Y wlena, ) w(B, B, ha) wiv, 7, 1y) (3.9)

u=aUa a=BUB B=yU7
- huaz(a) alfé‘ h132(8) a‘gﬁzl 123 (7y )CL‘;;:,‘ B134(7) (az4)7,

where we indicated by 113,l 13 the bridge-length between 1 and 3 on the back and front of
the “cushion”.

We can now state our conjecture for the three-level four-point functions with a non-
protected operator at a; = 0,

LiLoLsL ~
(BL,0L,01,0L,) = 1/ 19%54 >, AW (3.10)

graphs of type k

As we remarked, to match our table 2 we need not to include contributions of the type
,Zl\(z), as they only come in at higher number of Wick contractions. Graphs of type (a) and
(b) both contribute to .2(3), and should be counted separately, cf. appendix A. Note that,
for a fixed set of bridge lengths [;;, the amplitudes A®) and AW divided by the root of
the S matrix are separately real. In fact, symmetry considerations would in principle still
allow us to write arbitrary combinatorial coefficients ¢®® ({I;;}) and ¢ ({l;;}) in front of
each given term. Our proposal amounts to ¢3({l;;}) = ¢ ({l;;}) = 1. This perfectly
reproduces the amplitude and space-time dependence of all four-point functions listed in
table 2. In appendix A we explicitly work out two examples for the reader’s convenience.

The shortest half-BPS operator has L = 2 while the shortest BMN operator in our class (B4) has L = 4.
This means that such a configuration involves at least 16 elementary fields.



4 Outlook

In this letter we have presented a conjecture for computing tree-level four-point functions
of single-trace operators in N' =4 SYM in a special kinematics by integrability methods.
We do not use spin-chain scalar products as in ref. [2], but rather the more recent hexagon
formalism [3]. The idea of moving the space-time dependence back into the hexagon op-
erator is rather easy to realise for correlators with a single two-excitation BMN operator.
We find complete agreement with a number of examples.

There are several natural steps that one might take building on our proposal. Firstly,
it would be interesting to consider other non-protected operators, such as twist operators
and operators in more general sectors. It would be interesting to see how the symmetry
of the Plefka-Drukker vacuum configuration — which, like in the case of three-points,
is a diagonal su(2]2) in Beisert’s centrally extended su(2[2)? [11] — constrains the four-
point function. It would also be interesting to study the case of more than one non-
protected operator, possibly by working out the properties of this kinematics under a
suitable “crossing” transformation.

Secondly, it would be extremely interesting to explore this kinematics beyond tree-
level. In field theory, the one-loop correction to the correlators studied in this letter can
rather straightforwardly be obtained using two identities [12] between the derivatives of
certain Feynman integrals. A few one-loop computations of four-point functions involving
the Konishi operator are known in the literature [13, 14]; these involve the singlet Konishi
operator, which cannot be incorporated into the standard integrability scenario. Still, it
is interesting to note that the entire one-loop correlator can be expressed by the off-shell
four-point one-loop box (the Bloch-Wigner dilogarithm) times some polynomial in cross
ratios, and of the very same off-shell box integral with two legs identified. The former part
drops in the Drukker-Plefka kinematics, while the latter is logarithmically divergent and
contains the information about the anomalous dimensions. One may ask whether there is a
way to generate the anomalous dimension piece from the hexagons; this question concerns
the better understood case of three-point functions, too. It is worth noting that in hexagon
approach loop corrections generally require accounting for finite-size effects due to virtual
magnons. One might imagine that precisely these effects reproduce the Bloch-Wigner
dilogarithm and the logarithmic divergence expected from field theory.

Furthermore, again from the point of view of field theory, it is worth noting that the
structure of the mixed four-point functions is very similar to that of pure half-BPS correla-
tors. That case is well-studied, and a classification of integrands on grounds of symmetry
and conformal weights has been very successful [15, 16]. For the mixed correlators it should
be possible to run the same scheme, though allowing for pseudo-conformal scalar graphs,
i.e. cases that are divergent due to point identifications.

Finally, it is intriguing to consider a different set-up where all four operators are half-
BPS, but one is displaced by ¢ > 0 from the line. Taylor-expanding in € amounts to
populating with twist operators the spin-chain representing the displaced operator. Were
it possible to consider arbitrary-twist operators, we may hope to move away from the
Drukker-Plefka kinematics and describe generic four-point functions. We hope to return
to some of these questions in the near future.
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A Some explicit examples

For the cases of table 2 we can break down ) A®) into three parts. For graphs of

graphs
type (a) we have >, AB) | for graphs of type (b) we have the same > lisiis AB) and
for graphs of type (c) we have 2112,l§3,l‘f3 AW, Graphs of type (d) do not appear. Consider
for example the simplest case in table 2, i.e. G(4;2,2,2). Denoting a line by (ij), the three
graphs

(12)(13)(14)%(23), (12)(13)%(14)(24), (12)*(13)(14)(34), (A1)

are allowed by conformal weight. They can all be drawn on a tetrahedron and in fact are
cyclic rotations of each other; they all contribute to amplitude A®). Summing over the
associated pairs of edge widths (I13,114) = {(1,2),(2,1),(1,1)} we find

4N/2 azqags n 4v/2 agzazs n 4V/2 agzass
V3 V3 V3 ‘

We highlighted an overall factor of 2 which is due to the fact that the graphs have a
“handedness” and therefore can be drawn both on figure 1 (a) and on figure 1 (b).

G(4;2,2,2) =2 ( (A.2)

For the full set of correlator in table 2 we proceed as follows: for the topologies of
figure 1 (a) and figure 1 (c), we list all products of propagators that are allowed by conformal
weight. Here we insist on topology (c) graphs having l1i5,13; > 1 so that they cannot be
drawn on topology (a). Those graphs of topology (a) that have chirality (i.e. a square
with at least one diagonal) should be counted twice, because they exist and are different
on topology (b). However, an empty square or a graph like (41)2(13)2(32)? (which is a
subgraph of the empty square) does not have chirality and should therefore be put only
onto topology (a).

Let us work out a slightly more complicated example. Consider G(5;2,5,2). For
topology (a) we have the candidates

31 (13)°(24)%,

c32 (13)%(14)%(23)7, c33(12)°(13)°(34)%,

c34 (13)1(14)(23)(24), 35 (12)(13)*(24)(34), (A.3)
ez (12)(13)%(14)(23)(34)

~10 -



where we have allowed arbitrary coefficients for all graphs for the time being. Here the
first graph is disconnected. Upon evaluation it vanishes as it should because Bs(0) and
Os(as) carry different SU(4) representations. Graphs 2,3 are of “sausage type” whereas 4,5
are empty squares. In fact, the AB) amplitudes for these two empty squares also vanish.
Thinking about colour factors this seems reasonable, because the colour structure of the
lines (14)(42)(23) or (12)(24)(43), respectively, going through the two half-BPS operators
is simply d%° and the BPS/BPS propagator in the middle is equal to 1. The structure of
the graphs is therefore very similar to the disconnected case. Upon evaluation we thus find
from topology (a):

G(5;2,5,2)(4) = 32 V10a3, + ¢33 V10 a3 — c36V10 azsass. (A.4)

In this case we also have type (c) graphs. In general we will input all six permutations
of the operators at points 2,3,4 and divide by 2 in order to compensate for the rotation
symmetry of the topology around the 13 axis. Here one can only construct candidates for
Os at point 3, though. There are six cases:

can (14)2(23)2((13)s) > (13)s, can (12)2(34)2((13)s)(13)r,
cas (14)2(23)2(13), (13)e) %, cia (12)2(34)2(13) ((13);)%, (A.5)
cas (12)(14)(23)(34) (13)5)*(13)2,  ca (12)(14)(23)(34)(13)5 ((13)r)°.

The graphs 1,2,3,4 are of equal topology and should have equal coefficients. It turns out
that all of them give the same result even though points 1,3 are not equivalent. The factor
of 1/2 for flipping points 2,4 has already been taken into account. Graphs 5,6 also give
equal contributions due to this symmetry. We find

5
G(5;2,5, 2)(6) = (0472 + C4,2 + C43 + C4,4) 5 (a%3 + a§4) + (6475 + 6476)\/ 10 ag3ass. (A.6)

On grounds of symmetry we could only assert c4; =cq : 4 € {1,2,3,4}, caj = ¢4 :1 € {5,6}
leaving 5 parameters. Our prescription amounts to imposing c32 = ¢33 = ¢4; = 1, and
c3,6 = 2, where the last condition accounts for the fact that the graph with coefficient ¢3¢
contributes to both type (a) and (b). Then

G(5:2,5,2) = 3V10 (a33 + a3y), (A7)

in full agreement with table 2.
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