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1 Introduction

Topological string theory on Calabi-Yau (CY) threefolds can be regarded as a simplified
model for string theory with many applications in both mathematics and physics. Topolog-
ical strings come in two variants, usually called the A— and the B-models, related by mirror
symmetry. When the CY is toric, the theory can be solved at all orders in perturbation
theory with different techniques. The A-model can be solved via localization [1, 2] or the
topological vertex [3], while the B-model can be solved with the holomorphic anomaly equa-
tions [4, 5] or with topological recursion [6, 7]. Part of the richness and mathematical beauty
of the theory in the toric case stems from the interplay between these different approaches,
which involve deep relations to knot theory, matrix models, and integrable systems.

In spite of these developments, there are still many open questions. Motivated by
instanton counting in gauge theory [8], it was noted [9] that the topological string on toric
CYs can be “refined,” and an additional coupling constant can be introduced. Although
many of the standard techniques in topological string theory can be extended to the refined
case [10-13], this extension is not as well understood as it should (for example, it does not
have a clear worldsheet interpretation). Another realm where there is much room for
improvement is the question of the non-perturbative completion of the theory. Topological
string theory, as any other string theory, is in principle only defined perturbatively, by a
genus expansion. An important question is whether this perturbative series can be regarded
as the asymptotic expansion of a well-defined quantity. In the case of superstring theories
in AdS, such a non-perturbative completion is provided conjecturally by a CFT on the
boundary. In the case of topological string theory on CY threefolds, there is a similar large
N duality with Chern-Simons theory on three-manifolds, but this duality only applies to
very special CY backgrounds [14, 15].!

One attractive possibility is that the topological string emerges from a simple quantum
system in low dimensions, as it happens with non-critical (super)strings. Since the classical
or genus zero limit of topological string theory on a toric CY is encoded in a simple algebraic
mirror curve, it has been hoped that the relevant quantum system can be obtained by a
suitable “quantization” of the mirror curve [16]. In [17], it was shown that a formal WKB
quantization of the mirror curve makes it possible to recover the refined topological string,
but in a special limit —the Nekrasov-Shatashvili (NS) limit— first discussed in the context
of gauge theory in [18]. The quantization scheme in [17] is purely perturbative, and the
Planck constant associated to the quantum curve is the coupling constant appearing in the
NS limit.

Parallel developments [19-24] in the study of the matrix model for ABJM theory [25]
shed additional light on the quantization problem. It was noted in [24] that the quantization
of the mirror curve leads to a quantum-mechanical operator with a computable, discrete
spectrum. The solution to this spectral problem involves, in addition to the NS limit of the

Tt is sometimes believed that the Gopakumar-Vafa/topological vertex reorganization of the topological
string free energy provides a non-perturbative completion, but this is not the case. This reorganization is
not a well-defined function, since for real string coupling it has a dense set of poles on the real axis, and for
complex string coupling it does not seem to lead to a convergent expansion [23].



refined topological string, a non-perturbative sector, beyond the perturbative WKB sector
studied in [17]. Surprisingly, this sector involves the standard topological string. The
insights obtained in [24] thanks to the ABJM matrix model apply in principle only to one
particular CY geometry, but they were extended to other CYs in [26], which generalized
the method of [24] for solving the spectral problem. A complete picture was developed
in [27], which made two general conjectures valid in principle for arbitrary toric CYs based
on del Pezzo surfaces: first, the quantization of the mirror curve to a local del Pezzo leads
to a positive-definite, trace class operator on L?(R). Second, the spectral or Fredholm
determinant of this operator can be computed in closed form from the standard and NS
topological string free energies. The vanishing locus of this spectral determinant gives an
exact quantization condition which determines the spectrum of the corresponding operator.
The first conjecture was proved, to a large extent, in [28], where it was also shown that the
integral kernel of the corresponding operators can be expressed in many cases in terms of the
quantum dilogarithm. The second conjecture has been tested in [27] in various examples.

The conjecture of [27] establishes a precise link between the spectral theory of trace
class operators and the enumerative geometry of CY threefolds. From the point of view of
spectral theory, it leads to a new family of trace class operators whose spectral determinant
can be written in closed form — a relatively rare commodity. From the point of view of
topological string theory, the spectral problem provides a non-perturbative definition of
topological string theory. For example, one can show that, as a consequence of [27], the
genus expansion of the topological string free energy emerges as the asymptotic expansion
of a 't Hooft-like limit of the spectral traces of the operators [38].

The conjecture of [27] concerning the spectral determinant has not been proved, but
some evidence was given for some simple CY geometries in [27]. Since the conjecture
holds in principle for any local del Pezzo CY, it is important to test this expectation in
some detail. In addition, working out the consequences of the conjecture in particular
geometries leads to many new, concrete results for both, spectral theory and topological
string theory. The goal of this paper is to test the conjecture in detail for many different del
Pezzo geometries, in particular for general values of the mass parameters, and to explore
its consequences. In order to do this, we use information on the refined topological string
amplitudes to high genus, which lead for example to precision tests of the formulae for the
spectral traces of the corresponding operators.

In more detail, the content of this paper is organized as follows. In section 2 we
explain in detail how to obtain the geometries appropriate for operator analysis from mirror
symmetry of global orbifolds. As an example, we work out the mass-deformed Eg del Pezzo,
which realizes a perturbation of the three-term operator Oz 3 considered in [28]. In section
3, we review and expand the conjecture of [27], as well as some of the results on the spectral
theory of quantum curves obtained in [28, 39]. In section 4, we apply these general ideas
and techniques to four different geometries: local Fo, local Fi, local By and the mass
deformed Fg del Pezzo surface. In all these cases we compute the spectrum as it follows
from the conjectural correspondence, and we compare it to the numerical results obtained
by direct diagonalization of the operators. We also compute the first few fermionic spectral
traces, as they follow from the conjectural expressions for the spectral determinants, and



we compare them with both analytic and numerical results. In the case of local Fo, we
work out the explicit expansion at the orbifold point. This leads to analytic expressions
for the spectral traces, in terms of Jacobi theta functions and their derivatives. In the case
of the Og 3 operator, we also compare the large N limit of its fermionic spectral traces,
obtained in [38], to topological string theory at the conifold point. The conjecture turns
out to pass all these tests with flying colors. In the appendices, we collect information
on the Weierstrass and Fricke data of local CY manifolds, and we explain the geometric
equivalence between local Fo and local Fy.

2 Orbifolds, spectral curves and operators

As we mentioned in the introduction, the conjecture of [27] associates a trace class operator
to mirror spectral curves. Let us denote the variables appearing in the mirror curve by
x, y. The corresponding Heisenberg operators, which we will denote by x, y, satisfy the
canonical commutation relation

(x,y] = ih. (2.1)

Since the spectral curves involve the exponentiated variables e*,e¥ € C*, after quantization
one finds the Weyl operators

X =e, Y =¢. (2.2)

As shown in [28], the simplest trace class operator built out of exponentiated Heisenberg
operators is

Pmmn = O;l}n (2.3)

where

Ompn =€+ +e ™™ m,neRy,. (2.4)

For example, the operator Oy ; arises in the quantization of the mirror curve to the local
P? geometry. Since these operators can be regarded as building blocks for the spectral
theory /topological string correspondence studied in this paper, it is natural to ask how to
construct local toric geometries which lead to O,, , operators after quantization.

It turns out that, to do this, one has to consider an C?/G orbifold with a crepant reso-
lution. This means that the resolution space @/?} is a non-compact Calabi-Yau manifold,
i.e. it has to have trivial canonical bundle. The section of the latter {2 = dz; Adzs Adz3 on
C? has to be invariant and it is not hard to see that this condition is also sufficient. For
abelian groups, G = Zy, x Zy, is the most general choice in the geometrical context,? and
(C/3/\G has a toric description. In fact all local toric Calabi-Yau spaces X can be obtained by

elementary transformations, i.e. blow ups and blow downs in codimension two, from C3/G.

?Non-abelian groups G, which leave Q invariant are also classified [55], however they lead in general
to non-toric A-model geometries. It is still a challenge to figure out the general B-model geometry using
non-abelian gauge linear o models.



2.1 Toric description of the resolution of abelian orbifolds
Let IV be the order of G. Invariance of 2 implies that the exponents ni € Ny of the orbifold

action of the Zy, group factor on the C3 coordinates defined by

P
27T77,k

N

zkr—>exp< >zk, k=1,2,3, p=1,2 (2.5)

add up to Zi:l ni = 0 mod N for p = 1,2. The resolution leading to the A-model

geometry C3/G with G abelian is described by standard toric techniques [53], while the
procedure that leads to the B-model curve is an adaptation of Batyrev’s construction to
the local toric geometries [29, 54]. The toric description of the resolution, see [53], is given
by a non-complete three dimensional fan Y x in ZI‘?{, whose trace at distance one from the
origin is given by an integral simplicial two dimensional lattice polyhedron A. Let ng ),
j=1,...,]G|, k = 1,2,3, be the set of exponents of all elements of G, then the two

dimensional polyhedron A is simplicial and is the convex hull of

3
Zmi:N,Elj with mk—n,(g)z()mod N,Vk’}a (2.6)

A= {(mlam27m3) € N?é[)
k=1

in the smallest lattice I' generated by the points (mq,m2, m3). Let us give the two funda-
mental types of examples of this construction.

Consider as type (a) G = Zy generated by (2.5) n = (1,m,n), with 1+ m+n =N
and m > 0,n > 0, A is the convex hull of {#; = (0, N,0),09 = (0,0, N), (N,0,0)}. The
point vp = (1,m,n) is by (2.6) an inner point of A, which we choose to be the origin of T,
while T" is spanned by é; = v; — v, i = 1,2. Choosing the canonical basis e; = (0,1) and
ea = (1,0) for I' = Z2 and dropping the redundant first entry in the coordinates of A, we
find that

A = conv({(1,0),(0,1), (—m, —n)}) C Z& . (2.7)

We will argue below that the mirror curve seen as the Hamiltonian always contains an
operator of type Oy, .

Consider as type (b) G = Zn, X Zy, with |G| = N = N; x Ny generated by (2.5),
where n(!) = Ny(1,m,0) with 1 +m = Ny, and n? = Ni(0,n,1) with 1 +n = Ny. We
require m > 0 and n > 0 and either> m > 1 or n > 1. The point vp = nM on® =
(N2, N1 Ny — N1 — Ny, Np) is by (2.6) an inner point of A, which we choose to be the origin
of T', while we can span I' by 71 = (N1, N — N1,0) — vp and 5 = (0, N — Na, N2) — vo.
Choosing the canonical basis e; = (0,1) and ez = (1,0) for I' = Z? we find similarly
as before

A = conv({(=m, 1), (1,-n),(1,1)}) C Z3 . (2.8)

Let I,,(A) be the number of all lattice points of A that lie only inside faces of dimension
n and not inside faces of dimension k < n, and I,,(A) all points on dimension n faces.

3The Zs X Z3 orbifold with n = m = 1 has no inner point, as nMon® = (2,0,2) is as any point with
one zero entry on the edge.



I5(A), i.e. the number of lattice points inside A, counts compact (exceptional) divisors of
the smooth non-compact Calabi-Yau 3-fold X = @/\G, while I1(A), i.e. the number of
lattice points inside edges, counts non-compact (exceptional) divisors of X, which are line
bundles over exceptional P'’s. Their structure can be understood as follows. If Zy; C Zy
with d|N is a subgroup of G that leaves a coordinate in C? invariant, then it acts as C?/Zgy
on the remaining C? and its local resolution contains an A4_; type Hirzebruch sphere tree
of P’s whose intersection in (% is the negative Cartan matrix of the Lie algebra A; ;.
These P!’s are represented in the toric diagram as lattice points on the edge of A that is
dual to the invariant coordinate.

In the mirror geometry described below, I5(A) is identified with the genus and the
number of complex structure parameters deformations @;, i = 1,...,I3(A), of the family
of mirror curves C, while I1(A) counts independent residua my, k = 1,...,I;(A), of the
meromorphic differential A on that curve. In the field theory, @; correspond to vevs of
dynamical fields while the my, are mass parameters.* In the resolution X = C3/G, the
u; parameters are associated by the mirror map to the volumes of the curves determining
the volume of the compact (exceptional) divisors, while the m; parameters are associated
we mirror map to the volumes of the P! of the sphere trees in the resolution of the
C2/Z, singularities. The curve classes that bound the Kédhler cone are linear combinations
of these curves classes. The precise curve classes [C,] with that property are encoded in
the generators 1(®) of the Mori cone.

For orbifolds A is simplicial. Thus it is elementary to count

= |¥] - [2@)], as)

where

(A = { ged(m + 1,n) + ged(m,n+1) —2  for case (a) (2.10)

m+n+gedim+1,n+1)—1 for case (b)

Let us give a short overview over local Calabi-Yau geometries that arise as resolved
orbifolds. We have seen that A has always an inner point which we called v» and
by (2.9), (2.10) it is easy to see that in the case (a) the Zs orbifold with n = m = 1,
the Z4 orbifold with m = 2,n = 1, and the Zg orbifold with m = 3,n = 2 are the only
orbifolds whose mirrors are related to elliptic curves, i.e. I5(A) = 1. It is easy to see that
I;(A) is 0,1, 3 respectively. For N > 6 one has several choices of the exponents, e.g. for
Zg the choice m = 1,n = 4 leads to a genus two mirror curve. In the case (b) orbifolds
with genus one mirror curves are the Zg x Zs orbifold with m =n = 2 and I1(A) = 6, the
Zs x Zy4 orbifold with m = 1,n = 3 and I1(A) = 5, and the Zg X Z3 with m = 1,n = 2
and I;(A) = 3.

2.2 The mirror construction of the spectral curves

Above we described toric local Calabi-Yau threefolds X that arise as resolved abelian
orbifolds and can serve as A-model geometries for topological string. Let YXx be, a bit

4These statements remain true for local Calabi-Yau 3-folds X described by non-compact fans whose
traces A are non-simplicial, only that I3 (A) has to be replaced with I; (A) — 3.



more general, an arbitrary non-complete toric fan in Z%, A not necessarily a simplicial
trace, and k = I3(A) — 3. The Calabi-Yau condition is equivalent to the statement that
the 1-cone generators vV i = 0,1,...,k 4+ 2, end on a hyperplane H one unit distance
away from the origin of Z3, and A = H N Xx. We choose the coordinate system of Z3
such that the first coordinate of () is always 1. The k + 3 1-cone generators () satisfy
k linear relations. If the Mori cone is simplicial, we can choose them to be the Mori cone

generators® ((®) = (B(()a),ﬁga), e ,6,822) with a« = 1, ..., k, such that

ST e =0, va. (2.11)

Due to their interpretation in 2d N' = (2,2) supersymmetric gauged linear sigma models,
¢(®) are also called the charge vectors. The triviality of the canonical bundle is ensured if

k+2
S iV =0, va. (2.12)
=0

To construct the Calabi-Yau threefold X on which the mirror B-model topological
string lives [29, 54], one introduces k + 3 variables Y; in C satisfying the conditions

k2
[Iv: =1, va. (2.13)
=0

Then the mirror manifold X is given by

whw™ =Wy, wh,w™ eC. (2.14)
where
k+2
Wx = ZWYE : (2.15)
i=0

Due to the three independent C* actions on the Y; subject to the constraints (2.13), only

the following combinations
k+2

o)
[[ed =2 (2.16)
i=0
are invariant deformations of the B-model geometry. If I(®) are the Mori cone generators,
the locus 2z, = 0 is the large complex structure point, which corresponds to the large
volume limit of the A-model geometry. The z, parametrize the deformations of X. It is
equivalent and often more convenient to replace (2.13) and (2.15) by

k2 )

[y =2 (2.17)
=0

®See [30, 31] for an explanation on how to find the Mori cone generators. For all examples considered
here the Mori cone generators have been determined in [32]. Non-simplicial Mori-cones have more than k
generators. For the construction of the mirror geometry it is sufficient to chose k of them. The calculation
of large radius BPS invariants is more involved in this case.



and
k+2

Wx =YY (2.18)
=0

respectively. Using (2.17) one eliminates k of the k4 3 Y variables. One extra Y variable
can be set to 1 using the overall C* action. Renaming the remaining two Y* variables e®
and €Y the mirror geometry (2.14) becomes

whw™ = Wx (e, e¥; 2), (2.19)

which describes a hypersurface in C2x (C*)2. Note that all deformations of X are encoded in
Wx(e®,eY; z). In fact the parameter dependence of all relevant amplitudes of the B-model

on X can be studied from the non-compact Riemann surface Cx given by the vanishing
locus of the Newton-Laurent polynomial in (C*)?

Wx(e®,e¥;52) =0 (2.20)

and the canonical meromorphic one form on Cx, a differential of the third kind with non-
vanishing residues, given as
A=uzdy . (2.21)

Because of its role in mirror symmetry and the matrix model reformulation of the B-model,
Cx is called the mirror curve or the spectral curve respectively, while A is the local limit
of the holomorphic (3,0) Calabi-Yau form on the B-model geometry.

The coefficients u;, i = 1,...,I2(A), of the monomials that correspond to inner points
parametrize the complex structure of the family of mirror curves. To see this, note that all
other coefficients can be set to one by automorphisms of a compactification of the mirror
curve (2.20), e.g. of Aut(Pa-), which do not change the complex structure. However the
other datum of the B-model, the meromorphic one form A, is only invariant under the three
C* actions on the coordinates of Pa. Therefore A depends on I1(A) — 3 coefficients of the
monomials on the boundary. We will set the coefficients of three points on the boundary
to one, e.g. a; = 1,7 = 1,...,3, in figure 1. The coefficients of the other points on the
boundary are then the mass parameters m;, i = 1,..., I1(A) — 3. In this way the 2z, (@, m)
can be seen as functions of the complex structure variables 4 and the independent mass
parameters m.

Let us consider the Zy orbifold geometry with the trace A given in (2.7). To get the
desired operator O, ,, from the mirror curve, we associate Y7 = e” to the point v; = (1,0),
Yo = e¥ to the point v, = (0,1), and scale the Y, coordinate that corresponds to the
point vp to 1, while we denote the coefficient of the Y, coordinate by @; = @. This choice
guarantees that the Y3 coordinate associated to the point v3 = (—m, —n) is expressed by
solving (2.17) as Y3 = e™™*~"™_ Let us set all the other @; = 0 for ¢ = 2,..., [3(A), then
the mirror curve has the shape

I (A)
(4) (4)
Wx(e®,e¥)=e" +e¥ +e ™M™ + Z fi(m)e"t *t2Y 4 4 = Ox(x,y) + @, (2.22)
=1



Figure 1. Toric traces for @/\G with G = Z3 x Z3 and G = Zs x Z4. They correspond to case (b)
in section 2.1 with (m =n = 2) and (m = 1,n = 3) respectively.

where f;(m) are monomials of mass parameters. Note that the function Ox(z,y) can be
regarded as a “perturbation” of the function

Omn(,y) = € + eV + e M (2.23)

and log(a) will be identified with the energy of the quantum system discussed below. (2.23)
is the function which, upon quantization, leads to the operator (2.4). If I5(A) > 1, then
the limit @; = 0,4 = 2,...,I5(A), corresponds to a partial blow up of the orbifold C?/Zy.
Recall that all points on the trace A and the corresponding bounding fans as coordinate
patches have to be included to define @ZV as a smooth variety.

In the rest of the paper we will only be concerned with the cases where I5(A) = 1.
This corresponds to smooth toric local Calabi-Yau threefolds whose spectral curves are
elliptic curves. In particular, we consider the anti-canonical bundles of almost del Pezzo
surfaces S

X =0(-Kg) — S, (2.24)

which have toric descriptions in terms of traces A, which are one of the 16 2-d reflexive
polyhedra.® All of these except one, which involves a blow up, can be obtained by blow
downs from the orbifold geometries discussed in the last section. In order to treat the
toric cases in one go, we consider the largest polyhedra A for abelian group quotients with
I)(A) = 1 depicted in figure 1. We compactify the corresponding mirror curves (2.20) in
Pa=, but do not use the automorphism Aut(Pa+) to eliminate the m;. Rather we bring the
corresponding mirror curves to the Weierstrass form

y? = 423 — ga(u, m)x — g3(u, m), (2.25)

using Nagell’s algorithm, see appendix A. In particular in that appendix we give in (A.3)
and (A.4) the ga2(u,m) and g3(u,m) for the mirror geometries of CS/Z-}\X Z3 and
Cc3 //Zg\x Z4. They can be specialized to the corresponding data of all examples discussed
in detail in the paper, by setting parameters in these formulae to zero or one according to

the embedding of the smaller traces A into the traces depicted in figure 1.

®They are toric del Pezzo if I;(A) = 0 and almost toric del Pezzo otherwise.



Let us introduce some conventions, which are usefull latter on. After gauging three

coefficients of the boundary monomials to one by the (C*)3 action, (2.16) becomes
(o)

~ (@) - ; . . . . .

2 = U0 Hlel mjj . The charge —Z(()a) is the intersection number of the anti canoni-

cal class —Kg and the curve in the curve class [Cy,] that bound the corresponding Mori

cone generator on X. Any such curve has a finite volume and lies entirely in S. Since S is
almost del Pezzo

Ca=-KsNCoq=—L") >0, (2.26)
We define
r=ged(cr, ..., ck), (2.27)
and the reduced curve degrees
Co = Ca)T, (2.28)
as well as
u=a . (2.29)
Then (2.16) implies
k—1 Z(a) B k—1 f(a)
Zo = U@ H m; = u H m; . (2.30)
j=1 j=1

In [33, 35] w is used as the default elliptic modulus instead of @, because v = 0 is the
large complex structure point (LCP) in the moduli space of Wx (e*, e¥), and therefore con-
venient for computations around the LCP. In the following we will use the two variables
interchangeably, preferring 4 for the formal discussions related to the spectral problems,
and u for computations around the LCP.

Both data (2.20), (2.21) are only fixed up to symplectic transformations

r—ar+by+te <ab

, € SL(2,Z 2.31
y—cr+dy+ f Cd) ®2) (2:31)

which preserve dz Ady. In the rest of the paper, we will often call (2.20) the spectral curve
of X as well.

2.3 Weierstrass data, Klein and Fricke theory and the B-model solution

According to the theory of Klein and Fricke we get all the information about the periods
and the Picard-Fuchs equations for the holomorphic differential, which reads
dz d
w=—=—M\+exact,
Y du
in the Weierstrass coordinates x, y of an elliptic curve, from properly normalized gs and g3
and the J-invariant of the elliptic curve

e B 1
gs—27g3 A. E}—FE? 1728

J
1728

1
J = +744k1926884q+...> . (2:32)

q

,10,



A key observation in the treatment of Klein and Fricke is that any modular form ¢y (J) of
weight k, w.r.t.T'g = SL(2,Z) (or a finite index subgroup I',), fulfills as a function of the
corresponding total modular invariant J (or u) a linear differential equation of order k+ 1,
see for an elementary proof [58]. In particular ¢ (J) can be meromorphic and the basic
example [59] is that +/E, can be written as the solution to the standard hypergeometric
differential equation as

JE_QF1<1 > ,1;1/J> . (2.33)

12712

While solutions to the hypergeometric equation transform like weight one forms, other
such objects such as in particular the periods can be obtained by multiplying them with
(meromorphic) functions of the total invariant J (or w, which is a finite Galois cover of J).
For example the unnormalized period € is a weight one form that fulfills the second order
differential equation

d?Q 149 31J —4 Eg

27 " gas Fraapaoptsl, where E, (2:34)

which is simply to be interpreted as the Picard-Fuchs equation for 2. It is easy to see

that another way to write a solution to (2.34) is Q = 4/ ¥2F1(112, 15:1;1/J). These u or

J dependent meromorphic factors can be fixed by global and boundary properties of the
periods. In particular one can get the normalized solutions of the vanishing periods of w

@t = / / 920 (2.35)

for properly normalized g2(u,m), g3(u,m). Note that the mass parameters m appear in

at a given cusp as

this theory as deformation parameters, which are generically isomonodronic.” Similarly
the normalized dual period to (2.35) is for |J| > 1 and |arg(1 — J)| <=

FO = / / \/97<\/E>410g 1/5) — ) (2.36)
Fz (12). ;%nth—", (2.37)

hn—2¢(n+1)—¢<112+n> w<152 >+¢< )+w<152>—2¢(1)

as readily obtained from the Frobenius method for hypergeometric functions.

where

with

The monodromy group for loops on the u-plane acts on (2.35), (2.36) as a subgroup
I', of index K inside I'g = SL(2,Z), where K is the branching index of the Galois cover

"Le. the nature of the Galois covering changes only at a few critical values of m. Generically t(@, m) is a
transcendental function of @, while the corresponding flat coordinates ¢m;(m) are rational functions of m.
More on the distinction between moduli and mass parameters of a B-model can be found in [33, 34].
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of u to J defined by (2.32) and T'y, = T'y/GGaiois, where Ggaiois is the Galois group of the
covering (2.32).

In (2.35), (2.36) ¢ is the flat coordinate and Ft(o) the derivative of the prepotential
F0.0) = F0) w rt. the former near the corresponding cusp.® These structures exist due to
rigid special geometry and the fact that near the large complex structure point F(©) (t,m)
is a generating function for geometric invariants of holomorphic curves of genus zero in the
Calabi-Yau X.

The refined amplitudes FOV (¢, m) = Fi(t,m) and F1O(t, m) = FN9(t,m) are given
in (4.17) and (4.21) respectively. The refined higher amplitudes F(™9) (¢, m) can be defined
recursively by the refined holomorphic anomaly equation [10, 11]

oF, 24 0%t ot ot ’

m,h

F(n.9) 2 p(n,g—1) ' 9F(mh) §p(n—m.g—h)
N Ly ETTO (2.38)

where Ey(1) = E5 — ﬁ(ﬂ is the almost holomorphic second Eisenstein series, which
is a weight two form under I'g, and the prime on the sum means that (m,h) = (0,0)
and (m,h) = (n,g) are omitted. ¢y is a model dependent constant. It is convenient to
define the an-holomorphic generator S = (%)2 EQ, as well as A = 2¢20,93 — 3g20,93 and
B = g20,92 — 18930,93, so that by virtue of the Ramanujan relations

2 2
1 N
du _ (d“> (A+9BS),

_ du
‘Lg ft 44 (2.39)
=~ = A+ 6BS + 27AS52

T 12Ac(92 +6BS + 27AS?),

the r.h.s. of (2.38) becomes a polynomial in S, while the derivatives w.r.t. ¢ can be converted
to derivatives w.r.t. u

oFma) ¢y (92F0) A4 9BGoFme) L gplmh) gpin-ma—h)
— = -

s 24 2 T aA, o 2 " o (2.40)
It follows that
o) 1 3g+2n—3 )
n,g) __ n,g
F = A2, > S (wm), (2.41)
¢ L) k=0

in other words, F(™9) is a polynomial of degree 3g + 2n — 3 in S, where p,(g%) (u,m) is

determined by (2.40), while p,(;ig) (u,m) is determined from the regularity conditions on
F(™9) and the gap behaviour at the conifold divisor [10]. The refined BPS states can be
ontained from the large radius expansion of the F(9)(t).

2.4 The mass deformed Eg geometry

Let us exemplify this construction with the function Os 3, leading to the operator Og 3.
The polyhedron A is depicted below.

8Which can be either the large complex structure point or the conifold. The formulae are related by a
transformation in ['g identifying the cusps and apply to both cusps.
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Figure 2. The polyhedron 10 with the choice of the mass parameters mj, ms, mg and the modu-
lus .

The Mori cone vectors, which correspond to the depicted triangulation, are given below

Vi @ G @
D, (1 0 0) 0 -1 0 0
Dy (1 1 0) 1 0 0 0
D, (1 0 1) 0 0 0 1 (2.42)
Dp, (1 -1 0) 0 0 1 -2
Dp, (1 -2 —-1) 0 1 -2 1
Dy (1 -3 -2) 1 -1 1 0
Dp, (1 -1 -1) =2 1 0 0

Following the procedure described in (2.17), one obtains the standard form of the Newton-
Laurent polynomial as

Wgy =tu+e" + 2e_gc_y + %6_336_2‘11 + %6_2“7_3/ +e " +ev. (2.43)
mams M5Mis ms
The monomials are ordered as the points in the figure and we rescaled e* — e*/u4 and
eV — e¥/u and multiplied Wg, by a.
With the indicated three mass parameters and the parameter @, the Mori vectors
determine the following large volume B-model coordinates

1 mims ms mo
21 = —5, zZ2 = ~ 5, B3 T T 5y R4 = o5 - (2.44)
my U ms ms

The anti-canonical class of the Fg del Pezzo corresponds to an elliptic curve, which in
turn has the following Mori vector

lo = 31W + 61 + 41B) 4 914 Z ail® . (2.45)

This equation implies that z, = 1/a® = 25252322 is the correct large volume modulus for

this curve independent of the masses. By specializing the expression in appendix A as
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my =0,me =0,m3 =1, mg4 = m1,m5 = mo,mg =m3,a; = l,as = 0,a3 =1,u = % and
scaling g; — \'g; with A\ = 18u* we get the following coefficients of the Weierstrass form:
go = 27u*(24myu® — 48maou + 16m§u4 — 8mau? + 1),
g3 = 27ub(216m3ub + 12mzu?(—12myu® + 24mou* — 1) (2.46)
+36mqu® — 72mou? — 64m3u’ + 48m§u4 — 864u® +1).

Note there is a freedom of rescaling g2, g3 by an arbitrary function A(u, m)
gi = N (u,m)g;

without changing the Weierstrass form, if the coordinates x,y of the Weierstrass form are
also rescaled accordingly. Our particular choice of scaling makes sure that j—fb = % +0()
and t(u, m) becomes the logarithmic solution t(u, m) = log(u) + O(u) at the large complex
structure point at z. = 0, which corresponds to % ~ g~ ub. We get as the transcendental

mirror map u = Q; — msQ} + O(QR), with Q@ = ¢ = (Qo)F = V@1Q2Q4Q}. The

non-transcendental rational mirror maps are

Q1 1+ Q4+ Q3Q4 1+ Q3+ Q3Q4
(14 Q2)% (14 Q3+ Q3Q4)% (14+ Q4+ Q3Q4)>

The existence of these rational solutions for the mirror maps can be proven from the

2 = 23 =Q3 24 = Q4 (2.47)

system of differential equations that corresponds to the Mori vectors listed above. With
the knowledge of these rational solutions the system of differential equations can be reduced
to a single third order differential equation in u parametrized by the m,;, which is solved by
the periods ¢t = [ X and F; = [, A\. Alternatively we can convert (2.46) into a second order
differential equation in u for fa ,w and integrate them later to find the desired third order
Picard-Fuchs equation. For the mass deformed FEs del Pezzo we obtain the following form

dt(u, m)
du

d?t(u, m)
d?u

d3t(u, m)

2
w A A, Bu

fos(u,m) + ugo s(u, m) =0, (2.48)

where
A, = 6+ 8miu® — 24mzu® + 8mimau® — Im3u> + my (36u® — mou(7 + 4mau?))  (2.49)

and

Ac = 1—12mgu? + 48mu* — 432u5 — 27miu’ — 64m3ub — 64m3u’
+m3u?(1 — dmgu?)? — 72maut(1 — dmgu?) — m3u3(1 — 36mau?)
+miu?(ms — 30mau? — 8m§u2 + 216u* — T2momsu® + 16m§u4)
+m1(96m3ud + 36u3(1 — 4mau?) — mou(1l — 4mszu?)?)

(2.50)

Furthermore fgg(u,m) and ggg(u, m) are polynomials of the indicated degrees in u and
the m;. They can be simply derived from (2.46), (2.32), (2.35), (2.36) and (2.34), or found
in appendix B. The combinations that correspond to the actual periods can be obtained
by analysing the behaviour of the solutions near the cuspidal points where the a or b cycle
vanishes respectively.
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The more remarkable thing is the reduction to two special cases. The first is the
massless F'8 del Pezzo, which is obtained when

2mi

m1 :m22m3:O7 Ql :_17 Q3:Q4:€T : (251)
In this case (2.48) simplifies to

dt(u)
du

d3t(u)
d3u

d?t(u)

d2u

+ u(3 — 5184u° — 3888u°) + u?(1 — 432u°) =0. (2.52)

The second case are the blow downs of the A; and As types Hirzebruch sphere trees
m1:27 m2:m3:3’ Q1:Q3:Q4:17 (253)

in which case (2.48) simplifies to

dt d?t
(1 + 2u — 96u” + 216u3)ﬂ + u(3 + 4du — 120u? + 216u3) (v)
du d2u
(2.54)
d3t(u)

4+ u?(1 — 2u) (1 — 3u) (1 + 6u) =0.

d3u

Finally, we comment on the rational solutions to the Picard-Fuchs equation, see for
instance (2.47). They exist for the differential operators associated to Mori vectors that
describe the linear relations of points on an (outer) edge of a toric diagram. One can
understand their existence from the fact that this subsystem describes effectively a non-
compact two-dimensional CY geometry, whose compact part is a Hirzebruch sphere tree,
which has no non-trivial mirror maps.

This defines the Kéhler parameters of the A-model geometry and relates them to the
u,m;. They allow to extract the BPS invariants for this mass deformation of the Eg
del Pezzo.

3 Complete solutions to quantum spectral curves

3.1 Spectral curves and spectral problems

In this section, we review the spectral problems corresponding to spectral curves in local
mirror symmetry presented in [27].

The quantum operator Ox associated to Ox(x,y) can be obtained by promoting the
variables x,y to quantum operators x,y subject to the commutation relation (2.1), where
the (reduced) Planck constant is real. The ordering ambiguity is removed through Weyl’s
prescription

erx—i—sy — erx+sy ) (3'1)

We are interested in the spectral problem of Ox. It was shown in [27] that for local del
Pezzo surfaces, Ox has a positive discrete spectrum

Ox|tn) = e i), n=0,1,... . (3.2)
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X Ox(z,y) r
local P2 et +e¥+e Y 3
local Fy e +e¥+e Y+ me ™ 2
local Iy eL+eV+e Y +me® 1
local Fq e*+e¥+e 2TV 4 me® 2
local By e+ eY+e VL mie Y +moe™® 1
local Eg del Pezzo e® 4 e¥ + e 3772Y L mie "V 4 moe 22 Y 4 mge™ 1

Table 1. The principal parts Ox(z,y) of the spectral curves of some local del Pezzo surfaces,
together with their r values.

Note that after changing & — —, the above spectral problem is equivalent to the quantum
spectral curve problem considered in [17] in the Nekrasov-Shatashvili limit

WX(€X7€y)|¢TL> = 07 (33)

where |t),,) is interpreted as a wavefunction on the moduli space of the branes of “Harvey-
Lawson” type [36, 37] in X [16], given that

i=e" . (3.4)
In fact, it is more appropriate to study the operator
pPX = O;(l (Xv Y) ) (35)

as it was postulated [27] and then proved rigorously [28] that px is a trace-class operator
for a large category of geometries, including all those listed in table 1. As a consequence,
both the spectral trace

o0
Zy=Tiypk = e Fn, £=12... (3.6)
n=0
and the fermionic spectral trace
Z(N,h) = Tryvy AN px (3.7)

are well-defined. Here # is the Hilbert space discussed in detail in [27]. The two spectral

traces are related by
_1)(5—1)7714 Z;W

Z(N,h):Z’H( e (3.8)

{m¢} ¢

where >’ sums over all the integer vectors {m;} satisfying

D tmg=N. (3.9)
l
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Furthermore, the spectral determinant (also known as the Fredholm determinant)

Ex(k,h) =det(l+rpx) = H (1+ ke Br)y =1+ Z Z(N, h)sN (3.10)
n=0 N=1

is an entire function of the fugacity « in C [40].

In the same spirit as [19], the fermionic spectral trace Z(N,h) can be interpreted as
the canonical partition function of an ideal fermi gas of N particles, whose density matrix
is given by the kernel of the px operator

px (1, 22) = (21|px]|22) - (3.11)

Then =(k, h) is interpreted as the grand canonical partition function, and the fugacity & is
the exponentiated chemical potential p,

k=cel. (3.12)
It is then natural to consider the grand potential

from which the canonical partition functions can be recovered through taking appropriate
residues at the origin

Z(N,h) = / b gy -Nu (3.14)

i 27l

Note that because Zx (k, h) is defined in terms of k, Jx (i, h) is a periodic function of p,
being invariant under the shift
[+ 2mi (3.15)

3.2 The conjecture

Directly solving the spectral problem of Ox, including the calculation of Z(N,h) and
Ex(k,h), is very difficult, although there has been great progress for some geome-
tries [38, 39] by the use of quantum dilogarithm [41, 42] as well as identifying Z (N, h)
as a (generalized) O(2) matrix model integral, see (3.120) for an example. On the other
hand, since the spectral curve Wx (e®, e¥) contains all the perturbative information of the
B-model on X , and equivalently through mirror symmetry also the perturbative informa-
tion of the A-model on X, there should be a deep connection between the spectral problem
and the topological string theory on X. This is reflected in the conjecture presented sys-
tematically in [27], drawing on previous results in [23, 24, 26]. It provides a complete
solution to the spectral problem using primarily the data of standard topological string
and the refined topological string in the Nekrasov-Shatashvili limit on the target space X.
We review the salient points of the conjecture here.

We first introduce the effective chemical potential peg. Let the quantum flat coordinate
associated to the modulus u be t. It is related to u via a quantum mirror map [17],

—t =logu + I 4(u,m, h) . (3.16)
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¥

(a) Phase space (b) Toric diagram

Figure 3. The bounded region R in phase space for the quantum operator Og, associated to
local By with £ = 35 and m1 = mo = 1 (a) (figure taken from [27]), and the toric diagram
T, (dashed) superimposed on the toric fan Yz, (solid) of local Ba projected onto the supporting
hyperplane H (b).

Then the effective chemical potential is defined to be
Poff = Jb — %ﬁA (-=1)"e ™ m,h) . (3.17)
Next, we define the modified grand potential Jx (u, m,h) [27]
Tx (pym, B) = J®) (e, m, ) + Jaiz (pefr, m, B) + Jws (efr, m, B) (3.18)

including a perturbative piece J®), a M2 brane instanton piece Jyr, and a worldsheet
instanton piece Jws. These names come from the interpretation of their counterparts in
the ABJM theory analog (see for instance [23]).

The perturbative piece J®) is given by

C(h D(m,h
J®) (u,m, h) = ; )M3+ (”;’ );ﬁ + B(m, h)u + A(m, 1) . (3.19)
Of the four coefficient functions, the first three have finite WKB expansions
C
Ch)=— 3.20
(= (3.20)
~ Do(m)
D(m, h) = ===, (3.21)
B
B(m, h) = Oém) + Bih, (3.22)

where the coefficients C, Dy(m), Bo(m), By can be obtained as follows.
In the semiclassical limit, the phase space of the system with energy no greater than
F is given by the bounded region

R(E) = {(z,y) € R?: Ox(z,y) <P} (3.23)

In the high energy limit £ > 1, the phase space has approximately the shape of the
compact part of the dual toric diagram Y x projected onto the hyperplane H in R3 where
the endpoints of 1-cone generators of Yx lie (see figure 3 for an example). Note that
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the boundary OR(E) of R(E) is the skeleton of the spectral curve Cx with the punctures
removed. Furthermore, in this limit, the volume of the phase space has the following
asymptotic form [27]

volg(E) ~ CE? + Dy(m)E + 27 <B0(m) - ZC) +0™ ", Ex>1. (3.24)

Therefore we can use the approximation techniques used for instance in [26] to derive the
leading contributions to voly(E) in the limit £ > 1, and then extract the three coefficients
C, Do(m), Bo(m). On the other hand, let x;, and xr be the left and right limiting values of
z in R(E). Between zj, and zp the line of constant x cuts through the boundary OR(E)
of R(F) at two points with y = y4 (up) and y = y_ (down). Then the semiclassical phase
space volume is
TR
volp(F) = / (y4+(z) —y—(x))dx = f ydx (3.25)
zr OR(E)

which coincides with the B-period of the elliptic spectral curve Cx. It is then natural to
identify the total phase volume vol(FE) including quantum corrections with the quantum
B-period [17]. The first quantum correction vol; (E) in the WKB expansion of vol(E)

vol(E) = > " h*F voly(E), (3.26)
k>0

can then be obtained from volg(E) through the differential operator Dy which relates the
first order quantum corrections in quantum periods to classical periods, with the following
identification

u=e"E (3.27)

In other words, we have
V011 (E) = DQ VOlo(E) . (328)

For many local del Pezzo surfaces, this differential operator Dy has been computed in [35],
although when they are applied here, an extra minus sign is needed, because the i there
differs from our convention by a factor of i. We find that Ds in [35] for local del Pezzo
surfaces all have the following asymptotic form

Dy = BOf + O(e™7), (3.29)
where 3 is a constant. Therefore we generally find (with the aforementioned “—” sign)
voli (E) = —=28C + O(e”F) . (3.30)

Since vol; (E) has the asymptotic behavior vol; (E) = 2rB; + O(e~ ) [27],° one can easily

read off the constant B;
_pC

™

By = (3.31)

Finally, the coefficient function A(m, k) is in general difficult to compute, although recently
conjectures have been made for A(m, k) in some special cases [45, 46]. On the other hand,

9See also eq. (3.60).
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later we will see in section 3.3 that A(m, ) does not enter into the quantization conditions,
and furthermore it can be fixed by the normalization condition Z(0,4) = 1.

Now we turn to the M2 brane instanton piece. It can be obtained from the instanton
part of the refined topological string free energies in the Nekrasov-Shatashvili limit. We
write the latter as

. hw . . hw .
inst B qa  sin P (24r +1)sin B (25r + 1) _ 44
F (6,0 = Y D NG, S i T et (3.32)
2

JLJR w7d

Here t is the vector of Kahler moduli, and d the vector of degrees. We follow the convention
of [17] and in contrast to the usual convention in the topological string literature, absorb

a phase of (—1)%t+2ir in N4 We now introduce a variable g with

JLJR’
27
As = —, .
- (3.33)
and a vector T = {7, } with
2
T, = %ta . (3.34)

The Nekrasov-Shatashvili free energy can be written as

st B q sin%(QjL—f—l)sin%(QjR—i—l) —wdT/n  pinst (T 27
R =D > Ny n IR T = R ()
Jjr.jr w,d A
(3.35)
Then Jyi2(fefr, m, i) is given by
1 0 . T 27
JMQ(,U,eﬁ‘,m, ﬁ) = —%W (ASFII\IHSSt <)\7 )\>> . (336)
S S S

We still need to make the connection between p.g and T, or t,. The flat coordinates
to associated to the Batyrev coordinates z, are related to the flat coordinate ¢ and the
mass parameters by

to =Cat — Y 0lajlog Qum, . (3.37)
J

Here @, can be identified with the mass parameters m; in some geometries like local [Fo,
local Fy, and local Bs, but are rational functions of m; in some other geometries like local
Fy and the mass deformed local Eg del Pezzo surface (see [35] for more discussion on this
distinction). For this reason, (3.37) is not a straightforward lift of (2.30), although the
exponent of w in (2.30) can always be identified with the coefficient of ¢ in (3.37). Now we
relate t, to peg and the mass parameters by

to = Cafleft — Y (ta;j 108 Qum; - (3.38)
J

With (3.38) plugged in (3.36), and using (3.33) and (3.34), the M2 piece of the modified
grand potential Jypa(pefr, m, i) can be separated to two pieces

Itz (tost, 1, B) = por Iy (phost, 1, B) + Jo(ptefr, m, B (3.39)
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where

. hw /e -
sin %5 (277, + 1)sm 5 (24r + 1) —wdt
Ty(ptefr, m, 1) Z > (c-d)Ng . R wdt - (3.40)
JLJR w,d 2
Je(perm, h) = o~ 3 S S ey o Qu, V.,
a,j jr,Jr w,d

y sin %"(QjL + 1) sin @(QJR + l)e—wd't

3 Lw (3.41)

2w sin

Ly [ D B ] e

— 2hw? sin® 12 indr®
JL,jrR w,d 2

Here ¢ = {c,} is the vector of the degrees of the Mori cone generators.
The last piece Jws(eff, m, 1) is related to the standard topological string free energies.
We write the instanton part of the topological string free energy as

(2jr + 1) sinvgs(QjL +1) 4
Finst(g emvdt 3.42
top (£:5) Z Z JLIR(2sin $vgs)? sinvg, (342)

Jjr,jr v,d

Then the worldsheet instanton piece is given by

Jws (pefr, m, h) = FSsH(T + miB, 27A,) | (3.43)
in other words
2]R+1)Sln47;”(2jL+1) A (T4riB
Jws (teft, 2, 1) Z Z iR o(25in 27702 gjy 70 —wd(T+miB) (3.44)
JL.r vd sin =5=)? sin Z5=

It is crucial here to turn on the B-fields B = c. It is easy to see from (3.36), (3.40), (3.41)
and (3.44) that when A is 27 times a rational number, both Jyio(pes, m, k) and
Jws (e, m, i) have poles. It was proved in [27] as a direct generalization of [23] that
these poles cancel against each other when B = ¢, as in the HMO mechanism of pole
cancellation in the ABJM model [20]. For this pole cancellation mechanism to work, all

nonzero BPS numbers N JdL i have to satisfy

2jr+2jr+1=d-c mod 2, (3.45)

which was proved in [23].
Once Jx(p, m, h) is given, the spectral determinant can be computed by

Ex(k,m,h) =Y elxlpraminmh) (3.46)
nel

Note that Jx(u,m,h) differs from the genuine grand potential Jx(u,m,h) in that the
former is not periodic in u. Nevertheless, the summation over the integral shift n on the
right hand side of (3.46) makes sure that Zx is still invariant under pu — p + 27i, so that
it is a well-defined function of .
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3
Figure 4. The contour C on the complex plane of p in the integration of (3.51). It is the same

contour as the one in the integral definition of the Airy function.

The energy spectrum {E,} can be inferred from the spectral determinant. From its
definition in (3.10), one can see that the zeros of Z(k,m, h) are given by

k= —ebn, (3.47)

in other words
w=FE,+mxi. (3.48)

To find the zeros of Zx(k, m,h) and thus the discrete energies E,, we split the spectral
determinant in two factors

Ex(k,m, h) = XM (11 m, ) . (3.49)

Since the first factor is always positive, we can only find zeros in the second factor
Ox (p,m, k). It has the form

C(h)

Ox (1, m,h) =) exp [—47%2 (C (W) er + == -

D(m, h) > B 8m3in?
neZ

+ 21in(C(R) g + D(m, B pegr + B(m, B) + Jy(tefr, m, b))

+Jws (fefr + 2min, m, h) — Jws (fesr, m, h)) } , (3.50)

and is called the generalized theta function associated to X [27]. The reason for this
name is that, when h = 2, it becomes a conventional theta function. By analyzing when
O x (1, m, h) vanishes, concrete quantization conditions for the energy can be obtained, as
we will explain in detail in section 3.3.

With the correct spectrum at hand, one can of course directly compute the fermionic
spectral traces Z(N, m, h) through the definition. However, one can compute them directly
from Jx(u,m,h) via a formula similar to (3.14). (3.14) comes from taking residues of
Ex(k,m,h) at kK = 0. Because of the sum over n in (3.46), when we replace Jx (u,m,h)
by Jx(u, m,h) in (3.14), the integral domain should be extended to infinity

1
Zx(N,m,h) = — / e/xwmh)=Nuq,, (3.51)
C

27
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The integration path of the integral C is chosen as in figure 4 with the two ends asymptote

wi/3 —7i/3

to e™/?00 and e oo respectively so that the convergence of the integral is guaranteed.

A third way to compute Z(N,m,h) is to expand Zx(k,m,h) around x = 0. Then
the traces Z(N,m,h) can just be read off as the series coefficients as in (3.10). Since the
expansion is performed in the limit

k—0, pu— —o0, (3.52)

as seen in (3.38), we will need the expansion of the (refined) topological string free energies
around the orbifold point.

3.3 Generic mass parameters

In [27] the conjecture has been verified in some simple del Pezzo CYs for the cases where
all mass parameters'” are set to 1. In these cases, the formulae of the conjecture are
greatly simplified. In particular, all the dependence on mass parameters drops out in the
formulae. But by restricting mass parameters to one, it is difficult to probe the full scope
of the conjecture. Furthermore, it is difficult to compare the results of [27] with the results
from operator analysis and matrix model computations in [38, 39], where it is more natural
to set all mass parameters to 0. It is the purpose of this paper to check the conjecture
with arbitrary mass parameters, and for other examples of local del Pezzos beyond those
considered in [27].

In the original conjecture, Jyia(eff, m, 7) and Jyws(pest, m, h) are formulated in such a
way that pes and the mass parameters m; are treated on equal footings as in (3.38), and
that the dependence on pcg and m; are realized in an indirect way through the variables
to or To. We would first like to reformulate Jypo (e, m, k) and Jws(pest, m, i) directly in
terms of e, m;, and at the same time separate the different roles played by picg, the true
modulus, and the m;, the parameters of the system.

We introduce a function of mass parameters

Qm(d) = HQ% dated (3.53)
j

Then we find that jb(ueﬁr,m, h) and jc(,ueﬂr,m, h) can be written as

tfb(ueffy m, h) = Z B@(m7 h>€_rﬁueff ) (354)
4

Je(pter,m, h) = Eo(m, h)e™"her (3.55)
l

1076 be precise the mass functions Qm, ; are set to 1. But they coincide with m; in the examples studied
in [27].
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where

by(m, b) = — % Z Z N sin 22 (24, +1)81n—(2]R+1)Qm(d)w, (3.56)

JL.JR 2 3 hw
— _ we sIm- -5
JLJIRE=w Y Eada 2

_ 1 ~ sin 2 (247, 4 1) sin 22(2jp + 1)
Glmh) =3 N;im{logczm(d) ? =

JL:JR 0=w Y Eada 2w(sin 2 )?

2 d & |sin (25, + 1)sin 22(2jp + 1)
oh 2hw?(sin hw)

}@mm)w . (3.57)

In both by(m, k) and &(m, i), we have to sum over combinations of w and {d,} such that
0 = w)  Cudy is satisfied. Do not confuse the ¢(m,h) function defined here with the
reduced curve degree ¢, defined in (2.28). Furthermore, Jyws(peft, m, i) can be written as

JWS Heff, 110, h Z d m h Tm _27Trm)u‘eﬁ/h (358)
m=>1
where
2
2ir+1  sin?T2(25, +1) ~
=2 > Nii ; ST G @ (3.59)
JLJR m=vY" Eada (2 sin 27;”) sin =7~

The reformulated Jyia (e, m, i) and Jws (e, m, i) look very similar to their coun-
terparts in [27] where the dependence on the mass parameters is absent. The derivation of
quantization conditions for energies then exactly parallels that in [27], and we just write
down the final formulae here.

Define the perturbative and non-perturbative quantum phase space volumes by

2 ~
Qp(E) = C(R)Ely + Dlm, ) Bt + B(m, h) = 5-C(R) + Jy(Eeqt + i, 1),

1 . 2mrm e (3.60)
Onp(E) = —ﬂ_mz;ldm(m, h) sin = (—1)"™me 2 Eegt/h
where Eqg is given by
1~
B = E = —Tla(e™"", m, h) . (3.61)
Also define the auxiliary function A(FE), which is the solution to
26—47r2n(n+1)(C(ﬁ)Eef-f—I—D(m,h)ﬂ) (— 1)nefc(n)
" (3.62)

473 1)(2n+1
xsin( mn(n+1)2n +1)

. C(h) + fs(n) + 2m(n + 1/2))\(E))> =0.
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In this equation we need f.(n) and fs(n), which are defined as

foln) = 37 (1) << rm 2"“)) (Qi””»e—wwaﬁ/ﬁ,

m>1

f) = 3 (1 <Sm<27r rm 2n+1)>

m>1
— (2n+1)sin <27Thrm> )e_QmmECff/h :

Then the quantization condition is
1
Qp(E) + Qnp(E) + A(E) =s+5, s=0,1,2,... . (3.63)

Note that A(m, k) does not enter the quantization condition. Although the above formulae
look complicated, they are just obtained by requiring the vanishing of the spectral deter-
minant, and in particular of the generalized theta function. It has been recently noted
in [49] that these conditions are equivalent to a simpler quantization condition involving
only the NS refined free energy. The equivalence of the two conditions, the one above and
the one in [49], leads to a non-trivial equivalence between the standard topological string
free energy and the NS refined free energy.

To calculate the fermionic spectral traces Z (N, m, i) from (3.51) we note that e/x (/)
appearing in the integrand of (3.51) always has the following expansion

ntop

>0
Note here that the argument of J®)(...) is p instead of jg, i.e., we collect all the expo-
nentially small corrections, including those originating from peg, in the double summation.
The index ¢ is not necessarily an integer, but any number which can be decomposed as
2mm

E—E—FT, E,m€Z>0. (365)

For a given ¢, the integral index n has an upper bound np(¢'), which depends on ¢'. If
one can extract the coefficients ap ,(m), the integral (3.51) can be rewritten as a sum of
Airy functions Ai(z) and its derivatives

1 D(m, 2r D(m, h)3
Z(N,m,h) = W exp <A(7TL, h) + Q(C(E))(N — B(m, h)) + 12(C;'(h))2>
Ngop (£ m 0 D(m, h) "
x ;;0 ;:O “ap (m) <—3N - 20(ﬁ)> (3.66)
A r¢' + N — B(m, h) + Dzl(cm‘(g))Q

C(fi)l/3

This formula is well-defined for N = 0. Therefore, we can additionally use it to fix the
value of A(m, k) by the normalization condition Z (0, m, h) = 1, which is demanded by the
definition of Z(N,m, h).
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3.3.1 Rational Planck constants

We will check our conjecture later in section 4 for examples when the (reduced) Planck
constant A is
h=2r?2, (3.67)
q
where p,q are coprime positive integers. These are the cases when the pole cancella-
tion mentioned in section 3.2 plays an important role. We call Planck constants of this
type rational.
When £ is rational, Jy(jtegr, m, ) and Jo(jteg, m, h) have poles when the index w in
be(m, h) and & (m, k) is divisible by ¢, and Jws(peff, m, i) has poles when the index v in

dpm(m, h) is divisible by p. Recall that

=> > > . amh=> > > ..,

JLJR wil Y Eada=L/w JLJR wl Y Eada=L/w

=32 2

JL.Jr vlm Y éada=m/v

We separate them by

bo(m, h) = b (m, 1) + b (m, 1) (3.68)
&o(m, h) = & (m, h) + & (m, h) | (3.69)
dyp(m, h) = A9 (m, B) + d) (m, 1) . (3.70)

according to

n=>3 S . en=33Y Y .5 @

JLJR w|€ Y eada=L/w JL.JR w\ﬁ S éada=Ll/w
=Y ¥ L @ m ZZ S 372
JLJR W€ Y Eada=L/w JL.Jr wit Y éada=Ft/w
=33 Y L dPmn=> > Y . (3.73)
JL.JR v||m > éada=m/v JLJR Z)l)(m S éada=m/v
pv v

We can split JNb(ueﬁr, m, k) to the singular summands and the regular summands

oot m, 1) = 3 000 (m, R)e et 1N "5 (m, m)e e
=0 €0 (3.74)
= 7 (ptegr m, 1) + T (ptegr, m, 1)
with the help of (3.68). Similarly we can split jc(,ueff,m, h), and jws(,ueff,m, h)
tfc(ﬂeffvm7 h) = jéo) (/-Leffa m, h) + °70(f) (Neffa m, h) ; (3 75)
Jws (pefr, m, h) = J\(;S)S(Meff,m, h) + J\()\]%(Heffama h) ‘

in the same spirit.

— 26 —



Furthermore, for a function f(0) (%) singular at i = 27wp/q, we perturb £ slightly away
from its rational value

2
h:?—l—e, (3.76)

and denote the principal part and the finite part of f (0)(71) by

{fO@rp/a)},  [fO@2rp/q)] (3.77)

respectively. It can be checked that the poles in Jx (u, m, h) cancel, i.e.,

pe {3 (et m 1)} + {TO (ptege, m, 1)} + {TO% (s, m, )} = 0, (3.78)

if and only if the condition (3.45) is satisfied. Furthermore, one finds that

[T (1o, m, )] = 0, (3.79)
0 ke (14 25.)(1 + 25R)
[J( )('LLCH’m h Z Z "N JLJR 24k‘q2
jLJR k d
(=1 + 451 + 457 4+ 4jr + 453)Qu(d) e " Mharer (3.80)
(0) 1yrdke yd (14 25.)(1 +25R) 2 92
[JWS (,Ueﬁ', m, h Z Z PN ]L JR 24k3pq27r2 { - 3(7"dk‘(]) He
JjrL.Jr k,d

+ 6(rdkq) e (kqlog @ (d) — 1) — 3 — 3(kqlog Qpn(d) — 1)

42k (—1 + 8L + Sj%)}@m(d)e_rqu“eff . (3.81)

Incidentally, let FlN S’inSt(t, m) be the instanton part of the genus one Nekrasov-Shatashvili
limit topological string free energy, and Fi"'(t,m), Fi®'(¢,m) be the instanton parts of
genus one and genus zero unrefined topological string free energies, respectively. They have
the following expansion

(1+250)(1+ 2jR) A _
t dt
1ns Z Z JL.JR w3 Qm(d) e ™",
.]LJR wd
(1+250)(1 +25R) _
mSt Z Z JLJR 12w ( 1 +8]L +8-7R)Qm( )w Wdtv
JL.jr w,d
NS, inst B a  (T+250)(1+2jR)
Fl (t,m) - Z ZNJL7jR 2w
Jjr.Jjr w,d

X (=1 + 41 + 452 + 4R + 473)Qu(d) Ve
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Then it can be shown that

[‘78(0) (Meﬁ7mv h)] = %FlNS’inSt(t - irpﬂ-am))Qmjﬁan_ ) (382)

a t"”]#effj

(0) _ 1 inst . 1 1 1 a a
[Jws (et m, 1) = 5F1 (t —irpm,m) + pcs (4772 ol Uiy log kam
1 5 02 0?
5 | as +2tog Quy o~ 3.83
82 ¢
lnS _'
108 Qm, 108 Qi1 50108 Qo >) F§™ (t=irpm,m) g, o1,

t=Tqpiest
In summary, when the Planck constant is rational, we can compute the modified grand
potential by

JX(/Jf; h) = @Ngff + D(T;L’ h)

3 (g + B(m, R)pes + A(m, h)
+ ueﬁjgf  (ttetr m, B) + T (g, m, ) + Jv(éc%(ueff,m, h)

+ [T (e, m, B)] + [Tk (pest, m, )] (3.84)

where [jﬁo) (tofr, m, B)] and [J\(,S)S(ueﬁ,m h)] are either given by (3.80) and (3.81) or
by (3.83) and (3.82), while jéf) (e, m, B), J(f) (tefr, m, h), and J\(,V%(,ueff,m h) are defined
through the decomposition in (3.68)—(3.73).

Let us also take a look at the quantization condition (3.63), together with (3.60)
and (3.62), when 7 is rational. Other than Jy(Eeg + i, ), Q np(E), fs(n), and f.(n) may
also develop poles because of the coefficient function d,, (m, ). Slmllar to (3.74) and (3.75),
we split them according to (3.70)

Qup(E) = Q0)(B) + Q) (B),
fe(n) = fOn) + 9 (n), (3.85)

fs(n) = £ () + £ (n),
insulating the poles in the pieces with superscript (0), and then further decomposing the
latter to singular components {...} and finite components [...]. It turns out reassuringly
that {fs(o) (n)} and {féo) (n)} vanish, while {j;o)(Eeff +7i, h)} and {Qr(g)) (E)} cancel against
each other when the condition (3.45) is satisfied.
Furthermore we find

=D D (yreraNg o (3.86)
JL.jr k>1,d
o A+ 200) (L + 2jp)(rd + 1°dkqEes = 1dkalog Qu(d)) 5 gyka,rakare
4k2pqm? ’
Z Z rdk(p+q d
]Ly]R
JjrJgr k=1,d
. 1 24 2d2 1 A
y (1+255)( +2i§)r n(l+n) Op(d)kse ke (3.87)
FOmI =0 5
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Making use of (3.82), we find that both [QQ(E)] and [fc(o) (n)] can be expressed in terms

of the prepotential only

1 0 0?
(0) — e 2 il
[up (B)] 4dpqm? < "ot gk ot?
82
—I—?"Zlog kaalong>F0‘ Qmj%anj . s (389)
k t—=1qEe —r(p+q)Ti
n(l+n ?
1O = -2 TR e, (390)

t—=rqEeg—7(p+q)mi
Therefore, when A is rational, we shall do the following replacement in the generic

quantization conditions
Jo(Begt + 71, h) — T (Eeg + i, )
Qp(B) > [O8)(B)] + ) (B)
fen) = O]+ 1 )
fn) o P m)

where [QEI%)(E)] and [fc(o) (n)] are given by (3.86) and (3.87).

(3.91)

3.3.2 Maximal supersymmetry

As emphasized in [27], the formulae of the conjecture become the simplest in the case of
maximal supersymmetry when i = 27. In the ABJM theory analog, this is the scenario
when the supersymmetry is enhanced from N' = 6 to N/ = 8, hence the name “maximal
supersymmetry”. Note that this is a special case of rational & of (3.67), where p = ¢ = 1.

In this special case, the quantum A-period in the definition of the effective chemical
potential (3.17) is reduced to the classical A-period in the unrefined topological string.
Besides, the components of jb, jc, Jws with superscript (f) vanish, because the indices
w and v are always divisible by p = ¢ = 1, while the remaining nonvanishing components
[Je(ptese, m, 27)], and [Jws (sesr, m, 27)], as seen from (3.83) and (3.82), only depend on
genus 0 and genus 1 (refined) topological string free energies. Therefore it is possible to
study Jx(u,m, k) in different corners of the moduli space. In particular, we can expand
Ex(k,m, k) around k = 0 to compute Z (N, m,27), as mentioned in the end of section 3.2,
by performing an analytic continuation of genus zero and genus one free energies to the
orbifold point.

Let us first write down the modified grand potential. It has the form

(2 D(m,2 B(m,?2
Ix(u,m,2m) = ?ET;T) 3+ (2?2 7T)t2 + (nﬂ: W)t + A(m, 27)
. . 1 .
+ FPY(t— rri, m) + FYOTS (¢ — pri, m) + T 0 (t = i, m)
+ <t282 19 108 Qme 0”108 Qg 108 Oy 0° > Finst (¢ — pri,m)
ot2 dlog Qm, 0t = 0108 Qun,010g Qu, )~ ° =

(3.92)

7T2

1 0 logQn,0 inst i
(12 28T ) pinst(y ‘
1n? < o deg0,, )0

t—=7 et ’
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where the Einstein notation is used. To write it in a more compact form we split By(m)
defined in (3.22) to two pieces
B (m
Bo(m) = 012 4 gy, (3.99)
27
where B(gm) (m) is a function of the mass parameters which vanishes when Q,,; = 1, and
B is the remaining constant. Let us also define

/

B
B'(h) = ?0 + Bih . (3.94)

Then we find that the full prepotential has the following form

C DO (m) B(m) (m) ins
Fy(t,m) = 3—3t3+ 53 t? 4 =0 t+ Finst(¢,m) . (3.95)
Here the classical piece
C 5, Do(m) , B (m)
ESS(t,m) = —t3 2 20y :
(tm) = o587+ — 5=t + —— (3.96)

consist of Yukawa coupling terms, and therefore Dy(m) has to be a linear function of
the flat coordinates @, associated to the mass parameters, and B(()m) (m) a homogeneous
function in @, of degree two. Let us define the skewed prepotential Fy(t,m)

C By (m),

- Dy(m)
Fy(t —t3 —
o(t,m) = 3r3 + 272

2 + + ESY(t — rrri,m) (3.97)

Then using the aforementioned properties of Dy(m) and B( )( ), we find

B'(2 1 N
B, <5 (D? = 8D: + 2)Fy(t,m)
.

+ F1in5t(t —roi,m) + F1NS7inSt(t — rmi, m) ‘t—mt i (3.98)

Ix (p,m, 2m) = A(2m) +

where 9 9
D=t 1 m 3.99
v =t T8 O giog o (8.99)
The generalized theta function © x (11, m, 27) has then the following compact expression
o
Ox (j1,m,2m) = 3 exp (m% + 2min(€ + B'(27)) — ;”n30> : (3.100)
nez
where
'r 2 0?
Byt ( 3.101
=7 7 optothm) it (3.101)
r 0? 0 0? ~
S (AT 1Yo L A—— I - N ‘ . 3.102
S < o2 or 1@ kalongk6t> ot m)|,_ (3.102)
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For those geometries whose 7 is even so that Fyy coincides with Fy, 7 is proportional to the
elliptic modulus 7y of the elliptic spectral curve Cx, since the latter is given by

.02
T0 = —zﬂleo(t,m) . (3103)
As pointed out in [27], when C is an integer or half-integer, © x (i, m, 27) is a conventional
theta function, because
2mi 2mi 2mi
o= -ao+ ﬂn(n - 1)(n+1)C,
3 3 3

where the last term is an integral multiple of 27i.

Finally, the quantization condition in the maximally supersymmetric case can be writ-

ten as
9 1 9 9 w2C
4 <s + 2) =CEZ; + Do(m)Eeg + 47 B(m, 27) — 3 (3.104)
0 9 0? 02 :
S E.o— 1 e Flnst t ’
+ < rop T Bt g T rlog Qg o ) BT Oy

with s =0,1,....

3.4 Spectral traces and matrix models

In order to test the conjectural relation between spectral theory and topological strings,
it is important to have as much information as possible on the operators px obtained
from the quantization of the spectral curves. In some simple cases, like the three-term
operators (2.4), it was shown in [28, 39] that one can compute the integral kernels of the
px. This makes it also possible to write matrix integral representations for the fermionic
spectral traces. We will review some of theses results here, as they will be used in the
examples worked out in this paper.

Let us consider the three-term operator (2.4). Note that m,n can be a priori arbitrary
positive, real numbers, although in the operators arising from the quantization of mirror
curves they are integers. Let ®p(x) be Faddeev’s quantum dilogarithm [41, 42] (for this
function, we follow the conventions of [28, 39]). We define as well

eQwax
] = 3.105
ac(?) Pp(r —Im(a+c))’ ( )
It was proved in [28] that the operator
pmn = Oty (3.106)

is positive-definite and of trace class. There is in addition a pair of operators q, p, satisfying
the normalized Heisenberg commutation relation

[p,a] = (2mi)~". (3.107)
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They are related to the Heisenberg operators x, y appearing in O, ,, by the following linear

canonical transformation:

1 1
X = Qﬂ-bw .y = _waw 7 (3.108)
m+n-+1 m+n+1
so that A is related to b by
27h?
h=—"2 (3.109)
m-+n-+1

Then, in the momentum representation associated to p, the operator p,, , has the inte-
gral kernel,

\I’a,c b \Ila,c p,
pm,n(pap/) = ﬂ-( ) ; ( ) ) (3'110)
2b cosh (B (p—p + 1C’m,n))
where a, ¢ are given by
mb b
- - = - A11
“ 2m+n+1)’ ¢ 2(m+n+1)’ (3:-111)
and 1
m-—n
Crm, 2(m+n+1) (3:.112)

Once the trace class property has been established for the operators py, , it can be easily
established for operators ps whose inverse Og are perturbations of O, ,, by a positive self-
adjoint operator [28]. This proves the trace class property for a large number of operators
obtained through the quantization of mirror curves. This includes all the operators arising
from the del Pezzo surfaces, except for the operator for local Fy. However, this operator
can be also seen to be of trace class, and its kernel can be also computed explicitly [28, 39].
The quantization of the curve for local Fy leads to the operator

Op, =€ +mpe 4+ +e 7. (3.113)

Let us set
h=nb%  mp, =™K, (3.114)

Then, there are normalized Heisenberg operators p, q satisfying (3.107), related to x, y
in (3.113) by a linear canonical transformation, such that,

—7bp/2 f(Ch)f*(CD)
2b cosh (ﬁ%)

peo (a1, 42) = (a1|Op, |a2) = e , (3.115)

where

_ omba/2 Py(q — /2 + ib/4)
f= By (g + 11/2 — ib/4)

The above expression for the kernel of the trace class operator p,,, makes it also

. (3.116)

possible to obtain explicit results for the spectral traces Trpfn’n, for low ¢. One finds,

for example,

1 2
T = Y d
£ Pmn 2b cos (7Chy, ) /]R Yaclp)dp,

o2 — |®p, (2Im (a + ¢) — cp)|? / sinh(27Cyy, 1, bs)
Pmn = 2bsin (27Cpy ) r  sinh(7bs) $-a b
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where

Wo(z) = |V 0(z)? (3.118)
and b bt
hy — +2 . (3.119)

It turns out that these integrals can be evaluated analytically in many cases. Particularly
important is the case in which b? is rational, since in that case, as recently shown in the
context of state-integrals [43], the quantum dilogarithm reduces to the classical dilogarithm
and elementary functions, and the integrals (3.117) can be evaluated by residues. We will
see various examples of this in the current paper.

It turns out that the fermionic spectral traces Z(IN,h) for the operator py,, can be
written in closed form, in terms of a matrix model [38]. By using Cauchy’s inequality, as
in the related context of the ABJM Fermi gas [19, 44], one finds the representation

a0\ 2
1 dVu bu; \ |* [1i<j4sinh (uz 7 )
Zm’n(N’ h) = ﬁ 2 N ‘Ija’c T Ui —Us
' Jry (27) ; m Hi,j 2 cosh (% + iﬂCm,n)

The asymptotic expansion of the quantum dilogarithm makes it possible to calculate the

N
(3.120)
=1

asymptotic expansion of this integral in the 't Hooft limit

N
N — o0, h— o0, %:)\ fixed . (3.121)
It has the form,
108 Zmn(N, ) = > Fmm™ (Ah?%9, (3.122)
920

and the functions }'g(m’n) (M) can be easily computed in an expansion around A = 0 by using

standard perturbation theory [38]. One finds, for the leading contribution,

0 - 9 g (m +n+ 1)a/m7n 2 m,n rar 0,k . .
We have denoted
™m ™ T
=2msin | ————— |sin | —— |sin [ ———— 3.124
. 7rSm(7714—?2—1—1)8111<m—i—n—i—1>Sm<m_|_n_i_1>’ ( )
while a1
m-+n
Conn = —TD(—quXm) . (3.125)
In this equation,
: k —k
im 7" —q
= — = — 3.126
q exp<m+n+1>7 Xk q_q_17 ( )
and the Bloch-Wigner function is defined by,
D(z) = ImLiy(z) + arg(1 — z) log |z], (3.127)

where arg denotes the branch of the argument between —7 and w. The values of the
coefficients foj can be calculated explicitly as functions of m,n, and results for the very
first k can be found in [38].
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=

Figure 5. 2d toric fan of O(—Kp,) — Fa.

4 Examples
4.1 Local Fy
i @
D, (1 0 0) -2 0
D 1 1 0 1 0
L ) W
Dy (1 0 1) 0 1
D, (1 =1 0) 1 =2
Dy (1 -2 -1) o0 1

The toric fan of local Fy projected onto the supporting hyperplane H, which we will call
the 2d toric fan of local Fg, is given in figure 5. The toric data of local Fy are given in (4.1).
From these toric data we can read off the Batyrev coordinates

m 1

A==, =, (4.2)

where we have used r = 2 such that @2 = w. Furthermore the spectral curve of this
geometry is given by

Wr, (%, e¥) = e + me™® +e¥ +m 2e V2 g . (4.3)

This is the same spectral curve as the one in table 1 up to a symplectic transformation.
For instance, let X = e*, Y = €Y, then by using Nagell’s algorithm [33, 35] both curves
can be converted to the Weierstrass form

Y2 =4X3 — go(u,m)X — g3(u,m), (4.4)
where [33, 35]

ga(u,m) = 27u* (1 — 8mu + 16m2u? — 48u2) , (4.5)
g3(u,m) = —27u® (64m*u® — 48m?u® — 288mu® + 12mu + 72u* — 1) . '

Analogous to the calculation in [26] we calculate the perturbative phase space volume in
the large energy limit to read off the constants C', Do(m), and By(m)

2
JmZ —
volg(E) = 4F* — §7r2 - <log mi2m4) +0(eF). (4.6)
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In this derivation we used the dictionary between the parameters up,, mp, of local Fy and

the parameters u, m of local Fs in appendix C
. 1+ mp,

U = \/MpyUF,, M= ——""". (4.7)

mp,

It can be seen that this relation also holds at the level of quantum operators [39]. As
mentioned in section 3.2, the phase space volume can be identified with the B-period of
the spectral curve, and we can use the quantum operators derived in [35] to find the
quantum corrections to the phase space volume. For local Fy the first quantum operator

with the substitution © = e™"

E is given by
1
Dy = Eﬁ% + 0 F). (4.8)

Applying it to the perturbative phase space volume, and taking into account the extra “—”
sign due to different conventions of h, we find for the leading order of the first quantum
correction to the phase space volume

vol, (E) = —io + 0. (4.9)

Comparing (4.6) and (4.9) to the general expressions (3.24) we find for the coefficients C,
Do(m>, Bo(m) and Blll

C:4a DO(m) =0,
2
| m+vVm?2—4 1 (4.10)
By(m)=—-—— |log———— , Bi=——.
3 27 2 127

4.1.1 Maximal supersymmetry

Energy spectrum. We first work with the case of maximal supersymmetry with A = 27,
where the formulae are the simplest. We use (3.104) to calculate the energy spectrum.
The coefficients C, Do(m), Bo(m), B have already been given in the previous section. As
discussed in section 2.3, the periods and the prepotential can be computed from [33, 35]

ot _\/Eﬁ(To)gg(u, m)

ou —\ Eu(ro)gs(u,m)’ (4.11)
0°’F,
aTQO = —%To(t,m) 5

where 79 is the elliptic modulus of the elliptic spectral curve, and E4(7), Eg(79) are the
Eisenstein series. Alternatively, we can use the formulae for A— and B-periods for local [y
given in [56]

a 2 K ( 16u )
ou muy/1— 42 +myu \42+mu—1)"
0*F, 2 4(m +2)u —1
- <4(m—2)u—1> ’

Qudt — u\/T—4(m —2)u

) By(m) the sign before the square root in the logarithm can be both positive and negative. This also

(4.12)

happens in the mass function @Q,, which will be presented shortly. The final results are not affected by the
sign as long as it is chosen consistently for Bo(m) and @,,. Here and later in @, we choose a “+” sign.
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m  FEy from conjecture Ey from numerics
2.828592218708195204728  2.828592218708
2.88181542992629678247  2.8818154299263
2.9048366403731263260 2.904836640373

ot DN =

Table 2. Ground state energy of Op, with 7 = 27 computed from both the quantization condi-
tion (3.104) and with the numerical method with matrix size 500 x 500 (see the main text). All
stabilized digits are given in the results.

from which the prepotential Fy can be derived. Here K (k?) is the complete elliptic integral
of the first kind. Near the LCP, the A-period has the expansion

2
t = —logu—2mu—3(2+m?)u? — Eom(6+m2)u3 - 3—25(6—1— 12m2 +mHut + O(u®), (4.13)

and the prepotential is

. 7 m? 52m  2m?
Flnst — _2 _ _ . 2 _ _ RS 3 4 414
pr—mmo- (F+ 0 ) @ - (BB Q0@
where Q = e~!. Furthermore, we notice that [35]
1
t1 = 2t + 5 log(Qm), tog = — log(Qm) s (4.15)

where

5 2
O <m+ V2m4) . (410
So this is an example where the mass function @), does not coincide with the mass param-
eter m. We can also read off the coefficients cq, o, j from (4.15).

Plugging all these data into the quantization condition (3.104), we can compute the
energy spectrum with an arbitrary mass parameter. We calculated the ground state energy
Ey for mass parameters m = 1,2,5/2 respectively, with both the A-period in the definition
of peg and the prepotential expanded up to order 14. The results are listed in table 2 with
all stabilized digits.

On the other hand, given the operator Ox, we can also use the technique described
in [26] to compute the energy spectrum numerically. We use wavefunctions of a harmonic
oscillator as a basis of the Hilbert space, and calculate the Hamiltonian matrix (n;|Ox|na)
truncated up to a finite size. After diagonalization the logarithms of the matrix entries
give the energy eigenvalues, whose accuracy increases with increasing matrix size. We
computed Ey for Ox for m = 1,2,5/2 with matrix size 500 x 500. The results are given
with all stabilized digits in the last column of table 2. We find that the results computed
with the conjecture match the numerical results in all stabilized digits.
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Spectral determinant. We can proceed to check the spectral determinant itself. Once
we have the correct energy spectrum, we can compute the fermionic spectral trace Z (N, h)
by its definition. We opt to use the quantization condition (3.104) to generate the spectrum
as it is faster and the results have higher precision than the numerical method. We present
the first two traces Z(1,2n), Z(2,27r) computed with m = 0, 1,2 respectively with this
method in table 3.

On the other hand, the conjecture claims Z(N, k) can be calculated from the spectral
determinant through (3.66) in terms of Airy functions and its derivatives. Unlike the
quantization condition (3.104), this calculation requires the full expression of Jx (p,m,h)
from the conjecture, and in addition to the prepotential Fy, genus one free energies F; and
FINS are also needed. The unrefined genus one free energy can be found in [5]. For elliptic
toric geometry, it has the following generic form [33]'2

1 a; 1 ot
- _ ao oy =
F = 12A +logu |J| m;’ + 5 log (8u) , (4.17)

where A is the discriminant, and the exponents ag, a; can be fixed by constant genus one
maps. In other words, near the LCP, the leading behavior of Fy is'?

1
Fi— o Za:ta /X ca(X) A Jo 4+ O(Qa) , (4.18)

where c2(X) is the second Chern class, and J,, is the divisor dual to the Mori cone generator
Cy. For local o, the genus one free energy is

1 7 1 ot
Fl——ﬁlogA—Elogu—Fglog%, (4.19)

where
A =1 —8mu — 64u® + 16m2u? . (4.20)

The Nekrasov-Shatashvili genus one free energy can be computed following [33]. It generally

4
1
NS b b;
™ = ~31 log <Au 0 || m; ) . (4.21)

where the exponents by, b; are fixed by requiring regularity in the limit © — oo. We find

has the form!

for local o )
FNS = ~o log(Au~2) . (4.22)

Now we have almost all the data to write down the complete expression of the modified
grand potential Jx (u, m,27), except for A(m,h). This term can be fixed by demanding

2Here we are talking about the free energies in the holomorphic limit.

13For some toric Calabi-Yau threefolds, the intersection numbers c2(X) A J, are not well defined for some
Jo because of the noncompact direction, and thus they can not be used to completely fix the exponents
in F1. Fortunately, these Calabi-Yau’s can usually be converted to simpler ones X by blowing down some
divisors. Then one can fix the F} of X by comparing BPS numbers of X and X.

" This form of NS genus one free energy differs from that in [33] by a minus sign due to different
conventions of A.
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m  Z(N,2m)
0 Z(1,2m) 0.08838834764831844055010
Z(2,2m) 0.0017715660567565415144447
(1,27) 0.08333333333333333333333
Z(2,2m) 0.00160191348951214746049
(1,2m)
(2,2m)

—_
N

2 Z(1,2m) 0.079577471545947667884
Z(2,2m) 0.0014799260223538892847

Table 3. Z(1,2x), Z(2,2n) of Op, computed from spectrum. In the results all the stabilized digits
are listed.

Z(0,h) = 1. Once A(m,h) is known, we can compute again Z(1,2w), Z(2,2m) with the
Airy function method. In this process, we used free energies expanded up to order 14. We
list the fermionic spectral traces as well as A(m,h) in table 4. Comparing with table 3,
the results computed in this way have much higher precisions, i.e., they have far more
stabilized digits. Due to space constraint, we only list the first 30 digits after the decimal
point in the results. They agree with the results obtained from the spectrum in table 3,
giving strong support to the conjecture.

Furthermore, the traces Z(1,2m), Z(2,27) have been computed from operator analy-
sis [39]. The results are

1 cosh™!(m/2)

Z(1,2m) =
(1,2m) 47 m—-2 (4.23)
4.23
1 cosh™1(m/2) 2 cosh™!(m/2) 2 w2
Z(2,2m) = —(2—————+1 1
(77T) 327.‘_2 [( m72 > < m2_4 + ) + +m+2
In particular, when m =0
1
Z(1,2m) = —=,
8v/2
X g (4.24)
Z(2,27T) = T% <3 - 7'(')
When m =1,
1
Z(1,27) = —
e (1.25
4.25
1
2(2,27) = (2 - m) .
216 m
Finally, when m = 2
1
Z(1,27) = —
( 9 7T) 47_(_7
1 3 (4.26)
Z22n)=—(1— =] .
(2,2m) 128< 7r2>

All these results agree with the predictions from the conjecture in table 4 in all the 125+
stabilized digits.
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m  Z(N,2m)/A(m,27) Precisions

0 Z(1,2m) 0.088388347648318440550105545263 . .. 126
Z(2,2m) 0.001771566056756541514444764789 . .. 128
A(0,2m) 0.182353979734290479565102066175 . . . 125

1 Z(1,2mr) 0.083333333333333333333333333333.. .. 126
Z(2,27) 0.001601913489512147460490835671 . .. 128
A(1,2m) 0.238500357238526529618256294935 . . . 125

2 Z(1,2w) 0.079577471545947667884441881686 . . . 132
Z(2,2m) 0.001479926022353889284757533549 . . . 133
A(2,2m) 0.285676676163186113148112999786. . . 131

Table 4. Z(1,2n), Z(2,27), as well as A(m,2m) for local Fo computed with the Airy function
method. The first 30 digits after the decimal point are given in the results. The column “Precisions”
lists the number of stabilized digits after the decimal point for each result.

In addition, the function A(m,h) for local Fy has been conjectured in [46], based on
results for the ABJ matrix model:

A(m, ) = Ao (h) _ Fes (ﬁ, M) , (4.27)

v v
e Ay = KB ([ EN R o ey 4.98
c()_ﬂ_gk _E +ﬁ0 ekx—log( —€ ):U ( )

is the A(k) function of ABJM theory [19, 47, 48] and Fcg (k, M) is the Chern-Simons (CS)
free energy on the three-sphere for gauge group U(M) and level k,

Fes(k, M) =log Zcs(k, M), (4.29)

where M is related to the parameters of our problem as

h +ilog mr,

M:
2T

(4.30)

Recall that mp, is related to m via (4.7). Since M is a complex, arbitrary parameter and
k = h/7 is not necessarily an integer, we need an analytic continuation of the CS partition
function. Such a continuation is not necessarily unique, but the spectral problem associated
to o requires a definite choice. Recently, a proposal for an analytic continuation of the
CS free energy has been put forward in [50].'> The result can be written as

Fes(h/m, M) = ;;1 {Lig <e27ri7r2M/h> + Lis (e—27ri7r2M/ﬁ> - 2(’(3)} (431)

n /°° 1 sinh?(7%t/h) ;
St 7 08 |~ - .
o e —1 sinh?(72t/h) + sinh?(72M /h)
15Similar, integral expressions for analytic continuations of the CS partition function have been obtained
in [51, 52].
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After plugging the value of M in (4.30), we find

h?2 . s . _m
Feg(h,mp,) = 51 {ng (fmﬂ?o) + Lig (fm]Foh) — 2C(3)}
oy 4 sinh2(%t /K) (4.32)
+ 27rt_110g s _mN\2 dt.
0o ¢ Asinh?(n2t/h) + (m3 +me ")
In particular, in the maximally supersymmetric case h = 27, we have
Foa(2 1 Li 1/2) 4 14 ~1/2) _9/(3
cs(2m,mz,) = 55 q Lis ( —my, ) + Lis (—mg, ") —2¢(3)
oy 4sinh?(rt/2) (4.33)
+ 5t log 5 | dt.
o e —1 . 12 1/4 —1/4
4sinh®(7t/2) + (mFO + mg, )
By using that
¢(3)
Ac(2) = —2— 4.34
()= -5 (434)
we find the following expression,
1 m m? m? m
Am,2r) = — —{Lig | —— —{/— — 1] +Lig [{/— —1—- =] =
(m, 2m) 2772{ 13( 5 1 )—i— 13( 1 2) C(3)}
(4.35)

>t 4sinh?(nt /2
[ bg[ s (/2 }dt
o e —1 4sinh*(7t/2) +m + 2
When m = 0,1, 2 are plugged in, this formula reproduces the values of A(m,27) in table 4
up to all the 125+ stabilized digits. This confirms that the analytic continuation of the

CS partition function put forward in [50] is the one needed to solve the spectral problem
of local Fs.

Orbifold point expansion. There is yet another way to compute the fermionic spectral
traces Z(N,2m) as indicated at the end of section 3.2: namely by expanding the spectral
determinant around x = 0, which corresponds to the orbifold point of the topological
string theory. In other words, we need to analytically continue the topological string free
energies used to construct Jx(u, m, k) to the orbifold point. This is most convenient in
the maximal supersymmetric case where only genus zero and genus one free energies are
required. This method of calculating Z(N,27) is very interesting, as it reveals intriguing
relations of Jacobi theta functions, as we will see at the end of the computations.
We are particularly interested in the locus

1/u=0, m=0 (4.36)

in the moduli space, which is a C3/Z, orbifold point. When m is small, local F5 has conifold
points on the real axis of u in both the positive and the negative directions. Therefore we
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wish to analytically continue the free energies along the imaginary axis to avoid the conifold

points. To make this explicit, we perform a change of variables
u=e"2g (4.37)

where now the new coordinate u is real and positive. We rotate the mass parameter m as

well by .
m=e™?m (4.38)

so that the power series part IL4(u, m) of t (as well as the instanton parts of free energies)
remains real. We define the flat coordinate # after the rotation

f=—loga — (e ™24, ™/ ?m) (4.39)

and thus
t=1+mi/2. (4.40)

We also introduce the free energies after the phase rotation

Finst(£ m) = FinSt(t, m),

) 4.41
FmSt<t m) +FNS 1nst( A) FlnSt(t, m) +F1NS, lnSt(t,m) . ( )
Similar to (3.95), the full prepotential after the phase rotation should be
2
A 1. 1 nH+vVm2E4+4\ . o
Fy= i3 <log W) f+ Fmst(Em) (4.42)

where we have plugged in the coefficients C, Do(m), and B((]m) (m) for local Fa. This implies
that the B-period after the phase rotation is related to the B-period before the rotation by
OFy 0Fy, wi, w4 Vm?+4

- S G log T 44
ot~ of 5 8 2 (4.43)

Furthermore, similar to the example in [27], the phase rotation results in a shift of 1/8 in n
in the spectral determinant. Explicitly, the spectral determinant after the phase rotation

becomes )
21, 0,27) = /X021 G (41,0, 27) (4.44)

where the rotated [ is defined by
/L:/l+7Ti/47 (445)

and

j _ Fo(t,m 1
Jx (.0, 2m) = A(2m) + By + BN 4 Fol) (

472 472
1 62 ~ 82 2 62 ~ oA
T e ( or T et T am2> O(t’m)‘%?jgﬂ (440)
1\? 1\ ; i 1
O (1,0,2m) Zexp <7T1< 8> T+ 2 (n + 8)5 - % (n + 8)3>> ‘fﬁmee
nez m—0
(4.47)
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where we have plugged in m = m = 0 whenever possible to simplify the expressions. In
the formulae above,

1~ 1~

fleft = I — §HA(U) =h0-— §HA(6_”1/26_2[‘) . (4.48)
Besides,
Y
T = T 82?2 0,
1 (.. a. ok (4.49)
5272 tiAFO—fAFo—i-’/Ti P .
2m ot2? Ot omo

Note that because

—§z' n+1 3——z’ n—i—1 2—21’ n—i—l L3+@
3" g) =7 8 m 8) 48" 64

mi2n(2n +1)(2n — 1)
3 ?

the generalized theta function becomes a conventional elliptic theta function

~ T ~ 1
O(f1,0,2m) = €55 9y /g (g - g; 7 1) . (4.50)

where we have used the Jacobi theta function
1 1\? 1
V1 /8(27) =0 8 (z;7) = %exp i <n + 8> T+ 27ri(n + 8>Z . (4.51)
n

The expressions for the derivatives of the periods of local Fs in (4.12) can be translated
through (4.39), (4.43) to the periods after the phase rotation!®

R 161
oi 2K (%)
55 ra iTEGR T
T » 452
A i(im+2)4 . i
O*Fy 2K (1+41(im—2)a) 1K (1+4i(iﬁ3+2)1})

900 a1+ A(m—2)a  ay/1+ 4+ 2)a

From these formulae we can obtain the series expansion of the rotated periods near the LCP

t= (‘;’;a, (indefinite integral)
= —loga — 2/ma + 3(2 — m?)a® + ...
fD = % = iﬁbﬂ
ou otou

1
(log@)? + log @(2mt — 3(2 — m2)a* + ...) + 2ma — (14 - 13m?)a + ... .
(4.53)

1
2

'We cannot plug in the value of 7 = 0 here because we will need derivatives of 7 later in (4.46), (4.49).
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In order to analytically continue the rotated periods to the orbifold point 1/4 = 0, we
use the reciprocal modulus formula for elliptic integrals, which implies

VI+4i(im —2)a) /14 4i(im + 2)a 1\/1+41 (im + 2)a
Note the sign in front of the last term is positive because the imaginary part of
1+4i(im+ 2)a
1+ 4i(im —2)a '

in the argument of the elliptic integral K on the left hand side is always positive, as long

as mu is kept small. Define the modulus v around the orbifold point 1/4 =0
b=1/Va . (4.54)
The rotated periods after analytic continuation satisfy

R 4i(2+im)+02 4i(—2+4imh)+02
ot 4 K (41( 2+im)+@2> K( 4i(2+im)+02 )

== , 4.55
o0 T\ VA(=2+ 1) + 02 /412 + i) + 02 (4.55)
. 4i(2+irh)+9 4i(—2+irm)+02
Otp K (41& 2+Ui7ﬁ):@2) K ( zlli(2+i11$:,r)L+®g )
D—»9 + : (4.56)
ol VAI(=2+im) + 92 /4i(2 + i) + 02

from which we can obtain the series expansions of the rotated periods around the orb-
ifold point

forb — Cot o (definite integral)
0 a@/ ’
redye  m- L+6) (—3 + 40e — 240e2)I'(3)?
= oot 12v/20(1)2 T 15360+/273/2 v (4.57)
O
0 8'0,
CD(9)?. . 721 -12€) 5 (—3+40e — 240€%)I(1)? 5

= 0+ o +
427 24V/20(1)2 3072027

where € = M.

VT H+ L,

Note that the two sets of periods (f,7p) and (£, %) are not necessarily the same.
As the analytical continuation was done at the level of their derivatives, a constant in 0,
which could be a function of 72, can be missing. Let’s call it a pure m function. To disclose
this term, we perform the definite integral in (4.57) numerically for some large value of 0,
which corresponds to a diminutive 4, subtract from it the value of the (truncated) series
expansion of £ in (4.53), and fit the difference as a function of /. The same exercise can
be done for the pair of ip, f%b as well. The pure m functions are found to be,

N A n+vVm2+4
tOI‘b — t + log (777;"‘;’”;"‘) ,
(4.58)

L SR

2
™ 1 m+ vVm? + 4
6 "o l\lg 2
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These formulae together with (4.57) give the expansion of the periods #, p near the orbifold
point, and we can proceed to compute the prepotential Fy by integrating ip = 9F, /0t
up to an integration constant. The latter, together with A(m, 27), is fixed by normalizing
Z(0,2m) to 1.

We are finally in position to calculate Z(IV,27) via the expansion of Ex(u,0,2m)
around x = 0. Noticing that

k=e"/ 1y, (4.59)
the expansion takes the form
E(r,0,h) =1+ Y Z(N,0,h)e’ T 0" . (4.60)
N>1

In other words, the coefficients in the orbifold expansion of =(k, 0, k) are

Z(N,0,h) . (4.61)

Rather than actually calculating Z(N, 0, 27), we assume the values of Z(1,m = 0, 27)
and Z(2,m = 0,7) are given by (4.24), and extract the following relations of the elliptic
Jacobi theta function ¥, /5(z;7)

1 s(=§%—1+1)  m (1—r()?

191/8(— ~1+i) A4 4\/% ’
Ti0:91 /8( b, 14 ) o 191/8( —1+41) (4.62)
01 /8(=§ +z i —141) 16191/8(_1“ —1—1—2)
3(167r + 3 —(l-l—z)\fw?’/QF(i) —’LF(%))

2567
They can be verified numerically to arbitrarily high precision.

4.1.2 Rational Planck constants

Here we wish to check the conjecture of the solution to the spectral operator Ox for
local Fy with generic rational Planck constants, i.e., i now takes the form of (3.67) with
(p,q) # (1,1). Unlike the case of maximal supersymmetry, the quantum A-period in the
definition (3.17) of peg no longer reduces to the classical A-period. For local Fo, the
quantum A-period can be found in [35]. The leading contributions are

~ 2
IT4(u,m,q) = 2mu + (2 + 3m? + p + 2q> u? + O(u?), (4.63)

where ¢ = exp(if). Furthermore, to construct the modified grand potential Jx (u, m, k), we
need (refined) topological string free energies with genera greater than one as well. It is not
difficult to see from (3.54)—(3.59) that the order of instanton corrections is controlled by

d=> éada, (4.64)

in the sense that if we want to compute jb(ueﬂr,m, h), jc(ueff,m, h) up to £ = n or compute
Jws (e, m, i) up to m = n, we need all the BPS numbers N]‘.iLJ-R with d < n. In the case
of local Fa, we have BPS numbers up to d = 2d; = 18 (we have used &, from (4.15)).17

"Here we partially use the data shared with us from Xin Wang. See the Acknowledgement.
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h m Ground state energies Errors Deviations
3r 2w/ ME) 3.5784100386973932885370276609 3.3 x 1072 —
w.0o. A(E) 3.5784100358696745628684580057 1.8 x 1072 2.8 x 107?
numerical 3.5784100387
5/2 w/ ME) 3.596013630566028853057384426 2.2 x 10~28 -
w.o. M(E) 3.596013628010480256882055931 1.5 x 10728 2 x 107
numerical 3.596013630
87/3 2w/ AME) 3.3488711127605665243858784139 1.7 x 10729 -
w.0. A(E) 3.3488711126985280038283987464 9.2 x 10730 6 x 10~
numerical 3.34887111276
5/2  w/ AMFE) 3.367972636079200789494258599 1.2 x 10728 -
w.0. A(E) 3.367972636018243377139143847 8.4 x 1072° 6 x 107!
numerical 3.36797263608

Table 5. Ground state energies for Oy, with rational i, computed by the complete quantization
condition (3.63) with A(E) (rows labeled by “w/ A(E)”), by incomplete quantization condition
without A(E) (rows labeled by “w.o. A(E)”), and by numerical method with matrices of size
500 x 500 (rows labeled by “numerical”). All stabilized digits are listed in the results. “Errors”
are estimated by dropping the highest order instanton corrections to the quantization condition

“_»m

(see the main text). The column “Deviations” gives the deviation from the numerical results.
means no deviation.

The BPS numbers are too many even to fit into the appendix. Instead, we collect them as
a Mathematica notebook in an ancillary file to this paper.

Using these data, we are able to compute the ground state energies Ej from (3.63)
together with (3.91) for & = 3w, 87 /3 and mass parameters m = 2,5/2. The results are
listed in table 5 with all stabilized digits. To estimate errors of these results, we drop the
highest order instanton corrections (corresponding to d = 18) to the left hand side of (3.63),
and rerun the calculation. Furthermore, since the quantization condition described here
and also first presented in [27] improve the proposal in [24] by the additional A\(E) term
in (3.63), we calculate the ground state energies without the A(E) correction as well, which
are also listed in table 5, to see how much the corresponding results differ from the results
of the complete quantization condition. Finally, we calculate the ground state energies
with same A and m numerically by diagonalizing Hamiltonian matrices of size 500 x 500,
and list the results in the same table. We find that the ground state energies computed
with the complete quantization condition always coincide with the numerical results in all
stabilized digits, while the energies computed without A(E) correction always differ from
the numerical results by margins much larger than the estimated errors.

Next, we proceed to check the full spectral determinant by computing the fermionic
spectral traces. As in the case of maximal supersymmetry, we first compute Z(1,4) and
Z(2,h) by definition from the energy spectrum, which is generated using the complete
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h m N Fermionic spectral traces Z (N, m, h) Precisions
3m 2 1 spectrum 0.03556463950383471875248925 26
Airy 0.03556463950383471875248925038476928 . . . 133
2 spectrum 0.0002276038191693029375687476 28
Airy 0.00022760381916930293756874760322638 . . . 135
5/2 1 spectrum 0.034997174539993270348639863 27
Airy 0.03499717453999327034863986301519796 . . . 127
2 spectrum 0.0002214025998730489988354869 28
Airy 0.00022140259987304899883548694708767 . . . 130
8r/3 2 1 spectrum 0.0460092453000601959288605673 28
Airy 0.04600924530006019592886056730533817 . .. 145
2 spectrum 0.000412702534221779106148301012 30
Airy 0.00041270253422177910614830101201279 . .. 147
5/2 1 spectrum 0.0452240112730311424402202520 28
Airy 0.04522401127303114244022025207320863 . . . 145
2 spectrum 0.00040068762952861763389783745 29
Airy 0.00040068762952861763389783745215685 . . . 147

Table 6. First two fermionic spectral traces for O, with rational /i, computed from the spectrum
(rows labelled by “spectrum”, with all stabilized digits), and by the Airy function method (rows
labelled by “Airy”, with the first 35 digits after the decimal point). The column “Precisions” gives
the numbers of stabilized digits after the decimal point.

quantization condition. The results for i = 37,87 /3 and m = 2,5/2 are given in table 6
with all stabilized digits against both varying orders of instanton corrections and varying
energy levels. Then we compute the same fermionic spectral traces through (3.66) in terms
of Airy functions and its derivatives. This formula makes use of the entire modified grand
potential. Using BPS numbers up to d = 18, the fermionic spectral traces can be computed
with a precision of up to 127 ~ 147 stabilized digits after the decimal point. Due to space
constraint, we list the results with only the first 35 digits after the decimal point in table 6.
They agree with the results computed from the energy spectrum. More importantly, for
local Fy, the first few fermionic spectral traces Z(1,h), Z(2, k) can be directly computed
with rational 2 and arbitrary mass m by integrating the kernel of the operator Op, given
in (3.115). They agree with the results from the Airy function method in table 6 up to all
stabilized digits.

In addition, the Airy function method fixes the value of A(m,h) as well by the nor-
malization condition Z(0,h) = 1. We have thus computed A(m,h) for h = 37,87/3
and m = 2,5/2. They agree with the predictions by (4.27) consistently with up to
132 ~ 147 digits.
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m

Figure 6. 2d toric fan of the geometry O(—Kp,) — F;.

4.2 Local F;q

i M@
D, (1 0 0) -2 -1
D 1 1 0 1 0

o ) (4.65)

Dy (1 0 1) 0 1
D, (1 -1 0) 1 -1
Dy (1 -1 -1) 0 1

The local F; geometry is the anti-canonical bundle over the first Hirzebruch surface F;.
It is in fact the del Pezzo surface By which is a blow up of P? at one generic point. The
toric data of local Fy is given in (4.65), and its toric fan projected onto the supporting
hyperplane is given in figure 6. The Batyrev coordinates for this geometry are given by

m 9 1 U

21 = —5 = Mmu Zp=——=—. 4.66
==, == (1.66)
Here we have used r = 1 leading to o = % The B-model spectral curve for this geometry
can be written as

Wi, (e%,e¥) = e +e¥ +me ™ +m e Y + . (4.67)

It is identical with the curve in table 1 up to a symplectic transformation, since both curves

have the same Weierstrass form with
g2(u,m) = 27u* (1 — 8mu? + 24u® + 16m2u?), (4.68)
g3(u,m) = 27ub(1 — 12mu?® 4 36u> + 48m2u? — 144mu® + 216u’ — 64m>3u®). '

Next we compute the leading contributions to the semiclassical phase space volume in
the large energy limit following [26]. We find

volg(E) = 4E% — Elog(m) — %(log m)? — %H +0(eF). (4.69)

We obtain from [35] the differential operator Dy for the calculation of the first quantum
correction to the phase space volume, with the substitution u = e™"". After applying it
on the semiclassical phase space volume, we find

vol (E) = —ic +0(e Py, (4.70)
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m  Ey from conjecture Fy from numerics

1 2.864004259408190 2.8640042594081907
2 2.971234582260921 2.971234582260921
16 3.428058805696 3.42805880569628

Table 7. Ground state energy of O, with 7 = 27 computed from both the quantization condi-
tion (3.104) and with the numerical method with matrix size 500 x 500. All stabilized digits are
listed in the results.

From (4.69) and (4.70) we can then read off the following constants

C=4, Do(m) = —logm,
r 1 ) 1 (4.71)
olm) = 5 — - (logm)? —

4.2.1 Maximal supersymmetry

Energy spectrum. We start with computing the energy spectrum in the maximal su-
persymmetric case, using the quantization condition (3.104). We compute the periods and
the prepotential through (4.11). Near the LCP, the A-period has the expansion

2,4
t = —logu — mu® + 2u® — smu +0(u’), (4.72)
and the prepotential is
QMZQ+AL_%1¢+3+ Q>+ 0(QY (4.73)
m 8m?2 27m3 ’

where Q = e~t. The flat coordinates associated to Batyrev coordinates satisfy
t1 =2t —logm, ta=1t+logm . (4.74)

Therefore we can identify the mass function @, with m. We can also read off the coefficients
Cas Qq,j from these relations. Plugging these data into the quantization condition (3.104),
we can compute the energy spectrum with arbitrary m. The ground state energies Fy have
been calculated in this way for m = 1,2, 16 respectively with both the A-period and the
prepotential expanded up to order 20. The results are listed in the second column of table 7.
To check these results, we compute the ground state energies numerically following [26] as
in the case of local Fy, using Hamiltonian matrices of size 500 x 500. The numerical results
are given in the last column of the same table. We find that the ground state energies
obtained with the two different methods agree in all stabilized digits.

Spectral determinant. As in the case of local Fo, we proceed to check the spectral
determinant. First we compute Z(N,27) according to its definition, using the energy
spectrum, which is generated by the quantization condition. The first two traces Z(1,2m),
Z(2,2m) with m = 1,2 computed this way are given in table 8.
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m  Z(N,2m)

1 Z(1,2m) 0.0806271202574356
Z(2,27) 0.00150651698090292

2 Z(1,2r) 0.0726979945606611
Z(2,2r)  0.00123301803769142

Table 8. Z(1,2w), Z(2,27) of Op, computed from the spectrum. All the stabilized digits are listed
in the results.

m  Z(N,2m)/A(m,2n) Precisions

1 Z(1,2r) 0.080627120257435627781494805115. .. 75
Z(2,27) 0.001506516980902928703412802925 . . . 7
A(1,2m) 0.307577965374980255036479594884 . . . 74

2 Z(1,2m) 0.072697994560661149574438010102. .. 74
Z(2,27) 0.001233018037691426072124489653 . . . 76
A(2,2m) 0.310522603835097060481991044711 . .. 73

Table 9. Z(1,2w), Z(2,2m), as well as A(m,27) of local F; computed with the Airy function
method. The results are listed with the first 30 digits after the decimal point. The column “Preci-
sions” gives the number of stabilized digits after the decimal point in each result.

Next, we compute the same traces with the help of (3.66) in terms of Airy functions
and its derivatives, utilizing the complete expression of Jx (u, m,2m). For this purpose, we
need the unrefined genus one free energy, which can be obtained from [5]

1 2 1
F = T log A — 3 logu + 510 (4.75)

g % )
where
A =m —u—8m*u?® + 36mu’ — 27u* + 16m>u?, (4.76)
as well as the Nekrasov-Shatashvili genus one free energy, which can be derived follow-
ing [33]
1
FNS — 5 log(Au™?) . (4.77)

We also need A(m,2m), which is obtained by demanding Z(0,27) = 1. Then using (3.66),
with free energies expanded up to order 20, we have computed the same fermionic spectral
traces Z(1,2m), Z(2,27) with m = 1,2, albeit with much higher precisions. The results are
given in table 9. Due to space constraint, we only list the first 30 digits after the decimal
point. They agree with the numerical results from table 8.
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h m Ground state energies Errors Deviations
3 w/ AME) 3.5607250021035 1.2 x 10714 -
w.0. A(E) 3.5607249988919 9.2 x 1071 3.2 x 107"
numerical 3.5607250021036
2w/ AE) 3.6638398827159 5.0 x 10714 —
w.o. A(E) 3.6638398798168 4.3 x 107* 2.9 x 107
numerical 3.663839882715
87/3 1  w/ A(E) 3.331429227013371 6.1 x 10716 -
w.0. A(E) 3.331429227058059 5.5 x 10716 4.5 x 107!
numerical  3.33142922701337
2w/ AE) 3.43562063022815 2.2 x 1071° -
w.0o. M(E) 3.43562063022241 2.1 x 1071 5.7 x 10712
numerical 3.4356206302281

—

Table 10. Ground state energies for Op, with rational i, computed by the complete quantization
condition (3.63) with A(E) (rows labeled by “w/ A(E)”), by incomplete quantization condition
without A(E) (rows labeled by “w.o. A(E)”), and by the numerical method with matrices of size
500 x 500 (rows labeled by “numerical”). The results are given with all stabilized digits. Other
notations are the same as in table 5.

4.2.2 Rational Planck constants

Here we check the conjecture for local F; with generic rational Planck constants. We
will need the quantum A-period in the definition of e, and higher genera free energies
of unrefined topological string and refined topological string in the Nekrasov-Shatashvili
limit. The quantum A-period for local F; can be found in [35],

3m2u?

- 1
A (u, m,q) = mu? — < + q1/2> u® + +O0(w), (4.78)

g1/
where ¢ = exp(ih). As for (refined) topological string free energies, we have computed BPS
numbers for local F; following [33] with

d=2dy +dy < 16 (4.79)

(See the definition of d in (4.64). The coefficients are read off from (4.74)). As in the
example of local Fa, we collect these BPS numbers in an ancillary Mathematica notebook
attached to this paper.

Using the data above, we have computed the ground state energies using (3.63)
and (3.91) for A = 3m,87/3 and mass parameters m = 1,2. We list the results with
all stabilized digits in table 10. As in the example of local Fy, we have also computed
the ground state energies with the same parameters but using the incomplete quantization
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h m N  Fermionic spectral traces Z(N,m,h)  Precisions
371 1 spectrum 0.036084275689317 15
Airy 0.03608427568931732310. .. 39
2 spectrum 0.00023208274513657 17
Airy 0.00023208274513657062.. . . 41
2 1 spectrum 0.03261451488440 14
Airy 0.03261451488440392788 . . . 39
2 spectrum 0.0001907533896520 16
Airy 0.00019075338965202899 . . . 42
8r/3 1 1 spectrum 0.046652991710186 15
Airy 0.04665299171018683045 . . . 44
2 spectrum 0.00042045881232812 17
Airy 0.00042045881232812924 . .. 45
2 1 spectrum 0.04213857928256 14
Airy 0.04213857928256301516 . . . 43
2 spectrum 0.0003451957488795 16
Airy 0.00034519574887953481 . . . 45

Table 11. Z(1,h) and Z(2, k) for O, with rational 7, computed from spectrum (rows labelled by
“spectrum”, with all stabilized digits), and by the Airy function method (rows labelled by “Airy”,
with the first 20 digits after the decimal point). The column “Precisions” gives the numbers of
stabilized digits after the decimal point.

condition without the A\(E) correction, and give the results in the same table. Finally,
table 10 also contains the ground state energies computed by the numerical method with
Hamiltonian matrices of size 500 x 500. As in the case of local s, the results of the com-
plete quantization condition agree with the numerical results,'® while the results of the
incomplete quantization condition deviate by margins much greater than estimated errors.

Next, we compute the first few fermionic spectral traces. This is first done by using
the spectrum generated by the complete quantization condition. For A = 37,87 /3 and
m = 1, 2, the results are given in table 11 including all stabilized digits. Then the fermionic
spectral traces are computed by the Airy function method with (3.66), utilizing the entire
modified grand potential. Using the available BPS numbers with d < 16, we can compute
the fermionic spectral traces with up to 39 ~ 45 stabilized digits after the decimal point.
We list the results with the first 20 digits in the same table, and they agree with the results
obtained from spectrum.

18The ground state energy from the complete quantization condition with & = 37 and m = 1 seems to
differ from the numerical result by a margin slighter larger than the estimated error. This probably can be
explained by slow convergence of the numerical result.
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Figure 7. 2d toric fan of O(—Kp,) — Bs.

4.3 Local B>

This geometry is based on the del Pezzo surface By which is a two-point blow-up of P2
The toric data of local By depicted in figure 7 are

i @ 3
D, (1 0 0) -1 -1 -1
Dp, (1 1 0) —1 1 0
Dy (1 1 1) 1 -1 1 (4.80)
Dm, (1 0 1) 0 ~1
Dy, (1 -1 0) 0 1
Dy (1 0 —-1) 1 0

From the toric data we can read off the Batyrev coordinates

1 U mims 1 U
=== —, 29 = ——— = myimal, 3= —— = — . (4.81)
ums Mo U amy My

Here we used u = % which implies r = 1. We can write the B-model spectral curve as
W, (e%,e¥) = e + ¥ + mae™™ + mymae?™ +mye® Y + @ (4.82)

It can be identified with the curve in table 1 up to a symplectic transformation, since both
of them can be converted to the same Weierstrass form with [33, 35]

go(u, my, my) = 27u’ (1 — 8 (my + mg) u? + 24u> + 16 (m% — mimeg + m%) u4) ,
g3(u,m1, ma) = 27ub (1 — 12 (m1 + ma) u? + 36u> + 24 (2m% + meomy + 2m§) u?
—144 (mq + mg) u+ (—64m?+96m2m%+96m§m1 —64m3 + 216) u6) .
(4.83)
To find the coefficients C, Do(m), Bo(m), and Bj, we calculate the semiclassical phase
space volume as in [26]. In the large energy limit we find

7 1 )
volg(F) :§E2 — (logmy +logma) E — 3 [(logml)2 + (logmg)Z] - EWQ +0(e Py,
(4.84)

— 52 —



Usingu = e F

we can translate the quantum operator D from [35] to a differential operator
with respective to energy. Since the quantum phase space volume can be identified with
the quantum B-period of the spectral curve, we can apply the operator Dy to obtain the

first quantum correction to the phase space volume

voly (B) = — % + O "), (4.85)

up to exponentially suppressed corrections. From the phase space volumes (4.84) and (4.85)
we can read off the desired coefficients

7
C = 3 Do(m) = — (logmy + logms),
2 - (4.86)
Bo(m) = ~m — — [1 240 2 B = — .
o(m) " I (logm1)” + (logma)”| , 1 yrom

4.3.1 Maximal supersymmetry

Energy spectrum. In the case of maximal supersymmetry we use the simplified quan-
tization condition (3.104) to calculate the energy spectrum. In addition to the coefficients
extracted in (4.86), we need the periods and the prepotential, which are computed by
integrating out (4.11), using g2(u, m), g3(u, m) given in (4.83). The classical A-period is

t = —logu — (my + ma)u? + 2u® — g(m% + 4mymam3)ut + O(uP), (4.87)

and the instanton part of the prepotential is

. 1 1 1 1 mims3
Flnst N o -9 -9 177%2 2 O 3
0 <m1+m2+m1mQ)Q+(8m% m1+8m% Mt 8 @ +0(@),
(4.88)
where Q = e~!. Furthermore, the flat coordinates ¢, associated to the Batyrev coordinates
satisfy

t1 =t +logms, to =t —logmy — logms, t3 =t +logm;y . (4.89)

Therefore we can choose Q,, = m1, @m, = M2, and read off the coefficients ¢,, o j. We
plug these data in the quantization condition (3.104), and compute the ground state energy
for combinations of mass parameters (my, ms) = (1,1), (1,2), (3,2), with the A-period and
the prepotential expanded up to order 17. The results are listed in the second column of
table 12. Next, we compute the ground state energy numerically as in the previous examples
along the line of [26], using Hamiltonian matrices of size 500 x 500, and list the results in
the last column of table 12. Again the results from the quantization condition and from
the numerical calculation agree.

Spectral determinant. We follow the same computation as in the previous sections.
First, we compute Z(N,27) from the energy spectrum, which is generated by using the
quantization condition (3.104). As examples we list Z(1,27), Z(2, 2x) for (m1,m2) = (1,1),
(1,2), (3,2) computed in this way in table 13. Then we compute the same fermionic spectral
traces by making use of the formula (3.66) in terms of Airy functions and its derivatives.
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(my,ma) Ep from conjecture Ej from numerics
(1,1) 3.1995075383598 3.19950753835985
(1,2) 3.31222613819186  3.31222613819186
(3,2) 3.4995746425315 3.49957464253155

Table 12. Ground state energy of Op, with i = 27 computed from both the quantization condi-
tion (3.104) and with the numerical method with matrix size 500 x 500. All stabilized digits are
listed in the results.

(m1,m2) Z(N,2m)
(1,1)  Z(1,27) 0.056125936740909
Z(2,2m) 0.00069099641289523
(1,2)  Z(1,27) 0.050226831674578
Z(2,2m) 0.00055527599449115
(3,2)  Z(1,27) 0.041756014419873
Z(2,2m) 0.00038586924264883

Table 13. Z(1,27), Z(2,2m) of Op, computed from the spectrum. In the results all the stabilized
digits are listed.

For this purpose, we need genus one free energies of local By. The unrefined genus one free
energy can be obtained by the method described in section 4.1.1, and we find

ot

. 1 7 1
Finst — oo A — ] ~1
1 12 088 T plosut 5o

where the discriminant A is

A = —mymg + (mIm3 +my + ma)u + (8m3mag + 8mym3 — 1)u® — 2(4m3m3

+ dmim3 + 4m3 4 23myma + 4m3)u® — 4(4mimg — 16m3m3 + 4myms
—9my — 9mo)ut + (16mim3 — 32m3m3 + 16m3 + 16m3m3

— 24m2my — 24mym3 + 16m3 — 27)u’ . (4.91)

The Nekrasov-Shatashvili genus one free energy is derived following the prescription in [33]
; 1

FRSinst -5 log(Au~%) . (4.92)

With these free energies, together with the prepotential (4.88), the A-period (4.87), and

the coefficients in (4.86), we can first compute A(m,2n) by the normalization condition

Z(0,27) = 1, and then proceed to compute Z(1,27), (2,27). In this process, we use free

energies expanded up to order 17. The results with same mass combinations (mq,msg) =
(1,1),(1,2),(3,2) are listed in table 14. They agree with table 13 in all stabilized digits.
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(m1,m2) Z(N,2m)/A(m,2m) Precisions
(1,1) Z(1,2m) 0.056125936740909740204777674742. .. 65
Z(2,2m) 0.000690996412895238460921136534 . . . 67
A(1,2m) 0.525034841250017873187431756727 . .. 64
(1,2)  Z(1,27) 0.050226831674578744141567494273 . .. 64
Z(2,2m) 0.000555275994491156163380800220 . . . 66
A(1,27)  0.552375136623000884957104480047 . . . 63
(3,2) Z(1,2m) 0.041756014419873813182581770745. .. 59
Z(2,2m) 0.000385869242648837520056887594 . . . 61
A(2,2m) 0.631961797812417591353288642144 . . . 57

Table 14. Z(1,27), Z(2,2n), as well as A(m,27) of local Ba computed with the Airy function
method. The first 30 digits after the decimal point are listed for each result, while the total number
of stabilized digits are given in the column “Precisions”.

4.4 Mass deformation of local Eg del Pezzo surface

The toric data for the mass deformation of the local Fg del Pezzo surface were given in
section 2.4. The full Fg del Pezzo surface is the blow-up of P? in eight generic points and
can be constructed as a hypersurface in P(1,1,2,3). The two geometries have identical
prepotentials for vanishing masses. As explained in section 2.4, the spectral curve can be
written as a deformation of the function O3 2

Wey(z,y) =e® +eP +e 3772 L mie™ Y 4 moe 2 Y 4 mze @ + 0 . (4.93)

Analogous to the calculation in [26] we compute the semiclassical phase space volume
which is the B-period of the spectral curve. In the large energy limit, we find

2
3 vm? —4
volg(E) = 3E% + i(log my — logms)?— <log mt 2m1 )

5 (4.94)
1 9 _
—5 Z (log(—e;))* — 7+ O(e™F).
i=1
Here e;,7 = 1,2, 3 are the three roots of the cubic equation

2 2 3

Py Mg e (4.95)
ms3 ms m3

Using u = e ¥ we can translate the quantum operator D, given in [35] for the mass

deformed Fg geometry to a differential operator with respect to the energy. Applying
this operator to the semiclassical phase space volume, we find the following first quantum
correction to the phase space volume up to exponentially suppressed terms

vol, (E) = —i + 0P, (4.96)
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Comparing (4.94) and (4.96) to the general expression for the phase space vol-
ume (3.24), (3.30), (3.31), we can read off the coefficients C, Dg(m), Byo(m), and By

1

30

2
m1 4 /mi — 4) 1 2 (4.97)
5 .

023, Do(m)zo, Blz

By

1 ]3
=5 §(log my — lgms)? — (log

4.4.1 Maximal supersymmetry

Energy spectrum. We first use the quantization condition in the maximal super-
symmetric case (3.104) to compute the energy spectrum. Other than the coefficients
in (4.97), we need the periods and the prepotential, which are computed from (4.11) using
g2(u,m), gs(u,m) from (2.46). Near the LCP, the A-period has the expansion

3
t = —logu — mou? + 2myu’® — 5(2m2 +m3)ut + O(u?), (4.98)

and the instanton part of the prepotential has the expansion

" 3m m2  mm m2m?
FénSt=m1m2Q< 22 JFTQ 14 2 18 2

where Q = e~t. Furthermore, the flat coordinates t,, satisfy

1
-1

1 2
to =1+ §longl + glong2 +3 08 Qs »
(4.100)
tl — _long17 t3:_lOng27 t4:—10ng3,

where the mass functions @, are related to the mass parameters through the following
rational relations

e Qs e Qs

We can also read off the coefficients ¢, oo, j from (4.100). With these data, we used (3.104)
to compute the ground state energies for the mass combinations (mi,mg,ms) =
(0,0,0),(2,3,3), with the A-period and the prepotential expanded up to order 20, and
list the results in the second column of table 15.19 These energies can be verified by nu-
merical calculations similar to previous examples, and the corresponding results are listed
in the last column of table 15 (we used Hamiltonian matrices of size 800 x 800 here). Again
the conjecture reproduces the numerical results in all stabilized digits.

19The mass combination (m1,mz, m3) = (0,0,0) is obtained by first setting m1 = 0,m2 = ms = m > 0,
and then sending m — 0. In this way, volp(E) in (4.94) and the cubic equation in (4.95) always remain
finite.
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(my,mg, m3g) Ep from conjecture Ey from numerics
(0,0,0) 3.298393786995024728240 3.2983937
(2,3,3) 3.59765161280909860 3.597651612809

Table 15. Ground state energy Ey of Og, with 2 = 27 computed from both the quantization
condition (3.104) and with the numerical method with matrix size 800 x 800. In the results all
stabilized digits are listed.

Spectral determinant. Similar to previous examples, we first compute the fermionic
spectral traces Z(N,2m) from the energy spectrum, which we generate through the quan-
tizaton condition (3.104). For the mass combinations (mi,mg, ms) = (0,0,0), (2, 3,3), the
first two traces computed in this way are given in table 16. Next, we compute the same
traces from the spectral determinant, using formula (3.66) in terms of Airy functions and
its derivatives. For this, we need the unrefined genus one free energy and the Nekrasov-
Shatashvili limit genus one free energy. The former is computed by the method described

in section 4.1.1, and we find
1 1 1 ot
Fi=——logA— =1 —log — 4.102
1= 5 logA —glogut jlog 5, (4.102)

where the discriminant A is

A=1—mimou-+ (m% —12ms + m%mg)u2 + (36my — m? + 8m1m2m3)u3
+ (=72my — 30m3my — 8m3ms + 48m3 — Smim3)ut + (96m1m3 — 144mimg
+ 36m3ms — 16mymom3)u’® + (=432 + 216m? — 27m] — 64m3 + 288mams

— 72m2mamg + 16m3m3 — 64m3 + 16mmj)u’ . (4.103)
The latter is derived following [33] and the result is
1
FNS = ~o log(Au~°) . (4.104)

Then we can compute A(27) by the normalization condition Z(0,27) = 1, and furthermore
proceed to compute Z(1,27), Z(2,2m). In this process, we always use free energies expanded
up to order 20. The results are given in table 17. We find yet again agreement with table 16
from the numerical method.

The example with mass combination (mq, mga, m3) = (0,0, 0) is particularly interesting,
as here the traces Z(N,2m) can be directly computed from the kernel (3.110). One finds
from (3.117)

1
Z(1,27) = ——,
1§\/§ . (4.105)
Z(2,27) = — — .
(2,2m) 864  24/3rw

They agree with our results in all the 85 plus stabilized digits. Furthermore, when all the
mass parameters are turned off, the form of A(m,27) has been conjectured in [45], and it
translates to

A(27) =

log(2) | log(3) 5((3)
1 + — (4.106)

6 2472 -
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(mq,mg, mg) Z(N,2r)
(0,0,0) Z(1,2m) 0.04811252243246881370910
Z(2,2m) 0.0004445060821047400530834
(2,3,3)  Z(1,27) 0.036508307084758465
Z(2,2m) 0.000271580920140099445

Table 16. Z(1,2x), Z(2,2n) of Og, computed from the spectrum. In the results all the stabilized
digits are listed.

(my,m2,mg) Z(N,2m)/A(m,2T) Precisions
(0,0,0) Z(1,2m) 0.048112522432468813709095731708. . . 87
Z(2,2m) 0.000444506082104740053083428264 . . . 86
A(1,27) 0.331015129036010216936639294459 . . . 86
(2,3,3) Z(1,2m) 0.036508307084758465484352644702.. . . 88
Z(2,2m) 0.000271580920140099445491626397 . . . 88
A(2,27)  0.794548079957547835370107278880. . . 88

Table 17. Z(1,27), Z(2,2x), as well as A(m,27) for mass deformed local Eg del Pezzo surface
computed with the Airy function method. Only the first 30 digits after the decimal point are listed
for each result, while the total number of stabilized digits are given in the column “Precisions”.

It also agrees with our result in all the stabilized digits.

4.4.2 Conifold point prepotential

Here we want to check the 't Hooft expansion of the logarithm of the fermionic spectral
trace presented in section 3.4. Let the operator Ox be the perturbation of the operator
Opn- It was shown in [38] that in the 't Hooft limit

N — o0, h— oo, %:)\ finite,
the mass parameters should also be scaled accordingly by
log gmf finite. (4.107)
In particular, we can choose Q;,; = 1. In this case, [27] implies the function fém’n)

appearing in the 't Hooft expansion (3.122) coincides with the (unrefined) topological
string prepotential?’ at a conifold point with the mass parameters m; set to proper values.
In particular, the conifold prepotential is defined by

oF"™™" ¢

O\ Con

20This is actually the “skewed” prepotential in the sense of (3.97), i.e., t in the instanton part of the

(4.108)

prepotential is shifted by rxi, while it remains unshifted in the classical part of the prepotential. When r
is even, it coincides with the usual topological string prepotential.
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Here t is the flat coordinate near the large complex structure point (LCP), and A the flat
coordinate which vanishes at the conifold point. Besides, [38] predicts A is given by

r (0F,  8r®

with Fy the prepotential near the LCP.
In the case of the mass deformed local Eg del Pezzo surface, Ox is a deformation of
O32. According to (4.101), (Qm; being one corresponds to the mass combination

(my,m2,m3) = (2,3,3) . (4.110)
In this case, we can find three conifold points from the discriminant
u=-1/6, uw=1/2, u=1/3. (4.111)

Furthermore, the conifold point flat coordinate A takes the form

Since the B-period 0Fy/0t takes the value of 72 at u = —1/6, the functions ]-"(53’2) should
be the prepotential around this conifold point. Following (3.123), the conifold point pre-
potential has the expansion

2 2 o0
(3.2) A ( A 3) K
FEDO) = —e3or+ 2 (log—2 — 2 ) + AR 4113
o () A+ 5 (loe gz =5 3:3 fok (4.113)
where ¢3 9 is given in (3.125),

3 ir/3 3 : in/3 3
32 = ——D(2e™°) = ——Im(Liz(2"?)) + o log(2) . (4.114)

™ ™ 7r

The expansion (4.113) of the conifold prepotential together with (4.108) implies that

t w2 >
— = 394+ A[log——= — 1)+ Xlog A+ Y kfo)\F. 4.115
o 3,2 < gg\/g ) g kz?) fO,k ( )

Since t has to be a linear combination of the periods at the conifold point, we can write

t 2
- = Mlog— —1)+8 4.116
o 32 + (0g3\/§ >+ , ( )

where S is the conifold point period with the leading behavior Alog A + .. ..
We can verify this relation through numerical analytic continuation of the periods from
the LCP to the conifold point (CFP) uw = —1/6. Let the LCP periods be (1,¢,0Fy/0t) and

v=u+1/6 (4.117)
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be the modulus near the CFP. We solve the Picard-Fuchs equation of the mass deformed
local Eg del Pezzo with the mass combination (4.110) around the CFP, and choose the
periods (1,11, 11%), where

9v? 4303
ng=v+"—+ +...,
2.2 (4.118)
%, = log(o) (v + 9v? N 4303 N A 219v3 N 76970 N
= v)| v+ — v
B =08 2 2 8 18
The two sets of periods are related by the transition matrix M as
1 1 1 0 0
t =M - Hg y where M = mio mMi,1 M12 5 (4.119)
8% 115 Mmoo M21 M2 2

and the entries of M can be computed numerically with very high precision.?! For instance,
with the periods expanded up to 1500 terms, the entries of M can be computed with
approximately 450 reliable digits.

We find that mo g = 7 and mg 2 = 0. Combined with (4.112), we conclude

_ {73

15
m21

AL (4.120)

Furthermore, if we plug the above relation into the asymptotic expression of S

83 83
ma 1
= 3.3 Hg log (Hg) +

SZM%MH~~=mMH%%<mMmD+~-

mo 1 mao 1
3 1 3
8 8

By looking at the series expansions of Hg and Hg, we find that

_ Mm21 ¢ ma1 ma1 C
S = 87‘(’3 HB -+ 87‘(’3 log < 87‘(‘3 >HA . (4121)

)HS{—F-'-

Now let us express t in terms of the CFP periods. Combining (4.119) and (4.121),
we find

t mio 47‘(2 ma1 47‘&'2
St e T 1 =) — A— —— - S 4.122
s 27 + ma 1 1,2 708 873 M1 7”I”L2,1m172 ( )

Comparing this with the conjecture (4.116), three identities are implied

myo = 2mc3 2,

472 1
e = —1,
My (4.123)

)

e | mo 1 1 72 1
—— | myglog | —% | —m =log| —= ) —
Mo 1,2 108 83 1,1 g 33 )

all of which are verified up to 449 or 450 digits.

2 fact, since r = 1 for mass deformed local Fg del Pezzo, ]-'(53’2> corresponds to the skewed prepotential
as explained in footnote 20. The corresponding periods are also “skewed”. As a consequence, when
performing analytic continuation we need to flip the sign of u in logw in both ¢ and dFy/0t.
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5 Conclusions and outlook

The conjecture put forward in [27] postulates an intimate relationship between the spec-
tral theory of certain class operators, obtained by quantization of mirror curves, and the
enumerative geometry of the underlying CY threefolds. In this paper we have performed
an extensive test of this conjecture for many local del Pezzo geometries. In addition, we
have obtained a better understanding on the geometric realization of the operators, which
has led in particular to a conjecturally exact solution for the spectral problem of the O3
operator. Many of our tests have been done away from the maximally supersymmetric
case, where we use all the available data on higher genus invariants of the CY. This allows
us to test the conjecture of [27] with very high precision.

There are clearly many avenues for further research. On a technical level, some of our
results can be certainly improved. It would be interesting to have exact expressions for the
integral kernels of the operators for arbitrary masses, as it happens for local Fy. This would
allow to perform more analytic tests. It would be also important to better understand the
structure of the spectral determinant. As noted in [27], in the maximally supersymmetric
case it has the same structure of the blowup functions appearing in Donaldson-Witten the-
ory, and for general £ it is a quantum deformation thereof. This is an intriguing connection
which should be further explored. Another direction to explore is the generalization to mir-
ror curves of higher genus. Many of the results of [27] can be extended to this setting, and
one can introduce for example a generalized spectral determinant related to higher genus
Riemann theta functions [57], but clearly much more work is needed along this direction.

Of course, it would be important to make steps towards a proof of the conjecture. From
the point of view of spectral theory, the conjecture of [27] supplements the perturbative
WKB analysis of [17] with an infinite series of quantum-mechanical instanton corrections.
It would be of course very interesting to have some way to calculate these corrections
directly in spectral theory. Since these corrections are encoded in the Gopakumar-Vafa
invariants, this would shed light on the enumerative geometry of toric CY manifolds from
an unexpected angle.

It has been emphasized in [27, 38] that the conjectural correspondence of topolog-
ical strings and spectral problems provides in fact a non-perturbative realization of the
topological string, in the spirit of the AdS/CFT correspondence. The implications of this
non-perturbative definition have not been fully explored and they might lead to valuable
insights on quantum geometry. It would also be of great importance to see whether the
quantum mechanical problem is a manifestation of a more complex entity, like a theory
of M2 branes or a gauge theory. Finally, an important challenge would be to generalize
the correspondence between spectral theory and topological strings to the case of compact
Calabi-Yau manifolds.
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A Weierstrass data for C3 /Z;,\X Z3 and C3 /Z\x M

The toric local Calabi-Yau with genus one mirror curves can be obtained, with one excep-
tion,?? by blowing down orbifold geometries C/3/?J with G = Z3 x Z3 and G = Zy X Zy4.
The Weierstrass data are the invariants of the mirror curves. If the Weierstrass data are
know for the above examples they follow for the other examples discussed in this paper
simply by specialization of the mass parameters m; and the edge parameters a;.

As indicated on the edges of figure 1 the Newton polynomial will be homogenized as
cubic in P? and as quartic in Pa« = P2(1,1,2). By Nagell’s algorithm?® the latter can be
brought into the Weierstrass form

y? = 4a® — g2(t, m)x — gs(a,m) . (A.1)

For the cubic, i.e. the mirror of @ with G = Z3 X Z3 one gets

1
g5 = E(lG[m%mi + m3m2 — mamsmsme + mam?2
+ 9[aiagmaoms + ajagmams + agazmime] — myma(mams + mame)
— 3[a1(mam? + m3ms) 4+ az(m3ms + mime) + ag(mim2 + mamd)]]
+ 24[agmimeg + aymamy + mymgms + mamgme + azmsmeg — 9ajazas]i
— 8[m1m4 + moms + mgmﬁ]ﬁg + ’17,4) , (AQ)
c_ 3,3 3.3 3.3
g5 = m(8[486a1a2a3(a3m1m2 + aymsmy + agmsme) — 8(mymy + myms + mymg)
+ 6[2m%mi(m2m5 + mgmg) + 2momsmsme(maoms + msmeg) + m1m4(2m%m§

+ momamsmeg + 2m§m§)] — 108[a§(a1m§ + agm%) + ag(agmi’ + a1m4(a1mi

— mimams — mgmg) — agmymeg(mimyg + msmg))

+ ayaz(azmi + ms(aym3 — mims — mamams))] + 27[admims

+ a%(—Z?a%a% + m%mﬁ) + m%m%mg — 6azazmimamsmeg + m%mim% + a%m%mé
— 6ay (agmamamsme + az(mimamamy + agmimams + azmamame))]

+ 9[a; (4m1m2mi - 2m1m§m4m5 - 8m%m§m5 — 8m2m§m§

— 2mymamamg + 4m§m5m6) + az(4m3mamy — 2mymamyme

+ 4m%m6(m2m5 — 2mamg) — 2mims(mams + 4msmg))

— 2a2(4m%m4m§ + m4m§(m2m5 — 2msmg) — m1(2m2m:5)’—m3m§m6—4mimg))ﬂ

22The one exception is obtained by a blow up in an intermediate step instead.
#3See [33] for a short description of this algorithm.
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— 144[m%m3m4m5 + mlmgmgmg + m1m2m3m6 + m1m§m5m6

— basmimgamsmeg + m§m4m5m6 + agmgmgmﬁ + m2m3m4m§ + agmgmg,m%

+ agmimeo(mimy + moms — Smsmeg) + aymsmy(mimy — Smams + msmg)

+ 9ajazaz(mimy + moms + mameg) — 6(a1(a3m1m§ + a3m§m4 + agmgmg

+ agm?imeg) + asaz(mims + mami))|a + 24[2mIm?2 + 2m3m2 + mamsmsme

+ 2m§m§ + 27(a1(azmams + agmgms) + azazmimeg) + mimg(mems + msme)
— 3(a1(mam? + m3ms) 4+ az(m3ms + mimg) + ag(myim2 + mam?))]a?

+ 36[15aiaza3 + agmimsg + aymsmy + mimsms + mamgme + a2m5m6]ﬂ3

— 12[m1m4 + moms + mgmﬁ]a4 -+ ﬁ6) . (A3)

While for the quartic i.e. the mirror for G = Zy X Z4 the coefficients are

95

1 N N

ﬁ(l — 8(mima + a2m4)u2 + 24as(mims + m2m5)u3 + 16(12a1a§a3 + m%m%

— agmimaoma + a%mi — 3a2(a3m% + alm% + a2m3m5))a4 , (A.4)
1

E(l —12(myme + a2m4)&2 + 36a2(mims + m2m5)a3

+ 24(2m%m% + asmimaomy + 2a%mi — 24a1a§a3—3a2(a3m% + alm% + a2m3m5))ﬂ4
+ 144(6a§(a1m2m3 + agmims) — az(mima + agmy)(myms + m2m5))ﬂ5

+ 8(12aamimama(mimsa + aamy) — 144a1a§a3(m1m2 — 2aamy)

— 8(m3m3 + a3m3) + 18az(mima — 2a9my)(2a3m? + 2a1m3 — asmams)

— 108a3(aym3 + azm?) + 27a3(mim3 + mam?))a’ . (A.5)

B Additional Fricke data for mass deformed FEg del Pezzo

Fricke’s theory allows to obtain from the Weierstrass data the Picard-Fuchs equations and

the periods. For example the coefficients of the Picard-Fuchs equation for mass deformed
Eg del Pezzo are (see (2.48))

fo.g =6 — 12mymoau + 10m3u? + Tmimiu® — 240mzu® + 10m3mau? + 1116myu

2 3

— 6m‘i’u3 — 14m1m§u3 + 468m1m2m3u3 — 14m?m2m3u3 — 3312m2u4

— 2304mImout 4+ 12mimou® + 8miut — 456m3maut — 212mImimsu’

+ 2400m§u4 - 456m%m§u4 + 8m‘11m§u4 + 9180mym3u® + 1202m3m3u®

— 9936mymau’ + 2688mi{’m3u5 — 16m3mau® + 468m1m§m3u5 — 3360m1m2m§u5

+ 468m3mom3u’ — 31104u’ + 16200m3u® — 2142mTub + 9mbub — 6912m3u’

— 6216mImiu’ + 27648momsu’ + 3312mImomsu’ — 2952mimomsau’

_ 4 6 2,2 6 2,2 2 6 3,6 2,3 6
256maomau’ + 3456mamau’ + 352mimamau” — 9216m3u” + 3456mimsu

— 256mim3u’ + 24624mymau’ — 16020m3mau’ + 2466m3mau’ 4+ 9024mymau’

— 40608mymamau’ + 11700m3mamau” + 24192mymiu’ — 13488mSmiu’

+ 1860m5m3u’ — 1808mym3mau’ + 6336mymomiu’ — 1808mimomiu’

— 27648m3u® + 27648m3m3ud — 5184mim3u® — 4096m3ud + 82944maud
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— 89856m3mau® + 29376mimszu® — 3024mSmau® + 30720m3mszu®

— 10240m3m3mau® — 55296mam3u® + 32256m3mamiu® — 4608mimam3u®

+ 1024mam3u® — 7168mam3u® + 2304mImam3u® + 12288miu® — 7168mImiu®

+ 1024mimiu® — 93312myu® + 69984m3u® — 17496m3u” + 1458mIu’

— 13824mymiu® + 3456mim3u® + 72576mymamau’ — 36288m3momsau®

+ 4536m5mamau’ 4+ 1536mymamau’ — 3456mymamau’ 4 864mimam3iu’

— 13824mymiu® + 6912m3m3u® — 864m3miu® — 384mimimiu®

+ 1536mymamau’ — 384mimomsu’ (B.1)
gog = 18 — 38mymau + 38miu® + 21mimiu® — 384mzu? + 38m3imau® + 1296m v’

— 36m:1)’u3 — 44m1m§’u3 + 672m1m2m3u3 — 44m:fm2m3u3 — 3024m2u4

— 2556m%m2u4 + 44m%m2u4 + 24m§u4 — 696m%m3u4 — 228m%m§m3u4

+ 2880m3u’t — 696m2miut + 24mim3ut + 8856mimiu’ + 1210m3miu®

— 11232mymau’® + 3264m:i‘m3u5 — 5Om§’m3u5 + 584m1m§m3u5 — 3456m1m2m§u5
+ 584m3mym3u® — 23328u’ 4 15552m2u’ — 2538miu’ + 27m$u’ — 6336m3u’
— 5904m%m§’u6 + 24192momsu® + 4320m%m2m3u6 — 3168m%m2m3u6
— 320mamau + 3744mZm3u® + 48m2mim3u’ — 9216m3ub + 3744m3Im3ub
— 320m‘11m§u6 + 13824m1m2u7 — 13824m:{’m2u7 + 2592m?m2u7 + 8192mlmgu7
— 36864mymamau’ + 11136mSmamau” + 27648mymiu’ — 14976m3miu’
+2016mim3u’ — 1536mymiamiu’ 4+ 5120mymomiu’ — 1536m3mamiu’
— 24192m3u® + 29376m2m3ud — 5832mim3u® — 3584miu’® + 72576mzu’
— 86400m2msu® + 29592mimau® — 3132mSmau® + 26880m3msau®
— 9536mIm3mau® — 48384mamiu® + 28224m2mamiu® — 4032mimomiu®
+ 896mamiu® — 6272mimiu® + 2112m2mimiu® + 10752mau® — 6272m2miu®
+ 896mimau® — 93312mqu® + 69984miu’ — 17496miu’ + 1458m v’
— 13824mymiu® + 3456mim3u® + 72576mymamsu’ — 36288m3momsau®
+ 4536m3mamau’ 4+ 1536mymamau’ — 3456mymimau’ 4 864mimam3iu’
— 13824mymiu® + 6912m3m3u® — 864m3miu® — 384mimimiu®

+ 1536mymamau’ — 384mimaomsu’® (B.2)

C Relation between local F, and local FoF(2) and local F(0)

It turns out that the local Fg and the local Fo geometries are very closely related.
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Let us denote the symmetric classes of the two P! inside of Fg = P! x P! as [Fy] and
[F3]. The Mori vectors for local Fy are

1) = 1M = (=2;1,1,0,0), 1) =1® = (-2;0,0,1,1). (C.1)

The Kéahler parameters are denoted by tx, £ = 1,2, while the corresponding complex

parameters
1

are denoted by z;. The mirror curve can be written in the form
H(z,y) =1+€"+ 217" + €Y + 29¢7Y (C.3)

or equivalently
H(i, ) =e® +mpe+el +e ¥ —a. (C4)

Here we used the reparametrization

ZFl =Z1 = %, ZF1 = 29 = % (05)
and rescaled e* — %, e¥ — % and @ — —u. Note that @ is always naturally associated to
the unique inner point in the reflexive 2d polyhedra that represent F, k = 0,1,2 and the
other 13 toric almost del Pezzo surfaces S. This parameter corresponds to the canonical
class Kg. One has [F1][Fy] =1 and [F}]? =0,i=1,2.

The mirror curve for local Fo is written down in (4.3). The equivalence between the
two geometries can be seen in various ways. First of all, the BPS numbers are equal albeit
in shifted classes.

(©) Fo _ (0) 2 (©.6)

Mg T Mg
More importantly, we have the following relation. The J invariant for the elliptic

curve (C.4) reads

2 2 3
Jo (g, iz, ) — (16 (mg, — mr, + 1) ug, — 8(mr, + 1)ur, + 1) o
0 0’ 0 7 '
m,ub, (16(ms, —1)%u3, —8(ms, + Lug, +1)

where we introduced ]
UFy = —5 (C.8)
U,
For the elliptic curve (4.3) the J invariant Jg, (u, m) is

(16mQu2 — 8mu — 48u? + 1)3

J] = . C.9
Fa (v, m) 16m2ub — 8mud® — 64ub + ut (C9)
Now it is easy to see that
1+ mp
Jr, <u = /Mp,up,, M = \/WOO> = Jr, (ur,, mp,)- (C.10)
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