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ABSTRACT: We calculate the production of dileptons and photons in the presence of a
nontrivial Polyakov loop in QCD. This is applicable to the semi-Quark Gluon Plasma
(QGP), at temperatures above but near the critical temperature for deconfinement. The
Polyakov loop is small in the semi-QGP, and near unity in the perturbative QGP. Working
to leading order in the coupling constant of QCD, we find that there is a mild enhancement,
~ 20%, for dilepton production in the semi-QGP over that in the perturbative QGP.
In contrast, we find that photon production is strongly suppressed in the semi-QGP, by
about an order of magnitude, relative to the perturbative QGP. In the perturbative QGP
photon production contains contributions from 2 — 2 scattering and collinear emission
with the Landau-Pomeranchuk-Migdal (LPM) effect. In the semi-QGP we show that the
two contributions are modified differently. The rate for 2 — 2 scattering is suppressed by
a factor which depends upon the Polyakov loop. In contrast, in an SU(N) gauge theory
the collinear rate is suppressed by 1/N, so that the LPM effect vanishes at N = co. To
leading order in the semi-QGP at large N, we compute the rate from 2 — 2 scattering to
the leading logarithmic order and the collinear rate to leading order.
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1 Introduction

In many ways, the collisions of heavy ions at high energies appear to be well described
by thermal properties of a Quark-Gluon Plasma (QGP). Certainly the bulk properties of
hadrons are accurately modeled by a nearly ideal plasma, using hydrodynamics [1-5].

It is also important to consider electromagnetic probes of a QGP such as dilepton [6-25]
and photon [26-43] production. Theoretically, these can be computed in the (resummed)
perturbative QGP at high temperature [44], by using hadronic models at low tempera-
ture [45, 46], and using the AdS/CFT correspondence [47-49].

Neither applies directly to Quantum ChromoDynamics (QCD) at temperatures near
that for the phase transition, at a temperature T.. There are various models which can
be used to study the region near T, which we call the “semi” Quark-Gluon Plasma. This
includes Parton Hadron String Dynamics [50-55], Polyakov loop models [56-58], the func-
tional renormalization group [59-70], background field methods [71-73], and lastly, matrix
models [74-85].

Experiment has discovered several unexpected phenomena. For dileptons, there is
an enhancement at invariant masses below that for the p-meson. This is observed from
energies at the Super Proton Synchrotron (SPS) at CERN, to the Relativistic Heavy Ion
Collider (RHIC) at Brookhaven National Laboratory, and onto the Large Hadron Collider
(LHC) at CERN [24].

Another puzzle appears in the photon spectrum: there is an unexpectedly large elliptic
flow for photons at moderate momenta, comparable to the elliptical flow observed for
hadrons [86, 87]. This large elliptic flow for photons is very difficult to understand from
either a perturbative analysis or from AdS/CFT.

In this paper we consider electromagnetic signals in a matrix model of the semi-QGP.
In a matrix model the relevant parameter is the expectation value of the Polyakov loop:
properly normalized, the expectation value of the loop is near unity in the perturbative
QGP [88-90]. Numerical simulations on the lattice [91-97] find that for QCD, there is no
true phase transition, only a rapid increase in the number of degrees of freedom. For our
purposes, whether or not there is a true phase transition is irrelevant: all that matters
is that the (renormalized) Polyakov loop, which from the lattice is (/) ~ 0.1 at T, is
small [91-97].

A brief summary of the results of this analysis has appeared previously [98]. In this
paper we describe the computations in full. These are straightforward, simply a matter
of computing in the presence of a background field for the time-like component of the
gluon vector potential, Ag. We then compute to leading order in the QCD coupling g.
These formalisms will be explained in section 2. For photons, we only compute to leading
logarithmic order, which means that we regard the logarithm of some large number as
much larger than unity.

In the semi-QGP, the production of colored particles is suppressed by powers of the
Polyakov loop as T' — T.. This is natural, as in the pure gauge theory, there are no
colored particles in the confined phase. Thus one might expect that dilepton production
is suppressed in the semi-QGP, relative to that in the perturbative phase. We make this



comparison at the same temperature, and the same value of the QCD coupling, so that
the ratio is only a function of the value of the Polyakov loop in section 3. In contrast to
the naive expectation above, we find a mild enhancement of dilepton production in the
semi-QGP, even into the confined phase. This is because for an off-shell photon, it can
proceed directly through a color singlet channel, a quark anti-quark pair. While a single
quark or anti-quark is suppressed by a power of the Polyakov loop, a quark anti-quark pair
is not. We also show that to leading order, a Polyakov Nambu-Jona-Lasino model [56-58]
gives essentially the same result for dilepton production [99] as our matrix model. As we
discuss, this equality is not true beyond leading order.

The production of real photons, which will be analyzed in section 4.1, is very different.
Kinematically, a photon on its mass shell cannot decay directly into a quark anti-quark
pair. Therefore, the leading contribution is from a 2 to 2 scattering, which includes the
Compton scattering of a quark with a gluon and the pair annihilation of a quark anti-quark
pair. These particles also can form a color singlet like the case of the dilepton production,
but for an SU(N) gauge theory, the ratio of the color singlet state to the number of all
the states is suppressed by 1/N? at large N. Consequently, we find a strong suppression
of real photon production in the semi-QGP. The contribution from the collinear emission
of the photon, which also can contribute at the leading order to the photon production, is
discussed in section 5.

2 Semi-quark gluon plasma

2.1 Double line notation

It is useful to compute the color factors using the double line basis [76]. In this basis,
as usual fundamental quarks carry a single index in the fundamental representation, a =
1,---,N. Gluons, however, carry a pair of fundamental indices, (ab). For an SU(N)
group there are N2 such pairs, and so this basis is overcomplete by one generator. This is
compensated by introducing the operator

1
P = 5268 — Naabacd. (2.1)
This is a projection operator,
PP =P (2.2)

In the double line basis, the vertex between a quark anti-quark pair and a gluon is propor-
tional to this projection operator,

(T“b> = \27955. (2.3)

The other vertices are not relevant for the present discussion.

2.2 The Polyakov loop in Euclidean spacetime

To introduce the effect of nontrivial Polyakov loop in perturbative calculation, we work in
an effective model introduced in ref. [76]. The Lagrangian of that model is the same as



that in QCD with N colors, but in a mean field type approximation, we take the temporal
component of the gluon field to be a constant, diagonal matrix,

AP = ; 5" Q" (2.4)

where summation over index a is not taken and g is the coupling constant. There is no
background field for the spatial components of the gluon, A;. As the gauge group is SU(N),
Ay is traceless, and the sum of the @’s vanishes, > Q® = 0.

The Wilson line in the temporal direction is

1T
L(Z) = Pexp (ig /0 dr Ay(r, a?')) , (2.5)

where P denotes path ordering and 7 is the imaginary time, 7:0 — 1/7.

To leading order in the coupling constant, a mean field approximation implies that we
can neglect fluctuations in Ag. The variable ) is naturally proportional to the temperature,
so it is useful to introduce a dimensionless variable g, where

Q* =2nT q*. (2.6)

In this paper we shall use both the Q%’s and the ¢%’s. For intermediate expressions the
(Q%’s are more convenient, but final expressions are simpler in terms of the ¢%’s.
Traces of powers of the the Wilson line are Polyakov loops,

N
1 L Ha
(tr L") = & Y QT (2.7)

a=1

1
and are gauge invariant. Since it arises frequently we write a loop without the subscript
as the first Polyakov loop, £ = £1.

In general there are N —1 independent (Q*’s. For the problems of interest in this paper,
though, we can perform a global color rotation to enforce that the expectation value of the
loop 7 is real. This implies that the eigenvalues pair up as

Q" =(-@, - ... -Q0,Q"...Q"" ", @), (2.8)

where we assume that N is odd, and j = (N —1)/2. When N is even the zero eigenvalue is
dropped, and there are j = N/2 pairs. Thus in general there are j independent eigenvalues.
For an arbitrary value of the loop, there is no simple relation between these eigenvalues.

Nevertheless, there are two exceptions. One is the perturbative QGP, where all Q¢
vanish. The other is the confined phase of a pure gauge theory,

N+1-2k
(ClOHf:ﬂ-T+77 k:]')JN (29)
N
That is, in the confined phase the eigenvalues are evenly distributed on the unit circle. The

loops in the confined phase are

(_1)j(N+1) , n=7jN;

2.10
0 n# N, (2.10)

En(Qconf) - {



for general N. This behavior is easy to understand. Loops which carry Z(N) charge vanish
in the confined phase of the pure gauge theory, while those which are Z(N) neutral do not.
For three colors,

Q*=(-Q,0,Q)=27T (—q,0,q) . (2.11)
The first Polyakov loop is then

0= —-(1+2cos(2mq)) . (2.12)

Wl

In the confined phase of the pure gauge theory gconf = 1/3. Similarly,
1
l, = §(1+2cos(27rnq)). (2.13)

In the presence of dynamical quarks there is no rigorous definition of a confined phase.
Dynamical quarks act as a background Z(N) field, so that any Polyakov loop is nonzero
at nonzero temperature. Nevertheless, numerical simulations on the lattice find that ¢ is
small, (¢) ~ 0.1, at the phase transition, at least for three colors and three light flavors.
Thus we shall find it very convenient to compare results in the perturbative QGP to those
in the confined phase of the pure gauge theory, as a limiting case of how large the effects
can possibly be.

2.3 Analytic continuation to Minkowski space-time

Expanding around the background field in eq. (2.4), in Euclidean spacetime the energy of
a quark becomes

po = po+ Q7 (2.14)

while that of a gluon becomes

po—po+Q"7; QU=Q"-Q°, (2.15)

where a and b are color indices of the quark and the gluon in the double line basis [76].
Because of the usual boundary conditions in imaginary time, the energy pg for a fermion
is an odd multiple of #T", while that for a boson is an even multiple of 7T

Although the momenta for fermions and bosons are rather different in Euclidean space-
time, it was argued previously that the proper procedure for analytic continuation to
Minkowski spacetime is to continue the entire Euclidean energy to —iFE, where E is a
continuous energy variable [76].

This has a simple but profound implication. In kinetic theory a given process is given by
an integral over phase space of the square of a matrix elements times products of statistical
distribution functions. Since the energies in Minkowski spacetime are as usual, then, for
processes in which all the momenta are hard, the only change is in the Q-dependence of the
statistical distribution functions. For processes involving soft momenta, it is also necessary
to include the @Q-dependence of the hard thermal loops as well [76]. We shall illustrate
these general expectations by our explicit computations. It also suggests that it may be
useful to treat the semi-QGP in kinetic theory, as for the perturbative QGP [100, 101].



The background gluon field acts as an imaginary chemical potential for colored particle,
so that the statistical distribution functions for the quark, anti-quark, and gluon are,
respectively,

1 N 1

= a1 "B = Cmmgem
1

T B Q)T _ 1

na(E)

nab(E)

(2.16)

Notice that the sign of @ for the anti-quark, +iQ® in ng(FE), is opposite to that for the
quark, —iQ® in ny(F). This is just like the change in sign for a quark chemical potential
which is real. When the Q% = 0, of course these reduce to the usual Fermi-Dirac and
Bose-Einstein distribution functions.

For future reference, it is useful to compute the statistical distribution functions,
summed over all colors, in the confined phase of a pure gauge theory, egs. (2.9) and (2.10).
For the quark distribution function, this is

1 Y 1 1
NZ e(B=iQ2,0)/T 1 1 T NE/T 1 1° (2.17)

a=1
while that of the gluon distribution function is

N

1 1 1
N2 agl o(E—iQe +iQV, /T _ 1  eNE/T _1° (2.18)
In the confined phase of the pure gauge theory, the only loops which contribute are those
which wrap around a multiple of N times. These can be considered as a type of “baryon”,
albeit in the pure gauge theory. Consequently, the energy which enters in the right hand
side of egs. (2.17) and (2.18) is not E, but N times E. This rescaling of the energy will be
seen to help explain the suppression of photon production at large N, eq. (4.81).

2.4 Relation to lattice results

In a matrix model all results are functions of the temperature, the coupling constant, and
the background field @®. In this paper we take a conservative approach to fix the variation
of the coupling constant, and the Q%’s, with temperature. We stress, however, that all of
our results can easily be used to compute for alternate choices of Q*(T).

In order to give results as a function of temperature, in this work we determine the
Qs from measurements of the (renormalized) Polyakov loop in numerical simulations on
the lattice [85]. To do so, first it is necessary to remove perturbative corrections from the
expectation value of the loop [8§],

0(Q=0)=1+40(Q=0), (2.19)

2 4
gy 9 Cmp  g°Cy [ Ny mp 1 5
MH(Q=0)= ST + (4m)2 5 In2+4+ N (1In T +4 +0(9°),
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Figure 1. Left panel: the Polyakov loop (I) determined from the lattice calculation [91], the
Polyakov loop (lp) with the perturbative correction removed according to eq. (2.21) as a function
of T'. Right panel: @ as a function of 7. We set Ay = T./1.35, where T, = 170 MeV.

where Cy = (N? —1)/(2N) is the Casimir for the fundamental representation, mp is the
Debye mass of the gluon, and Ny is number of quark flavors. We use the running coupling
constant calculated in the modified minimal subtraction scheme at two-loop order, and the
result for the Debye mass at one-loop order [89]:

47T 1INT
g = 247° [(11]\[ — 2Ny) {hl (”) _ VE} b N; (42— 1) — ] 7
Asts 2
AT
m% = (2N + N;)4r*T? (11N — 2Ny) {m (”) _ 7E}
Mis
5N2 + N? +9N;/(2N)]
f !
ANfIn2 — -
T 2N+ N ’ (2.20)

where Agg is the renormalization mass scale in the modified minimal subtraction scheme,
and yg ~ 0.57721 is Euler’s constant.

Equation (2.19) shows that a finite renormalization gives £(QQ = 0) > 1. We assume
that perturbative corrections exponentiate,

0(Q) = ®@=0(Q) . (2.21)

Taking ¢ from numerical simulations of lattice QCD [91], and calculate ¢y from eq. (2.21), to
obtain @) from eq. (2.12). These quantities are plotted in figure 1, by setting Ayg = T¢/1.35.
We see that £ is different from unity even around ~ 37, where T, ~ 170 MeV is the
pseudo-critical temperature of the phase transition [91].

There are several shortcomings of the above procedure. Instead of taking the value of
the Polyakov loop from numerical simulations on the lattice, it would be better to have
a complete effective model, whose parameters fit both thermodynamic quantities, such as
the pressure, and the value of the Polyakov loop. With dynamical quarks, such a model
does not, at present, exist, although it is actively under study.



Indeed, the case of the pure gauge theory has been studied intensively in refs. [79, 80].
Fitting the parameters of the matrix model to the pressure, a good fit is found a computed
quantity, the value of the 't Hooft loop. However, at a given temperature above T, the
value of the Polyakov loop is uniformly larger than that measured on the lattice. Indeed,
the width of the transition region in the matrix model, from T, to ~ 1.27., is much
narrower than that indicated by the value of the (renormalized) Polyakov loop, from T to
~ 4.0T. [79, 80].

In this vein, we note that two other effective models which predict the value of the
Polyakov loop. Using either using the functional renormalization group [59-70], or back-
ground field methods [71-73], both models find a similarly narrow width for the region in
which the Polyakov loop goes from zero to near unity. (We exclude Polyakov loop models,
which by assumption fit the value of the Polyakov loop.)

Either all such models neglect important physics, or there is some subtle effect as-
sociated with the renormalization of the Polyakov loop (which is, after all, a nonlocal
operator). At present we do not know the resolution of this problem. For this reason, we
adopt the approach described above and simply take the value of the Polyakov loop from
lattice simulations.

Another qualm about the prescription above is that in subtracting the perturbative cor-
rections, we have used those computed in the ordinary perturbative vacuum, with Q¢ = 0.
Clearly this should be done self-consistently, taking the correct Q® # 0. Given the discrep-
ancy between the lattice Q® and those in the matrix model, it seems prudent to delay such
a technically challenging computation until this difference is better understood.

3 Dilepton production rate

3.1 Computation to leading order

We calculate the production rate of dileptons when @), # 0 in this subsection. To leading
order in aem, the production rate is

dr’ Q
= _WHKP 1
#p = gapipr ViP): (3.1)

where W, (P) is the Wightman correlator for two electromagnetic currents,
WiuP) = [ d'a e (5,0) ju(o) ). (3.2

where j# =€)’ f @Jw“wf, with v is the quark operator with flavor index f. In thermal
equilibrium, W, is related to the imaginary part of the retarded photon self-energy as

W (P) = = 2n(E) Im I1},(P) (3.3)

with
mh = / d'z P 0(20) ( [ju(x), 1o (0)] ) (3.4)

Here P = P, + P, with P; and P, being the momenta of the two leptons.



At the leading order in the QCD coupling constant g, the contribution is obtained by
1 — 2 processes, illustrated in figure 2. In this process, a quark anti-quark pair becomes a
virtual photon, which then decays to a dilepton pair. This gives

dI’ Qe d3k)1 1 d3k2 1 44
¥ 21)46W(P - Ky — K.
diP ~ 247ip? Z / om)3 2F, /(27()3 2E2( )76 ( 1 2)

(3.5)
x |M[? Z na(E1) na(E2)

a=1

where f is a subscript for flavor running from 1 to Ny. We use the spacetime signature
(+ — — —) in this paper; four-momenta are denoted by capital letters, P* = (E,p), K} =
(E1, k1), K§ = (Es, k3). The quark anti-quark pair is produced on it mass shell, K? =
K2 =0,50 E) = |E1| =k, By = |E2| = ko, and P is time-like, P2 > 0. Without loss
of generality we can assume that the (virtual) photon energy is positive, £ > 0. Here
nq(E1) and ng(E2) are the statistical distribution functions for the quark and anti-quark
in eq. (2.16). The square of matrix element is

> IMP =8¢} Ky - Ky = 4e’q; P?, (3.6)

spin

where we have used K? = K2 = 0, and qf is the electromagnetic charge of the quark with
flavor f in the unit of e.
The result when Q® = 0 is well known [25]:

dr
d4P‘Q 127r 7 N n(E) h(E,p). (3.7)
For three flavors of quarks, > 7 q]% = 2/3. Here
27, (14 e P-/T
and .
pe=5(E+p) (39)

is the range of the quark momenta. Especially, when the dilepton pair is produced at
rest, p= 0, the quark anti-quark pair are produced back to back, with El = —Eg. Their
energies are equal, £y = Fo = F/2, and there is no integral over the quark momentum.
The expression then reduces to

ar. %o S NE(E/2) (3.10)
d'Pl,_, 127 ! ' '

f
This is natural, as the product of a Fermi-Dirac distribution function for the quark and
anti-quark appears.



Equation (3.5) illustrates our comment in section 2.3, that for hard momenta the only
change when Q% # 0 is in the change in the statistical distribution functions. To handle
the Q-dependence of the n’s it is useful to note that

na(E1) ng(E2) =n(E) (1 —ne(E1) — na(E2)) , (3.11)

remembering that £ = E; + E5. This identity is familiar from when Q% = 0.
Using this, we can derive

2 2\ N e
I 1% = e > 63 (E . P > Z/ dk (1 — Tig(k) — 7ig(E — k) . (3.12)
7

a=1 -

Here we wrote the photon retarded self-energy instead of the dilepton production rate
for future convenience. We use energy-momentum conservation to write £; = k and
Ey = E — k. This expression is useful when we compare to the results of ref. [99] at the
end of this section, see eq. (3.23).

To leading order, we can write the rate for dilepton production when Q% # 0 as a
momentum dependent factor times that for Q% = 0,

ar

SEl = h@ S| (3.13)

‘Q;AO

N O
1 o7 (14 e (P-—RY/T
h(E,p) fﬂ(Q) = %7 <1 ——1n <1 i o—(p+— Q)T . (3'14)

where

This result can be evaluated by expanding in powers of exp(—(p+—iQ®)/T"), and performing
the sum over a to obtain a series of Polyakov loops. For general N all independent Polyakov
loops, which run from ¢; to ¢xn_1, enter. The resulting expression is not very illuminating.

There are two cases in which one can obtain simple results. One is the confined phase
of the pure gauge theory, egs. (2.9) and (2.10). Then only loops which are a multiple of N
contribute, so that

h(Eap) fﬂ(Qconf) =1- Eln < (315)

1+ e Npt/T

1+ e Ne-/T
Np

Another special case is three colors. Then one can rewrite f; so that only the first
Polyakov loop appears,

ME.p) (@) = 1= 571 14+ 30eP+/T +30e 20+/T  e=3p+/T (3.16)

2T (1 +30e /T 4302/ ¢ e—3p/T>
3p

Of course f;;(0) = 1 in the perturbative QGP, when ¢ = 1. In the confined phase where
¢ =0, this agrees with the result in eq. (3.15).

In figure 3 we plot f;;(Q) as a function of temperature for three colors. We do this for
back to back dileptons, p = 0, with £ =1 GeV. We see that the production of dileptons is

~10 -



Figure 2. The 1 to 2 process which results the production of dilepton. The solid line denotes the
quark while the wavy line denotes the (virtual) photon.
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Figure 3. The ratio of dilepton production in the semi-QGP versus the perturbative QGP, f; in

eq. (3.16), as a function of temperature. The dileptons are back to back, p = 0, with a total energy
E=1GeV.

not suppressed by the effect of the Polyakov loop, but moderately enhanced, by ~ 20%, at
low temperatures T' ~ 300 MeV in the semi-QGP.

This enhancement is rather unexpected. While the probability to produce either a
single quark or anti-quark is small when the loop is small, that to produce a quark anti-
quark pair is greater in the semi-QGP than the perturbative QGP.

3.2 Enhancement of dilepton production in the confined phase versus the
perturbative Quark-Gluon Plasma

To better understand the enhancement of dilepton production in the semi-QGP, relative to
that in the perturbative QGP, we consider dilepton production for infinite NV, comparing
the confined phase to the perturbative QGP.

To simplify the analysis we consider dileptons which are produced back to back. This
is most useful, because if the total spatial momentum of the pair vanishes, p = 0, then each
dilepton carries the same energy, E/2, and we can ignore the integral over phase space as a
common factor, independent of the Q. The effects of confinement, represented by Q% # 0,
can then be included just by computing the sum over the statistical distribution functions

11 -



in eq. (3.5),

N N
~ ~ 1 1
g na(E/2) nE(E/2) - E e(B/2=iQ")]T 11 ¢(B/2+iQ")/T 4 1° (3'17)

a=1 a=1

We note that, since the background field acts like a chemical potential for color, albeit
imaginary, the sign for Q¢ is opposite between the quark and the anti-quark.

In the perturbative phase, Q% = 0, and eq. (3.17) is just = N n(E/2)?, as appears in
eq. (3.10).

In the semi-QGP, eq. (3.17) is computed by expanding each statistical distribution
function in powers of exp((E/2 F1Q*)/T),

N oo oo

SN () exp (= ((m+m)E/2 +i(m — m)Q") /T) . (3.18)

a=1m=1m/=1
This sum is especially easy to compute in the confined phase at infinite N. In that case,
if m # m' the sum over a gives ) exp(i(m —m’)Q*/T); this is the Polyakov loop £}, |,
whose contribution vanishes at large N. The only nonzero contributions are from terms
where m = m’. For the terms in eq. (3.18) where m = m/, though, the dependence on Q*
drops out, cancelling identically between the quark and the anti-quark. The sums over a
and m are then independent, and easy to do,

= E/T N

o> emBl = = N n(E), (3.19)

a=1m=1
which does not vanish at large N. That is, while we start with only Fermi-Dirac distribution
functions with Q% # 0, in the confined phase at infinite N we end up with a Bose-Finstein
distribution function, which corresponds to the mesonic distribution function instead of the
quark and the anti-quark. We also note that, previously we showed that the cancellation
of the phases of the quark and the anti-quark are essential for the non-suppression of the
dilepton rate at large N by using the Boltzmann approximation [98]. From the discussion
above, we see that the cancellation (m = m’) is important also in the case that we do not
use the Boltzmann approximation.

This is a type of statistical confinement. Our simple model does not have true bound
states, but there is a remnant of a bound state from the statistical sum over the @Q%’s. It is
this sum in eq. (3.18) which generates the Bose-Einstein distribution function in eq. (3.19).

Thus in the confined phase at infinite NV,

fﬁ(Qconf)N:oo = m (3.20)

We note that this result also can be obtained by taking p — 0 limit in eq. (3.14). This
demonstrates a few interesting features. First, f;(Qcont)N=co is always larger than unity.
Second, at low energy, the Bose-Einstein distribution function is enhanced, n(E) ~ T/E,
while the Fermi-Dirac distribution function is constant, so

4T
le(Qconf)N:oo = B E<T. (3.21)
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Thus under the given assumptions, at small energies dilepton production in the confined
phase dominates that from the perturbative Quark-Gluon Plasma. This occurs because
statistical confinement generates confined “bosons” from quark anti-quark pairs, and these
confined bosons become over-occupied when their energies are much smaller than temper-
ature. This occurs even though the probability to produce a single quark, or anti-quark, is
strictly zero in the confined phase at infinite N. Nevertheless, we note that, when £ < ¢T,
we need to calculate with the HTL resummation [102] instead of our calculation, so our
result eq. (3.21) can be altered in that energy region.

More generally, that the ratio of dilepton production in the confined phase to that in
the perturbative QGP, f;(Q), is of order one, indicates that at all temperature dilepton
production is of order N. This is one example of quark-hadron duality [103].

A similar enhancement of dilepton production in the confined phase was found previ-
ously by Lee, Wirstram, Zahed, and Hansson [14]. They considered a condensate for Ag.
We can take our result in eq. (3.14), and expand up to quadratic order in the Q%’s, to
obtain

h(E,p) f(Q) ~ h(E,p) + = Z Qa2 (A(p-)(1 —n(p-)) —n(pr)(1 = 7a(py))) , (3.22)

in agreement with eq. (7) of ref. [14]. These authors suggested that the enhancement of
dilepton production in the confined phase may be related to the excess seen in heavy ion
collisions for dilepton masses below that for the p-meson [24].

We can also make contact with results from Polyakov Nambu-Jona-Lasino (PNJL)
models [56-58], especially with the computation of dilepton production by Islam, Ma-
jumder, Haque, and Mustafa [99]. To do so we need a simple identity. For three colors
the sum of the Fermi-Dirac distribution function, with the Q% and ¢ as in egs. (2.11)
and (2.12), obeys

i Finl ) = Ce BT 4 20 2E/T 4 o=3E/T
= ¢ 1+30e E/T 4 3¢e 2B/T 4 ¢=3E/T"

NE

(3.23)

ﬁa(E) =

Wl

1
3 a=1
In the PNJL models of refs. [56-58, 99], when ¢ # 1 the effective statistical distribution
function is defined as the right hand side of eq. (3.23); e.g., egs. (67) and (68) of ref. [57].
In refs. [57, 58, 99] this effective distribution function was obtained by taking the derivative
of the free energy, when ¢ # 1, with respect to a given energy E. Since the free energy
involves a sum over all colors, it is clear that defining the effective statistical distribution
function in this way automatically gives a sum over all n,(E) (or ng(E)), which appears on
the left hand side of eq. (3.23). (The identity of eq. (3.23) holds for the case of zero quark
chemical potential. Then we can define ¢ to be real, and ) nq(E) and ), ng(E) are equal.
At nonzero quark chemical potential the loops in the fundamental and anti-fundamental
representations are not equal, £3 # (3 [104]. In this instance, identities similar to eq. (3.23)
hold for »° nq(E) and ), ng(E) separately, and are again equal to those in the PNJL
model, [57, 58, 99].)
In our matrix model the sum over the statistical distribution functions with all Q¢,
Y ana(E) and ), nz(E), enters naturally when we sum over all quark colors, egs. (3.11)
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and (3.14). In the PNJL model calculation done in ref. [99], Im I1f} is given in eq. (4.36),
and Im Hi]f by eq. (4.46). Taking the quarks to be massless, and using the fact that
[t dp tig(E — p) = [ dp Nig(E), it can be shown that their result for Im 11 coincides
identically with our eq. (3.12).

We emphasize that the equality between our results and the PNJL model [99] is valid
only to leading order. In both cases, at leading order dilepton production is only a function
of the Polyakov loop and the temperature. (As well as the quark mass and chemical
potential, if one chooses to add them.) The results will certainly differ beyond leading
order, and depend strongly upon the details of each effective model.

We note that, results for dilepton production at nonzero quark masses were computed
in ref. [99] and by Satow and Weise [105]. There is a relatively mild dependence on the
quark masses, apart from obvious kinematical constraints, such as the energy of the photon
has to be greater than twice the quark mass.

4 Photon production

4.1 Overview
To leading order in aup, the photon rate in the QGP is
ar 1

PBp = T 22n)3 9" W (P). (4.1)

Since a photon on its mass shell cannot decay directly to a quark anti-quark pair, this
quantity vanishes at one-loop order.

In our model the first nonzero contribution occurs at two-loop order, from the diagrams
shown in figure 4. Cutting the diagrams we obtain 2 — 2 processes, which are Compton
scattering and pair annihilation, both of order e?g?. We note that, consequently, and
unlike the case of dilepton production to leading order, the results which we find have
no direct correspondence in a PNJL model. One could compute photon production in a
PNJL model, but since these models do not have dynamical gluons, the results will be very
different from our matrix model. Each of these two processes has an infrared divergence
when the momentum exchanged becomes soft [6]. The divergence is removed by using a
resummed quark propagator for soft momenta, corresponding to the uncutted lower quark
line in the left diagram of figure 4, for example.

It was later realized that there exists another kinematic regime which contributes at the
same order [9-11]. This corresponds to the case when the photon becomes collinear with
quarks in the loop in the two diagrams of figure 4, more precisely, when the longitudinal
momenta (defined with respect to photon momentum) of quarks remain hard, ~ 7', and
the transverse momenta are soft, ~ g7T'. Despite the reduced phase space, due to collinear
enhancement, this regime was found to contribute equally as the 2 — 2 processes, in the
analysis by Arnold, Moore and Yaffe (AMY) [10]: the collinear regime in this diagram also
gives an overall e?¢g? contribution to the photon emission rate. To clarify terminology, we
will refer 2 <+ 2 rate as the contribution from figure 4, excluding the rate in the collinear
regime. We refer to the rest of the contributions ~ e?¢? as the collinear rate.
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Figure 4. Two loops diagrams contributing to photon self-energy.

It turns out that the collinear rate goes beyond two-loop order: i.e. further addi-
tional soft gluons ladders in the collinear regime still contributes at the same order. Thus,
the story is further complicated by interference among different diagrams. Physically, it
is because that, the formation time of a photon, tz ~ 1/(g*T), is comparable to the
mean free path for quarks, A ~ 1/(g?T). Since these two scales are similar, interference
effects between scattering with multiple gluons must be included, which is the Landau-
Pomeranchuk-Migdal (LPM) effect [10, 11]. Different diagrams add destructively, so that

~1/2

the LPM effect leads to additional suppression of collinear photon rate by p at large

photon momentum p > T.

In this section we compute the production of real photons with large momentum in the
presence of a nontrivial Polyakov loop. We begin by reviewing the computation of photon
production to leading order in perturbation theory for 2 — 2 processes. We then generalize
this to @* # 0. In contrast to dilepton production, we find that photon production is
strongly suppressed in the confined phase. We give a simple explanation for this in terms
of the initial state of the scattering.

We then give a detailed computation of the leading contributions to the collinear rate
when Q% # 0. In the presence of a nontrivial loop, the thermal mass of the quark is
suppressed by a loop dependent factor, but it remains ~ gv/NT (here we explicitly wrote
the N dependence in the large N limit). In contrast, the damping rate is suppressed by
a factor of 1/N. Consequently, the mean free path of a quark or gluon is much larger,
A~ 1/(g*T), not 1/(¢>NT) as in the Q, = 0 case. This implies that the LPM effect can
be neglected at large V.

We compute the collinear processes when Q% # 0 at large N. Doing so, we find that
for three colors, the result is not that small, at least for physically reasonable values of the
QCD coupling constant. Nevertheless, we find the result illuminating, to show how results
can change in the semi-QGP.

4.2 Hard momentum exchange with trivial Polyakov loop

To establish notation on kinematics, we first review the computation of the differential
photon rate for 2 <» 2 processes at hard momentum exchange, in the case of Q* = 0 [6].
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In kinetic theory, this is given by

d*ky PPhod' Py
K+ Ky — P —P)§(PY)I(E
Z/ etsa g (U I ) 5((P')0(E)

n(B1) n(Ez) (1£n(E")) IM[. (4.2)

The summation ¢ represents the contribution of Compton scattering and pair annihilation,
whose diagrams are shown in figure 5. The statistical factors n(Ej), n(Es), and n(E’) can
refer to either Fermi-Dirac or Bose-Einstein factors, depending upon the particular process.
For Compton scattering, the statistical factor above is 1 —n(E"), which corresponds to Pauli
blocking; for pair annihilation, the corresponding factor 1 + n(E’), which represents Bose
enhancement.

The incoming momenta are K1 = (Ej, El) and Ko = (F», l;:g) the outgoing momentum
P = (E',p’), and P = (E,p) is the photon momentum. We assume all particles are
massless, so Ej = \l%\, etc. Whether the incoming or outgoing momenta are quarks or
gluons depends upon the process considered. In this paper, we consider the case that the
photon energy is much larger than temperature, £ > T.

It is convenient to introduce the Mandelstam variables,

s = (Kl + K2)2 R
t:(Kl—P)Q, (43)
u=(Ky— P)?.
With our kinematics,
s>0; t,u < 0. (4.4)

We decompose the incoming momenta k1 and ks into components parallel and perpendic-
ular to the photon momentum p, with

t 2 tE,
K=— 4B, (f)P=-—-—2
1 2p+ 15 (1) 4]92 pa
2 E
kH:E B kLZZ_L_& 4.5
2 2p+ 2 (2) 4]72 D ’ ( )

R
and where k1 -ky = k:f‘k:QL cos(¢1—¢p2). We can then convert the variables of integration as

E12

1
ki dky = 7 41 dés k) akll d(kh)? d(k)? = = d¢1 doo dtdudEy dEy.  (4.6)
The integrand only depends on ¢ = ¢ — ¢ through 5((P’)2):

5(P'?) = § <2E1E2 — 2kl — 2kt kit cos ¢ — s) . (4.7)

The angular integrals are easily done to give the following result:

/ d3k1d3k25((P,)2) _ / dt du dz dy(2) 1 48)

8F1 Ey 32p Vay: by +c’
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where we define

v=FE+BE ; y=E — B, (4.9)
and
2
a=-—",
~(5-n) ).
c:—i(t—u)sz—i—pst—psz—uts. (4.10)

We start with the integral over y. Let y4+ be the solutions of the quadratic form in vy,
ay? + by+ + ¢ = 0. The integral over y runs from y_ to y;, where ay? + by + ¢ > 0.

In considering the quadratic form in y, we assumed that > — 4ac > 0. A bit of
algebra shows that this determines the range for x to be > p + s/(4p). As the energy
E' = Fy + Es — p = x — p, we automatically satisfy the condition that this particle has
positive energy, E' > 0, and can set §(E’) =1 in eq. (4.2).

Since we assume that the incoming momenta are hard, the distribution functions, n(E;)
and n(E2), can be replaced by their Boltzmann forms, exp(—F1/T) and exp(—FEy/T).
Consequently, the product of statistical distribution functions in eq. (4.2) reduces to

1 1
"N\ ~, o—(E1+E2)/T — /T
n(E1)n(Ey)(1+n(E")) ~ e (1:t T 1> e (1:|:6(x_p)/T:Fl>. (4.11)

This vastly simplifies the integral over phase space. In general, the product in eq. (4.11) is
a function of both sum and difference of the energies, x and y. For hard momenta, though,
this reduces just to a function of the sum, of x. In appendix A, we show that corrections
to eq. (4.11) are in fact exponentially suppressed, as one would expect.

This allows us to immediately perform the integral over y. Although the coefficients b
and ¢, and y+, are all functions of x, in the end we obtain simply

Y+ T

" dy _ ! sin~! <2ay+b) — (4.12)
y- Vay:+by+c V—a Vbr —dac/l|, V-a '
We can then readily evaluate the integral over z,
T e (1L N oy (1 ¥ e*s/(4PT>) . (4.13)
- el@z=p)/T 1
4p
Therefore, the phase space integrals give
[ () ) mi) (14 (B
8E\Ey PR
2
_ d -p/T —s/(4pT)
/dtdu Sps <:FT6 >1n<12|26 ) . (4.14)

To proceed, we consider Compton scattering and pair annihilation separately, since it
involves a calculation of the matrix element squared. For Compton scattering off of quarks
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and antiquarks, the squared amplitude is given by

N2 -1 s 1
!

The first term in eq. (4.15), ~ s/t, is logarithmically divergent when integrated over t. The
second term, ~ t/s, does not produce a logarithmic divergence. As we show below, it is the
logarithmic divergence that gives rise to leading logarithmic results in photon production,
and we can ignore the second term.

Remembering that t is negative, the logarithmic divergence happens for small —¢, and
invalidates the kinetic theory description. The standard treatment is to introduce an IR
cutoff u for the spatial component of the exchanged momentum, \El —p| > p. We assume
that this cutoff lies between the hard and soft scales in the problem, p > ¢T and p < T.
Near zero, the integral over ¢ is modified as follows:

By =P >p = t+p® < (B1—p)*. (4.16)

On the other hand, the integration range of y is given by ay® + by + ¢ > 0, which as t — 0
takes the following form

t
2B —p|l=|zr+y—2p| <2 \/8(4]92 +s—dpz). (4.17)

Comparing eqgs. (4.16) and (4.17) and noting x > p, the lower cutoff on —t¢ is
—t> 5 2

2z m K (4.18)

Since we compute only to leading logarithmic accuracy, in the integral over —t we can
simply take the lower limit to be u?, to obtain

/”2 d(—t)% = —sln (:2) . (4.19)

This leaves an integral over u. However, since s = —t — u, we can trade this for an integral
over s. The final s-integral becomes

T ds —s/(4pT) s
/N2 Sln<1+e )(—s)ln e

o m (PTY [T o/ T pT
ln(u2>/0 ds 1n(1+6 )— 15 (4pT) In iz ) (4.20)

where we have replaced In(s/u?) by In(pT'/u?) and extend the lower bound of the integra-
tion to zero. This is justified as to leading logarithmic order the region of integration is
s~ pT > 2.

Collecting everything together, we obtain

ar 9 Olem Qs , o 9 /T pT
—— N2 1) T?e T~ ). 4.21
pdgp qu 4872 ( )T I 112 ( )
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Figure 5. The diagrams for the Compton scattering (left) and the pair annihilation (right). The
solid line corresponds to a quark, the wavy line to the photon, and the curly line to the gluon,

respectively. The Compton scattering includes s and ¢ channel processes while pair annihilation
includes the ¢ and u channel processes.

The case of annihilation proceeds similarly. The squared amplitude is given by

N2 -1 u t

|./\/l|2 = Zq; (47T)2aem()ésT 8 <t + u) . (422)

Since the integrand is symmetric in ¢ and u, both ¢t and u-channels contribute the same to
leading logarithmic order. The integral in the ¢-channel becomes

2

a u 9 s
/S d(—t);:u —S—l—slnﬁ. (4.23)

We again keep only the logarithm and use the same trick as in eq. (4.20) to obtain the lead-
ing logarithmic result. Note that there is Bose-Einstein enhancement for the annihilation

/ @ In <1 — e_s/(4pT)) s ln <82>
u2 8 1

pT * —s/(4pT m pT
~ In <M2>/0 dsln(l—e /(4p )):_E (4pT) In <M2 . (4.24)

process:

The u-channel gives an identical contribution.
Collecting everything together, the combination of Compton scattering in the ¢ channel,
and pair annihilation in the £ and u channels, is

dar 9 Olem Ols , o 9 /T pT
P, = f 0 o V=1 Te /T 1 ) (4.25)
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Figure 6. The color labeling of Compton scattering (left) and pair annihilation (right). The double
line corresponds to a gluon, a single line to a quark or antiquark. The color flow does not involve
color neutral photon, which we still indicate with a dashed line. The quark-gluon vertices are drawn
as an empty circle. They have their own graphic representation [76], but this is not needed here.
The Feynman diagrams obtained by crossing symmetry are identical in the flow of colors.

4.3 Hard momentum exchange with nontrivial Polyakov loop

In the previous section, we computed the matrix elements for the diagrams which contribute
to photon production at leading logarithmic order. Once we work in terms of Minkowski
variables, there is no change in computing in the presence of a background field for the
Polyakov loop.

The only change in a background field arises from the modification of the statistical
distribution functions. We start with the case of Compton scattering, as illustrated in the
figure in the left hand side of figure 6. In this case, the incoming momenta are those of
a gluon, with momentum K;, and a quark, with momentum Ks. Consequently, in the
statistical distribution functions we replace the gluon energy as E1 — E; +4i(Q° — Q%),
while the quark energy Eo — FEy+iQP. Similarly, the energy of the outgoing quark becomes
E' — E' +iQ°.

With the color labeling in figure 6, the thermal distribution functions when Q% # 0 are

0o ‘ .
d —(z+i(Qp+Qc—Qa))/T 1— '
/13+5/(4P) v e(x—p+iQe)/T 41

— o~ HQ+Qc—Qu)/T /oo dx Z e /T (—1)ren(z=p+iQe)/T
p+s/4p n=0

& n+1
— QT 3 U™ on/T gnsfanT) =i -1)Qu/T | (4.96)
n=1 K

To obtain the leading logarithmic result, we recall eq. (4.20): eq. (4.26) should be integrated
over s. The s-dependent factor gives rise to an additional factor of 1/n:

& n 4pT
d - — = —. 4.27
/0 s exp ( T s) n ( )

It is sufficient to calculate the ratio of photon rate with Q # 0 to that in the perturbative
limit, @ = 0. We will thus only keep track of Q-dependent factor > (—1)""!exp(—i(Qp+
Qc—Qq+(n—1)Q¢))/T)/n?. To proceed, we then need the form of the quark-gluon vertex
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in the double line notation [76], appearing in the matrix element squared, eq. (2.3). We
then multiply eq. (4.26) by the product of two quark-gluon vertices,

N 0
Z (Tdc Yoo Tcd et Z (Qp+Qc—Qa+(n—1)Qc)/T
b,c,d,e=1 n=1
Ny P
= > 3 (5bd Bee — 2700 Oce Sca Bye + 350 6be> Z (QrrQeQur(n=1)Qa)/T
b,c,d,e=1 n=1
NZ2 -1\ & (=)t

n=1

When all Qs are zero, this reduces to

(Ngz_ 1) i (_22%1 = (NQQ_ 1> 7{; (4.29)

n=1

For Compton scattering, the ratio of this contribution when Q% # 0, to that for Q% = 0, is
just the ratio of egs. (4.28) and (4.29),

n+1

fComp 12 Z (4'30)

n=1

>1

where ¢, is the n-th Polyakov loop in eq. (2.7).
The case of annihilation is similar. In the presence of a background color charge, the
thermal distribution becomes

—(2+iQp—iQe¢)/T
/p+s/(4p) dx e (1 + e(z—p+iQc—iQq) /T _ 1>

-y L oo/ ns/ (4D T) =i Q= Qet(n—1)(Qe—Qu))/T (4.31)
n

n=1

Again, the integration of e="/(4?T) gyer s picks up an additional factor of 1 /mn. The color
sum for scattering in the t-channel becomes

N e’}
S T M(T%) Y e @@t (n-1)(@e=Qu)/ T
b,c,d,e=1 n=1 "
1 X 2 1 =1
_! Bhe Sue = = Obe Oe Dea Dpe + ~55 O B | D —5 € @@t (=D (Qe=Qu/T
2bc§:1(b d N Obe Od db+N2 db>;n2€
1ex 1 -
:527(@@ )2 -1). (4.32)
n=1

When all Qs are zero, eq. (4.32) becomes

<N22— 1) ile <N22— 1> %' (4.33)
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Scattering in the u-channel gives a result identical to that in the t-channel. Therefore, the
suppression factor for annihilation is given by

00
fpair(Q) 1 ﬂ_ﬁ Z n2 N2 E% - 1) : (4'34)
n:l
Remember that Compton scattering is 1/3 of the total for 2 — 2 scatterings, eqs. (4.21)
and (4.25). Summing over Compton scattering and pair annihilation, to leading logarith-
mic order, we obtain the contribution from 2 — 2 scattering from hard momenta in the
semi-QGP,

9 1 T —p/T
:qul—ﬁ( 1) aemasﬁe ln( > fW(Q)
f

14(Q) = 3 (Fcomp(a) + 2puie(@)) (1.35)

These expressions can be more simply expressed when N = 3 in terms of Q% =27T(—q, 0, q),
q. (2.13):

fComp(Q) =1-28 q27
Jpair(q) =1 —6g+9¢°,

(@) =1-4q+ %q? (4.36)

The results for more than three colors are similar, simple quadratic polynomials in the Q%’s.
That for foomp(Q) involves the Q%, while that for fhair(Q) is a function of the differences,
Q" - Q"

We also note that exactly the same functions of ¢ enter into collisional energy loss
for a heavy quark in the semi-QGP. Because of the historical convention, the function
for Compton scattering in photon production, fcomp(q), is identical to that for Coulomb
scattering of a heavy quark, eq. (33) of ref. [85]. Similarly, the function for pair annihila-
tion in photon production, fpair(@), is the same function as for Compton scattering of a
heavy quark, eq. (45) of ref. [85]. While these two functions are the same, in detail they
enter differently into collisional energy loss for a heavy quark, times different logarithms of
the energy.

4.4 Soft momentum exchange

We now compute the contribution to photon production when the momentum exchanged
is soft. This case is simpler than when the momentum exchanged is hard, and so we treat
the case of a nontrivial Polyakov loop at the outset.

We follow the analysis of Baier, Nakkagawa, Niegawa, and Redlich [6]. We begin the
computation in imaginary time, and then analytically continue the external momentum.
The photon self-energy in the imaginary time is

Py =2 Y g Y TZ/ b SI) v SulK — P (437
f a=1
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The overall factor of two arises because K or K — P can be a soft momentum: we have
chosen only K to be soft. Thus the momenta K — P is hard, so we can use the bare
quark propagator, S,(K — P). For the quark with soft momenta it is necessary to use a
propagator, S (K'), which is resummed with Hard Thermal Loops (HTLs) in the presence

of Q@ # 0 [76],

Su(K) = /OO dw p(w, k) (4.38)
— 00 27 w — Zk;o ’

55 () = /°° dw pg(w, k) (4.39)
“ —00 27T w — 'Lk(] ’

with ko = ko + Qq and the quark spectral functions are

pleo,F) = 2me() KO(K?) (1.40)
- 5.k - 0 _’-A -
o B = TR By T (R, (1.41)

where £(w) is the sign function. We note that the bare quark spectral function p(w, k) does
not have its color index. The HTL spectral functions are a sum of pole and cut terms,

Pas(w, k) = 21 [Za(k) 6(w — wia(k)) + Zxa(k) 6(w + wra(k))]

. . (4.42)
+ 9<k2 _ w2)pslfcehke( /C)

a

The quark quasi-particles have a thermal mass mgkq, a dispersion relation wiq(k), and
residue Zi,(k) (k = |k|). Explicitly,

2 k) — k.2
Zealh) = 20 =1 (.43
2mqka
M k k
wia(k) 5 k= e [ (g L wra(R)Y o fwralR)) ] (4.44)
k k k
where ) .
T+
=-1 . 4.4
Q) = 51 (2F1) (1.45)
The explicit form of the cut term from Landau damping, pZTcellke, is irrelevant for our

analysis. The result for the quark quasi-particle mass mgy, is given later.
Introducing a spectral representation for the propagators,

H _ 2622qf Z/ d3k3 dLLJ1 d(A)Q

» (”a(w2) - ﬁa(wl))t
—ip¥ + w1 — wo

[0, Eyyp(wn, E— 7], (4.46)

Since for massless quarks their spectral density has only a vector component,

tr [ piwr, By yup(ws, k= )] = =2 tr [ pifwn, B)p(ws, K — 7)) - (4.47)
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Now we compute the discontinuity in the amplitude, as we analytically continue the
photon energy pg — —iF = ¢, for infinitesimal e,

Disc I1(P) = + 2 ¢* qu Z/ / (Fig(w — E) — fig(w))

x tr | g, F)pl(w — B, K — )

(4.48)

where DiscII},(P) = [II},(E+ie, p)— I1},(E —ie, p)]/(2i). Since the photon is a singlet under
color, there is no ambiguity in how we do the analytic continuation for the photon energy.
We have also used the fact that the spectral function is real. When the Q*’s vanish,
this discontinuity is the same as the imaginary part of the retarded self-energy. When
the Q* # 0, however, if we were to compute the imaginary part, we would also obtain
contributions from the imaginary parts of the statistical distribution functions, which are
complex valued. To us this is an unphysical contribution which we neglect. After all, the
discontinuity is directly related to the amplitude to produce physical particles, albeit with
an (imaginary) chemical potential for color.
By using the decomposition of the spectral functions, egs. (4.40) and (4.41),

tr [p;(w, Dplw — B,k — p‘)} — dre(w — B)S((P — K)?) (pj_a(w, Ww—E—k+k-p)
o (W ) w—E+k—k -ﬁ)) , (4.49)

where p = |p/].
Since k < T, by using the assumption p > T, we find p > k. Using this and P? = 0,
_ P2\~ _v
e(w — B)S((K — P)?) ~ 2pk5 (cose k) . (4.50)

Thus,

al 3 W, - — w
Disc IT};(P) ~ +2 ;qj% e? Z/(;TI;Q/;(TLQ(—E)—na(O)) ?15 (cosO—E>
% (e, ) (- 1+k)+p o0, F) (- 1ff))

N

:—2que ?Z (Tia(—E) — 714 (0 /dkk/ —

a=1

x(p+a<w,k>( L+ )+ ot w B (-1-2))
(4.51)

where we introduce an ultraviolet cutoff, . In the HTL approximation, the only difference
between the quark propagators in the usual perturbative regime and those in the semi-QGP
is that in the latter, the quark thermal mass is color dependent. Thus we can use standard
sum rules for the quark spectral densities [106] by just keeping track of the appropriate
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color indices.

| e =1, (4.52)
/ ;i: w P (w k) ==+ k. (4.53)

Using the spectral functions in the time-like region, eq. (4.42), we obtain

N
Disc I14(P) ~ + 2 que %Z (—E) = 7ia(0))

N (4.54)
=423 37 2 (1a(—E) = a(0)
I
a0 = o) + 2 [ s 6) — o)
where we have used [106]
(e FR)WE ~ K =ws — k T (4.55)

mqk
The wave function constants and the mass shells are functions of the color index, a, but
we suppress this index for now to make it easier to read. By using the asymptotic form for
the mass shells at hard momenta, k > ¢T',

2
Mk

wy ~ k+ . (4.56)
w_~ k, (4.57)
we get
N
DisclTA(P) = +23"q} &3 i (fa(~B) ~ a(0))
7 a=1 (4.58)

2
mqka

14+ 2/# dk wWiq(k) _Wa(k)] .
0

We now make the dependence of the thermal quark mass on the color index a mani-
fest again.
Evaluating the integral by using egs. (4.56) and (4.57) at the leading-log accuracy,

N 2
. 1 - - W
DisclI};(P) ~ + 2 E q]% e? o g mika (Mg (—F) — 14 (0)) In <g2T2> . (4.59)
I a=1

The lower limit of the integral comes from k ~ ¢7T', in which eqs. (4.56) and (4.57) becomes
unreliable.
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To leading logarithmic order, then, the Q%’s only enter through the statistical distri-
bution functions of the quarks, and the quark thermal mass. By using egs. (3.3) and (4.1),
the contribution to the production rate for photons from soft quarks is found to be

dr it dr
p— = 50Q) p— , 4.60
dsp Y ( ) d3p pQGP ( )
The result in the perturbative QGP [6] is
dr 5 1 ™ <ﬁ(—p) - 1/2) < u? >
D =— g7 = emas —(N“=1)| ———— | In| —= | .
d3p PQGP Zf: 78 72 ( ) 1—er/T g2T?
In the semi-QGP, this is modified by a ()-dependent factor,
N 2 ~ ~
<o 1 Zazl Mka (Ma(=p) — 1a(0))
NQ) = . (4.61)

N my (i(=p)—n(0)

where mgy is the thermal mass when Q¢ = 0, whose expression will be written later.
To evaluate the photon production rate in the semi-QGP, we need the explicit form of
the thermal quark mass when Q® # 0. From ref. [75],

i = & (i (4@~ @)~ A@") -y (40) - ft(@“))) . (4.62)

b=1

The function A(Q) is given by

ee 1 1
AlQ) = 2 /0 B E <e(E+iQ)/T -1 * e(E—iQ)/T _ 1) 7 (4.63)

and A(Q) = A(Q + 7T). Note that A(Q) is an even function of Q.

Our definition of A(Q) differs by T? from that in ref. [75], which we do to emphasize
the physics in the following section, eqs. (4.78) and (4.79). Also for the purposes of this
discussion to follow, we note that in eq. (4.62) the terms involving >, A(Q* — Q) and
A(0) are from the gluon distribution functions, while A(QP) and A(Q*) are from the quark
distribution functions.

In the perturbative QGP, the thermal quark mass squared is

m2 :gz (N— ;f) T2 <1 - <—§>> = <N;; 1> 928T2. (4.64)

In the first expression the 1 is from the gluon distribution functions, while the +1/2 is from

the quark distribution functions.
It is direct to evaluate A(Q®) in terms of the dimensionless variable ¢* = Q%/(2nT),
eq. (2.6),
A(Q) = (1 = 6glmod 1(1 = [glmoa 1)) T* - (4.65)

While nominally a quadratic polynomial in ¢, some care must be taken in using this ex-
pression. Only the absolute value of g enters because by construction eq. (4.63) is even in
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Q. Secondly, g is defined modulo one, since only exp(£2mig®) enters into the Bose-Einstein
distribution functions in eq. (4.63), so the ¢* are manifestly periodic variables.

Equation (4.61) can be simplified for large photon energy p > T'. In this case, ng(—p) ~
n(—p) ~ 1, independent of q. We further make use of the fact that all ’s pair up as in
eq. (2.8) and the corresponding thermal quark masses are identical for the components in
the pair, mgka = mgk N+1—q- Consequently, we have

N N/2 N
Z mgka (a(—p) — 10 (0 quka — 1q(0) = NN41-4(0)) = ngka (1 —n(0)) .
a=1 a=1

(4.66)
This allows us to express f$°ft(Q) as the ratio of average thermal quark mass squared when
Q% # 0 to the perturbative thermal quark mass:

(@) = L X Mk (4.67)

N mqk

We note that eq. (4.67) is derived assuming an even N. The conclusion holds for odd N also.
For three colors, taking the eigenvalues as in eq. (2.11), the components of thermal

2T2 9
Mg = mijs = T (“2““)

mass read

(1-3q) .

The suppression factor is then

soft Lo 9 2\ 1(=p) —n1(0) + ng(—p) — n3(0)
@ =g |00+ (1-Farse?) (=) — 70)) | s

For large energy, we obtain a simple polynomial in g,

1 9 10
@ > 5 [(1 —3q) +2 (1 — 2q+5q2>} =1-dq+ ", (4.69)

which agrees with the suppression factor for the hard contribution, f,(Q). Altogether, the
photon production rate from soft momentum exchange is

dr 5 1 T u?
- = = QemQs —5 1 . 4.
g zquf2a a e | o ) Q) (4.70)

Comparing the hard contribution in eq. (4.35) to the soft contribution in eq. (4.70), we
see that the dependence upon the momentum cutoff p cancels. This is a nontrivial check
of our computation. The sum of the two contributions is

dr dr
P = [4(Q) p= : (4.71)
dBp 7 a3*p | qap
where ar -
_ L —p/T p
J q ozemas e P ln( > 4.72
Bp QAP Z fa 2 27 ( )

We can extract @ from lattice results of Polyakov loop and obtain f(Q) as a function of
the temperature. The result is shown in figure 7.
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Figure 7. The suppression factor f,(Q) in eq. (4.69) versus temperature.

4.5 Why so few photons are produced in the semi-QGP

For dilepton production we found a moderate enhancement near 7T,. In contrast, figure 7
shows that photon production is strongly suppressed in the semi-QGP, versus the perturba-
tive QGP. To understand the suppression of photons, as in section 3.2 it helps to generalize
the computation to an arbitrary number of colors. In the calculation of the contribution
from the Compton scattering, the following product of the distribution function appears,
as was discussed in section 4.3:

N
% S (BT (BemiQeti@/T (1 _ 73 (B, (4.73)
b,c=1

Here the Boltzmann approximation was applied to the initial state, and we took the large-
N limit, in which we ignore the second term of (T%), (eq. (2.3)) appearing in the matrix
element squared. The factor 1/N? was multiplied for normalization. The quantity above
becomes

1 —By /T, —(E2—iQc)/T (1 _ = (7

NZ@ e M1 = (E") (4.74)
c=1
after partial cancellation of the phase of the distribution functions in the initial state. Here
we note that this cancellation is not complete unlike the dilepton case: the phase iQ./T
still remains in the present case while the phase completely cancels for dilepton production
in the Boltzmann approximation [98]. By performing the sum as in the dilepton case and
using eq. (2.10), this expression can be rewritten as

e EIT R(NE") (4.75)

in the confined phase. We see that this expression vanishes in the N — oo limit, unlike the
dilepton case. The origin of this behavior can be tracked to the fact that the cancellation of
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the phase of the distribution functions for the initial state is only partial, and not complete.
This is because that the initial state for photon production is not a color singlet, as it is
for dilepton production.

For the contribution from pair annihilation, the product of the distribution functions
is, in the confined phase and the large-N limit, again e £/ Tn(NE'"). We note that previ-
ously [98], we gave a similar but simpler analysis, using the Boltzmann approximation to
both the final as well as the initial state.

Next, let us discuss more quantitative point: the origin of the 1/N? dependence of the
suppression factor in the confined phase. For hard photons, with E > T, we have shown
that the ratio of photon production in the semi-QGP, to that in the perturbative QGP, is
just the ratio of the thermal quark masses squared, of course summed over color:

1 1
f'y( _7ﬁz qka - (4.76)

This result is not surprising, as the photon production rate is usually written [6-11] as
proportional to the thermal quark mass squared. In the perturbative QGP this is somewhat
trivial, however, as photon production is naturally proportional to ~ e2¢g?T2. This relation
is less trivial in the semi-QGP, since then the thermal quark mass is a function of the
Q%s. Of course eq. (4.76) holds only to the order at which we compute, which is leading
logarithmic order.

To illustrate how large photon suppression can be, we take the most extreme case, the
confined phase. It is most useful to use the form of A(Q) in eq. (4.63), as an integral over
the energy, E¥. The gluon distribution enters as

1 N 6 o 1 N 1
R a __ b _ - B
N2 ;1 A(Q Q ) 2 [) dE E N2 ;1 e(E_i(Qa—Qb))/T 1 (477)

In the perturbative QGP, Q% = 0, this integral is A(0) = T2. In the confined phase, we
use eq. (2.18) to obtain

6 [ 1 T
N2 D AQbont — Qbon) = 2/0 S e R (4.78)

™

Notice that the integral over E is ezactly the same as when Q¢ = 0. The only difference is
that because only loops which are multiples of N enter, the energy enters not as E/T', but
as NE/T. Hence in the confined phase we can replace T by T'/N: as the integral is ~ T2,
this term is suppressed by 1/N? relative to that in the perturbative QGP.

From eq. (4.78), we see that the terms involving the gluon distribution function in the
thermal quark mass squared, eq. (4.62), cancel identically. This leaves only the terms from
the quark distribution functions, which are functions of the color index a. However, photon
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production only depends only upon the sum over colors, eq. (4.76), and so we compute

1 - 6 [ 1 1
-~ A =—— dE E —
N bz—; ( conf) 2 /0 N bZ_; e(E_inéot)f)/T 41
6 [ 1 T?
- 7-‘-2/0 dE E eNE/T 1 q - IN2’ (4'79)

by using eq. (2.17). Again, this result is precisely 1/N? times the result for Q¢ = 0. We
thus find that in the confined phase, the square of the thermal quark masses, summed over
color, is

N
1 N2 -1\ ¢*T% 1
~ > mE(Qeont) = < o ) TR (4.80)
a=1
Comparing to the thermal quark mass in the perturbative QGP, eq. (4.64), we obtain

Iy (Qeont) = - (4.81)

3NZ°
The coefficient of 1/3 arises as follows. As discussed following eq. (4.64), for the thermal
quark mass squared in the perturbative QGP, the gluon terms contribute two thirds (the
1), and the quarks, one third (the 1/2). In the confined vacuum the gluon distributions
cancel identically, while the quark terms are precisely 1/N? times that for Q¢ = 0, or
1/(3N?) in all.

This shows that photon production is strongly suppressed in the confined phase, by
~ 1/N2. Because the coefficient is small, = 1/3, even for three colors the suppression is
significant, = 1/27. This is why the suppression in figure 7 is so dramatic.

The above analysis applies to the soft contribution to photon production. It can also be
computed from the hard contribution to photon production, since the suppression factor is
common. As demonstrated in section 4.3, there are two contributions. That from Compton
scattering is given in eq. (4.30), where by definition, fcomp(0) = 1 in the perturbative QGP.
To compute its value in the confined phase of the pure gauge theory, we remember that the
only nonzero loops are those which wrap around a multiple of N times, eq. (2.10). Hence

12 = (—1)nHt 12 o (-1 1
fComp(Qconf) = ﬁ Z <n)2 gn(Qconf) = ﬁ Z ((]]\)[)2 = m : (482)
n=1 j=1

The contribution of pair annihilation is given by fpair(Q) in eq. (4.34), where fpair(0) = 1.
In the confined phase,

pair conf) — N2 -1 7T2 = (]N)Q ot n2 — Y .

and the contribution from pair annihilation vanishes identically.
In the confined phase, then, the hard part of photon production only receives a contri-
bution from Compton scattering. From eq. (4.36), relative to the perturbative QGP photon
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Figure 8. The diagram of four point function with labels indicating fields insertions on different
branches of the Keldysh contour.

production in the semi-QGP is one third the sum of Compton scattering, plus equal con-
tributions from pair annihilation in the ¢ and u channels. Since pair annihilation vanishes
in the confined phase, eq. (4.83), and the contribution from the Compton scattering is just
1/N? times that of the perturbative QGP, eq. (4.82), in all we obtain a relative suppression
factor of 1/(3N?), eq. (4.81).

5 Collinear rate

5.1 Review of AMY’s calculation of photon production
5.1.1 Photon self-energy in RA basis

First we recapitulate the detailed analysis by Arnold, Moore, and Yaffe (AMY) [9-11] for
the collinear contribution to the photon production, in the case that @, = 0. We start
with the expression for differential photon emission rate, eq. (4.1). In the 1/2 basis in the
real time formalism, W, is given by

d*K d*K
Hr 2 2 : 2 1 2
= © qf/ (2m)4 / (2m)4 (P +2K0)u(P + 2Ka),

f

X Gllgg(—KLP + Kq,—P — K2,K2). (5.1)

As will be justified in the next subsection, (P + 2K1), and (P + 2K3), come from quark-
photon vertices. Gi122(—K1, P + K1,—P — K», K3) is the Fourier transform of the four-
point function Gi129(x1,x2,y1,y2). The labels 1,2 distinguish different field insertions on
the Keldysh contour. Figure 8 summarizes the field labeling and momenta flow, with
convention that the momenta flow from right to left in propagators. It is easier to calculate
the four-point function in the RA basis, which is defined for quarks and gluons as

+

da=TY (5.2)
AR 4 Al

Agz%, Al = AR Al (5.3)
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Figure 9. The four point function G 4 4 gg with labels of all internal lines uniquely fixed in RA basis.

In this basis, Gra and Gapr correspond to the retarded and advanced propagators, re-
spectively. The propagator G a4 vanishes, while vertices with an odd number of R indices
vanish. The latter is true for quark-gluon vertices only, but only these are relevant to the
calculation of the collinear rate. To perform the calculation in the RA basis, we need to
decompose (G1122 in terms of four-point functions. While there are in total 16 four-point
functions, only 7 of them are independent [107]. The decomposition into an independent
set has been done for neutral scalar in ref. [107]. It is easily generalized to the case of
fermions with =0 as

G122 = a1GaARR + @2Gaaar + 3G AaRA + 4G ARAA
+ a5sGraas + a6Garra + a7GARAR
+ B1Gaarr + P2Ganar + B3Gaara + BaGaraa
+ B5Graaa + BeGarra + BrGaRar - (5.4)

Detailed analysis by AMY [9-11] shows that the collinear rate receives contributions only
from G 4arr. Thus the only coefficients which we need are a1 and (1,

—14n(p1) + n(p2)

a1 = Ti(pr)ii(pa), By = —(1 = 7ps)) (1 = 7ilpa)) = S S

(5.5)

In our case (pl,pg,pg,p4) = (—Kl, P+ Kl, —P - Kz, KQ).

For the four-point function Gaagrg, the RA labeling is uniquely fixed as in figure 9.
The contribution to the collinear regime arises from the kinematic regime where hard quark
in the loop is nearly collinear with the photon: k° ~ ky 2T, ki ~ gT,with || and L defined
with respect to photon momentum p. The gluon exchanged between the quark lines are
soft: ¢° ~ gT, ¢ ~ gT. From the collinear scattering of quarks and gluons, the energy
of the quarks remain unmodified at order 7. With this kinematic simplification, eq. (5.5)
reduces to

a1 = By =k +p)(1 —n(ky)), (5.6)

and therefore,
G122 =2 a1 Re Gaarr.- (5.7)
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5.1.2 Reduction of spinor structure

To proceed, we need to see how collinear enhancement works. To do so, consider the
convolution of two quark propagators, which enters as a unit upon inserting an additional
gluon scattering into GAARrg:

dk®
| G SanP+ K)Sra(E). (5.8)
Sar and Sia are advanced and retarded dressed quark propagators:
1 19—~k 194+ k
5= _iy-yk 1y vk (5.9)
kF—¥% 2 A—As 2 Ap+ A
where
Ag =k —x0 A, = |k—3]. (5.10)

Here ¥ = ¥+, is the retarded or advanced quark self-energy, and ¥# does not have a spinor
structure. Note that due to rotational symmetry, k || &, so A; = |k — X|. The advanced
and retarded propagators differ only in the sign of the damping rate, which corresponds
to the imaginary part of self-energy ¥. Both S4r and Sra have two poles with positive
and negative energies. The collinear enhancement occurs when two poles coming from
the two propagators pinch the real axis of kg plane. Thus, it suffices to consider the pole

contribution:
1797k K 0
_S(k) = { 2A0mA T (A=A for >0 (5.11)
17°47k K for k9 < 0 ) )
2 Aot A, — 2E0(AgtA,) OF
It is useful to write £ in terms of spinor sums:
F=> us(k)us(k), for k>0,
k= w(k)m(k), fork® <0, (5.12)
t

where u and v refer to the spinor basis
T
w= (\/k-afs,\/kﬁgs) :
T
v= (vkz-am,—vk-6m) , (5.13)

with

58 = (5515 682)T7 m = (6t17 6t2)T7 87t = 17 2. (514)
Here, 0, = (1,0%), 5, = (1, —0") with Pauli matrices o’. Note that k°,k > T and ¥ ~ ¢T,
so we can take

Ay — Ag ~ koiéfk —E., Ayg+ Ay~ koi%Fk +E,, E,=+Vk?*+m?2. (5.15)

The asymptotic thermal mass m and damping rate I'y/2 are of order m ~ ¢T and T’y ~
¢°T, and the explicit expressions of these quantities will be given later. For the retarded
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(advanced) propagator, we take the positive (negative) sign, respectively. It is not difficult
to find that the pinching of poles occurs when k¥ ~ ky, with kj defined with respect to
photon momentum p. With the approximation in egs. (5.15) and (5.8) evaluates to

ol . (PHHOK
[ 5 SanP + K)SalK) TOETakara M (5.16)

where )
= §(Fk +Lryp),0E = By, sgn(ky) +p — Epyp sgn(k) +p) . (5.17)

Note that P + K and K in the numerator of eq. (5.16) carry independent spinor indices,
which are to be contracted with quark-gluon and quark-photon vertices. Contracting each
quark-gluon vertex with two spinors from the propagators joining it, with eq. (5.12) there
is one of two situations, depending on the sign of k°. Since

(K us(K) =2 K* 6, (K us(K) = 2 KF by, (5.18)

each gives the same result. We have neglected the momentum of the exchanged soft gluon
@, since it is negligible compared with K. Cross terms between u and v are not allowed
because multiple scatterings with soft gluons do not change the sign of k. We have not
included the coupling constant g and color factors, which will be discussed separately in
the next subsection. According to eq. (5.18), each quark-gluon vertex gives rises to 2K*,
while maintaining the quark’s chirality.

Now consider the quark-photon vertex, contracting the left /right quark-photon vertex
with two spinors from the propagators joining them. As an example, consider k° > 0:

Ut (K)v"'us(K + P), as(K + Q + Py u (K + Q). (5.19)

Summing over spinor indices and (transverse) photon polarizations, after some algebra [9,
11] we obtain

Z Zut 7 us(K + P) is(K + Q + P)y'us (K + Q)

s,t=1,2 i=1
0\2 0 2
= 4k (K" +p) ko - (kL +q0) <(k(k:)0);zk(f+j;§;) )

k:ﬁ + (kH +p)2
ky(ky+p) )~

~4k, - (kL +q1) ( (5.20)

The other cases are similar, with the same result as eq. (5.20). Note that by definition
p1 =0, so we can write eq. (5.20) as

Z Zut )7 us (K + P)as(K + Q + P)y'uy(K + Q)
s,t=1,2 =1

2 2
- <W> D €, (2K + P)(2K +2Q + P)". (5.21)
i=1
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Figure 10. The diagrammatic equation in terms of graphical elements D, I, M and F'.

Apart from an overall factor (k:ﬁ + (k4 p)?)/(ky (k) +p)), eq. (5.21) allows us to interpret

(2K + P)* and (2K +2Q+ P)" as quark-photon vertices on the left and right of self-energy

diagrams. We have thus shown in egs. (5.18) and (5.21) that quark-gluon and quark-photon

vertices can be simplified as 2( K + K2)* with K7 and K3 being the incoming and outgoing
7

momenta of quarks. We note that Y, | €l,el, = —g,, as in eq. (4.1).

5.1.3 Color structure in the double line basis

The color structure of the gluon propagator is given by ng’, as in eq. (5.44). Thus the
color sum which appears when a gluon propagator is sandwiched between two quark-gluon
vertices is

1
T“b> P (Tdc> —-pl. 5.22

( ef cd gh 2 ef ( )
This can be simplified further by noting that in the photon self-energy, eq. (5.22) is sand-
wiched with the quark-photon vertex in the vertices which are all the way to the left or all
the way to the right. Starting from the left hand side gives

1 o e 1 1

where Cp = (N? — 1)/(2N) is the quadratic Casimir for the fundamental representation.
If this is iterated further, each quark-gluon vertex preserves the Kronecker delta in color,
and generates an additional factor of Cp. After the last quark-gluon scattering, the delta
function is color is contracted with the right most quark-photon vertex, giving an overall
factor of N.

5.1.4 Resummation of infinite self-energy diagrams

We next resum diagrams with arbitrary quark-gluon scatterings. This is done by solving
the integral equation illustrated in figure 10. The graphical elements are the same as those
defined by Arnold, Moore, and Yaffe [9, 11], except that we use the double line notation
for future convenience. The integral equation shown in figure 10 becomes

dlq.

(27r)4M(K, Q, P)abef F(K +Q, P)eseaDby(K +Q, P). (5.24)

D! (K,P)=1!(K,P) +/
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The color structure can be taken as
IL,(K, P) = I"(K, P) 0ap,

1
M(KaQap)ab,ef = a5~ _ ,PI()IJ? M(K,Q,P),

2CEr
F(K+Q7P)ef,cd: 506 5df F(K+Q,P),
D(K,P) = D*(K, P) éa, (5.25)

so that eq. (5.24) simplifies

dq

(2m)*
Note the color factor from eq. (5.23) cancels the factor of 1/(2CF) in eq. (5.25).
As discussed previously, we regard the quark-gluon vertices and quark-photon vertices

DH(K,P)=1"(K,P) +/ M(K,Q,P) F(K+Q,P) D"(K+Q,P). (5.26)

as (K + Q)*, with K and @ being the incoming and outgoing momenta. As a result,
I"(K,P) = (2K + P)", (5.27)
and the function F(K, P) equals

F(K,P) = (—i)* Gap(P + K) Gra(K)|

pinch
- <4’f|(’fu +p)> <F + i6E> 47 8 (2k° + p — Eysgn(ky) — Byypsen(ky +p))
- (4’f|(’fn +p)> <F n i6E> 2m O(k" — k) - (5.28)

The pinching condition is enforced by the delta function. The rung of the ladder equals
M(K,Q,P) =ig* Cp (2K + Q +2P)" (2K + Q)" GRI(Q)
~ 4ig® Cr ky (k) +p) P* P* GRE(Q), (5.29)

with P* = (1,$). The Ward identity and the fact that K* is almost collinear with P* was
used to simplify eq. (5.29). To further simplify eq. (5.26), we define

0

(0, p) = —4ky (ky +p) / %F(K, P)DM(K, P), (5.30)

which leads us to

3
(€ +BE) k) = (2K + P+ [ (%3 Clap) fk+ap),  (531)
where
_ 2 E (. __ " RR Dl pv

Cla,p) =g°Cr | 527 6(¢" — q)(—iG (Q)PHPY). (5.32)

The delta function in eq. (5.32) again results from §(k° + ¢ — k| —qp) in F(K +Q,P).
We can further simplify eq. (5.31) using the explicit expression of the damping rate T,

dS d 0 . NTR Y]
Iy = 2Cp / (gw)z 27 6(¢° — ) (~iGRR(Q)PHPY) . (5.33)
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As this is independent of k, I' = (I'y, + I'y4p)/2 = I'y. This allows us to write eq. (5.31) as

3

i6F f4(k.p) = (2K + P + / T4 o(qp) [+ ap) — fop)].  (5.34)

49
(2m)3
As is clear from eq. (5.21), only the transverse components of f#(k,p) are needed, so we
can project eq. (5.34) onto the transverse plane,

3

P6E £, (k,p) = 2k, + / (;33 Clap) Bk +ap) —f(p).  (535)

The last element is to determine the propagator, Gﬁf(@)ﬁ“ﬁ”. Since g ~ ¢gT, we use the
HTL-resummed propagator,

SN oT qf 1 1
—iGRR@Q)PrP =~ (1 1 ( - ) .
G (@) ® <1 q2) "\eome  e-me) Y

where we have taken Feynman gauge, and used g9 ~ ¢). Il and Ilp are the retarded
longitudinal and transverse self-energies of the gluon:

Q? 2[ q0 <QO+Q>:|

Q) =-<M?*|1—-Zm(=2—)], 5.37
£(@) 7 20 ™"\ 50— ¢ (5.37)
HR(Q):%2 <%>2_QZ(]01H <q0+q> (5.38)

g 2 |\q ?2¢ \q—gq

where the gluon Debye mass is given by
N N

M? = ¢*77? (3 + 6’”) . (5.39)

The Wightman correlator for two electromagnetic currents can be expressed as

k‘ﬁ + (k” + p)2
ky (ki +p)

W = (=)2Ne*> > qfar Re / (‘;f; I*(K,P) F(K,P) D"(K, P) (
!

2 2 dgk v
=Ne*> g} / pIE A(ky,p) Re[I"(K, P)f*(K, P)], (5.40)
!

where

kif + (R +p)2> (5.41)

A(ky,p) = (k) + p)(1 — n(ky)) (W

Note that an overall factor of (k‘ﬁ + (k) +p)»)/(ky(ky + p)) in eq. (5.21) is inserted into
eq. (5.40) along with —1 from the fermion loop. From eq. (4.1), WH is contracted with
—guv to give the collinear rate:

Qern N 2 3
dry _ oenN2p 07 / TE Ak, p) Rel2ky - £, (k.p)]. (5.42)

N (2m)3

b dp 472
Note there is an additional factor of IV for each color of WH¥,
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5.2 Photon self-energy with nontrivial Polyakov loop
5.2.1 Quark and gluon thermal masses with background color charge

Now we compute the modification of the results in the previous section in the presence
of a nontrivial Polyakov loop. In this case, quantities like the thermal mass, the damping
rate, and so on are all dependent on the background color charge. This changes the color
structure of the self-energy diagrams.

The quantities relevant for the problem at hand are the quark asymptotic thermal mass
and the resummed gluon propagator. The asymptotic quark thermal mass is v/2 times the
quark thermal mass in eq. (4.62):

my = 2mZa . (5.43)

Next we consider the HTL-resummed gluon propagator. The resummed gluon prop-
agator consists of bare gluon propagators with arbitrary number of self-energy insertions,
figure 11. The bare gluon propagator in the RA basis of the real time formalism, in the
presence of background color charge, is proportional to chll’ :

g

Gumab o gwj Pab Guu,ab o Pab

RAcd = (30 4 )2 — g2 cd” ARed ™ (0 _ )2 — 2" ed”
Ghipt = —ime(k0) (1 + 2na (k)3 (K?)g" Pay . G =0. (5.44)
Here we need to recall that in the analysis in the case of @, = 0, Bose-Einstein

enhancement was essentially important for the collinear contribution to be as large as the
2 — 2 contribution: for soft gluons with k® ~ g7, n(k") ~ 1/g. This is no longer true in
the presence of hard background charge (), ~ T'. The only exception is for diagonal gluons,
Q. = Qp, where Bose-Einstein enhancement is still operative. Therefore, we only need the
expression of the diagonal components of the gluon propagator. Thus we contract the bare
gluon propagator in eq. (5.44) with d,p. As a result, the soft diagonal gluon carries only
one index at large N: the color structure of the bare gluon propagator is

6111)7336? = OabOcd Pac s (5.45)

where we defined a color projection operator for diagonal gluons,

1
Pac = Pt = e — N (5.46)
which satisfies PupPpe = Pae. We note that the first term of the projection operator is
orthogonal among diagonal gluons while the second term mixes different diagonal gluons,
which is a consequence of the over completeness of the double line basis. At large IV,
eq. (5.45) becomes 04p0cq0qc, Which indicates that there is only one color index to be
specified.
In terms of diagonal gluon projection operator, the resummed gluon propagator is
given by the sum of the following terms:
1 1 1 1 1 1

@Pab + 0? ’Pachd@,de + 0? PacHCd@'PdeHef@Pﬂ, + ..., (5.47)
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where the Lorentz indices are suppressed for the time being. Here Il is given by I1.4(Q) =
ee,qa(Q), with Il.q.r(Q) being the gluon self-energy. Each color projection operator is
accompanied by a momentum dependent part of the bare propagator 1/Q?. The color
structure of one-index gluon self-energy is

1
My = 5abFa - N Gab- (548)
By restoring the Lorentz indices, the gluon self-energy in the HTL approximation [76]
is given by
nglyj,cd(@ = be,chSHW- (5.49)
Here
a9, QrQY
STIY = _50u501/ + q0 /q Q/\Q (550)
AT Q. Q +ie

with @ = (1,q). The sign in the denominator is plus (minus) if the self-energy is retarded
(advanced). The form of §II*" is identical to that in perturbative QGP. The Polyakov loop
dependence is entirely in the gluon Debye mass:

M= laadabc (i (A@™) + @) - Ny (AQ + ﬂ(@b)))

e=1
Ny [ ~ ~ 1. -~
— 20ap0cd (A(Q ) — N (A(Q )+ AQ°) — N ;A(Q )))] ; (5.51)
which for @, = 0 reduces to eq. (5.39), namely
2 272 (1 1
Mab,cd =g T <3N + 6Nf> Pab,cd- (552)

Equation (5.51) leads us to
@ (v i
=2 (Z AQ) - NfA@a)) ST (Q)
e=1

2 " » N _
Gl = ‘% (NA(Q“") — Ny (A(Q“) + A(Qb)) -3 A(Qe)> STIM(Q) (5.53)

e=1
where we have restored the Lorentz indices.
Formally the two terms in eq. (5.48) are of the same order if we regard dq ~ 1/N.
However, we show in appendix B that a naive large N limit is justified. This allows us to
disregard the term proportional to GG, so that the gluon Debye mass becomes

a

M=%
3

N
> AWQ™) - Nf«Z(Q“)] , (5.54)

e=1

-39 —



Figure 11. The resummed gluon propagator as an infinite series of propagators with arbitrary
self-energy insertions. Each unfilled circle represents a self-energy insertion II. The double line
notation is used.

Figure 12. The diagrammatic equation for a color index e, in the presence of nontrivial
Polyakov loop.

where M2 is defined as Mgmbb = M25,. When Q% = 27Tq # 0, the explicit form of M?
for N = Ny = 3 are

3
M? = M2 = °1? (2 - 6q—|—4q2> ,

3
M2 = g*T? (2 —4q+ 4q2> : (5.55)

5.2.2 AMY’s integral equation with one color index

We next generalize the integral equation of AMY for a nontrivial Polyakov loop in the limit
of a large number of colors. From the discussion of the previous subsection, all elements of
the graph carry one color index, as in figure 12.
The integral equation analogous to eq. (5.26) is
4

DY(K,P)=1I}K,P)+ / (;lﬂq)4 M.(K,Q,P) F.(K+Q,P) DE(K +Q,P). (5.56)

Most quantities only need trivial modifications:

IY(K, P) = 2K + P)",

-1 1
F.(K,P) = — T T
( ) 4k (ky +p) Te +idE, ( )
1 o
M(K,Q,P) = 4292§k||(k|| +p)PPPGL(Q) - (5.57)

A distinct difference is the color factor C'r in M, changes to 1/2. This follows from enforcing
color neutrality on the soft gluon and dropping terms 1/N in the gluon self-energy. Apart

40 —



from this, the color index e enters I' and §F through quark asymptotic thermal mass
eq. (5.43) and gluon Debye mass eq. (5.54). Explicitly,

_ ~ p 2 2
5Ee = Eksgn(kn) + P — Ek+p sgn(k:H —|—p) =~ m(k]_ + me) N
2
. s 2T q 1 1
—iGI(Q)P'PY = —= [1- - | Im - . (5.58)
a % ¢ Q*-TF.(Q) @ -TF.(Q)
with
2
+q
7 .(Q) = —=5 M? {1 Dy (qo >] : 5.59
Le(Q) 7 20 ™\ 50— ¢ (5.59)
M2 (00\® @a, (w0+4
k. (Q) = =& () -~ =In <) 5.60
7.(Q) 2[q ?2 \q—q (5:60)
Following the case with Q% = 0, we define
0 di° Iz
0 p) =~k (ky + ) [ G Fu(K, P) DECK, P). (5.61)
Similarly,
. d3q
T+ 0B 20ep) = (2K + P+ [ 55 Clap) Sk +an). (562
where
C o 92 qu 0 - YRR D pv
c(a,p) =5 | 5= 2m0(q" — q) (=G, (Q)P'P”). (5.63)
2 27
The term proportional to I'e can be written in terms of C,,
ro & [ Lada, (GRE (Q)Pr P 5.64
e = ? (271')4 Q0 (CIO - qn)(_l ;u/,e(Q) ) ( . )

Physically, this is because quark damping is due to scattering off of soft and diagonal
gluons. We note that, by using ¢ ~ g1 and Gﬁfe ~ T/q?, T, is of order ¢?T. This is
suppressed by 1/N compared with I' ~ ¢g? NT, which is the damping rate when Q¢ = 0.
The diagrams of quark damping are the same as gluon rung M, as illustrated in figure 13.
Note that the Bose-Einstein enhancement fixes the color indices as f = e.

Therefore we have

3

i0E, f(k,p) = (2 + P)* + / (j;)’?, Colap) [k +a,p) - E(kp)].  (5.65)

We again need only an equation for projected fe,

3

a Ls Cela,p) [for (k +a,p) — for (k,p)]. (5.66)

Z(SEe feL(k,p) = QkL + / W
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Figure 13. The correspondence between the diagrams for quark damping and for soft gluon
exchange. The left-hand side is the quark self-energy, whose imaginary part gives the damping rate
of the quark. The right-hand side is the diagram from gluon exchange, which is the cut diagram
on the left-hand side. The double line notation is used.

The last changes are for egs. (5.4) and (5.7). Following the derivation of ref. [107], eq. (5.4)
becomes

G122 = a1GaARR + @2Gaaar + 3G aarRA + aaGARAA
+ a5GRraaa + a6GARRA + a7G ARAR
+ B1GRarn + B2GAaar + B3GR ara + BsGARAA
+ B5GRaa + BsGaArra + F1GARAR (5.67)

where A is defined as complex conjugation together with charge conjugation, i.e. flipping
the sign of background color charge. The relevant coefficients are

o] =~ Bl >~ ﬁe(kH ‘l—p)(l - ﬁe(ij)) . (568)
As a result, eq. (5.7) becomes

G122 = 01Ga4RrR(Qa) + 01 Gy ppr(—Q4) - (5.69)

Note that the background charge enters the integral equation eq. (5.66) only through
egs. (5.43) and (5.54), which are independent of the sign of @, as A is an even function.
We still have

G122 = 2a1 Re Gaarr(Qa) - (5.70)
Finally, the collinear rate is given by
dF _ Qem Zf dem X pd; [ dky d*k).
P = 5= Z Adiy.n) [ 5 Galell fkp]. (7D

where

(5.72)

ki2—|— ki + 2
Ae(ky, ) = Re(ky +p)(1 — Re(k))) <(p)> '

Qkﬁ(k}” + p)2
Note that the factor N in eq. (5.42) is replaced by a sum over color index e in eq. (5.71).

To summarize, the collinear rate in the presence of nontrivial Polyakov loop is given by
eq. (5.71), with fe | (k,p) the solution of eq. (5.66). All quantities which depend upon the
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background charge are defined in eqgs. (5.43), (5.54), (5.58), (5.59), and (5.63). We note that
the Polyakov loop effect enters separately in both the longitudinal and the transverse parts,
as can be seen from egs. (5.59), (5.71) and (5.72). In the longitudinal part, the Polyakov
loop dependence is reflected in the distribution function factor ne(kj + p)(1 — ne(ky)). In
the transverse part, the Polyakov loop effect appears in the asymptotic quark thermal mass
me and the gluon Debye mass M.

5.3 Photon rate in the collinear regime at large N

To obtain the photon rate in collinear regime, we need to solve eq. (5.66). In the limit of
large N, the collision term in eq. (5.66) is suppressed by 1/N. This can be understood
as follows. Since 0E, ~ m2/ky ~ g*T*N/k, the left-hand side of eq. (5.66) is of order
g2T2N/k||feJ_. On the other hand, by using eq. (5.64) the terms containing C, in the right-
hand side are of order I'ofo| ~ ¢?Tfs|. Thus, at sufficiently large N, terms in the latter
are small compared to the former.

This allows us to solve eq. (5.66) perturbatively. The solutions to zeroth and first order
in terms of C, are easily obtained. In the argument of all quantities, we suppress p but

indicate k:
2k
0) — L
et = SR
1 d3q 2(k; +q1) 2k |
e W _ / _ . .
el i6E.(k) | (2m)3 Cela) i6Ee(k+q) i0Ec(k) (573)

Only the solution to first order contributes to the photon rate. The relevant combination is

d?ky Pk, [ dPq k3 ki - (ki+dqy)
/ ek feL (k)] =4 / (2n)? / el )[w (k)2_5E€(k)5Ee(k+Q)} (5.74)

We note that, because of this truncation, the LPM effect is suppressed. Using the sum
rules of refs. [8, 108],

dq°dql 0 ~ 1 1
§(¢° — ¢! RE  O\PFPY=T = — ——— .
[ o ) R @P P =T (- e ) 6T
eq. (5.74) simplifies to
%k 2(2kn<kn+p>)2 /d% /quL TM?
Re[2k | - fo (k)] =2 & 5.76
] o el o9 =207 (55 er2 ) Gri@ vy 07

o 1 kL ki-(ki+aq))
k2 +m2 \k? +m2  |k+q|>+m2

(292)T (ku k|+p> /dlﬂ/dql qLJrMQ)

2
e

) ] +2m?
2 2 N
K1 +mg \ k1 +m? 2\/(/-& +q7 +m2)? — (2k1q1)?

1 m
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where in the second line we have performed the two angular integrations, and used the
formula [8],

o 1 1
dk? | — — =0. (5.77)
/0 KL+ me \/(ki +qt +m2)? — (2k1qL)?

Here k| and ¢, are of order ¢g1'. Nevertheless, since the integrand is convergent in both
the infrared and the ultraviolet, we can extend the range of the integrations of k; and ¢
to [0,00]. The result can be expressed in terms of a dimensionless function of the mass
ratio M, /m:

&k 2k (ky +9)\? M.
Re[2k, -f., (k)] =2¢* 1) T = 5.78
[ o el £ 10] = 247 (L. (). e
where
M 1 o m2 m2M?2
=) =- dk? SHES | e e
() =~ | L[(kimz)? n‘<k3+m2>2 510
5.79
M2 — 2m? | MZ(m2 —k* — M2 —VA)

— n
2VAGE +m?) " M2(m2— K — M)+ A— (K2 +m2)V/A

with A = (M2?)? —2M2(m?2 — k2 ) + (k% +m?2)?. In general, the left hand side of eq. (5.78)
is a complicated function of k|, p and M /m.. However, when LPM effect can be ignored,
it factorizes into the form of the right hand side of eq. (5.78). The function G(M./m.)
can be interpreted as the suppression factor for collinear rate, which can be determined
numerically.

Consequently, the collinear rate can be expressed as

ATy Cem > pqF o [ dky _ ) M.\ (ki + (k) +p)?
pdgp = A2 ;/% ne(k‘” +p)(1 *ne(k’n)) 49°T' G 777@ p—2 .
(5.80)
The final k|-integral can be done as follows:
dkH kﬁ + (kH +p)2 ~ ~
/27T T ne(ky +p) (1 —ne(ky))
tootiQe g (212 4 p? /2 — 2Q — 4l Q. ~ /, D\ ~ p
_ /_OOHQe 27r< - )n(l—l—2>n<—l+2) , (5.81)

where | = k) + p/2 4+ iQ.. The integrand is exponentially suppressed as Rel — +oo,
which allows us to shift the integration contour to the real axis. The following integration

[ 37 (87 () = 5

dl o () P~ p\ _ 1 p(dr*T> 4 p?)

formulas are useful:
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They can be obtained by integrating [ 1 (l + ) ( [+ ) and I°n (l + g) n (—l + %) along
the rectangular contour bounded by —oo, 0o, co + 27T and —oo + 2nT%i. Using eq. (5.82),
we obtain the collinear rate from eq. (5.80)

dl,  QemOs e\ 2m2T2 + 2p? — 6Q?
A quf2TZg< )W 2y~ 69 (5.83)

Py 3p(er/T — 1)

For a hard photon, where p > T, )., the collinear rate is simplified to

dr. aemasz q 4T
Y fHf Pzg<

pd3 N 2

) e P/T (5.84)

Me

whose parametric behavior is a Boltzmann factor times a term linear in p. This p-
dependence is consistent with AMY’s analysis without the LPM mechanism, and the anal-
ysis at two-loop order [109].

Note that the Polyakov loop only enters through the sum ) G(M./m.). In figure 14
we show the temperature dependence of this function when NV = N; = 3. While each indi-
vidual term G(M,/m.) changes with temperature, especially near T, the sum is remarkably
flat, with >, G(M./me) ~ 3 x 0.015 over a wide range of temperature.

From eq. (5.84) the collinear rate is not suppressed in the confined phase. At first
this is a surprising result, and it is worth discussing in some detail. It happens because
the soft gluon which is radiated is diagonal in color space, so the quarks in the initial and
final state have the same color indices. The distribution factor which appears in eq. (5.80)
is ne(k) +p) (1 —ne(ky)) = n(p)(ne(ky) — ne(k + p)). For large p > 0, this factor is
nonzero only when k) +p is positive, and kj is negative [11, 109]. This corresponds to pair
annihilation, as illustrated in figure 15; the other processes correspond to bremsstrahlung,
and do not contribute in this limit.

Since k|| + p is positive, k|| is not only negative, but large. Consequently, as p > T', we
can use a Boltzmann approximation for the statistical distribution functions:

N

B Zne (k4 p) (1 Tia(hy) = >l +p) ()
N

N
iz (ky+p—iQe) /T o~ (—ky+iQe)/T (5.85)
N

/

Thus the collinear contribution is not suppressed in the confined phase because the phases
cancel between the quark and anti-quark. This is exactly the same cancellation as found
for dilepton production, and rather unlike the color flow for the contribution to photon
production from 2 — 2 scattering.

This completes our derivation of photon rate in the semi-QGP, with a nontrivial
Polyakov loop at large IN. The result is a sum of leading logarithmic term from the rate
for 2 <» 2, eq. (4.71), and the collinear rate in the large N limit, eq. (5.83). We emphasize
that rates for 2 <+ 2 and collinear emission depend upon the Polyakov loop in completely
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Figure 14. Temperature dependence of function G(M./m.) in eq. (5.84), which is the suppression
factor for collinear rate due to background color charge when LPM effect can be ignored. In NV = 3,
the background color charge is parametrized as Q. = (—Q,0,+@Q). Points of different colors in the
figure correspond to e =1 (red), e = 2 (blue) and G averaged over three colors (green).

Figure 15. The collinear pair annihilation process. The curly line with a blob is the gluon HTL-
resummed propagator.

different ways. When the Polyakov loop is small, the rate for 2 < 2 is suppressed while
that for collinear emission is not. We note that our results are valid only for small values
of g? and large N. At moderate values of the coupling constant, corrections due to the
constant under the logarithm become important. At moderate values of N, the LPM effect
becomes relevant, and will produce cancellations between diagrams with different number
of loops, suppressing the photon rate in the collinear regime.

5.4 Why the LPM effect is suppressed in the semi-QGP

A nontrivial Polyakov loop is understood as from quantum fluctuations in Ay of order
T/g. This background gauge field affects quarks and gluons in different ways. As shown
in ref. [85], it reduces the density of hard quarks. It also acts as a Higgs effect for gluons,
giving mass of order T' to off-diagonal gluons, while leaving diagonal gluons massless. The
only gluons which scatter off of quarks in the large N limit are diagonal, and so are reduced
by 1/N.
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In the perturbative QGP, the LPM effect is relevant because the photon formation
time, tp, is comparable to the mean free path, A, of a quark undergoing multiple scattering
with gluons in the medium. The formation time is the time scale when a collinear photon
can be well separated from the quark, which is

1 T 1
0E kK2 +m?  @2NT

tp (5.86)

On the other hand, the mean free path has the same order of magnitude as the damping
rate of a quark in the thermal bath, with A ~ 1/T' ~ 1/(g>NT), which is comparable to tp.

A nontrivial Polyakov loop modifies the two scales differently. The thermal mass m re-
sults from interactions of a quark with hard thermal gluons. The Polyakov loop suppresses
the quark and the gluon density, and thus also m, by a loop dependent factor. The damp-
ing rate is due to the scattering off of soft gluons, but as these are suppressed for Q¢ ~ T,
only the scattering off of soft, diagonal gluons matters. Consequently, A ~ 1/(g*T) times
a loop dependent factor, so at large N, A > tp. This implies that quarks rarely scatter
more than once during the emission of a photon, and thus the LPM effect can be ignored.

6 Summary and concluding remarks

We calculated the production rates of the dilepton and the real photon in a matrix model
of the semi-QGP. The main results of this paper are eqgs. (3.13), (4.71), and (5.84). The
dilepton production rate was found to be slightly enhanced in the confined phase due to a
cancellation in the phases of the statistical distribution functions for the quark and anti-
quark [98]. By contrast, the photon production rate due to the 2 — 2 scattering is strongly
suppressed for small values of the Polyakov loop, as the phases in the distribution functions
do not cancel. We showed that the collinear contribution to the photon production is
suppressed at large N in the semi-QGP, since when the Polyakov loop is small, the Q%’s are
large, and off-diagonal gluons do not experience Bose-Einstein enhancement. We computed
the collinear contribution at large IV, and found that because of a cancellation of phases,
like dilepton production it is not suppressed even in the confined phase.

These results will modify the theoretical predictions for thermal production in heavy
ion collisions. Certainly the production rates for dileptons and photons are altered. The
elliptic flow for these particles are similarly modified, as the total elliptic flow is an average
over all the phases, from the initial state, to the QGP, to hadrons. These effects were previ-
ously discussed in ref. [98]. However, in that work the modifications of photon production
from 2 — 2 scattering and from collinear emission were not considered separately. Clearly
a more realistic treatment is called for.

In the current analysis, the effect of the confinement is taken into account as a nontrivial
value of the Polyakov loop. It is also interesting to consider the effect of the chiral symmetry
restoration as well as confinement [99, 105].

For the future, besides doing a more complete analysis of photon production, the most
urgent problem is to compute radiative energy loss for light quarks. This is closely related
to collinear photon emission, and so we expect that near 7., it will be dominated by
diagonal gluons for processes in which the color phases cancel.
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A Corrections to Boltzmann approximation to thermal distribution
functions

We will argue that correction to (4.11) is suppressed by additional exponential. We illus-
trate this in case of Compton scattering. The exact thermal distribution factors can be
expressed as

1 1 1 1
BB 1efE: —1 " BE 41

- 1
- E _ 1\~ (m+n+2)Bx/2—(m—n)By/2 (1 _
mn:o( 1)™e (1 A—D) +1> : (A.1)
Now the y-integral becomes
dye~(m—n)By/2 T _(m-n)B (m—n >
— = e (mAw 2] Ay, A2
PR — o\ —5 AAY (A.2)
where
t—u
= —2F
Yo t+u (.’IJ ) )
2+ /tu(t 4FE(x — F
Ay=— Viult +u+4E(x )), (A3)

t+u
and Iy(z) is the modified Bessel function of the first kind. Note that the leading logarithmic

contribution comes from ¢t ~ u?, s ~ pT, which implies Ay ~ pu. Therefore we may set
Iy((m —n)BAy/2) = 1. This leads to the following z-integral

/ T fpe- (B0 (1 _ 1)
p+i eB(z—p) +1

e~ Pp—oz 0 4] .-
=—5 F (17—ﬂ,1 - E,—eﬁ( m) le=p-+s/(4p)
—(B+6)(p+s/(4p)) 5 s
e
- Fll114+=.24 = —ePs/U4p) A4
5§+ 5 ( +B’+ﬁ’ ‘ ’ (A4)

"http://theory.tifr.res.in/~qcd2015.
Zhttp://indico.vecc.gov.in/indico/internalPage.py?pageld=37&confld=29.
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with 6 = B(m+n)/2 + (m —n)(t —w)/(2(t+u)) > 0 unless m = n = 0. Here, F(a,b,c, z)
is the hypergeometric function. For non-vanishing J, there is an additional exponential
suppression factor e 9®+s/(4P))  Therefore, we conclude any terms with non-vanishing m
or n is negligible in eq. (A.1), leaving only the term with m = n = 0, which corresponds
to the Boltzmann approximation.

B Thermal gluon mass in the presence of Polyakov loop

We regard Ny ~ N as a large number. Naively, the I’ and G terms give the same order
contribution in N because 4, ~ 1/N, however, as we show below, the G term is suppressed
by 1/N compared to the F' term. By plugging eq. (5.48) into eq. (5.47), we obtain the first

few terms explicitly:
1 1
@ <(5ab - N) ’

(6212)2 <6abFa - %Ll(F’ G)) )
@12)3 <5abF3 - S a(F, G)) . (B.1)

Here L1 (L2) are complicated functions linear(quadratic) in F' or G. By induction, we can
obtain the form of propagator with n self-energy insertions

1 1
eyt (0 = Y Lu(F.G)). (8.2
It is easy to see the 04, term can be summed as a geometric series, while the 1/N term
is not summable in simple manner. In any case, the resummed gluon propagator has the
following color structure

S 4a(Q) ~ - Bar(Q). (B.3)

with A,(Q) and By (Q) of the same order in N. Note A,(Q) = (Q? — F,) ™16, is entirely
from F', while Bg,(Q) has contribution from both F' and G.

Now we insert the resummed propagator into the graphical element M. Focusing again
on the color structure, we obtain after summing over gluon color indices:

(Taa)ef(Tbb)hg [5abAa - N

1Bab:|
1
SpgAy — (Af+A NQZA

- 5€f6hg§
+ 3z LS By ) - N LS B
c=1 c,d=1

(B.4)

In the above, we have suppressed the P dependence of A and B for notational simplicity.
Formally all terms are of the same order if we regard d¢, ~ 1/N and sum as ~ N. However,
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we have learned from the case without background color charge that the structure of M is
ultimately contracted with .y, on the left, which brings eq. (B.4) into the following form

059 |0s9As— N<Af+A N2 ZA Bfg sz BietBeg) = 73 Z Bea |-
c,d=1

We see the ¢, in the first term of the bracket becomes redundant. We can replace it by 1
Consequently, all other terms are suppressed by 1/N. We will keep only the first term,
which is fortunately easy to calculate. This approximation amounts to dropping the 1/N
term in eq. (5.51), leading to the gluon Debye mass, eq. (5.54).

Open Access. This article is distributed under the terms of the Creative Commons
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