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source of a scalar massless minimally coupled field. We assume that a particle is at rest
in the gravitational field, so that its motion is not geodesic, and it has an acceleration a
directed away from the horizon. The self-energy of a point charge is divergent and the
strength of the divergence grows with the number of dimensions. In order to obtain a
finite contribution to the self-energy, we use a covariant regularization method which is a
modification of the proper time cut-off and other covariant regularizations. We analyze the
relation between the self-energy and the self-force and obtain explicit expressions for the
self-forces for the electric and the scalar charge in spacetimes with the number of dimensions
up to eight. General expressions for the case of higher dimensions are also obtained. We
discuss special logarithmic factors Ina, which are present in both the self-energy and the
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holes.
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1 Introduction

There are several ‘eternal problems’ in the theoretical physics, that have been discussed
already for several decades. The problem of the electromagnetic mass of an electron is one
of them. A charge is a source of the electromagnetic field. The latter has energy and, when
a charged particle moves, it has momentum as well. The energy of the field contributes
to the total energy of the particle, and at least a part of its proper mass is connected
with this contribution. In the classical physics an electron is a point particle, so that its
electromagnetic energy diverges. In the simplest case when the charge e is distributed
uniformly over the surface of a sphere of the radius € the electromagnetic contribution to
the self energy is

E =¢e*/(2). (1.1)

The electromagnetic field of a charged particle is distributed in space. Its configuration,
and hence its energy, depends on the boundary conditions. Hence, in a general case the
field contribution to the self-energy besides the local divergent part contains an additional
term which depends on properties of the matter outside the charge, as well as the boundary
conditions. In a general case, the latter is non-local. If such a contribution depends on the
position of the charge and changes when the charge changes its location, then there exists
a non-local self-force acting on the charge.

Similar effect exists when a charge is located in a spacetime with non-trivial gravita-
tional field, for example, near a black hole. The black hole metric acts on the field generated
by a charge, in a way, similar to a dielectric [1] with the inhomogeneous refraction index.
It deforms the electric field so that it is not only decreasing at infinity, but takes very
special form at the horizon of the black hole, which, for example, guarantees the regularity
of the field in a freely falling frame. However, using the analogy with a dielectric, it can
be quite tricky to arrive to an intuitive explanation of a correct scaling of the self-force on
the distance from the horizon and even a sign of the effect (see discussion in [2]). Concrete
calculations are often required to get the correct answer. Knowledge of exact solutions in
some cases would be of great luck and help.

When the mass of the black hole is large, the curvature near the event horizon is small.
The horizon becomes practically flat and the gravitational field near it is approximately
static and homogeneous. In other words, the geometry in the vicinity of the horizon can
be approximated by a Rindler metric. If a charge is located close to the horizon the field
near it is similar to the field of a charge in the Rindler space. However, at far distances
from the charge the difference in the boundary conditions and the topology of the horizon
for these two cases (the charge near the black hole and in the Rindler spacetime) becomes



important for the self-energy problem. We shall discuss this difference in the present paper
and demonstrate that it is related to the contributions of zero-modes of the corresponding
elliptic field operator.

First calculation of the electromagnetic self-energy of a charge in a static homogeneous
gravitational field was performed by Fermi in 1921 [3]. In particular, he demonstrated that
the ‘weight’ of a system of electric charges is a product of its electrostatic energy by the
gravitational acceleration, so that the electromagnetic contribution to the gravitational
mass is identical to (properly calculated) contribution to its inertial mass, as it is required
by the equivalence principle.

For a charge located near a static vacuum black hole the self-energy was calculated
in [4]. In the case of an electric charge near a four-dimensional Schwarzschild black hole
the self-force is repulsive. Later this result was generalized to the case of electric and
scalar charges near Reissner-Nordstrom black holes [5, 6] and stationary, axisymmetric
black holes [7].

Expressions for the finite part of the self-energy in the homogeneous gravitational field
can be obtained by straightforward calculations [6]. The result is very simple

1
Er = —ieza. (1.2)

The purpose of this paper is to generalize these results to the case when a charged particle is
in a homogeneous gravitational field in the higher dimensional spacetime. There are several
reasons why this problem might be interesting. First of all, higher dimensional aspects of
the high energy physics attracted a lot of interest in connection with different models of
the brane worlds and large extra dimensions. In such models the fundamental scale of
the quantum gravity can be in the energy range of several TeV, which opens an intriguing
possibility of the micro black hole creation in modern colliders. An interesting question
is how the problem of the self-energy is modified when the spacetime has one or more
extra dimensions. Another reason that makes this problem interesting is purely theoretical
curiosity. The electromagnetic field in the higher dimensional spacetime is not conformal
invariant. Moreover, in the case when the spacetime has odd number of dimensions, the
Huygens-Fresnel principle is violated even in flat spacetime, namely, the retarded Green
function is not localized on the surface of the past null cones, but has ‘tail’ inside it. Static
Green functions, that are the main topic of this paper, also reveal specific properties that
are alternating with the odd-even dimensionatity of the spacetime. Recently, Beach et
al. [2] calculated the self-energy and self-force for an electric and scalar charges near 5-
dimensional spherically symmetric vacuum black hole. They explicitly demonstrates the
presence of a special logarithmic factor in the expression for the self-force.

An interesting consequence of this phenomena is the following. It can be shown that the
self-energy problem for a point charge in a static D-dimensional spacetime can be reduced
to the calculation of the quantum fluctuations of a scalar field in the Euclidean (D — 1)-
dimensional theory (see [8]). When D is odd, the corresponding (D — 1)-theory possesses
quantum anomalies. Their contribution to the self-energy of a charge in a Majumdar-
Papapetrou class of metrics was analyzed in [9, 10]. In three dimensions this anomaly was
used to calculate the self-energy of dipoles [11].



In the present paper we focus on a simpler problem: the self-energy and the self-force of
a point charge in the static homogeneous higher dimensional gravitational field. We assume
that a charge is at rest in such a field. Since its worldline is not geodesic, it has acceleration,
which we denote by a. Let us emphasize that according to the equivalence principle, this
problem is identical to a study of the self-force acting on a uniformly accelerated charge in
the Minkowski spacetime in the absence of the gravitational field.

Because, besides the charge e, this problem contains only one dimensional parameter,
the value of the acceleration, an expected expression for the self-energy and the self-force
can be easily obtained up to a numerical factor by simple arguments based on the dimen-
sional analysis. First of all, let us notice that the dimensionality of the electric charge
depends on the number of dimensions. For example, the energy E of the interaction of two

equal charges e, and the force f between them in D-dimensional spacetime have the form
e? e?

B~ RD-3° fe~ RD—2"

(1.3)
Here R is the distance between the charges.
As we shall see, for a point particle both self-energy and self-force are divergent. Based

on relations (1.3) one may arrive to a correct result that the leading divergence of these

quantities is
e? e?

div div
BT~ D3’ [~ D3

a. (1.4)

One can define a finite residual part of the self-energy and the self-force, which are obtained
by subtraction of all the divergences. Both residual self-energy and self-force are also
proportional to the charge squared, while ¢! has the dimensionality of the length.! Thus
one can write for them the expressions

E ~ e2qP3 Fres o e2qP2 (1.5)
It is easy to see that in the four-dimensional case the expression for £ correctly reproduces
(up to a numerical factor) the exact result eq. (1.2). In the five-dimensional case, the
corresponding exact expressions can be obtained by taking proper limit of the results
of [2]. By the comparison of the exact results [2] with eq. (1.5) one finds out that in the five
dimensions these expressions should be modified by a logarithmic term. Our calculations
in the present paper confirm that such a logarithmic factor appears in all odd-dimensional
cases

E™ ~ e2aP 3 1n(al) , fre= ~e2aP2In(al) D is odd. (1.6)

The parameter [ which is required in order to make the expression under the loga-
rithm dimensionless, is an infrared (IR) cut-off. It should be emphasized that the case
of the homogeneous gravitational field is not realistic and is a certain idealization. The
gravitational field created by an extended compact object can be approximated by the
homogeneous one only in a domain, where its spatial change (and hence curvature) can
be neglected. Similarly, one can support uniform acceleration only for some finite interval

"'We use units where G = ¢ = 1.



of time. Ome can expect that the parameter [ reflects the role of these natural infrared
cut-offs.

In order to perform calculations of the self-energy for a point charge one needs at
first regularize its infinities. In higher dimensions this problem becomes more severe,
because divergences are stronger and have a more complicated structures. In D dimensions,
when D > 4, the leading ultraviolet (UV) divergence of the self-energy is of the form
e?/eP~3, where € is the UV cut-off length parameter. These divergencies can be absorbed
into the renormalization of the local mass of the particle. In four dimensions this mass
renormalization is sufficient to make equations of motion well defined and to determine a
remaining finite self-energy of the charged particle, which is the difference of energies of a
charged and a neutral particles of the same renormalized masses. In higher dimensions new
subleading UV divergencies appear which require special treatment. In a general case these
divergences contain the acceleration and its higher derivatives as well as the curvature and
its derivative (in a case of a curved spacetime) terms (see, e.g., discussion of the in [12, 13]).
Simple dimensional analysis shows that in our case of the homogeneous gravitational field
(constant acceleration) UV-divergent terms in the self-force have the following structure

D-3 aP

=SalP,  P=3 b (1.7)
p=0

In the odd number of spacetime dimensions D the terms in the sum contain also In(ae)

contribution.

One of possible ways to deal with these divergences is to add corresponding counter-
terms to the action for the particle motion and choose them so that the divergences can be
absorbed by a redefinition of the coefficients of these counter-terms. These counterterms are
necessary to consider even in flat spacetime and even for a constant acceleration motion [14].
In six-dimensional curved spacetimes the counterterms were explicitly calculated in [13].

For a motion of a particle with the constant acceleration « it is sufficient to consider
only counter-terms of the form

D-3
1
Scounter — _2/Q(a)u2d7'7 Q(a) = Z Cg))ap . (18)
p=0

Here u is the velocity of the particle, 7 is the proper time, and Q(a) is a polynomial of
the power D — 4 of the acceleration a (or, in odd dimensions, a function which is obtained
from such a polynomial by including the In(ae) term).

The variation of this action restricted to the motion with constant a is

5Scounter aQ(a)
dx da |~

=at [Q(a) —a (1.9)
Here the polynomial in the square brackets is of the same order as Q(a). The chosen
structure of S« allows one to include the divergences eq. (1.7) into it by simple redefi-
nition of the coefficients Cg) in Q(a). Note that taking into account logarithmic terms is

manageble and does not complicate the problem. Let us emphasize that such an approach



would inevitably result in a theory containing higher than second derivatives in the par-
ticle equation of motion. The consistency of such a theory is a complicated problem that
we are not able to discuss here. Let us mention only that if one prefers not to introduce
the counter-terms similar to eq. (1.8), one may try to include the divergencies similar to
eq. (1.7) into a redefinition of the proper mass of the particle. However in such a case
the self-force of higher-dimensional classical point charges would become dependent on the
composition of extended classical charges. In other words the self-force can be used as the
probe of an internal structure of extended sources [15]. In the present paper we adopt the
renormalization approach. We shall use a modification of the proper time cut-off regular-
ization for calculation of the divergencies eq. (1.7) and calculate the finite residual part of
the self-force by subtracting these divergences.

Before describing the structure of the present paper, let us make one more general
remark. The problem of self-force becomes very popular in connection to the discussion of
motion of compact massive objects (for example small size black holes) near a large black
hole. The methods based on the general theory developed by DeWitt and Brehme [16]
and their recent modifications are widely used for this purpose. We would like to remark
that the non-local forces, similar to that we discuss in this paper, cannot be found in such
calculations.?

The paper is organized as follows: in the section 2 a brief review is given of the
general method which we use to compute the self-energy and self-force for a point electric
charge in a static spacetime. In the section 3 we apply this approach and a regularization
technique to an electric charge in a homogeneous gravitational field. In the section 4 the
results of calculations of the self-energy and the self-force of the electric charges in higher-
dimensional spacetimes are collected together. In sections 5, 6, and 7 we repeat the same
steps of calculations of the self-energy and the self-force, but in application to the scalar
charges. The section 8 is the summary of the results. In appendix A we provide definitions
and a general derivation of the density of the self-force and self-energy for electrically and
scalar charged media. In appendix B we collected the details of calculations of the Green
functions expansions, used in the derivation of our final results for the self-energy and
self-force.

2 An electric charge in a static spacetime

2.1 Equations

The action for the Maxwell field in a D—dimensional spacetime has the form

1
I = ~Tom dX \/—g° F'"F,, + /dX vV —gP A, J". (2.1)
Its variation with respect to the potential A, gives the field equation
F*., =4nJH, (2.2)

where J* is the current.

2Just to give a simple explanation, let us consider an electric charge in a flat space in the presence of
a conducting mirror. Since the curvature identically vanishes in the vicinity of the charge along all its
world-line, all the terms in the Brehme-DeWitt decomposition are the same as in the empty space. So that
the interaction of the charge with its ‘image’ is beyond their approximation.



Let us consider a static spacetime and write its metric in the form
ds? = gEVdX“dX” = —a?dt® + g da®da®, Ora = Oegap =0, (2.3)
so that one has

Xt =(t,z*), a,b=1,...,D—1, (2.4)
g° =detg,, =—a’g, g=detgw, gho=-0", 9= Ya- (2.5)

This spacetime has the Killing vector £# describing the symmetry of the metric under the
time translations. The Killing vector is defined up to an arbitrary constant factor, which
can be chosen by fixing the norm of the Killing vector £ = \/fﬂfﬂ = a(x) to be equal
to one at some point z,, that is a(x,) = 1. The proper time of an observer at this point
coincides with the coordinate time t.

Later on we consider the energy of a static point charge located at some point y, which
does not necessarily coincide with the point z, of the normalization of the Killing vector
&*. At the same time we shall use this vector to define the energy of the system. As a
result a so calculated energy £ is in fact a function of two variables, £(x,,y). Similarly
one obtains the regularized value and finite residual self-energy &.(z,,y) and E™(z,,y),
respectively. These quantities will be useful for the calculations of the self-force, because
one is able to find the change of the energy of the charge when its position y changes, while
the normalization point x, is fixed. On the other hand, when one discusses the energy of
the charged particle, it is always possible to choose a position of the normalization point
Z, to coincide with the position of the charge, y, so that one can write

E(y) =&(y,v), Ec(y) =&(y,y), E(y) = £ (y,y)- (2.6)

These are the ‘energies’ evaluated by the observer placed at the position of the charge.
For a static source JV = 4 JO the vector potential A, can be reduced to the only
nontrivial component Ag, which obeys the equation

1 1
—— 0o ( =/99™ 0 Ag | = 4mJ°. 2.7
oo (Gvadta )~ 2.1
Following the paper [10] we introduce another field variable v instead of the electric
potential
Ag = —a'?y. (2.8)

Then we can rewrite our problem as that for the scalar field ¢ in (D — 1)-dimensional space
and interacting with the external dilaton field . The equation for the field 1 is

(A +V)p = —4rj. (2.9)

Here,
A = g®V,V, (2.10)



is the (D — 1)-dimensional covariant Laplace operator, V is the potential, and j is the
effective charge density

3 (Va)? n Da
4 a2 2a
The field ) is chosen in such a way that the operator O = (A + V) is self-adjoint in the
space with the metric gqp.

=—a'2 A (a71/?), j=a’2g0. (2.11)

2.2 Energy

We define the static Green function Goo(z,2’) as a solution of the equation

La, (1\/5 6°0,Goo x')) = L), (2.12)
v \a Vi

satisfying the properly chosen regularity conditions at the infinity and at the horizon (if
the latter is present). It is easy to check that the static Green function Goo(z,z’) is the
time integral of the D—dimensional retarded Green function over the whole time t range.
Using the static Green function one can write the vector potential in the form

Ap(z) = 47r/ dz’ a(2')\/g(x") Goo(z, ') JO(a') . (2.13)
b
The energy function & of a static charge distribution reads
£ = /2T/’j§“dily = /de Vg Ty (2.14)

Substituting here the electromagnetic contribution to the stress-energy tensor eq. (A.29)
one can show that

£ = / dx /g a~tg™0, Ay, Ag . (2.15)
%

Taking into account the Maxwell equations and boundary conditions at infinity and at the
horizon we get [5, 6, 10]

&= —27r/d:c dx' \/—gP(x) \/—gP(x') J () Goo(z, z") JO(a'). (2.16)

Using the potential 9 given by eq. (2.8) the energy function eq. (2.16) can be presented
in the form

_ 1 ab Ya b
&= . /d:v Vayg (Q/Jﬂ + e w> <¢7b+ 2a¢) . (2.17)
One can write

&= 27r/dxdm’ V(x)vg(@) j(x) Gz, x") j(2') . (2.18)

Here G is the Green function corresponding to the operator O = A+ V in (D — 1)-dimen-

sional space
(A+V)G(z,2") = —6(z,2). (2.19)



The Green functions G and Gy are related to each other as follows
Goo(z, ') = —a*?(z) o?(2!) G, 1) . (2.20)

A point electric charge e moving along the worldline ~ defined by the equation X* =
YH(7) is described by the distribution (see, e.g., [17-19])

JUX) = e / a7 P2 (X, Y (7))ul6” (X, Y (7). (2.21)

Here 7 is the proper time of the particle, u* = dY*(7)/dr is the velocity of the particle,
g°% (X, X') is the parallel transport operator, and §° (X, X’) is the invariant D-dimensional

O-function .

V-

We are studying static charges in the static spacetimes eq. (2.3). For a static point charge

SP(X,X') =

SP(X — X'). (2.22)

located at a fixed point y, the only non-vanishing component of the current is

—_

J(z) =e——r—=d(z—y). (2.23)

The rescaled point current eq. (2.11) takes the form?

. ol/2
jlx)=e W) oz —y). (2.28)
9(y)
Finally we arrive at the following relation
£ =2me? aly) G(y,y) . (2.29)

It was demonstrated in [10] that this relation allows the following ‘elegant’ interpreta-
tion. Consider eq. (2.17) as an action for a quantum field ¢ in a curved D — 1 dimensional

3Charges are normalized in such a way that the interaction energy of two point charges e; and es placed
at a distance r from each other in D—dimensional Minkowski spacetime is

r (D2_3) erez 47 e1e2 op(n+1)/2

E = . = . Q=
20 P (D =3)Qmay P I((n+1)/2)

(2.24)

where €2, is the area of n-dimensional unit sphere. The interaction force between charges in D dimensions

reads
47 eiez

rD=3

= 2.25
e (2.25)

In the paper [2] authors work in a different system of units, such that the force between two charges é; and
€2 in the D—dimensional Minkowski spacetime is given by

f=5= (2.26)
Thus, our normalization of the charges and that of the paper [2] are related as
Qi 2
62: (j 2)~52, 92:47l', Q3:27T2, (24:8%7 Q5:7T3. (2.27)
7Iy



Euclidean space with metric g, and the dilaton field «. In this case the Green function
G(z,2') in the limit 2’ — x is nothing but the fluctuations of the field . Having in mind
this interpretation in what follows we shall use the notation

<w2) = lim G(z,2'). (2.30)

z,x' =y

Let us notice that one can also write

aly)(@W?) = — lim Goo(z,z'). (2.31)

z,x' =y

Thus one can write eq. (2.29) in the form
£ =2me?a (Y?). (2.32)

This representation relates the energy of the point charge e and quantum fluctuations
of the (D — 1)-dimensional Euclidean quantum field ¢ with the action eq. (2.17). From
(D — 1)-dimensional point of view 1 is a scalar field.

Of course, the energy of the charge is divergent and it has to be regularized (the
subscript € marks the regularized quantities) either by point splitting or in any other way

E =2me* lim a(z)a(z') G (z,2)

z,x' =y

: (2.33)

= —2me lim Geoo(w,fbl) .

T, =y
For our purpose the covariant regularization is preferable. In this case one can put 2’ =z
while keeping the ultraviolet (UV) regularization parameter e fixed and only then take a
limit € — O.

2.3 Self-force

The self-force acting on a static charge in a static spacetime eq. (2.3) can be defined in
terms of an integral of a force density f,(X) (in a roman font)

fo, = —Tos" (2.34)

over the constant time slice ¥. Here 7,3 is the stress-energy tensor of the matter field
including the interaction term with the current, but the contribution of the mass distri-
bution is excluded. For a static charge the force has only spatial components f, = (0, f,).
The integral force acting on the static charge distribution can be defined along the lines of
the articles [15, 17, 20] and has the form

1
fult) = = [ 0 00) la) (o) V(o) o (2:35)
Here y marks the spatial location of the particle and gab(y,a;) is the parallel transport

operator within the hypersurface ¥. It’s important to understand that the current density
JY, the stress-energy tensor T, the force density f,, etc. are, in fact, the functions of



two points in X: the point xz and the position of the particle y. For the point charge
JOx) = JO(z|y) = ed(x — y)/(a(x)/g(z)), and the coordinate y enters via the argument
of the d—function.

Substituting 7}, for the electric field eq. (A.29) to eq. (2.34) we get

faly) = —— /2 0t (9, 7) Fao(2)° () a(2) /(@) dar (2.36)

Then one can use eq. (2.13) to obtain

47 0
o) = o5 [ e d oG al )o@l @)1 o (. ) 5 5 Gool. ).
(2.37)
For the point charge the integration of d—functions over the space leads to a simple result

47 0
fa(y) = 62@%G00(%’, x/)|x=y, z'=y - (238)

Here the derivative has to be taken before placing points z and 2’ on the worldline of the
charge. In coincident points x = 2’ = y the parallel transport operator reduces to the unit
matrix §2. One can symmetrize the expression in eq. (2.38) to obtain

0
faly) = ZWEQQ(y) 90 (GOO(%J:,) + GOO(x/afE)) lo=y, 2/=y - (2.39)
We rewrite it as L8
fa(y) = 27”32@8?/1(;00(?/, y) . (2~4O)

This expression is formal because it is divergent and has to be properly regularized.
Regularization of the self-force can be performed by the same methods as those of the
self-energy. Then the regularized self-force acting on the charge can be written in terms of
a variation of the self-energy function over the position of the charge.

1 0 1 0

a(y) dye (a(y)Gly,y)) = _Eﬁya&' (2.41)

1
a(y)

Note that o = 1 at the position of the observer x, rather than the charge. Therefore, if we

fea = o2re? 00 Gooo(y,y) = —2me?

want to evaluate the self-force at the position y of the charge, then we can put a(y) = 1,
but only at the very end of computations after taking the derivative over y.

3 Electric charge in the Rindler spacetime

3.1 Static Green function

The D—dimensional Rindler metric which describes a static homogeneous gravitational
field reads

ds? = —a?2%dt® + dz* + dwi , dwi = 5ijd:cidxj , ij=2,...,(D-1),

a=az, r=x"=(z,2).

(3.1)

~10 -



We consider a particle at rest at the proper distance z from the horizon. Using the trans-
lation invariance of the metric one can always choose 2' = 0. In what follows we assume
this choice.

The particle at rest at z = const has a velocity

1
u® = — oy, 3.2
—5; (32)
and it experiences a constant acceleration
(63 1 (64
w® = —67. (3.3)
z

We remind that ¢ is a proper time of an observer at rest at z = a~! and, hence, at this
point
w® =ady . (3.4)

Our next goal is to find the static electromagnetic Green function in the Rindler
spacetime. In a general case one can add to it a solution of the corresponding homogeneous
equation. This ambiguity is fixed by a proper choice of the boundary conditions. In our
case the homogeneous equation is

3
(A+ V) = [8§+8§u—422]¢=0. (3.5)
A solution can be decomposed into modes
Y ~exp(iki®1)Z(2), (3.6)
where Z is a solution of the equation
d*z 3
— —|kL]*?Z - -5Z=0. 3.7
dz? . 472 (3.7)

This equation has two singular points: horizon z = 0 and infinity z = co. Its solution has
two arbitrary constants. For |k | # 0 one of them is ‘killed’ by the requirement that the
solution is finite at the infinity. Near the horizon one has

Z ~ C02_1/2 + 0123/2 + . (3.8)

Thus we obtain
Ag = —a'?p ~ —a/?(Cy + C12%) explik x ). (3.9)

Keeping the leading term at the horizon one has for |k | # 0

F F*™ ~ 2 2A% , ~C3kiz2. (3.10)

0,z

Thus a regularity of the electromagnetic field at the horizon implies that Cy = 0. To
summarize, in a general case a homogeneous solution dependent on @, cannot be both
regular at the horizon and restricted at infinity. For |k | = 0 the regularity of the field
strength at the horizon does not restrict constants Cy and C. Such a solution is, in fact, a
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zero mode of our field operator. The remaining freedom is a choice of the constant potential
value Ag at the spatial infinity. But one can always put it equal to zero without changing
the strength of the field. Such a solution is unique. This simple analysis shows that if only
one finds the static Green function for our problem, which is regular at the horizon and
vanishing at the infinity, this solution is unique.

For the Maxwell field we have to find the regularized Green function for the operator
eq. (2.9) with the potential eq. (2.11). In the Rindler spacetime V = —3/(42%) and

(A+V)G(z,2)) = {83 + fﬁl - 422] G(z,2") = —6(z,2'). (3.11)

We construct the Green function by using the heat kernel K (s|z,z’), which is the solution
the equation

0
|:85+A+V:| K(s|z,z') =0 (3.12)
with the boundary conditions
K(QO|z,2") = §(x,2'). (3.13)

For the Rindler metric eq. (3.1) A is a flat (D — 1)-dimensional Laplace operator. The
static Green function

G(z,2') = /000 ds K(z,2). (3.14)

The static Green function in coincidence limit and, hence, the self-energy function
diverges. The standard way of extracting the UV divergences is to regularize the heat
kernel. In general, the regularized heat kernel can be obtained by multiplying the heat
kernel by a weight function p(s, €), which vanishes for s < €2 and is equal to one for s > €2.
For example, a proper time cut-off regularization corresponds to a choice p = 0(s — 62).
For our calculations it is more convenient to choose

p(s,€) = exp(—e?/4s), (3.15)
K. (s|z,2") = p(s,e) K(s|z, ). (3.16)

The corresponding regularized static Green function reads
o
G (z,2) = / ds K.(s|z,2"). (3.17)
0

Note that this regularization is covariant and can be performed originally in D dimensions
for arbitrary spacetime. The result of an integration of this heat kernel over the time ¢ is
consistent with the static heat kernel K. (s|z,2’).

One can check that the solution of eqgs. (3.12)—(3.13) for the regularized static heat

kernel is
2+ 2] £
2 —

— 27
KE(S|$,$,) =Vzz W € 4s Il <23) y (318)

where I; is the Bessel function and

x3 = 6;(a" — 2’ (¥ — 2'7). (3.19)
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The choice of the Bessel function I is dictated by the condition that in the limit of small
s the heat kernel eq. (3.18) tends to the regularized heat kernel in the (D — 1)-dimensional
flat space
. (=) 4+ €
K| —»—— ¢ 4s . (3.20)
s—0 (47 5)771

The regularized Green function is the integral eq. (3.17) of the regularized heat kernel

over the proper time

zz! 3 D
GG_W“ [3—5—1, (3.21)
and )
2z
Guo = —a5 5 7, (3.22)
where we defined
o0
I’ :/ w1t ePUL (cu) du . (3.23)
0

Here are a few useful forms of the integral expressed in terms of the hypergeometric function
F or the associated Legendre function PJ

N O UE P G LR W
Y 2/ T(v+1) 2 7 2 ’ " p2
— — )Y E)VMF 1.2 1: — 2c
(p=c) (2 Twr1) \ITrvrgisvt bz (3.24)
— o TVI/2T +u p2—02 —77/2Piu p 7
(77 )( ) n—1 \/m
where .
U= p=2"+2"+a% +¢€, c=2z7". (3.25)
s

Let R and R be the distances from the observation point to the charge and its image
correspondingly
R*=(z-2) 422, R?=(z+2) +22. (3.26)
The combination p — ¢ = R? + €2 entering the Green function controls its singular behavior
in the limit of coincident points. Using the relations
1 - 1 -
p= §(R2+R2) + €2, c= §(R2 — R?) (3.27)

one can express the heat kernel and the Green function in terms of R and R.
Thus we can write the regularized static Green function in the form

L(B+1) (22)? 3 4z7
= — F 1, -3, —— 2
GsUO a 27_‘_,3 (R2 -|—€2)/8+1 B+ ) 2737 R2 —|—62 3 (3 8)

One can check that both G.oo(z,2’) and G.(x, ") vanish when one of the arguments, e.g.,
x, is placed on the horizon. It means that they satisfy zero Dirichlet boundary conditions
on the Rindler horizon.
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To obtain the general solution for the Green function Gpy one should remove regu-
larization (put € = 0) in eq. (3.28) and add a symmetric in z and 2z’ zero-mode solution
Co + O1 (2% + 2'?) 4+ C5 222'? of a homogeneus equation of the Maxwell equation.

This general solution

L(8) (2P (D3, 4
9x2-1 RP 2°2’" R?

Goo = —a > Co+C4 (Z2 + 2/2) + Cy 2222 (3.29)
is parametrized by three arbitrary constants Cy, C', Co, which are to be fixed by the bound-
ary conditions at the horizon and at infinity. In our particular case we require Ggg to be
finite, when either z or 2z’ are on the horizon, and Gy to vanish at infinity. It leads to the
choice Cy, C; = Cy = 0.

The static Green functions for particular dimensions of the spacetime are given in the
appendix B. Their asymptotics at € — 0 can be found in appendix C.1.

3.2 Near-horizon limit of the Schwarzschild black hole

The geometry of a static black hole near the horizon can be approximated by the Rindler
metric. If a charge is close to the horizon its field in the Rindler domain can be described by
the above constructed solution. This means that this solution can be obtained as a special
limit of the field created by the charge in the black hole geometry. We illustrate this by
a simple example of a four dimensional Schwarzschild metric, where the exact solution for
the field of a point charge is known. The static Green function near a Schwarzschild black
hole of mass M is is [21, 22]

M (r—M)(r' — M) — M?cos 6
A’ dgrr'\/(r — M2+ (' — M)2 — 2(r — M)(r' — M) cos — M2sin®§

Schw __

tt

Here the first term (the Linet term [22]) is regular outside the black hole. It describes the
potential of a weakly charged black hole. This term —M /(4xrr’) is important to keep the
total charge of the black hole equal to zero and corresponds to the zero mode which is finite
on the horizon and vanishes at infinity. In the near horizon limit this term boils down to
a trivial constant zero mode in the Rindler space.

Near the horizon the Schwarzschild radial and angle coordinates are related with the
proper distance z to the horizon and transverse coordinate x| as

22 24 _6
r=2M <1+ - 768M4) +O(M™9), (3.30)
o—1- "L 4o (3.31)
COS = 8M2 .

The Rindler limit can be obtained by taking the limit of large M provided one considers
the domain near the horizon, where the proper distances from the horizon to the charge
and the observation point are kept fixed and finite. In this limit the coordinate time z°
is defined as the red-shifted Schwarzschild time t rescaled in such a way that the timelike
Killing vector is normalized to unity when the proper distance to the horizon is equal to

a L.
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Then one gets

R+ R)*
G e~ L (R RT 3.32
where R and R are given by eq. (3.26).
Our solution eq. (3.29) in four-dimensional Rindler space takes the form
a (R- R)?
Gypop=———7=—. 3.33
“7 "8t  RR (3.33)
The difference between them is, evidently, the constant zero mode contribution
Schw a
= - . .34
00 Goo o (3.34)

Similar calculations can be done for the scalar Green functions. In that case no extra zero
mode contributions appear. The difference of the Green functions for the black hole and
Rindler spacetimes reflects the difference of their geometry and topology of the horizon.

4 Electromagnetic self-energy and self-force: results

4.1 Divergent part of the static Green function

In order to derive renormalized self-energy function one has to subtract the UV divergent
parts from the Green function eq. (3.21). Their local structure is given by the Hadamard
expansion. They can also be deduced from the heat kernel expansion in powers of the
proper time s. The generic structure of these divergences is

20’(1,1,)4—52 2
e~ s TATs

div AN
Ke (S|$,.’L’ ) - (47T8)(D_1)/2

lao(z,2') + say(x,2") + -+ + s[(Df?’)/z]a[(D,g,)/Q] (z,2')].

(4.1)
Here a,(z,z’) are the Schwinger-DeWitt coefficients. Because we are dealing with the
regularized version of the heat kernel, we can safely take first a coincidence limit z = 2’
and then integrate the obtained expression over the proper time s

o0
G (z,x) :/ ds K™ (s|z, z), (4.2)
0
and finally take an asymptotic of the result at small values of the UV cut-off e. When
r=2a
effl—zf)ﬁs
K& (s|lz,z) = lao(z, ) + sai(z,2) + -+ s P 2y gy 0 (2,2)] . (4.3)

(dms)(D-D/2

Here ) is an arbitrary IR cut-off parameter. In the case of the electric charge in the Rindler
spacetime the first three Schwinger-DeWitt coefficients are

3 1, 1 15
CL(](iL‘,-ﬁ) ) al(x,x) 14 4.2 a2($,:1:) 2V + 6 4 39 4 ( )
Now expanding G.(z,x) at small e and subtracting the G (z, x) we get
(%) = Gy, y) = G (y,y) - (4.5)
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4.2 Self-force

Substitution of the results of the above calculations for different spacetime dimensions (see
appendix C.1) into eqs. (2.29) and (2.41) allows one to find both the divergent and the
finite residual parts of the self-energy and the self-force. The results can be summarized
as follows. One starts with the equation of motion of a neutral particle with mass mg

moa, = F;*, (4.6)

where Fj** is an external force. When the particle has an electric charge e this equation is
modified and takes the form
moa, = Fﬁ’“ + fﬂ , (47)

where f, is an additional ‘self-force’ proportional to e2. The calculations show that it can
be presented in the form

fu= F 4 fre (4.8)

Here f5" is a divergent in the limit € — O part of the self-force. It has the following

structure
; Z (2r)
fiv = e®a, P(a), P(a)=> ¢ D5 (4.9)
k=0

Here D is the number of spacetime dimensions and kp = (D — 3)/2 for odd D and kp =
D/2 — 2 for even D. For odd D in the last term of this expression one should substitute

1 -
o In(e\), A=XeT/2, (4.10)

where A is the infrared cut-off and ~ is the Euler’s constant. The numerical coefficients

(2K)

¢y are given below.

D=4 |V=-1

D=5 Céo) = —ﬁ Céz) = %

D=6 |’ =—2 | =4

D=1 c(70) = _ﬁ ng) = _ﬁ 6(74) = 51%57#
D=8 cg)) = —8% 6(2) = —64% Cz(g4) = _10§fn2

It should be emphasized that f;iv is determined by local terms in the Hadamard
expansion of the Green function. We denote by f;= the finite part of the self-force which
is the residue obtained by subtracting the local divergent terms from f,,. This part of the
force depends on the boundary conditions and, hence, in a general case is non-local. Our

calculations give
= ¢®a,a®3[Ap + BpIn(8)\/a)] . (4.11)

For even D the logarithmic terms are absent and one has Bp = 0. The coefficients Ap
and Bp (for odd dimensions) are summarized below.
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D=4 | A4 =0 By=0
D=5 | As=5- | Bs=—1
D=6 | As=0 Bg =0
D=7 | A7= 202318817@ By = _51§57r2
D=8 |As=0 Bg =0
The leading divergence of P(a) is ~ cg)/ ¢P=3 and it does not depend on the acceler-

ation. One can absorb it into mg, by redefining the mass

(0)

c
m0—>m:m0—626DD_3. (4.12)

In the four dimensional spacetime this is the only divergent term in the expression for fl‘jiv,
so that one can say that the problem of divergence of the self-force can be solved by a
standard method of the mass renormalization, that is by redefining the universal coupling
constant in the action for the particle motion. After this one usually says that we must
use the action where mg is substituted by m, and the value of this parameter m should be
determined from observations.

In the higher dimensions one certainly meets a new problem: there exist subleading
divergences in the self-force and they depend on the choice of the solution (on the parameter
of the acceleration). One may say that these divergences can also be absorbed into a
redefinition of the mass of the particle, so that after such a redefinition the equation (4.6)
would take the form

m(a)a, = FZ* + f. (4.13)

However, in order to obtain such an equation from the least action principle one should
modify the action for a free particle. Namely instead of the standard action for a neutral
particle

Sop=—— / dru?, (4.14)

one should consider the action
1 i
s=si-; [drQ@nt. Q@)=Y e, (4.15)
k=0

Here w is the velocity of the particle. For odd D the term C’(DD_g)aD —3 with highest power
of a should be replaced by [C'E)D_‘g) + C(DD_g) In(8\/a)]aP~3. The coefficient Cg)) is nothing
but the change of the mass of the particle. The variation of this action results in the
following new form of the equation of motion

9Q

moay + (Q — aaa> G+ ... = Fot+ free. (4.16)
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The dots denote terms which contain @” and a¥. These terms vanish for the motion with
constant acceleration and the equation takes the form

aQ ext res
moa,, = <a8a — Q) ap+ F7+ 7. (4.17)

By comparing this equation with eq. (4.8) and eq. (4.9) one finds that they are the same if

0
a 6—22 —Q =¢€?Pla), (4.18)
or, what is equivalent, if one chooses
2 (2k)
o - _°¢ b _ (4.19)

© 2k — 1eD32%

Let us make a few comments connected with possible interpretations of the obtained
results. One can try to interpret eq. (4.16) as follows. After absorbing the term Q(a = 0)
into a redefinition (renormalization) of the mass, one may insist that the rest divergent
terms in the right-hand side of eq. (4.17) describe a real physical force acting on an ac-
celerated charged particle in the higher dimensions. However, there is another option,
which from our point of view is more preferable. Namely, one can assume that in order to
have a consistent theory of a particle in the higher dimensions one needs to start with a
generalized action of the form eq. (4.15) with arbitrary coefficients C(D%). In such a case,
in the presence of charge the subleading divergent terms in eq. (4.7) can be absorbed by
redefinition of these coefficients by adding the terms of the form eq. (4.19). It should be
emphasized that this renormalization procedure does not require the knowledge of the state
of motion (acceleration a). After such a redefinition is performed, following the standard
renormalization procedure adopted in the quantum field theory, one may consider C]()%) as
the finite renormalized coupling constants, the value of which should be found from exper-
iments. This approach was advocated, for example, by Galtsov in [12, 13]. In such a case
the finite non-local contribution to the force f; can be interpreted as a finite self-force.

4.3 Self-energy

After this detailed dicussion of the self-force let us make a few brief comments on the
residual (renormalized) value of the self-energy. In four dimensions we reproduce the old
result for the self-energy function [6]

626L

grcs — ,
2

D=4, (4.20)

We present here also the results for £*°. The residual terms of the self-energy function in
other dimensions can be obtained by using appendix C.1.

In even-dimensional spacetimes higher than four dimensions the energy function seems
to vanish, though concrete computations we performed for D = 6 and D = 8,

g =0, D=6,8. (4.21)
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In odd-dimensional spacetimes D = 5,7 we obtain

3e2a 5
res _ __ In (4 e D= 4.22
£ 167z [n( Az) + 6] 5, ( )
15€e2a 107
res — "7 % n (4\ - D=71. 4.2
¢ 512723 [n( )+ 60] ’ (4.23)

Let us remind that the self-energy functions £**(z,,y) depend on two points, a position
of the charge y* and the point of normalization of the Killing vector z%. In the above
expressions we use the following choice: 7% = (¢!, 2° = 0) and y® = (2,%* = 0). Hence
the energy functions are functions of two parameters a and z. For the self-energy one
has E'(a™!) = £&<(a~!,a™!). The expression for the self-force of the charge, given by

eq. (2.41) calculated at the point z = a~!.

4.4 Summary of results

The results of the calculations of the residual self-energy E™* and self-force fi* can be
summarized as follows:

e Four dimensions. Self-energy is negative and constant. The self-force vanishes.

B = —62“ , e ), (4.24)
e Five dimensions.
B = —3f;:2 [111 <42> o 2] : (4.25)
froo = —3162;3 [m <43> g 161] . (4.26)
e Six dimensions
B =0, fre=0. (4.27)
e Seven dimensions.
B = —1551“;2751 {m (4;‘> g 1:07] : (4.28)
fre = —4551;27;5 [m (2) - 16207} . (4.29)
e FEight dimensions
B =0, e ). (4.30)

The invariant self-force is equal to the absolute value of the z-component of the self-force

fTCS — fresfresa — ’f'rCS
a z °

One can see that the residual self-force in even dimensions vanishes. We obtained this
result for D < 8, however one can make a conjecture that this result is valid in any even
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dimensional spacetimes with a static homogeneous gravitational field. Let us also notice
that in odd dimensions the residual self-energy and the residual self-force depend on the IR
cutoff A = 1/ which has the dimensionality of inverse length. A similar logarithmic terms
are also present in the expression for the self-force of a charge near a five-dimensional static
black hole (see discussion in [2]).

5 A scalar charge in a static spacetime

5.1 Equations

Let us consider now a self-energy of a scalar charge in a static spacetimes. A minimally
coupled massless scalar field @ is described by an action

1 .
j= _8/dX \/—7913¢’“§15W+/dX V—g°JD. (5.1)
s

It obeys the equation
Ué=—4rnJ. (5.2)

The energy function £ of a static configuration of the scalar field is given by the integral
eq. (2.14) of the stress-energy tensor of the scalar field eq. (A.39). Taking into account
only the scalar field contribution, we have

1.
10 = 8745%;@ +@J. (5.3)

The expression for the energy can be written as

5:—;/dx\/§an5—;r/dxaa(\/ga@@;a). (5.4)

The last term is proportional to the surface integral of @ & over the boundary. It vanishes
because of the boundary conditions at infinity and on the horizon.
Similarly to the electromagnetic case it is useful to introduce another field variable ¢

d=a%p. (5.5)

The field ¢ satisfies the equation
(A+V)p = —4rnj, (5.6)

(Vo) Ao Ae?)
V= 402 20 al2 7 (5.7)
j=a'%J. (5.8)
Here

A =gV, V,. (5.9)
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5.2 Self-energy

In terms of this field the energy can be rewritten in the form

E= —817T/da: \/§gab (gpﬂ — ggcp) (go’b — % ) . (5.10)

This expression for the energy can be interpreted as the Euclidean action of a (D — 1)-
dimensional scalar field ¢ interacting with the external dilaton field a. One can use this
analogy to reformulate the problem of calculation of the self-energy of a point charge in
terms of the Euclidean quantum field theory defined on (D — 1)—dimensional space and in
the presence of the external dilaton field.

For a point scalar charge ¢ located at y the charge distribution reads

1
J:qﬁd(w—y). (5.11)

Thus, the self-energy function of point scalar charges can be written in the form [8]

£ =—-21¢"a(y) Gy, y) = —2n¢’a(y) (%) (5.12)

Here G(y,y) is the coincidence limit z,2’ — y of the regularized Green function. The
Green function G corresponds to the operator eq. (5.6)

(A+V)G(z,2') = —d(z,2). (5.13)

For point sources energy function £ diverges. To deal with this divergence one has to
use some regularization and renormalization schemes. Following the same arguments as in
electromagnetic case we obtain

E = —2n¢* lim oa(z)a(z)G.(z,2). (5.14)

z,x' =y
5.3 Self-force

The self-force of the static scalar charge distribution J in the static spacetime can be de-
fined [15, 23] exactly in the same way as that of the electric charge distribution egs. (2.35)—
(2.34).

faly) = —— /E 6t (4, 2) B(z) () /() e, (5.15)

a(y)
fo = —Tos. (5.16)
The stress-energy tensor of the scalar charge eq. (A.39) without mass terms reads

1 - 1 .
T = e <¢’“<P’” — QgD“VQ’C“@;a) —utu” dJ . (5.17)
7

The divergence of the stress-energy tensor gives the density of the self-force

fo = DJ we + J (68 + ugu? )V, (5.18)
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where
Wo = U’ Vyuq (5.19)

is the acceleration vector corresponding to the worldline with the velocity u®.
We define the self-force density of the scalar charge distribution as the right-hand side
of the equation of motion eq. (A.37)

pwe = fq . (5.20)
Here p is the mass density of the source and
foo = J(0F 4+ uqu? )V 3@ + we BJ . (5.21)

This force, evidently, is orthogonal to the velocity u® of the charge. So, for the T*" in the
form eq. (5.17) the problem of dependence of the mass of the point scalar charge on its
proper time, discussed in [23], does not appear.

Note that the force density eq. (5.21) is the sum of terms of two kinds. The first one
is determined by a gradient of the scalar field, while the second term in f, is proportional
to the acceleration vector and to the value of the scalar field. The second term has the
structure similar to the contribution of the mass density, though it depends on the value of
the scalar field at the position of the charge. This similarity is sometimes used to move this
term to the left-hand side of the motion equation and redefine the inertial mass density of
the charge and the force (see, e.g., [17] and references therein) as

p=p—Jo, (5.22)

fo = fo —wa @J . (5.23)
In this representation the force f, depends only on Vi@ 2, 17, 19, 23]
fo = J(02 4+ uau® )V, (5.24)

but in the general case the ‘inertial’ mass fi is position dependent.

In this paper we use the motion equations egs. (5.20), (5.21), (A.37) in their original
form, that is without any redefinition of the mass and the force. This choice guarantees
an agreement between the change of the self-energy function of the charge and the work
of the self-force during adiabatic displacement of the charge. At the end of this section we
provide the results for both kinds of forces.

In the case of a static charge in the static spacetime eq. (2.3) the expression for self-force
reads

1

o) =~ /E 00t (3, 2) T () () /g (@) d:

- a(ly) /Egab(y,a:) (JVp® + Jupu® V@ + wy JP) Oé(x)\/mdm,

(5.25)

Its velocity is proportional to the Killing vector, while the acceleration is w, = a‘laua.
The time component of the self-force and V@ vanish, and we obtain

fuly) = a(ly) /2 dr/Gaga (g, 7) (JV4® + w, JB) (5.26)
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Substituting eq. (5.5) and eq. (5.8) in this relation one gets
_ 1 b : Lo
faly) = @/de V994" (y; ) <]Vb90+ 2wb3w>
T 0
- % [ dsas \/g<x>\/g<a:'>j(x)j(x'>gab< ) (
_ A / dxdz’ \/7\/7

z') + %wb G(x,x’))

Gz,

(5.27)

For a point charge located at y the charge density distribution is

. Va
NG (z —y) (5.28)
So that one finally obtains
47rq 0
faly) = ) Dz <\/ )\ a(z') Gz, 2’ ) i (5.29)
T r=y,x'=y

The derivative has to be taken before placing points z and z’ on the worldline of
the charge. This divergent expression has to be regularized. Following the lines of the
electromagnetic case one can rewrite it formally as

fealy) = 21¢" —=< =2 (a(y) Ge(y, y)) - (5.30)
Comparing this formula with the expression for the self-energy function eq. (5.12) one
can see that

1
fa= _&6“5‘ (5.31)

Thus, the relation between the self-force and the variation of the self-energy function over
the position of the charge is the same as in the electromagnetic case. This fact is not

surprising but it’s a good test of the validity of derivation of the self-force.*

6 Scalar charge in the Rindler spacetime

For the scalar field in the D—dimensional Rindler space we have to find the regularized
Green function and the heat kernel for the operator A + V', where A is the flat (D — 1)-
dimensional flat Laplace operator and the potential V = 1/(422)

(A + V)G, 2) = [aﬁ LRt 412] Gla,a') = —0(z,2). (6.1)

“In the articles [2, 17, 19, 23] the modified self-force fu has been used. It can be derived by integrating
densities egs. (5.23) and (5.24). The result of computations can be presented in the form

: 2 1
fu=1rfu+ o E= - (Ou€ — 2w,E) . (5.32)

This formula is applicable to static scalar charges in arbitrary static spacetimes.
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Choosing the same regularization as for Maxwell field we get

K.(s|z,2") = p(s,€) K(s|z,2), p(s,€) = exp(—e?/4s). (6.2)

The regularized static Green function is

o
Gmmﬁ:/ ds K.(s|z,2"). (6.3)
0
One can check that the solution for the regularized static heat kernel is
P44l e

K =var 2T 1s I (ZZ ) (6.4)

(471'5)D/2 2s

where Iy is the Bessel function and @2 = g;;(z" — 2/%) (27 — 2'7).
The regularized Green function is the integral eq. (6.3) of the regularized heat kernel
over the proper time

Vzz D
Ge—%ﬁ 1y, B=5-1, (6.5)

where I, is defined in eq. (3.24). The regularized static scalar Green function can be
written in the exact closed form

_T(B) (2)1? 4z7
Ge= 55 (Rt )P @”*H@@)’ (6.6)

where R is given by eq. (3.26).
Note that the static Green function for the original scalar field ® (see eq. (5.2)), differs
from G. by the factor (zz')~1/?

G(z,2') = (D(2)®()) = (22') V2 G(z,2) . (6.7)

Along the lines of the electromagnetic case, one can obtain the general solution for the
Green function G(z,z’) from eq. (6.7) if one adds zero-mode solutions parametrized by
three arbitrary constants Cy + Cy In(z2") + Co In z1In 2. This general solution reads

G(l’, x/) _ r (%D_ 1)

orz—1 RP2

1 D 1 4zz
Fl—-1 -1, ——
<2 277 R2

!/
>+Co+01 In(22")+Cy Inzln 2. (6.8)

The three arbitrary constants Cy, C7, Co are to be fixed by the boundary conditions when
x or 2’ are at the horizon and at infinity. Analysis, similar to that of the solution for the
vector potential of the electric charge, shows that regular at the horizon and vanishing
at infinity scalar field configuration corresponds to Cy = C; = Cy = 0. One can check
that G (z,z") given by eq. (6.6) vanishes when one of the arguments, e.g., z, is placed on
the horizon. It means that it satisfies zero Dirichlet boundary conditions on the Rindler
horizon. The static Green functions for particular dimensions of the spacetime are given
in the appendix B. Their asymptotics at ¢ — 0 are in appendix C.2.
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7 Scalar self-energy and self-force: results

7.1 Divergent part of the static Green function

To renormalize the self-energy one has to subtract the UV divergent parts from the Green
function eq. (6.5). The local structure of divergences is given by the first terms in expansion
eq. (4.3) of the heat kernel over the proper time parameter. In the case of the scalar charge
in the Rindler spacetime the corresponding Schwinger-DeWitt coefficients are

1 9

1 1
ap(z,xz) =1, al(x,x):V:@, ag(x,x):§V2+6AV:3224. (7.1)
The residual finite value for quantum fluctuations of the field ¢ at the point y reads
(") =Gly,y) — G (y,y), (7.2)

which enters the formula eq. (5.12) for the self-energy of the charged particle. For different
spacetime dimensions (see appendix C.2) we finally obtain the self-energy function of the
scalar charge which has the constant acceleration.

7.2 Self-force

The divergent and finite parts of the residual self-force acting on the scalar charge can be
computed along the same lines as in the electromagnetic case (section 4.2)

moa, = F& 4 f, fu=f+ free. (7.3)

Here f; is a divergent in the limit e — 0 part of the self-force and f; is the finite residual
part of the self-force. They can be derived from the corresponding divergent and residual
finite parts of the self-energy using the relations (see also eq. (2.41))
10 10 _, 1 0
- 7gdlv _ 78res .

. div __ —
faa— 8 fa - aaya

- 4
o (4)

aoget =

Note that in the Rindler spacetime oo = az. It is equal to one at the point of observation.

It should be emphasized that in this approach the bare mass mg, or its renormal-
ized version m (see eq. (4.12)), are constants. In the literature on the self-force of scalar
charges [2, 12, 13, 17, 19, 23] the same motion equation eq. (7.3) is often presented in
the form where some specific, proportional to the acceleration, part of f, is moved to the
left-hand side of the motion equation and included into the redefinition of the inertial mass
(see egs. (5.22)—(5.24)), which then becomes dependent on the position of the scalar charge.
We denote the corresponding remaining part of the self-force in the motion equation as fa.
It is related to the self-energy function as

- 1 o . A ~ 1 0
div._ _ 7 gdlv -9 agdlv , res _ _ T gres -9 agres . 75
R 1C bt ) BN AR | UTEE T B ()
The divergent part of the self-force has the following structure
v _ o & o) a?t
f;hv =q auP(a) , P(a) = Z CD m . (76)
k=0
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Here kp = (D —3)/2 for odd D and kp = D/2 —2 for even D. For odd D in the last term
of this expression one should make a substitution

1 -
5 = In(ed), A= \e/2, (7.7)

where A is the infrared cut-off and ~ is the Euler’s constant. The numerical coefficients

Cgk) are
D=4 | =1
D=5 |-k [ &=k
D=6 | =% |5
D=t [Pk [Pk [P
D=y | = | = s | & = ohim

The finite residual part of the self-force has the structure

= ¢*a,a”3[Ap + BpIn(8)\/a)] . (7.8)

For even D the logarithmic terms are absent and one has Bp = 0. Our calculations lead
to the following the coefficients Ap and Bp

D=4 Ay =0 Byi=0
D=5 =g |Bi=—i
D=6 Ag =0 Bg=0

_ _ 243 _ 27
D=7 A7 = 2048 72 By T 51272
D=8 As =0 Bs =0

Similarly we obtain the coefficients for the divergent and finite residual parts of fa

fiv = ¢?a, P(a), P(a) = f: eg’”elﬁf_% . (7.9)
k=0
D=4 |&”=_1
D=5 |&dV=_L |&¥_ &
boo |-k [
D=7 égo) = 51, ~$2) = —5s 5(74) = 5ios7
D=8 | =-35 | & =52y | & = 55,
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The finite residual part of the tilde-self-force has the structure

f;fs = ¢*a,a”3[Ap + BpIn(8)\/a)] . (7.10)
D=4 |A;=0 By=0
_ i1 5 _ 3
D=5 |As=g5; |B=—5;
D=6 |As=0 Bs =0
_ i 381 545
D=7 A7 = 2048 72 By = T 51272
D=8 | Ag=0 Bs=0

One can see an amazing coincidence of electromagnetic residual self-forces fﬁiv and f;*
(see egs. (4.9) and (4.11)) with the scalar ones f;™ and f;* (see egs. (7.9) and (7.10)).
7.3 Self-energy

In even dimensions D = 4,6,8, etc. self-energy function vanishes. In odd-dimensional

spacetimes we have

2
q°a 3
— In (4 - = D= A1
& 16 [n( Az) + 7 2} 5, (7.11)
9¢%a 23

As earlier the self-energy functions £7(z,, y) depend on two points, a position of the charge
y® and the point of normalization of the Killing vector ¢. We put 2% = (a~!, 2" = 0) and
y® = (2,4 = 0) and wrote the residual self-energy functions as functions two parameters
a and z. For the residual self-energy one has E™(a~!) = £*(a!,a=!). The residual

self-force of the charge is calculated at the point z = a~!.

7.4 Summary of results

The results of the calculations of the finite residual self-energy E™* and self-forces f.** and

fres can be summarized as follows:

e Four dimensions. The self-energy and self-forces vanish.

E® =0, free =0, fre=0. (7.13)
e Five dimensions.
Eres — _(]1266712 [ln <t)\> by 3] ’ (7.14)
fro = _611266;;9’ [m <43> by 2} , (7.15)
fres = _3;1;7?3 [ln <t)\> I ?] ' (7.16)
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e Six dimensions. The self-energy and self-force vanish

E==0, =0, fi2=0. (7.17)
e Seven dimensions.
res _ilqzjj [m (4X2) + v — i;] : (7.18)
o = _2571(;2:25 [ln (42) oy i] ’ (7.19)
fros _ _4551(;%5 [m (4:) I 16207] ' (7.20)
e Fight dimensions .
E* =0, £ =0, fre=0. (7.21)

Similar to the electric charge the self-force for the scalar charge vanishes in even di-
mensions. In odd dimensions the self-energy and the self-force depend on the IR cutoff

A that needs to be chosen from physical arguments (see discussion of this problem, e.g.,
in [2]).

8 Discussion

In the present paper we calculated a self-energy and a self-force for a point charge in a
higher-dimensional static homogeneous gravitational field.

One of the results, presented in the present paper, seems to be quite interesting and
intriguing. Namely, we demonstrated that in even dimensions 4 < D < 8 the finite residual
part of the self-force for both electric and scalar charge identically vanishes. We do not
know a deep reason for this, but one might make the conjecture, that is a common feature
of even dimensional spacetimes with the number of dimensions greater than or equal to
four.

In 4 dimensions this result can be expected for the following reason. The invariant
residual self-force acting on a charge e near a Schwarzschild or a Reissner-Nordstrém black
hole of mass M is [4, 5, 17]

e?M

fres _ (fselfuf;;es)l/? _ (8.1)

3
In order to pass to the Rindler limit in this formula one needs to take the limit, when the
gravitational radius r, = 2M infinitely grows while the proper distance to the horizon is
fixed. In this limit f** = 0 that coincides with our result. In the higher even dimensions the
vanishing of the residual self-force in the Rindler spacetime implies that the corresponding
invariant of this self-force for the charge near the black hole remains finite on the horizon.
This result is valid both for electric and scalar charges.

The results obtained for a static homogeneous gravitational field can be directly applied
without any changes to the case of a uniformly accelerated motion of the charge in the

~ 98 —



higher dimensional Minkowski spacetime. In four dimensions the vanishing of the resudual
self-force acting on a uniformly accelerated charge is well known property (see e.g. [24, 25]).
The obtained in this paper results indicate that a similar property is valid for accelerated
scalar and electric charges in any even dimensional Minkowski spacetime.

A natural question arises about the validity of the calculations and the results. For
example, one can ask the question: at what distance from the horizon the residual self-force
of the charge becomes comparable with the gravitational attraction of the particle with the
mass m. Let us neglect for a moment logarithmic factors. The finite part of the self-force
is of the order of f ~ e?a”~2. On the other hand, in order to provide the acceleration
of a particle of mass m, one should apply the force f = ma. They become comparable
fre ~ f, when

aP=3 ~ 2”—2 . (8.2)

We denote by I, = a; ' a distance to the horizon corresponding to this solution. We also
denote by r,, a classical radius of the charged particle

o2
m = , 8.3
D3 (8.3)
then condition eq. (8.2) implies that
Lo ~ 7. (8.4)

In other words the induced finite self-force correction, acting on the charge, is of the
same order as the force, which produces the acceleration (directed towards the horizon [2])
when the distance to the horizon is small and comparable with the classical radius of the
charge. One can expect, that study of such regimes would require more detailed knowledge
concerning the internal structure of the particle, so that one cannot trust the obtained
results in this range of parameters. In a way, this problem is similar to the famous problem
of self-accelerated radiating charged particle motion in the classical electrodynamics (see,
e.g. [1, 25, 26]).

As we have already told the static homogeneous gravitational field is an idealization.
The corresponding Rindler metric naturally served as an approximation for the static metric
of a compact object in a spacetime domain of the size small with respect to the size of the
object (a black hole). An interesting question is how the expressions for the mass-shift due
to the self-interaction for a particle in the homogeneous gravitational field and near the
black hole are connected. In four-dimensional case this problem was analyzed long time
ago (see, e.g., [4-6]). The self-energy shift for a charged particle near a black hole can be
written in the form

1
E = 5620,. (8.5)

This expression is similar to eq. (1.2), but differs from it by the sign. This difference is a
result of two factors: (1) the topology of the black hole exterior differs from the topology
of the Rindler space in the external with respect to the horizon domain; (2) the integral
expression for the electromagnetic field energy is not uniformly convergent, so that its
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limit when M — oo differs from a similar integral, in which this limit is performed ‘inside’
the integral. As a result of the non-trivial spatial topology of a black hole, the Maxwell
equations for a static electric field in its background allow the existence of a ‘zero-mode’.
It describes a spherically symmetric electric field, which does not have sources in the
black hole exterior. By adding such a solution one can make a black hole to be ‘weakly
charged’. For the self-mass problem one chooses the Green functions so that such a mode
is suppressed and the black hole remains uncharged. Then the electric potential on the
horizon, which is always constant, does not vanish. In the homogeneous gravitational field
such zero-modes are absent and a regular solution has zero potential at the horizon. It is
interesting, whether a similar phenomenon occurs in the higher dimensions.

As we mentioned, in the odd dimensional cases the expressions for the residual self-
energy and self-force contain logarithmic factors. Similar factors were discovered in [2]
for the self-energy problem near 5-dimensional black hole. It is quite interesting question,
what is a physical meaning of the cut-off parameter, that enters these expressions. One
of the options is that it might be related with the scale that controls the validity of the
homogeneous gravitational field approximation.

To obtain finite expressions for the self-energy and self-force we used special prescrip-
tion for its regularization. This method is quite natural and basically it is some covariant
version of the Hadamard regularization. However, an interesting question is whether there
is an agreement in the results for different types of such ‘covariant’ regularizations. One
certainly expects that the results obtained for a covariant regularization are more robust,
than, say, for more naive regularizations, such as extended charged sphere. In the latter
case an inevitable problem is connected with an ambiguity of the charge density distri-
bution over the ‘particle’. In higher dimensions this problem is more severe than in the
4-dimensional case.

In our approach we study a pure classical problem: the Planck constant does not enter
any of the relations. However, it is quite interesting to consider a similar problem in the
quantum field theory. In the four dimensional case Ritus [27, 28] calculated the shift of the
self-mass for an electron moving in the static homogeneous electric field. His ‘quantum’
results were in good agreement with the classical calculations (for details, see [5, 6]). It is
worthwhile to repeat similar comparison in higher dimensions.
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A Motion of a continuous charged medium in a curved spacetime

A.1 Fock’s approach

In the present paper we focus on the properties of point charges. However, it is instructive
to consider this case as a special limit of continuous media, when its density takes the form
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of the delta-like distribution. Using this approach we derive in this appendix the equation
of motion and the stress-energy tensor for charged media moving in a curved spacetime.
For the electrically charged media we reproduce well known results. For the case of scalar
charge we derive a consistent set of equations which have quite interesting form and allows
us to analyze the motion of scalar charges in a curved spacetime in a self-consistent form.
To derive of the equation of motion for distributions of electric or scalar charges we use n
approach developed by Fock [29] for the electrically charged media. We assume the flow
lines of the media do not intersect, so that there are no caustics. In such a case the flow
lines determine a spacetime foliation by 1-dimensional lines, which can be parametrized as
follows

XY= Xa()\,yb) . (A.1)

For fixed value of the parameters 3°, eq. (A.1) defines a single flow line with A as a ‘time’
parameter along it. We denote a partial derivative along the flow line with respect to A by
a dot: (...) = 9Ox(...). The velocity of the motion of the element of the media along its

u® =x/L, L = \/=guwXx"x", uqu® = —1. (A.2)

We assume that the proper mass p(X), as well as the electric and scalar charge p(X) and

flow line is

J(X), within a given pencil of flow lines remain constant, so that the following continuity
equations are automatically satisfied [29].

Vaol(pu®) =0, (A.3)
Va(Ju®) =0, (A.4)
Valpu®) = Vo (J*) =0 (A.5)

In the case of electric charges the conservation of the electric current J* also follows from
the Maxwell equations.

Variation of the flow lines, which is the variation of the function x¢, is described by
displacement vector

Nt =0X*= 5Xa()\, yb) = 8ybxa()\,yb)5y“. (A.6)

Consider the variation 6 due to the change in the form of the functions y°.

u (X + %) = ut(XY) + dur, (A7)
Sut = dut — Ou” n*. (A.8)
ox«
Taking into account that
N 1 8gD
_ 71|27 oy STRYY
0L =L |5 a5 7 XX + g | (A.9)
one can write
6L = —Lu,u Ve . (A.10)
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Using these variation rules we obtain

Sa_ eana+ « . _n° (All)
U =u aXE U UsU el :
and, hence,
3’1},& — uev€na _ nevgua + UQUUUEVEUG . (A12)

The variations of the mass p(X) and scalar charge J(X) densities are

)

or + Von? = —usutVen?, (A13)
1

oJ

7 + vana = —UUUGVETZU7 (A14)
op +Von? = —usutVen? . (A.15)
P

Finally the variation of the densities take a form

op = =V (un®) — puguVen® (A.16)
6J = =V (Jn®) — JusuVen?, (A.17)
op = =Va(pn®) — pusuVen? . (A.18)

Here are the other useful variations

S(pu®) = Vo (pun® — pun’), (A.19)
5(Ju®) = Vo (Jun® — Ju®n’), (A.20)
3(pu®) = Vy(pun™ — pu®n?). (A.21)

A.2 Electrically charged media
A.2.1 Equations of motion

Let us consider the flow of electrically charged particles with the current density J*(X) =
p(X)u* and mass density pu(X). The action for the Maxwell field including an interaction
term with the current of massive particles reads

1= [ax \/—T;DF’“’FWJr/dX \/TgDAﬂpuu_/dX V=P (A22)
Using the variational rule eq. (A.21) derived in this appendix, the continuity equation, and
5/dX —gP p = /dX \/—79‘35;1 — /dX —g° pwen’ (A.23)
we get
oI = — ﬁ /dX V—gP dA, (FF , — A pul)
— /dX @na [uwa — pu Fosl| .

(A.24)
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Here w® is the acceleration vector
w® = uVeu®. (A.25)
Thus the equations of motion are

FHo .o = AnJH JH = pul. (A.26)
pwe = fo fo, = FopJ®. (A.27)

The vector f, defines the local force density acting on the element of an electrically charged
medium.

A.2.2 Stress-energy tensor

We denote the variations over the metric using the symbol §

§(uv=9) OX*/0p)(Ox"/Op) s _ 1 4 s

/=g  2945(0x/0p)(0x"/Op) M 2 m (4.28)
- we — 2 oI
The stress-energy tensor T NI reads
v 1 ol nlZ 1 v paf v
™ = = FHOFY, — Zg“ FYF.s | +utu” 1. (A.29)
7r

Note that metric variations of the interaction term vanishes. The divergence of the stress-
energy tensor

Tog? = pwe — FapJ® (A.30)

must vanish for a closed system. It does vanish on the equations of motion eq. (A.27).

A.3 DMotion of the media with the scalar charge
A.3.1 Equations of motion

Let us consider the flow of scalar particles with charge distribution J(X) and mass density
pu(X) in a curved spacetime. A minimally coupled massless scalar field ¢(X) with is
described by an action

I:—8iﬂ dX @é;“é;u+/dX@J¢—/dX —gP 1. (A.31)
Using the variational rules derived in this appendix and the continuity equations we get
S/dX —gP = /dX V=g o = /dX —g° pwyn’, (A.32)
8/dX¢-7DJ¢ = /dX\/—T;Dch?J
= / dX \/—g° Jn° (Pwy + Vo + uguVP) (A.33)

where w® is the acceleration vector

w® = uVeu®. (A.34)
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The variation of the action then reads

1

oI = - /dX V/—gP 00 (B + 4m])

(A.35)
— [ X V= = 89 w0 = IV 4w VD)
Thus the equation of motion are
Oé = —4rnJ. (A.36)
pwe = £y, fo, = J(32 4 uat®)V® + wy DJ . (A.37)

The vector f, defines the local force density acting on the element of a charged medium.

A.3.2 Stress-energy tensor

We denote the variations over the metric using the symbol §.

§(uv=9) OX"/0p)(Ox"/Op) s _ 1 4 us

/=g  2945(0x/0p)(0x"/0p) M 2 " (4.38)
The stress-energy tensor T+ = \%—g% is given by the expression
v 1 3 % 1 UV £, v
TH = o PHPY — ig“ DD, | +utu”(p—DJ). (A.39)
T

Note that, in contrast to the Maxwell field, it contains the term u*u”®J explicitly depend-
ing on the charge density J. The divergence of the stress-energy tensor

Tog” = (1= @T)wa — J (5 + ua’”)V 5@ (A.40)

must vanish for a closed system. Thus, we re-derive by a different method the motion
equations eq. (A.37) for the medium.

B Green Functions

The regularized static Green functions, both for scalar and electromagnetic fields, are
given by

/
G, = Y2 g8 5:%-1. (B.1)

2P TV
The parameter v = 0 for the scalar field and v = 1 for the Maxwell field.

v

(o.9)
I = / u L ePUL (cu) du
0

c)VF(I/+77)F(77+V n+v+1 02)

v ([ 1: —
P (2 T(v+1) y T g VThe

— efm/i/211<n_’_ l/)(p2 o 62)777/2 Pn_l/l ( p ) 7
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where

U= p=22+22+a2t + &, c=2z7, (B.3)
s
and
R(n) >0, R(p) > [R(c)]. (B.4)
For particular dimensions the integrals I;) can be written in terms of elliptic functions.
Let
2
k=] (B.5)
p+c
then

)2 = k\/ZK(k), (B.6)

1

1 _
Iy = (p? — )12’ (B.7)
k3
13/2 — E(k , B.8
O 201 - k2)v2re3 (k) (B8)
2 _ p
Iy = (p? — c2)3/2” (B.9)
L R SR (8.10)
8(1 — k?)2v2rmcd
2p? + 2
3 _
172 = L2 12 - @Kk - 2ER)] (B.12)
! kV me ’
Il — ¢ B.13
A ) ()
k
2= 2 — EE(k) — 2(1 — KO)K(k)] | B.14
2 C
I = (p? — c2)3/2° (B.15)
k‘3
2= 201 — k> + KHEk) — (1 - k) (2 — KK ()],  (B.16
Ve e JE(K) — (1 - k)2~ KK(K)],  (B.16)
3pc
3 _
C Divergences and finite parts of the Green functions
C.1 Maxwell field
In three dimensions we get
1 €
G R £ 2
G =~ [In (82) +2] +0(e), (C.1)
GBv — —2i[1n(eA) —In2+4], (C.2)
i
G@)ren — %[ln(/\z) +2In2++v—2]. (C.3)
T

— 35 —



In four dimensions

- - = C4
et dme  Amz +0(e), (C4)
G(4)div — i 1 ’ (0‘5)
41 €
GWren _ _%‘ (C.6)
Tz
In five dimensions
1 1 3 € 5
6 — - |- L2 = bl 2
G = 472 |:62 * 822 <ln (82) + 6)] O(€), (€D
Gaw _ L (1 3
GO = o |5+ g (n(ed) ~2+7) |, (C8)
3
GO®)ren — —m[ln(/\z) +2In2+~—5/6]. (C.9)
In six dimensions
1 3
6) — _ C.10
G. 8m2e3  64m2z%e +0(), ( )
. 1 3
(G)le — _ Cll
G 823 64m2z2¢’ ( )
In seven dimensions
1 [1 3 15 € 107
m_ - | _ In(—)+ — O(é? C.13
G 473 |:€4 1622¢€2 + 25624 <n (82) + 60 ﬂ +0(e), ( )
) 1 1 3 15
T)div _
G = A3 L‘l 16222 + 25624 (In(€}) —In2 + 7)] 7 (C.19)
15
G0 = — o In(A2) + 202 + 7 — 107/60]. (C.15)
In eight dimensions
3 1 1 5
® -2 |- _- 7 0] C.16
G5 = o [65 82263 128246] +009, (6.16)
. 3 1 1 5
(S)dlv — _ S Cl?
¢ 1673 |:65 822€3 1282'46] ’ ( )
G(S)ren — 0 . (018)
C.2 Scalar field
In three dimensions we get
1 €
B — __— —_ 2 .
G — m(&z) +O(?), (C.19)
GBI = —Qi[ln(eA) —In2+1], (C.20)
T
GBren — %[m(xz) +2In2 +7]. (C.21)
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In four dimensions

GW = — +0(), (C.22)
47e
) 1
GWav — _—_ C.23
e (C.23)
GWren =, (C.24)
In five dimensions
1 1 1 € 3
() I e -~ ° 2
G 472 |:62 822 (ln (82) + 2)] O, (€-25)
, 1 1 1
5)div __
1
G(5)ren = W[ID(AZ) + 2 ln2 + Y — 3/2] . (027)
In six dimensions
1 1 1
6 — - | — 2
6 = oz |3 + x| + 000, (C.28)
) 1 1 1
(6)d1v - _— | =
G - Lg + 8} , (C.29)
GO — (C.30)
In seven dimensions
1 1 1 9 € 23
G = —_|= - In(—)+= O(e? C.31
‘ 473 |:64 T 16222 T 2564 (n <8z) * 12)] (), (C-31)
_ 1 1 1 9
(7)d1v:7 - _ 1 —1n?2 .32
¢ Ar3 [64 T 1627 ~ 3561 () —In J”)} ’ (C-32)
9
G(7)ren = m[lﬂ()\Z) + 21n2 + Y — 23/12] . (C33)
In eight dimensions
3 1 9
(8 —
G 16735 + 12873 22¢€3 + 204873 z4€ +0(e), (C.34)
) 3 1 9
(8)d1v _
G 16735 + 12873223 + 204873 z4€¢’ (C.35)
G(S)ren =0. (036)
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