PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: September 19, 2016
ACCEPTED: October 18, 2016
PUBLISHED: October 28, 2016

Four-dimensional unsubtraction with massive particles

German F.R. Sborlini, Félix Driencourt-Mangin and German Rodrigo

Instituto de Fisica Corpuscular, Universitat de Valéncia,

Consejo Superior de Investigaciones Clientificas,

Parc Clientific, Paterna, Valencia, E-46980 Spain

E-mail: german.sborlini@ific.uv.es, felix.dm@ific.uv.es,

german.rodrigo@csic.es

ABSTRACT: We extend the four-dimensional unsubtraction method, which is based on the
loop-tree duality (LTD), to deal with processes involving heavy particles. The method
allows to perform the summation over degenerate IR configurations directly at integrand
level in such a way that NLO corrections can be implemented directly in four space-
time dimensions. We define a general momentum mapping between the real and virtual
kinematics that accounts properly for the quasi-collinear configurations, and leads to an
smooth massless limit. We illustrate the method first with a scalar toy example, and then
analyse the case of the decay of a scalar or vector boson into a pair of massive quarks.
The results presented in this paper are suitable for the application of the method to any
multipartonic process.

KEYwORDS: NLO Computations

ARX1v EPRINT: 1608.01584

OPEN AcCCESS, (© The Authors.

Articlo funded by SCOAP®. doi:10.1007/JHEP10(2016)162


mailto:german.sborlini@ific.uv.es
mailto:felix.dm@ific.uv.es
mailto:german.rodrigo@csic.es
https://arxiv.org/abs/1608.01584
http://dx.doi.org/10.1007/JHEP10(2016)162

Contents

1 Introduction 1
2 Loop-tree duality: concepts and notation 3
3 Massive scalar three-point function within LTD 5
4 Massive scalar decay rate in DREG 9

5 Phase-space partition and real-virtual mapping with massive particles 11
5.1 General momentum mapping 15

6 Massive scalar decay rate from four-dimensional unsubstraction 16

7 Unintregrated wave function and mass renormalisation for heavy quarks 18

8 UV renormalisation 20
9 LTD four-dimensional unsubtraction for physical processes 23
10 Conclusions and outlook 24
A Phase-space 26
B Unification of coordinates 27
C LTD amplitudes for A* — gg(g) 28

1 Introduction

The development of new computational techniques to obtain more accurate theoretical
predictions at colliders has been strongly pushed forward by the high precision experimen-
tal data obtained from the LHC. In the framework of perturbative quantum field theory
(and perturbative QCD in particular), the presence of infrared (IR) and ultraviolet (UV)
divergences constitutes the main difficulty that must be overcome to obtain physical re-
sults. Renormalisation has been proven to deal successfully with the UV structure of these
theories [1], and the cancellation of IR singularities is guaranteed by general theorems [2, 3]
for physical observables that sum over all the possible degenerate IR configurations. This
requires taking into account both loop scattering amplitudes and real processes with the
emission of additional external particles; the sum of all contributions leads to IR-safe ob-
servables. On the other hand, UV divergences are removed by suitable counter-terms,
whose divergent structure depends only on the specific theory under consideration.



In order to make these divergences manifest explicitly, the standard approach relies
in the introduction of a convenient regularisation method. Nowadays, the standard choice
in gauge theories is dimensional-regularisation (DREG) [4-7] because it preserves gauge
invariance. Within DREG, the space-time is analytically continued from d = 4 to d = 4—2¢
dimensions; both UV and IR divergences appear as e-poles. Using € as a regulator, it is
possible to compute the loop and the phase-space integrals for the virtual and real-radiation
amplitudes, respectively. Thus, the poles of the virtual corrections are cancelled with those
present in the real-radiation contributions (due to soft/collinear configurations) and those
included in the UV counter-terms. The usual procedure in this framework is to regularise
each contribution separately, integrate the expressions and, finally, cancel the € poles and
take the limit € — 0.

Besides the renormalisation and the regularisation method, the fact that real and
virtual contributions have the same IR-divergent behaviour is the underlying basis of the
subtraction methods [8-11]. The general idea of subtraction is the introduction of counter-
terms which mimic the local IR behaviour of the real components and that can easily
be integrated analytically. In this way, the integrated form is combined with the virtual
component whilst the unintegrated counter-term cancels the IR poles originated from the
phase-space integration of the real-radiation part. The subtraction paradigm has evolved
to different versions from the FKS-subtraction [8, 9], and dipole-subtraction [10, 11], to
antenna-subtraction [12], gr-subtraction [14, 15] and other recent variations [16-22]. The
treatment of massive particles has also been considered specifically [23-27]. However, all
these approaches treat separately real and virtual corrections, since the final-state phase-
space of the different contributions involves different numbers of particles. The construction
of IR counter-terms is inherent to the subtraction approach, and it constitutes the main
restriction for an efficient application to multi-leg multi-loop processes.

With the purpose of obtaining a fully-local cancellation of IR singularities without
building IR-counter-terms, we apply the loop-tree duality (LTD) theorem [28-31] to han-
dle the virtual corrections. This theorem asserts that loop integrals are expressible as the
sum of dual integrals, which are built starting from tree-level like objects and replacing
the loop measure with an extended phase-space measure. The main advantage of LTD is
that by introducing additional physical on-shell particles, dual integrals and real-radiation
contributions exhibit a similar structure. Moreover, the loop threshold and IR singulari-
ties are always restricted to a compact region of the loop three-momentum space [32, 33].
These two properties of LTD allow a natural integrand-level combination of virtual and
real corrections. The method has been recently developed for processes involving mass-
less particles in refs. [36-40]. The key point in this framework is the establishment of a
momentum mapping to generate the real-radiation kinematics from the Born and the loop
momenta. In this way, we guarantee not only a simultaneous cancellation of IR singularities
without the necessity of introducing IR subtractions but also a fully-local four-dimensional
implementation.

Before describing the content of this article, we would like to highlight that many
other attempts have been previously developed to obtain four-dimensional representations
of higher-order corrections to physical observables. In refs. [41-44] it was proposed to cancel



the singularities through the application of a momentum smearing to relate real and virtual
kinematics. In this way, both real and virtual terms could be combined at the integrand
level, thus achieving a local cancellation of singularities. Other alternative methods consist
in rewriting the standard IR/UV subtraction counter-terms in a local form, as discussed
in refs. [45, 46], or modifying the structure of the propagators and the Feynman rules [47—
49] to regularise the singularities at integrand level. LTD has also been used recently to
deal with integral representations of virtual and real subtraction terms [13], including the
description of initial-state singularities that are grouped together and then are integrated
numerically.

The main purpose of this article is to extend the LTD four-dimensional unsubtraction
method presented in refs. [36-40] to deal with massive particles. From the kinematical
point of view, the mass of the particles slightly modifies the momentum mapping used
to perform the real-virtual combination and this changes the IR-divergent structure. The
major difference comes from the treatment of the self-energy corrections, since they must
fulfill non-trivial constraints both in the IR and UV regions. Moreover, quasi-collinear
configurations are mapped in such a way that logarithmic contributions are cancelled at
the integrand level and the massless limit is smooth. In any case, the dual representations
involve dealing with higher-order poles in LTD [30, 31]. We restrict the discussion of the
treatment of massive partons to the final state because the validity of the QCD factorization
theorems requires that the partons that initiate the hard-scattering subprocess in hadronic
collisions have to be massless [23]. The treatment of initial state radiation with massless
partons, the last necessary ingredient to have a full description of hadronic collisions in
LTD, is deferred for a forthcoming publication.

The outline of this article is the following. In section 2 we set the notation and
briefly recall some results related with the LTD theorem. After that, in section 3, we
apply LTD to study the one-loop scalar three-point function with massive particles. In
section 4, we introduce an scalar toy example and compute NLO corrections through the
application of the conventional DREG approach. After describing the real emission phase-
space partition and introducing a proper momentum mapping in section 5, we deal with the
NLO corrections of the scalar toy model within the LTD approach in section 6. We use LTD
and the momentum mapping to perform the real-virtual combination at integrand level
and define purely four-dimensional integrable expressions. In section 7, we present integral
representations for the wave function and mass renormalisation factors for heavy quarks
in the on-shell renormalisation scheme. Renormalisation is then discussed in section 8.
Afterwards, we proceed to implement this technique to deal with physical theories. In
particular, we compute the NLO QCD corrections to the decay rate A* — ¢g(g), with
massive quarks and A = {¢,~, Z}. The results are presented in section 9, emphasising the
four-dimensional nature of the implementation. Finally, in section 10, the conclusions are
exposed and we discuss future implications of this work.

2 Loop-tree duality: concepts and notation

In this section, we summarise the key concepts of the LTD theorem at one-loop. So, let’s
consider a generic one-loop scalar integral for an N-particle process, as depicted in figure 1.
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Figure 1. One-loop topology with N external legs and the corresponding momenta configuration.
The external momenta are considered outgoing and the internal momentum flows counter-clockwise.

If the external momenta are labeled as p; with i € {1,2,... N}, then the internal virtual
momenta are given by
qgG=10+k;, ki=p1+...+0pi, (2.1)

with ¢ the loop internal momentum and ky = 0 due to momentum conservation. The
corresponding expression for the scalar integral is

(1 -
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where
1
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(2.3)

is the scalar Feynman propagator associated to a virtual particle with mass m; and four-
momentum ¢; , = (¢;,0,d:) (¢io is the energy and q; are the spatial components). We
recall that the +:0 prescription is introduced to separate, in the imaginary axis, the solu-
tions arising from the on-shell condition, i.e. Gg(g;)~! = 0. In particular, this translates
into two solutions with positive and negative imaginary components, respectively. On the

other hand,
de
4—d
= _ 2.4
/K or / )i’ (2.4)

denotes the standard one-loop integration measure in d-dimensions.

According to the LTD theorem, any loop contribution to scattering amplitudes in any
relativistic, local and unitary quantum field theory can be computed through dual integrals,
which are built from single cuts of the virtual diagrams at one-loop [28]. In other words,
there exists a formal connection among loop and phase-space integrals. The cut condition
is implemented by restricting the integration measure through the introduction of

5 (qi) = 2m10(qi0) (g —m7), (2.5)

which forces to integrate in the positive energy mode (g;0 > 0) of the corresponding on-
shell hyperboloid (i.e. ¢ = m?). It is worth appreciating that, in the massless limit, all

i



the hyperboloids associated with the on-shell condition Gr(g;)~! = 0 degenerate into light-
cones. Considering the one-loop scalar integral, the LTD theorem establishes that its dual
representation is given by

N
LG opn) ==Y [ 660 [] Goasap). (2.6)
i=1 7 i
i.e. the sum of NV dual integrals, each one associated with one of the possible single-cuts.

In eq. (2.6), the dual propagators are

1
q?fm?szn-k‘ji?

Gp(aiiq;) = (2.7)
with i,j € {1,2,... N}, kji = ¢j — ¢; and 1 an arbitrary future-like or light-like vector,
n? > 0, with positive definite energy 19 > 0.1 Since 7 is arbitrary, we can chose n* = (1, 0)
to simplify the computations.

Assuming that there are only single powers of the Feynman propagators, the dual
representation in eq. (2.6) is straightforwardly valid for loop scattering amplitudes. The
single-cuts do not affect numerators, therefore, the dual representation of scattering am-
plitudes is obtained by simply adding all possible dual single-cuts of the original loop
diagram, and replacing the uncut Feynman propagators by dual propagators. If there are
higher-powers of the propagators, however, we should apply the extended version of the
LTD theorem [31] by using the Cauchy’s residue theorem with the well-known formula for
poles of order n, i.e.

Res (Afi) = Gty g (o) (10 o))

: (2.8)

%,0:(11(36)

where q%) = \/ql2 + mf — 20 is the positive energy solution of the corresponding on-shell

dispersion relation. In that case, the explicit form of the scattering amplitude is relevant
because the numerator is affected by the derivative.

3 Massive scalar three-point function within LTD

We present in this section the first analytical application of LTD with massive particles.
In particular, we consider the scalar three-point function with one massless internal state
and the remaining internal and outgoing particles with mass equal to M. The final-state
on-shell momenta are labeled as p; and ps, with p% = M? = pg, and the incoming one is
p3 = p1 + p2 = pi2, by momentum conservation, with virtuality p§ = s12. We consider
s12 > 0, i.e. we work in the time-like (TL) kinematical region. The internal momenta are
@1 =L+ p1, @ =L+ pi2 and g3 = ¢, where £ is the loop momentum (see figure 3). When
the internal lines are set on-shell, the momentum ¢; is massless, whilst the other two are

The importance of the modified prescription is deeply explored in ref. [28], where the authors emphasise
its equivalence with the Feynman-Tree theorem (FTT) [50, 51].



massive and fulfill ¢ = M? = ¢3. This is the master scalar configuration for the calculation
of the QCD corrections to the physical case A* — ¢¢(g) with massive quarks that will be
studied in section 9. We define

_2M /12
m—\/@, B=+1—m?2, (3.1)

as the normalised mass and velocity, respectively. The well-know result of this massive

scalar three-point function is given by [52, 53]

3
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(3.2)
with
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and cr the one-loop volume factor

I'(1 r2(1 -

er = (14¢€)T( €) (3.4)
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Applying LTD, the dual representation of the scalar integral in eq. (3.2) consists of three
contributions

3

LV o(p1,p2. —ps) = D I, (3.5)
=1

with
I o— / 4 (q1)
1 — — )
¢ (2q1 - p2 —10) (—2¢1 - p1 +20)

I = _/ 6 (g2)
¢ (2M?2 — 2qs - p2 +10) (s12 — 2¢2 - p12 +10)

_ d (g3)
I = /g : (3.6)

2M?2 + 2q3 - p1 —10) (512 + 2q3 - p12 —20)

The corresponding on-shell hyperboloids are shown in figure 2 (left). Due to the rotational
symmetry, it is enough to show the ({p, £,) plane. As discussed in ref. [32], the intersection of
on-shell hyperboloids is associated with multiple internal states becoming simultaneously
on-shell. In this case, the forward on-shell hyperboloids of Gr(q1) and Gg(q2), and the
backward one of Gy(qg3) intersect in a single point: this leads to a soft singularity. The
other intersection takes place between the forward on-shell hyperboloid of Gr(g2) with the
backward of Gr(g3), which manifests as a threshold singularity in Is. Notice that there
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Figure 2. On-shell hyperboloids of the massive three-point function in the loop coordinates ¢# =
V512/2 (0,62, 6y, €2) in two dimensions (left plot); forward and backward on-shell hyperboloids
are represented by solid and dashed lines, respectively. The intersection of on-shell hyperboloids
leads to soft and threshold singularities in the loop three-momentum space (right plot), collinear
singularities are regulated by the mass.

are not collinear singularities, because the mass prevent that the on-shell hyperboloids
degenerate into light-cones. In that situation, there would be extended forward-backward
intersections in the (£, ¢,) plane leading to collinear poles, as described in the massless
case studied in refs. [36, 39).

Now, we shall explicitly compute these dual integrals. We choose first a proper ref-
erence frame to simplify the analytic expressions. Hence, we work in the centre-of-mass
frame of p; and po, and parametrise the involved momenta as

A=V aos, =Y 0, 8 . (3.7

In order to describe the internal on-shell momenta, we must take into account that ¢
corresponds to a massless state (q% = 0), whilst g2 and g3 are associated with massive
virtual particles (¢3 = M? = ¢3). For this reason, we write

w512

I = 1,0 (1,2 vi(1 —vl)eLL,l—%l) ,
V S12 .
Qf = T (&,0,2& \/meijj_,& (1 — 21}0) s &»70 = m) e {273} ,

(3.8)

where &1 0, &2, &3 € [0,00) and v; € [0, 1] are the integration variables describing the modulus
of the three-momentum and polar angle of the loop momenta, respectively. With these
variables, the LTD transforms the loop integration measure into

/K 5 (q:) = 512 /0 wid[&-] /0 . (3.9)



with

7TE2 s —€
[a(tld(iﬂ 26, do] = (u(1-v)dv. (310

for the massive case (i = 2,3), whilst it reduces to

/5 ¢ —812/ §1,0 d[&1,0] / dv1] , (3.11)

for a massless state (i = 1). Notice that ;9 = &; since ¢; is massless. The integration of
the loop momentum in the transverse plane, which is described by the unit vectors e; | is
trivial. The scalar products of internal with external momenta are given by

4q; - p1/s12 = &io — BE&(1 — 2v;),
4q; - pa/si2 = &o + BE(L — 2v;), (3.12)

which reduce to 2q; - p1/s12 = &10v1 and 2q1 - p2/s12 = &1,0(1 — v1) for a massless on-shell
state. Using these variables, the dual integrals in eq. (3.6) are rewritten as

4 &0 dl€ro) dlvi]
S12 1-— (1 — 21}1)2,32 ’
e 2 £ dles) dlus

s12.) &0 (1 —&0+10) (o0 + B& (1 —2v2) —m?2)’
e 2 & diés) dlus)
s12.) &0 (L+&30) (§30 — BE(1 —2u3) +m?2)’
Notice that I contains a threshold singularity at \/m?2 + €2 = 1, i.e. & = 8 < 1. These

integrals can be calculated analytically to all orders in € in the massless limit [36]. In this
limit, they read

I =

(3.13)

1 e
-~ - € _14TTE
I)(m =0) = ¢r —- 2512 ¢,

2e

mm:m:aisga (3.14)
with ¢p = cp/ cos(me) the phase-space volume factor. As expected, the sum of the three
dual integrals in eq. (3.14) agrees with the well-known massless scalar three-point function.
The massive case is a bit more cumbersome because of the dependence on m. Again,
I; vanishes because the energy integral factorises and it lacks of any characteristic scale.
Actually, I; is singular both in the IR and UV. However, the sum of the three dual integrals
and the equivalent original Feynman integral contain only soft divergences. The other two
dual integrals can be integrated in the angular variable analytically, thus keeping the exact

e-dependence. This leads to

2T2(1 — €) /d[5 | GaF (L1 -62-2628& S0+ B&—m?)7Y)
s12T(2 — 2€) ? €20 (1 — €20 +10) (€20 + B &2 — m2) ’

o 2I%(1 — ¢) /d[§ ] §oF1 (1,1 — 62— 26288 (&0 — B& +m?)7!)
3 512 T(2 — 2€) 3 &30 (1+ &) (&30 — BE +m?)

2 =

. (3.15)



However, an expansion in € is necessary to integrate in the modulus of the loop three-
momentum, which leads to a final result that includes corrections up to O(€”). Besides
that, the two dual integrals eq. (3.15) are singular only in the UV. Therefore, we introduce
the following expansion

[

with guv = limg, 00 gi(&). The first term in the r.h.s. of eq. (3.16) gives the same result

9i(&) = / Cé[f;] guv +/ Cé[f;] (9i(&) —guv)| (3.16)

e=0

for both dual integrals, i.e.

dl¢i] er 25 (1 + 25) T2 T(1 — 2€) .
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For the second term, which is regular in the UV, we perform the change of variable

& = % (z - 1) : (3.18)

with z € [1,00). The total result for the real part of the two dual integrals, up to O(e),

reads

2

Re() = 5o (;5) [1og<ws> (1 ~ Lrog(as) - 210g(ﬁ)> ~ OLiy(rs) - 57;} +0(),

=5 (;;) [log@:s) (1 ~ Lrog(as) - 210g(ﬁ)> ~ oLiy(rs) + 7;2] ¥ 0?1.9 |

The dual integral I3 is purely real, while the dual integral I generates an imaginary
component due to the intersection of the forward on-shell hyperboloid of Gr(g2) with the
backward on-shell hyperboloid of Gr(g3). Its imaginary part can be calculated to all orders

in € from
1Im(l) = ;/ZGD((IZ;CH)S(QQ) 5 (—q3)
— 2/ 0(1— &) &dl&]dva] , <ﬁ2 512>_E sin(2me)
s12 ) £20 (€20 + B& (1 —2v2) —m?) Bsia \ p? 22 '
(3.20)

which is the expected result obtained through the application of the Cutkosky’s rule. The
sum of these contributions in eq. (3.19) and eq. (3.20) agrees with the original Feynman
integral in eq. (3.2).

4 Massive scalar decay rate in DREG

In order to establish a physical parallelism and understand the subtraction of IR singulari-
ties, we work in a simplified toy scalar model with a massive scalar particle ¢ which couples
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Figure 3. Kinematic configuration of the NLO corrections to the decay process ¢ — ¢ + ¢. The
one-loop contribution is proportional to the scalar three-point function, with a virtual massless
1 inside the loop (left). The real contribution is due to the interference terms originated by the
emission of an on-shell massless particle ¢ (right). In this case, the momentum configuration is
given by ps — p} + ph + ).

to a massless one, ¥. In concrete, we consider the decay process ¢(ps) — d(p1) + d(p2),
with p? = M? = p3 (on-shell massive external particles) and p3 = sjo (off-shell incoming
particle). The Born-level decay rate is given by

2
r®—_9 /dCD : 4.1
2\/@ 1—2 ( )

where g is the coupling and s > 4M? to guarantee the physical feasibility of the process.

To compute the corresponding NLO correction, we need to add virtual (i.e. one-loop) and
real (i.e. extra-radiation) contributions. We will assume the presence of only one massless
particle inside the loop, as well as the emission of a massless real particle in the extra-
radiation contribution. The corresponding NLO diagrams are exhibited in figure 3.2

Let’s start with the virtual part, which we assume proportional to the scalar three-point
function, i.e.

rw_ 1
v 2,/512

Since s12 > 0, the virtual decay rate is given from eq. (3.19) as a function of xg

dq)1_>2 2 Re <M(0)’M(1)> = —F(O) 2g2 512 Re Lf,,ll)>0(p1,p2, —p3) . (42)

2 —€ 2
Fg}) = F(O)ﬂ <Sl22> [log(ms) (—1 + 1log(azs) + log(ﬁ)) + Lisg(zg) + W] + O(e) .
B " 2¢ 4 3
(4.3)
In order to calculate the totally inclusive decay rate, we have to consider the real emission
process. In this particular toy-example the cancellation of IR-singularities is achieved by
including only the interference terms originated in the process ¢(p3) — ¢(p})+¢(ph)+1(pl),
as depicted schematically in figure 3. Explicitly,

4
w_ 1 O x40 _ g 2 519
Y = g [ dwmamre i) = 30 fava s
Am)? (515 L _.dy}. . dyb
:]_"(0)2 2( Tl 1+26/9 ho h—€¢ 1rYd2r
Traoo\ue) T
(4.4)

2This decay rate does not correspond to any physical theory, since the full set of Feynman diagrams
has not be taken into account. However, for illustrative purposes, it is enough to restrict the following
discussion to virtual and real contributions with a similar topology [36, 39].

~10 -



where we used the definition of the massive three-body phase space in eq. (A.2) and
yi, = 2p - p./s12. To compute this integral, we apply the change of variables suggested
in appendix A, which allows to factorise the energy and the angular dependence of the
integrand. By using eq. (A.4), we obtain

1 _ (o) o (4m)<” 512 - —142¢ 6e
It =1 242 7“ v B (1+ag)

-1
Tg —1+42¢ 1 26
x/ dz 3 +2) E / dww 721 —w) ™, (4.5)
g (z—xs)ﬁl—xgz €

The integration in w can be trivially performed, and it leads to the appearance of an e-pole.
The integral in z is finite if xg > 0 (i.e. in the massive case), thus we expand the integrand
in € before the integration. The resulting expression is

2 —€
(1) _ o) ey (512 11 i
Ml =T == 2 log (25) ( 5 — ;o (xs) +log (1 + ) + log (1 — a%)
2

+Lis (zg) + Lis (23) — 7;] + O(e) . (4.6)

Putting together the virtual and real contributions from eq. (4.3) and eq. (4.6), we get

r® =p©® 2% [log (z5) (log (1 — xg) +log (1 — 2%)) + 2 Lis (vs) + Liz (23)] + O(e) ,

(4.7)
with a = g2/(47)?. The purpose of the following discussion will be the derivation of a
purely four-dimensional representation of this result, through the local cancellation of all
the IR divergences present in both real and virtual contributions. It is crucial to emphasise
that this cancellation of IR singularities at integrand level is achieved by a suitable mapping
of momenta.

5 Phase-space partition and real-virtual mapping with massive particles

The first ingredient that we need to introduce is a complete partition of the real phase-
space [36, 39], in such a way that each individual region of that partition contains a single
soft, collinear or quasi-collinear configuration. The quasi-collinear configurations are those
in which a massless particle becomes collinear with a massive one [23]. In that case the mass
acts as an IR-regulator and the collinear e-poles that appear in DREG in the massless case
are transformed into finite logarithmic terms in the mass. These logarithmic contributions
are cancelled in the total cross-section but the massless and the ¢ — 0 limits do not
commute for the virtual and real corrections separately. Thus, we split the real phase-
space by defining the domains

Ri = {yj, <min(yj)}, > Ri=1. (5.1)

For instance, R; selects configurations with p} || p). or close to collinear, excluding the
remaining ones. In particular, this partition reduces to

e(yér - yir) + e(yllr - yér) =1, (52)

- 11 -



for the simplest 1 — 3 scenario. The definition of the phase-space partition in eq. (5.1) is
the same that we would use in the massless case [39]; the only difference is that now some
of the external momenta are massive. That partition, together with the well-motivated
mapping of momenta that will be presented in the following, ensures a smooth massless
limit, therefore an integrand level cancellation of the logarithmic dependences in the mass
arising from the quasi-collinear configurations of the virtual and real corrections, and thus
a more stable numerical implementation of the method.

Then, we shall define a proper momentum mapping in each region to match the singular
behaviour of the real and the dual integrands. In order to properly combine real and virtual
contributions at integrand level, we need to generate the N + 1 on-shell kinematics by
making use of the N-parton Born-level process and the on-shell loop momenta. One of the
main difficulties in constructing a momentum mapping with massive particles is that the
on-shell conditions lead to quadratic equations in the mapping parameters. However, it is
very well-known that massive vectors can be expressed in terms of two massless momenta.
Then, we can exploit this property to simplify the mapping equations. For the case of a
pair of particles of the same mass, the corresponding massive momenta can be written as

P o= B4y + By, ph = B-Py + Biph (5-3)

with p2 = p2 = 0 and S+ = (14 3)/2. Moreover, the massless momenta fulfil the following
useful identities

2p1 - P2 = S12, P40y = +ph . (5.4)

In their centre-of-mass frame, these massless momenta are simply given by

Py = \/;3(1,%1) L= \/;3(1,%—1) . (5.5)

Going back to the toy example in section 4, let’s start with the first region where
R1 =1 (ie. y§, < vyb,). Motivated by the factorisation properties of QCD in the quasi-
collinear limit and the momentum decomposition in eq. (5.3), we propose the following
mapping with q% =0

pt =g,
pl=0—a)pi+ 1 —n)ph —df,
Py =a1pf +nph, (5.6)

which fulfils the momentum conservation constraint by construction. As in the massless
case, the momentum p), acts as the spectator of the splitting process and is used to balance
momentum conservation. The emitters have momenta p; and p}, and have the same mass.
Although restricted to three final-state particles, the momentum mapping in eq. (5.6) can
easily be generalised to the multipartonic case, with p) = pj, for k # 1, 2,r. The parameters
ay and y; are determined from the two on-shell conditions

(P1)? =1 =o)L =) s12 —2q1 - (1 — 1) p1 + (1 —71) p2) = M?,
(ph)* = a1 1 812 = M2, (5.7)
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whose explicit solutions are

1—-&0— \/(1 —&10)2 —m2(1 = &0+ vi(l —v1)EF )
o 2 (1 — V1 5170) '

1—&io+ \/(1 —&10)2 =m2(1 = &0+ v1(l —v1) €7 )

= 20— (=o€ | o

whilst (p/.)?2 = 0 by construction, since ¢ = 0. Due to the fact that we are dealing with

quadratic equations, there are two sets of solutions. The solution in eq. (5.8) is compatible
with the soft limit; it recovers the Born-level kinematics when &9 — 0. In that limit,
(a1,m) — (B—,B+) and therefore (p),ph) — (p1,p2). Also, it properly reduces to the
massless parametrisation defined in refs. [36, 39], i.e. if m — 0, we have

1-&0
a; — 0, — : . 5.9
1 L G T (5.9)
Using these definitions, the kinematical invariants y/ ; become
= Lo (v1+ o (1= 201)) ,
1-(1-wv1)&po
/ £1,0
= ’ 1I—w)(1 - —ap (1-2
T TS (1w o (=0 = &r0) —au v1))
2
m
Yo = 1 - §10— o (5.10)

which fullfil 445+, +95, = 1—m?/2. Again, we recover easily the massless expressions [36,
39] with @3 = 0. In order to improve the presentation of the results, it is also convenient
to express the mass in terms of aq,

m? — dog (1 —&10— a1 (1 —v1 1))
1—(1—-wv1)&p '

(5.11)

Then, we compute the associated Jacobian in the physically allowed region (i.e. those points
belonging to the domain 1), which is given by

E10(1—&0— a1 (2—&10))?
(1= (1 =wv1)&0)%(1 = &0 — 201 (1 —v1&10))

with dyj, dyb,. = Ji(§1,0,v1)d&10dvr. Notice that this expression is apparently free of
square roots, since the mass dependence was rewritten in terms of oy, as suggested in
eq. (5.11).

On the other hand, we have to express R in terms of the dual variables. If we use the

J1(&1,0,v1) = (5.12)

mapping given in eq. (5.6), we obtain

Ra(Ero,or) = 6(1 — 201)0 (11— 201 <1 1T dmPu(l —v1)> _51’0>  5.13)

— U1 2U1
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\

§,

soft

Figure 4. The dual integration regions in the loop three-momentum space, with £, = /&2 + 55.

which is the characteristic function associated to the domain R;. In figure 4, we show this
domain in the loop three-momentum space. The massless limit agrees with the expected
result. Moreover, the three-body phase-space limits defined by the condition h, = 0 are
simply determined by v; = 0.

In the complementary region, where Ry = 1 (i.e. 3, < y},) with ¢3 = M?, the mapping
is defined by

H=(1—y)pf + (1 —a2) Py —df
Pl =yl + agplh

Py =d, (5.14)
where

(p))? = o y2 812 = M2,

(P)? = M?+ (1 —ag) (1 —y2) s12 — 2q2 - (1 — 72) 1 + (1 — a2) p2) =0, (5.15)

are the associated on-shell conditions. In this case, the condition (]9’2)2 = M? is fulfilled by
construction. Solving the system and selecting the physical solution, we get

o — 1—&0+m?/2—/(1—&0)2 —m2ua(l —v9) &2
? 2—(1—2v2)& —&20 ’
1 =&o+m?/24 /(1 —£0)2 —mPua(l — 1) &3
®o 2+ (1—2v2)& — &0 ' (5.16)

In order to check the consistency of this solution, we consider the massless limit, obtaining

1-&
—_— 1
CYQ—)O, ’YQ—>1—U2£27 (5 7)

3We have exchanged the role of the radiated particle and the emitter to keep ps massive.
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which implies that the parametrisation reduces to the expected one. On the other hand,
the two-body invariants are given by

yll’l‘ = ]' - 6270’
g = S0t (1 -20) 1 —209)& — m?
r 2+ (1—-2wv2)& —&20 ’
2
m
Yo = E20 — > Yoy (5.18)

and, since this mapping will be used in the region of the real phase-space defined by Rs,
we rewrite the associated characteristic function as

—-1/2
Ro(Ea,v2) = 0 (52 ((1 /(1 —v2) (1 —m? uz))2 —m? v§> _ §2> . (5.19)

The corresponding domain in the loop three-momentum space is also shown in figure 4.
The associated Jacobian is given by

43 (1 —&o+m?/2 —ag (2 — 52,0))2

Toltz ) = £20(24 (1 —2v2) & —&0)* (1 —&o+m?/2—az (2 — (1 —202) & — &20))
(5.20)

with dy}, dyb, = Ja(&2, v2) d€a dva, and we made use of the identity
2 402 (2(1 — &) — a2(2 — (1 — 2v2) & — &20)) (5.21)

2+ (1 —21}2) 52 —5270 —4&2 ’

to simplify the expressions.

5.1 General momentum mapping

The momentum mappings previously presented can easily be extended to the most general
2

multipartonic case in which the emitter and the spectator have different masses: p? =m;
and p? = m?, respectively. The decomposition of their momenta in terms of two massless

momenta (p? = f)? = 0) is given by

P = By B+ B

pj = (1= Ba) B + (1= B-) 1}, (5.22)

with
sij + m? — m? & A(sij, m?, m?) 5.23
5 = , (5.23)

where A(sij,m?,m3) = \/(sij — (mi —mj)?)(sij — (mi +m;)?) is the usual Kallén func-

tion. The massless momenta fulfil the useful condition p; + p; = p; + p;. The mapping
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with the momenta of the real process is formally equal to the mapping already considered
in eq. (5.6), i.e.

pl =4,

P =1 =) pff + (=) B —af',

Pl =i pf + v,

p;“:pg, k+#id,4,r. (5.24)

It leads to the on-shell conditions

(0)? = (1 — i) (1 = %) si5 — 2ai - (1 — o) pi + (1 — ) p;) +mi = (m})?,
(p;)Q = Q% Sij = m? . (5.25)

In eq. (5.25), we have imposed that the spectator and the radiated particle have the same
flavour (and, thus, the same mass) in the virtual and real processes; p? = (p})2 = m? and
q? = (pl.)? = m?, respectively. The emitter, however, might change flavour, (p})? = (m/)? #
mf This situation occurs, for instance, when a gluon splits into a massive quark-antiquark

pair. The solution to eq. (5.25) for the parameters of the mapping reads

(pij — @i)® +m3 — (m})* — Ay
2(sij — 2q; - pi)

Py — @) mi = (mp)* + Ay

i =

)

._ ! , 5.26
‘ 2(sij — 2q; - Dj) (5.26)
with
2 2 1\2)\2 477’13 A A
Aij =\ ((pig — ai)* +mG — (m3)*)* — ——=(sij — 2qi - i) (s55 — 24 - D) - (5.27)
1)

The momentum mapping in eq. (5.24) has an smooth limit whenever any of the involved
particles becomes massless; in particular, if the spectator is a massless particle, then a; = 0.

6 Massive scalar decay rate from four-dimensional unsubstraction

In this section we illustrate the method of LTD four-dimensional unsubstraction [36, 39]
with the massive toy example presented in section 4. All the necessary ingredients have
been presented in the previous sections. We combine at integrand level the dual loop
contributions (section 3) with the real-radiation terms (section 4) with the help of the
momentum mappings defined in section 5. Since the sum of all the contributions is UV
and IR finite, the final result is free of e-poles. We would like to emphasise that, in a generic
situation, this assertion is not enough to guarantee the integrability of the expressions in
four-dimensions. However, by virtue of the momentum mappings and the unification of
the dual coordinates, LTD leads naturally to a local cancellation of divergences and the
limit € — 0 can be considered at integrand level.
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The LTD representation of the virtual decay rate in this toy example is given by

3
m_ 1 O AfD (5 (4
NP [ d@122 Re (MOLMD (4)). (6.1)

with
(MOMD G () = =gt s12 I, (6.2)

where the dual integrals I; are defined in eq. (3.13), and we take the integration measure
exactly with e = 0. In order to ensure the cross-cancellation of spurious singularities and
get a direct € = 0 limit we must rewrite all the on-shell momenta in terms of the same
coordinate system. This change of variables is explained in appendix B. With that change
of variables the virtual decay rate in eq. (6.1) becomes a single unconstrained integral in
the loop three-momentum.

We also consider the real contribution given by eq. (4.4). First, we split the real
three-body phase-space according to eq. (5.2), and define

g _ L O Oy 2o (f < of ——
DN / 132 Re(My, My, ) Ri (v <) - 65 ={12},  (63)
that obviously fulfill
1 (1 ~(1
Iy =T, + T4 . (6.4)

Second, in each region of the real phase-space we apply one of the momentum mappings
defined in eq. (5.6) and eq. (5.14), respectively. The main advantage of these mappings is
that they are optimised to deal smoothly with the massless limit in each of the two regions.
Thus, we rewrite the real contributions in terms of the loop variables and we obtain

(1) _ (o) 2£ Ri(&1,0,v1) j1<51707 v1) (1 — §170<1 _ Ul))2

Iri=T 3 d&1,0 dvy o (1 +an(1—201))((1 = v1)(1 = &10) — ea (L —201))
(6.5)

£ _ po 2@ Ra(€2,v2) Jo(€2,v2) (24 (1 — 2v2) &2 — &20)

FR,Q r 3 d&2 dvo (1-— 5270)(5270 + (1= 2v2) (1 — 2a3) & — mg) ) (6.6)

where the Jacobians of the respective transformations are given by eq. (5.12) and eq. (5.20),
and the integration domains, which are restricted by the functions R; from eq. (5.13) and
eq. (5.19), are shown in figure 4. Again, after applying the change of variables defined in
appendix B to bring the two real contributions to a common coordinate system, we can
consistently take the limit ¢ = 0, directly at integrand level.

The sum of all the virtual and real contributions, eqs. (6.1), (6.5) and (6.6), is a
finite function in the € = 0 limit because all the IR singularities are cancelled locally in
the loop three-momentum space at integrand level. The virtual contribution, however,
contains a threshold singularity at & = [. This singularity is integrable and can be
treated numerically by contour deformation [33-35]. For the toy scalar model and the
physical examples that we are considering in this article there is a simplest solution: we
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— Analytical (DREG)

gl ® 4D unsubtracted (LTD)

a1 r(0r©

0.0 0.2 0.4 0.6 0.8

Figure 5. Total decay rate at NLO normalised to the leading order for the toy scalar example,
a 'TM /T as a function of the dimensionless mass parameter m. The horizontal dashed line
represents the massless limit, the solid line corresponds to the analytic result obtained through
DREG, and the dots are obtained numerically through LTD unsubtraction.

can compactify the high-energy region with £ > 8 into the unit sphere by using a change
of variables. Explicitly, since the integrand is a function of the modulus of the three-
momentum and the polar angle, then

/ T glev) =B / dx [g(B,v) + 22 g(Ba"\v)] | (6.7)
0 0

where the threshold singularity has been mapped into to the upper end-point, namely
x = 1. This approach is very efficient for the numerical implementation.

Finally, we numerically integrate simultaneously the virtual and real corrections from
egs. (6.1), (6.5) and (6.6) with the help of eq. (6.7) to obtain the total decay rate at NLO,
I'D, as a function of the dimensionless mass parameter m. The result is shown in figure 5,
and it is compared with the DREG analytic expression given by eq. (4.7). The agreement
is excellent and quite stable numerically. Computing all the points of the plot in figure 5
takes a few minutes in a standard laptop (2.3 GHz quad-core processor). Moreover, the
massless transition is very smooth because the momentum mappings are optimised to deal
with the quasi-collinear configurations. In other words, the massless limit can directly be
taken at the integrand level. This is another interesting advantage of the LTD approach.

7 Unintregrated wave function and mass renormalisation for heavy
quarks

In order to consider physical processes with heavy quarks we should also take into ac-
count self-energy corrections. The well-known expressions of the wave function and mass
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renormalisation constants, in the Feynman gauge with on-shell renormalisation conditions,

1 2 M?
AZy = B 0 (——+310g <2> —4> ,
4 €UV €IR %

3 M?
AZOS = =2 - 1 — | —4 1
o= o (- s () 1) a

are not suitable, in particular, for the implementation of a local subtraction of the IR
singularities. We shall provide unintegrated expressions. The case of massless quarks has
been studied in detail in ref. [39]. In eq. (7.1), we explicitly identify the origin of the e-poles,
and the IR singularities of the wave function should cancel the IR singularities arising from
the squared amplitudes of the real processes with radiated gluons off quarks.

We consider the process in which there are two on-shell massive fermions with momenta
p1 (quark) and pe (antiquark). The explicit one-loop self-energies are given by

—2(py) =16 Cr [ | T] Gra) | 2" (=g, + M) 7" dpula). (72)
i=1,3

—2(py) = 168C [ | TT Grla) | 7=t + M) 7" dyutar) (7.3)
1=1,2

In these expressions, we keep the same internal momenta ¢; that were used to define the
vertex corrections in section 3 (see also figure 8 in appendix C). This will allow us to reuse
the same momentum mappings already defined to treat the vertex corrections. Because
of the symmetry P, <> —p,, the unintegrated expression for the antiquark self-energy
corrections can be deduced from those of the quark. Thus, we consider in the next only
the quark self-energy. In the Feynman gauge

S(p,) = géCF/ II Grla) | ((d—2) ¢, +dM). (7.4)

i=1,3

Working in the on-shell renormalisation scheme (OS), the renormalised self-energy
fulfills
dZR(}bl)

dp,

from where the wave function and mass renormalisation corrections are given by

—0, (7.5)
p =M

ER(}’jl :M) =0,

1
. AZOP = —af 2 = M) (7.6)
¢1:M

AZy = OZ E(pl)
1

Explicitly, from eq. (7.4) we obtain

AZy(p) =~ Ce [ Gela) Gelan) ((@- 222 anr? (12 2222 () )

p1-Dp2 p1-p
(7.7)
AZSP(p1) = —g3 C /GF q1) Gr(qs3) ((d Q)Zi gz +2> : (7.8)
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It is worth to stress that the expression of the wave function renormalisation constant in
eq. (7.7) tends smoothly in the massless limit to the corresponding expression given in
ref. [39]. Tt is also relevant to notice that the term proportional to M?(Gg(gs3))? leads to
soft divergences when ¢; gets on-shell. They are expected to cancel the soft divergences
of the squared amplitudes of the real corrections. The dual representation of the mass
renormalisation constant is straightforward from the LTD theorem. The term M?(Gr(q3))?
in eq. (7.7), however, introduces double poles that need to be treated specifically [31]. The
final dual representations for both renormalisation factors are

AZs(p1) :gch/e d(q1) <(d—2) qp2  AM? (1_q1-p2>)+ 6(q3)

—2q1-;1 p1p2  2q1-p1 D1°P2 2M?2+2q3-py
2 (q(+)+p )q D
q3-p2\ , 4M q3-pP2 3,0 THL0 J43°2
pi-p2/) P1-p2 2<q:(;6)) q50 (2M2+2q3-p1)

AZ9S(py) = gch/E M((d—z)m+2)+5@3) ((d—z)m+d> . (7.9)

—2q1-p1 P1-P2 2M2+42q3-p; P1-P2

or in term of dual variables defined in section 3

AZsy(p1) = gg Cr [/ M < —(d—2) &10(1 —;f_(;; 2v1))

+2m2<1_1+ﬂ<1—2v1>>>
1—B(1—2v1) \&ip 1+ 32

263 d[&3] d[vs] ( 3 ( §30+BE& (1~ 2vg)>
- €30 (€30 — BE3(1 — 2v3) +m?) (d=2) {1+ 1+ 32
n 2m? <5§3 (1 —2uv3) n (1+&0)(&0+ L& (1 - 2U3))> ﬂ
(1+8%) &0 £3,0 &30 — BE&(1 —2v3) + m? ’
08/ \ _ [ 2d[&10] d[vi] oy S0 (1481 —201))
AZ3P (p1) = g3 Cr [ /1 ~ 501 = 201) ((d 2) 11 +2>

2 €2 d[¢s] d[vs)] ( G0+ BE (1 203) ﬂ
Jr/53,0(53,0 — B& (1 —203) +m?) (@=2) 1+ B2 )]

8 UV renormalisation

We shall now remove the UV divergences of the renormalisation constants by defining
suitable integrand level UV counter-terms. These UV counter-terms are obtained by ex-
panding eqs. (7.7) and (7.8) around the UV propagator Gr(quv) = 1/(¢%y — péy + i0),
where quv = £ + kyy with kyy arbitrary [36, 39, 45]. The simplest choice is kyy = 0. We
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obtain
AZIV(p1) = —(d —2) g3 Cr /(GF(QUV>)2 (1 + W)
] P1-Dp2
x (1= Grlquv)(2quv - p1+ py))

AZOS NV (p)) = —g2 C /(GF(QUV))2 <d +(d - 2)(1;11\/ 'pZQ>
, )

x (1= Grquv)(2quy - p1+2d"  pdy)) (8.1)

whose integrated form is

_ 2 —€ 1 — 2
AZ;JV — *SG%CF </’LUV) € ’

A7 w? €
AZOSVY _ 5,95 ¢ (M) "3 (8.2)
M IV e € '

The sub-leading terms in eq. (8.1), which are proportional to ,u%v, have been adjusted in
such a way that only the UV poles in eq. (7.1) are subtracted at O(e?). Therefore

AZW = ANZy —AZJV,  AZDPR = AZOP - Az (8.3)

only contain IR singularities, including the finite terms which are scheme dependent.
The dual representation of eq. (8. 1) requires to evaluate the residue of poles of second

and third order [31, 36, 39] located at qUV 0= \/ a?y + pdy — 10. We obtain

—(d—2) g2 Cr /S(‘IUV) (1_‘1UV'1)2>

2
JF .
9 (Q%\/),()) P12

| 32auv -p1 — piv) | propao
+) ) 2p1 - p2
4 (qu,())

AZIV

AZOSUV _ —g%CF/ ¢ (quv) <d_(d_2)QUV‘p2>
2

( +) )2 P12
duv,0
3(2 cpy — 2d 12
1— (qUV P1 : /LUV) —(d—2 M ) (84)
4( (+) ) 2p1 - p2
duv,o

Then, we use the parametrisation
V512
Gy = 5 (§Uv,o, 2&uv Vouv(l —vuv)euv, 1, Suv (1 — 2UUV)) ,

Euvo = \/my + v (8.5)
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with myy = 2uuy/+/s12, and the UV counter-term get the form

262y <1 . Béuv (1 — 2UUV))
&vo 2(1 + 5?)

AZYYV = —(d—2) g2 Cr / dgwy] dlvoy]

% (1 _ 3 (2/8§UV (1 — 2’UU\/) —m%v)> 1

4€8yv o 21+ |
262 Béuv (1 -2
AZGPY = ~giCh [ dléov)dlovy g (d+ (@2 P 527)“”))
3 (25{[}\/ (1 - 2UUV) —2d7! m%v) d—2
X (1 - 45%\/70 D) (8.6)

Similarly, we should subtract the UV singularities of the ¢gA interaction vertex, with
A ={¢,~,Z} for the explicit examples that we will consider later. As for the self-energy
contributions, the UV counter-term is obtained by expanding the vertex corrections around
the UV propagator Gr(quv) = 1/(¢%y — ¥y +i0). In the Feynman gauge, the generic
expression of the vertex UV counter-term reads

1 0 0
I‘E4,)UV - gg CF A(GF(qUV))3 7,/ %UV FE4) ﬁUV T — dA7UV /’L%V F,(A)] ) (87)
where the tree-level vertices I‘Sx)) are given in eq. (C.1) of appendix C. The u?y, term is
sub-leading and the coefficient dyvy is adjusted to subtract only the UV pole. Performing
the explicit calculation, we find that in the MS scheme these coefficients are

dpuyv = d+4, dyuv =dzuv =d . (8.8)

Notice that this choice of the sub-leading contributions differs from d., yv = 4 proposed in
ref. [45]. The difference is, however, of O(¢). The integration of the vertex UV counter-term
leads to the result

2 —€
nH g as 0) [ Hyuv CA, UV
with
cpuv =4, cyuv =czuv =1, (8.10)
that translates into
2 —€
~ o cA
(MY M) = 5 8 G MY (”;J) S (8.11)

The dual representation of eq. (8.7) is (see ref. [39])

d(q y
Ty = B Cr /g laov) w0 p® 0.,
8

2
+
(qgv),o)
3 y 0 0
- ﬁ [’Y (’Y : QUV) Pfq) (’Y : QUV) Yo — dA,UV M%v Pfq) . (8-12)
<qUV,0)
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After an explicit calculation, we obtain for the vertex UV counter-terms

263 36¢
MO IMy) = e MOP [ dleov] dou] 72 (7—26— 5‘”) ,

f%v,o €I2JV,O
2 2cC
(MOIME) = 63 Cr / di¢uv] dlvuv] [(1_)/‘ J(€uv,vuv)

M(U) 2 g%v 7_4 35%\/' 1 4 1
+M5 & —de-w (14 4dvuv(l —vuv)) | |
UVv,0 UVv,0

2912/,q Ca

[ f&ov,vuv)

(M(ZO)|M(ZI,)UV> = g5 Cr /d[fUV] dlvuv] [

02 v 3¢ty
—HMZ ’ 53 7 — 4e — 52 (1 +4UU\/(1 —'I}Uv)) , (8.13)
UV,0 UV,0

where the function

4
f(&ov,vuv) = 24M*> iUiV (e(1 = 2vyvy)® + 6vyy (L —wvyy) — 1), (8.14)
UV,0

integrates to zero and does not contribute to the renormalisation of the vertex. However,
this additional term is necessary to achieve a local cancellation of the UV behaviour.

The UV divergences of the wave function cancel exactly the UV divergences of the
vertex corrections for photons and Z bosons, because conserved currents or partially con-
served currents, as the vector and axial ones, do not get renormalised. The corresponding
dual representations, however, do not cancel each other at integrand level. In particular,
the wave function renormalisation contains linear UV singularities that cancel upon inte-
gration. Also, the vertex UV counter-term contains terms that are proportional to the
mass and cancel upon integration. The contribution of all this spurious terms is, however,
crucial to cancel locally all the UV singularities. The coupling to scalar particles, on the
contrary, needs to be renormalised

. . as 3C
v = Yo (1- £2) s o). (5.15)

€

9 LTD four-dimensional unsubtraction for physical processes

We have already defined all the necessary ingredients to test the four dimensional im-
plementation of NLO corrections to physical processes in the LTD framework. In par-
ticular, we will compute the NLO QCD corrections to the decay rate A* — ¢g(g), with
A = ¢,7v,Z. The actual implementation is indeed independent of the decaying particle.
The renormalised one-loop amplitude is given by

1
M) = M) = M)+ 2 Az ) + AZ () IMYY), (0D)
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where \MS’UV)> is the unintegrated UV counter-term of the one-loop vertex correction,

]MEP), and ZIR(p;) are the IR components of the quark and antiquark self-energy cor-
rections. From the renormalised one-loop amplitude ]MS’R)>, which contains only IR

singularities, we construct the LTD representation of the renormalised virtual decay rate

3
LR 1 0 1LR), %
iy = N i§:1j/d<1>H22Re<M;>M§l V(5 () (9.2)

The corresponding dual amplitudes for the vertex corrections are given explicitly in
egs. (C.7), (C.8) and (C.9). As for the toy scalar example presented in section 6, the
real contributions are implemented by splitting the real phase-space in two domains

a0 1

R,Ai 2./512

D1 MY, PR (W <) . d={12},  (9.3)

with I‘g’)A = fg,)A,l +fg,)A,2 the real total decay rate. The real emission squared amplitudes
are given in eq. (C.5). In each of the real-phase space domain we introduce one of the
momentum mappings defined in section 5. The sum of the virtual and real corrections
in eq. (9.2) and eq. (9.3) is a single integral in the loop three-momentum. It is UV and
IR finite locally and thus can be calculated numerically with ¢ = 0. We follow the same
numerical implementation as for the scalar example presented in section 6, and compare
the numerical output with the analytical total decay rate, which has the form

) = ZL: . {r(f?) (F(ms) +2(cauy — 1) log (’f‘g)) —i—GA(acg)] +O®e) . (9.4)

Our results, normalised to the LO decay rate I‘Ef), are presented in figure 6 for a scalar and
pseudoscalar, and in figure 7 for vector bosons. The computing time is similar to that of
the toy scalar example presented in section 6; a few minutes to generate all the points. The
agreement with the analytic prediction is excellent in all the cases. Moreover, the massless
limit, i.e. zg — 0, is also well-defined and we recover the known results. This is a very
subtle point, because individual contributions in DREG are not smoothly well-defined in
that limit.

10 Conclusions and outlook

In this article, we have generalised the four-dimensional unsubtraction method [36—40]
to deal with massive particles. Based in the LTD theorem, it exploits the possibility of
expressing virtual amplitudes as phase-space integrals, and the fact that threshold and
IR singularities are always restricted to a compact region of the loop three-momentum
integration domain. This is a crucial point, because it allows to establish a momentum
mapping to generate the real-emission on-shell kinematics starting from the Born level
momenta and the loop three-momentum, in such a way that a local cancellation of both IR
and UV singularities can be achieved without introducing IR subtractions. In particular
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Figure 6. Total decay rate at NLO for scalar and pseudoscalar particles into a pair of heavy
quarks as a function of the mass, normalised to the LO. In the left panel, we consider a standard
Higgs boson, whilst in the right panel we plot the decay rate for a pseudoscalar particle (¢, =
1/2). The solid blue lines correspond to the usual DREG analytic result, while the red dots were
computed numerically within the LTD unsubtracted method. We also consider a renormalisation

scale variation, in the range 1/2 < pyv//S12 < 2.
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Figure 7. Total decay rate at NLO for off-shell vector particles into a pair of heavy quarks as a
function of the mass, normalised to the LO. We consider three physical cases: v* — ¢g (black),
Z* — ua (red, up-type quarks) and Z* — dd (blue, down-type quarks). Solid lines corresponds to

the results within the DREG approach, whilst the dots we obtained with the LTD unsubtracted
method.

— 95—



for the massive case, we have defined a general momentum mapping that accounts properly
for the quasi-collinear configurations.

First, we started by inquiring in the computation of the scalar three-point function
with massive particles within the LTD approach. Besides recovering the previously known
results, the analysis of the integration domains of the dual contributions allowed us to
understand the origin of its singular structure. Then, we illustrated the local cancellation
of IR and quasi-collinear configurations with a toy scalar example.

The full cancellation of IR singularities requires the contributions of the self-energy
corrections. Thus, we defined unintegrated versions of the quark wave function and mass
renormalisation factors in the on-shell renormalisation (OS) scheme. Compared to the
massless case, this is a non-trivial case because the OS scheme is built at integral level
and DREG leads to very simple results after integration. In any case, the unintegrated
renormalisation constants are completely general and lead to a fully local cancellation of the
remaining IR singularities. The treatment of UV singularities was also discussed carefully,
and we constructed suitable unintegrated UV counter-terms for both self-energy and vertex
corrections, which reproduce successfully the MS conditions and also lead to a fully local
cancellation of UV singularities.

Finally, we tested the LTD four-dimensional unsubtraction to compute NLO QCD
corrections to the decay rate of scalar and vector particles into a pair of massive quarks.
The results were compared with the standard DREG expressions, and we found an impres-
sive agreement. In particular, the transition to the massless limit is smooth because the
quasi-collinear configurations of the real and virtual corrections are matched at integrand
level. With the results presented in this paper, LTD four-dimensional unsubtraction can
be applied to any multipartonic process involving heavy quarks, and other heavy particles.
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A Phase-space

The phase-space for a 1 — 2 decay with final-state particles of equal masses, p? = M? with
i1 = 1,2 and s1o the virtuality of the decaying particle, is given by

T —ept= s12) ©
[ = smta g () (A1)

with 8 = v/1 —m? and m? = 4M?/s15. The corresponding 1 — 3 phase-space of the real
radiation correction with an additional massless particle in the final state, (p,.)? = 0, is

given by

(4m) 2512 (512 142 —e
dq’1—>3:ﬂ ? AP | B~ g(hp)hp dy,lrdyérv (A.2)
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with
2

m
hp - (1 - yir - yér) yllr yér - T(yllr + yér)2 ) (A?’)

where v}, = 2pl - pl/s12. In order to integrate analytically the real radiation contribution,
it is convenient to use the change of variables suggested in ref. [54], i.e.

(z—x5) (1 —x52)

I A = A4
Yir g(Z)U), Yor g(Z)ZU], g(Z) Z(1+Z) (1+$S)2, ( )

which allows to factorise the function h, in eq. (A.3) according to
hy = g(2)% 2(1 + 2) w?(1 — w) . (A.5)

In consequence, the phase-space limits, which are determined by the quadratic function
hyp, simplify to z € [ms,mgl] and w € [0,1]. The first integral in w can easily be obtained
by keeping the exact e-dependence. The second integral in z, however, requires to expand
the result up to O(e”) before integration.

B Unification of coordinates

In order to avoid local mismatches in the e-expansion close to the singular regions, it is
necessary to unify the coordinate system and express all the on-shell momenta ¢; in terms of
a single loop three-momentum [36]. This is a crucial point to obtain integrable expressions
directly at integrand level in four space-time dimensions. Since q3 = ¢, we parametrise the
on-shell momenta ¢; and g2 by using the variables (£,v) = (£3,v3). Notice that each g;
is set on-shell inside the corresponding dual contribution. Hence, by using the associated
dispersion relations, we work with the spatial components of the momenta and fix the
energy to fulfill the on-shell condition. From eq. (3.8), the spatial components of the loop
momenta must satisfy

\/S
q = Tnfl,() (2 vui(l—wvi)e; 1,1 - 21)1)

=q3+p1= \/;E (253 Vus(l —wv3)es 1,83 (1 —2v3) + 5) ; (B.1)

which leads to a system of equations, whose solution is

&0 =V (B+E? —4Bv¢, (B.2)
1, BH(-20)¢
v =g (1 T ) : (B.3)

Similarly, we can express (£2,v2) in terms of (§,v) from qo = q3. This leads to the trivial
replacement (§2,v2) — (&,v). It is worth appreciating that this change of reference frame
is well defined because the argument of the square root in eq. (B.2) is always positive.
In fact,

(E+B)? —4BEv > (E+P)? —4E8=(E-8)" >0, (B.4)
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Figure 8. Momentum configuration of the NLO QCD corrections to the process A* — ¢g(g), under
the assumption that the decaying particle does not couple to gluons.

due to 8 < 1. Then, the associated Jacobian is given by

g?
(€+B)? —4vB¢’

whose massless limit (i.e. 8 — 1) agrees with the expressions found in refs. [36, 39].

J(Ev) = (B.5)

C LTD amplitudes for A* — gq(g)

In this appendix, we collect the dual amplitudes and real squared amplitudes contributing
to the NLO QCD corrections to the processes A* — ¢q(g), with A = {¢,~v,Z}. The
tree-level vertices are given by

FEbO) = 1Yy (1+Cq’Y5) ’
Fgﬂ) =ee Y,
0
Ly =17 (gva+9447") - (1)

The corresponding Born squared amplitudes, averaged over the initial-state polarisa-

tions, are
|M5&qq\2 =251V Ca (B2 +¢)) , (C.2)
MOl = 2otz e Ca (1450 (©3)
MG, P = 2512C 2§1__2§) (gzv,q (1 + 2(17”_26)> + 94 52) : (C4)

The momentum configuration of the NLO QCD corrections is represented in figure 8.
The squared amplitudes for the real process A* — q(p}) + q(ph) + g(p..), are given by

h
_ 2 14
|M¢4)qqg| - 4gSCF |:812 |M¢~>qq| 2(yi7~yé7‘)2
—i—YqQ(l + cg)C'A(l —€) <1 + 32r>:| + (14 2),
1r
© 2 o Ny Yar
M g™ = = 4¢3Cr ’Mv—ﬂzq‘ 20y, yh )2 (eeq) Call—e)=F —€ ]| +(1¢2),
Y1rY2r Yir
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(0) _ hp 2(1 — 6)
M l? = 4800 s 1Ml g + O 5
m2
X ((9\2/7(] +g,247q)<(1 — e)? — e> + 9 5 (1 + zz’)ﬂ + (1 < 2), (C.5)
1r 1r

where the function h), is defined in eq. (A.3).
The vertex corrections to the process A* — gq are given by the dual amplitudes

) (1) /% 9 = [ ’M |2$12(1+52) <
PP Ba)) = sk [3an)| - G G,

<M(0)|M(1)(5 _ gSCF/(s Q2 [ ‘MEE)’24C]Q * D1 +gA(S(QQ)):|
A | (2M2 — 2q2 - p2)(s12 — 22 - p12 + 20) ’

~ ~ r 2 ~
MM Glas)) = o [Sla)| - I Qﬁ: pl)}lf; o) +9A<5<q3>>]’
(C.6)

where |M£§))|2 are the Born squared amplitudes in eq. (C.4), and the process dependent
functions G4 (9 (¢;)) for the process ¢* — ¢q are

< 512 512
Go(0(q1)) = 2Y2Cy <1+ﬂ2+202< - ))
500 (@) 1 T\ 2q1-p1 2q1-p2
m? s1a 4 2(1 - (2—€)B%) s12 _ 2 2(1 —€) s12 >
2M? —2q3 -p2  S12 —2q2 - p12 + 10 Ts19 — 2¢2 - p12 + 10
m? s1o . 2(1-(2-¢)B%)s12 2 2(1 =€) s12 >

Gs(6 (g2)) = 2Y7 Ca <—

Gol5 (45)) = 2Y2 Cn (—

2M?2 + 2q3 - 1 512 + 2q3 - p12 ©s12 + 2¢3 - p12
(C.7)
For ~v* — qq, they are
2
x m 812 812
GG () = 2(ee 2cA<<2+ )( _ )+2>,
(6 (q1)) (eeq) AT TR
_ m? s19 2e 512 +4q2 - p1
G- (6 = 2(ee,)?Cy < >
’Y( (QQ)) ( q) 2(1 — 6) (2M2 — 25 ,p2) S12 — 2q2 - p12 + 10
5 m? s12 2e€ 512 — 4q3 - p2
G,(0(g3)) = 2(ee 2C’,4< + > C.8

Finally, for Z* — qq,

- 2(1 —¢) m? $12 512
1) =2 2 — 2
gZ( (Q1)) CA 3 |:qu (< + 2(1 _ €)> <2q1 'pl 2q1 'p2 +
2
512 512 m q1 - P2 q1 - p1
o ) (2222
T 2q1-p1 241 pe 2 \q1-p1 qp2

~ 2(1 ) m2 512 26812+4g2 - P1
6 p—
G20 (@) 3_ [ IV.a (2(1 —6) (2M2 = 2gs - p2) o 242 - p12 + 10

+97 _m?(2qa - prats12) | (M +2€6%) 515 + g ‘p1>
A 2(2M?2 — 2q3 - p2) $12 — 2¢2 - p12 + 10 ’
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G206 ) = 204 52 |2,

2(1—¢)

< m? s19 2€ 512 — 4q3 -p2>
2 2(1 —€) (2M? + 2q5 - p1) s12 + 2q3 - p12
+4> _m?(2g3 - pi2 + s12) | (MP +2e5%) s12 — 4g3 ‘P2>

Aa 2(2M? +2q3 - p1) s12 + 243 - p12 '

(C.9)
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