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Introduction

During the last few years, two novel integrable deformations of string and superstring o-

models have received a considerable great deal of attention due, in part, to their potential
applications to the AdS/CFT correspondence. The first kind of integrable field theory is
known under the name of the n-deformation and leads to a quantum group g-deformation

of its parent o-model S-matrix with a real parameter ¢ € R. For o-models on the bosonic
cosets I'/G and for the Green-Schwarz (GS) superstring o-model on the background AdSs x
S5, their respective deformations were presented in [1-3] as natural generalizations of the

Yang-Baxter type deformation of the principal chiral model originally constructed in [4].



The second kind of integrable field theory is known as the A-deformation!' and basically
leads to a quantum group ¢-deformation of its parent o-model S-matrix [5-7| this time
with a root-of-unity parameter ¢"V = 1, for some N € Z. For the o-models on the bosonic
cosets F'/G and for the AdSs x S® GS superstring o-model the corresponding deformations
were introduced in [8, 9] as generalizations of the deformation of the Non-Abelian T-dual
of the principal chiral model initially constructed in [10]. In this paper we will refer to
these two kinds of deformed o-models as n-models and A-models. These two types of
integrable field theories does not seem to be related at first sight or to have something in
common as they have very different action functionals and properties but, remarkably, it
turns out to be that under certain circumstances they form a sigma model pair (at least
classically) under the so-called Poisson-Lie T-duality? [11-15]. Recently, the properties of
both approaches were combined into the so-called generalized A-deformations [16], which
is the largest family of string theory integrable deformations known to date. This larger
theory have been considered in more detail in [17].

Despite of the fact that both deformations preserve the very stringent property of in-
tegrability present in their parent o-models, in the superstring theory context there is a
side requirement which is extremely important and that must hold if the geometry asso-
ciated to the p-model or the A-model is to be considered as a consistent deformed string
theory background, i.e, a physical deformation. Thence of some relevance to quantum
superstring theory and to the AdS/CFT correspondence. This extra requirement is that
the background fields (metric, dilaton, RR fluxes, B-field etc) of the deformed theory must
organize themselves into a solution of an associated set of supergravity equations of mo-
tion. Unfortunately, the n-model of the AdSs x S° GS superstring does not surpasses this
test [18] but a milder version of it instead [21]. Fortunately, the A\-models associated to
the GS superstrings in the backgrounds AdS, x S™,n = 2,3,5 do as have been recently
shown, respectively, in [19-21]. For previous treatments see [22, 23|. These results are very
encouraging and favors the A-deformations in this respect but also raises a very interesting
question: is this result unique to the GS formalism? or does it extends to other approaches
to superstring theory as well?. After all, we know that there are also available in the liter-
ature the Ramond-Neveu-Schwarz (RNS), the hybrid and the pure spinor (PS) formalism,
just to mention the most common formulations, which can be used to suit different needs
and purposes.

Due to its inherent simplicity when compared to other approaches, in this paper we
choose the hybrid formulation [24] of superstring theoy on AdSs x S? to initiate the study
of this question (although the supercoset AdSs x S% can be treated along the same lines
too [26]). The hybrid formalism is a crossbreeding between the RNS and the GS formalisms
combining the advantages of both approaches. For instance, it uses space-time spinors
allowing the introduction of RR fields like in the GS approach but in flat space it reduces

'Or k-deformation. We will bow, however, to the more common name of A-deformation (or A-model)
despite of the fact that the true quantum deformation parameter depends on the WZW level k € Z and
not on the Lagrangian deformation parameter \.

2This classical equivalence might have an interesting physical interpretation if realized on the dual gauge
theory side under the light of the AdS/CFT duality.



to a free theory like in the RNS approach, so quantization is straightforward. A covariant
quantization preserving manifest space-time supersymmetry is also possible dispensing the
use of the light-cone gauge prevalent to the GS approach. The kappa symmetry proper
of the GS superstring is replaced by a world-sheet superconformal invariance related to
a BRST symmetry that is used to remove unphysical degrees of freedom etc. Of course,
despite of its similitude with the GS formalism (on some respects) it provides a very
different approach for treating the superstring. For further details on the properties and
applications of this formalism, see for example [24-30] and references therein.

The basic goal of this paper is to explore the most direct consequences of the A-
deformation for this simpler case keeping in mind the AdSs x S° supercoset for a future
work as it requires instead the use of the pure spinor formalism [31, 32], which is fairly
more complex and where, as we will see below, the introduction of the deformation is more
delicate than in the present situation. One of the goals of working out this kind of problem
is to further elucidate and understand the very structure of the A-deformation itself from
an integrable field theory point of view by testing it on different scenarios.

The paper is organized as follows. In section 2, we introduced the A-model for the
hybrid superstring on AdSs x S? and display its properties, there we disregard the com-
pactification manifold in order to keep the discussion simpler. In section 3, we pursue
Dirac’s procedure and identify the phase space constraints. In section 4, we prove the
classical integrability of the deformed hybrid formalism and show that it has the same
integrable structure than the A-model of the Green-Schwarz formalism. In section 5, we
elaborate on the A\ — 0 limit and show how the deformed theory presents a light-cone
splitting on its current algebra revealing a 2d Lorentz invariance suggesting that the the-
ory might be simpler in this limit. In section 6, we provide evidence that the conjectured
N = (2,2) superconformal invariance of the undeformed hybrid superstring might be ex-
tended also to its A-deformed partner. In section 7, we show that the A-deformation is
marginal to one-loop in 1/k but exact in the deforming parameter A, hence preserving
the one-loop conformal invariance of the original theory. In section 8 we speculate on a
possible deformation of the PS formalism and point out a subtlety of the deformation in
the current form. In section 9, we write some concluding remarks and comment on some
possible future directions of research. There are two appendices.

2 The A-model of the hybrid superstring on AdS; x S?

Start by introducing some basic information.®> Consider the Lie superalgebra f = psu(1, 1/2)
and its Z4 decomposition induced by the automorphism

@) =i =@ 10 [ ) € gt (2.1)

where m,n = 0,1,2,3. From this decomposition we associate the usual twisted loop

/f\: @nez (@j:() f(l) ® z4n+i> _ @nez’f\(n)_ (22)

3The 2d notation used in this paper is: 2t =t +z, 9+ = %(80 +01), N = diag(l,—1) and "' = 1.
We also have that a+ = 1 (ao + a1).

superagebra




The action functional for the A-models is given by the general expression

k
S)\:SF/F(‘F7AN)_7T/ dQ.f <A+<Q—1)A_>, ke, (23)
s
where (x, %) = Str(x, ) is the supertrace in some faithful representation of f, ¥ = R x S!

is the world-sheet manifold with the topology of a closed string (a cylinder) and
Q=P \3pM) L A2p@) L A\71pB) - A2 =14 42k (2.4)

is the omega projector that defines the A-deformed hybrid superstring. It is worth high-
lighting the difference with the  projector of the A-deformed GS superstring [9]

Q=PO L X\71PM L A2p@) L \PO), (2.5)

The main difference is that while the former introduce a kinetic term for the current
components along fermionic coset directions, the latter forbids such a term and this crucial
difference has important consequences for the symmetry structure of both theories and also
for their quantization. More on this below.

Above, we have that

Sr/p(F, Ap) = Swaw (F) — % /E o (ALO_FF 1 A F o, F-ALFAF 1+ A AL,

(2.6)
where Sy zw (F) is the usual WZW model action. Note that the gauge field Ay € § takes
values on the whole Lie superalgebra. The action (2.3) is universal and each A-model is
characterized simply by the choice of a particular 2 projector. It is important to notice
that the action is only gauge invariant with respect to the bosonic gauge group G with Lie
algebra §(9) = 1(1) x u(1), hence only the components ASS) are genuine gauge fields, the
other components Ag?, 1 =1,2,3 play the role of auxiliary spectators fields. However, for
simplicity we will refer to the whole AL as the gauge field.

In the sigma model limit, which is defined by expanding the group-like Lagrange mul-
tiplier near the identity F =1+ x?v/k + ... with k — oo and x? fixed, we find that
2
Q:1+%9+..., 9:P(2)+%P(1)+%P(3). (2.7)
In this limit, the deformed action reduces to the action of the hybrid superstring written
in the first order (or non-Abelian Buscher) form

2
Shybrid = _’jr/ A’z (ALOA_ +VvF )+ ..., (2.8)
by

where the ellipsis denote sub-leading terms of order 1/k. After using the equations of motion
for the Lagrange multiplier field v and by fixing the gauge A+ = Jy = f~104 f, we recover
the usual AdSy x S? hybrid superstring action functional* [24]

K2 1
Shybrid = —ﬂ/ d2$<(J+ — I =T - §<J4(r1)J£3) - JJ(FS)JS))>~ (2.9)
>

4Notice the presence of a kinetic term along fermionic coset directions which otherwise is absent in the
GS formalism.



Alternatively, the gauge field equations of motion are given by
Ay = Q=D ' FloF, A =—(Q-D)'o.FF', D=Adr.  (210)

After putting them back into the action (2.3), a deformation of the Non Abelian T-dual of
the hybrid action (2.9) is produced Seg = S{lybrid + Swz + Sgi, with

k ~ ~ ~ ~ ~ ~
Shybria = —5= (V"' =1) / Pa((J =TT =T+ (oo FF1—a, FF 1)) (2.11)
)
and where we have introduced the hatted currents
Je=(Q" = D) FloLF. (2.12)

A dilaton field is also generated in this process because the action functional is quadratic
in the fields A,. However, its explicit form is not required for the present level of analysis
but its general 2-dependent form can be found in [9]. The combination of the B-fields
coming from the integration and the WZ term are such that the equations of motion are
preserved. In [19, 20], an explicit construction of the background fields in the Green-
Schwarz formulation for the supercosets AdS, x S? and AdS3 x S3 is presented, there
the dilaton receives contributions from the fermionic directions of the auxiliary fields after
integration.

By defining the deformed dual currents

I:(N:O) — AES)’ I_(:) — )\71/2143_1)7 I(_l) -\ 3/2A( )
1P =214, 1 =224, 1% = )\‘I/ZA(_), (2.13)

where the Ay are given by (2.10), the equations of motion of the action (2.3), for generic
values of A\, becomes exactly those of the hybrid superstring

0,10 — o 19 4 (1 197+ 1D 1) 4 1@ 1) 4 1P 1) = o,
pOT® 4 1M 1) 4 1?10 =0,
PO 1 1B 1?1 =,
0)1_2) +1 M=o, (2.14)
Or® -, 19 =0,
D1 o,

pO1® — o,

where Df)(*) = 04(%) + [If), *] is a covariant derivative. The last two equations states
that 7" and L(S’) are covariantly chiral. The whole set of equations (2.14) can be condensed
into a Lax pair representation given by

L (2) = L(ro) —I—ZL(FI) —I—ZZL(E) —|—z3L(r3), Z (z) = 194 =310 2@ +z_1I£3), (2.15)



which is valued in the twisted Lie superalgebra (2.2). Under the action of the Z, grading
automorphism (2.1), the Lax pair satisfy

(Lo (2)) = Lo(iz). (2.16)

There are also two currents defined by

S+ = _£ (FlosF+F AL F-AL), Jo= % (O-FF ' -FA_F+AL) (217)

that obey the algebra of two mutually commuting Kac-Moody superalgebras®

LA@), F20)} = 5[Cra, Fa(0) = Felbuy T oCustly, { Fale), F2(w)} =0 (218)

no matter what €2 is. They are universal to all A-models. On-shell, in the sense that the
equations (2.10) are used, they reduce to

k k

Sr=—5 (QTA, —AL), 7_= —5- (24— Ay). (2.19)

By defining the special values z = AF'/2 of the spectral parameter, we find that
Li(z)=QTAy, L (2)=A, Li(z)=Ay, L (2)=04_. (2:20)

Then, the spatial component of the Lax pair, which is defined by .2 = %, — ., imply
the interesting relation between the Lax operator and the Kac-Moody currents

Ble) =~ S A= g (2.21)

From this we see that (set .4, = .Z to avoid clutter) the Kac-Moody algebra can be

written as

{,%”(zi),f%(zi)} = —[512(Zi),,1g(zi) — jf(zi)]éxy — 2512(Zi)5;y, 512(2}) = i%clg.

(2.22)
One of the goals below is to find operators t/s such that the Maillet bracket is obeyed

(L@, 2), Py w)) =[trz, L, 2) + L, 0))ay — [512, L (2, 2) — Ly, w)|bay — 25128,
(2.23)

and that reduces to (2.22) at the special points z.
After integrating out the gauge fields, the effective A-model action is invariant under
the parity-like transformation defined by

I(F,Q k) = (F 1ot —k), (2.24)

5We use nap = (Ta,Tr), Ci2 = nABTA ® Tp and denote dzy = §(z — y), 5;y = 0:6(x —y). See also the
appendix A for the tensor index convention.

6 After imposing the gauge field equations of motion, the Kac-Moody algebra for the currents (2.19) is
the same of (2.18). This is a consequence of the protection mechanism [8].



whose effect on the on-shell Kac-Moody currents is to swap them

II 7+ = J-. (2.25)
This last result follows from the identities
MA, =QTA,. TIA_=QA_. (2.26)

The action of II as given in (2.24) is an important symmetry common to all known A-
models (just change the Q right above in each case). For instance, it can be exploited to
constraint the very form of the A-beta functions [33, 34].

The action also has a couple of global Poisson-Lie symmetries with conserved

charges [35]
2
m(zs) = Pexp [i % / dx /i(x)] (2.27)
Sl
associated to the global right/left actions drF = Fer and 0 F = erF of the group
F', respectively. These charges are alternatively extracted by evaluating the monodromy
matrix

m(z) = Pexp [— /S 1 dx.i”(x,z)} (2.98)

at the special points z = z4 and using (2.21). However, these two symmetries are not
independent because they obey the relation IIm(z+) = m(25) and play a very important
role at the quantum level when putting them in the lattice [35] indicating the presence of
a quantum group symimetry.

2.1 From Noether to Poisson-Lie symmetry

One of the main properties of the deformation is that it promotes the global Noether
symmetry of the parent og-model associated to the left action of the group F' to a global
Poisson-Lie group symmetry in the A-model” [41]. The actions (2.9) and (2.3) have the
same Lax pair structure but for the former in (2.15) we replace I. by the left-invariant
currents J4 = f~'0+f. Then, both theories have the same associated linear system,®

namely
(01 + Z1(2)¥(2) =0, (2.29)

where ¥(z) is the so-called wave function. This last equation in combination with (2.10)
imply that, on-shell, we have the relations®

fF=w1)"" F=0\2)unl2)7t (2.30)

Then, the constant right action of the group F' on the wave-function W(z) can be lifted to
the left action of F' on f that leads to the well-known Noether symmetry of the o-model

"For a detailed study of this type of symmetry in the case of the n-models, see [37].

8For simplicity we drop the T = (t,z) dependence on the quantities, if needed.

9This relation is used in [40] to construct the deformed giant magnon solutions of the AdSs x S® GS
superstring in the lambda background.



generated by the charge @), i.e. we have that the variation dxf = X f, X € f can be

written in the usual Abelian moment form

ox f(@) = (X AQrL, f(@)}) (2.31)

However, this action is hidden in the dual field F as can be seen from (2.30) but it can be
shown [41] that the infinitesimal right action dW(AF!/2) = W(AFY/2)X | X € § directly on
the wave-function can be written instead in the non-Abelian moment form

Ox V(1) (T) = i<)2(,1/2\/‘1{v2v, &/(i)(f)}>2, (2.32)

where we have denoted W(A\*1/2) = W(4y. This shows that the global left action of F' in the
o-model becomes a Poisson-Lie symmetry in the A-model generated by the non-Abelian
Hamiltonian W, which turns out to be the (right) monodromy matrix. It is important
to stress that this kind of symmetry only holds on-shell and that it cannot be lifted off-
shell to be a symmetry of the action functional in the usual Noether theorem sense. It
is also important to notice that this situation is exactly the same for the hybrid and the
Green-Schwarz formalisms and apply as well for the charges (2.27) extracted from the (left)
monodromy matrix (2.28). Hence, the A\-deformation naturally introduces a ¢-deformation
on the hybrid formalism.

3 Dirac’s procedure: the constraints

In order to construct (2.23) we first need to identify which constraints are first class and
which constraints are second class, then we need to use Dirac’s procedure. However, we will
only focus in identifying them not paying attention to the specific values of the Lagrange
multipliers fixed by stability of the constraints and so on.

For the purpose of applying the Dirac procedure, we will need the Kac-Moody current
algebra written above in (2.18) plus the basic Poisson brackets

(PR, AR} = 57"P8, O0p(o) = [ dy la), HO)Y, (31)

where Pz is the momentum field conjugate to the gauge field A4.

Step I. Find the primary constraints and construct the total Hamiltonian. The primary
constraints are given by
P, ~0, P_-=0 (3.2)

and the total Hamiltonian density is
Hpr=He —2{(us P- +u_Py), (3.3)
where u4 are arbitrary Lagrange multipliers and

2

Ho =~ (3) (2 )= Saep+ A g+ (47 47) - 2040 (34)

is the canonical Hamiltonian.



Step II. Find the secondary constraints using Hr, i.e., all relations that are u4-
independent. There are only two secondary constraints, they are

k

k
5 (

Cy= F+ QTAL -A)=~0, C_= 7 + o (QA_—A ) ~0 (3.5)
T

and are completely equivalent to the A1 equations of motion written above in (2.10).

The symmetric stress tensor of the action (2.3) is found (after re-installation of the
world-sheet metric) by the variation of the action with respect to the 2d metric. It has the
following non-zero components

T L = —g«}_—lDi}_)Q +2AL(Q2— I)Ai>, (3.6)

where Dy (%) = 0+ (%) + [AL, %] is a covariant derivative. After using the definitions (2.17),
we can show that (set Co=C, +C_, C1 =CL - C_)

Ty +T _=Hg— <AUCO> R (37)

where
k T\ 2 T 1 1
Tii:—ﬂ_< (E) /iik/iA1+4A%+2Ai(Q_1)Ai>- (3-8)

Alternatively, we get the relation

Ho =T+ +T__ + (AyCy), (3.9)
where
k
Tyy = _<Zci —c (Qf —1)A, + EA—&-(QQT — 1)A+>,
) (3.10)
T
T _=—{=ZC?—-C_(QO-1DA_+ —A_(QTQ—-1)A_
(Fe2-co@-na_+ A @T0-14),

which expresses the canonical Hamiltonian H¢ in terms of constraints only. Of course, on
the constraint surface we have that

k
Teem ——(A - (AP AP 12404, (3.11)

where the A/, s are now determined by the conditions Cy =~ 0 in terms of the other
fields (2.10). The Virasoro constraints (more specifically 741 ~ 0) are secondary con-
straints which appear as the stability conditions to the primary constraints given by the
momentum conjugates to the 2d world-sheet metric components.'® Notice that using the
equations of motion (2.14) we can confirm that the stress-tensor components are indeed
chiral for any value of A

O+Tis =0 — Tog = Tas(a¥). (3.12)

°Tn the hybrid superstring the Virasoro constraints are not imposed in the same way as they are imposed
on the GS approach. Instead, they are implemented through a BRST operator.



By introducing the extended Hamiltonian
HE:Hc—2<U+P_+U_P++/L+C_+M_C+> (313)

and by forcing the stability conditions JpC+ ~ 0, we determine all the Lagrange multipli-
ers u/, s but ugg ), which are linked to the bosonic gauge symmetry present in the hybrid

)

superalgebra f. Now we have identified the full set of constraints and multipliers and hence

theory and generated by the constraint C(go belonging to the grade zero part f(o) of the

the algorithm stops. The last step deals with the information we have found.

Step III. Separate the first and second class constraints. There is only one primary first
class constraint and it is given by Péo). To find the secondary first class ones we must find a
way to get rid of the gauge field. The obvious combinations with the less number of gauge
field components are

k
C=Ci+Q1C= 7, +0" 7+ —(Q'0-1) A,

ézQC++C,:Q/++/,+%(QQT—1)A+.

(3.14)

From this we realize that along the supercoset directions f!), ) and §®) all the constraints
are second class mimicking the ordinary sigma model on bosonic cosets [8]. This is to be
contrasted with the GS formulation in which along the fermionic directions f!) and §©)
there is a mixture of first class and second class constraints, the first class constraint being
associated to the kappa symmetry [41].

Then, we have found the following constraint splitting:

First class constraints:
0 0 0 0
R, o = 70+ 7. (3.15)
Second class constraints:

Pl(o) and C'(_O),
(P PP PEY and (0, c@ c®), (3.16)
(P£1)7P(2) P(3)) and (6(1)’6(2)’6(3))

— —

By virtue of the protection mechanism [8], we can set all second class constraints
strongly to zero and continue using the super Kac-Moody algebra (2.18) at no harm.
Then, we are now able to use (in the strong sense) the phase space relations

_ 21 (0

=7,
AR = a0 7V 4 2 s ),
AP = a( 7+ 30 1),
AP — a1 £ 4 2 g ),

0
A0

(3.17)

,10,



where we have defined
2 1
o =—— 1

e (3.18)

The Poisson algebra generated by the currents (2.13), i.e. the current algebra, is found
by means of (3.17) and the Kac-Moody algebra structure of the theory. Their algebra is
written at extend in the appendix A.

4 Integrability: the Maillet v/s bracket

In order to construct the Maillet bracket (2.23), we first impose strongly all the second class
constraints (3.17) on the spatial component of the Lax connection . defined by (2.15)
and second we extend it outside the constraint surface by adding to it the only first class
constraint left behind (3.15). Then, the Hamiltonian or extended Lax operator

L'(2) = L(2) + ()0, (4.1)

is entirely expressed in terms of the components of the Kac-Moody currents #+. The
function p(z) is completely arbitrary but it must be such that #’(z) obeys (2.16). However,
it can be fixed by requiring that the relations

2 2
f’(z_;_) = —?/_’_, 3/(2_) = ?/_ (42)
are still valid outside the constraint surface. This last requirement imply that
p(z) = a(z* — 2%). (4.3)

Hence, we find the extended or Hamiltonian Lax operator

3 2
0 z z 2 z 3
z’(z):a(z4—z4){/+()+Z}:/S)JFZ;/J(FH; fr)}

3 ) (4.4)
ralt =) { fO+ S0 50 E 0
Of course, by construction it satisfies the property
(L) = L (i2). (45)

Notice that if we extend the action of the omega projector (2.4) € to the whole complex
plane by defining

Qz) = PO 4 z73pW 4 ,=2p@) 4 =1 pB) (4.6)

where obviously Q = Q()), and use the identities Q(z)Q(w) = Q(w)Q(z) = Q(zw), we can
write quite compactly

L'(2) = f-(2)Q(2)20) Jo+ [r(2)Q(2/22) - fe(z) = alz" = 24). (4.7)

— 11 —



We can profit from this notation and write the Maillet bracket in terms of (z, A)-dependent
projectors acting on the Kac-Moody superalgebras

2 2

1
(L0, 2), L' (5 0)) = ()] (2)24) Q (w]24) { 1 (2), F+ (W)
L) e (@) (/) Q (w]22) { - (), F-()},

which clearly satisfy the condition (2.22) at the special points z.. We can also write (2.15)

(4.8)

in the compact form
Li(2) =0T (2 /) Ay, L (2)=Q(z/zy) A_. (4.9)

To recover the Lax operator .2} on the constraint surface with the pair £ given by (2.15),
we simply replace in (4.7) the on-shell values of the Kac-Moody currents ¢ as given
in (2.19).

From the central terms of the Kac-Moody algebras we can immediately isolate the
symmetric part of the AKS R-matrix, namely,

1

s12(2,w) = 1 [ () (2/20) Q (wf24) = F1 () (@) (2/2) 2 w/2-) | Oz, (4.10)

There is a special value of the deformation parameter where s1o simplifies

. T (00
)1\1:% 512(2’,11)) = _70%2 ).

. (4.11)

This means that in this limit the non-ultralocality of the theory is contained (or tamed
or alleviated) within the grade zero part of the superalgebra and that it is not affected
by the coset directions. This same result also holds for the GS formalism!! [41] and the
purely bosonic theories [35] and is a version of the Faddeev-Reshetikhin ultralocalization
mechanism [36] but now applied to this particular model.

An explicit calculation reveals that

(00) (13)

s12(2,w) = 50Cy  + 51075 + 326’82) + 33(3’81), (4.12)
where
!
so(z,w) = —— [24 +wt — (2} + 24_)] ;
a 1
s1(z,w) = 5 Bw [1- z4w4] ,
4.13
so(z,w) 5 202 [1— 2w,
a 1 4 4
s3(z,w) = 5 u0d [1—2%w?]
We can write this compactly as
1 5 i A i)
s12(2,w) = TA_ A ijo{z7w4 ]Cg ])90,\1(7«“) — 2 MU]C%Q “)‘P,\l(z)}7 (4.14)

"See also [46] for the first attempt to alleviate the non-ultralocality of the GS superstring.

— 12 —



where

o3 (2) = =20 [0, 1 (2) + (V)] (4.15)
is the deformed twisting function and
_ 1 _ 1
0ol (2) = (2 =272 @) =—(F - 22) (4.16)

The first term above is the well-known o-model twisting function, the second term imple-
ments the deformation and is responsible for displacing the poles of ¢,(z) along the real
axis. Note that the special values z4 introduced above are two of the displaced poles of
the original sigma model twisting function.

Now, using the symmetric part 512 as an input in the Maillet bracket, we can solve for
the antisymmetric part of the R-matrix

1 e iaa P i
t12(2, w) = ngzo{zjw4 JC{]QA ])go)\l(w)+z4 ]w]CS ]’])gp/\l(z)}, (4.17)

showing that the deformed hybrid formulation of the superstring is still integrable as it can

be put in Maillet’s form. The use of the projectors in showing this is quite powerful. All
these results fit perfectly within the analysis presented in [41].

4.1 Relation to the A\-model of the GS superstring

To show the equivalence of the deformed hybrid (H) and Green-Schwarz (GS) superstrings
at the level of the Maillet brackets, we need to show that for the GS case the extended
Lax operator takes exactly the same form as in the hybrid formulation (4.7) with the same
projector operator €. This could come as a surprise but we will show this is indeed the
case. A similar situation was realized in [45] for the un-deformed traditional sigma models.
For the sake of comparison, we write the projectors associated to both formulations

Qp(z) = PO 4 273p1) 4 ,72p@) 4 ,~1pB), (4.18)
Qas(z) = PO 4 271pW) 4 .=2p@) 4 . pB), (4.19)

To show the equivalence we will work in reverse instead. Suppose that (4.4) or (4.7) is
given and that we consider the special form for the super Kac-Moody currents

I PR O] 4 F 2 [0 _ Ly _ 4y 4(1)
k k 2 ’
+ [(zi — 220 F (22 + ,z%)A(?)] F -5 [2(1—zi)ﬂ(3) + (3+zi),4(2>}

in term of a new set of conjugate fields (A, II). Then, we get that
1 1 1
Lho(z) = A0 4 (32 + AW 4 PG 27 A? 4+ 1327 2)AB)

+ %(1 oo Lo o ono p el ane Lol syne),

which is nothing but the Hamiltonian GS Lax operator that takes into account the extension
by the fermionic constraints proper of the GS formalism [45, 46]. This shows that both
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formulations has the same extended Lax operator and the same set of t/s matrices. This
is because in the GS case the arbitrary functions multiplying the fermionic constraints are
arbitrary and can be fixed by demanding equivalence to the hybrid formalism [45]. This
means that as phase spaces the hybrid formulation and the Green-Schwarz formulation of
the AdSy x S? superstring are the same. The only difference being their dynamics and the
local symmetries (defined through the Q-dependence of the constraints in (3.14)) involved.
Indeed, notice that the particular combination of projectors

QO g —1=\"* =) (PY + PO L PO (05 —1=1"*=1)P?, (4.22)

change dramatically the Dirac analysis of the phase space constraints. In the former case
it is conjectured [24] the existence of a quantum N = (2,2) world-sheet superconformal
symmetry that replaces the kappa symmetry!? (242 to be exact) present in the latter
case, both gauge symmetries being used to remove un-physical degrees of freedom from
the spectrum. However, it is important to realize that not even the classical part of
this superconformal symmetry (corresponding to a W-algebra) is manifest in the action
fuctional, as can be seen from the Dirac analysis. Below we will show how to construct
explicitly the classical generator for this hidden symmetry.

5 Deformed Poisson brackets and the A — 0 limit

The fact that the Poisson brackets of the Lax operator can be put in the Maillet t/s form,
means that we can write in a compact way the Poisson bracket for functions on £ in terms
of the usual R bracket associated to the twisted loop Lie superalgebra j. Namely,

(F,GH.L") = (L', [AF,dC) )y + w(R(dF),dC),, +w(dF, R(G)),,,  (5.1)

where R = +(II>¢ — 1<) is the usual AKS R-matrix,

(X,Y),, = /S do fg () (X (x,2),Y (z, 2)) (5.2)

2miz

W(X,Y), = /S do fg (&) (X (x,2), Y (. 2)) (5.3)

2miz
are the twisted inner product and co-cycle, respectively, and!?
L(z) = I£O) + zI_(:) + Z2I_(E) + z3lf) ey A Y A p(z)CSO) (5.4)

is the extended Lax operator written this time in terms of the dual currents. Above, II>q
and Il.o are projectors along positive/negative powers of z acting on quantities valued in
the loop superalgebra f.

12 At classical level, after gauge fixing the kappa symmetry there is a global fermionic symmetry leftover,
which in the A\ — 0 can be identified with an exotic global 2d (N, N) extended supersymmetry. The N

being the rank of the kappa symmetry that was gauge fixed [47-51].
13 As a curiosity, note that .2} (2) = RZ;(2).
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The functions on .Z’ and their associated differentials are defined by the usual relations
d
F(&')=(F,%)y,, lim —F(ZL+tX)=(dF,X),,. (5.5)
t—0 dt
For the current components I+, we use F(Z') = (F,£"),, with

F(z,2) = o3 ()1 + 2227 H)pl + 271 u®) 42722 4 273,(0)]

5.6
and similarly for the constraint, we use F(£') = (F, %’),, with
1 -
F(z,2) = —3'(2)©. (5.7)

Above, pu,v,n: St — ? are test functions that we remove at the end of calculations. By
obvious linearity, it follows that the differentials are simply found by setting F' — dF. For
the positive part, i.e, positive powers of z, we have

1,
=~y (2)2 )]

)
)
p® 1Y = o (2)eu®, (5.8)
)
)

For the negative part, i.e, negative powers of z, we get

/ da(v®, 1V) 5 — 1 (2)250),
S1
/Sl dac<1/(2),l(,2)> — —@;1(2)2’21/(2), (5.9)

/ dx<y(1),l(_3)> — —cp;l(z)zy(l).
S1

Now it is a turn to compute the deformed current algebra for the A-model of the hybrid
superstring. It is written in appendix A below, after using the t/s approach we find perfect
agreement with the more direct and pedestrian computation that follows from the relations
that are consequence of (3.17) and the Kac-moody algebra structure of the theory.

In the A — 0 limit a dramatic simplification of the current algebra occurs. The only
non-zero brackets being (those involving the constraint remain the same)

1 2 2
27
{1@), 17 W)y == (05" 1 W)owy — C15"5,,).
X ) X , (5.10)
i ™ i .
{17 @), 19w} = = TI0R" 10 W))oay, i=1,2.3
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for the brackets involving the grade zero current and

1 2
2w
(1M @), 1M (y)y = [CS?’%I@)( )62y,

k
1 2 o
1 2 13 3
(1P @), 1P )} = 701 NI
. ) , (5.11)
(1% (@), 19 @)} = e, 1)y

1 2
(100,190} - o P,
for the currents along the coset directions. Notice that, very remarkably, the 4+ light-
cone sectors along the coset directions completely decouple in the sense that the current
components I do not mix, manifesting 2d relativistic invariance in this limit. The theory
has the same mild non-ultralocality as in the Green-Schwarz case but this time there is
no Poisson Casimir and the usual connection to the Pohlmeyer reduction, their associated
generalized sine-Gordon models and its mKdV-type integrable hierarchy typical of the GS
superstring [41, 49-55] is absent for this case, showing that the A-deformation is along a
different direction in the space of Poisson structures. It would be very interesting to further
explore the hybrid formalism in the A — 0 limit, in particular it seems to be it might have
simpler OPE’s and vertex operators as they depend on the symplectic structure of the
theory, which drastically simplifies in this limit. Indeed, the fact that in this limit the 4
sectors decouple (at least classically) suggest that (anti)-chiral objects do not mix either
raising the interesting possibility of computing exact OPE’s even in a curved background.

6 The N = (2,2) superconformal algebra

The un-deformed theory (2.9) is conjectured to posses an N = (2,2) superconformal sym-
metry at the quantum level [24]. We will restrict here to a purely classical analysis and
argue, however, that it is reasonable to expect that this conjecture might be extended to
the A-model as well and this is suggested by the independence of the symmetry algebra
structure on the deformation parameter A\. Recall that Poisson brackets only capture the
information of the OPE’s that corresponds to the classical results (like single contractions),
then we will only be able to reproduce the W-algebra structure of the theory. For further
details on the conjecture see [24].
Start writing the stress tensor components (3.10) in the form

1
Tiy = £<K17Ki>, Ke=1P 410 + 1%, (6.1)

Using the Poisson algebra written down in the appendix A, we find that on the constraint
surface (when C[()O) ~ 0) and for any A, we get the usual Virasoro algebra

{Tos(2), Tex(y)} = H(Thy () 00y + 2T (2)5,), (6.2)

with other brackets being zero.
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To construct the classical chiral generators a more refined analysis of the Lie super-
algebra § is required, see appendix B for details. Indeed, the current components, of say

L(rg), decompose under the action of the gauge algebra §(0) = u(1) x u(1) as follows

19 5 g® 18 1 1®

o I I2n b (6.3)

where we have dropped the light-cone index + in favor of the gauge labels. This decom-
position imply that the two gauge invariant fermion bilinears defined by

+_ .73 ®3) - _ .73 (3)
G —cI(JrH-I(if), G —cIHi)-I(iJr), (6.4)
with ¢ arbitrary, satisfy the chirality condition
O_GF =0 - GF =G () (6.5)

by virtue of the last equation of motion in (2.14) as the current L(rg) is covariantly chiral.

Recall that the equations of motion are the same for any value of A. A similar results is
valid for 1.

Now we proceed to compute the classical symmetry algebra for the chiral sector (4).
Appendices A and B imply that on the constraint surface (when Céo) ~ 0) we have the

following Poisson brackets
G'* ()0, + 2G*(2) 0!

{T 1 (2),G*(y)} 2y
{GT(2),G™(y)} = W(x)dyy, (6.6)

{G*(2),GF ()} =0,
where we have set c?al = 1 and introduced a new generator

STASN SR N T el (6.7)

)
W=1 (—— T ()"

(++)

This last generator is a spin-3 current

[Ths (@), W ()} = 20 (@)3,y + 3W (2)0, (6.8)
and reveals a classical W-algebra structure.'* Other Poisson brackets mixing elements of
different sectors vanish identically. The important point is that this symmetry algebra is
independent of the deformation parameter A, then it is natural to conjecture that the A-
model has the same N = (2, 2) superconformal symmetry of the original hybrid action (2.9).
This is because using either the dual currents I or the original currents Jg, the chiral
symmetry algebras are quite the same in form and content.

7 Conformal invariance: one-loop beta function

We quickly review the calculation of the one-loop beta function of [24] (see also [39, 59] for
the GS formalism) but combined with the simpler constant background current used in [42],
in which bosonic and fermionic fluctuations decouple making the calculation simpler. Then,
we apply the same strategy to the deformed theory.

YThis last Poisson bracket matches (up to a sign) the one introduced in [38] to compute the conformal
weight A of the W-current. Namely, {T'(z), W (y)} = —(A — D)W/ (2)02y — AW ()00, -
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7.1 The sigma model
Consider the un-deformed hybrid action!® given by [24]

2

Shybrid = / P (J,00 )y, 0=P®+(1+s5)PY+(1—-5P, (7.1)
s

ot N
where ¢ty is the Dynkin index of the defining N-dimensional representation of the super-
algebra f. See appendix A of [42] for further details on the Lie algebraic conventions used
through this section.

The fluctuations fields to be used 1 € § are Lie superalgebra valued and are related to
the fluctuations of the currents J4, through the basic relations

1 1
6<]i = ;Dina f_l(sf = Enu and (5-Di)77 = [Din’n]’ (72)

where Dy = 04 +[J4, %] is a covariant derivative. By fixing the gauge n(© =0, associated to
the gauge symmetry of the action, and by using the following specific choice of background
field given by

f=exparO, = J1 = O, (7.3)

where ©,, € f?) are constant fields satisfying [©,,0,] = 0, we find the operators that
govern the fluctuations 7. Namely,

Dp(z) = (-0,0_ +©,0_) actingon 5 (7.4)

for the bosonic sector and

—8+5, + S@Jr@, (8 — l) @+87 — (S + l) @7a+ . T](l)
o ((s ~ 1)@, —(s+1H)e0. 0,0 —s0,6- pmE O e
(7.5)

for the fermionic sector. Notice that this is basically the content of the eq. (4.16) of [24]
after some obvious re-arrangements and identifications.

After Wick rotating and gathering all logarithmic divergences, we find the one-loop
contribution to the effective Lagrangian in Euclidean signature [24]

_ 1
Il loop _ _87 In - [TT(O)
s

1
e S Ty — 25+ D(Trig + Trgl© - ©). (7.6)

adj adj adj

The theory (7.1) has vanishing one-loop beta function [24] precisely when s = £1/2 as a
consequence of the vanishing of the dual Coxeter number or, equivalently, the quadratic
Casimir operator in the adjoint representation of § = psu(1,1|2).

7.2 The lambda model

Now we want to discover if the deformation described by (2.3) preserves the one loop
conformal invariance of the action (2.9). Recall that our choice above corresponds to
s=1/2.

5For the choice s = 1/2, we recover the hybrid superstring action (2.9).
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After using the gauge field A+ equations of motion, we obtain the effective lambda
model action'® (cf. (2.11))

Kk 2 ~1 _ D)1 —1 ;
S == (FlouF1+2Q=D)'DIF '0-F) +Swz+Su.  (17)

Using the background field (compared with f above)
F =expzlA,, (7.8)

where A, € §(2) are constant fields satisfying A, Ay] = 0, we get the following dual
background currents

1P =0, = i(l_)\/\g)Ai, =0, i=0,1,3. (7.9)

From the equations of motion (2.14), we obtain the operators governing the fluctuations
of the bosonic and fermionic sectors. For the bosonic sector we get

. 0 0 -0, i
0 8y —6_ 0 , s
Dp(z) = o_0, -0 o, acting on FORE (7.10)

_l’_
0 0 o o, 70

where the last line right above is the analogue of the gauge fixing condition 77(0) = 0 used
in the un-deformed hybrid sigma model. For the fermionic sector, we obtain

o 0 6. -0, e
0 a 0 0 . e

Dp(x) = 0 J 5 0 acting on f_(f) (7.11)
—e_0, 0 o, 7

The 1-loop quantum effective Lagrangian in Euclidean signature is then given by

—100 —100 1 d2
of = £ e aion, o5 [ S tilogDa(p) - logDep)). (7.12)
2 (2m)
|pl<p
where N \2
0 _ 1+
E 7 16mty 1 — A2 (A-Ahy (7.13)
and
p— 0 0 —-O64 p— 0 O_ —64
0 P+ —-O_ 0 0 P+ 0 0
Dp(p) = . Dpp) = 7.14
B(p) 6.0, —p ps r(p) 0 0 p 0 (7.14)
0 0 p- py -6-6, 0 p4

5The dilaton contribution Sg; is not necessary at this level of analysis as we are interested only in the
quantum scale invariance, not Weyl.
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The contributions associated to logarithmic divergences (denoted by the symbol =) are

1 d?
E / D trllog Du(p)] = —— I pTr%) + Tr)(@ - ©), (7.15)
ipl< (27) 8
1 d’p 1 W 3)
- trllog D =~ InylT 3. 0). 7.16
| etrlo el = gimulrrly o300 (7.16)
Altogether we get, to one-loop in 1/k but exact in A, that
—1 1 0 2 1 3
iloor — —g- I T+ 1rl) — (1l + Tri))( - 0), (7.17)

which is proportional to the un-deformed one-loop contribution found above. The pro-
portionality factor being A-dependent, determined by (7.9) and can be found by writing
O+ in terms of AL. The A-deformation besides preserving the underlying integrability of
the original hybrid superstring sigma model also preserves its 1-loop conformal invariance,
i.e. the coupling A is marginal to this order. It would be very interesting to follow the
lines of [19, 20] and to verify if this A-model is also Weyl invariant at quantum level by
constructing explicitly the background fields and checking if they obey the relevant set of
supergravity equations of motion.

8 Digression on the pure spinor A-model

In this last final section we speculate on the possibility of associating a A-model to the pure
spinor (PS) superstring on the background AdSs x S°. One of the main properties of the
PS formalism [31, 32] is that on it both the kappa symmetry and the Virasoro constraints
characteristics of the GS formalism are replaced by a single BRST symmetry. Fortunately,
by demanding BRST invariance of the A-model of the hybrid superstring plus a term
involving the PS ghosts we are able to construct a sensible deformation. Unfortunately,
the deformation does not seem to preserve integrability.

8.1 The o-model of the PS superstring

The pure spinor superstring action on AdSs x S° is given by
- _/ 2z (T, 0. / 2o(w® D1 + gODOI® L NN, (8.1)

where Dgg)(*) = 04(x) + [J(O), x| is a covariant derivative, Ji = f'04 f is the usual flat
current and 6 is the same projector used for the hybrid superstring (2.7). This time the
Lie superalgebra to be considered is psu(2,2|4). Now, [(1) and ¥ are ghosts satisfying the
pure spinor constraints

[l(l)’ l(l)] — Ij(g),z(g)]_F -0 (82)

+

and w® and W) are their conjugate momenta. It is important to notice that (V) and 3(3)

are fermionic in character because

1 — e, 1 e (8.3)
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where T, € f(l), Ty € f(3) are fermionic generators of f, while the components [* and [ are
bosonic spinors. Also

N=— [l(l),w(?’)] . N=-[1% M) (8.4)

+ +

are the PS Lorentz currents. They are bosonic and belong to §(0).
The action (8.1) is invariant under an on-shell BRST symmetry

opf =AW +1%), spw® = gV spu0® =~ 550 =551% =0 (8.5)
and it is also classical integrable [44, 45] with a Lax pair given by

Lo(z)=JO 4200 42279 4 2379 L 4 —1)N,
L_(z) JO 4370 4 -2 5@ 18 (z=* = 1)N.

(8.6)

Now, we proceed to deform this theory.

8.2 The “)A-model” of the PS superstring

In order to construct the lambda model of the pure spinor superstring, we need to find a
way to: I) preserve its BRST symmetry and II) preserve its integrability. Our strategy will
be to start with I) and later verify if II) is guaranteed by the resulting deformation.

We construct the lambda model for the PS superstring by adding to the A-deformed
hybrid action

k
Shybrid = Sy (F, Ap) — / P’z (A (Q-1)A), (8.7)
D

™

a term proportional to the PS ghosts
Sghost = T / 2z(w® DM £ 5O DO 4 sNWY, (8.8)

where r, s are parameters to be determined by BRST symmetry arguments and Dgg )(*) =

0+ (%) + [A(io ), *} is a covariant derivative. Namely, we define
Sps = Shybrid + Sghost - (8.9)

In order to find a candidate BRST symmetry we will work on stages. Start by consid-

ering the matter part and propose (set §g = ) the following transformations!”

0F = —aF + FB, 3Ay = Dya, SA_=D_B, (8.10)

where o and § are functions of (1), 1) The variation of the first term in (8.7) is given by

0Sp/p = i/zd2x< (a—B)Fio), (8.11)

Y"This is the same method used in [9] to construct the kappa symmetry for the GS case. Notice the
resemblance between the kappa and the BRST symmetry in both formulations.
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where F_ # 0 is the curvature of Ay. The variation of the {2-dependent part of (8.7) is
of the form

k _
350 = ~(A—1) / 2z( — dOFD 4 5P pL)
T 8 ” (8.12)
+ It )/ 2a(dD DO AP 1 1P pO 4y,
T )
where we have taken
a=xd® 51 g =a® a0®, (8.13)
with b and ¢ arbitrary constants. Using this particular choice we end up with
_ k _
3 Shybrid = ~AA"* = 1) / (VDO AP 4 5P pO AWy, (8.14)
- p)
From this expression, we discover that by taking r = —%()\_4 — 1) and setting
s = —AbAY | Fuw® = —xea®, 5O =5 =, (8.15)
we obtain for the whole action that
so ki 2 NG540 _ 540 _ 7
§Sps = W()\ 1) [ d®z(N§(AL’ — sN) + N§(AZ — sN)). (8.16)
b
By setting s = 1, we arrive at the desired form
_ k () —
3Sps = ~(A"4—1) / Pz (bAD [P N] + cA® 10 N]). (8.17)
™ )
Finally, we notice that the action is BRST invariant 6Spg = 0 because, say
1
1) — 2 w® @) )
[l ,N} 2[w ,[z N L} (8.18)

vanishes by virtue of the pure spinor constraints (8.2). This is where the formulation
borrows its name.

In the sigma model limit A — 1, the action (8.9) reduces to the first order form

Spg = — / Az (A 9A_ + vF._) / 2 ( O 4 5O PO 4 NN,

(8.19)
which is to be compared with (8.1). However, after taking the limit the action is no
longer BRST invariant because in this limit a = 8 and hence 6 (vF;_) = 0. When
compared with (8.11) this term is needed to cancel some contributions of the curvature
coming from the variation of Sg. Only when we use the v equations of motion and fix the
gauge Ay = 104 f, the BRST symmetry is restored, i.e. when we return to the original
formulation and to the set of variations (8.5).

— 922 —



Now, we can find the equations of motion by varying the action we have constructed.
For the field F, we get

s

3Sps = —k/ Po(FOF [0y +Q"AL + (A = 1N, 0-+ A_])
3

I (8.20)
- _W/ Pz (SFF [0y + Ay, 0+ QA+ (A1 — )N]),

pX
after using the A4 equations of motion

Ay = (QT = D) [F o, F— (A = 1N, 5.21)

A =—(Q-D) 'O FF '+ (At - 1)N]. '
The ghosts have the same equations as in the un-deformed theory

DN+ [N, N =0, DYN+[N,N]=0. (8.22)

If the deformation is to preserve the integrability, then the two expressions (8.20) for
the equations of motion should be equivalent to the evaluation of the curvature

[aJr + £+(Z)v 0- + [’*(Z)] ) (823)
of the Lax pair

Li(z)= L(ro) + zL(rl) + 221](3) + z3IJ(r3) + (= 1N,

B (8.24)
L_(z) = 19 4 231W 4 2@y 1B (z4 = 1N

!/

at the special values of the spectral paramenter z = A~/2 and z = A\!/2, respectively.'8
The prime in N’ and N is to denote possible re-scalings of the ghosts in terms of the
parameter A similar to the ones required to define the currents IL. We conclude that under
the present (naive) construction, the pure spinor superstring does not seem to admit a
A-model and more work is to be required. A possibility is to add a new term in order to
restore integrability. This new term should, in principle, possess the following properties:

e [t must be BRST invariant and gauge invariant, at least under the gauge group
generated by the f(O) part of the Lie superalgebra § = psu(2, 2[4),

e It must be become a sub-leading correction of the order O(1/k) in the sigma model
limit A — 1, where k — oo with &2 fixed.

By replacing (8.21) back into (8.9) we find that the resulting effective action differs
from (2.11) plus the ghosts term action by a non-standard coupling between the cur-
rents ji’s and N, N. Another hint that perhaps we need to add a new term in order to
compensate the extra terms. However, we will leave this problem to be considered more
carefully in a companion paper.

8 This time the currents I+ will include contributions from the PS currents.
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9 Concluding remarks

In this paper we have studied in detail the A\-model of the hybrid formalism of the su-
perstring in the background!® AdS, x S? and showed how it preserves most of the main
characteristics of the original o-model except the one related to the maximal isometry
group of the target space, a situation that is common to all A-models. The presence of
Poisson-Lie groups at classical level is a strong signal of a quantum group symmetry Fy,
which should appear as the symmetry group of some non-commutative space.?? From the
point of view of string theory the claim is that in the A-model the isometry group F of the
original target space is replaced by Fj with ¢ a phase but without breaking any of the con-
ditions that makes the deformed target space a genuine string background.?! This is also
supported by the recent results of [19-21] showing that the background fields judiciously
extracted from the A-model action functional form a one-parameter family of solutions to
the supergravity equations of motion of relevance to each case. In the present situation
the target space metric has fermionic directions as well and the explicit construction of it
should be much more involved than in the Green-Schwarz formalism. We leave the problem
of the explicit construction of the background fields for the near future.

One of the goals of this work was to gain a better understanding of the structure of the
A-deformation itself, in the sense of clarifying its true content from the integrable systems
point of view. For further work devoted to this specific question see the papers [40, 41] to
which the present results should be added as a complement.

Relying on our findings and on what is known for the GS superstring on AdSs x S, it is
reasonable to expect that the A-model for the GS superstring on the supercoset AdSy x CP3
is not only classical integrable but also one-loop conformal invariant. This can be seen
from the Lie algebraic properties of semi-symmetric spaces [59] and from the fact that
there is no difference in the construction of the Lagrangian in comparison to the case of
AdSs x S°. The Lax pair representation is also the same [43] and as a consequence of this
the determinant for the fluctuations will be proportional to the quadratic Casimir in the
adjoint representation as well.

Finally, an interesting question to be considered is if the Poisson-Lie T-duality that is
known between the 1 and the A models of the Green-Schwarz superstring has an analogue
for the hybrid superstring as well, i.e, if the action (2.9) admits a deformation of the Yang-
Baxter type in terms of an R-matrix satisfying the cmYBE as constructed in [2] for the GS
formalism. However, it is already known that the n-deformation is not Weyl invariant at
the quantum level for the GS case and perhaps an analogue situation could be present in the
hybrid superstring as well. A possible way out of this situation in both formulations might
be to consider Yang-Baxter deformations in terms of dynamical R-matrices instead of the
usual constant ones. Hopefully, they could be general enough as to introduce the necessary
freedom required to restore Weyl’s symmetry. We will come back to this question elsewhere.

9The supercoset AdSs x S* can be treated along the same lines.

20This is certainly an interesting situation to be further explored in the context of the AdS/CFT duality.
For an example of this in relation to the n-deformation see [58].

2! As initially suggested by the vanishing of the beta functions.
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These two appendices gather the most useful algebraic results used for calculations in
the body of the paper: the deformed current algebra and the psu(1,1]2) Lie superalgebra
proper to the AdSy x S? supercoset.

A Current algebra for the deformed hybrid formulation

The non-zero Poisson brackets for the currents (2.13) or (3.17) can be computed directly
from?? (5.1) by using the identities

[ L) 72 Ia)} =({T. T} g D7) 1y

<[/’L7E] I > = <[0127 ] ,U,®,U,>12,
(1, m) =(Cr2, p @ 1)1,
where u, i are the test functions and «, 8 = 4. The upper indices 1,2 refer to the copy

(A1)

in a chain of tensor products. For example, 11L =u®l, 121 = I ® u. The lower indices 1, 2
indicate taking the supertrace on the first or on the second copy of the vector space in the
tensor product.

The non-zero current algebra elements are given by

1 2
27
(1" @) 1" @)} = -T2 (01 1016y - 3,

1 2 2 2
(0) (00) (1) (1)
{111 (), 1 : W(y)} = £alC ’IZ (y) — 24 Ij; ()]6ys (A2)
{1{%(2), 1P (y)} = £alC”, 1 (y) — 221 ()]0,
1 2 2 2
(10(2), 1P (1)} = +alCS”, 1D (y) — 2217 (1)1,
for [f(,§®], i =0,1,2,3.
2 2 2
{f (@), I (y)} = a[Cy, <2><y>—a1<f><y>]amy,
1 2
W) 7D = —alCD B
{Ii (w >,f; ()} = —alCl ,21 <>1azy; (43)
{I (), I ()} = alCyY, “”)() al'? ()64,
2
{1$><x> D)} = —alC 153),1“”)( )by,

22The R with the minus sign is the one that reproduce the Poisson brackets computed directly from (3.17).
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1
(1Y @), 12} = —alc¥ >,1<3>< oy
1 2 2
(@), 120} = 7O 1) + 0L G 1y — 174, (59
1 2
(1Y (@), 19 ()} = —a?[C5Y, o<0>< )by,

for [f1),§9], i = 1,2,3.

1 2
2 0 0 22
(0@, 12 (0)) = 7O, 100) £ act OO oy — O,
1 2
2 2 22) (0
(D@, 10 0)) = -0, AP o
1 2
A5
(1P @), 19 ()} = —alcly’ ’,f”( Ny (4.8)
1 2
(@), 100} = ~al0f, 10y
(12) (23) _ (22) (21) (21)
{127(2), I (y) } = oCy7 1 (y) — al 27 (y)]0ay,
for [f?),§)], i = 2,3 and
2
31) (2
{I ) 190} = —alC, 12 ()
) ) ) (A.6)
(1@, 10} = ol 100) - a1® ),
for [§3), f®)]. We have defined a = 24 + 2%.
Notice that a = —2(2¢2 — 1) for comparison with previous works that make use of
2)2
e = —(1;’\\2) as the deformation parameter. In the sigma model limit when A\ — 1, the

Poisson brackets above coincide with the current algebra of the matter sector of the pure
spinor superstring computed in [57].
Finally, the brackets involving the gauge constraint are the standard ones
2

1 2
(C (@), ()} = —[CS, 8 ()]s

1 2

{C (), 1 (y)} = <[C§3°>,1<0>< )by — C94,),
1 2

(C (@), 19 ()} = =[P, <”<y>}5w, i=1,2,3.

B A basis for the psu(1,1|2) Lie superalgebra

For completeness we write the basis presented in [56] and include the fermionic elements
used here to construct explicitly the W-element related to the superconformal algebra in
section 6.
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The (anti)-commutation relations are (the m’s are even while the ¢’s are odd)

[maﬁ’qu] —0% kﬁ 5 hd", (Mm%, 7] = 077 — 55%6”k, (B.1)
[q f\/aqﬂ]—k —l((s m —f—éaﬁmlj)y l2 _ _1’

where o, § = 1,2 and 4, j = 1,2. The bosonic subalgebras su(1, 1) and su(2) are generated
by mo‘ﬂ and Wj, respectively. There are 8 supercharges qkw GV;{
Under the Z4 decomposition | = @?:0 f(i), the generators split as follows
1 = span{m,, m"},

f(l) = Span{qlla q227 6127 621}7

(B.2)
f(2) = Span{m127 m217 m127 m21}’
i@ = span{qy, 7%, a5, ¢4}

Consider now the following re-labeling of generators for the fermionic sectors f(l) and
f(3), respectively,

T(l) _ =1 T((l) _ =2 T(l) 2 T(l) _ 1

(++) — 92 -y =41 (+-) — 92 (—+) — 91
73 _ TG 2 p® _ o p®) _ o (B-3)
() — 92 (—) — 91 (+-) 1 (—) — 42
They satisfy the commutation relations with the gauge algebra f(©) = u(1) x u(1)
(h1,02), T, ] = SELENTE, L (01,6, T ) = S (LT, (BY)
1,92/, (£+) 9 ’ (£+)° 1,12 (i:F 2 (£+)° :

where a = 1,3. We have introduced the “vector” (h; = ml;,hs = m'}) in order to exhibit
the gauge labels in a compact way.
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any medium, provided the original author(s) and source are credited.
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