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1 Introduction

Since the decisive formulation of open bosonic string field theory [1], various attempts have
been made to construct manifestly covariant open superstring field theory based on the
Ramond-Neveu-Schwarz formalism [2-10]. They can be classified into two types, according
to the way to treat the Hilbert space of the superconformal ghost sector on the world-
sheet [11, 12]: the approaches based on the small Hilbert space, and those based on the
large Hilbert space. The relation between the two types of approach has recently been



investigated with the technique of partial gauge fixing, especially in the Neveu-Schwarz
(NS) sector [13, 14]. In the partial gauge fixing, however, ghost string fields, which are
necessary for proper gauge fixing, are not taken into consideration; therefore the scope
of the analyses is limited to only a certain aspect of the theories. In particular, we can
say little about the relation from the viewpoint of the path integral.! The aim of the
present paper is to acquire a deeper understanding by elucidating the relation at the level
of the master action, namely the solution to the classical master equation in the Batalin-
Vilkovisky (BV) formalism [16-19], which is the key for the path-integral quantization of
complicated gauge systems such as string field theory.

Historically, the first manifestly covariant open superstring field theory was formu-
lated by Witten [2]. Based on the small Hilbert space, it is a natural extension of open
bosonic string field theory. However, it has the problem of divergences caused by the
picture-changing operator inserted at the string midpoint [20]. Among the approaches to
overcoming this problem, the Berkovits formulation for the NS sector is remarkable [5].
The theory is constructed without using any picture-changing operators, based on the
large Hilbert space. Recently, the present authors et al. have manifested the mechanism
of how the problem in the Witten formulation is resolved in this formulation [13]. In the
paper [13], we have shown that the action and the gauge transformation in the Berkovits
formulation can be interpreted as the regularized versions of those in the Witten formu-
lation, using the technique of partial gauge fixing. Imposed on the condition for partial
gauge fixing, the Berkovits action can be written in the form including line integrals of the
picture-changing operator, rather than its local insertions; therefore the divergences in the
Witten formulation are avoided. Inspired by this line-integral regularization mechanism,
Erler, Konopka, and Sachs have constructed a new open superstring field theory with the
small Hilbert space approach [10], and its relation to the Berkovits formulation, also, has
been analyzed by the use of partial gauge fixing [14].2 In these studies on the relation
between the small Hilbert space approach and the large Hilbert space approach, however,
partial gauge fixing is performed without taking into account ghost string fields, and an
understanding from the viewpoint of the path integral is missing. In order to deepen our
understanding of the relation, in the present paper we perform a detailed analysis on the
NS sector in the Berkovits formulation and compare it with the one in the Witten formu-
lation, extending the condition for partial gauge fixing in ref. [13] to the sector of ghost
string fields. We first scrutinize the detailed gauge structure called reducibility structure.
It contains the information about ghost string fields, and governs the form of the master
action, which is the key for the path-integral quantization in the BV formalism. We then
investigate the relation between the master actions in the two formulations. Through the
analyses, we show that the reducibility structure and the master action under partial gauge
fixing of the Berkovits formulation can be regarded as the regularized versions of those in
the Witten formulation.

LFor the case of free theory, the correspondence between the completely gauge-fixed actions in the Witten
formulation and the Berkovits formulation is shown in ref. [15].

2For the relation between the Berkovits formulation and the Erler-Konopka-Sachs formulation, see also
ref. [21].



The present paper is organized as follows. In section 2, we briefly review the Witten
formulation and the Berkovits formulation of open superstring field theory, concentrating
on the NS sector. We then explain in section 3 partial gauge fixing of the Berkovits
formulation introduced in ref. [13]. After that, extending the condition for partial gauge
fixing, we investigate the reducibility structures and the master actions in sections 4 and 5,
respectively. Finally, section 6 is allocated for summary and discussion. Two appendices
are provided to supply details of the analyses.

2 The Witten formulation and the Berkovits formulation

In the present section, we review two formulations of open superstring field theory, concen-
trating on the NS sector. One is the Witten formulation [2], and the other is the Berkovits
formulation [5]. The action in the former is constructed in the small Hilbert space, and that
in the latter is in the large Hilbert space. We first summarize the basics of the two Hilbert
spaces in subsection 2.1; then we briefly review the Witten formulation in subsection 2.2
and the Berkovits formulation in subsection 2.3.

2.1 The small Hilbert space and the large Hilbert space

The small Hilbert space and the large Hilbert space are basic concepts in the Ramond-
Neveu-Schwarz formalism. In order to see the difference between the two spaces, we
fermionize the superconformal ghosts 5 and 7 as in refs. [11, 12]:

8= e_¢8§, v = ne¢. (2.1)

The fields £ and 7 are fermionic, whereas ¢ is bosonic. Here and in what follows, we omit
the normal-ordering symbol with respect to the SL(2, R)-invariant vacuum for simplicity,
and use the convention in which appropriate cocycle factors are implicitly included, so that
el® (I € odd) anticommute with fermionic operators. The fundamental operator product
expansions (OPEs) of &, n, and ¢ are given by

1
)
Z1 — 22

§(z1)n(z2) ~ ¢(21)P(22) ~ —1In (21 — 22), (2.2)
with “~” denoting the equality up to non-singular terms. In (2.1), the operator &, whose
conformal weight is zero, is accompanied by the derivative symbol 9. In fact, we can
describe superstring theory, not using the bare £&. In other words, we can describe it
without the zero mode &y.> The superstring Hilbert space containing only the states which
can be constructed without &y is called the small Hilbert space, and the one including also

3In the present paper, an operator O of conformal weight h is expanded in the coordinate z on the upper
half-plane as

O(z) =) Zf?jh . (2.3)



the states involving &g is called the large Hilbert space. If a state A is in the small Hilbert
space Jmall, it is annihilated by the zero mode of 7, and vice versa:

A€ o 7]0A =0. (2.4)

It follows from the OPEs of & and 7 that the zero modes &y and 7 satisfy

&=m=0, {&m}=1. (2.5)

Therefore any state ¢ in the large Hilbert space can be written in terms of two states A
and B in the small Hilbert space as

p=A+&B, (2.6)

with
A =mnbop, B=mnyp. (2.7)

Thus we could say that the large Hilbert space is twice as large as the small one.
In each of the spaces, there are two important quantum numbers: the world-sheet
ghost number g and the picture number p. They are defined by the charges Qg and Q)

below:
Qg = ji & (—be(2) —€n(z)), Qp = j{ %(—&l)(z) +&n(2)) . (2.8)

2mri o 2mi

Here we have used the doubling trick,* and have denoted by C the counterclockwise unit
circle centered at the origin. The ghost number and the picture number of the BRST
operator @, for example, are one and zero, respectively. In the fermionized description (2.1),
we have

Q= 7{} L), (2.9)

2mi

with the BRST current jp given by®
. m & ~ym 3 1 2 1 2¢ 3 2
jp=cT™+ne’G +b680+1808¢)—168 ¢—508¢8¢—cn8§—bn8ne +Za c, (2.10)

where T™ is the matter energy-momentum tensor and G™ is the matter supercurrent. The
action of @ upon ¢ gives the picture-changing operator [11, 12]

X = Q&= e®G™ + cIE + bdne®® + d(bne®) (2.11)

which raises picture number by one. We list the ghost number g and the picture number
p, together with the conformal weight h, of various operators in table 1.

Let (A, B)) and (A, B) denote the Belavin-Polyakov-Zamolodchikov (BPZ) inner prod-
uct [24] of states A and B in the small Hilbert space and that in the large Hilbert space,
respectively. The inner product in the small Hilbert space, (A, B)), vanishes unless the sum

“For the doubling trick, see refs. [22, 23], for example.
°The total derivative term 29”c makes jp primary.



operator b c ¢ n el I3 vy IiB X
(g,p) (_170) (1’0) (_1’1) (17_1) (Oal) (_1’0) (170) (1’0) (Ov 1)
h 2 -1 0 1 |=3l+2) 3 -2 1 0

Table 1. The ghost number g, the picture number p, and the conformal weight A of various
operators.

of the ghost number of A and of B is equal to three, and the sum of the picture number of
A and of B is equal to minus two:

(A,B) =0  unless g(A4)+g(B)=3, p(A)+p(B)=-2. (2.12)

Here g(A) and g(B) are the ghost number of A and of B, respectively; p(A) and p(B) are
the picture number of A and of B, respectively. By contrast, the inner product in the large
Hilbert space, (A, B), vanishes unless the sum of the ghost numbers is equal to two and

the sum of the picture numbers is equal to minus one:
(A,B) =0  unless g(A)+g(B)=2, p(A)+pB)=-1. (2.13)
The two inner products are related as®
(A, B) =i(6oA, B) =i(-1)(4, &B)  (YA,YB € Hma), (2.14)

with

(-4 = (2.15)

+ 1 for A bosonic
—1 for A fermionic

Note that the inner product (A, B) in the large Hilbert space is identically zero if both A
and B are in the small Hilbert space:

<A7 B) =0 (VAaVB € quggmall) . (216)

2.2 The Witten formulation

The first formulation of manifestly covariant open superstring field theory was proposed by
Witten [2], based on the small Hilbert space approach. It is a natural extension of the cubic
open bosonic string field theory [1], with the action composed of the string fields in the
natural picture: an NS string field of picture number minus one and a Ramond string field
of picture number minus a half. However, it has the problem of divergences caused by the
picture-changing operator inserted at the string midpoint [20]. In the present subsection,
we review this open superstring field theory and its problem, focusing on the NS sector.
The NS-sector action in the Witten formulation, SV, is given by

W — —%<<\1/W, QUY) = S(UY, X (¥ ™)) (2.17)

fSee appendix B of ref. [25] for the reason why the imaginary unit is necessary.



Here g denotes the open string coupling constant, X,,;q denotes the picture-changing oper-
ator (2.11) inserted at the string midpoint, ¥W is a Grassmann-odd NS open superstring
field of even parity under the Gliozzi-Scherk-Olive (GSO) projection, and the symbol “x”
represents the multiplication in the space of string fields [1]. (All the superstring fields
to appear in the present paper are GSO even.) For later convenience, we have appended
the superscript “W” to the string field in the Witten formulation. The world-sheet ghost
number g and the picture number p of ¥V are +1 and —1, respectively. In what follows,
the quantum number (g, p) of a string field will often be indicated by its subscript. For
example, the UW will be written also as \Ilgv_l).

As is mentioned in subsection 2.1, inner products of the form (A, B)) vanish unless
p(A) + p(B) = —2. Therefore, without the insertion of X, which raises picture number
by one, the cubic term in the action (2.17) would identically be zero, and the interacting
theory could not be described. On the other hand, the very midpoint insertion of X causes
the two serious problems: scattering amplitudes are divergent even at the tree level, and
gauge transformation is not well-defined [20]. Here we focus on the latter problem, which is
related to the main subject of the present paper. The gauge transformation in the Witten
formulation is given by

SN 1) = QAN 1)+ 9Xumia (w}’{_l) F AN — A \I:(VIV,_I)> , (2.18)

where AYX,—H is a Grassmann-even gauge parameter of ghost number zero and picture
number minus one. (Note that in the Witten formulation, all the NS string fields are in
the —1 picture.) In the variation of the action under the above transformation, the terms
of order g° or ¢g' vanish, and that of order g? takes the form

_ g2 <<Xmideid (TW 5 TW) BV L AW — AW, \11W>> . (2.19)

This would be zero if X ,;qXmiq were finite, but the fact is that the OPE of the picture-
changing operator with itself is singular:

X(21)X (22) = {Q,&(21) } X (22) = {Q,&(21) X (22) }
: iZQ{Qﬁ(bez‘z’)(zQ)}. (2.20)

~ 5 {Q,be*(2) } —
Thus the product X,;qXmid, in which two X'’s collide at the string midpoint, is divergent,

(21 — 22)? z1

and the gauge transformation (2.18) is not well-defined.

2.3 The Berkovits formulation

In order to remedy the problems in the Witten formulation, Berkovits has formulated open
superstring field theory without using any picture-changing operators [5]. This theory,
unlike the Witten one, is constructed in the large Hilbert space. The NS-sector action in

the Berkovits formulation, S®, takes the following Wess-Zumino-Witten form:”

= 52(07(00). 6w - g [ ((€700) {67(20) ¢ ) )
(2.21)

A factor of the imaginary unit in each term is necessary in order for the action to be real. See appendix
B of ref. [25].



with
G = exp(g¢(070)) ., G= exp(tgfb(o’o)) . (2.22)

Here ®(g ) is a GSO-even NS string field whose Grassmann parity is even. It carries no
ghost number and no picture number, as is indicated by the subscript (0,0). In the above
equations and in what follows, we omit the multiplication symbol “x” for simplicity, but
products of string fields are always defined by Witten’s star product.

The operator 7, as well as the BRST operator @), acts as the derivation upon string
fields, satisfying

Q* =n5 = {Q,m} = 0. (2.23)
In virtue of this, the action (2.21) is invariant under the transformation of the form [26]
0G = g{(@e(_Lo))G + G(’I?()E(_Ll))} . (2.24)

Note that there are not one but two gauge parameters €_; ) and €_;,1). As the result
of the extension of the superstring Hilbert space, we have larger gauge symmetry in the
Berkovits formulation than in the Witten one. Furthermore, the two parameters are in
different pictures from each other. In the Witten formulation, all the NS string fields are
in the same picture, and the picture-changing operation is realized by X, whereas in the
Berkovits formulation, picture numbers of string fields are not fixed to the same value.
Nevertheless, as shown in ref. [13], the two formulations are related to each other: if we
perform partial gauge fixing in the Berkovits formulation, the resultant action and the
residual gauge transformation can be regarded as the regularized version of the action and
of the gauge transformation in the Witten formulation.

3 Partial gauge fixing in the Berkovits formulation

The two formulations of open superstring field theory introduced in the preceding section
may look completely different. They are, however, related to each other through partial
gauge fixing [13]. By fixing part of the gauge in the Berkovits formulation, we can show that
the free theories are equivalent; moreover, in the interacting case, the Berkovits formulation
can be interpreted as the regularized version of the Witten one. In the present section, we
review this relation. We first explain the basic idea of partial gauge fixing and demonstrate
the equivalence of the two formulations for the case of free theory in subsection 3.1. Then we
introduce in subsection 3.2 a one-parameter family of conditions for partial gauge fixing,
which is useful for the analysis of interacting theory. After that, in subsection 3.3, we
investigate the residual gauge symmetry under partial gauge fixing and explain its relation
to the Witten gauge transformation (2.18) in more detail and in a more sophisticated
manner than in ref. [13].

3.1 The basic idea of partial gauge fixing

Let us begin by reviewing the basic idea of partial gauge fixing. For this purpose, we
consider the free theories, showing their equivalence. The equation of motion in the free
Witten theory is given by
w
QUi 1) =0, (3.1)



and that in the free Berkovits theory is given by

QUO(I)(O,O) =0. (32)
Because the string field \I/gil) in (3.1) is in the small Hilbert space, it satisfies
WY ) =0. (3.3)
Using this equation and the identity
{607 770} =1, (34)

we can rewrite (3.1) as

0=QUY 1y =Q{, m}¥{ 1) =Qm(%¥] ). (3.5)

Therefore, for any solution \I/YYM) to the equation of motion (3.1) in the Witten formu-
lation, we have a solution §0\I/XM) to the equation (3.2) in the Berkovits formulation.
In fact, by the use of the gauge transformation, the string field @) in the Berkovits
formulation can always be brought to the form

Q0,00 =& Y(1,—1) with 7V, 1) =0, (3.6)

where W(; _q) is some string field depending on @ ). Indeed, in the free theory,® the
gauge transformation (2.24) reduces to

0P 0,0) = Q€(~1,0) + M0E(-1,1) » (3.7)

and therefore if we consider the transformation specified by

€-1,00 =0, €—1,1) = —P0,0), (3.8)

the resultant gauge transform takes the form

@ (0,0) +0P(0,0) = (1 = 1m0€0) P(0,0) = E0m0P(0,0) = E0¥(1,-1) » (3.9)
with
V-1 =1m0%0,0 - (3.10)
In this manner, setting ® g o) in the form (3.6) corresponds to fixing part of the gauge. The
condition for this partial gauge fixing is given by

foq)(o’o) - O . (311)

Under this condition, we can show also that in free theory the action in the Berkovits
formulation reduces to the gauge-invariant action in the Witten formulation. To see this,
let us start with the free Berkovits action

SB|g:0 = % (QP(0,0),m0%0,0)) = *% (D (0,0, Qmo®(0,0)) - (3.12)

8For the case of interacting theory, see appendix A.



When @ o) is written in the form (3.6), we obtain

. . )
- % (®(0,0), @MoP0,0)) = —% (€o¥,-1), Q¥ 1)) = —3 (¥a,-1),Q¥q_1y). (3.13)

(In the last equality, we have used the relation (2.14).) Thus (3.12) coincides with the free
Witten action under the identification

LZPER= (3.14)
In the above argument, we have only used the following properties of &j:

(9.p)=(-1,1), & =0, {&,m}=1. (3.15)

Therefore we may replace &y with a Grassmann-odd operator = satisfying

(g,p) = (-1,1), =2=0, {En}=1, (3.16)
and may consider the condition

The relation (2.14) is then generalized to
(A,B) =i(2A, B), {(A,B) =i(-1)"(A, EB) (VA,VB € Hman) (3.18)

and we can show the equivalence of the two free theories under the partial gauge fixing (3.17)
in the same manner as before, identifying W(; _1) = 1o®(g,0) in the Berkovits formulation
with \I’g—l) in the Witten formulation.

3.2 A one-parameter family of conditions for partial gauge fixing

In the preceding subsection, we examined only the free theories. To show their equivalence,
we did not have to specify the form of Z in (3.17). In the interacting case, however, the
choice of = becomes important. A particular type of = helps us to manifest the relation
between the two formulations. In the present subsection, we review such useful gauge
choices proposed in ref. [13].

We consider a one-parameter family of conditions for partial gauge fixing of the form

Exbpg =0 (0<\<o0). (3.19)

Here =) are operators defined by integrals along the counterclockwise unit circle C' centered
at the origin:

=) = 740 & (), (3.20)

with

ux(z) = (3.21)

z—ie™*  z—ieM’

As is explained in ref. [13], in the limit A — 0 we have

Ex=&(ie™) +0(N). (3.22)



From the viewpoint of the state-operator correspondence in the conformal frame on the
upper half-plane, the open string lies on the unit upper half-circle centered at the origin,
with its midpoint at z = i. Therefore, the operator =, approaches &4, the midpoint
insertion of ¢, as the parameter A tends to zero:

Ex = &mia (A —0). (3.23)
Furthermore, from (3.22) we obtain

Xy = X(ie ™)+ 0\, (3.24)
where X is the BRST transform of =j:

Xy = {Q,2)). (3.25)

Hence X becomes X,,iq, the midpoint insertion of the picture-changing operator, when A

goes to zero:
XA — Xmid ()\ — O) . (3.26)

We also note that =, are BPZ even:
bpz(Z)) = E,. (3.27)
3.3 Residual gauge symmetry under partial gauge fixing

The condition (3.19) considered in the preceding subsection eliminates the gauge degrees of
freedom in the Berkovits formulation only partially. Therefore, there remains residual gauge
symmetry even after the condition is imposed. In the present subsection, we investigate
the residual gauge transformation which preserves condition (3.19), which can be regarded
as the regularized version of the Witten gauge transformation (2.18), in more detail and
in a more sophisticated manner than in ref. [13]. For this purpose, it is convenient to
express (2.24) in terms of ® = @ o) rather than G. In order to perform this rewriting, we
introduce the adjoint operator adyse = gads, whose action upon a string field A is defined
by

adge(A) = gade(A) =g [P, 4]. (3.28)

This operator satisfies
e@dge A — exp(ag®)Aexp(—ag®) (Va e C) . (3.29)

From [®,G] = 0, for an arbitrary variation of ® we obtain

1

e 2925 [®,G] e 29 = ) (e2mg‘I> - e_%adﬂ)é@ = ¢ 29 (@, 0G] e 29®

1 adge -1
e 5@ =g l_eigadq@(G 5G) (330)

Therefore, the gauge variation of ® is given by

ad b -
5@ = 11— eiadgc} (e adgéQﬁ(,Lo) + 7706(71#))
adgCD —adgq>
= e 1 Y10 T S, e (3.31)

,10,



Now suppose that ® obeys condition (3.19). In order for the gauge transform of ® to keep
the condition, the variation (3.31) has to satisfy

E, 00 =0. (3.32)

Under this constraint, the gauge parameters €_; ) and €_; 1) are not independent any
longer. As a matter of fact, we can express 1pe(_y,1) in terms of ® and Qe(_; ¢ as follows.
Because the residual transformation satisfies (3.32), we have

M0E(—1,1) = NM0=A (7)06(—1,1) - 5<I>>

— adgcp *adgq;.
= —TNo=x [eadg@—qu_l’O) + <e—adgq>_1 — 1 |noe—1,1) |- (3.33)

This equation can be solved recursively in noe(_1 1), and we obtain

> ad " ad

- —adgd o

no€(-1,1) = — Z {770:,\ (eadg<1>g_1 - lﬂ M0=N adg:_ Qe €(-1,0)
n=0

_ —adgq> -1 _ adgq>
- — |:]_ + =N <e_adg<l>_1 - ].>:| o=\ m QE(_LO) . (334)

In the last equality, we have used the fact that the sum in (3.34) converges for small g

—_ _adg¢>
— o= <eadg<1> 1 1> (3.35)

because the operator

is O(g). Substituting (3.34) into (3.31), we find that the explicit form of the residual
transformation is given by

—adye —adye U\ adge
ores® = | 1— W L+ 1m0=x e e 1 3N | e 1 QG( 10 - (3.36)

Thus the residual gauge transformation in the Berkovits formulation is parameterized by a
single gauge parameter as the gauge transformation in the Witten formulation is. In fact,

the former can be regarded as the regularized version of the latter. To see this, we express
D as

==V, Ve, (3.37)

and consider the residual transformation in terms of the string field ¥ = 7y®, which will
correspond to \Ijg—l) in the Witten formulation. Expanding (3.36) in g, we obtain

dres ¥ = —Qnoe(—1,0) — %([\Pa (L4+n0Ex) Qe—1,0)] — [EnT, Qﬁoﬁ(q,o)]) +0(g%). (3:38)

Unlike the gauge parameter Az)(\)],—n in the Witten formulation, which is in the small Hilbert
space, the parameter €_; ) in the Berkovits formulation moves around the whole of the
large Hilbert space. Nevertheless, as shown in appendix B, without loss of generality we
may assume that €_; ) satisfies the condition

E)\ﬁ(_Lo) =0. (339)

— 11 —



Therefore, €_1 ) can be written as

€-1,00 = —=xA(0,-1) (3.40)

for some A _1) € Hman, and the A _y) is naturally related to the gauge parameter
in the Witten formulation. This can be seen as follows. First, we transform the term

(1 + UOEA)QE(fl,O) in (338) as

(1 +1m02x) Qe(—1,0) = —QErA(0,—1) — M0EAQEAA (0,—1) = —QENA(0,—1) — M0 XNEAA(_10)
= —QExA(0,-1) — oErA(0,-1) = —QErA(g,—1) — XaA(o,—1)
= —QXAA(O,,I) + :AQA(O,,I) . (3.41)

Here we have used the relations

{Q,Ex} =X\, (3.42a)

=3 =0, (3.42b)

[0, X2] =0, (3.42c)
M0ZErA©0,-1) = (1 = Zxm0) Ao,—1) = Ao,—1) - (3.42d)

Then, eq. (3.38) becomes

Ores ¥ = QAo 1) — %([‘1’, (—2X, + ExQ)A 01| + [E\T, QA(O,A)]) +0(g%). (3.43)

The point is that in the singular limit A — 0, the operators X and Z in (3.43) effectively
become the midpoint insertions X,,;q and &4, respectively, and we have

Sres¥ 229 QA1) +g([‘1f,XmidA(o,—1)] — [V, &miaQAo,-1)] — [ﬁmid\lf,QA(o,—n])
+0(¢%)
= QA1) + 9Xmia [V, Ao—1)] + O(g°). (3.44)
In the last line, we have used
(XmiaA) B = A(XwiaB) = Xmia(AB), (3.45)
(émiaA) B = (1) A(émiaB) = &mia (AB) (3.46)

for any pair of string fields A and B. It should be noted that the O(g?) term in (3.44) is
divergent. Apart from this O(g?) term, however, the last line of (3.44) precisely coincides
with the Witten gauge transformation (2.18) under the identification

U=U L Aoy AL ) (3.47)

Thus we find that in this singular limit, the residual transformation (3.38) is naturally
related to the Witten gauge transformation. We could say that the O(g?) term plays
the role of the counterterm. In fact, the Berkovits theory under the gauge (3.19) can be
regarded as the regularized version of the Witten one [13].
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4 Reducibility structure

In subsection 3.3, we have considered the residual gauge transformation under partial gauge
fixing of the Berkovits theory, manifesting its relation to the Witten gauge transformation.
Developing our analysis further, in the present section, we investigate more detailed gauge
structure called reducibility structure. The structure is important in that it governs quan-
tization procedure. For example, it determines whether the quantization requires not only
ordinary ghosts but also additional ghosts such as ghosts for ghosts.

We first explain the concept of reducibility in subsection 4.1, and illustrate reducibil-
ity structure with open bosonic string field theory in subsection 4.2. We then review
the reducibility structure of the Witten formulation in subsection 4.3, and explain that
of the Berkovits formulation in subsection 4.4. After that, in subsection 4.5, we exam-
ine the relation between the reducibility structures of the two formulations. We find
that the reducibility structure of the Berkovits formulation under the partial gauge fix-
ing includes, as a sub-structure, the regularized version of the reducibility structure of the
Witten formulation.

4.1 The concept of reducibility

In order to explain the concept of reducibility, let us consider a gauge system described
by a classical action S = S[p], which depends on a classical field ¢, and assume that the
action is invariant under gauge transformation of the form®

O — @+ 0. (4.1)

In the above equation, we have appended the subscript “ey” to the variation symbol § in
order to indicate that the variation is parameterized by e¢g. We use a similar notation in
what follows in the present subsection (and only in the present subsection). In general, if
we change the parameter ¢y as

€0 — €0+ 0¢ €0, (4.2)

with €; parameterizing the variation of €y, the form of d., changes accordingly. In some
theories, however, for some particular choice of d, €y, the gauge variation d,p is invariant
under (4.2) if we use the equation of motion

08
— =0. 4.
=0 (43)
For such 6, €, we have
be; (Oeotp) ~ 0, (4.4)

where the symbol “~” denotes the equality which holds if (but not necessarily only if) we
use the equation of motion. Furthermore, in complicated gauge systems, there exists also
a variation

€ — €1 +(5€261 (4.5)

9For simplicity, we consider a gauge system described by a single field ¢ and a single gauge parameter €.
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which keeps ¢, €9 invariant under the use of the equation of motion:
Oey (6e1€0) 0. (4.6)

In general, a gauge system is said to be N-th stage reducible if there exist a series of
parameters €, (0 < k < N) and a series of variations d.,ex—1 (0 < k < N; e_1 :== o)
which satisfy

ep (0ep 1€1—2) =20 (1<k<N). (4.7)

As we see in the following subsections, string field theory is infinitely reducible, with the
above NV infinity.

4.2 Reducibility structure of open bosonic string field theory

To illustrate reducibility structure, let us consider open bosonic string field theory [1], for
example. Its action takes the form

1
Shos = =5 (W1, QU1) — §(W1, Wy W), (4.8)

where V1 is a Grassmann-odd string field of world-sheet ghost number one. In what follows,
the world-sheet ghost number g of a bosonic string field is indicated by a subscript as in
V,. The BRST operator and the BPZ inner product in the Hilbert space of the bosonic
theory are denoted by the same symbols @ and ( , ), respectively, as in the Berkovits
formulation, for simplicity.

Let us first examine the free theory. The gauge transformation is given by

o0 = QAo . (4.9)

For convenience, we have appended the subscript “0” to the variation symbol §. The point
is that because () is nilpotent, dg¥; does not change under the following variation of the
gauge parameter:

01Ag=QA_1. (4.10)

Moreover, eq. (4.10) is invariant under the variation of the form
0oA_1 = QA_». (4.11)
In fact, there exists a series of variations of parameters. The n-th variation
OnA_(n_1) = QA (n >0; A= \Ill) (4.12)
is not affected by the (n 4 1)-st variation of the form
Ont+1A—n = QA_(541) - (4.13)

In other words, we have

St <5nA,(n,1)> —0  (n>0). (4.14)
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The Grassmann parity of A_,, is even (resp. odd) if n is even (resp. odd). Note that the
above equation holds without using the equation of motion. This is a feature of the free
string field theory. In the interacting theory, however, this is not the case. Let us next
see this.

By the presence of the interaction, the gauge transformation (4.9) is replaced with

ooV = QAo + g[\Ill, Ao] . (415)

Unlike the free theory, the interacting theory does not have a variation d;Ag which keeps
oWy strictly invariant. However, we find that the variation

6100 = QA1 + g{¥1, A1} (4.16)

does not change (4.15) if we use the equation of motion

5Sbos
0wy

=—-QV; —g(¥1x¥y) =0. (4.17)

Indeed we have

5Sbos
0w,

61(00¥1) = —g [ , Al} , (4.18)

which vanishes under the use of the equation of motion. Moreover, eq. (4.16) is invariant
under the variation

0oA_1 = QA_o + g[\pl, A_Q] (419)
if we use (4.17). In fact, if the equation of motion holds, the n-th variation in the interacting
theory

Ol _(n_1) = QA+ g[¥1, A} (n>0) (4.20)
with [, } denoting the graded commutator is not affected by the (n + 1)-st variation of
the form

5TL+1A777, - QA_(n+1) + g[‘ljl, A_(n+1)} (421)
because we have 55
bos
On+1 (5nA_(n—1)) =—g [ 50, A—(n+1):| : (4.22)

We thus find that the open bosonic string field theory is infinitely reducible. It should be
noted that it is because g is zero that in the free theory d,41 (5nA_(n_1)) exactly vanish.

4.3 Reducibility structure of the Witten formulation

As we have seen in subsection 2.2, open superstring field theory in the Witten formulation
has the problem of divergences caused by the collision of picture-changing operators. Apart
from such divergences, however, its reducibility structure is quite similar to that of open
bosonic string field theory. In particular, the structures of the free theories are exactly the
same. Indeed, the gauge variation

SoW Y 1y = QAL _y (4.23)
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in the free open superstring field theory does not change under the variation of the form

SIAf 1y = @AY, 4y, (4.24)
and the n-th variation
57’LA2A1(”,1),71) = QAEALTL,fl) (n Z 07 Ag,fl) = \I/E}Y,il)) (425)

is not affected by the (n + 1)-st variation

Thus we have
St (5,1A§X(n_1)7_1)) =0 (n>0), (4.27)

where the Grassmann parity of Aan,—l

Let us next consider the interacting NS-sector theory. In this case, there arise diver-

) Is even (resp. odd) if n is even (resp. odd).

gences caused by the picture-changing operator, but we examine formal gauge structure,
neglecting such divergences. In the interacting theory, the gauge transformation is given
by

60\112]{71) = QAY&,D + 9Xmid [\IJYYA), AYX,A)}- (4.28)
As in the case of the bosonic theory, the interacting NS-sector theory does not have a
variation (51A2’[\)’7_1) which keeps 50\1127}’7_1) strictly invariant. However, the variation

61A?)(\)],—1) = QA?YL—l) + ngid{‘llg,—lﬁA?—/l,—l)} (429)

does not change (4.28) formally if we use the equation of motion

55W W W W
Indeed we have g
o1 (50‘11877_1)) = —9Xmid [(S\I/W’ AXZ1,—1)] ; (4.31)

which vanishes under the use of the equation of motion if we neglect the divergence caused

by the Xpiq in front of the commutator and that in g—?v. Similarly, if we use (4.30), the

n-th variation
A 1)1y = QAY 1) + 9 Xmia [\PYY,_1>7A¥L,-1>} (n = 0) (4.32)
is not affected formally by the (n + 1)-st variation

1A 1y = QAP ey 1) + 9Kimia | 11y A 1) } (4.33)

because we have

05w ] . (4.34)

w
On+1 (5nA(_(n_1),—1)> = —9Xmid |:5\1;W’ A(—(n+1),—1)
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4.4 Reducibility structure of the Berkovits formulation

Now that we have examined the reducibility structure of the Witten formulation, let us

next consider that of the Berkovits formulation. Here we will review the structure before

partial gauge fixing, following refs. [15, 27]. As we will see, the Berkovits theory, also, is

infinitely reducible.

Let us begin by analyzing the free theory. The gauge transformation in the free theory

is given by
00® = Qe1,0) + M0E—1,1) -

In the matrix notation, this can be written as
6(71»0)
6o® = {Q 770} [ ] :
6(7171)

In virtue of the relation

Q —770 {Q,m0} =

eq. (4.36) does not change under the variation of the form

5, |10 _ [@mo 0 Zf“)
= 21
6(_171) O Q T]O € )

(_212)

Moreover, eq. (4.38) is invariant under the variation

€(-3,0

€(—2,0) @m0 00 5E73 1;

o2 [e—2y| = [0 @ mo O » 3’2)
€(-22) 00 @ml |¢ .y

In fact, there exists a series of variations of parameters. The n-th variation

€(=n0) Qm (O [ emino
On, : =n+1 : (n>0)
€(=n,n) 0 @ Lecmmm
n+2
with
6(070) = q)

is not affected by the (n + 1)-st variation of the form

€(—(n+1),0) Q@m (| [ e-mi20
6n+1 =n+2 ’ :

E(=(n+1),n+1) O Q no | LE(—(n+2)n+2)

n+3

,17,
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(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)
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In other words, we have
6(7n»0)
On+1 | On : =0 (n>0). (4.43)
6(_n7n)

The Grassmann parity of ¢_, ) (0 <m < n) is even (resp. odd) if n is even (resp. odd).
As in the case of the free Witten theory, the above equation holds without the use of the
equation of motion.

Next let us consider the reducibility structure of the interacting theory. For this
purpose, it is convenient to introduce the deformed BRST operator [27, 28]

Q = e e Qerdoe (4.44)

This operator is nilpotent as @ is:
Q°=0. (4.45)

However, it does not anticommute with ng: for an arbitrary string field A, we have

{Q.no}A=—ig? 5% 4 (4.46)
' G ' ’

The right-hand side is proportional to the derivative of the action'®

598 i 1 1

—_— == - - 4.4

5o = am(@ea) (147
and therefore we obtain

{Q,m} ~0. (4.48)

In order to investigate the reducibility structure, we start from the following form of the
gauge transformation (see (3.31)):

adgq>

o = L

(e—adg¢‘Q€(_170) + 7’]06(_1@)). (449)

Unlike the free theory, the interacting theory does not have a variation of the gauge pa-
rameters which keeps 0o® strictly invariant. Eq. (4.48) tells us, however, that the variation

a € 7270)
€(-1,0 Q o2y, 0 (
6(_171) 170 6(,272)
does not change (4.49) if we use the equation of motion
558 5SB
—_— — ] =0. 4.51
3G (OC 5 ) 0 (451)

For the derivation of (4.47), see ref. [26] for example.
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Indeed, noting

61(Qe—10)) = Q(d1e(—10)) = Qead"q’ﬂoﬁ(—z,l) ) (4.52a)
81 (moe—1.1y) =m0 (d1e_1.1)) = M0Qe(_a.1) (4.52b)
we have
d
31 (00®) = 1_173;@ (e*ad‘]%l(Qﬁ(fLo)) + 01 (7706(71,1))>
d
= L Qe (4.53)

Furthermore, eq. (4.50) is invariant under the variation

€(~2,0) Q eazny 0 0] |30
’ ~ €
O |2y =0 Q@ m O 6( ) (4.54)
€(-2,2) 0 0 Q@m E 32;

if we use (4.51). In fact, if the equation of motion is satisfied, the n-th variation in the
interacting theory

_Q eadg<1>770 O
€(—n,0) @ o €(—(n+1),0)
On : =n+1 o : (n>1) (4.55)

€(—n,n) ' ~' €(—(n+1),n+1)
0 Q o

n+2
is not affected by the (n + 1)-st variation of the form
_Q eadg¢n0 O

€(—(n+1),0) Q €(—(n+2),0)
On+1 : =n+2 o : . (4.56)

€(—(n+1),n+1) O ' ~' €(—(n+2),n+2)

Q Mo

n+3
Note that in the first matrix on the right-hand side of (4.55), the first row contains @ (not
Q) and e*d92y, whereas the others contain @ and 7.
4.5 Relation between the reducibility structures of the two formulations

In the preceding subsection, we have explained the reducibility structure of the Berkovits
formulation before partial gauge fixing. There, starting from (4.49) with the two gauge
parameters independent, we have obtained a series of the variations (4.55), which satisfy

6(7n»0)
st [0 | ~0 (n>0). (4.57)

6(_n7n)
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For example, the variations 1¢(_; gy and d1€(_1 1) are given by (see (4.50))

(516 QE ~2,0) + e* 94’7706( 2,1) s (4.58a)
dre(— Q€ —2,1) T 10€(-2,2) - (4.58b)

If once the partial gauge fixing is performed, however, the parameters € _; ) and €_y ;) are
not independent any longer: np€(_y,1) can be expressed in terms of Qe ) as in (3.34).
Hence the reducibility structure is altered. In the present subsection, we will investigate
how it is altered by the partial gauge fixing, and show that it includes, as a sub-structure,
the regularized version of the reducibility structure of the Witten formulation. Before
beginning the analysis, let us summarize below the results to be obtained, in order to
clarify the direction in which we are going.

1. The residual gauge transformation (3.36) is parameterized only by €_; ), so that
€(—1,1) disappears from the reducibility structure. Then, this disappearance entails
the disappearance of €_p ). In fact, if a parameter €_j, (n > 1) disappears from
the reducibility structure, so does €_ (41, n41): in (4.55), the parameter €_(, 11, n41)
appears only in the variation

On€(—nm) = Q€(—(nt1),n) T M0E(—(nt1),nt1) » (4.59)

and therefore the disappearance of €_,, ,) entails the disappearance of €(_(,,41), n+1)-
Hence, under the partial gauge fixing (3.19), all the parameters of the form €_,, ;)
(n > 1) disappear from the reducibility structure. Therefore, instead of (4.55) we
obtain

_Q eadg<1>770 O
€(—n,0) Q“ o €(—(n+1),0)
On : =n o : (n>1). (4.60)

€(—nn-1) - €(—(nt1)n)
0 Q o]

nIl
2. Extending condition (3.19), we consider the following restriction:
E)\E(—n,()) =0 (VTL > 0; 6(070) = CI)) . (4.61)

Just as €_py,) (n > 1) disappear from the reducibility structure under condi-
tion (3.19), many of the parameters €(_,, ) (0 < m < n) disappear under the above
restriction. In fact, the reducibility sub-structure specified by (4.61) is described only
by €(_n0) (n > 0). Expressing them as

€-n0) = (D" ExA_n-1)—1y  with A _1),—1) € Hman (4.62)

we find that A(_(,_1)_1) are counterparts of A( (n—1),-1) in (4.32) and the sub-

structure can be regarded as the regularized version of the reducibility structure of
the Witten formulation.

— 20 —



Now let us confirm the above. We first investigate how the reducibility structure is
altered by the partial gauge fixing (3.19). For this purpose, it is convenient to start from
the following form of the residual gauge transformation:

adgq>
1— e—adgq>

So® = (e*adg‘bQE(fLo) + 7706(71,1)) ; (4.63)

with no€(_1,1) depending on Qe_; gy as in (3.34). Here and in what follows, we append a
hat to a variation symbol when we consider a variation under the partial gauge fixing. In
order to find the variation d1€_ o) which satisfies the reducibility relation

51 (50®) ~0, (4.64)
let us try performing on €_; oy the transformation

S1€(~1.0) = Q€(-2.0) + €™ 0€(_2,1) (4.65)

as in (4.58a). Then, through the relation (3.34), no€(_y,1) is transformed accordingly,
with its variation 5Al (7706(_171)) different from (4.52b); hence (5Al (g()(I)) does not coincide
with (4.53). Nevertheless, eq. (4.65) does lead to the desired relation (4.64). The point
is that the variation &; (7706(,1’1)) induced by (4.65) and the ¢&; (’1706(,171)) in (4.52b) is
effectively the same:

31 (moe11y) = &1 (noe_11) - (4.66)
In virtue of this relation, we obtain
~ ad Cadoa ~
(51 ((SOCI)) = 1—673(1;(1!@ (e dg‘i’él (Qf(—l,o)) + (51 (?706(_171))) >~ (4.53) ~0. (4.67)

We can indeed confirm (4.66) as follows, using eqs. (3.34), (4.65), (4.52b), and (4.48):

o1 (noe—1,1)) — d1(noe—1,1))
[ — —ad9q> 11 — adgq> d ~
=[S (—ml B 1) MEN G,y 7 @ Moe(—2,1) — M0Qe(—2,1)
- 1-1
o — —adgq> — —adgq> ~ ~
== _1 + o= (ez_adg‘1>—1 - 1)_ 0=\ m@%ﬁ(le) - UOQ€(—2 1
- 1-1
— _adg(b _ —adgq> ~ ~
~ — |1+ 1=y (W - ) MEN e 1Q7706(_2,1) + Qno€(—2,1)
—adge ~
= [1 + 770~,\< —d q)g 1)] EAnoQMo€(—2,1)
~ 0 ( nQno ~ —Qnj = ) (4.68)

We thus find that the variation (4.65) is of an appropriate form. Because the parameters
€(—2,0) and €(_9 1y in (4.65) are independent, we can continue the analysis on the reducibility
structure in exactly the same manner as in subsection 4.4. The result is that the expres-
sion of the n-th variation is the same as (4.55) except that the parameters €_,, ) and
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€(—(n+1),n+1) do not appear:

R €(—n,0) Q o €(—(n+1),0)
On, : =n o : (n>1). (4.69)

€(—nn—1) o €(—(n+1).m)
0 Q@ o]

n+1
Thus all the parameters of the form €_, ) (n > 1) has disappeared from the reducibility
structure, and we have

€(~—n,0)
Sntt | On : ~0 (n>0). (4.70)
€(—n,n—1)

Having examined the reducibility structure under the partial gauge fixing, let us next
show that it includes, as a sub-structure, the regularized version of the reducibility struc-
ture of the Witten formulation. For this purpose, we restrict €_; )y within the subspace
where (3.39) holds, as we did in subsection 3.3. In fact, as will be explained, we can
impose the same restriction on all the parameters of the form €, o) (n > 1). Just as
the condition (3.19) for partial gauge fixing entails the elimination of €_,, ,) (Vn > 1)
from the set of independent parameters describing the reducibility structure, the condi-
tions Exe_10) = 0, Exe_29) = 0, Exe_309) = 0, and so forth eliminates respectively
the parameters € _,,—1) (V0 > 2), €_nn-2) (V0 > 3), €_ppn-3) (Vn > 4), and so
forth. Then what remains in the end is €¢_, ) (n > 0) with Exe_, 0 = 0. Express-
INg €(_n,0) a8 €(—n,0) = (—1)"EXA(_(n—-1),—1), We find that A(_,,_1) 1) are the counterparts
of AFK (n—1),—1) in the Witten formulation. In the rest of the present section, we will confirm
this argument.

First, let us investigate the consequence of the condition

E)\G(,Lo) =0. (471)

Under this condition, the parameter €_, ;) in (4.65) is not independent of € _5 o): in order
for the transform of €_; o) to stay in the space in which (4.71) holds, the variation (4.65)
has to satisfy

EA(glf(—LO)) =E) (QE(—2,0) + eadgénoﬁ(—zl)) =0. (4.72)

This equation can be solved as follows, in the same manner that we used to obtain (3.34).
From (4.72), we have
N0E(—2,1) = MoEA (7706(_2,1) - 516(_1,0)) = —10=x [QG(_ZO) + (etdsw — 1)7706(_2,1)} . (4.73)

Solving this equation recursively, we obtain

[ee)

Mo€(—2,1) = — Z [—noEx(eadg“’ - 1)} N0EAQ€(—2,0)
n=0
1
= - [1 + o= (ede? — 1)} N0=EAQE(—2,0) - (4.74)
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In the last equality, we have used the fact that the sum in (4.74) converges for small g
because the operator

— o= (e*o® — 1) (4.75)

is O(g). We thus find that noe_y ;) can be expressed in terms of Qe(_s (), and that the
explicit form of (4.65) under the constraint (4.72) is given by

(ﬁub = Q¢(—g) + € 94}7}06( 2.1)

-1
- (1 — edge {1 + 7705,\(eadg<1> _ 1)] UOEA> Qe(—2,0) - (4.76)

Here and in what follows, the “sub” on the variation symbol indicates that we consider
Ssub

the reducibility sub-structure specified by (4.61). In order to find the variation 05 €(—2,0)
which satisfies the reducibility relation

B (8¢ 1)) ~0, (4.77)
let us try performing on €_5 oy the transformation
(SSUb QE —-3,0) + e® qq)?]oﬁ(,g’l) (478)

as in (4.69). The point is that just as (4.66) holds, the variation g;‘Ib (7706(_271)) induced
by (4.78) through the relation (4.74) is effectively the same as 59 (nOE(_Q,l)), which is ob-
tained directly from the equation

8\26(—2,1) = C56(—3,1) + M0€(-3,2) (4.79)
n (4.69):
03" (moe(—2,1)) = 02 (moe(—2,1)- (4.80)

The proof of (4.80) goes along the same lines as that of (4.66). It follows from (4.80) that
we have

(e 1) = B3 (Qe-a) + e (e o)
~ 55 (Qe(_a0)) + €003 (10e(_a.1)) = ™4 {Q, o} €51y ~ 0. (4.81)
Thus (4.78) provides the desired relation (4.77) even under the constraint (4.71). In this
manner, the parameters €_, 1) and €_39) have vanished from the set of independent pa-
rameters describing the reducibility structure up to this stage. As can be seen from (4.69),

this vanishment entails the vanishment of € _43), €_54), €—¢5), and so forth. Indeed,
in (4.69), a parameter €_(, 1), ,) appears only in the variation

8\ne(fn,n 1) QE (n+1),n— 1)+7706( (n+1),n) » (482)

and therefore if the parameter €_,, ,_1) (n > 2) vanishes from the reducibility structure,
so does €(_(n41),n)- Hence, as a consequence of condition (4.71), all the parameters of the
form €_p, 1) (Vn > 2) disappear from the reducibility structure.
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Next let us consider the condition
E)\G(72,O) = 0, (483)

which can be realized by the use of the degree of freedom of the transformation (4.78).
Under this condition, the parameters €_3 ) and €_3 1) in (4.78) are not independent any
longer. Because the structure of (4.78) is exactly the same as that of (4.65), we can express
No€(—3,1) in terms of Qe(_3 ), following the same argument as before. This time, through
the condition (4.83), the parameters €(—3,1)» €(—4,2), €(—5,3), and so forth are eliminated from
the set of independent parameters. We can proceed our argument in this manner, and in
the end we obtain the reducibility sub-structure described only by the parameters €_, o)
(n > 1) with

Ex€(cn0) =0 (Vn>1). (4.84)

The variations of these parameters take the same form as (4.76):

~ -1
O e(n0) = (1 = et |1y (e — 1)) noEA) Q€(~(n+1),0)

= —EXQN0€(—(nt1),0) — I=A [770@, UOEAQE(—(n—H),O)} +0(g%), (4.85)
with
(0 e npy) 20 (n>0). (4.86)

In virtue of the relation (4.84), the parameters €_,, o) can be expressed as
€(—n,0) = (=" ExA(—(n-1),-1) (4.87)
for some A(_(,—1),—1) € Hman- Substituting (3.37) and (4.87) into (4.85), we obtain
BPAC 1)1y = QA1) + [T, A1y} +O(g?). (4.88)

In the singular limit A — 0, eq. (4.88) coincides with (4.32) except for the O(g?) term,
under the identification

2Oy g, Ay =AY, ). (4.89)

Because the reducibility sub-structure (4.85) of the Berkovits formulation has no singularity
for X # 0, we conclude that it can be regarded as the regularized version of the reducibility
structure of the Witten formulation.

5 Master action in the Batalin-Vilkovisky formalism

Quantization of complicated gauge systems such as string field theory is often performed
with the Batalin-Vilkovisky (BV) formalism [16-19], which is an extension of the BRST
formalism. In this formalism, the most important process for gauge fixing is construction
of the master action, or the solution to the classical master equation. The equation is
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an extension of the Ward-Takahashi identity, and the point is that given a reducibility
structure, we can in principle construct its solution. Taking this into account, we expect
from the result in subsection 4.5 that the master action in the Berkovits formulation will
be related to that in the Witten formulation. In the present section, we will show that it
is indeed the case: the former reduces to the regularized version of the latter after partial
gauge fixing.

Because superstring field theory in the Witten formulation has the same structure as
bosonic string field theory [1], apart from the problem of the picture-changing operator, we
can easily obtain its master action SV formally as in the bosonic case [29]. It is given by

SY = G QEY) — (B Kuia(2 < 2)), 51)
where s
oW Z WEN’_l) . (52)
g=—00

Here the \P&/,—U with g < 0 are ghost fields, and those with g > 2 are antighost fields.!!
All of these ¥’s are Grassmann odd. Note that if we neglect the divergences caused by
the picture-changing operator, the above action (5.1) is indeed a solution to the classical
master equation of the form

SpSW 6, SV
> (o )0 o

n<1 (n,—1) (3—n,—1

where dr and 7, denote the right and the left variation, respectively. We will demonstrate
that the master action in the Berkovits formulation reduces to the regularized version
of (5.1) after we perform partial gauge fixing and integrate out auxiliary components.

5.1 Relation between the master actions in the free theories

Let us begin by considering the free theories, in which the coupling g is equal to zero. In
this case, the master action (5.1) in the Witten formulation becomes

Sl =8| = (@Y Qu"), V= SR (5.4)
P

Noting eq. (2.12), we can rewrite this as

Sitad = isﬁv, (5.5)
n=0
with

8Y = 5%,y =5 (. Qul ), (5.6a)
Sy ==V, QU ) (=1 (5.6b)

11n the present paper, we will not distinguish antighosts and antifields in the BV formalism for simplicity.
In the language of the BV formalism, we will consider only a gauge-fixing fermion such that antifields of
minimal-sector fields are identified with antighosts.
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The free master action Sunad in the Berkovits formulation is given in ref. [15]:

quad - ZS (57)

with
i
SP = 5B|g:0 = -3 <‘I’(0,0), QUO(I)(O,O)> ) (5.8a)
n—1
n=i Z<q)(n+1,—m—l)a QP (—pm) + M0P(nmt1y)  (R>1). (5.8b)
m=0

Here ®(_, ) (1 <n,0 <m < n)are ghosts, and ®(,, 1 _) (1 < m < n) are antighosts. All
the ghosts are Grassmann even, whereas all the antighosts are Grassmann odd. The master
action (5.7) is a solution to the classical master equation in the Berkovits formulation of

the form [28§]
Z Z< OnS” 015" > =0. (5.9)

=0 m—0 5(I)(n+2 —m—1)

Furthermore, as explained in ref. [25], it is invariant under the transformations bellow:

0P _pm) = QA (nt1),m) + M0A(—(n41),m+1) (0<m<n), (5.10a)
5% 5,_1) = QoA (o) (5.10D)
0P (ny1,-1) = QA(n—1) (2<n), (5.10c¢)
0P (i1,—m) = M0A(n,—(m—1)) + QA(n,—m) 2<m<n-1), (5.10d)
0P (nt1,—n) = M0N(n,—(n—1)) (2<n), (5.10e)

where A’s are gauge parameters. In the rest of the present subsection, we are going to show
that Sunad reduces to S}ﬁad under partial gauge fixing for the above symmetry, which is
an extension of the original gauge symmetry (4.35).'2 In fact, each 82 (n > 0) reduces to
Snw . For showing this, it is convenient to decompose @4 ) as follows:

(I)(g,p) = {7707 E)\}Q(g,p) = q)Eq,p) + E)\q)(:‘gﬂ)) 5 (511)

with

(I)(_g p) — 0= P(gp) Pgp) = M0%gp) - (5.12)
The string fields @(g ) and <I>(g p) Are in the small Hilbert space. Note that the subscript
(g, p) on them is simply carried over from P (g,p) and does not indicate the ghost numbers

and the picture numbers of <I>(_g p) and &= ) We impose the following conditions for partial

(g.p
gauge fixing:

Ekq)(fn,m) =0 (O <m< n) s (5.13&)
E/\(I)(n+17_m) =0 (2 <m< n) s (5.13b)

12Note that the relation between the completely gauge-fixed free actions have already been manifested in
ref. [15].
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or equivalently
(0<m<mn), (5.14a)
D(ni1—m) = EA®iur1,m (2<m<n). (5.14b)

It should be noted that this set of conditions coincides with a subset of the conditions for
complete gauge fixing of the free master action considered in subsection 2.2 of ref. [15],
merely by replacing Ey in (5.13) with &.

We have already learned in subsection 3.1 that SE reduces to S§¥ under the condition

E')\(I)(O,O) == 0 (515)

Therefore, what we have to show in the present subsection is the reduction of 82 to &YW
for n > 1. Let us first consider the action

SP = i<‘1’(2,—1), QP10) + 770¢’(—1,1)> = i<‘1’(2,—1)7 Q@(—1,0)> +1 <<I’(2,—1), 770‘1’(—1,1)>-
(5.16)
As can be seen from (5.13), the field P(3,1) does not submit to any constraints, whereas
®(_1,0) and ®(_1 1) are subject to the conditions

‘E/\(I)(—I,O) =0, E)\(I)(—l,l) =0. (517)
Noting (2.16), we find that the second term on the rightmost side of (5.16) becomes

(P (o,—1), MP(—1,1)) = 1 (EAPG 1) O 1) - (5.18)

Because (I>(7171) appears only in this term, it acts as a Lagrange multiplier field which
imposes

oG ) =0. (5.19)
After integrating out <I>(E_1 1) the action ST therefore reduces to
B _ /& = &= - = & = =
St = 1<(I’(2,71)7 Q:A‘I)(—l,o)> = 1<<I>(2771), X/\q)(—l,o)> - 1<®(2,71)’ :AQ®(71,0)>
= —i<<I>(*27_1), EAQQ(E_LO)> = <<<1>(*27_1), Q@%_LO)». (5.20)

In the third equality, we have used (2.16): both <I>(_2 1 and XA<I>(E71 o) are in the small
Hilbert space (note (3.42c)), and therefore <<I>(_2

1y X,\¢>(571,0)> is zero. The action (5.20)
thus coincides with S}V under the identification

. o W = ~ W
(I)(?,fl) =-Yo P10 = Y01 (5.21)

Next we consider the action 8. It takes the form
83 =10, 1), QP(-20) +MP(-2,1)) +1(P(3-2), QP(-2,1) + MP(-22))

=1(®3_1), QP20) + MP(_21)) 1 (P _2), QP_21)) +1(P3_2), N0P(_2,2)) -
(5.22)
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The field ®(3 _1) does not obey any conditions, but the others do:
‘E)\CI)(fQ,O) = 0, E)\(I)(fZ,l) =0 s E)\(I)(,Zg) =0 s (5.23&)
Ex®3,_2)=0. (5.23b)
Noting (2.16), we realize that the last term on the rightmost side of (5.22) becomes

H(P(3-2), MP(—22)) = 1 (EAPE gy 7 09)) - (5.24)

Because <I>(_272) appears only in this term, it acts as a Lagrange multiplier field imposing
<I>(:37_2) =0. (5.25)

This constraint, together with (5.23b), means that ®(3 _) should vanish:

@(37_2) - 0 . (526)
Therefore, after we integrate out <I>(E_2 2y the action 8F reduces to
S2B =1 <CI)(3’71), Q(fb(fz’o) + T]()(I)(72’1)> = i<q)(3’,1), Q(I)(7270)> +1 <®(3,71)7 n0®(72,1)> .

(5.27)

This is similar in form to (5.16): the fields ®3 1y, ®(_g), and ®(_5 1) in (5.27) correspond
to @5 1), P(_1,0), and P19y in (5.16), respectively. Consequently, the argument goes

along the same lines as before: <I>(7271)

acts as a Lagrange multiplier which imposes

oG ) =0, (5.28)

and after integrating out @(_2,1) we obtain

B - E
S; = (P 1), QP 50))- (5.29)
This action coincides with Sy under the identification

)T Ve Pl T Y- (5.30)

(:;272)
= 0. Integrating out this field,

The process of the reduction of S5 to 8 can be summarized as follows. First, ®
acts as the Lagrange multiplier which imposes @(537_2)
we obtain the reduced action which has the same structure as SP. Then, @?7271) acts
as the second Lagrange multiplier which imposes (I)(:&—l) = 0, and finally we obtain the
completely reduced action (5.29). In fact, for the case of S5 (n > 1), the situation is the
same: the field @(E_mn) in (5.8b) acts as the Lagrange multiplier imposing <I>(En ) = 0.
We first integrate out this field, and obtain the reduced action of the same structure as

SﬁB_l. Then in this reduced action, q)(E—n,n—l) acts as the Lagrange multiplier imposing
<I>(:n H—(ne1)) = 0. Integrating out that, we obtain the action of the same structure as
85’_2. Continuing this process, we find that the fields <I>({n’n), @fﬁnynil), ceey <I>({n71) are
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integrated out as Lagrange multipliers eliminating (I)(En+1 ) <I>(En+1 (1)) CID(EnH _1y

respectively. In the end, only the fields CIJ(Ein 0) and <I>(_n +1,-1) survive, and we achieve the

completely reduced action

SE = <<q)(71+1,—1)’ Q(I)(E—N,O)>>7 (5.31)

which coincides with (5.6b) under the identification

I

A\
_\Ij(

iy a0 =y (5.32)

(I)(TL+1,—1)
5.2 Relation between the master actions in the interacting theories

Now that we have confirmed the correspondence of the master actions in the free theories,
let us next manifest the relation between the interacting theories. Unlike the Witten
theory, the Berkovits theory remains regular even if the interaction is present, being free
from the midpoint insertion of the picture-changing operator. In fact, the master action
in the Berkovits formulation, 8B, can be interpreted as the regularized version of that in
the Witten formulation. In particular, in the singular limit A — 0 of the partial gauge
fixing (5.13), the action 8B, which is non-polynomial, reproduces the formal cubic master
action (5.1) up to O(g?) terms. (The deviation will play the role of the counterterms for
canceling the divergences in the Witten formulation.) For showing this, it is sufficient to

B

examine the cubic term & of the master action, which are of order g, as well as the

cubic
quadratic term Sguad.l?’
Before moving into the investigation of SCBubiC, it is helpful to review what we have

B
quas

(1 <m <n)in 8B acts as the (n + 1 — m)-th Lagrange multiplier imposing

learned from the analysis of S
‘I)E

(777,,171)

q in the free theory. In the preceding subsection, the field

0 =0  (1<m<n), (5.33)

After integrating out all of these Lagrange multipliers one by one, only the fields <I>(_n70)

and <I>(*n+17_1)

P(n11,—m) (1 <m < n), with the survivors corresponding to \I/?Ynﬂ’il) and _\IIYXH,—U in

the Witten formulation. As we will see, the interacting theory succeeds to this structure,

survive out of the ghosts ®_,, ) (1 <n,0<m <mn)and the antighosts

with the right-hand side of (5.33) receiving O(g) correction:
®C1 oy =0(9)  (1<m<n). (5.34)

In the process of the reduction of the master action Sguad + S?ubic, these O(g) corrections
include terms involving fields which do not appear in the completely reduced action in the
free theory. However, substituting the relations (5.34) themselves back for these fields, we
will find that such extra terms are of order g2, and therefore they can be neglected in our
analysis. We will obtain in the end the completely reduced action described only by the
fields @%70), (I)(:—n,O) and <P(_n+17_
subsection, we confirm what we have summarized above.

1 (n > 1) as in the free theory. In the rest of the present

13The complete form of the master action in the Berkovits formulation has not yet been obtained, although
several attempts have been made [27, 30].
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The complete form of the cubic terms of the master action in the Berkovits formulation,

SB

cubic’
to one another through canonical transformations in the BV formalism.' They can in

was first shown in ref. [28], but there are many other expressions which are related

general be divided into four types of term as follows according to the numbers of ) and
o [27]
Somic =80, +S0+ 8, + 8k, (5.35)

cubic

where Sgn, SB, 85’, and 81% are the terms with one @ and one 7, with one @ and no 7,
with no @ and one 79, and with no ¢ and no 7, respectively. In fact, Sgn is exactly the
cubic term in the original action S®:

Sgn = %9 <770‘I’(0,0) ) [‘I’(o,o)a Qq’(o,o)]> . (5.36)

Furthermore, the form of 8]]%, is uniquely determined as

S% =iy Z Z <q)z<n1+2,fm171) >(kanr2,fmzfl) ) q)(*"1*n2*27m1+m2+1)> ) (537)

n1,n2=0 0<mi<n
0<ma<na

(For the proof of the uniqueness, see ref. [27].) Here and in what follows, we append the

superscript “x” to antighosts for convenience, and consequently <I>(En +1,-m) and <I>(;L 1—m)
(I < m < n) will be written as (I)zﬁrilﬁm) and @?;Hﬁm), respectively. The degrees of

freedom of canonical transformations in the BV formalism are reflected in Sg and S,I?.

Among many different expressions of Sg and 82, in the present paper we will use the

77 )
following one [27]:

o0 n

SH=—ig)_ <<I>>{n+2,7m71> » P(—n—1,m) (Q¢<o,0>)>
n=0 m=

- igz Z <(I)z<2+k;+a+b,—1—k—b) » P-1-a-, b)(Q‘I’(—k,k))>’ (5.38)

—ig> > <‘I’?2+k+a+b,—1_b), (n0q>(—k,0))q)(—1—a—b,1+b)>' (5.39)
k=1 a,b=0

The advantage of this choice is that SZ ;. does not include terms quadratic in an auxiliary
field %

Cnm) (1 <m < n). In fact, at any step of the reduction process, a descendant of

" The sum of Sunad and SB,;. satisfies the master equation (5.9) in the following sense:

L O 6r(8 g + SBiie) 01 (8Bma + 8B
ZZ< R( quad+ CublC) L( quad+ Cllblc)>:0(g2).

5®(7n,m) ’ 6q>(n+2,7m71)

n=0m=0
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Sc]?uad +S}c3ubic does not include such terms as long as we neglect O(g?) terms. Therefore we
can treat the auxiliary fields simply as Lagrange multipliers as in the free theory analysis.

Our strategy for investigating the relation between S® and SV under the condi-
tions (5.13) (or equivalently (5.14)) is as follows. First, we pick up from 8B, + 8B

quad cubic
(n > 1), which imposes a

(:_n»n)
) and then integrate out all of these multipliers. Next, from the re-

the terms including a first Lagrange multiplier field ¢
constraint on <I>’(“§ o
sultant action, we pick up the terms including a second Lagrange multiplier field ®

(:fn,nfl)
and then integrate out these multi-

*=

(n+1,—(n—1))’
pliers. Continuing this process, we lastly obtain the completely reduced action of SB, and

(n > 2), which imposes a constraint on ®

compare it with SW.
Following the above strategy, let us begin by examining the terms including a first
Lagrange multiplier field &% ) (n>1):

(—n,n
i <(I>>(kN+17—n)’770q>(—mn)> ) (5.40a)
—ig Z <(I)>E2+n+a+b,flfnfb)(b(—l—a—b, b) s Qq)(—n,n)>a (5.40b)
a,b=0

o0
- ig<(I)>(‘(n+17 —n) (an)(0,0)) > (I)(—n,n)> —1g Z:<(I)>€n+k+17 —n) (noq)(—k70)) ’ (I)(—n,n)> ) (540C)
k=1
where (5.40a), (5.40b), and (5.40c) are the contributions from Sunad, Sg, and SS, respec-
tively. There are no contributions from Sgn and S%. Using the decomposition (5.11),

the conditions (5.13), and the BPZ evenness of =), we can express the sum of the above

terms as
: <Ekq’?§+1,fn) 7 ‘I’<Efn,n)> —1g <EAZ Q( @+ntath,—1-n-t) P(-1-a-, b)> ’ ¢(E”’")>
a,b=0
B lg<E/\ <(I)>(kn+17 —n) (770(1)(0,0)) + Z q)z(nJrkJrl, —n) (noq)(—k70))) ) q)(:n,n)> : (541)
k=1
Thus we find that <I)(E_n n) imposes the constraint
q)?irl»*n) = g Mo=x [ Z Q( (2+n+atb, —1-n—b) P(~1-a—b, b))
a,b=0

+ 01, ) (M P(0,0) + Z Ol (0P | +0(6Y)  (n>1),

k=1

(5.42)

where the factor np=) acts as a projector into the small Hilbert space. Applying this
constraint to the fields ® and @’{n 41, )
of (5.42), we have

(1)2(2+n+b,—1—n—b) = O(g) ) (543&)

>((<n+17 —n) — ”71(I)>(k2_’,1) + E)\q)?erl,,n) = 571,1@)(2_771) + O(g) . (543]3)

2‘2 b, —1—n—b) which are on the right-hand side
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Here and in what follows, the symbol 6, ,,, denotes the Kronecker delta:

1 for n=m
S = . (5.44)
0 for n#m

(In the first equality of (5.43b), we have used (5.14b).) Substituting these back into (5.42),

we obtain

>(k§+1,— = g1M0Ex [ZZQ( (24n+a+b, —1—n— b)q)(—l—a—b,b)>

a=1 b=0

+001®05 1y (M020.0) T D Plusit,—n (WP k0)) | +O(g*)  (n21).

k=1

(5.45)

Note that the range of the summation for a got narrower: the index runs from one, not
zero. As can be seen from (5.45), after the Lagrange multiplier <I>(57n n) is integrated out,

cubic terms including ®*= ( n) become O(g?) and can be neglected in the present analysis.

n+1,—

Instead, part of the quadratic term 1<<I> ,QCI'(_n7n_1)> in Squad contributes to terms

(n+1,—
of order g. Indeed we have

i<‘1’?n+1,_n) » Q¢(—n,n—1>> = i5n71<f1’2‘5,_1) ) Q‘I’<—1,0>> +i <5Aq>?§+1,_n) : Q¢<—n,n—1)>
(5.46)
with egs. (5.14) and (5.45) imposed, and the second term on the right-hand side is of
order g.
Next let us examine the terms including a second Lagrange multiplier field ®(_,, ,,_1)
(n > 2). Among these terms, those in Sg do not contribute in the present analysis because
they are of order g owing to the constraint (5.45). Below is what can be relevant:

i < ?n—l—l,—(n—l))? UOq)(—n,nfl)> ; (5.47a)
1902( P51 ®lary - P2 (5.47b)
o ig<(1)(n+1 —(n—1)) (770(1) 0, 0 + Z o (ntk+1, —(n—1)) (noé(—k,())) ) (I)(—n,n—l)> ) (547C)
k=1
1Q<EA Z Z Q <(I)>(k2+n+a+b, flfnfb)(b(—l—a—h b))
a=1 b=0

+Z®(n+l+1 —n) 770(1) lO))] Q(I) —n,n— 1> (547(1)

where the terms (5.47a), (5.47b), (5.47¢), and (5.47d) are the contributions from Squad, s¥
SB, and (5.46), respectively. Note that 8% contributes only for n = 2. After integrating
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out <I>(“ 1) (n > 2), we obtain the constraint
(1)) = ~ 9M0Zx | In2 @5 )P )
- q’?n+1,_(n 1)) 770‘1’ 0 0) Z o (n+k+1, —(n—1)) (770(1)(—19,0))

+ QE)\{ Z Z Q( >(k2+n+a+b, 717n7b)(1)(717a7b, b))

=15b
o0

+ Z o (n41+1, —n) 770(1)(—!,0))}
=1

The crucial point here is that all the terms in (5.47) are linear in ®(_,, ,_1), as was men-
tioned below (5.39). If we did not have (5.43a) and could not neglect the a = 0 term
n (5.42), eq. (5.47d) would include the term

Q

+0(¢%) (n>2). (5.48)

: (5.49)
a=0, b=n—1

lg<ﬁ)\Q( (24+n+a+b, —1—n— b)(p(*lfafbb> Q(P —n,n— 1>

which is quadratic in ®_,, ,_1), in which case we could not treat QD(E_n,n_l) as a Lagrange

multiplier.
Applying constraint (5.48) to the fields i1, —(n-1)) Platntb, —1-n—py A o,
which are on the right-hand side of (5.48), we have
it —(n-1)) = 2P 1) F ExPy (no1)) = 9n2®(5_y) +O(9), (5.50a)
s yntd, —1-n-t) = O0(9), (5.50D)
(n+2,—m) = O(9)- (5.50¢)

Substituting these back into (5.48) and using the relation Z)\Q=)\ = =)&), we obtain
(nt1,—(n—1)) = — 9M=x [5n,2 (@?2_7,1)@?2_7,1) -5y (77()@(070)))

- Z (I)>(kn+k+1, —(n—1)) (770(1)(*’%0))
k=1

+ X)‘{ Q( >(k2+n+a+b, —l—n—b)q)(—l—a—b, b))

)
Il
[N}
g T
o

+0(g*)  (n>2). (5.51)

+ Z i1, ) (M0P(—10)) }
=2

Now the ranges of the summation for a and that for [ became narrower. Because of the

relation (5.51), cubic terms including <I>( 1)) become O(g?) after we integrate out

n+1,—(n—

the Lagrange multiplier ®Z — and can therefore be neglected in our analysis. Instead,

n,n—1)’
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part of the quadratic term i<<I)E‘n+1 — (1)) Q¢(_n’n_2)> in Sunad contributes to terms of
order g:

+i <E,\<I>(;+1,_(n_1)) Qo)) (5.52)

with egs. (5.14) and (5.51) imposed. It should be added that after (5.51) is taken into
account, eq. (5.45) becomes

?7:""1 —n) = 9 0= [Z Z Q ((I)&-‘rn-‘ra—‘rb, —l—n—b)q)(_l—a—b7 b))

a=2 b=0
+ 0,1 (Q’E‘Qf_l) (M0®0,0)) + P51y (HO‘P(—Lm))

+ 0(g?) (n>1), (5.53)

+ Z (I)?n—l—k—i-l, —n) (qu’(—k,o))
k=2

in which the ranges of the summations for a and k got narrower. To summarize, what we

have obtained up to this stage is

(n1-m) = 970Z [Z >_Q <¢?2+n+a+bv ~ton-t) P-1-am, b)>

a=2 b—0
+ 0n1 (‘??2_7,1) (10®(0,0)) + CI’?:;U (770¢’(—1,0))>

+0(*)  (n21),

+ Z (I)?n—i-k-&-l, —n) (noq)(_k,m)
k=2

(5.53 bis)

(1, (1) =~ 9= [5n,2 (‘I)?z_ﬁnq’fz_ﬁl) ~ %) (’70@(070»)

- Z o (n+k+1, —(n—1)) (770‘1’(71@,0))

Xk{ Z Z Q< (2+ntath, —1—n—b) P(~1-a—b, b))

a=2 b=0

+ Z lpi41, ) 770@(—1,0))}

+0(s*) (n22),

(5.51 bis)

{1y QO nn)) = 1001 (@05 1) QO 10)) +1(Ea@E1 s QP nn 1))
(5.46 bis)

with egs. (5.14) and (5.53) imposed, and
i<q)>(kn-§-l,—(n—1)) ) Q(I)(—n,n—2)> = 15n72<¢)>(k3:,1) ) Q‘I)(—2,O)>
+1(2A0E 1 (u1y)> QP(nnozy) (552 bis)

with egs. (5.14) and (5.51) imposed.
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Let us go one more step further. We examine the terms including a third Lagrange
multiplier field ®(_,, , oy (n > 3). Owing to (5.53) and (5.51), those in Sg do not contribute
to terms of order g, and S% contributes only for n = 3. Therefore, what can be relevant is

i < z(n+1,—(n—2))7 770(1)(—717n—2)> ) (554&)

igén73<{®2‘_ B e O 1 31)> (5.54b)

- i9<(I)(n+1 _(n—2y) (M0 P(0,0)) + Z ki1, —(n2)) (0P r0)) 5 (I’(—n,n—2)> , (5.54c)

=1
ig<E)\

Z (p?n—o—k—l-l, —(n—1)) (nOCI)(fk,O))

Z o (n+1+1, —n) an)(—l,O))}

where the terms (5.54a), (5.54b), (5.54¢), and (5.54d) are the contributions from Squad, Sy,
85’, and (5.52), respectively. Integrating out q)(tn,an) (n > 3), we obtain the constraint

’ Q(I)(—n,n—2)> ) (554(1)

(nr1~(n—2)) = = 97I0ZA [671,3{@}‘1_1), Pl

E‘n+1,f(n72))(n0q) 0.0)) Zq)*nﬂﬂ —(n—2)) (10®(j0)
7j=1

+ Q=N ( Z ki1, — (n—1)) (M0®(—10))

k=1

- XA{ Q( >(k2+n+a+b,flfnfb)q)(flfafb, b))
a=2 b=0

+ D Plpi, - (0P (-10)) })} +0(¢%)

=

2

2—9770~,\[n3<{‘1’*_ ‘1’*_ } ‘I’ —1)(770<I>(00))>

Z P (n+j+1, —(n— 2))(770@(—3}0))

+ X\ < Z (I))(kn—&—k—I—l, —(n—1)) (no‘1>(_k,0))
k=2

B XA{Z Z Q <(I)?2+n+a+b, 1t P(-1-a-, b)) (5.55)

a=3 b=0

£ Y Fro, o mP0) )] 06 (023,
=3
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In the second equality, we performed the deformation similar to that we did in obtain-
ing (5.51) from (5.48). Note the ranges of the summations for a, k, and I. The con-

straint (5.55) tells us that after the Lagrange multiplier CID(Ein n_o) 18 integrated out, cubic

terms including ®*= become O(g?) and can be neglected, but the quadratic term

i (@7

(n+1,—(n—2))

(41,—(n—2)) » Q@®(—n,n—3) ) in S(]?uad includes an O(g) part:

i< () » QE n,n73>>—16n3<<1> Ly QP >
+i <5Aq>f;+17_(n_2)) Q) (556)

with (5.14) and (5.55) imposed. Furthermore, if we take account of (5.55), egs. (5.53)
and (5.51) become as follows:

OITy ) = gMEN lén,l (q)&ll) (M0®0,0)) + 25 1) (MP(—1,0)) + {1y (770‘I’<—2,0>))

+ Z Z Q (q)?2+n+a+b, ,1,n,b)q)(—1—a—b7 b))
a=3 b=0

T Z(I)(n+k+1 oy (®re) | +0(P)  (n=1),  (5.57)

(mt1,-(n-1)) = 905 [5"72 (—<1>2‘£-1>‘1>2‘£-1> + 25y (0P0) + () (’70<I>(—1,0>))
+ Z ki1, —(n-1)) (0P (—r0))

B XA{ Z Z Q ((I)?2+n+a+b, - P(=1-a-s, b))

a=3 b=0

+ Z D41, —n) (0P (10) }

=3

+0(g*) (n>2). (5.58)

In this manner, as we integrate out Lagrange multipliers, cubic terms including <I>(n L 1—m)
(1 < m < n) drop away, and Squad generates O(g) terms; moreover, the ranges of the
infinite series in the constraints become narrower step by step. The ultimate forms of the

constraints are given by

*=

(n+1,-m) — 9 Om,1 0N | — Z (I)Ek_—l)(p*n_ p+2,—1) Z (I)*r:+1+q —-1) 770(1)(7%0))

p=2
+0(g*) (1<m<n), (5.59)
with .
Z(. ) =0, (5.60)
p=2
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Thus, among the fields @E*;_H m)? only <I>(n+l

find that the completely reduced action S .q takes the form

) are relevant in our analysis. We finally

Sha=— % (©(0,0), Qmo®(0,0)) + %9 <770‘I’(0,0) , [@00,0)5 Qq’(o,o)w

+i Z< (n4+1,-1) » Qq’(_n,())> +0(g°) (5.61)
n=1

with the conditions (5.14) and the constraints (5.59) imposed. The first two terms on the
right-hand side are nothing but the quadratic term and the cubic term in the original action
SB. The relation between the original actions S® and SW has already been manifested
in the previous paper [13]: under the partial gauge fixing (5.15), the action S® can be
regarded as the regularized version of SV, and we have

- % (©(0,0), Qo®(0,0)) + ég <770‘I’(o,0) , (200,05 Q¢(o,0)]> — SV (A=0). (5.62)

Therefore, in what follows, we concentrate on the third term on the right-hand side
of (5.61). It can be written as

i<qy{ t1,-1) > Q% n0)> =i i<q)z;+1 L1y QEAEE n0)>

n=1 n=1
+1 (2005 1y Q30T ,0))- (5.63)
n=1

After the same calculation as performed in (5.20), the first term on the right-hand side
reduces to the following form:

i<@?_ 1,-1)° QENDT (—n,0 > i:o:l<<q)*— 1,-1) QPF (—n,0 >> == i::l <<¢n+1, Qq/}_n+1>>7
where we have defined 1, (n € Z) by (5.64)

Oy = Ynr1, P, =%-nn  (n20). (5.65)
Eq. (5.64) is equal to the sum of the quadratic terms (5.6b) under the identification

which is equivalent to (5.32). Furthermore, the second term on the right-hand side of (5.63)
can be deformed as

i i <5Aq’?5+1,—1) ) QEA¢<E—n,0)> =1 i <~A‘1><n+1 1> XA‘D?—n7o>>

n=1 n=1
[ee]

=—ig <E>\ |:Z¢pwn—p+2 + Z 1/1n+q+1¢—q+1} ; XA¢—n+1> +0(g%)
i -

n= =

==9> << Up¥n—pr2 + Z Vntqt1¥—g+1, AnY- n+1>> +0(g*). (5.67)

= q=0

[y

n=
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In the second equality, we have used (5.59). Rewriting the cubic term in (5.1) as

- §<<x1rw, Xnia (BW \IIW)>>

—_— g<<‘1122¥,_1)> Xmid (‘I’g,—l) ¥ \I,g’_l))>>

W W
—9 Z << Z )Y hpi2,—1) + Z g1 Y g1ty » Xmid ‘I’<n+1,1>>> )

q=0
(5.68)

we find that in the singular limit A — 0, eq. (5.67) coincides with the cubic term in the
master action 8" minus the one in the original action SW up to O(g?) terms under the
identification (5.66), namely (5.32). We thus have
lim 8 = 8V + 0(¢?). (5.69)
A—=0
Because the Berkovits formulation is regular regardless of the presence of the interaction,
from the above result we can conclude that S® is the regularized version of SV, with
the terms higher order in g in 8® playing the role of the counterterms for canceling the
divergences in the Witten formulation.

6 Summary and discussion

For the purpose of acquiring a deeper understanding of the relation between the small
Hilbert space approach and the large Hilbert space approach to open superstring field the-
ory, in the present paper we have investigated the Berkovits formulation in detail with the
technique of partial gauge fixing, and have clarified its relation to the Witten formulation
at the level of the reducibility structure and the master action. In particular, the master ac-
tion in the Berkovits formulation has turned out to reduce to the regularized version of that
in the Witten formulation after partial gauge fixing. As shown in subsection 4.5, behind
this relation is the correspondence between a reducibility sub-structure of the Berkovits
formulation and the reducibility structure of the Witten formulation. In general, the form
of a reducibility structure governs that of a master action.

For our analysis of the master action in the Berkovits formulation, it was sufficient
to investigate its quadratic terms and cubic terms. In fact, its higher-order terms have

not been completely obtained yet.!®

We expect, however, that our result will be useful
also for solving this problem. In order to see the point in which the difficulty lies, let us
review the way to construct the master action in general. In principle, one can construct
a master action &, namely a solution to the classical master equation in the BV formal-
ism systematically in the following manner. First, one expands & in what is called the

antifield number:

S = Zs<n, sV =g, (6.1)

5For some approaches to this problem, see refs. [27, 30].

— 38 —



where S (n > 0) denotes the sum of all the terms of antifield number n, with SO
coinciding with the original action S. Consequently, the master equation is decomposed
into its subequations. Then, using the subequations, one can determine SN+ (N >0)
if one knows the form of the reducibility structure and the actions 8(0), S(l), ey S,
Thus, given an S (= S(O)) and a reducibility structure, all the 8’5 can be obtained
one by one. In some theories such as Yang-Mills theories, only a finite number of S(™)s
are nonzero:

8™ =0 (VYn>3ng>0). (6.2)

In this case, one can solve the master equation completely, merely by carrying out the
above-mentioned procedure. There are, however, other theories in which (6.2) does not
hold: no matter how large ng > 0 one may take, there exists some n (> ng) satisfying
8™ £ (), and hence the procedure cannot terminate at any finite step. In fact, string field
theory is exactly one of such complicated gauge theories. A strategy to find a solution in
this class of theories is as follows.

1. First, one computes S, W ... and SW) for some N > 0.
2. Second, from the form of Ef:o 8™ one infers the complete solution S.
3. Third, one confirms that the inferred & satisfies the master equation.

In open bosonic string field theory [1], the second step is readily performed, and the above
strategy works successfully. In fact, the solution & is of the same form as the original
action S: one can obtain & merely by eliminating the world-sheet ghost number constraint
on the string field in the original action [31-35]. It should be noted that behind this
result is the mathematical structure called Ay, [36-41].16 In the Berkovits formulation

17 38 shown in

of open superstring field theory, however, this kind of structure is obscure;
refs. [15, 25, 27, 28], the solution cannot take the same form as the original action, and it is
difficult to infer the complete solution. In this situation, crucial it can be how one performs
the first step of the above strategy. One may think that whatever calculation procedure
one may adopt, the resultant S™’s are the same, and that the more S™’s one obtains,
the easier it will become to infer the complete solution. The fact is, however, that the
result does depend on the manner in which one performs the calculation: there are degrees
of freedom of canonical transformations in the BV formalism, which are essentially the
degrees of freedom of field redefinition, and therefore the solution to the master equation is
not unique. Thus, what form of a solution one obtains depends on how one calculates. In
particular, what expression of the reducibility structure one starts from is very important.
The point is that only certain forms of partial solutions may be appropriate to infer the

16Closed bosonic string field theory has another mathematical structure, Lo, and its master action can
also be readily obtained in virtue of this structure [42-44].

"Recently, Erler, Konopka, and Sachs have formulated a new open superstring field theory which pos-
sesses a manifest A structure [10]. In this theory, the master action can be constructed trivially, but is
difficult to treat because of the existence of complicated non-associative multi-string products. By contrast,
the master action in the Berkovits formulation, if it is constructed, must be easy to treat, formulated only
in terms of Witten’s star product.
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complete solution. We expect, however, our result in the present paper will be useful for
approaching this problem. Starting from the reducibility structure of the expression (4.55)
and adopting the calculation procedure which keeps the relation to the Witten formulation
manifest, we will be able to fix most of the degrees of freedom of canonical transformations.
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A Properness of the condition (3.17) for partial gauge fixing

In the present appendix, we prove the properness of the condition (3.17) for partial gauge
fixing: we show that for any string field ® = @ ), there exists a gauge transform ® + 6P
which satisfies

E(®+6®) =0. (A1)

For this purpose, consider the gauge transformation (3.31) with ¢_; ¢y zero:

ad )
0b = 71 — eiadwp 7’]06(_171) . (A2)
Then (A.1) becomes
— adge
= {q’ M= 7706(1@} =0, (A.3)

which can be regarded as an equation for nge_; 1). For showing the properness, it is
sufficient to prove the existence of a solution nge(_; 1) to (A.3). In fact, we can explicitly
construct the solution in the following manner: first, note that (A.3) is equivalent to

- adge
No€(—1,1) = M= [7706(—1,1) - (@ + Hifadgq) 7706(—1,1)>] =0, (A.4)
that is,
. adgq>
M0€(—1,1) = —MoE {‘N (16—” - 1)”06(1@] =0. (A.5)

Then, we can solve (A.5) recursively as

- _( —adgo "o
No€(-1,1) = — Z —To= oadge ] 1 =P

n=0

e_adgé .

—ad -1
S [1 n noz(”‘l’l - 1>] MED . (A.6)

In the last equality, we have used the fact that the sum in (A.6) converges for small g
because the operator

_ —adge
N 770~<e—adg¢_1 - 1> (A7)

is O(g). Thus we have completed the proof of the properness.
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B Proof of the properness of condition (3.39)

Because the gauge parameter € _; o) in the Berkovits formulation resides in the large Hilbert
space, it can be decomposed as

€(-1,0) = {10 Zx }€(—1,0) = M0ErE(—1,0) T Ex(M0€(~1,0)) » (B.1)

and thus it contains two components: 7705)\6(_170) in . and =y (?706(_170)) in 2\ mall-
Nevertheless, all the possible gauge transformations of the form (2.24) can be covered only
by the latter component of €_; ) and the other gauge parameter €_; 1), which moves
around the whole of the large Hilbert space. Hence, as far as the gauge transformation is
concerned, without loss of generality we may assume €(-1,0) €= N mall, that is,

E)\E(_Lo) = O (B2)

In the present appendix, we prove the above claim. We will show that if we take into
account what is called trivial gauge transformations, we can indeed impose condition (B.2),
namely (3.39).

B.1 Trivial gauge transformations

Before proving the properness of (B.2), in the present subsection we will explain the concept
of trivial gauge transformations because it plays a crucial role in our proof. In order to
explain the concept, let us consider a system described by a classical action S = S[¢], which
depends on classical bosonic fields ¢?, with the index i distinguishing different fields.!® The
action S is invariant under transformations of the form

¢ — ¢+ 6y (B.3)

if and only if we have

58 _
55:2/W&p =0. (B.4)

Usually, among transformations satisfying (B.4), only gauge transformations are consid-
ered. There is, however, another type of transformation which is not classified as gauge
transformation in the usual sense. Indeed, we can readily find that (B.4) is trivially satisfied
by variations of the form

Survip’ =y A" 95 Gith AT — Al (B.5)
trv ¥ : &Pj . .
Because these variations vanish under the use of the equations of motion
08

Jpt =0,

(B.6)

they do not entail any Noether identities, and thus they are not genuine gauge transforma-
tions. Nevertheless, the transformations of this kind is called trivial “gauge” transforma-
tions by convention. The characteristic of these transformations is that the corresponding

18 Just for simplicity, we consider only the case in which all the fields ¢ are bosonic.

— 41 —



variations 5trvcpi become identically zero when we use the equations of motion. We would
like to remark that the degrees of freedom of trivial gauge transformations exist even in
non-gauge theories.

B.2 Proof of the properness

In the preceding subsection, we have introduced trivial gauge transformations. We usually
do not consider such transformations because they are not related to genuine gauge degrees
of freedom. In our proof of the properness of (B.2), however, they play a crucial role: it
is in virtue of the degrees of freedom of trivial gauge transformations that we can impose
condition (B.2) on the parameter € _; o) of the genuine gauge transformation (2.24) without
loss of generality. The point is that two genuine gauge transformations are equivalent if their
difference is merely a trivial gauge transformation. Our proof is composed of two parts:

1. First, we show that for any €_; o), there exists a transform €(_; ) +d1€(_1,0) by (4.50)
which satisfies

E)\ (E(—I,O) + 516(_1@)) =0. (B7)

2. Then we show that the gauge transformation specified by the parameters €1 g
and €_;1) and the one specified by their transforms €_; o) + d1€6_10) and €_y 1) +
d01€(—1,1) differ merely by a trivial gauge transformation, and therefore the two gauge
transformations are equivalent.

The second part ensures that all the genuine gauge transformations can be generated by
€(—1,00 T 01€(—1,0) and €y 1) + d1€(_1,1). Therefore, together with the first part, we can
conclude that all the possible gauge transformations of the form (2.24) can be covered
by the €1 ) satisfying (B.2) and the other parameter €(—1,1)- It should be noted that
in the following analysis, the string field ® is not subject to any constraints, such as the
condition (3.19) for partial gauge fixing.

In order to prove the first part, we consider transformation (4.50) with €(—2,0) and
€(—2,2) Zero:

01€(—1,0) = eadgq)ﬁoe(—zn ) (B.8a)
(516(_171) = @6(_271) (@ = e—adgq)Qeadgq))' (B.Sb)

What we have to do is to show the existence of an npe_g 1) such that the transform
€(—1,0) T 016(—1,0) by (B.8) satisfies (B.7):

=a(ccro) + M e ) = 0. (B.9)
In other words, the problem is to show that eq. (B.9), which can be regarded as an equation
for nmo€e(_z,1), has a solution. In fact, we can explicitly construct a solution noe_z 1y to (B.9)

in the following manner: first, note that (B.9) is equivalent to

N0€(—2,1) = N0EA [7706(72,1) - (6(71,0) + eadgq)noﬁ(le))} ; (B.10)
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that is,
—_ = adgya
M0€(~2,1) = ~70=N [6(—1,0) + (eor — 1)7706(—2,1)] : (B.11)

Then, we can solve (B.11) recursively as

[e.9]
n
o€ (— Z[ M= adgq’—l)} N0EAE(—1,0)
n—=
ad R
[ noEx ( 9‘1’—1)} MOENE(—1,0) - (B.12)

The explicit form of the transform €_; o) + d1€(_1,0) by (B.8) with (B.12) is given by

—1
€(—1,0) T 01€(—1,0) = (Exm0 + M0EN) €(—1,0) — 1" [1 + 0= (o — 1)} M0ENE(—1,0)

—1
= Eno€(—1,0) T+ <1 — oo {1 + o= (ede? — 1)] >7705,\6(1,0)
— — ad —_ ad -1 —
= Exn0€(-1,0) — Enno (e — 1) [1 +10E (™" — 1)} TOZNE(~1,0)
(B.13)

which indeed satisfies (B.9). We have thus completed the first part of our proof.
Let us next move on to the second part. Under the transformation (B.8) of the pa-
rameters, the gauge transformation

00G =g [(Qe(_ljo))G + G(WOG(—LI))} (B.14)
changes by

~ . 588
01(00G) = g G{Q,mo}e—21) = ~ig’G [ e

In the last equality of (B.15), we have used (4.46). Because (B.15) is nonzero, the gauge

G 6( 2’1):| . (B15)

tranformation specified by the original parameters € _; o) and €_; ;) and the one specified
by their transforms € _1 g)+01€(_1,0) and €1 1)+01€(_1 1) are obviously different. However,
these two gauge transformations are effectively the same because their difference (B.15) is
nothing but a trivial gauge transformation. Indeed, the variation of the action under the
transformation

G — G+01(6G) (B.16)

trivially vanishes as follows:

658 658 658
698 = <5G 51(50G)>:19 <5GG [5GG € 21)]>

5SB 5SB

Eq. (B.15) is different from (B.5) in appearance, but non-commutativity of the multiplica-
tion in string field theory admits trivial gauge transformations of the form (B.15). If we
consider the gauge transformation generated by €(_1 ) + d1€_10) and €_11) + d1€6_11),
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and minus the trivial transformation (B.15) simultaneously, the resultant transformation
is exactly the same as (B.14). In this sense, the original parameters e_; gy and €y )
and their transforms €y o) +01€(_1,0) and €y 1) +01€(_1 1) provide the same gauge trans-
formation. Therefore, all the possible genuine gauge transformations can be covered by
the €1 satisfying (B.2) and €(—1,1) in the large Hilbert space. We thus conclude that
without loss of generality we may assume (B.2).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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