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ABSTRACT: The bulk S-Matrix can be given a non-perturbative definition in terms of the
flat space limit of AdS/CFT. We show that the unitarity of the S-Matrix, ie the optical
theorem, can be derived by studying the behavior of the OPE and the conformal block
decomposition in the flat space limit. When applied to perturbation theory in AdS, this
gives a holographic derivation of the cutting rules for Feynman diagrams.

To demonstrate these facts we introduce some new techniques for the analysis of con-
formal field theories. Chief among these is a method for conglomerating local primary
operators 01 and O; to extract the contribution of an individual primary Oa, in their
OPE. This provides a method for isolating the contribution of specific conformal blocks
which we use to prove an important relation between certain conformal block coefficients
and anomalous dimensions. These techniques make essential use of the simplifications that
occur when CFT correlators are expressed in terms of a Mellin amplitude.
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1 Introduction

Exact theories of quantum gravity should be formulated in terms of gauge invariant observ-
ables associated to the boundary of spacetime. In flat spacetime, the only such observable
is the S-Matrix, so a theory of quantum gravity in flat space will be a theory that computes
scattering amplitudes holographically. Since AdS/CFT [1-3] provides a non-perturbative
description of AdS theories via a dual CF'T, one can obtain the bulk S-Matrix from a flat
space limit of AdS. This defines a holographic theory for flat space using a sequence of
CFTs with increasing central charge. The introduction of the Mellin amplitude [4, 5] for



CFT correlation functions has led to progress [6-10] along these lines, and in particular, we
recently argued [9] that bulk locality can be understood by showing how the meromorphy
of the Mellin amplitude' leads to an analytic S-Matrix. The purpose of the present work is
to demonstrate how the unitarity of the S-Matrix can be derived directly from the unitarity
of the CFT. Specifically, we will derive the usual optical theorem

—i(T-TH =TT (1.1)

and cutting rules for the 2-to-2 scattering amplitude of massless scalars at a non-perturbative
level from the conformal block decomposition and the operator product expansion of
the CFT.

Before we outline the derivation, let us first comment on how the standard, manifestly
unitary definition of the S-Matrix can be applied in AdS/CFT. The S-Matrix is usually
defined as the overlap between in and out states

Saﬁ = <ain|ﬁout> (12)

where « and 8 are multi-particle states composed of asymptotically well-separated, exactly
stable particles. From this point of view, unitarity arises as a consequence of the complete-
ness of the in and out bases, and all of the structure of scattering is encoded in the fact
that these bases are different. In the interaction picture we write the S-Matrix as

806/3 = <O‘free |S| ﬁfree) where §=T {ei 2 Hl(t)dt} (1.3)

and T is the time ordering symbol. The unitarity of the S-Matrix follows automatically
from the unitarity of the S operator.

All of these statements have simple analogs when we take the flat space limit of
AdS/CFT. The key is to realize that global AdS behaves likes a cavity or finite sized
‘box’ [11], so to obtain the S-Matrix we need only setup the correct experiment and then
take the size of the box to infinity. As originally discussed in [12, 13] and recently revisited
in [9, 14, 15], one can setup initial states corresponding to incoming particles by acting with
CFT operators, and then measure the outgoing particles with final state operators after
exactly one scattering event has occurred. Since we want to scatter finite energy particles
in the vanishing curvature limit of AdS, we need to study bulk states with energy E so that
ER — oo as the AdS length scale R — co. An elementary feature of the AdS/CFT corre-
spondence is that AdS global time corresponds to radial quantization ‘time’ in the CFT,
as pictured in figure 1. This means that time translations in the bulk of AdS are generated
by the dilatation operator D in the CFT, so bulk scattering amplitudes involve CFT states
of dimension very large compared to 1, but very small compared to the central charge.

In other words, to compute scattering amplitudes using AdS/CFT we setup an in-state
by smearing with CFT operators at an initial “dilatation time”, we evolve the state with
the dilatation operator D for a time wR, and then we measure the result at a final time.

"We reviewed aspects of CFT physics and the Mellin amplitude in our recent companion paper [9], and
we discussed them in detail in [7], so we urge interested readers to consult these references for a review.
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Figure 1. This figure shows how the AdS;11 cylinder in global coordinates corresponds to the
CFTy in radial quantization. The time translation operator in the bulk of AdS is the dilatation
operator in the CFT, so energies in AdS correspond to dimensions in the CFT. A scattering process
in the bulk can be set up by acting with smeared CFT operators at an initial and final time that
are separated by mR. In the large N limit, a product of n single-trace CFT operators creates an
n-particle scattering state in the bulk.

Now it is easy to imitate the usual interaction picture. When studying CFT operators
and states with dimension small compared to the central charge N2, we can separate the
dilatation operator into D = Dy + %DI. Bulk perturbation theory and bulk scattering
amplitudes can be computed using equation (1.3) with

R
Sap = P}im (Ofree |SR| Prree) where Sp=T {exp [z/ 2R D[(t)dt] } (1.4)
— 00 _ TR
2

where now the states « and (8 are created by products of single trace operators, as discussed
in [9, 14, 15]. From this point of view, the unitarity of the S-Matrix is a direct consequence
of the unitarity of the CFT. This description of scattering also immediately explains the S-
Matrix results of [16], namely that to first order in perturbation theory, the bulk S-Matrix
is just the matrix of anomalous dimensions («|Dy|5).

While this procedure looks familiar from the point of view of the bulk, the setup of
equation (1.4) does not appear very natural in the CFT, nor is it convenient to use for
computations. Fortunately, in [9] we proved a conjecture of Penedones [6] that gives an
extremely simple formula for the S-Matrix written directly in terms of the Mellin amplitude
for CFT correlators. This formula also leads to a nearly trivial relationship between the
conformal block decomposition of a CFT correlator and the S-Matrix in the flat space
limit. Let us now briefly review the conformal block decomposition, which can be viewed
as a consequence of unitarity in the CFT.



In any theory whatsoever, one can insert the operator 1 as a sum over states |a){a/],
giving
Aa(zi) = (O1(21)Os(w2)|er) (0] O3(w3) O (4)) (1.5)
[0
in the case of a 4-pt correlation function. In theories with symmetry one can make further
progress by organizing the states |«) into irreducible representations of the symmetry group.
In flat spacetime, this means that one can use Poincaré invariance to break the sum into
states of definite energy, invariant mass, and angular momentum and then integrate over
the overall momentum of the state. In a CFT, we can organize the states |«) of definite
dimension and angular momentum into primaries and descendants, where the descendant
states can all be represented via actions of the translation operator P* on a primary state.
If we organize the sum in equation (1.5) so that all descendants are grouped together with
their defining primary, we have the conformal block decomposition [17-20]

Ay(x;) = ZPA,ZBKA(%;) (1.6)
Al

of the CF'T correlator, where the Pa ¢ are fixed numerical coefficients encoding dynamical
information about the theory. The conformal blocks B4 (z;) are the universal functions that
represent the contribution of a given primary and its descendants to the 4-pt correlator;
these functions also depend on the dimensions A; of the external operators O;, and were
recently given in Mellin space in [4, 5, 9] for CFTs of arbitrary spacetime dimension.

The conformal block decomposition can also be viewed as a consequence of the operator
product expansion, and this is where its power lies. The OPE says that we can write the
product of two operators as a sum

O1(21)Oa(w2) = Y R bR y(w1, 22, 2)On ¢(x) (1.7)
AL

where the universal 3-pt function blﬁé is fixed by conformal symmetry. If we use the OPE
twice inside a 4-pt correlator, then we can express that correlator as a sum over CFT 2-pt
functions with coefficients clﬁeci‘{ ;- But since local CFT operators are isomorphic to CF'T
states, this can also be viewed as a sum over all the states in the theory, as in the conformal

block decomposition. In other words, the OPE implies that
Ppy = ClAZ,zC%,z (1.8)

We have derived the well-known fact that the 3-pt correlators in a CF'T in principle deter-
mine all the n-pt correlation functions in the theory.

The rest of this paper will be concerned with making these ideas computationally
useful and relating them to the S-Matrix. The key to putting the OPE to work is pictured
in figure 2; we will refer to the process depicted in the bubble at the top of this figure as
conglomerating operators O, and Oy, into a double trace operator [OqOp), ¢. This makes
it possible to use k-pt correlation functions to determine lower point correlators involving
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Figure 2. This figure shows how one can conglomerate k —2 CFT operators in an k-pt correlation
function to obtain a 3-pt function, and then use these 3-pt functions to determine some contributions
to the conformal block decomposition of a 4-point correlator. This procedure makes it possible to
use one order in perturbation theory to say something about the next; it is precisely analogous to
the way that the optical theorem permits the calculation of the imaginary part of the S-Matrix
using a phase space integral over the product of lower point scattering amplitudes.

multi-trace operators. In particular, we can use information about the correlators at one
order in perturbation theory to compute terms in the conformal block decomposition at

the next order, as pictured in the second step of figure 2.

So how do we implement this conglomeration procedure? Naively, one might proceed
by defining the double trace primary operator as a linear combination of terms of the
very schematic form 0*010Y0,. Then, by imposing that the special conformal generator
annihilates the sum, one finds relations for the coefficients. By itself, this is a rather involved
combinatorially exercise; some partial results were obtained in [6, 21], and for completeness
we give a recursion relation for the coefficients in the case of a general double trace primary
operator in appendix C. However, it turns out that determining these coefficients is actually
the easy part, because to use these coefficients to compute correlators involving a double
trace primary [O10s], ¢ we also need to differentiate a CFT correlator involving O; and
05 a total of 2n + ¢ times. This procedure is very cumbersome, especially at large n and £.

Fortunately there is a better method that exploits the simple properties of the Mellin
representation for CFT correlators. Instead of differentiating single trace operators, we can
integrate them against simple ‘wavefunctions’ that conglomerate the single-trace operators
into the desired double-trace state. To form an operator of dimension A and spin £ from
two single trace operators inside a correlator, we write

(Ons()...) = / Qo dbs fa o (00, 22) (O1 (1) Oa(a2) . ) (1.9)
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Figure 3. This figure indicates how the sum over k-trace operators with dimension A turns into
a phase space integral over k-particle states with center of mass energy A/R in the flat spacetime
limit of AdS/CFT.

¢ Y

where indicate any other local operators that may appear in the correlator. The
wavefunction fa ¢, which we will determine in section 2, has only power law dependence
on the differences between the coordinates. Because of the simplicity of fa ,, when we
represent CFT correlators as Mellin amplitudes, the integrals in equation (1.9) can be
done immediately using the Symanzik star formula, which one can view as the Mellin-
space analog of the formula for the Fourier transform of e?*. We will also see how to use
these methods to extract the coefficient of an individual conformal block from the Mellin
amplitude. In section 2 we will derive these techniques and use them to obtain some new
results about CFTs, and then in section 3 we will also make essential use of this technology
in our derivation of unitarity. It seems likely that these techniques can be usefully applied

far afield from our discussion of the flat space limit of AdS/CFT.

The process of conglomerating operators at one order in perturbation theory and then
combining the results to give information about the next order should remind the reader
of the way that the optical theorem

—i(T-TY =TT (1.10)

computes the imaginary part of the S-Matrix. In section 3 we will show that in fact,
the conformal block decomposition as computed along the lines of figure 2 reduces to the
imaginary part of the S-Matrix in the flat space limit of the bulk AdS theory dual to
the CFT.

To derive the optical theorem, we need to show that the sum over k-trace operators
in the conformal block decomposition reduces to a phase space integral over k-particle
states, as pictured in figure 3 for £ = 2. We explain this essentially kinematical fact in
section 3.3. One might also wonder whether all operators that can be exchanged in the
conformal block decomposition are really k-trace operators, and what role is played by the
operators dual to unstable particles. The S-Matrix connects in and out states composed
of exactly stable particles, and so scattering amplitudes between unstable particles are not
well-defined and do not appear in the unitarity relation. The qualitative difference between
stable and unstable particles emerges only in the flat space limit, when the original primary
operators dual to unstable particles get lost on the sea of multi-trace operators with which
they mixes. We saw an explicit example of this phenomenon in [9], where we obtained a
Breit-Wigner resonance from the flat space limit of AdS/CFT.



This also means that the small black holes that can occur as intermediate configurations
in scattering processes are not literally states in the theory, since they too are unstable.
Thus there are no ‘small black hole operators’ being exchanged in the conformal block
decomposition, and we are not missing any contributions when we formulate unitarity
purely in terms of stable multi-particle states.

The conformal block decomposition provides an expression for the exact 4-point corre-
lator, but the left hand side of the optical theorem only involves the imaginary part of the
S-Matrix. Another way of saying this is that in general, the optical theorem does not pro-
vide sufficient information to fully determine the next order in perturbation theory, because
the real part of the S-Matrix cannot be uniquely computed. But this means that when
we use the OPE as pictured in figure 2, we must be missing terms that correspond to the
real part of the S-Matrix! The missing terms can be most easily understood by looking at
the one-loop example in figure 4. In the conformal block decomposition of the 4-point cor-
relator computed by this loop diagram, when double-trace operators are exchanged there
are terms that correspond to ‘cuts at the edge of the diagram’. These combine the 3-point
functions of mean field theory (ie the CFT correlators that follow from a free theory in
AdS) with interacting 3-point functions, as pictured on the left and right sides of figure 4.
We will prove that in the flat space limit, these terms in the conformal block decomposi-
tion only contribute to the real part of the S-Matrix, and so they drop out of the optical
theorem. These edge cuts identically represent the part of the S-Matrix that is non-trivial
to reproduce using dispersion relations.

Interestingly, the proof that these edge cuts only contribute to the real part of the
S-Matrix requires an identity first conjectured in [22], which amounts to the statement
that the edge cut terms are total derivatives. Alternatively, the conjecture says that the
OPE coefficients ¢, ¢ = ¢, ¢ + dc, ¢ for these edge cuts satisfy

10

Emg(scn’g = 1% (E?L’[y(n,ﬂ)) y (111)

where 7(n, £) is the anomalous dimension of the double trace operator [0O10s],, ¢ of dimen-
sion Ay +Ag+2n+ L+ ~(n, L), and &, and dc, ¢ are respectively the infinite N value and
finite IV corrections to ¢, . We will precisely state and prove this statement and a rele-
vant generalization at a non-perturbative level in section 2.3 by using the conglomeration
techniques discussed above.

The outline of the paper is as follows. In section 2 we derive our technique for con-
glomerating operators and apply it to some useful examples, obtaining a few new results
along the way, including the infinite N conformal block coefficients in arbitrary spacetime
dimensions and the generalized derivative relation indicated in equation (1.11). In section 3
we show how the unitarity of the S-Matrix follows from the conformal block decomposition,
as we briefly outlined above, and we give a full one-loop example. Finally in section 4 we
conclude with a discussion of the implications and opportunities for further work.
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Figure 4. This figure provides a schematic depiction of how a 1-loop Witten diagram in AdS
decomposes via the conformal block decomposition in the dual CFT. For illustrative purposes, the
bulk theory has both a §¢?x? and a £y2t? interaction. The dashed lines indicate ‘cuts’; the central
cut, highlighted in purple, provides the familiar imaginary contribution to the optical theorem in
the flat space limit. The conformal block decomposition also includes the ‘edge cuts’ on the left and
right, which have no analog in discussions of the cutting rules. These edge cuts are very important
in order to obtain the full correlator, but in the flat space limit they only contribute to the real
part of the S-Matrix, and so they drop out of the optical theorem.

2 Conglomerating operators

The goal of this section will be to understand how to ‘conglomerate operators’ in order to
combine a pair of local primary operators into a third composite operator that appears in
the OPE of the first two. We will also be able to use these techniques to extract specific
terms from the conformal block expansion.

2.1 Basics

Before we see how the conglomeration process works, let us first review a few basic facts
about CFT operators. We have written out the full conformal algebra in equation (C.1) in
the appendix, but for our present purposes it will suffice to consider the commutation rela-
tions of the dilatation operator D, the momentum generator P, and the special conformal
generator K*. These take the form

[D,PH] = Pm [DvKu] = _K/u [P;uKV] = _Q(WVD + iMIW) (2'1)



The crucial feature to notice is that P* and K* act as raising and lowering operators with
respect to the dimension, which is the eigenvalue of D. Unitary CFTs have lower bounds on
the allowed dimensions of operators, so this means that after some number of applications
of K" any state of definite dimension will be annihilated. A state that is annihilated by K*
is called a primary state, and the operator that creates this state is referred to as a primary
operator. All states of definite dimension and angular momentum can be classified as either
primaries or descendants of a primary. Since the momentum P* = i@u, descendants are
just derivatives of primaries.

Let us begin with some very concrete examples in mean field theory (ie the dual of a
free theory in AdS), where all correlators are determined by the 2-pt functions of single-
trace primaries, which are the operators dual to the fields in AdS. Given two single-trace
primary scalar operators O and O, one can form double-trace primaries [O10z],, ¢ which
will have dimension A1+ Ag +2n + £ and spin £. The most trivial example is 0105, which
is primary and has n = £ = 0. But we can also form the operator

A3(0,01)05 — A1 01 (8,05) (2.2)

One can check using the conformal algebra that this operator is primary. A slightly more
complicated example is the operator given by the linear combination

A
201 +2—d

Ag

2 _ I . =e
(0°01)O0q 8M013 Oy + Ay +2—d

01(0°0s) (2.3)
which is also primary, and has n = 1,¢ = 0. In appendix C we present a recursion relation
that completely determines the appropriate coefficients for any double-trace primary with
arbitrary n and ¢£. At large n, the double trace primary operators approach a one-to-one
correspondence with the space of 2-particle states in d + 1 dimensions, a fact that will be
important later on.

A very natural question follows: given an n-pt CFT correlator involving O;(x1)
and Oz(x2), how do we extract an (n — 1)-pt correlator with the double trace primary
[0103],(x0)? We could proceed by using derivatives as above, but this quickly becomes
extremely cumbersome. Furthermore, when we move beyond the mean field theory limit,
all operators will pick up anomalous dimensions, and when these become large it is difficult
to define precisely which operator we intend when we write [O10s], ¢(z0). So instead of
using derivatives, let us try to use an integral over a wavefunction fa ¢, and define

[0102]n0(20) = /ddylddyzfA1+A2+2n+e,e(9Co,y1,92)01(y1)o2(y2) (2.4)

This applies to the mean field theory case, but for general CFTs we can use dimensions A
other than A+ As+2n+/. Now we need to determine the wavefunction fa ,. Fortunately,
this can be easily accomplished with the introduction of so-called shadow operators. For
any primary scalar operator @ of dimension A, we wish to find a shadow operator @ of
dimension d — A so that

(O(2)0(y)) = 6%z — y) (2.5)



If we simply define
~ O(y
O(x) = /ddy(x_y()a?_2A (2.6)

then one can check that the desired identity is satisfied. Now we can use these shadow
operatos to compute the wavefunction fa,. As a warm-up, assume that £ = 0. If we
compute the correlator of both sides of equation (2.4) with O (z1)Oa(z2) then we find that

($12)A1+A2—2d+A

)A—AH-AQ (

(2.7)

Zo2

—0\Lo, L1, T X
fae=o(zo, 1, 22) Ton

)A—A2+A1
where z;; = z;—x;. We did not even need to do any integrals to compute this wavefunction,
because the 3-pt correlator of scalar primaries is determined uniquely up to an overall
constant.

Before we make use of this result, let us first generalize it to the case where ¢ > 0. For
this purpose, it will be simpler and more elegant to use the embedding formalism [23, 24],
where we can use the machinery that was developed and nicely explained in [25]. The basic
idea of this formalism is extremely simple — since the conformal group in d dimensions is
SO(d, 2), it is most natural to use coordinates that transform in the fundamental represen-
tation of this group. Thus we will represent each coordinate x; with a d 4+ 2 dimensional
vector FP;, constrained so that PZ-2 = 0 and identified projectively so that P; ~ AP; for real
A > 0. These coordinates correspond to the null cone that is the asymptotic limit and
boundary of AdS when it is regarded as a hyperbola in a d 4+ 2 dimensional embedding
space. If we use light cone coordinates for the P; and choose the specific normalization
P;“ =1, we find

(P, P, P = (1,27, 2 (2.8)

i

This means that the inner product of the P; is
2P, Py = PPy + PP = PPy = (v = x;)” (2.9)

Conformal transformations of the x; simply act as fundamental SO(d,2) transformations
on the P;. We will normalize the 2-pt functions of single-trace scalar primary operators so
that

C
(O(P)O(Py)) = & (2.10)
Py
where Py = 2P; - P» and the normalization
Ca ra) (2.11)

= 27hT(A —h+ 1)

with 2h = d, the spacetime dimension of the CFT. As shown in [25], the correlators
of operators with spin can be described in the embedding formalism as polynomials in
auxiliary d + 2 dimensional vectors Z; which soak up the tensor indices of the spinning
operators. We will only make use of the simplest examples from [25], such as the 3-pt

~10 -



function of two scalar primaries and a spin £ primary

Za, ... Za, <(’)1(P1)02(P2) ﬁ}é--Aﬁ(P3)> = (cR) TS, (2, Py P, Py) (2.12)
((Z - P\)Py3—(Z - P2)Pr3)"

A +Dy—A+L  Ag+tA—A L A+A —Agttl

2 2 2
P12 P23 P31

where TR5 (Z,Ps; Pr, P2) = (2.13)

Note that the universal function TAAfAQ is fixed by symmetry, while the 3-pt function
coefficient clA% ¢ provides dynamical information about the theory. The auxiliary coordinates
Z; are taken to have the property that Z; - P; = 0, and correlators must have a ‘gauge
invariance’ under Z; — Z; + aP; for any . One can see immediately that the scalar-
scalar-spin-£ correlator satisfies this gauge condition.

We can use these results to determine the general wavefunction fa . The operator
Oa ¢ is defined by

Zay ... 24,085 (Py) = /ddplddp2 [ZA1 o Za fA Py, P, PQ)] O1(P)Os(Ps)
(2.14)
If we again take the correlator of both sides with the product of shadow fields O; (Pl)@g (P2)
then we find the result

1

Za, .. Za Ay (P, P, Py) = TN, aon,(Z, Po; P1, Py) (2.15)

f
At

defined in terms of the universal function from equation (2.12), where N gl is a normaliza-
tion factor that we will determine later. Note that this wavefunction also depends on the
spacetime dimension d and the dimensions A; and As, although we have suppressed this
dependence in the notation. One could continue on and use the results of [25] to obtain
wavefunctions involving several operators with spin, but for our purposes equation (2.15)
will be sufficient. Now let us see how to use this result to compute interesting 3-pt functions
and to extract the coefficients in the conformal block decomposition.

2.2 Using conglomeration

The intuition we used above to introduce conglomeration was perturbative. In general, our
conglomeration procedure can be understood in terms of the operator product expansion.
Isolating a single term in the OPE, we can write

O1(P1)O0s(P2) = ¢ poppbia e (P P2)On(P1) + .. (2.16)

¢ )

where the ‘...” contain all the other operators in the OPE, including the descendants of
Oay. If we compute the correlator of both sides with Oa ((FPp) all of the terms in the
ellipsis vanish, and we relate the three-point correlator to the OPE coefficient multiplied

by the normalization of the OPE and the operator O ¢. For example, in the notationally

- 11 -



: —Ap+5
simple case £ = (0, we define blA%O =P, *"2 and so we find that

(O 0(P)O1(P1)O2(P,)) = CIAQ,E;OPEP;QAH_%<OA,0(P0)OA,0(P1)>- (2.17)

When Oj o is normalized to give a two-point function P(HA, then we have
12 12
CAL = CAL:OPE (2.18)
using the definition of the 3-point correlator in equation (2.12). Conglomeration makes it
possible to extract both 3-point correlators and OPE coeflicients.
Before proceeding to calculate we need to set the normalization. We will use a con-

vention such that the general 2-point correlator of Oa ¢ with itself is [25]

(Zy - Za)(Py - Py) — (Zo - PY)(Zy - Py))*
P1A21+A2+2n+2€ )

(Onu(Z1, P1)OA (22, P2)) = (2.19)

where we have effectively defined the operator Oa ¢ by conglomeration in equation (2.14).
Now we can determine the normalization of the wavefunctions N £ ¢ in equation (2.15) by
demanding

(Os60s) = [ dPif (P P Pa) s P Pay P2) (O1(PO(P)OL(P)OA(PY)
(2.20)
where we have suppressed the dependence of fa . on the auxiliary variables Z; for nota-
tional simplicity. One could also set the normalizations in terms of the conformal block
decomposition. This follows because

/ d*P1d? Py fa¢(Po; Py, Py) Bar gy (P;) oc (A — A')oy . (2.21)

If the result is non-vanishing it can be used to fix the normalization of the wavefunctions;
this also means that we can use conglomeration to uniquely identify terms in the conformal
block decomposition.

Finally, let us consider what happens if there is more than one operator with the di-
mension, angular momentum, and global charges of Op 4. If there are many such operators,
they can certainly mix with each other, so they can only be differentiated based on their
correlation functions. By applying conglomeration to different correlators, such as

(010,0,05), (010:0504), (050,050,) (2.22)

we can extract all the information we need to separate the operator Oa ¢ that couples to
O and O from the operator O’A ¢, which has a 3-pt function with O3 and O4. This may
be relevant for more complicated CFTs.
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Now that our wavefunctions are normalized, we can compute 3-point correlators via

/ddP1ddP2fA,z(Po; P1, Py) (O1(P1)O2(P2)O3(P3)O4(P1)) = (Ope(Po)O3(P3)O4(Py)) .

(2.23)
If there is no operator or operators O ¢ in the OPE of O; and O3 then the result will be
zero. This procedure is most tractable when the correlators are expressed in terms of the
Mellin amplitude M (6;;) [4-7, 9], so that

100 4
(O1(P1)O2(P) O3(P3) O4(Py)) =/ [d(s]M((Sij)HF((Sij)Pi;&ij' (2.24)

—teo i<j

The reason is that the only dependence on the F;; is in the form of a power-law, and
the projective integrals over the P; that we find when we conglomerate can be easily
accomplished using the Symanzik star formula, which states that

/ ddPﬁFai)(—m Pyl =gt / [d6) f[r@-j)l%;‘s” (2:25)
=1

1<j

where the J;; integration variables are constrained by Z;;j 0ij = l;. Note that when
n = 3 this means that the Mellin space integration variables d;; on the right hand side are
completely fixed, so there are no integrals to do. One can think of this very useful formula
as the analog of the Fourier transform of e”* in momentum space.

We will first make use of this technology to determine the conformal block decom-
position of mean field theory in any number of dimensions. This simple result has been
obtained for d = 2 and d = 4 in [22], but we are not aware of it appearing anywhere in the
literature for the case of general d. The relevant correlator is simply

Ca,C
(O1(P1)Oy(P2) 01 (Py) Oy(Pr)) = —R=5L (2.26)
Py’ Py,

To extract the conformal block decomposition for £ = 0 and A = Ay + Ay + 2n, we simply

need to integrate

1
/ d*Psdip, « EaiCa, (2.27)

2d—A1—Ay—A  A+A—Ay AfAy—A Al Ay
2 P13 P24

P34 ’ P04 ’ POS

We can apply the Symanzik star formula of equation (2.25) to the integrals over P; and P;.
In both cases the constraints completely determine the integrals over the d;;, and we find

D) (h = ADT (h = AT (“htn+ A1+ Ay) (1, Py (2.28)
D(ADT (AT (h+n)T(2h —n— Ay — Ay) ArAz pAitnpBatn [

where as usual 2h = d. The coefficient outside the parentheses is ElAQON g 0"
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In the limit that n approaches a non-negative integer, the above expression is singular.
Ultimately, we are interested in extracting double-trace operators whose dimensions are
exactly given by integer n, and thus one might be concerned about whether we are really
able to regulate this singularity. For the reader who is interested in such subtleties, we
will show in appendix A the details of how we choose our regulator. For the more casual
reader, however, the idea of the following derivation is relatively simple: once we look at the
physically normalized operator, the singularity in the three-point function cancels against
a singularity in the normalization factor, so that the physical three-point function is finite.

In practice in the following, this cancellation of singularities will take the form I'(—n)/I'(0),
(="

n!

to compute the 2-pt function of [010s], 0.

which we will take to be .2 To fix the normalization factor, we can conglomerate again

In fact, it is worthwhile to pause and note that beginning with any 3-pt function we
can conglomerate O and O to obtain a 2-pt function. This relates the coefficient clAQO

that sets the size of the 3-point correlation to a coefficient CQA’Z in a 2-point correlator. To
compute the relation, we multiply the 3-pt function by fa ¢ and integrating over P; and
P; to obtain the 2-pt function

Ao e mT(0)0 (h — STAI=82) T(A — p)D (b — 81282741
N[, T (AR (AR T(d - A)

(2.29)

We see that there is again a singularity of the form “I"(0)”. If the correlator that we are
computing is of the form in equation (2.20), then we must have CZA’Z =1, in which case we
find the very useful fact

1o TMT(O)T (b — SE5=22) D(A — )T (h — S55=52)

NS = 2.30
A0 = EA0 D(h)D (AFA1ZA2) 1 (A+A2-A1) (g — A) (230

Note that this is a non-perturbative result, and is not restricted to mean field theory.

Now we can incorporate the normalization N g o and compute the desired conformal
block coefficient for mean field theory. As we discussed near equation (1.8), the coefficient
is simply

(E£?0)2 = CA1CA2 | (AI)R(AQ)H (1 A h)n (1 TR h)n (231)

nl(h), (A1 + Ay —2h+1+n), (A1 + Ay —h+n),’

where we recall that the Pochhammer symbol (a), = I'(a + b)/T'(a), and the spacetime
dimension in the CFT is 2h. In appendix B, we generalize this method to arbitrary spin
conformal blocks in the scalar four-point function. The integrals can also be performed in
this case, with just a bit more book-keeping to track the various terms that appear when
we expand the degree £ polynomial in fa ¢. This gives the resulting compact form for the
conformal block coefficients in mean field theory (ie a free scalar theory in AdS, or a CFT

2Briefly, one can precisely regulate the I'(0) and I'(—n) singularities by taking the dimensions A,A’ of
the conglomerated operators [O102]a 0 and [O304]ar o to differ until physical quantities are calculated.
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at infinite N):

(@) =
nt) T
Ca,Can (1) (A1 — h4 1) (Ag — A4 1)n (A1) g (A2) e
Ol (04h)p(A1+As+n — 2h+1) (A1 + Ao +2n+0 — 1) (A1 +Ag+n+l — h),
(2.32)

This result matches that of [22] in the cases they considered, namely that of 2-dimensional
and 4-dimensional CFTs with A; = Ay normalized without the factor of Ca,Ca,-

2.3 Further applications

While extracting the OPE coefficients of double-trace operators in the infinite N theory
is a useful example of conglomeration, its full power comes from the fact that it is an
essentially non-perturbative technique, and one can use it to extract the coefficient of an
arbitrary operator in the OPE. Thus, if we know all the four-point functions of a set of
operators, O1, Oz, 03, Oy, then we can conglomerate 0103 to make an operator [O102]a ¢
of arbitrary dimension A and spin ¢, with A a free parameter. We do not need to know A
a priori. Rather, the result of conglomerating will give vanishing OPE coefficients except
at the values of A for which there actually is a corresponding operator in the 01Oy OPE.
We will now turn to examples where we look at the connected four-point functions of the
theory and use conglomerating methods to extract information about specific conformal
blocks. Mellin space is an essential tool in this study, since by construction it organizes
the connected correlators into contributions of definite powers of the P;;’s. Correlators can
then be integrated against the wavefunctions simply by repeated application of Symanzik’s
star formula.

In this subsection, we will first discuss general results on the application of the wave-
functions to connected four-point functions, in particular how to extract both OPE coeffi-
cients and anomalous dimensions. We will then turn to the application of these results to
specific AdS models. A direct consequence of our methods will be the proof of an important
derivative relation, discovered empirically in [22], between OPE coefficients and anomalous
dimensions of double-trace conformal blocks:

10
CryOCy = 10n ((Erlfe)z’Y(n)) ; (2.33)

where 5117,?2 are the infinite N OPE coefficients of double-trace conformal blocks and 507155

are the differences between the exact OPE coefficients and the infinite N OPE coefficients.
In general, this formula is true only to leading order in perturbation theory, but as we will
explain in detail, for a certain class of contributions it actually holds exactly.

2.3.1 OPE coefficients from connected diagrams

Consider the Mellin amplitude for a four-point function (O102030y), and let A, = A} =
Ay while Ay = Az = A4. The four-point function has only two independent Mellin
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variables, which we can choose to be § = 2(A, — 012),7 = 2(614 + 012 — Ay)
.A4(PZ) = <01(Pl)OQ(PQ)O3(P3)O4(P4)> — M1234(5,’)/). (2.34)

One can think of § in analogy with the mandelstam invariant s, and so when we look
in the s-channel, the angular momentum information will be carried by the ~ variable.
Conglomerating 0103 to produce [O10s]a ¢ involves integrating the correlation function
against our wavefunction fa . Mellin space is ideally suited for this integration, since
its form is already a decomposition of the correlator into powers of F;;’s, for which the
wavefunction integrations just involve a repeated use of Symanzik’s star formula. Thus,
one obtains a general formula for the three-point function of [O10s]a ¢ with O3, Oy, of the
form in equation (2.12) with coefficient

Xy = /lizm(&v)HAx(&v), (2.35)
[0102]a,¢ defined this way still has to be normalized, for which one must calculate its
two-point function as we discussed in the ¢ = 0 case near equation (2.30). In general
this is singular, and must be regulated by instead calculating the two-point function
([0102]a [0102]ar ) with A # A’. One then takes A — A’ at the end of the calcu-
lation, and then only in physically normalized three-point function coefficients. In order
for the result to be non-zero, we must have an co/oo behavior as A approaches its physical
value. We will see shortly that this occurs only at values of A for which there is a pole in
the Mellin integrand, as we should expect on the general grounds discussed in [7, 9].

To avoid unwieldy formulae, we will focus on the special case where the connected
four-point function in question contains only conformal blocks of spin-0, for instance corre-
sponding to s-channel scalar exchange in AdS, and leave the general case to appendix B.2.
Then, the Mellin amplitude does not depend on +, and the four-point amplitude takes
the form

dody (~1) MO)D(Ag = HI(A) 3>F2<—3>T2§6?>. (2.36)

As(F) :/(2m')2 4

We can obtain from this the ([O102]a 00304) three-point function by conglomerating O

o/ oty
2

(P14Pa3) 2

and Oy together:

1 dPydP,
As(Py) = m/ AP, (2.37)
Nao 7 P, * P B3

This may be evaluated by applying Symanzik’s integral twice, which introduces two new
Mellin variables (two from the P; integration, and none from the P, integration). However,
three of these integrations are purely kinematic, in that M does not depend on them, and
so can be done independently of M(d). Fortunately, performing first the dvy integration,
all three of them take the form of Barnes’ Lemmas, and can be computed in closed form.

~16 -



We arrive at

(—Da* T2(h - 2)*(Y) 1
4]\7fl2 L(R)T(2h — A)I(A) P03P0?1P342+Ab

></2d7i (-) <A —> <—h A)r(m-i)ma). (2.38)

So we have obtained a simple formula for the OPE coefficients in this special case where

A3(P;) =

¢ =0 and the Mellin amplitude is independent of ~

i —r2h T2(h— 2)2()

B0 = INTE T h - A)E(A) (239

x/iiF(i—?)P(i—h+§>F<Aa—g>F<Ab—S>M(6).

One can obtain the normalization N glg from equation (2.30), which can be computed

term-by-term in perturbation theory if such a series is available. We give the general
formula for these OPE coefficients with arbitrary ¢ and a ~-dependent Mellin amplitude in
appendix B.2.

2.3.2 Conformal block coefficients

Let us discuss an application of this formalism to the extraction of conformal block coeffi-
cients and anomalous dimensions of double-trace operators at leading order in perturbation
theory for a simple AdS theory. Such examples were studied in [16, 22, 26], where different
methods were used. While [16, 26] found a fairly simple method for extracting anomalous
dimensions, the calculation of conformal block coefficients remained cumbersome, to say
the least. We will begin with the decomposition of the four-point function into double-trace
conformal blocks at leading order in 1/N, although we will see later that this decomposition
also has a non-perturbative interpretation:

A4_ZP1 A () + PO( )y(n );nBAn(a:i), (2.40)

where Py(n) = ¢,% e’ and Pi(n) = ¢}%,6cY are, respectively, the infinite N and correction
terms to the double-trace conformal block coefficients. The partial derivative with respect
to n brings down logarithms, since Ba, in position space contains terms with x;’s to
the n-th power. When we conglomerate the four-point function with A = A,,, we pick
up the contribution from a specific double-trace operator. We will see later that this
form is appropriate for the study not just of the leading order in perturbation theory,
but furthermore for non-perturbative corrections to a large, important class of conformal
block contributions that we will refer to as “cuts through the edge of a diagram”. Thus,
the reader should keep in mind that although the specific examples we will compute in
this section are perturbative, the general formulae we obtain will be applicable for gaining
non-perturbative information about the CFT.
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The extraction of OPE coeflicients in the presence of anomalous dimensions is a bit
subtle. Let us therefore begin with a conceptually simpler case, where A, = % and
Ay = % are unrelated to each other. Then, O105 and O30, do not have any of the
same double-trace operators in their leading order OPE, so no anomalous dimensions will
appear in the four-point function at this order. From equations (2.39) and (2.29), we find
the following expression for P;:

G(AiJrn)
-1 (A, +n)
—4T(0) T(2(Aq +n))T(2A, + 2n — h)
o2 ﬁ F(g—Aa—n)csc(ﬂ(g—Aa))F(%—l—Aa—l—n—h)
”L/ MO A S 1T (B = B + 1) sin ( (- &)

Pi(n) (2.41)

21

Because of the singular I'(0)~! prefactor, when we perform the § integral by contour inte-
gration, we can discard any residues that are non-singular when n is an integer. This is a
great simplification, because the only such contributions are those poles at
1)

§:Aa+m, m=0,...,n, (2.42)
where there is a pole from both the csc term and the first I' function in the integrand. These
residues are in one-to-one correspondence with the residues of the following equivalent, but
simpler, integral, where the I'"1(0) has been cancelled:

-1 G(As+n) /d5 F(5=Aa=—n)T(5+Aa+n—h) (2.43)

1) 4 sin(r (A, — Ay)) ") 2mi ©) I'($—Ag+1)T(5—2p+1)
For any specific Mellin amplitude of the form M (), this formula for the OPE coefficients is

relatively simple to use, since now for any n it is just a finite sum of non-singular residues.

2.3.3 Anomalous dimensions and the derivative relation

We will now generalize the results in the previous section to include cases with anomalous
dimensions. This will requires addressing the subtlety mentioned above. To see the issue
explicitly, recall that the perturbative three-point function for two single-trace operators
01, Oy of dimension A, with a double-trace operator of dimensions A++(A) takes the form

EiL?O + 60;30 A+~(A)

3 = 2.44
P (244
1 A 1
:AXWG%M%+%ﬂw@WM)>
Py
where u = P£ 11302. The problem is that the position-dependence of a three-point function

from a Mellin amplitude is completely fixed, and cannot contain any logarithms. This
is because at any finite order in perturbation theory, the anomalous dimensions naively
appear to break the conformal invariance, and it is only the resummation of all order of
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the logarithms that reproduces a conformally invariant correlation function with the new,
shifted dimensions of operators.

However, we are actually in a position to get around this difficulty very easily with the
use of the results we have just obtained above. While there were no anomalous dimensions
for A, and A unrelated, in the limit of Ay, — A, we should be able to see logarithms
reappear. The important physical point to note however is that now there is no difference
between the double-trace operator with dimension 2A, + 2n and the one with dimension
2Ap + 2n, so the physical three-point function will be the sum of both of these Pj(n)’s.
As one can see from the csc(m(A, — Ap)) prefactor in eq. (2.43), each of these Pi(n)’s is
singular in this limit. But, this singularity exactly cancels in their sum, and the subleading
(finite) term in the three-point function contains a logarithm! Evaluating this explicitly,
we find the sum of the two three-point functions as A, — A, is

1 . Ag+n
A AbhﬁmAa (p1(n)u + (A < Ay))

1 o 0 T ($-A,—n)T (3+A.+n—h)
-] — ) uBtrgA, /daM §)—2 2
4P3: a4, ((aAa 8Ab> uGAatn) ©) T (2=, +1)T (§—Ap+1)

5—

1 0

_ -~ Ag+n
- (u G(A, +n) / 5 M (5)

F(g—Aa—n)F(g+Aa+n—h)> (2.45)

F($-A,+1)D (2 -Ay+1)

Comparing this to the expected form of the three-point function in eq. (2.45), we see that
we have derived a simple formula for the anomalous dimensions v(n) and OPE coefficients

p1(n) when A, = Ay:

S _A,—n Sy Ag+n—
Po(n)y(n) = —%G(Aa +n) /d(SM(‘s)F (FQ(g ~ A, Jr)f) E“Q(Jgr - A—:—F 1)h) ’
Pi(n) = %%Po(n)v(n)- (246)

This proves the relation between OPE coefficients and anomalous dimensions that was
found empirically in [22]. While we have focused in this section on cases with only spin-0
conformal blocks, the proof in fact generalizes straightforwardly to any spin. The reason is
that this result depended only on two properties of our expression for the OPE coefficients:
first, that only the singular residues in eq. (2.42) survive the I'"1(0) prefactor, and second,
that these residues depend only on A, through the combination A, + n, except for the
factor T' (g — Ay, + 1) T (% —Ap+ 1) that is symmetric in (A, <> Ap). This allowed us
to exchange a derivative A, for one in n, since % derivatives acting on this symmetric
factor are cancelled by the %Ab derivative.

2.3.4 Example computations

Let us now apply this formula to some concrete examples. The simplest possible AdS
interaction that affects only scalar conformal blocks is a A¢* interaction, which corresponds
to a Mellin amplitude that is just a constant. Let us now apply this formula to some
concrete examples. The simplest possible AdS interaction that affects only scalar conformal
blocks is a A¢? interaction, which corresponds to a Mellin amplitude that is just a constant.
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Then, the anomalous dimension is simply

1) x GA, +m) 3

m=0
oL (Mg 0= 2h 4 1)0(2A +20)
(5120)2 (Aa+n)?_ (280 +n—h)y ’

= m)imi)2 m)!(m!)QF(QAa +n+m—h)

(2.47)

where we have used the expression for the infinite N OPE coefficients from eq. (2.31) and
dropped an overall n-independent prefactor. This quantity was computed using alternate
methods in [16], whose results can be seen to agree with that above.

Next, let us turn to %¢2X2, which has different fields on the left and right and is one
of the contact interactions in figure 4. We will compute the OPE coefficients (50‘5&( 42,0
at first order in \; these will be useful ingredients when we study an example of the
optical theorem in section 3.4. In this case, we apply equation (2.39) to the trivial Mellin
amplitude M = Ay = A%I‘(Ag —h) H?Zl %. We can normalize the wavefunction fz‘f’o
by using equation (2.30) with the mean field theory Eg‘gx +ono- For the normalization of
the wavefunction we find

_ %)QF(A—h) CAX(Ax)n (1+AX _h)n

h
AL A (), @By —2h+ 1 2By —h
T(h)T (5)°T(2h - A) Vnl(h), 28y =20 + 14 n)n 28y —h +n),
(2.48)
where A = 2A, 4 2n corresponds to the dimension of [0, O, |, to first order in pertur-

bation theory. To apply equation (2.39) we need only integrate using Barnes’ Lemma,
giving

(=)™ (—n+ Ay — A)THA, +n)T(A + Ay +n — h)D(2A, +n — h)
2n!CaA T(2A\ +2n)I'(Ay + Ay — H)T(2Ay +2n — h) (A )n(Ay —h + 1),
x\/nl(R)n(20y + 1 — 20 + 1)u(2Ay + 1~ h), (2.49)

60‘2({)0 =M\

We can use this coefficient and the equivalent one with ¢ — 1), to compute one-loop
conformal block coefficients, as pictured in figure 4. This will be useful for verifying the
unitarity relation in the flat space limit when we come to section 3.4.

3 S-matrix unitarity from CFT unitarity
In this section we will derive the optical theorem
— (T - TT) =i (3.1)

for 2-to-2 scattering of massless scalars by analyzing the conformal block decomposition in
the flat spacetime limit of the dual AdS theory. The derivation will occur in several steps.
First, in section 3.1 we review our recent result from [9], where we showed that in the flat
space limit of AdS/CFT, conformal blocks correspond to delta functions in the center of
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mass energy with a definite angular momentum ¢. This means that

ST PagBAGy) T S x PgyC(cosb) (3.2)
Al

We will carefully compute the phase in the normalization of the blocks in order to precisely
identify their imaginary parts. Then in section 3.2 we will compute the left-hand side of
equation (3.1) in terms of the conformal block decomposition. Terms in the conformal
block decomposition that we call ‘edge cuts’ only contribute to the real part of the S-
Matrix;? these edge cuts are pictured in figure 5 and also shown in a perturbative example
in figure 4. The conformal block coefficients are simply products of OPE coefficients, so
that schematically

Py = (e, +octs,) (e, +ocks,) (33)

In this expression, the edge cuts are simply the terms that involve the mean field theory
OPE coeflicients ¢ s ,. To prove that the edge cuts drop out of the optical theorem we will
make essential use of the relations we derived in section 2.3 for the double-trace conformal
block coefficients and their anomalous dimensions.

The central cuts pictured in figure 5 do contribute to the imaginary part of the S-
Matrix, so it remains to show that these are equal to the right hand side of the optical
theorem. The central cuts are exactly the conformal block coefficients given by the product
of interacting OPE coefficients, so we have that

—i (T— TT) = 3 s, (3.4)
O
Az%’jf/é

But the right hand side is already in a form that can be interpreted as the right hand side of
optical theorem, T1T. It only remains to argue that the OPE coefficients are proportional
to scattering amplitudes, and that the sum over exchanged operators corresponds to a phase
space integral over multi-particle states. The OPE coefficients dca ¢ can be computed by
conglomerating k 4 2-point correlators into 3-point correlators involving k-trace operators,
and these k-trace operators provide a basis for scattering states in the flat space limit [15].
We will show in section 3.3 that the sum over k-trace operators becomes a phase space
integral over k-particle states in the flat space limit of AdS [15], as depicted in figure 3,
so that

Ry d%q; «
Z Sep ideny Z/H o) d;E 5 (p1 4 p2 — Bigi) Maak M3y (3.5)

Oa

AxR\/s

This will complete the derivation of the optical theorem. Finally, in section 3.4 we show
how this logic applies in a complete one-loop example.

3We will refer to the left-hand side of equation (3.1) as the imaginary part of the S-Matrix, although in
fact it can be complex if the in and out states are distinct.
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3.1 Conformal blocks in the flat space limit of AdS/CFT

The conformal block decomposition will be crucial to our proof of the unitarity of the
holographic S-matrix. As we discussed in the introduction, a conformal block corresponds
to the exchange of a particular state in the CFT, and in perturbation theory conformal
blocks sum up to give the various different cuts of Feynman diagrams. So, we will first
review the flat-space limit of conformal blocks from [9], paying close attention to the phase
in the normalization of the result. It was shown there that the flat-space limit of a block
is proportional to a § function in the center of mass energy. We explicitly performed the
transformation between the Mellin amplitude and the S-Matrix [6, 9]

1 ico h—A R2Si‘
—100

hR™s P Hdtl o

1

4
i n=4 —5_—3h p3—2h
2 -
2 Uray — 77 . ZHlF(Ale—h)’

™

N = (3.6)

where Ay = %Zz A; for half the sum of the external dimensions. Alternately, one can
argue based on general principles as follows. Conformal blocks are just the contribution
to the four-point function (or n-point functions, more generally) from complete irreducible
representations of the conformal group. Consider a conformal block whose primary has
dimension A. The primaries are the lowest weight states of the representation, i.e. those
annihilated by the generators K° of special conformal transformations. There is a one-
to-one mapping of AdS states to CF'T states, as well as of generators of the conformal
algebra to generators of AdS isometries, which in the flat space limit is just the Poincaré
algebra. Furthermore, special conformal generators in the flat-space limit become the
momentum operators [15, 16]. Thus, all states in the conformal block map onto a complete
irreducible representation of the Poincaré group that has center-of-mass energy /s = A/R.
Consequently, in the flat-space limit, the conformal block can contribute only at this value
of s. Its angular dependence is further constrained by symmetry to be the appropriate
polynomials in cos 8, which are Legendre polynomials in d = 3 and Gegenbauer polynomials
C’éh_l)(cos ) more generally.

To read off the normalization, it is simplest to use the inverse of eq. (3.6), because
integrating over delta functions is very easy. So we compute

M(s;) "2t N / 9B -5 gan—hr <sij = —455";> (3.7)
o B R
and input the form for T'(s;;) required by symmetry:
T(si;) = Ane6(s — A%/ R)C ™ (cos ). (3.8)

The integration over 3 is then trivial to perform:

2\ Ax—h—1 9 9
Any <A4> RI (—612)" 25Dz 0" Vicosh)  (3.9)
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This result should be compared to the large d;; limit of the conformal blocks themselves.
They are fixed up to an overall normalization by conformal invariance, and we will nor-
malize them in accordance with our definitions from previous sections, so that

eﬂi(hf‘rJrl) eiﬂ'(5+‘l‘*2h) — 1) T(AT(A -h+1 T T—6 2h—1—2(—0
Bf(ém): (27TZ ) ( )F(4 A )F(A2) T A2 5 PZ,T((SZ']')’
(2) (Ao —35) T (A —3)
(3.10)

where we define Ay = Ay = A, and Asg = Ay = Ay. Here, 7 = A — [ is the twist of the
conformal block and P -(d;;) is a Mack polynomial [4, 9]. For £ = 0, it is just Ppao = 1.
We will need only the large ¢;; limit of the block, with d;; o< s;5:

8;i>1 _
Pir(6) "E gor(—612)'C T (cos6), (3.11)

where the proportionality constant gy, is real and go o = 1. Expanding Bﬁ(ézj) at large
0;; and A, we obtain the approximation

B 2—h(_ 1\ 2
N=LBL(S:)) 0>l 3h-1 49&7A (-1) 23+2AR2h—3(_5l2)h—Az€4§j Céh_l)(cos 0)
Hi:l F(Ai +1- h)
. ™ . .
X (z ~ cot (5(2512 — 27, + 7))) Sin(7012) sin(m(S12 — Ag + Ap)).

(3.12)

Because of the sin and cot factors, this does not strictly speaking have a well-defined large
012 limit. However, if we smooth over an O(1) region of d12, the last line averages out to

—icos(m(Ay — Ap)) +sin(m(Ay + Ay — 7))
2

. (3.13)

As an aside that will be relevant shortly, note that for the double-trace operators v =
2A, 4+ 2n + £ and 7 = 24y + 2n + £, this simplifies further to

(=) lim(Aa—Ap)

— e and  — e~V m(Ba=t) (3.14)

respectively. Thus we have obtained the overall normalization coefficient for the flat space
limit of the conformal blocks

(3.15)

) (N) Ag—h-1 B 13h—195+2A p2h—5 A2—h
AN [T T(A 1 h)
" <—i cos(m(Ag — Ap)) + sin(m(Aq + Ap — 7')))
2

Note that both terms inside the parentheses appear to be even functions when we switch
A, < Ap. However, in the special case where the conformal block is a double-trace
operator, it is important to note that when we make this switch we must take 7 from
2A, + 2n to 2A + 2n, as was already made manifest in equation (3.14). Thus we observe
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Figure 5. This figure depicts how the ‘edge cuts’, which correspond to the terms in the conformal
block decomposition involving free propagation, only contribute to the real part of the bulk S-
Matrix, while other operator exchanges contribute to both the real and the imaginary pieces of the
S-Matrix in the flat space limit of AdS/CFT.

the crucial fact that the imaginary part of the coefficient for double-trace operators remains
even under A, < Ay, while the real part is odd.

3.2 The imaginary part of the S-matrix

Let us use the tools we have developed to derive the optical theorem. As we saw in the
previous section, when we take the flat space limit of the conformal block decomposition
of the 4-pt correlator we find

T12_>34(Sij) = ZPA7£ |:AA75(5 (S — A2/R2) Céhil)(COS 9)} (316)
AL

The normalization factor Aa ¢ was obtained in equation (3.16), and Pa ¢ is the full confor-
mal block coefficient.
In general, all operators Oa , with the charge of O10> can contribute to this sum, and

so for each dimension A we can write
12 34
PA’E = CA,ECA,E (317)

We have expressed the conformal block coefficients in terms of CFT 3-pt functions by
using the OPE, as discussed in section 2.2. Now we would like to isolate the double-trace
operators [0102],, ¢ and [O304],, ¢. These operators play a special role because they are
present even when the bulk theory is free, and so they are responsible for the ‘1’ when we
write S = 14 ¢7. In the special case of these operators, we can write

12 _ 12 12
Cn,@ = Cny + (5cn,€ (318)
where E}fg is the 3-pt function coefficient corresponding to a free bulk theory and 507154 is

the change in this coeflicient due to interactions. We will use a similar notation for ci‘lg,

although note that [010s],, ¢ and [O304], ¢ will, in general, have different dimensions and
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so give distinct conributions. Now we can write the conformal block coefficients for these
operators as
12 34 12 ¢ 34 12 34 12 5 34
PTL,Z = cn,fcn,é + (Cn,f(scn,ﬁ + 5cn,€cn,ﬁ) + 5Cn,€56n,ﬁ (319)

If the operators O; and Oy are the same as O3 and Oy, then the first term corresponds
exactly to the ‘1’ part of the S-Matrix, and otherwise it is absent. The final term comes
purely from interactions, and actually combines two different pieces, one involving the
exchange of [O103],, and the other involving the exchange of [0304], . However, the
terms in parentheses are precisely the edge cuts pictured in figure 5. They combine free
propagation on one side with interactions on the other, and are associated with poles in
the I" functions from the Mellin integrand rather than poles in the Mellin amplitude itself.*

Let us show that these edge cuts drop out of the imaginary part of the S-Matrix.
Assume for simplicity that we are dealing with real scalar fields, so all bulk couplings are
real; the generalization to complex couplings is straightforward. Now the OPE coeflicients
are real, and i(TT — T) = 2Zm(T). Furthermore, in any physical process in the flat-space
limit, there will be a finite resolution much greater than the AdS curvature scale, which
we can incorporate through a resolution function fe(s,sg) narrowly peaked on s = sg.
Taking the flat-space limit of the conformal block decomposition and integrating against
this resolution, the edge cuts contribute as

Teoc =i Y fe((280+20)2/ R2, s9)ci20c3he D Bar 0 (cos 0) + (1,2, Aq 53,4, Ay)
n,l
(3.21)

where T; indicates the finite resolution and we have used our computation of the normal-
ization factors Aa ¢, defining Ay, = (A, — Ap) for convenience. Only the phase of Aa g is
relevant here, so we have discarded a real overall coefficient. We are primarily interested
in the imaginary piece of T' for unitarity, but it will be enlightening to keep track of both
its real and imaginary pieces. We will now use our formula from equation (2.43) for the
OPE coefficients. This is specific to £ = 0, but the generalization of the following step to

4This definition of “edge cuts” as any term with a & factor should be intuitively reasonable, but we can
also more rigorously connect it to bulk diagrammatics. For any diagram, we can formally label all internal
field lines by qbgl)’s, which are distinct from the external fields ¢£E). This is just a relabeling and does
not change the Mellin amplitude itself. However, it is now manifest that “cuts through the middle of the
diagram” are any conformal blocks for operators made of internal fields ¢2(-I), and “cuts through the edge
of the diagram” are any conformal blocks for operators made of external fields gbl(.E). Since q&EE)’s never
appear as internal lines, such a diagram is not sensitive to any lower order corrections to their conformal
blocks, and must take the form of a leading correction, i.e.

~12 34 12 _34
AD cn,g(?cn’ngAﬁ_gn + 5Cn,écn,lBQAb+2n7 (320)

plus a possible 1(2"%)*v12.2 Boa, +2n term if [0102]n,e = [0304],/ ¢. This is a long-winded way of saying

that in this labeling, it is manifest that “edge cuts” are exactly equivalent to terms that contain &2 or
&3*. However, ¢’s are exactly identified as the parts of the OPE coefficients that are zero-th order in any
bulk couplings, and this characterization of them is completely unaffected by our formal relabeling of the
fields. This proves the claim. Furthermore, since gi)l(-E) ’s never appear as internal lines, there will be no poles
corresponding to them in the Mellin amplitude itself — all their poles appear solely in the I' functions in
the definition of the Mellin integrand. This indicates that the appropriate non-perturbative definition of

edge cuts is contributions to correlators from the poles in these I' functions.
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non-zero spins is straightforward:

LAY s _ _ ) _
e 7 0G(Aa ¥ 1) /déM(5)F(2 A n)T (5 At h)
sin(mAab) P(Z-Aa+1)T($—-Ap+1)

7iei”A“bG(Ab+n) /d(SM(é)F(g ;Ab —TL)F(% —:Ab—FTL—h)
D(§—Ag+1)T(5—Ap+1)

2

o) fao LR D) o

The two conformal blocks have combined to give the integral in brackets times a real

0=0
T, x

> fe((20a +2n)° /R?, 50)

D fl@A 20 R s0) — T

coeflicient!

The case where A, = Ap can be considered as a limiting case of A, # Ay, and so is
included in our proof above. However, one can still ask how the imaginary piece cancels
technically in this case, since there are no longer two different conformal blocks from the
left and right side of the diagram to cancel against each other. The resolution of this issue
is that this is exactly the situation where the derivative relation equation (2.33) is satisfied.
Therefore, each conformal block contributes exactly as a total derivative:

p=x2 ((a}fg)z iwn,e)BAn,g(xi)) | (3.23)

n,l

The imaginary piece of the conformal block coefficient eq. (3.13) is smooth as an analytic
function in n, and so when we take the flat-space limit the sum becomes an integral over
a total derivative, and therefore it vanishes.

Next we need to explain why the only contributions to equation (3.17) are from k-
trace operators dual to states composed of stable bulk particles. As we mentioned in
the introduction, although unstable particles can be included in the perturbative cutting
rules, the S-Matrix is only a well-defined unitary transformation between states made up
of exactly stable particles. Thus the operator O, dual to an unstable particle x in AdS
will not appear in the optical theorem, and it must make a vanishing contribution to the
conformal block coefficients in the flat space limit of AdS. This follows because O, will
mix very quickly with the multi-trace operators into which it can decay; roughly speaking,
if x has a lifetime 7, then it will only exist for a time of order 7/R, so its contribution
in the flat space limit will go to zero. We saw this effect in the concrete example of a
bulk u@?x theory in [9], where we derived the Breit-Wigner resonance behavior from a
re-summed Mellin amplitude. In that case, for any finite AdS scale R the single xy mode
gave a finite contribution, but O, itself became negligible as R — oo, as it was replaced
by the continuum of 2¢ states. Another familiar manifestation of this fact is that the delta
function resonance from a stable particle is infinitely sharper, and therefore infinitely taller,
than the smooth resonance from an unstable particle. So while dropping the single mode
corresponding to a stable particle would completely erase its delta function resonance,
dropping an unstable particle mode has a negligible effect on the S-Matrix. In summary:
only operators dual to stable particles make an appearance in equation (3.17).

Finally, we will complete the argument by showing that the sum over k-trace operators
in equations (3.16) and (3.17) becomes a d + 1 dimensional k-particle phase space integral.
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3.3 Sums over operators as integrals over phase space

To complete our derivation of the optical theorem and of Cutkosky’s ‘cutting rules’, we
need to show that the sum over the exchange of all k-trace operators turns into a phase
space integral over k-particle states in the flat space limit of AdS/CFT, as pictured in
figure 3.

We can understand this by noting that in the large N limit, the space of states created
by single-trace CFT operators is isomorphic to the Fock space of free particle states in
AdS. This follows from the fact that in AdS/CFT, the Hilbert spaces of the two theories
are identical. For example, if we quantize a free scalar field in AdS [15, 27-29], we find

¢(t7 P Q) = Z ¢nl(t7 Qv p)anlJ + Qs;kll](t’ Q? p)a:[LlJ (324)
n,l,J

while the dual CF'T operator can be quantized in terms of the same creation and annihi-
lation operators, aILl g and agq g, as

1 . .
O(t, ) = Z ~o <61E"’ltYlJ(Q)anlJ + e_zE"’lth»}(Q)aLu) (3.25)
nl,J = nlJ

We gave the explicit wavefunctions and normalizations in [15], but the crucial point is
physical and independent of the details. As is well known, particles in AdS behave as
though they are in an IR-regulating cavity with a size set by the AdS length R. Thus for
finite R, the spectrum of k-trace states behaves like the discrete spectrum of k-particle
states in a box of size R. When we take the flat space limit R — oo, the discrete modes
approach a continuum, and we recover the usual k-particle Lorentz invariant phase space
when we sum over these modes. An explicit analysis of the wave functions ¢, , confirms
this intuition [15], and the standard AdS quantization above reduces to the flat space
quantization of a free field in spherical coordinates. Since from AdS/CFT we know that
the hilbert spaces of AdS particles and CFT states are identical, we can conclude that by
summing over a complete set of particle states we are also summing over all possible CFT
operators.

As a concrete example, in [16] one of us considered this process in detail for the case
of double trace operators and 2-particle states. There it was shown that the state created
by a double-trace operator [O10s], ¢ s can be expressed as

d—2
2p| 2

7£7‘] = T g
b ) = G RRE

4Y®) [ daf@la+le-p) 0>1  (320)
where the state |k) is a one-particle state with momentum k, and the labels J denote
various angular momentum quantum numbers. The important point is that for primary
double-trace operators, the function f(q) is fixed to be a Gaussian with width \/E/R. This

means that in the flat space limit where n = FR we obtain precisely the fth partial wave
corresponding to a 2-particle state with center of mass energy F.
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As we have discussed above, the coefficient of the conformal blocks B ¢ at a dimension
A can be computed by summing over the squares of appropriately normalized 3-pt functions

(010:0100) = 3" (c2)) Boy  where i3, TR0 = (O1(P)Os(Pe) | n, 4, J) (3.27)
£,J

If we write the double-trace states |n, ¢, J) using equation (3.26), then in the flat space limit
we can sum over the angular momentum quantum numbers ¢, J while fixing the dimension
n =~ FER at the center of mass energy of the scattering process, as measured in AdS units.
This returns us from the spherical to the plane wave basis, giving

d—2 2
2 2p| 2 L R
Z (Bres)” = % / dpdp’ Z Vi (0)Yi5 () ckr (0, —p) cir (0, —)
I, (2m)4/2RE ™,

- d'kq d'ky 5 (Poont — ka — ki) |26 (ka, kp)| 3.28

- / (27)%2]kq] (27) 2]y cont = ko = k) [ ke, )| (3.28)
where the new 3-pt function coefficient ¢, (kq,kp) in the plane wave basis can be re-
interpreted as the square of the flat space scattering amplitude for 12 — ab, and Pcon i
the d + 1 dimensional center of mass momentum. To complete this re-interpretation, the
external states must also be plane wave scattering states. Plane waves with energy w and
velocity © are created by acting with [9, 14]

-3

) 2AT(A)RT T .
w, 8) = (2W>;L+1(CA)(RW)A_1 /_ 10 (t,~i)) (3.29)

Thus c}gR(ka, k) can only be interpreted as a scattering amplitude when the operators Oy
and Oy are normalized and integrated in this way.

We should emphasize that the emergence of a d + 1 dimensional phase space integral
from the sum over operators is essentially kinematic. It follows as a consequence of the
structure of the conformal algebra as it reduces to the Poincaré algebra in the flat space
limit of AdS/CFT, as we discussed in [15]. In particular, this means that if we instead
study superconformal field theories, then we will instead be taking the flat space limit of
the superconformal algebra. Since the spacetime geometry follows from the algebra, in the
future one should be able to obtain higher dimensional phase space integrals corresponding
to decompactifying bulk dimensions from the flat space limit of superconformal theories.

3.4 A complete one-loop example

Now let us put the pieces together and understand how the optical theorem applies to the
one-loop amplitude for 2¢p — 2% in a theory with couplings %¢2X2 and ¢ 21?2, as pictured
in figure 6. We could just as easily treat ¢* theory, but we have introduced three fields in
order to separate out the various different contributions to the one-loop amplitude.

We computed the relevant one-loop Mellin amplitude in [9] and verified that it has
the correct flat space limit. We also explained how branch cuts arise from the coalescence
of poles in the flat space limit, and verified that the discontinuity across the branch cut
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Figure 6. This figure shows how the one-loop example studied in section 3.4 can be computed by
using the Kallen-Lehmann representation in the bulk of AdS, as discussed in [9]. In this way one
can write the product of propagators in the loop as a sum over tree-level exchanges with different
bulk masses, or CFT dimensions. The conformal block decomposition of this Witten diagram was
indicated in figure 4.

is correctly reproduced. Let us now summarize the method and results. To compute a
certain class of loop amplitudes, one can use the fact that in position space in the bulk
of AdS

Ga, (X,Y)Ga,(X,Y) Z% 2, (1)GA A, 420(X,Y), where (3.30)

(h)n (Al + Ag + 2n)1_h(A1 + Ag +n—2h+ 1)n
21l (A +n)1-p(A2 +n)1-n(A1 + A2+ 1 —h),

AA1,An (n) =

This allows a Kallen-Lehmann type representation [30] for the loop amplitude as a sum over
tree level exchanges with dimensions 2A, + 2n, as indicated in figure 6. Taking Na (n) =
aa, A, (n) and using the diagrammatic rules from [9] we find the Mellin amplitude for this
diagram is

M1=1oop(§ )\gZNA n)Moa,,+2n(0i7) (3.31)

where Ma(6;;) is the Mellin amplitude for a tree level exchange of a bulk field dual to an
operator of dimension A. It is

.32
25 A+2m) (3.32)
where § = 2A, — 2012 and A = 2A, + 2n in our case. The residue R,, is [6, 7, 9]

1 T(Ay—h+2)0(Ay—h+5 1-As+%2) (1-Ap+2
R —_ (&g )L (Ay ) (1-4s+3), (0-As+3), (3.33)

(47h3T(Ay — h+ 1)20(Ay — h 4 1)2 mID(A — h+1+m)

and it can be easily computed using the diagrammatic rules from [7-10].

The particular decomposition in equation (3.31) is very useful for several reasons. First
of all, to compute the flat space limit of the loop amplitude we need only know the flat
space limit of Ma (6;;). But this is simply the flat space scattering amplitude corresponding
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to the tree-level exchange of a particle of mass (2A, +2n)/R. In this limit, the sum over n
becomes an integral and we can take the large n limit of Na () to find the loop amplitude

NAX (n) 2

~ 2(h—1)
24, + 2n)? where  Na, (n) (47T)hF(h)n (3.34)

MITIoop () = )\g/ dn
0 §—

Another useful feature of equation (3.31) is that it can be immediately related to the
conformal block decomposition. As we discussed in [9], conformal blocks and tree-level
AdS exchanges have identical poles and residues in the Mellin amplitude; they differ only
in their asymptotic behavior at large d;;. This means that we can immediately read off the
coefficients in the conformal block decomposition of the correlator corresponding to this
1-loop Mellin amplitude in the [0, Oy]n 0 channel, it is

My (6i5) D ZPQAX—i-Qn X Baa,+2n,0(9ij) (3.35)

where

1
Paaysan = AgNa, (n) (w3734 xn2) (3.36)

(BT (A = )T (8= $)T(Ay+ 5 —W)T (Mg +5 —h)
T(Ay+1-h)°T(Ap+1—h)°T (AT (A+1-h)

with A = 2A, + 2n, and we have taken ¢ = 0 because the coefficient of all the blocks
with £ > 0 vanish. The normalization here follows from the relative definition of the Mellin
amplitude for a bulk exchange and the normalization of the conformal blocks, which is most
easily determined by relating the residues at their poles. Finally, one can also see [9] from
equation (3.34) that the discontinuity across the branch cut in the flat space amplitude is
just given by the residue of the pole in this equation, which is

. (£)
CAys

This formula appears on the left-hand side of the optical theorem, as the imaginary part

disc [Ml—loop} — g (3.37)

of the scattering amplitude. It remains to see how this is reproduced by the right hand
side of the optical theorem.

To compute the right-hand side of the optical theorem and check equality, we need
to apply our conglomeration procedure to compute the OPE coefficients that determine
Na, (n). Fortunately, we did this calculation in section 2.3.4 and found the OPE coeffi-
cient (503’&( 4an, for the operator [0, Oy]n 0 in the product Oy x Oy. One can verify using
equation (2.49) that

(5612%)(%71) (5C§ZX+2n> = Panvon (3.38)

using the expression we computed in equation (3.36). This provides a very non-trivial test
of the conglomeration technique. We can also interpret the product of OPE coefficients in
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terms of a 2-particle phase space integral in the flat space limit. By definition, we have that
00 Tl — (04(P1)Og(P2)| 28y + 2,0, ] 3.39
DT = (04(P)Oy(P2)] 28 + 20,0, ) (3.39)

If we apply equation (3.29) to the O, operators, then we see that at large n, the constant
cﬁfJ can be interpreted as a flat space scattering amplitude between two ¢ particles in
plane wave states and a 2x particle state in the spherical wave state of equation (3.26).
So each OPE coefficient can be interpreted as a tree-level scattering amplitude for 2¢ —
2x and 21 — 2y, respectively, and in the flat space limit equation (3.38) becomes the
optical theorem.

4 Discussion

Although it has been clear for some time that the S-Matrix is the only exact observable in
flat space quantum gravity, it has remained somewhat mysterious what sort of holographic
theory [31-33] might compute it. A true theory should do more than just output scattering
amplitudes, it must also provide an understanding of how fundamental principles such as
bulk locality and quantum mechanics emerge. This would appear to be an especially
difficult problem if one tries to obtain a holographic theory that ‘lives’ directly on the null
boundaries of flat spacetime, where notions such as time and distance can only have a
limited meaning.

We have argued that the flat spacetime limit of AdS/CFT may provide the theory
that we have been looking for. In [9] we derived a formula conjectured by Penedones [6]
that relates the Mellin amplitude [4, 5] for n-pt CFT correlators to the flat space S-Matrix.
This formula expresses the S-Matrix as a simple integral transform of the Mellin amplitude,
which itself must be a meromorphic function restricted to have only simple poles on the real
axis. The clearest way to understand flat spacetime locality from a holographic perspective
is via the analyticity properties of the S-Matrix. This strongly suggests that the most
natural way to understand locality may be in terms of the very restricted analytic structure
of the Mellin amplitude combined with some set of assumptions about the spectrum of the
CFT, as described in [22].

In the present work we have shown that the operator product expansion and conformal
block decomposition of CFTs encodes unitarity in a form that appears very similar to the
usual optical theorem for the S-Matrix, as pictured in figure 2. By taking the flat space limit
of the AdS/CFT duality we showed that one can derive the optical theorem directly from
these unitarity relations for the case of 2-to-2 scattering of massless scalar particles. In the
perturbative case this reduces to the usual cutting rules for Feynman diagrams. We also saw
something subtle and interesting occur with the spectrum — in the flat space limit, CFT
operators dual to unstable particles must decouple from the unitarity relation. It would
be interesting to understand this phenomenon better, and to explain it without having to
appeal to bulk reasoning. To give a vaguer and more ambitious-sounding summary, one
might say that we have shown how to derive bulk quantum mechanics from the quantum
mechanics of the holographic dual.

~ 31—



To make these derivations possible we developed technology to conglomerate many
local operators together into a single composite operator. To enact this conglomeration we
used smearing functions fa ¢ that we labeled ‘wavefunctions’ because, via the operator-state
corresopndence, these functions also extract definite states from the CFT. The relative
simplicity of our formalism was made possible through use of the Mellin amplitude for
CFT correlators. Since the Mellin representation depends on position space kinematics
through specific power-laws, it accords naturally with the structure of the conglomerating
wavefunctions, which have the power-law behavior of CF'T 3-pt correlators. Perhaps in the
future the logic will be reversed; one might attempt to derive the Mellin amplitude as the
representation where these wavefunctions behave most naturally.

We also gave a schematic argument that the usual Dyson series for the S-Matrix can be
constructed in AdS using the dilatation operator, and that at first order it gives rise to the
prescription for the S-Matrix in terms of the anomalous dimension matrix that was given
in [16]. In [9] we derived Penedones formula for the S-Matrix using essentially the same
wavepacket setup that was originally described in [12, 13] and further examined in [14,
15]. Thus we have given at least a rough explanation why all three of these holographic
formalisms for computing the bulk S-Matrix agree, although we view the formula in terms
of the Mellin amplitude as by far the most elegant and physical.

The impediment to formulating a general proof of the optical theorem for any n-pt
scattering amplitude with particles of arbitrary spin seems to be mostly technical. The
requisite CFT technology to describe higher-spin particles [20, 25] and higher-point confor-
mal blocks has not been fully developed, so we lack the necessary CFT ingredients. Note
that the fact that sums over k-trace operators reduce to k-particle phase space integrals is
essentially kinematic, following from the structure of the conformal algebra when applied
to large dimension operators. Thus in the future one should be able to show how super-
conformal theories give rise to higher dimensional phase space integrals corresponding to
extra dimensions that decompactify in the flat space limit.

Perhaps it would be appropriate to mention here that some of the standard lore con-
cerning n-pt correlators seems a bit misleading, and that this becomes very apparent when
it is re-stated in terms of the bulk S-Matrix. CFTs are often viewed as extremely con-
strained theories, and the statement is often made that all CF'T correlators are completely
determined by the 3-pt correlators. In 2-dimensions where there is an infinite dimensional
symmetry algebra this may be a very powerful point, but in higher dimensions it is rather
trivial. In particular, the flat space limit of this statement is the trivial claim that once we
know the 2-to-k scattering amplitudes for all k, we know the entire S-Matrix.

We have mentioned this point in order to emphasize that higher correlation functions
in CFTs are very non-trivial and are worthy of investigation. Higher-point conformal
blocks have rarely been discussed, but we would require such objects in order to formulate
S-Matrix unitarity beyond four particles. It would be interesting to develop techniques for
handling them. Another reason to study higher-point correlators is to understand Hawking
radiation, which produces large multiplicity final states that can be understood in terms
of the properties of correlators involving a large number of single-trace operators. The flat
space limit of AdS/CFT turns the bootstrap program for CFTs into the S-Matrix program,
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so focusing solely on the 4-pt correlators of single-trace operators would be like restricting
the study of scattering amplitudes to 2-to-2 processes. We hope that our portrait of the
holographic S-Matrix suggests new directions for future investigation.

The AdS/CFT correspondence [1-3] has proved to be an extremely important and
fruitful discovery. One perspective on this correspondence views it as a very large com-
pendium of exact dualities between various CFTs and other models of quantum gravity,
often in the form of Superstring Theories or M-Theory. A complementary perspective in-
volves placing an arbitrary effective field theory in Anti-deSitter space and computing the
correlation functions of bulk fields as they approach the boundary [16, 34]. The correlators
of this ‘effective conformal theory’ will approximate those of a CFT to very good accu-
racy [22], with errors suppressed by powers of operator dimensions divided by the cutoff
in AdS units [16]. The search for a non-perturbative completion to a gravitational EFT in
AdS space translates into the question of whether there exists an exactly defined CFT that
approximately reproduces the boundary correlators of the AdS effective theory. Similarly,
we can UV complete a gravitational EFT in flat spacetime if we can find a sequence of
CFTs of increasing central charge whose spectrum and correlators approximate those of
the EFT in the flat space limit of AdS.

In other words, although it may be extremely challenging to actually find a non-
perturbative completion for a given gravitational effective field theory, anyone can use
AdS/CFT to correctly formulate the question. This means that one can obtain robust re-
sults about quantum gravity by modeling the correlators of low-dimension operators using
bulk effective field theory, and then using the bootstrap approach [17, 19, 20, 25, 26, 35-39]
to constrain correlators that involve operators of larger dimension. Since dimensions in
the CFT correspond to bulk energies, one can obtain information about processes at
trans-Planckian energies in AdS. In [9] we used Hawking evaporation to make a prediction
for the conformal block decomposition of 4-pt correlators. If one can derive this generic
behavior from CFT dynamics by using the bootstrap, then quantum gravity may be
accessible to mortals.

Should we view a holographic description as the final word on quantum gravity in a par-
ticular class of spacetimes? The legalistic answer may be yes, but it seems that holographic
descriptions such as AdS/CFT do not readily yield information about the physics behind
horizons, and we might hope that such questions are not entirely ill-defined. It seems
reasonable to assume that if we could do experiments on black holes in a large enough
laboratory, we would see unitary evaporation, with intrinsic errors that decrease as we
increase the size of our detector. This suggests that it may be worth looking [40] for an ap-
proximation scheme beyond effective field theory that encodes both locality and its demise.
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A Conglomerating operators: regularization details

Here, we will describe in more detail our regularization procedure for conglomerating op-
erators. Let us return to eq. (2.28), but keeping A arbitrary:

2hF(A1+§#)F (h— AT (h— Ag)T (—h + %)
T(A)T(Ag)T (b + A=81=82) (), — A481542)

RN g =7 (A.1)

To fix the normalization, we want to conglomerate operators again to obtain a two-
point function. As we will see in a moment, it is necessary to regulate by both taking the
dimension A’ of the second operator in the two-point function to be arbitrary and also to
define it as a function of two positions Ps and Ps that we will take to be equal in physical
quantities. That is, we will calculate the two-point function

(On0(F0)Onr0(Ps, Ps)) (A.2)
where
1 i 1
OnolBs, By) = —5— | PPy rpvarsy, aprs; O1P)O:(P2)
A%D P12 ’ P15 2 P25/ 2

(A.3)
Then, combining (2.28) and (A.3), a straightforward application of Symanzik’s star formula
demonstrates that

AN +Ag—2d A—Ay—Ag
P, 2 Ca,Ca, P, 2
_ d d 12 A VA9
<OA,0(P0)OA’70(P57P5’)> - /d Pid°P, A1+AT Ay Ag+AT—A4 A+A1—Ay  A+A—A
2 2
P2 Py * Poy Foo
Ca,Ch,

PA+A%—A2 PA+A§7A1 PA’;A ’
05’ 05 55’
ey mTD(AFA)D(h — AF82=81) () — A+A=82) (A — )
Ni’,o I‘(h)I‘(AJrA%*AZ )P(A+A227A1 )F(Zh _ A)

(A4)

where we have taken the limit A’ — A in places where it does not produce singulari-
ties. Now, let us calculate the inner product of the states corresponding to Oa o(FPp) and
Onar 0(Ps, Ps) in the usual way in radial quantization by taking o — 0 and x5, x5 — 00
and rescaling by the appropriate powers. As we take A’ — A, this inner product has the

interpretation of a normalization, so this fixes N £ o as in eq. (2.30), but with “0” replaced

by AZ_A:

Nf " 7T2hP(A,2_A)F (h o A+A217A2) F(A _ h)F (h . A+A227A1)
=c
A0 A0 P(h)P (A+A217A2) r (A+A227A1) F(d o A)

(A.5)

Finally, putting together eq. (A.1) and (A.5) to obtain the physical quantity clAQ’O, we may
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take A’ = Ay + As +2n and A = Ay + Ay + 2n + € and safely take the limit € — 0, for
which we obtain the finite result of eq. (2.31).

B Conglomerating operators: spinning conformal blocks

We will extend the calculation in section 2 to general spin. The general form of three- and
two-point functions of primaries is

Zy - Z5)(Pr - Py) = (Za- P1)(Z1 - P»))*
pAUHAz T )

((Z3 - P1)Paz — (Z3 - Py) Py13)*
sz”PQAﬁ"MP:ﬁl +n+4

([0102)2n10(P1)[0102]2n40(P2)) = 022”+£(_2>£((

(O1(P1)O2(P2)[0304]9n4+0(Ps)) = C3"H

(B.1)

The general spin smearing functions are again just three-point functions with shadow fields:

((Zo - P1) Py — (Zo - P2)P1o)*
P{12—A1—A2—HP£1 +n+fp(ﬁz+n+€

(010],0(Py) = A / dP,dP, OL(P)ON(Py). (B.2)

We will be interested in conglomerating @1 and O in order to obtain spinning oper-
ators in their OPE. While this procedure works for extracting a general operator, it will
be interesting to apply this to special cases as well. In particular, our first application will
be to the theory at infinite N, where the only operators that arise in the OPE are the
double-trace operators.

B.1 Conglomerating operators: disconnected four-point function

Since the only operators to consider in this case are the double-trace operators, we will label
them by their indices n, £, where A = Aj+Ag+2n+/4; i.e. we will use the notation [O1Os],, ¢
rather than [0102]a . It will also be convenient to define A, = %. To extract the
N = oo three-point function of [O10s],, ¢ with O1, Os, we integrate the smearing function
against the disconnected diagram:

((Zo - P1)Psog — (Zo - P2)P1o)* Ca,Ca,
d 2Aa nPA1+n+ZPA2+n+Z PA1PA2

([0102]n,e(Po)O1(P3)O2(Py)) = /dP dP,
(B.3)

To do this integral directly is more complicated than the ones we have encountered, because
the contraction vector Zy for the indices of the spinning field acts like an additional point.
To perform this integral more simply we can use the fact [20, 25] that the three-point
function of scalars with a spin-¢ field has to be made out of powers of the tensor

Coap = Z{' PP — ZB P§, (B.4)
(P3-Co-Py)*
Pog® Pyt Pyt”
the gauge symmetry F(P;, Z; + o P;) = F(P;, Z;). Thus, one way to make this constraint

and the correlator can be written In particular, the correlation functions have
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manifest and simplify the calculation is just to pick a gauge.® Of course, we have to decide
what gauge to choose. Seemingly natural choices like Z; - P; and Z; - Z; are not helpful,
since they are already satisfied in any gauge. The next best thing seems to be Z; - P; for
one of the other j’s.

How much does this simplify the computation of the OPE coefficient? Let us take the
gauge where Zj - P4 vanishes. Now, any time we get contributions from a positive power
of Zy - Py, we can drop them. So far, this does not use any knowledge of the final form
of the correlation function other than the fact that it is gauge-invariant; for any Zy, we
can always re-obtain the full gauge-invariant result by calculating in this gauge and then

restoring gauge invariance by taking Zyp — Zg+aPy, o = — IZDS:%’ which is simply the gauge

transformation that took Zg- Py = 0, and which clearly reintroduces the gauge-invariant
P3 . C() - Py.

Having fixed a gauge, we can continue with the computation. The smearing integral
to perform is

1\ ¢ 0k PPy "
—— -1 /dP dP z_ 22 , (B.10
( 2> Zk: (kj) ( ) 1 2Pldz—2Aa—nP()Al2+n+kP(]A21+n+€ka1A31 P2%12 ( )

5In order to gauge-fix the Z;’s, we should first decide what these abstract objects look like. They are
clearly not regular points like P;’s in the boundary theory, because they satisfy Z; - P, = 0, but Z; # P;
(otherwise the C{*”’s would vanish). Let us imagine for a moment however what they would look like if
they were, so Z; projects down to the point z;. Then, Z; - P; = 0 implies

Obviously, in Euclidean space this requires z; = z;, which we do not want. Without loss of generality, let’s
take x; = 0. Then, we need

22 = 0. (B.6)

Now we see that z; should simply be a point on the boundary with complexified coordinates. So, in general,
we need

zi=xi+q, g =0. (B.7)

This also makes it very explicit why taking Z; to be one of the P;’s in order to simplify the integrals is not
allowed. We can work out how the gauge transformation Z — Z + aP acts on ¢:

Z=(1,2%2") = (Lo (z+29),2" +¢") "7 1+ o,z (1+a)z+29), (1+)2" +¢")

7
= <l,x~<x+21_|q_a)7m”+1q+7a>. (BS)

In the last line, we have used the fact that P’s project down to boundary points by rescaling Pt — 1.
Thus, the effect of the gauge transformation on Z is written in terms of g very simply:

Z%Z+aP©q%q'zlia. (B.9)
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where P;, = —2P; - Zy. Focusing on individual terms, we compute
k pl—k
PlzP2z
d—2Aq—n pAot+n+tk pAi1+nt+l—k pA1 pAs
Py =7 Py Foy Pi3' Py

dP, Pk T(—60, )T (=81, )T (=84, ) P20z poi= pda=
_ / ~ 1A fn+k /[d502d513d64z] ( 0 ) ( 1 ) ( 4 ) 0z 1z 4z
P53 PA? I(=(f—=F))

ng = /dP1dP2

(Al + n + E - k)(;Oz (d - 2Aa - n)(slz (A2)54z
I(Al+n+£—k‘—|—503,d—2Aa—7’L—|—512,A2—|—54z), (Bll)

where we have introduced the notation

[N

PwPji)

(B.12)

1
I(a,b,c) = /d PQM = x(a, b, C)Ef4,oE04,1E31,4a Eijr = (

AT (S50) T (B T (c240)
T(a)T(b)D(c)

x(a,b,c) =

The §;,’s satisfy the constraint dg,+01,+04, = £—k, and the arguments of the I function get
shifted since we have eliminated 3 5Z~j variables by using the constraints, 504+514 = As+09,,
etc. Now, the only poles that survive our gauge choice are dp, = d4, = 0, so 61, = £ — k,
and we have

dPlpfzx(Al +n+l—kd—20, —n+Ll—k Ax)(d—20, —n)p_k
Bu, = / P1A31 PéLmeP(ﬁl +A2+n*hplh4*A1*n
XA +n+l—kd—20, —n+L—kA)x(h+n+Ll,h—A1—n,A1+0) ,
= PA2+77,PA1+TL+ZP7H P'?’Z
04 03 34
X(d — QAQ — n)g_k(Al)g (B13)

Somewhat remarkably, performing the sum over k£ obtains a relatively simple result for the
three-point function:

B Ps- 7yt
(O1(P3)O02(Py)[010s)an10(Po)) = &4 PAﬁEL;AﬁOn)HP,W
04 03 34

1o CaCa, T (—n)D(h — AT (h — Ag)T(—h + 20, +n + £)
N7, L(h+n+ (AT (AT (2h — 2A, — n) '

Cn,f -
(B.14)

This indeed is the correct form of the three-point function in Zy - Py = 0 gauge.

Having obtained the three-point function, we next need to conglomerate again in or-
der to determine the two-point function and thus the normalization of [O103]9,4+¢. The
smearing integral we have to compute is

5711?2 (Zs - P3Pys — Zs - PyPss)"

dPsdP,
T / d—2Aa—1" pAatn L DAt/ +L
Ny Py Psy Py

" (Zo - P3Poy — Zo - PyPp3)*
P[)%l2+n+eP0%1 +TL+ZP3—471 ’

([0102]2144(P0)[0102]2n10(P5)) =

(B.15)
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where we have done the usual n # n',5 # 5 regularizations. We will take the gauge
Py-Zs = 0,P5-Zy = Py - Zp = 0 (the second two are the same because P; = Py
everywhere except when they may give rise to Pss ). Binomially expanding, we have

2 12,
, l
([0102]2n46(P0) [0102] 20 1+4(P5)) = ( ) 1)tk < > (k’) Bk s
nz koK
Py, PLK PR PIE
—_ z
By = | dPsdPy P?fz;m a—n'—n PA2+n +k:’ P4A5/1+n FO—K PAg—i—n—i—E k PA1+n+k

(B.16)

We first perform the P integration, which results in the introduction of five new ¢ integra-
tion variables after imposing constraints. Four of them are forced to vanish by our gauge
choice, leaving a single variable that can be converted by the residue theorem into a sum:

1 PZ mPZ m pm (E— )(g_k/)
o zz m—+1
Bk = ;PO—JH-QA +ntn+m /dP3PA2+n +k'PA1+n+k(* ) ml(l =k —m)l({ — K —m)!
(d 20, —n' —n+ 20—k —kK —2m, Ay +n' + 4 — k:’ Ao +n+0—k)
phoBi—n k= mph Ap—ntl—k—

X(d — 2Aa — 7’LI — n)gg,k,klfgm. (B17)

We can simplify this by taking P — Ps in places where it will not lead to singularities,
which in particular is any place that does not have a n or n’ exponent. So, we can exchange
the powers of P35 and P35 in the denominator for Ph+" +He- "P;.)'. But, then there are
no powers of k,k’ remaining in the P;;’s, so we can complete the sum over them outside
the integral. We can furthermore take n — n/ in the prefactor, since this is needed as a
regulator only in the powers of P;;’s. We thus obtain

<[0102]2n+e(P0)[0102]2n 1o(P5)) =

e Z ah ()™ ()20 (h—n— AT (h—n—A) T2 ((+2n+2A,—h)
(=2 )2@Nf mlr2(1+€ m)T (A1 +£4+n)T(As+L+4n)T(2h—2n—2A,)T (m+2n+2A,—h)
PZ mPZ—um
X/dP3Ph+n n'+6— m p— nPh+n’+Z mP—h-‘rQA +n+n'+m” (Blg)

35/

This last line is exactly of the form of Symanzik’s star formula:

PZ—mPE—um
/ dPs Ph+n n+l—m Py Ph+n +€ mp! h+2Aq+ntn/+m

(=)™ P (0 —m)! (h+n+€ m,h+n—n' +0—m,—n)

2Aq+2n'+4 pn’
Pys P55,

, (B.19)

where we have taken Py — Py except inside P55 as well as n — n’ in some places that do
not lead to singularities. Putting everything together, we thus have

([0102)901-0(Po) [O1O) a1 0(Ps)) = ¢ ( 2) P2Aat2ntL
05
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it &2 w2 (0) ()T (h—n— A (h—n—A0)T(2 + 2n 4 28, — )T (~h + 1 + 20 + 2A,)
> N/, C(h+ DT +n+A)T(I4+n+ A)T(2h—2n—2A)C(1 + 2n + 2A,—1)

(B.20)

From equations (B.14) and (B.20), we can choose the normalization factor Nj:g to set a

canonically normalized two-point function coefficient, cg’e = 1. Then, we can read off the
OPE coefficient, which after some simplification is

(612 )2 _ (_1)ZCA16A2 (Al —h+ 1)n(A2 —h+ 1)n(A1)€+n(A2)€+n
mt Ol 4 ) (A1 +As+n—2h+ 1) (A1 + A+ 2n+ £ —1)(A + Ao +n+ L —h),
(B.21)

B.2 Conglomerating operators: connected four-point function

Next, let us apply the conglomerating methods to connected four-point functions. Here, it
is more convenient to work with the Mellin representation of the four-point function, since
all position space integrations can be performed using Symanzik’s start formula. We will
use as our Mellin coordinates the variables

)
x:Aa—(512: 5, y=514=77+5, (B'22)

since our expressions will typically be more compact in terms of these variables than in
terms of 9;;’s or ¢,7. The four-point function can then be written as

M (z,y)

Ay = / ddy M (2, )T (Ag—2)T (D —2)T2(z — )T (y)

1
Pé“ﬂpgﬁbﬂ(P13P24)x_y(P14P23)y’
(B.23)

where M (z, y) is the reduced Mellin amplitude. We obtain the OPE coefficient by smearing
to produce a three-point function:

((Zo - P1)Pao — (Zo - Py) Pr1o)*
A3:/dP1dP2 d—2Aa—n pA YN ?
P12 2 a nP02a+n+ P01a+n+

Ay (B.24)

We will again work in a gauge where Zy - P4 = 0 in order to simplify the calculation. In
order to use Symanzik’s formula, we will binomially expand to obtain

e (Yo

M Pk ngk
By, = /dﬂzdydPldPg (z,y) P, Py,

P()Ala+n+kP()A2a+n+g_kP1dQ_Aa_n_$P3ﬁb_z (P13P24)ziy(P14P23)y
(B.25)
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Performing the P integration first, using Symanzik’s formula, we obtain

Ny
Bu = <m> Bk,

m=0
Bomp, = /[d5]d$dydP2M(%y)

Py " Py
P502+Aa+n+é kP503 P504 P523+yp524+x yP534+Ab x

I (802)T(803)T(604)T(623)T(624) T (F34)
Xﬂ-hr(Aa +n+ k)F(d —A,—n— «T)F(III _ y)r(y) : (B26)

The P» integration also follows from the application of Symanzik’s formula. The essential

structure of the result of conglomerating is therefore that it introduces a projection function
H(A, bz, y):

14
P3z

Az =
Aatntl pAatn piy—
Fos Foy " Py

A n /d:vdyM(:U, YIT(Ay — )T (A —2)H (A + 0,052, y),
(B.27)

where an important point is that H (A, ¢;z,y) does not depend on A, or Ay:

o=+ (3 £ () (e

/d5 ds 504) (534) (A—504) (y (504—(534)F $—A 634) (h—|—k—m—x—|—534)
Ok + AD(2 — G4 — 03)0(d — A — 2)D(h— A+ o) T (h+1—m+ A — x + 634)

XPh A— y+504) (h+l—m—x+504+§34) (—h+m+A+x—504—534). (B28)

We do not have a nice closed-form expression for H (A, ¢;z,y) in general like we do for the
special case of [ dyl'(y)['(z —y)H(A,0;x,y) that appeared in section 2. It is possible that
such an expression exists and could be obtained with more effort, and could be useful for
extracting OPE coefficients for specific theories. In addition, one may perform the o4 and
d34 integrations above using the residue theorem in order to obtain H (A, ¢;x,y) as a sum,
which could perhaps be useful in some situations for numeric computations.

C Double trace operators

The purpose of this appendix is to obtain a completely general recursion relation that
expresses double trace primary operators in terms of linear combinations of derivatives
acting on O10,. The full conformal algebra is

[Mth | = i(n,upPz/ - nl/pP,u)a [M,uz/a K ] = i(nupKu - nupKu),
(M, D] =0, [Py, K] = —2(nuw D + iM,,),
(D, P,] = P,, [D,K,] = -K,. (C.1)
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Primary operators are those annihilated by the special conformal generator K,,, so that
[K,,0] = 0. We will work with operators that are eigenstates of D and the angular
momentum generators, so our double trace operators can be written as [O10s],, ¢. In what
follows we will generalize the computations of [6, 21].

C.1 Action of K, on T'(k,l — k,u1,u2,m)

By contracting with traceless symmetric polarizations V', we can write the action of K, on
the double-trace operators in a particular basis. Let us follow the notation of [6] and write
a general operator of the desired form as

T(k,l - k;“la“?am) =

Val...alpal o POékPlﬂ o Pum (PQ)ul O, P, ) POélPIM o PMm (PQ)uz(’)Q, (02)

k41"
Then, the action of K, on this operator is as follows:
K, T(k,l — k,ui,us, m) =

V- [2ui(d — 2uy — 2A1) PPy, ... Pay Py, ... Py

(s)
Py

(P2“=10(...)Oy

m

P

A

~ ~ ,—H
—2(A1+m+k+2u —1) E Nuas Pay - Pay - - - Poy PHY ... PH™
Qg

Py
—_— ~
+ 3 Pay ... P, PP PP PP | (PP O4(...) Oy
Hs

-ﬁﬂCSmeﬁQHﬁE)mmﬁiﬁﬁﬁEJMMﬂHﬁgUﬂmQQﬁOQ

S>T S,T s>r

+(1e 2,k 1 —k). (C.3)

Here, we have defined P,gi),Plgi’j ) as indicated, and (...)O indicates the O half of the
double-trace operator before the K, action. Performing the contractions with V' and
symmetrizing, we can write the results in terms of

T, (k1 =k, ur,ug, m) =

V2 ¥ Py, ... Poy Py, ... Py, (PH“ O, P, . Po, Py, ... Py, (P?)"20,,

[ERIE

(C.4)
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where V), is also symmetric and traceless. Grouping like terms, we find

K, T(k,l — k,ui,uz, m) = 2ui(d — 2uy —2A1) x T,(k+ 1,1 — k,u; — 1,uz,m)
2ua(d — 2up — 209) X Ty (k,l — k+1,ui,us —1,m)
—2k(A1+m+ k4 2u — 1) x Ty(k— 1,1 — k,u1,ug,m)
—2(l—k)(As+m~+1l—k+2up—1) x T, (k,l—k—1,u1, uz, m)
=2m(Ar +m~+2uy — 1) x Ty(k,l — k + 1, u1,u9,m — 1)
=2m(Ag +m+2uz — 1) x Ty(k + 1,1 — k,u1,u2,m — 1)
+m(m—1)xT(k+ 1,1 — k,ui,ue +1,m — 2)
+m(m —1) x T(k,l —k+1,u1 +1,us, m — 2). (C.5)

Since  we  are  demanding  that  the  operator  [0103] =
> alky, ko, ur, ug, m)T (k1, ka,ui,u2, m), be primary, we obtain an equation for the
coeflicients:

0=2(u;+1)(d—2u; —2—2A1)alk; — 1, ko, u; + 1,u2,m)
+2(ug + 1)(d — 2ug — 2 — 2A9)a(ky, ke — 1, uz, ug + 1,m)
—2(k1 + 1) (A1 +m + k1 + 2uy)a(ky + 1, ko, uy, ug, m)
—2(ko + 1)(Ag + m + ko + 2ug)a(ky, ko + 1, u1, ug, m)
—2(m+ 1)(A1 + m + 2uy)a(ky, ko — 1, u1, ua,m + 1)
—2(m + 1)(A2 +m + 2ug)a(k; — 1, ko, ui, ug, m + 1)
+(m+ 1)(m + 2)a(ky — 1, ko, ug,ug — 1,m + 2)
+(m+1)(m+2)a(kr, k2 — L, ug — 1,ug,m+2) (C.6)

Note that there are two terms here where the total spin has been incremented to ¢ + 1,
while in the remaining terms it has been decremented to £ — 1. These two types of terms
must cancel amongst themselves. The two incremented terms imply the equation

0= —2(k1 + 1)(A1 +m+ k1 + 2u1)a(k71 +1, kQ,ul,UQ,m)
—2(/{72 + 1)(A2 +m+ ko + 2u2)a(k‘1, ko + 1, uq, uo, m) (07)

This is very constraining, since it completely fixes the k-dependence of a. Making an ansatz
a(k,l — k,u1,uz,n —uy —ug) = sp(k)b(ui, u2) (C.8)

we can solve for s, ;(k) uniquely:

_ (="
(k) = K —E)T(Ar+n+u —ug+ k) D(Ag+n+ug —up +1— k) (C.9)

Note that this agrees with the results of [6] for the n = 0 case he computed. Substituting
this back into our constraint on a for the spin £ — 1 terms, we obtain an equation for
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b(uy,uz). After some simplification, this can be written

0= (n—up —u2)(l4+n—u —u)b(ug — Liug)  (n—wug —ug)(14+n—uy —ug)blu,us — 1)

E(l—k+n—1—u +us+ Ay) (k=Dk+n—1+wu; —us+ Aq)
2(n—ug—ug)(n—14 us—uz + A1)b(ug,uz) = 2(n—ug—ug)(n—1—ug + us + Ag)b(ug, us)
E(k+n—1+u;—us + Aq) (I—-k)(l—k4+n—1—uy +uz+ Ag)
 2(up +1)(=d + 2(1 + uz + Ag))b(u1, uz + 1) n 2(ur +1)(d — 2(1 4+ ug + A1))b(ug + 1, uz)
E(l—k+n—1—u +us+ Ay) (k—=Dk+n—14wu —ug+ Aq)
(C.10)

Because of the k-dependence of s(k), this has many terms that depend explicitly on k. But,

we have just proven that b(up,us) cannot have any k-dependence! Thus, we can multiply
through by all the terms in the denominators and collect coefficients by powers of k. This
gives us exactly three equations for b(u1,uz), one for each of 1, k, k2. It is straightforward
to check that one linear combination of these three equations vanishes, so in fact we obtain
only two equations. We can take linear combinations of the remaining two equations to
obtain two recursion relations, one that increments u; and another that increments wuo:

b( +1 ) _ m((l‘f‘m)b(UlvUZ—1)—2(l—|—m—1+2u1+A1)b(u1,u2))
w2 = 2(uy + 1) (—d + 2(1 + u1 + A1)

- om((L+m)b(ur — 1,ug) — 2(1 +m — 1+ 2us + Ag)b(ur, u2))
blur,up 1) = 2(us + 1)(—d + 2(1 + uz + A)) (C.11)

where we define m = n — u; — us for concision. This allows us to obtain the full solution
for a(k,l—k,u1,ue, m) for any n,l, up to a single overall normalization factor by beginning
with b(0,0) and then recursively increasing the parameters u; and us.

C.2 Solving in the boundary case

Unlike in the case of s, ¢(k), we are unaware of a full closed form solution for b(uq,us2).

However, the equations for b(uq,us) simplify when us = 0 or u; = 0, giving

—(m)(l+m — 14 2u; + Aq)b(uq,0)

b(ui1 +1,0) = C.12
(41 0) = e DA+ (L) + Ay (C-12)
and similarly with 1 — 2. This has the simple solution
A {— 1)y, n!
b, 0) = (1) oot L (C.13)

20T (u)l'(n + 1 —u1)(Ar = by,
when normalized so that b(0,0) = 1.

C.3 Large u,n behavior of the coefficients

The solutions to the above recursion relations are seem to be very complicated in general.
However, we will look for simplifications at large n. Our first step will be to obtain an
recursion relation for just the diagonal elements, uy = ugs = w. This may be done by
moving along the diagonal and near-diagonal u; = ug — 1, solving only for these elements
and no others. Formally, we can take b(u,u) = bg(u),b(u — 1,u) = by(u); then, eliminating
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bo(u) will give us our recursion relation for the diagonal elements bg(u). This may be easily
done by shifting the argument where necessary, and we find

0 = +u?bg(u)(—(2(A1 +u) — d))(2(Ag 4+ u) — d) — %bd(u —2)(n—2u+1)4
+(d(1—2u)+;(2A1+2H—2n+2u—4)(2A2+2H—2n+2u—4)—2(2u—1)(l+n—1)+2u2>
X%bd(u— )(n—2u+1)s. (C.14)

Now, we want to take the large u,n limit of this. At leading order in this limit, the
shifts in v make no difference and we simply find

~ n3(3n — 8u)bg(u), (C.15)
which implies that bg(u) is peaked around u = %”. To go to higher orders, we can expand

the shifts in u as derivatives. We further take v = %” + 6, with § of O(1). The subleading
behavior of the recursion relation is

0 ~ n® (4(23 + 3d + 21 — 2(A1 + Ag) — 320)by(8) — 5nby(d)) - (C.16)

This is a first-order ordinary differential equation, and is easily solved. It has a simple
approximate solution in terms of a Gaussian:

9 o (0557,

5n 93+ 3d + 21 — 2(A; + As)
2 _ S = . 1
7 T 128’ 0 32 (C.17)

Thus we see that these coefficients are sharply peaked around u; = us = %” for large n.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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