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1 Introduction

Horizons in general (and black holes in particular) possess thermodynamic attributes like

entropy [1, 2] and temperature [3–6]. These features, which are known to transcend Ein-

stein’s gravity, are believed to stem from some deep connection between gravitational

dynamics and horizon thermodynamics. In recent years, it has been shown that in general

relativity as well as in a wider class of gravitational theories, the field equations near a hori-

zon imply a thermodynamic identity TδλS = δλE+PδλV [7–38] where the symbols have the

usual meanings and the variations are interpreted as changes due to virtual displacement

along the affine parameter λ. This result — originally obtained for general relativity [7] —

has been generalized to all static spacetimes with horizon in the Lanczos-Lovelock theories

of gravity [13, 15, 39]. That is, the result is known to hold for actual horizons — rather

than to generic null surfaces — and requires the assumption of a static spacetime.

It may therefore appear that this connection — between the field equations and a

thermodynamic identity — is an exotic phenomenon that occurs only in specific solutions

containing horizons. But this illusion is broken when we realize that a generic null surface

through any event in spacetime can act as a local Rindler horizon for some observer [9, 40].
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This fact allows one to introduce observer-dependent thermodynamic variables around any

event in spacetime and reinterpret the gravitational field equations near any null surface in

a thermodynamic language. One can then ‘derive’ field equations in the case of Einstein’s

theory [40] from the Clausius relation applied to a null surface, if one assumes further that

(a) the entropy density is one quarter of the transverse area and, more importantly, (b) the

quadratic terms in the Raychaudhuri equation — involving the squares of shear and expan-

sion — can be set to zero. (This approach based on the Raychaudhuri equation, however,

could not be generalized in a simple manner to more general class of theories.) A clearer

connection between null surface thermodynamics and gravitational dynamics emerged from

the fact that, gravitational field equations reduce to the Navier-Stokes equations of fluid

dynamics in any spacetime when projected on an arbitrary null surface [41, 42], thereby

generalizing previous results for black hole horizons [43].

In the light of these results, it is natural to ask whether gravitational dynamics is

the long wavelength thermodynamic limit of the dynamics of some unknown microscopic

degrees of freedom. The conceptual framework that attempts to interpret gravitational

dynamics as emergent from the dynamics of unknown microscopic degrees of freedom is

known as the emergent gravity paradigm. It has received significant amount of support

from later investigations, especially from the following results: (i) It is possible to express

the action functional for gravity as the sum of a bulk term and a surface term with a

“holographic” relation between them. This result holds not only in Einstein gravity but

also in all Lanczos-Lovelock theories of gravity [44–46]. (ii) More recently, it has been

shown [47] that the total Noether charge in a 3-volume R related to the time evolution

vector field can be interpreted as the heat content of the boundary ∂R of the volume and

the time evolution of the spacetime itself can be described in an elegant manner as being

driven by the departure from holographic equipartition measured by (Nbulk −Nsur). Here,

the number of bulk degrees of freedom Nbulk is related to the Komar energy density while

the number of surface degrees of freedom Nsur is related to the geometrical area of the

boundary surface. All these results generalize in a non-trivial manner to Lanczos-Lovelock

theories of gravity [48].

These facts suggest that the gravitational field equations on (or near) any null surface

in any spacetime might have a natural thermodynamic interpretation. One should be

able to understand all the previous results as different facets of a unified picture and also

generalize them to an arbitrary null surface. In particular, it should be possible to obtain

from Einstein’s equations the thermodynamic identity TδλS = δλE + PδλV near any null

surface, thereby freeing the earlier demonstrations from their restrictive assumptions, like

the assumption of spacetime being static [15] or having a specific horizon. In this paper,

we will provide such a generalization of these results for an arbitrary null surface in an

arbitrary spacetime, which is neither static nor spherically symmetric.

As we have mentioned earlier, it is possible to attribute thermodynamical entities like

temperature and entropy to any null surface by introducing local Rindler horizons. Then,

with a suitably defined pressure P (or more precisely, a work function), we can consider an

infinitesimal displacement of the horizon along the affine parameter λ of the null geodesics
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off the surface and show that Einstein’s equations imply the relation:

TδλS − PδλV = δλE (1.1)

for a suitably defined energy E. Since we already have well-defined, physically motivated,

expressions for T, S, P and V , it is now possible to identify the energy associated with the

null surface, which appears in this thermodynamic identity for an arbitrary null surface

under consideration. Further, starting from this result and taking suitable limits we can

arrive at the previous results in the literature as special cases.

We will obtain the result in (1.1) using the component of the Noether current along

the null geodesics on the surface and the relation between Ricci scalar for the full spacetime

with the Ricci scalar for the two-surface. This provides a physically well motivated route

to study thermodynamic structure of the spacetime which has proved to be quiet useful in

the past [47, 48].

The paper is organized as follows: in section 2, we will introduce the Gaussian null

coordinates near an arbitrary null surface which we will use throughout the paper. Then,

in section 3, we describe three natural projections of Einstein’s equation which arise in

the presence of a null surface and their physical interpretation. In section 4, we introduce

the Noether current associated with a vector field from a simple geometric identity (which

does not require talking about diffeomorphism invariance of an action etc.) and identify the

vector for which we shall compute the Noether current. Next we evaluate the component

of the Noether current along the null geodesics on the null surface and use it to derive

the thermodynamic identity by considering a virtual displacement of the null surface along

the auxiliary null geodesics. Subsequently, in section 5, we reproduce the previous results

available in the literature by specializing to stationary and static metrics as well as to

spherically symmetric (but not necessarily static) metrics. Finally, we conclude with a

short discussion of our results.

Throughout this paper, we use metric signature (−,+,+,+) with the fundamental

constants G, ~ and c being set to unity so that Einstein’s equations reduce to Gab = 8πTab.

The Latin indices a,b,. . . run from 0 to 3 and stand for spacetime coordinates, Greek indices

µ, ν, . . . run from 1 to 3 and represent coordinates on the null surface and capitalized Latin

indices A,B,. . . stand for coordinates on the 2-surface transverse to the normal to the null

surface and its auxiliary null vector.

2 Gaussian Null Coordinates (GNC)

Since we are interested in the form of the field equations near a null surface, we will begin

by introducing a coordinate system (u, r, xA) adapted to the null surface. This coordinate

system will be constructed in close analogy with what we expect in a local Rindler frame

and will have the following properties: (a) There will be only 6 free functions in the metric

thereby freezing all redundant gauge degrees of freedom. (b) The null surface we are

interested in is chosen to be a surface r = 0. Further, r = constant but non-zero surfaces

will represent timelike surfaces with r → 0 leading to the null surface we are interested in

as a limit. (c) Observers at rest in this spacetime with constant values for (r, xA) will be
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analogous to local Rindler observers and will perceive r = 0 as their local Rindler horizon.

Let us briefly review how such a coordinate system can be constructed around any null

surface in any spacetime.

Any arbitrary null surface can be parametrized using Gaussian null coordinates (hence-

forth referred to as GNC), which can be constructed in analogy with standard Gaussian

normal coordinates associated with, say, a spacelike surface. In the non-null case, the

construction proceeds by using geodesics normal to the surface. This construction breaks

down in the null case, since geodesics with tangent vectors along the surface normal, are

actually on the null surface. This problem is avoided by introducing an auxiliary null

vector ka, satisfying ℓak
a = −1 where ℓa is normal to the surface, and then constructing

the coordinates by moving away from the null surface along the null geodesics of ka. The

construction of this coordinate system has been detailed in [49–51] and we will only recall

its essential properties. The line element adapted to an arbitrary null surface (identified

with r = 0) takes the following form in GNC:

ds2 = −2rαdu2 + 2dudr − 2rβAdudx
A + qABdx

AdxB (2.1)

This line element contains six independent parameters α, βA and qAB, all dependent

on all the coordinates
(

u, r, xA
)

. The metric on the two-surface (i.e. u = constant and

r = constant) is represented by qAB. The surface r = 0 is the fiducial null surface but

surfaces with r = non-zero constant are not null. The normal ℓa = ∂ar to the r = con-

stant surfaces will be a null vector on the r = 0 null surface. Hence, the null normal ℓa

and the corresponding auxiliary null vector ka have the following components [51] in this

coordinate system:

ℓa = (0, 1, 0, 0) , ℓa =
(

1, 2rα+ r2β2, rβA
)

(2.2a)

ka = (−1, 0, 0, 0) , ka = (0,−1, 0, 0) (2.2b)

While dealing with an arbitrary null surface with normal ℓa, there is some freedom in the

choice of ka. In our case, we have chosen the auxiliary vector as the vector that was used

in the construction of the GNC [51] itself, and hence, up to a sign, is a basis vector in the

GNC. Once the coordinate system adapted to the the null surface is fixed, this particular ka

is specified by the conditions kae
a
A = 0 in addition to the usual conditions on an auxiliary

vector, kaka = 0 and kaℓa = −1. (Here, eaA (with A = 1, 2) denote the two coordinate basis

vectors on the u = constant 2-surfaces on the null surface.) This allows us to work with a

physically well-defined basis {ℓa, ka, eaA}. Later on, we will take the projection of certain

vectors along these basis vectors. The choice made here allows us to take the projections

which have direct thermodynamic meaning; if we use a linear combination of these vectors

or make some other choices, then, of course, the projections will get mixed up with each

other and one cannot provide a simple interpretation to them.

The non-affinity parameter κ for the null normal ℓa is defined via the relation ℓb∇bℓ
a =

κℓa. It turns out that the non-affinity parameter for the null normal we are considering is

κ = α thereby allowing us to interpret the α, which occurs in the metric in (1.1), as the

surface gravity. The vector ka = −∂/∂r is tangent to the ingoing null geodesic (ingoing
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since it points in the direction of decreasing r), which is affinely parametrized with affine

parameter r. We denote λH to be the value of the affine parameter on the null surface.

In the remaining discussions, we will work with λ defined through the following relation:

r = λ− λH . It is also useful to introduce the vector field:

ξ =
∂

∂u
= (1, 0, 0, 0) . (2.3)

which goes to ℓa on the null surface. This vector is special since it corresponds to the

standard time direction in some well-known spacetimes that can be obtained as special

cases of GNC (see appendix B) and in the local Rindler frame. We shall describe the

dynamics of the null surface from the point of view of observers moving along the integral

curves of ξa in the region r > 0. (We have arbitrarily chosen one side of the null surface.

We could have as well chosen the r < 0 side.) Thus, ξa, representing the time direction

for our fiducial observers, has to be timelike in the r > 0 region. In order to achieve this

property for ξa, we shall assume that α > 0, at least near the null surface in the r > 0

region. (This restriction is also consistent with the idea of identifying α|r=0 to be the

surface gravity and associating a temperature α/2π with the null surface.)

3 Projections of Einstein’s equations

The vector ξa, introduced earlier, when normalized, gives the four-velocity ξa/|ξ| a funda-

mental observer with r, θ, φ = constant in the spacetime described by the metric in (1.1).

Further, on the null surface, ξa → ℓa. Therefore the flux of the matter energy momentum

tensor through the null surface is determined by the four momentum:

Sa ≡ T a
b ξ

b → T a
b ℓ

b = T a
u . (3.1)

where the second relation holds in the limit of r → 0. When field equations Gab = 8πTab

hold, we find that Sa = T a
b ℓ

b = (1/8π)Gabℓ
b on the null surface. Algebraically, however, it

turns out to be simpler to concentrate on the Ricci tensor rather than Einstein tensor and

define a closely related vector:

P a ≡ 2Ra
b ℓ

b = 16πT̄ a
b ℓ

b; T̄ a
b ≡ T a

b − 1

2
δabT (3.2)

The structure of Einstein’s equation near a null surface is determined by the components

of P a on the null surface. To investigate these components, let us expand P a in the

orthonormal basis [51] made of (ℓa, ka, eA) as P a = φ1ℓ
a + φ2k

a + φAe
A. This allows

us to construct two scalars (φ1, φ2) and one transverse vector φA from the combinations:

φ1 = −P aka, φ2 = −P aℓa and the projection P aqba. (Of these, P aka and P aqba together

represent the three components of the projection of the flux on the null surface while P aℓa
brings out the component along ka which is the tangent vector to the ingoing null geodesic.)

Remarkably enough, these three components (P aqba, P
aℓa, P

aka) lead to the three sets

of results obtained in the literature earlier. The first one (P aqba) leads to the Navier-

Stokes equation, the second (P aℓa) is related to Raychaudhuri equation and the associated
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results while the third one (P aka) leads to the thermodynamic identity in the special cases

considered earlier in the literature. We will briefly describe these three and then investigate

the last one in detail.

• The contraction P aℓa: contraction of the momentum P a with the null generator of

the null surface, ℓa, leads to the standard Raychaudhuri equation,

Rabℓ
aℓb = −1

2
Θ2 − σabσ

ab + ωabω
ab − dΘ

dλ
, (3.3)

involving the combination Rabℓ
aℓb. It is this Raychaudhuri equation which was used

in the work by Jacobson [40], along with the crucial assumption of vanishing Θ and σ

for the chosen null surface, to obtain Einstein’s equation from Clausius relation, i.e.,

δQ = TdS. In other words, the component of P a responsible for Jacobson’s thermo-

dynamic interpretation of Einstein’s equations is obtained by the contraction of P a

with the null generator ℓa. But, for providing this interpretation, one needs to make

additional restrictive assumptions (like the vanishing of shear and expansion) which

will not hold on an arbitrary null surface. Later on, some of these restrictive assump-

tions in Jacobson’s work were lifted in [52] but this demanded the interpretation of

the shear and expansion terms as dissipative effects. A more detailed discussion of the

differences between Jacobson’s approach and our approach, as well as some crucial

issues in the former are highlighted in [53]. It should also be noted that the approach

based on the Raychaudhuri equation cannot be generalized in a simple manner to

Lanczos-Lovelock models, while it turns out that our approach does generalize in a

straightforward manner to Lanczos-Lovelock theories of gravity [54].

We want to work with an arbitrary null surface with non-zero shear and expansion

and we want to develop an approach which will generalize to Lanczos-Lovelock mod-

els in a natural fashion. It, therefore, turns out to be more fruitful to study the

projection of P a orthogonal to ℓa, especially the contraction P aka. As we shall show,

the contraction along ka has a neat thermodynamic interpretation without additional

assumptions or introduction of dissipative effects. The thermodynamic interpreta-

tion of the contraction with P aka also generalizes in a straightforward manner to

Lanczos-Lovelock theories of gravity [54]. In short, the projection on ka leads to

richer thermodynamic content. The physical reason for this could be the following:

note that, since ℓ2 = 0 and ℓaka = −1, the contraction P aka actually picks out the

components of P a along ℓa which is intrinsic to the null surface.

• The contraction P aqba: let us start with contraction of P a with the transverse metric

qab which is proportional to Rabℓ
aqbc. This expression — when worked out in detail

— leads to the Navier-Stokes equation on the null surface [41]. More specifically,

using vectors and derivatives intrinsic to the null surface, the contraction of P a with

qab leads to [41]

Rmnℓ
mqna = qma £ℓΩm +ΘΩa −Da

(

κ+
Θ

2

)

+Dmσm
a = 8πTmnℓ

mqna (3.4)
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where Da is the covariant derivative defined on the null surface using the projector qab
and £ℓ denotes the Lie derivative along the null generator ℓ. We have also separated

out the trace of Θab and have defined a new object σmn = Θmn − (1/2)qmnΘ. It

is clear from (3.4) that it has the form of a Navier-Stokes equation for a fluid with

the convective derivative replaced by the Lie derivative. This correspondence allows

us to give the following interpretations to geometric quantities on the null surface:

(i) The momentum density is given by −Ωa/8π where Ωa = κka + ℓj∇jka. In the

coordinates adapted to the null surface, Ωa has only transverse components which

are given by ΩA = βA; this suggests interpreting βA as the transverse fluid velocity.

Further, we have identified the (ii) pressure κ/8π, (iii) shear tensor defined as σmn,

(iv) shear viscosity coefficient η = (1/16π), (v) bulk viscosity coefficient ζ = −1/16π

and finally (vi) an external force Fa = Tmaℓ
m.

• The contraction P aka: the contraction with ka, as we have mentioned, has very in-

teresting consequences and has not been explored adequately in the literature (except

in some special cases which we will mention in the sequel). Since this contraction

picks out the component flowing along the null geodesics on the null surface (i.e the

component of P a along ℓa) it encodes an intrinsic property of the null surface. It

is, therefore, worthwhile to examine this in detail for a general case which will be

the main thrust of this paper. We will show that this leads to the thermodynamic

identity we are after.

The above separation of the components of P a along (qab , ℓ
a, ka) provides a clear picture

of different aspects of gravitational dynamics on a null surface and allows us to identify

which of the previous results arise from which component of P a.

4 Thermodynamic identities from gravitational dynamics near a null sur-

face

We are interested in the structure of P aka and its interpretation as a thermodynamic

identity. To study this, we begin (following [53, 55]) by introducing the notion of a

transverse metric g⊥ab and the work function P . Let ua be a normalized timelike vector

while ra be another normalized but spacelike vector related to our null vectors (ℓa, ka) by

ua = (1/2A)ℓa + Aka and ra = (1/2A)ℓa − Aka, where A is an arbitrary function. Then

the transverse metric defined as g⊥ab = uaub − rarb = ℓakb + ℓbka. The work function of

the matter is defined [53, 55] as P = (1/2)Tabg
ab
⊥

= Tabℓ
akb. (In the case of spherically

symmetric spacetime, P will be the transverse pressure; we will not bother describe the

physical meaning of P here since it has been done in previous literature.) When Einstein’s

equations hold, the work function will be proportional to Gabℓ
akb = (1/2)Gabg

ab
⊥
.

We will now study the form of equations which arise when we project the field equations

along ℓbka which will lead to a thermodynamic identity. While this can be done directly

(see appendix A for such derivation), it is nicer to obtain it from the expression for a

Noether current which we will now briefly introduce.

– 7 –
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One can associate a natural conserved current Ja = ∇bJ
ab with any vector field va by

choosing antisymmetric second rank tensor field Jab corresponding to this vector field as

16πJab = ∇avb −∇bva (4.1)

The resulting conserved current Ja is indeed the standard Noether current but this ap-

proach delinks the Noether current from diffeomorphism invariance of the action etc. and

attributes the conservation law to a simple identity in differential geometry. This conserved

current Ja, for the vector field va, has the following expression in general relativity [56]:

16πJa(v) = ∇b[∇avb −∇bva] = 2Ra
bv

b + gij£vN
a
ij (4.2)

where

Na
ij = −Γa

ij + (1/2)
(

δai Γ
k
kj + δajΓ

k
ki

)

(4.3)

is a linear combination of Christoffel symbols. (Its physical significance is discussed in [56]

and will not be repeated here).

For our purpose, we will concentrate on 16πkaJ
a(ξ), which contains the combination

Rabξ
akb (which will become Rabℓ

akb on the null surface). This is given in our coordinate

system by −16πJu, the component of the Noether current along the null geodesics on

the surface. It can be worked out in the most general case (presented in appendix C),

but algebraic complexity of the resulting expressions hide the physical interpretation. To

bring out the physics involved, we will consider a slightly constrained situation in the main

text, leaving the discussion of the most general case to appendix C. The simpler case is

obtained by setting (a) βA|r=0 = 0 just on the null surface but is arbitrary otherwise and

(ii) imposing hypersurface orthogonality on the 4-velocity constructed out of the vector ξa

(see appendix B). Then, from (B.20) in appendix B, we get the result ∂Aα|r=0 = 0 on the

null surface. Thus, the two conditions (viz., βA|r=0 = 0 and hypersurface orthogonality

for the 4-velocity constructed out of ξa) lead to the result that α is independent of the

transverse coordinates on the null surface, which can be thought of as an extension of the

zeroth law of black hole thermodynamics to a null surface in a time dependent situation.

In this case, the Noether current contracted with ka has the following expression

(see appendix C for details):

16πkaJ
a(ξ) = 4∂rα+ 2α∂r ln

√
q (4.4)

However, from (4.2), we can also rewrite the above contraction of Noether current as

follows:

16πkaJ
a(ξ) = 2Rabξ

akb + kag
ij£ξN

a
ij

= 2Gabξ
akb −R+ kag

ij£ξN
a
ij (4.5)

We next write the Ricci scalar R in terms of the two-dimensional Ricci scalar R(2) for the

two-surface as

1

2

(

R−R(2)
)

= −2∂rα− 2α∂r ln
√
q − 1√

q
∂A

(√
qβA

)

− 3

4
β2

+
1

4
∂uqAB∂rq

AB + ∂u ln
√
q∂r ln

√
q − 2√

q
∂u∂r

√
q . (4.6)
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Further, the Lie variation term in (4.5) has the following expression (see appendix C):

kag
ij£ξN

a
ij = −2£ξN

u
ur − qAB£ξN

u
AB = −2∂u∂r ln

√
q +

1

2
∂uqAB∂rq

AB, (4.7)

Thus, using (4.6) and (4.7) in (4.5) and using Einstein’s equations along with (4.4), we

obtain the expression for Tabξ
akb as

−Tabξ
akb =

1

8π

(

− 1

2
R(2) + α∂λ ln

√
q +

1√
q
∂u∂λ

√
q

)

. (4.8)

In the null limit, −Tabξ
akb = T abkaξb = T ur is the work function defined previously [55],

which enables us to write the above equation on being multiplied by
√
q as

T ur =
1√
q

(

α

2π

)

d

dλ

(√
q

4

)

− 1√
q

(

√
q
1

2

R(2)

8π
− 1

8π
∂λ∂u

√
q

)

(4.9)

Multiplying the above equation by δλ = δr and then integrating over a u = constant slice

of the null surface with area element d2x
√
q, we arrive at

∫

d2x
√
qδλT ur =

(

α

2π

)

δλ

(
∫

d2x

√
q

4

)

− δλ

{

∫

d2x
√
q
1

2

R(2)

8π
− 1

8π

∫

d2x∂λ∂u
√
q

}

,

(4.10)

where we have made use of ∂Aα|r=0 to take α outside the integral and used the notation

δλ = (δλ)∂λ. (δλ can be thought of as the change due to a virtual displacement along the

vector δxa = −kaδλ. We shall explain the meaning of virtual displacement shortly.)

We take (α/2π) as the temperature of the null surface related to the surface gravity α

and dS = d2x
√
q/4 as the entropy associated with a proper transverse area element d2x

√
q.

Further, in the relation
∫

P
√
qd2xδλ =

∫

d2x
√
qδλ T ur =

∫

d2x
√
qδλ T ru, (4.11)

where P is the work function, the integral on the left hand side represents the amount

of work done in a virtual displacement of the null surface by an amount δλ along ka.

Then (4.10) can be recast in the following form:

F̄ δλ = TδλS − δλE , (4.12)

where we have defined the energy swept out by the null surface, δλE, as

δλE = δλ

(

χ

4
− ∂λ∂uA⊥

8π

)

(4.13)

with χ representing the Euler characteristic of the 2-dimensional slice of the null surface

transverse to ℓa and ka,

χ =
1

4π

∫ √
qd2xR(2), (4.14)
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and A⊥ representing the area of this slice. (If the 2-dimensional surface is not compact,

we cannot introduce the Euler number but χ is still defined by this integral in our result.)

Performing an indefinite integral along λ, this can also be written as:

E =
1

2

∫

dλ
(χ

2

)

− 1

8π

∫

d2x∂u
√
q (4.15)

As an aside, we note that when βA 6= 0 we pick up a ‘kinetic energy’ term (1/2)βAβ
A in

the expression for the energy and the result is given by (see (A.12) in appendix A)

E =
1

2

∫

dλ

(

χ

2

)

− 1

8π

∫

d2x∂u
√
q − 1

16π

∫

dλ

∫

d2x
√
q

{

1

2
βAβ

A

}

. (4.16)

The notion of the virtual displacement introduced here is a straightforward generalization

of the idea discussed in previous works (see e.g. [7, 15]). (In these earlier works, one

considered spherically symmetric and static spacetimes and concentrated on the horizon as

the null surface; here we have made no restrictive assumptions and deal with an arbitrary

null surface.) To see the correspondence explicitly, consider the simpler situation of a

static and spherically symmetric spacetime, such that −gtt = grr = f(r), with a (non-

extremal) horizon at r = a. Then f(a) = 0 with f ′(a) related to the horizon temperature

by T = f ′(a)/4π with ‘prime’ denoting derivative with respect to r. Repeating our exercise,

treating the horizon as our chosen null surface, will lead to the relation: f ′(a)a−1 = 8πPa2,

where P = T r
r is the radial pressure. (The analogue of this relation in the general case of an

arbitrary null surface is given by (4.9)). If we multiply this relation by δa, we can rewrite the

equation in the form TδS− δE = PδV , purely algebraically. We can interpret this relation

in this case by considering two solutions of the field equations differing infinitesimally such

that horizons are located at a and a+ δa with all other infinitesimal differences treated as

the differences between these two solutions. (This is analogous to the relation for general

null surface given in (4.12)). Hence, the virtual displacement is essentially a shift between

the location of the fiducial null surface in two solutions of field equations. The shift moves

the null surface by an amount δλ, where λ is the affine parameter along the null geodesics

of ka. More detailed discussion of this idea can be found in [9, 12, 15, 34].

Coming back to the case with βA = 0, we note that F̄ represents the integral of the

work function over the null surface i.e. F̄ =
∫

P
√
qd2x. Then (4.12) is better interpreted

when rewritten in the form

δλE = TδλS − F̄ δλ . (4.17)

This expression is quite suggestive. The virtual displacement can be interpreted as a

physical process that displaced the null surface from r = 0 to r = r+ δλ. Then, the energy

engulfed by the null surface in this displacement is the sum of a heat energy (viz. the

temperature multiplied by the change in entropy) and the work done during this virtual

displacement of the null surface. The above equation can also be interpreted as the total

energy in the region being a sum of an energy corresponding to matter, represented by

the work done term, and energy corresponding to pure gravity, represented by the heat

term. This is the most general form of the thermodynamic identity which arises from

the projection of Rabℓ
a along ka. We shall now discuss the applications of this result to

special cases.
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5 Special cases

In the previous section, we have shown the equivalence of gravitational field equations with

a thermodynamic identity for an arbitrary null surface. The result in section 4 has been

obtained in the earlier literature for some special cases. In this section, we will connect up

with the earlier work by specializing this result to (i) stationary spacetimes without any

other symmetry (ii) spherically symmetric spacetime which is not necessarily static and

(iii) static spherically symmetric spacetime.

5.1 Stationary spacetime

Since we have identified ξa as our time flow vector, stationarity involves setting partial

derivatives of metric components with respect to u to zero (see appendix B). In this case

the thermodynamic identity in (4.12) retains its form with a simpler expression for the

energy term. The expression for energy in (4.13) becomes

δλE =
χ

4
δλ =

χ

4
δr (5.1)

This immediately implies

∂E

∂r
=

χ

4
. (5.2)

This matches with the result in [15]. Notice that, even in the more general case (when

E is given by (4.16)), we can obtain the same result if we assume (a)βA = 0 on the null

surface and (b) the stationarity condition, viz. the metric is independent of u. So the above

result does not require the spacetime to be static (which involves the additional condition

of hypersurface orthogonality) but only requires stationarity.

The additional restrictions required for achieving staticity are the conditions of

hypersurface-orthogonality given in (B.18) and (B.19) in appendix B, reproduced below:

r (β2∂rβ1 − β1∂rβ2)− (∂1β2 − ∂2β1) = 0 , (5.3)

rα∂rβA − ∂Aα− rβA∂rα = 0 . (5.4)

As we have noted in appendix B, these conditions would imply ∂Aα|r=0 = 0. There is no

modification to our result above since we had already assumed hypersurface-orthogonality.

5.2 Spherically symmetric spacetime

To restrict the GNC metric in (2.1) to a spherically symmetric form, the most convenient

way would be to enforce the geometry of 2-spheres on the u =constant, r=constant 2-

surfaces. However, the u =constant surfaces should not be considered as constant-time sur-

faces as these surfaces are actually null. Thus, identifying xA with the angular coordinates,

we should demand ∂Aα = 0, βA = 0 and qAB = f(u, r)dΩ2 = f(u, r)
(

dθ2 + sin2 θdφ2
)

to

arrive at a spherically symmetric form of GNC. The form of the line element now becomes

ds2 = −2rα(r, u)du2 + 2dudr + f(u, r)dΩ2, (5.5)
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which is of spherically symmetric form [57]. The 2-surface we are mainly interested is

u =constant cross-section of the null surface at r = 0. Defining the “radial coordinate” [58],

R(u, r) ≡
√

f(u, r), and expanding in Taylor series in r around r = 0, we obtain R(u, r) =

RH(u) + rg(r, u), where the last term is not just the linear order term in the Taylor

expansion but represents all the higher order terms taken together. The null surface at a

constant u has a “radius” RH(u), with the u-dependence allowing for the area of the 2-

surface to be changing with u. (So we have assumed spherical symmetry but have allowed

for time dependence).

Again, our result holds with a simpler expression for the energy. To see this, let us

look at (4.13). For 2-spheres, the Euler characteristic equals 2. Substituting in (4.13),

we obtain

δλE = δλ

(

1

2
− ∂λ∂uA⊥

8π

)

, (5.6)

where A⊥ is the area of the compact 2-surface. Interpreting E as the energy associated with

a u =constant, r=constant 2-surface, we have E = E(u, r) for the spherically symmetric

spacetime. The above equation can then be written as a partial differential equation

as follows:
∂E

∂λ
=

1

2
− ∂λ∂uA⊥

8π
, (5.7)

where ∂/∂λ is the same as ∂/∂r, since r = λ− λH , and is taken keeping u constant. The

solution is

E(λ, u) =
λ

2
− ∂uA⊥

8π
+ F (u), (5.8)

where F is an arbitrary function. In order to fix this function, let us consider the ingoing

null geodesics, −∂/∂r on the u =constant surface. These are θ =constant, φ =constant

lines and are hence radial. Let us assume that moving along this geodesic will lead us

to intersect ever smaller two-spheres, i.e we will be moving towards the inner part of the

2-spheres. (If this is not the case, we can move in the other direction.) Due to spherical

symmetry, all these geodesics will intersect at the common center of the 2-spheres (assuming

that the geometry is such that this center exists). Since all the geodesics are given the

affine parameter value λH at the r = 0 2-sphere, they will all have the same value of

affine parameter λ (or, equivalently, r), at the center. But this affine parameter value

may be different on a different u-constant surface. Let us label this value λ0(u). At the

center, (5.8) becomes

E(λ0(u), u) =
λ0(u)

2
− ∂uA⊥

8π

∣

∣

∣

∣

λ=λ0(u)

+ F (u), (5.9)

Now, A⊥ = 4πf = 4πR2 so that ∂uA⊥ = 8πR∂uR, which is zero at λ = λ0(u) since R = 0.

Thus, we obtain

E(λ0(u), u) =
λ0(u)

2
+ F (u). (5.10)

Since it seems natural to associate zero energy to a 2-sphere that is essentially a point, we

shall choose F (u) = −λ0(u)/2. Thus, our definition for energy becomes

E(λ, u) =
λ− λ0(u)

2
− ∂uA⊥

8π
. (5.11)
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For the r = 0 surface, we have the energy as

E(λH , u) =
λH − λ0(u)

2
−

∂uA⊥

∣

∣

r=0

8π

=
λH − λ0(u)

2
−RH∂uRH . (5.12)

A special case of interest is the case in which the 2-sphere line element is (r + RH)2dΩ2,

for a constant RH , which puts R = r + RH . Taking R as a coordinate instead of r, we

obtain the metric element

ds2 = −2(R−RH)αdu2 + 2dudR+R2dΩ2, (5.13)

which is of the form of the metric element used in [59]. (The metric that the authors

of [59] start with is different in form, but they reduce it to this form through a coordinate

transformation.) In this case, ∂uRH = 0, λH − λ0(u) = rH − r0(u) = RH − R0 = RH ,

where we have used r = λ− λH , denoted r at our fiducial null surface as rH , even though

it is zero in our framework, and the r and R at the center of the 2-spheres as r0 and R0

respectively. Substituting, we get the energy of a u =constant, r = 0 surface as

E(λH , u) =
RH

2
(5.14)

matching with the results of [59]. However, we should stress that they have derived the

first law for an apparent horizon which is not a null surface while in this work we have

derived a similar result for a null surface.

With hindsight, it may have been better to set the origin of the affine parameter at

the center of the 2-spheres, i.e λ0(u), to obtain a form for the energy as

E(λH , u) =
λH(u)

2
−RH∂uRH , (5.15)

where λH , the value of the affine parameter at r = 0, is no longer a constant but depends

on u.

5.2.1 Stationary spherically symmetric case

Since βA = 0 and ∂Aα = 0, enforcing the stationary conditions ∂uα = 0 and ∂uf = 0 leads

to staticity (see (5.3) and (5.4)). This is not surprising as every stationary spherically

symmetric spacetime is automatically static [58]. Thus, the previous results for static

spacetime hold with the spherically symmetric transverse metric. In this case (5.12) leads to

E =
λH − λ0(u)

2
, (5.16)

while using (5.15) leads to

E(λH , u) =
λH

2
. (5.17)

which matches with previous results [15]. Note that the result in [15] was obtained by

setting an arbitrary integration constant to zero to ensure E → 0 when λH = 0. In the

spherically symmetric case, this has a very physical interpretation as the radius of the

2-sphere shrinks to zero.
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6 Discussion

We started this work trying to address the question of whether the gravitational field

equations near any null surface in an arbitrary spacetime reduces to a thermodynamic

identity, generalizing results previously available in the literature for special cases. We

have shown in section 4 that this is indeed possible, by introducing (a) the temperature

through surface gravity, (b) entropy density from the area and (c) the work function from

the transverse metric g⊥ab. We then obtain, by projecting the Einstein’s equations along

the ka direction, a relation of the form TδλS = δλE+PδλV where the variations represent

virtual displacements of the null surface along null geodesics off the surface.

Given an arbitrary null surface with associated normal (ℓa), co null vector (ka) and

the transverse metric (qab ), one can study the projections of the vector P a ∝ Ra
b ℓ

b, along

each of these. We pointed out that the projection of P a along qba leads to the Navier-Stokes

equation on the null surface while the projection along ℓa is related to the Raychaudhuri

equation. This clearly shows that all the information contained in the field equations posses

thermodynamic interpretation.

As an aside, note that our result, arising from projection P aka along k
a, is distinct from

any result (like e.g the connection with Clausius relation [40]) obtained from projection

P aℓa along ℓa (and the resulting the Raychaudhuri equation) and these two class of results

should not be confused with each other. As noted earlier, the results based on projection

along ℓa (viz. the Raychaudhuri equation) could not be generalized in a simple manner

to Lanczos-Lovelock models and they need additional restrictive assumptions (like the

vanishing of shear and expansion) even for thermodynamic interpretation. In fact, as the

earlier work in [53] clearly points out, the thermodynamic structure of the curvature tensor

is not properly captured in the components which occur in the projection along ℓa and the

Raychaudhuri equation. We believe the other two projections (on qab and on ka) leads to

richer thermodynamic content. This is because they pick out the components of P a along

ℓa (due to ℓ2 = 0, ℓaka = −1!) and along eaA both of which are intrinsic to the null surface.

They are also most likely to remain valid even in a more general class of theories. (We

already know that if the spacetime is static, then the resulting thermodynamic identity

holds even for Lanczos-Lovelock models.). This clarification of the different projections of

Ra
b ℓ

b and their thermodynamic relevance is an important offshoot of our work.

We derived our result starting from the Noether current, which shows again the in-

timate connection between Noether charge and thermodynamics seen in earlier works.

Through this exercise, we have introduced a definition of energy which reduces to en-

ergy definitions introduced previously in the static case [15]. In the most general context,

this involves time derivatives of the area of the null surface and additional terms involv-

ing off-diagonal metric elements βA. If we assume βA = 0 on the null surface, enforcing

hypersurface-orthogonality on our chosen time-flow vector naturally leads to ∂AT |r=0 = 0,

which is an extension of the zeroth law of thermodynamics to the case of an arbitrary

null surface. In this situation, the energy consists of two parts: the standard two dimen-

sional curvature scalar, related to the Euler characteristic of the null surface, and a term

involving time rate of change of the null surface area. Since the two-metric is independent

– 14 –



J
H
E
P
1
0
(
2
0
1
5
)
0
9
7

of time in the static case, energy becomes solely dependent on the Euler characteristic of

the null surface. We then discuss the case of stationary, static, spherically symmetric and

stationary spherically symmetric spacetimes and make connection with results previously

available in the literature.

To summarize, we have shown that for any arbitrary spacetime, without assuming

any symmetry, gravitational field equations in general relativity near an arbitrary null

surface reduces to a thermodynamic identity. Also, for a restricted class of spacetimes with

hypersurface orthogonality enforced, zeroth law holds (even in time dependent cases). It is

interesting to ask whether identical results hold for the most general class of gravitational

Lagrangians with second order equations of motion, i.e. in Lanczos-Lovelock gravity, as well

since the previous result for static spacetime was indeed applicable to Lanczos-Lovelock

models. This work is under progress and the results will be presented elsewhere.
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A Derivation from gravitational field equations

In a static and spherically symmetric spacetimes, we have the relation Gt
t = Gr

r between

the Einstein tensor components in the near horizon limit. This relation continues to hold

for arbitrary static spacetimes as well [60]. Taking a cue from this, let us evaluate the

corresponding Einstein tensor components for the GNC coordinates. All expressions are

evaluated on the null surface, i.e at r = 0. We have

Gu
u = guaGau = Gur; Gr

r = graGar = Gur

Gu
u = Gr

r = Gur = Rur −
1

2
R = Rur −

1

2

(

2Rur + µABRAB

)

= −1

2
qABRAB

=
1

2
αqAB∂rqAB − 1

2
R(2) +

1

2
qAB∂r∂uqAB + ∂r ln

√
q∂u ln

√
q +

1

2
∂uqAB∂rq

AB

+
1

4

(

βAβA + βAqCD∂AqCD − 2βAqCD∂CqAD + 2qAB∂AβB
)

= α∂r ln
√
q − 1

2
R(2) +

1

2
qAB∂r∂uqAB + ∂r ln

√
q∂u ln

√
q +

1

2
∂uqAB∂rq

AB

+
1

4

(

βAβA + βAqCD∂AqCD − 2βAqCD∂CqAD + 2qAB∂AβB
)

(A.1)

Also, we have the following identity:

−1

2
qABRAB = −1

2
δABR

B
A = −1

2
δAB

(

RBu
Au +RBC

ADδ
D
C +RBr

Ar

)

= −δABR
Bu
Au − 1

4
δAB
CDR

CD
AB , (A.2)
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where δAB
CD = δACδ

B
D − δADδ

B
C and we have used the relation

δABR
Br
Ar = δABR

B
uAr = qABRBuAr

= qABRBuAr = qABRArBu = δBAR
Au
Bu (A.3)

The terms in (A.1) involving qAB and its derivative can be manipulated leading to

1

2
qAB∂r∂uqAB + ∂r ln

√
q∂u ln

√
q +

1

2
∂uqAB∂rq

AB

=
1

2
∂r

(

qAB∂uqAB

)

− 1

2
∂rq

AB∂uqAB + ∂r ln
√
q∂u ln

√
q +

1

2
∂uqAB∂rq

AB

= ∂r

(

∂u
√
q

√
q

)

+
∂r
√
q∂u

√
q

(√
q
)2 =

1√
q
∂r∂u

√
q (A.4)

The terms with βA in (A.1) can be simplified leading to

1

4

(

βAβA + βAqCD∂AqCD − 2βAqCD∂CqAD + 2qAB∂AβB

)

=
1

4
β2 +

1

2
βA∂A ln

√
q − 1

2
∂Cβ

C +
1

2
qAD∂C

(

βAqCD
)

+
1

2
qAB∂AβB

=
1

4
β2 +

1

2
√
q
∂A

(√
qβA

)

(A.5)

Then, substituting all the expressions in (A.1), we arrive at the following result:

Gr
r = −δABR

uB
uA − 1

4
δAB
CDR

CD
AB = −1

2
qABRAB

= α∂r ln
√
q − 1

2
R(2) +

1√
q
∂r∂u

√
q +

1

4
β2 +

1

2
√
q
∂A

(√
qβA

)

(A.6)

For displacement of the null surface by an amount δλ along the ingoing null geodesic, we

multiply the above equation by δλ
√
q and use the gravitational field equation Gr

r = 8πT r
r ,

leading to

8πT r
r δλ

√
q = αδλ

√
q − 1

2
R(2)δλ

√
q + δλ∂λ∂u

√
q +

[

1

4
β2 +

1

2
√
q
∂A

(√
qβA

)

]

δλ
√
q (A.7)

where we have used the relation, δλf = (∂f/∂λ)δλ, for any scalar function f . Then,

dividing the above equation by 8π and integrating over a two dimensional surface with d2x

we arrive at

∫

d2x
√
qδλT r

r =

∫

d2x
( α

2π

)

δλ

(√
q

4

)

− δλ

{
∫

d2x
√
q
1

2

R(2)

8π
− 1

8π

∫

d2x∂λ∂u
√
q

−
∫

d2x
√
q
1

8π

[

1

4
β2 +

1

2
√
q
∂A

(√
qβA

)

]}

(A.8)

The null rays tangent to the null surface have the non-affinity coefficient α, which suggests

defining (α/2π) as the temperature of the null surface. Along with this, we can interpret
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T r
r as the normal pressure P⊥ on the null surface. This identification allows us to interpret

the object

F̄ =

∫

d2x
√
qP⊥ (A.9)

as the average normal force over the null surface. Then, F̄ dλ can be interpreted as the

virtual work done in displacing the null surface by δλ along ingoing null geodesics. (A.8)

can now be written as

F̄ δλ =

∫

d2xTδλs− δλE, (A.10)

where s is the entropy density of the null surface with the following expression: s = (
√
q/4),

which equals the Bekenstein-Hawking entropy density. We have also identified the energy

E associated with the null surface as

E =
1

16π

∫

dλ

∫

d2x
√
q R(2) − 1

8π

∫

d2x∂u
√
q

− 1

16π

∫ λ

δλ

∫

d2x
√
q

{

1

2
β2 +

1√
q
∂A

(√
qβA

)

}

(A.11)

When the two-dimensional surface is compact, this reduces to a simpler form, given by

E =
1

2

∫

dλ

(

χ

2

)

− 1

8π

∫

d2x∂u
√
q − 1

16π

∫ λ

δλ

∫

d2x
√
q

{

1

2
βAβ

A

}

(A.12)

where χ represents the Euler characteristic of a two-dimensional compact manifold M2

without boundary and is given by the following expression:

χ (M2) =
1

4π

∫

M2

d2x
√
q R(2) (A.13)

Note that in this most general situation the first law has to be interpreted as follows:

under infinitesimal shift of the null surface along ingoing null geodesics, change in energy

and work done due to pressure adds up and yield Tδλs integrated over the null surface.

Thus, in this general case Tδλs has to be interpreted locally as being due to displacement

of a small element on the null surface. This difficulty arises since the temperature α/2π

in the Tds term is dependent on the transverse coordinates and cannot be taken outside

the transverse integral. The above discussion outlines the derivation of first law from the

field equation perspective and matches exactly with the one obtained from Noether current

formalism in section 2.

B GNC metric in static form

The GNC line element is

ds2 = −2rαdu2 + 2drdu− 2rβAdudx
A + qABdx

AdxB . (B.1)

We shall attempt to reduce (B.1) to the form of the static metric in [60],

ds2 = −N2dt2 + dn2 + σABdy
AdyB , (B.2)
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using appropriate restrictions and coordinate transformations. We shall place the first

restriction on α, demanding it to be positive in the region r > 0. The utility of this

restriction will be clear in due course.

(B.1) represents the line element near an arbitrary null surface in an arbitrary space-

time. To get to (B.2), we need to enforce staticity. A static spacetime should satisfy the

following two requirements [58]:

(i) There must exist a timelike vector ξa that satisfies the Killing condition, i.e.

∇aξb +∇bξa = 0 . (B.3)

(ii) ξa must be hypersurface-orthogonal. By Frobenius theorem, this is equivalent to

demanding

ξ[a∇aξb] = 0. (B.4)

If only the first condition holds, then the spacetime is called stationary. For stationarity, it

is not necessary that the vector ξa be timelike everywhere in the spacetime. If we impose

that ξa be timelike everywhere, then even the Schwarzschild spacetime with the Killing

vector ξa = ∂/∂t will not be stationary. Thus, we will only demand that ξa be timelike in

possibly only in part of the spacetime (see [61]).

Since the line element (B.1) has been constructed in a region near the null surface

and no claim has been made about its validity for the entire spacetime, we shall adapt the

above criteria to our situation by calling a GNC metric as static if we can find a timelike

vector ξa that satisfies (B.3) and (B.4) in the region of validity of (B.1). We shall further

restrict the domain of validity to the r > 0 region, where guu < 0 for α > 0, since even in

a Schwarzschild spacetime the timelike Killing vector is timelike only outside the horizon.

The next logical step would be to choose a timelike vector ξa in the chosen domain

and demand that it satisfies (B.3) and (B.4). While these two conditions are enough to

render the spacetime static, the static line element in (B.2) also has a Killing horizon at

n = 0. In other words, the norm of the Killing vector vanishes at n = 0. We would like

our null surface at r = 0 to go to the Killing horizon in the static limit. The Killing vector

for (B.2) lies on the Killing horizon. Thus, we are looking for a vector ξa that is timelike

in the region r > 0, is null at r = 0 and lies on the null surface r = 0. An obvious choice

is the vector ξ = ∂/∂u.

To strengthen the motivation for this choice, we shall now demonstrate that it cor-

responds to the timelike Killing vector in Schwarzschild and Rindler metrics. Both

Schwarzschild and Rindler metrics have the form of the f(r)-metric:

ds2 = −f(r)dt2 +
dr2

f(r)
+ qABdx

AdxB , (B.5)

with f(r) = 1− 2M/r giving Schwarzschild and f(r) = −2κr giving Rindler. The timelike

Killing vector in the coordinate order (t, r, x1, x2) is ξa = (1, 0, 0, 0). Defining a new

coordinate u by the relation

u = t+

∫

dr

f(r)
, (B.6)
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we have

du = dt+
dr

f(r)
=⇒ dt = du− dr

f(r)
. (B.7)

Substituting in (B.5), we obtain

ds2 = −f(r)du2 + 2dudr + qABdx
AdxB , (B.8)

which is the GNC line element (B.1) with βA = 0. In coordinates (u, r, x1, x2), ξa =

(1, 0, 0, 0) = ∂/∂u, our chosen timelike Killing vector for GNC.

Having chosen a ξa, we shall now apply the conditions (B.3) and (B.4). The Killing

condition gives

£ξgab = 0 ⇒ ξc∂cgab + gcb∂aξ
c + gac∂bξ

c = 0 ⇒ ξc∂cgab = ∂ugab = 0 . (B.9)

Thus, the Killing condition demands that all the metric components be independent of u.

This means

∂uα = 0; ∂uβA = 0; ∂uqAB = 0 . (B.10)

Next, let us look at (B.4). The equation ξ[a∇aξb] = 0 gives four equations corresponding

to (a, b, c) = (u, x1, x2), (a, b, c) = (r, x1, x2) and two equations with (a, b, c) = (u, r, xA)

for A = 1, 2. These correspond, respectively, to

2r2α (∂1β2 − ∂2β1) + r2 (β2∂uβ1 − β1∂uβ2) + 2r2 (β1∂2α− β2∂1α) = 0 , (B.11)

r2 (β2∂rβ1 − β1∂rβ2)− r (∂1β2 − ∂2β1) = 0 , (B.12)

2r2α∂rβA − 2r∂Aα+ r∂uβA − 2r2βA∂rα = 0 . (B.13)

Note that these equations are not all independent. For example, enforcing the last two

equations, the first one can be seen to be satisfied identically. Thus, we just need to demand

r2 (β2∂rβ1 − β1∂rβ2)− r (∂1β2 − ∂2β1) = 0 , (B.14)

2r2α∂rβA − 2r∂Aα+ r∂uβA − 2r2βA∂rα = 0 . (B.15)

These equations are automatically satisfied at r = 0. Elsewhere in the spacetime region

under consideration, we can cancel a factor of a power of r to get conditions on the metric

components. Since we are considering smooth functions, we should expect these conditions

to hold even at r = 0. Thus, canceling off overall factors of constants and powers of r, we

obtain the following conditions for hypersurface-orthogonality:

r (β2∂rβ1 − β1∂rβ2)− (∂1β2 − ∂2β1) = 0 , (B.16)

2rα∂rβA − 2∂Aα+ ∂uβA − 2rβA∂rα = 0 . (B.17)

Specializing to the stationary case, we enforce (B.10) and obtain

r (β2∂rβ1 − β1∂rβ2)− (∂1β2 − ∂2β1) = 0 , (B.18)

rα∂rβA − ∂Aα− rβA∂rα = 0 . (B.19)
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In particular, (B.19) implies

∂Aα|r=0 = 0 . (B.20)

Thus, imposing staticity on the GNC metric with ξ = ∂/∂u, we get a generalization of the

zeroth law of black hole thermodynamics.

Once staticity is imposed, it is advantageous to transform to a coordinate where it

is manifest. Let us take the hypersurfaces to which ξa is orthogonal to be level surfaces

of a function t, i.e we shall take ξa to be orthogonal to t = constant surfaces. Then, we

should have

ξa = F (u, r, xA)∇at . (B.21)

We shall show that there exists a t which satisfies this equation if we take F (u, r, xA) =

−2rα. With this choice of F , (B.21) becomes gau = −2rα∇at, where ∇at = −(gau/2rα).

Hence the components of the vector ∇at in GNC coordinate reads,

(∂ut, ∂rt, ∂At) = − 1

2rα
(−2rα, 1,−rβA) (B.22)

which immediately leads to an expression for dt as:

dt = du− dr

2rα
+

βAdx
A

2α
. (B.23)

For dt to be a perfect differential, the following integrability conditions need to be satisfied:

∂A

(

− 1

2rα

)

= ∂r

(

βA
2α

)

∂A

(

βB
2α

)

= ∂B

(

βA
2α

)

. (B.24)

It can be verified that these integrability conditions are satisfied courtesy the hypersurface-

orthogonality conditions, (B.18) and (B.19), that we have imposed. If we transform to

coordinates
(

t, r, xA
)

, we will have

∂tf |r,xA = ∂uf
∂u

∂t

∣

∣

∣

∣

r,xA

= ∂uf . (B.25)

Hence, the stationarity condition (B.10) in coordinates
(

t, r, xA
)

becomes

∂tα = 0; ∂tβA = 0; ∂tqAB = 0 . (B.26)

We are now ready to write down the line element in the static coordinate system.

From (B.23), we have

du = dt+
dr

2rα
− βAdx

A

2α
, (B.27)

which when substituted in (B.1) gives the line element

ds2 = −2rαdt2 +
dr2

2rα
− βA

α
drdxA +

(

qAB +
rβAβB
2α

)

dxAdxB, (B.28)

– 20 –



J
H
E
P
1
0
(
2
0
1
5
)
0
9
7

with ∂tα = 0, ∂tβA = 0 and ∂tqAB = 0. This is the GNC line element written in an

explicitly static coordinate system.

To transform to the static coordinate system of [60], we can first identify N2 = 2rα.

The second step would be to install a Gaussian normal coordinate system in the spatial slice

by sending out normal geodesics from the r = 0 surface. (The explicit coordinate transfor-

mations to reach this coordinate system, however, is difficult to obtain in closed form.)

C Derivations of expressions used in text

Let us evaluate a couple of expressions we require in section 4. Noether current for ξa has

the following expression Ja(ξ) = ∇b

[

Jab (ξ)
]

with Jab (ξ) = ∇aξb −∇bξa. We shall make

use of the following expression from [56]:

£ξN
a
ij = −∇i∇jξ

a +
1

2

(

δai ∇j∇mξm + δaj∇i∇mξm
)

−Ra
jmiξ

m . (C.1)

The object 16πkaJ
a(ξ) can be evaluated most easily by using the following identity for any

two vector fields ua and va:

16πuaJ
a(v)− uag

ij£vN
a
ij = 2Rabu

avb = 16πvaJ
a(u)− vag

ij£uN
a
ij (C.2)

Applying the above result for the vectors ka and ξa, we obtain

2Rabξ
akb = 16πkaJ

a(ξ)− kag
ij£ξN

a
ij (C.3)

= 16πξaJ
a(k)− ξag

ij£kN
a
ij (C.4)

We have chosen the auxiliary vector ka such that ka = −∇au. Thus, the Noether current for

ka vanishes. Hence, the above equation can be written to yield the value for 16πkaJ
a(ξ) as

16πkaJ
a(ξ) = kag

ij£ξN
a
ij − ξag

ij£kN
a
ij (C.5)

Using (C.1), the two Lie variation terms can be calculated in a straightforward manner

leading to

kag
ij£ξN

a
ij = −2£ξN

u
ur − qAB£ξN

u
AB

= −2∂u∂r ln
√
q +

1

2
∂uqAB∂rq

AB, (C.6)

ξag
ij£kN

a
ij = gij£kN

r
ij = −4∂rα− 2α∂r ln

√
q − 2∂u∂r ln

√
q +

1

2
∂uqAB∂rq

AB

− β2 − 1√
q
∂A

(√
qβA

)

. (C.7)

Using these expressions, we arrive at

16πkaJ
a(ξ) = 4∂rα+ 2α∂r ln

√
q + β2 +

1√
q
∂A

(√
qβA

)

. (C.8)

Now, the Noether current expression can be written as

2Rabξ
akb = 16πkaJ

a(ξ)− kag
ij£ξN

a
ij (C.9)
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The above relation can also be verified by calculating directly in GNC coordinates:

−Rabℓ
akb = Rur = ∂aΓ

a
ur − ∂uΓ

a
ar + Γa

urΓ
b
ab − Γa

ubΓ
b
ra

= ∂rΓ
r
ur + ∂AΓ

A
ur − ∂u∂r ln

√
q + Γa

ur∂a ln
√
q − Γu

ubΓ
b
ru − Γr

ubΓ
b
rr − ΓA

ubΓ
b
rA

= −2∂rα− 1

2
β2 − 1

2
∂Aβ

A − ∂u∂r ln
√
q − α∂r ln

√
q − 1

2
βA∂A ln

√
q

− Γu
uAΓ

A
ru − ΓA

urΓ
r
rA − ΓA

uBΓ
B
rA

= −2∂rα− 1

2
∂Aβ

A − ∂u∂r ln
√
q − α∂r ln

√
q

− 1

2
βA∂A ln

√
q +

1

4
∂uqAB∂rq

AB − 1

2
β2 (C.10)

Expression for Rabξ
akb can be rewritten by using the result Rabξ

akb = Gabξ
akb − (1/2)R

and the field equation Gab = 8πTab as

−Tabξ
akb = − 1

16π

[

16πkaJ
a(ξ)− kag

ij£ξN
a
ij

]

− R

16π
(C.11)

Since energy was defined in terms of Ricci scalar on the 2-surface for arbitrary static

spacetimes [15], we need a relation between R and R(2). Using which we arrive at

(

−Tabξ
akb

)

=
1

8π

(

Rur −
1

2
R

)

=
1

8π

(

− 2∂rα− 1

2
∂Aβ

A − ∂u∂r ln
√
q − α∂r ln

√
q − 1

2
βA∂A ln

√
q

+
1

4
∂uqAB∂rq

AB − 1

2
R(2) + 2∂rα+ 2α∂r ln

√
q +

1√
q
∂A

(√
qβA

)

+
3

4
β2 − 1

2
β2 − 1

4
∂uqAB∂rq

AB − ∂u ln
√
q∂r ln

√
q +

2√
q
∂u∂r

√
q

)

=
1

8π

(

1

4
β2 − 1

2
R(2) + α∂r ln

√
q +

1

2
√
q
∂A

(√
qβA

)

+
1√
q
∂u∂r

√
q

)

(C.12)

Then, integrating over the u = constant, r = constant two dimensional surface with inte-

gration measure d2x
√
q, we arrive at

∫

d2x
√
q
(

−Tabξ
akb

)

=

∫

d2x
√
q
( α

2π

)

∂r

(√
q

4

)

− ∂rE (C.13)

where the energy is defined as

E ≡ 1

8π

∫

d2xdr
√
q

(

− 1

4
β2 +

1

2
R(2) − 1

2
√
q
∂A

(√
qβA

)

− 1√
q
∂u∂r

√
q

)

(C.14)

which exactly coincides with the result derived in appendix A.
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