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ABSTRACT: Massless particles in n+ 1 dimensions lead to massive particles in n dimensions
on Kaluza-Klein reduction. In string theory, wrapped branes lead to multiplets of massive
particles in n dimensions, in representations of a duality group GG. By encoding the masses
of these particles in auxiliary worldline scalars, also transforming under G, we write an
action which resembles that for a massless particle on an extended spacetime. We associate
this extended spacetime with that appearing in double field theory and exceptional field
theory, and formulate a version of the action which is invariant under the generalised
diffeomorphism symmetry of these theories. This provides a higher-dimensional perspective
on the origin of mass and tension in string theory and M-theory. Finally, we consider the
reduction of exceptional field theory on a twisted torus, which is known to give the massive
ITA theory of Romans. In this case, our particle action leads naturally to the action for
a DO brane in massive ITA. Here an extra vector field is present on the worldline, whose
origin in exceptional field theory is a vector field introduced to ensure invariance under
generalised diffeomorphisms.
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1 Introduction

Massless particles in n + 1 dimensions give rise on Kaluza-Klein reduction to massive
particles in n dimensions. Consider the action for an n 4+ 1 dimensional massless particle:

5 / dT%)\(gWX“XV + oY + A,XH)2), (1.1)



writing the n + 1 dimensional metric in terms of an n-dimensional metric, g,,, an n-
dimensional vector, A, and an n-dimensional scalar ¢. We reduce assuming none of these
fields depend on Y, so that it is a cyclic coordinate. We can eliminate it from the action
by defining the Routhian, or partial Hamiltonian,

Hy =YPy — L, (1.2)

where the momentum conjugate to Y is Py = )\gb(Y—i—AMX #). The Routhian is calculated to
be Hy = %(b‘lPe/—%gWX“X”—PyAMX“. If we write the action as S = [ dT(YPy—’Hy),
then the Y equation of motion is Py = 0. Writing p for the constant value of Py, and then
integrating out the Lagrange multiplier A, we obtain

S = /dT <—\/ = 1p2\/ — g XHXV —|—pAHX“> . (1.3)
This is a massive particle in n dimensions, whose mass is given by the asymptotic value
of \/o—1p2.

Let us run this argument backwards. Given an action of the form (1.3) for a massive
particle in n dimensions, one can encode the mass in terms of an auxiliary worldline variable,
Y, using an action of the form (1.1). Then this action can be given a higher-dimensional
interpretation.

In string theory, the above thinking is used to give the D0 brane an M-theory origin as
arising from 11-dimensional momentum modes. Further reduction leads to more massive
particle states arising from strings and branes wrapping compact cycles. On toroidal re-
ductions, these particles will form multiplets of a duality group, G. In this paper, we will
seek to understand a Kaluza-Klein-esque oxidation of these particles, where the higher-
dimensional theory will appear to exist in more than 11 dimensions. The masses of the
particles — or equivalently the tensions of the branes from which they arise — are encoded
very simply in the radii of the extra dimensions.

These ideas have antecedents going back many years. A Kaluza-Klein origin for string
and brane tensions was investigated in [1-3]. The idea followed is to replace the tension
of a brane with a (1 + p)-dimensional worldvolume with a dynamical p-form field living
on the worldvolume. In the case p = 0, for particles, there is a natural interpretation of
this extra field as a higher-dimensional coordinate. This interpretation is not so clear for
p > 1. However, this approach leads to some nice results. For instance, in the IIB theory,
for p = 1, the resulting tension 1-form can be combined with the worldvolume gauge field
living on the D1 brane worldvolume to provide an SL(2) invariant description of the F1
and D1 [4, 5]. This approach can be generalised to SL(2) invariant actions for particles in
9 dimensions [6] and hence for more general SL(2) invariant brane actions in type IIB [7].

Indeed, the starting point for the investigations described in this paper was to use the
results of [6] for SL(2) invariant particles in 9 dimensions to guess the form of a general
action for particles in n dimensions invariant not under SL(2) but under some larger duality
group G. This action is:

S = /dT <—\/pM/\/lMNpN\/—gWX“XV +pMAuMX“> . (1.4)



Let us explain what appears. We have a multiplet of particles transforming in a repre-
sentation R; of G. The vector field AuM is also in the same representation, and we have
introduced charges — or generalised momenta — pjs, transforming in the representation
conjugate to R;. Instead of the single Kaluza-Klein scalar ¢ appearing in (1.3), we have a
set of scalars encoded in a generalised metric, My, which is constrained to parametrise
a coset G/H, where H is the maximal compact subgroup of the group G. We will check in
section 2 that this action reproduces the particle actions obtained by dimensional reduction
of various brane actions exactly as expected.

To give this action a higher-dimensional interpretation, we will encode the charges pjs
in terms of auxiliary worldline scalars, Y™ . This can be done using the action

S = % / ar (g XPXY + Mgy (VY 4 X0A,M) (VY 4 X0aY)) 0 ()

where \ is a Lagrange multiplier. We can treat the Y™ as cyclic coordinates in a manner
identical to that used above. The conjugate momenta are

Py = MMy (YN + A,V XH). (1.6)

We calculate the Routhian given by Legendre transforming the Lagrangian £ with respect
to YM but not X*,

Hy (X, Py) =YMPy — L
1, un A e M a (1.7)
= MYV Py Py = D XM XY — Py A, MXE

and then trivially rewrite the action as S = [ dT(—YMPM —Hy). Now Y™ appears only
as a Lagrange multiplier enforcing the fact that Pj; is constant. We therefore replace
Py = pas, with pyy constant, so that

A _ 1 :
S = /dT (29,“/X“X” - ﬁMMNpMPN +pMAuMX“> ; (1.8)

which after integrating out A corresponds to (1.4).

The form of the action (1.5) suggests an interpretation in terms of a larger space with
coordinates (X*,YM), with a metric apparently defined by (g, Mun, A,M). Tt would
be surprising if there was a conventional higher-dimensional description, as the number of
coordinates involved will be greater than 11.

Instead, we will argue for an interpretation in terms of the structures appearing in dou-
ble field theory/exceptional field theory. These theories are reformulations of supergravity
involving the set of G-covariant coordinates (X*,Y™), with the underlying symmetries
including “generalised diffeomorphisms” which realise local G transformations. Recall that
global G is the duality group on reduction to n dimensions on a D-torus. In double or ex-
ceptional field theory in general, one should really not call it a “duality group” — duality is
a statement about symmetries in certain backgrounds, such as those corresponds to toroidal
reductions — but perhaps one can refer to it here as the generalised diffeomorphism group.



n=11-D|D| R G=Epp H
9 2 |22, | SL(2) xR+t S0(2)
8 3| (3,2) | SL(3) xSL(2) | SO(3) x SO(2)
7 4 10 SL(5) SO(5)
6 5 16 SO(5,5) | SO(5) x SO(5)
5 6 27 Eg USp(8)
4 7 56 E; SU(8)
3 8| 248 Es SO(16)

Table 1. Generalised diffeomorphism groups and coordinate representations for EFT.

It plays the same role as GL(D) in general relativity. A key property of generalised dif-
feomorphisms is that they do not form a consistent algebra unless the dependence of fields
and gauge parameters on the extra coordinates Y™ is restricted. The simplest restriction
is to impose the so-called “section condition”, which forces one to choose a subset Y of
the Y™ as the “physical” coordinates on which the fields of the theory can depend.

In double field theory (DFT) [8-13] the group G is O(D, D). The coordinates Y™ are
in the fundamental of O(D, D), and correspond to a doubling of a subset of (or all of) the
dimensions of the original spacetime theory. In exceptional field theory, the group G is
Ep.p (where Ep p, a split real form of the exceptional groups Ep, is originally found as
the U-duality group obtained on reducing 11-dimensional supergravity on a D-torus). This
sequence of groups, and the Ry representation of the coordinates Y™, is listed in table 1.
The development of EFT originally focused just on the subsector containing these coor-
dinates alone [14-17], truncating the field content and the dependence on the coordinates
XH but the full reformulation of the bosonic sector of 11-dimensional supergravity has
now been carried out for every group in table 1, from SL(2) x R to Eg, in [18-24]. The
supersymmetric versions for the Eg and E7 theories have also been obtained [25, 26].

We will begin our interpretation of the action (1.5) in terms of these theories in sec-
tion 2, where we essentially only consider a higher-dimensional space which is an extended
torus. In section 3 however we will really allow all the fields to depend on the new coor-
dinates Y™, Doing so requires the introduction of an extra worldline vector transforming
in the R; representation under global G' (but subject to some restrictions, as we will see).
This extra vector field appears to gauge the redundancy introduced by including extra
coordinates, an idea that has been used in [27, 28] in reducing a doubled string worldsheet
model to the usual string theory (similar also to the gauging procedure of [29]). It can also
be seen as due to the fact that the naive “line element” for the extended space does not
transform covariantly under the local symmetries of DFT/EFT, as was realised for DFT
in [30, 31]. So this extra vector is a consequence of the fact that our local symmetries are
generalised diffeomorphisms, and is fundamentally tied to the fact that this symmetry con-
strains the coordinate dependence of the theory through the section condition. Integrating
out the extra coordinates and gauge fields will reduce us to particle actions in 11, 10 and
n dimensions.



One could perhaps think of these dual directions as being somewhat similar to “special
isometry” directions, such as occur in a Kaluza-Klein monopole background. The world-
volume action for such a brane involves an extra worldvolume vector field which gauges
this isometry [32] and is used to eliminate what would otherwise be an extra degree of
freedom corresponding to the special isometry coordinate.

In section 4, we will point out an example where the gauge field actually survives in
the reduction to 10 dimensions. This is the massive ITA supergravity of Romans [33]. This
is a deformation of the 10-dimensional type IIA theory which does not have a conventional
11-dimensional description. However, it can be described within DFT and EFT in an
interesting manner. In DFT one introduces a deformation by allowing the RR sector
to depend linearly on a dual coordinate [34]. In EFT, the Romans deformation can be
described as a deformation of the generalised diffeomorphism symmetry [35], which can be
viewed as deriving from a generalised Scherk-Schwarz reduction of EFT [36-40] in which
the twist matrices depend again on dual coordinates. The Romans supergravity can also
be described in generalised geometry — which realises O(D, D) or Ep p symmetries on
a generalised tangent bundle [41-45] — using similar deformations of the generalised Lie
derivative [46].

Using the Scherk-Schwarz reduction procedure, our particle action gives rise to the
action of a DO brane in massive ITA, on which an extra vector field appears [47]. Our
derivation of this fact will take a detour to highlight the fact that the EFT picture also
includes the 11-dimensional non-covariant uplift of Romans supergravity described in [47].

Our work hopefully sheds some light on the possible description within exceptional
field theory of some parts of the brane spectrum of string theory and M-theory. The search
for “duality covariant” brane actions has a long history, including many papers especially
relevant to the development of DFT and EFT [8, 9, 27, 28, 48-51]. It has not been entirely
clear how one might describe branes within EFT, where G transformations relate branes
of different worldvolume dimension (some other difficulties are described in [52]). One
attempt is [53]. The papers [54, 55] study a superparticle model in which the section
condition of EFT appears.

In a sense, we are restricting ourselves to describing some aspects of the branes whose
spatial worldvolumes completely wrap the internal space (and so appear as particles if we
reduce to n dimensions). These are the set of states that appear as waves — i.e. massless
particle excitations — in the extended space, as studied as solutions of DET/EFT in [56-58|
(see also [59-61] for the confirmation that these carry the appropriate notion of generalised
momentum). The philosophy here is to think of DFT/EFT as a theory containing only
massless objects, which appear as usual (massive) branes or particles on restricting to the

physical spacetime.’

"We thank David Berman for emphasising this point to us.



2 Duality covariant particle actions in n dimensions

2.1 The actions

We repeat the two actions we wrote down in the introduction: first, the higher-dimen-
sional form

1 L ) . ) .
§=3 / arA (g XX+ Magn (VY4 X0a, M) (VN 4 X74,7)) (2.1)
which was equivalent to
S = /dT <—\/pMMMNpN\/ —g/wXNXV —1—pMAuMX‘“> . (2.2)

We may think of these as worldline actions for particles in an n-dimensional spacetime.
Let us repeat our description of the fields appearing. On the worldline we have scalar fields
X* and YM. The former can be viewed as standard n-dimensional spacetime coordinates,
while the latter will lie, as we have said, in the representation Ry of the group G, either
given by table 1 or by G = O(D, D) with Ry = 2D. We have an n-dimensional metric, g,
and a symmetric matrix, My, which parametrises a coset G/H, and which we refer to
as the generalised metric. The vector field, AMM also transforms in the R; representation
of G. For the moment, we only allow our fields to depend on the coordinates X*.

To check that this action indeed corresponds to the reduction of various brane states,
we should specify n and G. First, let us check whether the above action corresponds to
the reduction of the action for point particle states to n dimensions. We begin with the
action for a massless particle in 10 or 11 dimensions, with metric gz, and coordinates X i,

1 o
5= / dr 5\ XX (2.3)

We split X# = (X, Y?) and Kaluza-Klein reduce supposing the metric is independent of
Y, using the decomposition

N <quu + (bijAuiAVj ¢ZkAMk> ) (24)

gn N=
" ¢jkAuk ¢ij

We include a conformal factor 2. This can be specified in order to make g,, either an
Einstein frame metric (this is appropriate for reductions exhibiting the U-duality groups
of table 1) or a string frame metric (appropriate for reductions exhibiting the T-duality
group O(D, D)). In the latter case we have 2 = 1 if gy is a 10-dimensional string frame
metric. In the former case, if gz is 10- or 11-dimensional Einstein frame metric then
Q = |det ¢| "/ (=2) while if Gup is the 10-dimensional string frame metric we have Q =
| det ¢p| =1/ (n=2)A4®/(n=2)
We can eliminate the coordinates Y in a fashion identical to the above. The momenta
conjugate to Y7 is
Py = My (Y7 + A7 XH) (2.5)



and the action can be written

S = /dT (—\/qbijpipj \/—ng,XﬂX” —|—piAuiX“> (2.6)

after setting P; = p; constant and dropping the total derivative term Yip;.
Now, returning to (2.2), we find that it matches the reduction (2.6) if

One can check that this agrees with the explicit form of the matrix components M¥ in
all cases.?

Let us now check that the action (2.2) corresponds to reductions of wrapped branes,
and in doing so begin to comment on the relationship to double field theory and exceptional

field theory.

2.2 n-dimensional particles from strings and DFT

Details of the m-dimensional theory. We focus now on the n-dimensional theory
with duality group G = O(D, D). Then we have coordinates X* and additional worldline
scalars YM = (Y?,Y;) transforming in the fundamental representation of O(D, D). We
have a metric, g,,, and B-field, By, which are invariant under O(D, D), as well as a
generalised metric My in the coset O(D, D)/(O(D) x O(D)) and a one-form A, again
in the fundamental. There is also a dilaton, which will not appear, completing the NSNS
sector fields (we will not need the RR fields).

In the double field theory [8-13] based on this O(D, D), all fields depend on the
coordinates (X*,YM) and transform under local O(D, D) generalised diffeomorphisms
(note that this corresponds to the formulation in [62], which is most similar to the set-
up of exceptional field theory, with not all directions doubled). For consistency, one can
impose the section condition, 9; ® d" = 0. The canonical solution & = 0 identifies the
coordinates Y as physical so that (X*,Y?) are the genuine 10 dimensional coordinates,
and the theory can be identified with (the NSNS sector of) 10-dimensional supergravity.

We can construct a dictionary between the O(D, D) covariant multiplets and the orig-
inal fields g, and Bﬂﬁ in 10 dimensions. We decompose the latter as (for the metric, this
is the Q =1 case of (2.4)):

G = G + Gij AL A Gui = 9ij A7 Jij = Gij (2.8)

By = B — A

~

ujAI/}j + A#iAUjBij , Blﬂ' = Al”' -+ A,uiji Bij = Bij . (29)

Then the appropriate field multiplets for O(D, D) are:
v A Maurn = [P~ Bix¢" Bij Bixd™ (2.10)
12 A/u’ ) MN _¢szkj ¢Ij ’ :
2A proof in generalised geometry/DFT/EFT would note that the M% as a vector-vector component

will only transform under the generalised Lie derivative under spacetime diffeomorphisms, and so cannot
involve any p-form combinations. It must therefore be proportional to ¢*. Then one can just check the
weight to confirm the €2 factor.



Particles: fundamental string. Start with the Nambu-Goto form of the string action

S = —T/deO’ (x/—det’}’ab - BQ) ; (2.11)

where a,b = (7,0) are worldsheet indices, the induced worldsheet metric is 7, =
Du X0, X" Jpp, and Bs denotes the pullback of the B-field. We split the 10-dimensional
coordinates X” into n + D coordinates (X*,Y") and decompose the spacetime fields as
above, assuming the fields only depend on X*. On the worldsheet, we will carry out a
generalised double dimensional reduction, setting

Xt(r,0) = XH(1), Yi(r,0)=Y(r)+wo. (2.12)

The action is then

S = 27‘(’T/d7’( — \/—(gbijuﬂ —ww;) (Vi + A Xr) (Y3 + AJXY) — w2X?

(2.13)
+ By(V 4+ 4, X + A X"
We now calculate the momentum conjugate to Y, finding
P, w? —ww;) . .
i _ (G’ — wiwy) (Y7 + A7 X") + Bjuw’ . (2.14)

2nT v —dety

By computing P;(Y? + A,'X*) and (P;/2nT — Bjw®)¢¥ (P; /27T — Bjw') we can find the
Routhian. It is

Hy = \/(Pi/%T — Bipw") ¢ (P;/2nT — Bjw') + ¢jjwiw \/—gm,XﬂX”
— XM(Aw' + A, P/27T) .

(2.15)

We then use the Y equation of motion in the action S = f dTYiB — Hy to set P, = p; to
be constant. Then it is easy to see that the reduced action takes exactly the form (2.2),
with the generalised metric and one-form defined in (2.10), and the momenta

pi
v = . 2.16
b (277Tw7’> ( )

For a toroidal reduction, with torus radii R, p; = ki / R; and w' = R(i)mi, with k;, m; €

ki/ R ki/ Ry
(R(i)m /@) (m /R

where we have introduced the T-dual radii R(i) = lg/R(i). We note that the momenta

Z. Then this momenta is

appearing look exactly like Kaluza-Klein momenta on a doubled torus with radii (R;), R(i)).
We will discuss this higher-dimensional interpretation further in section 2.4.



We must however notice that the momentum (2.14) obeys w'P; = 0, or m'k; = 0,
restricting us to have only either momenta or winding in each direction. This is a mani-
festation of the level-matching condition of the string. In O(D, D) covariant language, we

NMN = <? é) (2.18)

is the defining O(D, D) structure preserved by O(D, D) transformations. We have not
implemented this requirement in (2.1). In section 3.4, we will see how some hint about

have n"MNpypy = 0 where

how it could maybe appear when starting from a version of the action invariant under the
generalised diffeomorphisms of DFT.

2.3 9-dimensional particles from branes and EFT

Details of the 9-dimensional theory. We now focus on the case of maximal super-
gravity in 9 dimensions, which from table 1 has a global SL(2) x R duality group. The
representation R; of the extra worldline coordinates Y M ig the reducible 2, ®2_1. We write
YM = (Y Y*) with a = 1,2 transforming in the fundamental of SL((2) and Y* a singlet.
The generalised metric, M sy, splits into a two-by-two block M3 and a one-by-one block,
M. These are not independent: the determinant of Mg is related to Mg, such that
Hap = (M53)3/4Ma5 has determinant one. We also have the one-form AMM = (A~ AL,
and additional form fields which do not enter the discussion at present.

We can construct an exceptional field theory invariant under local SL(2) x R™ involving
the full set of 9 + 3 coordinates (X*, Y M) as detailed in [18]. The section condition for
this theory is [63] 0, ® 0s = 0. The solution d5 # 0 corresponds to IIB supergravity, so
we call Y® the IIB coordinate, while d, # 0 corresponds to 11-dimensional supergravity.
In our conventions, reduction on Y! leads to ITA supergravity in 10 dimensions, so we call
Y'! the M-theory direction and Y2 the IIA direction.

ITA decomposition. The 10-dimensional ITA fields are the string frame metric, g;»,
the B-field, Eﬂp, the dilaton ® and the RR 1- and 3-forms, C*ﬂ and C'ﬂgpn We split the
coordinates X* = (X*, X?), identifying X? = Y2, and decompose the metric as in (2.4)

with Q = ¢~1/7e*®/7 (where ¢ = | det ¢|). The RR 1-form is decomposed as

Gy = (CN * CgA“) . (2.19)
Cy

Then, we have

Mag = ¢!/Te 0/ ( Lo ) L M= T (cg +oe _09> . (2.:20)

Cy 092 + ¢€72q> —Cy 1
Mg = ¢ /T 42/T, (2.21)
C .
A0 = (A“> , Al = By, (2.22)
n

As we have identified X with Y2, note that indeed M?*? = Q¢! as in (2.7).



ITA particles: fundamental string. Let us take pps = (0,0,ps). Then the ac-
tion (2.2) is

S = |ps| /dT (_\/_¢6/7€4<I>/79WXMXV 4 BMQXN) ) (2.23)

This is easily seen to be the double dimensional reduction of the Nambu-Goto action for
a fundamental string. The choice of charge vector corresponds to momentum in the IIB
direction, Y*, as expected. In this setup, the string is wrapped on the Y? direction with
radius Ro, with the T-dual IIB radius R = l? /R2. We need to identify

Ry 1

=2mR T = — = —
pS 7T2F1 lg st

(2.24)

which again exactly resembles a Kaluza-Klein momenta coming from the higher-
dimensional action (2.1), as we will further discuss in section 2.4. Note that the choice
of sign of ps corresponds to the orientation of the wound string.

ITA particles: DO brane. Let us take py; = (p1,p2,0). The action (2.2) is

S Z/dT <— \/—</5*8/7€4(I>/7((291)2¢€_2(I> + (p1Co — p2)?) g X1 XV + (p1Cy +p2Au)X“> :
(2.25)
This is the dimensional reduction of a D0 brane carrying momentum in the direction on
which we have reduced. To see this, consider the D0 action

Spo = Tpo/dT (_€—<P”_gﬂf/X,1Xﬁ+XﬂCvﬂ> s (2.26)

and reduce using the above decomposition. We let Z = X* be the direction on which
we will reduce. The action is independent of Z so the momentum in the Z direction is
conserved. This momentum is

P; e ®(Z + A XM
Tpo \/—g— (Z + A XH)2

=+ Cg, (2.27)

where g = ¢~ 1/7¢4®/ 7gWX kXY After Legendre transforming, the action can be written as

Spo = /dT <—ZPZ — \/—g(b_l(T%O(ﬁe_Qq) + (Pz — TD009)2) + (TDOCM + PzA,u)X“
(2.28)
We solve the Z equation of motion by letting Pz be constant. If the Z direction has radius
R, then let Pz = p/R. Substituting back in and dropping the Z term which is now a total
derivative, we find the action (2.25) with the identifications
1 1 P

p1 =1po = =—, p2=
lsgs Rl R

(2.29)
Here, we see that standard identification of the DO tension with Kaluza-Klein momentum

on the M-theory circle is entirely consistent with a higher-dimensional interpretation of our
particle action (2.1) as describing a particle moving in the extended spacetime.

,10,



ITA particles: the pp-wave. Finally, we take py; = (0, p2,0) so that

S = |p2] /dT (—qﬁ_m\/—¢‘1/7e4q’/7gWX“X” + X“AH) (2.30)

This is the action for a momentum mode (compare the discussion in section 2.1). It is
written in terms of the lower-dimensional Einstein frame metric. Note the string frame
metric in 9 dimensions would be g,, = ¢_1/7e4©/7gw,. It is trivial to identity pos = p/R
with p € Z.

IIB decomposition. The bosonic fields of 10-dimensional type IIB supergravity are the
Einstein frame metric, g}fﬁ, the B-field, Bﬂ,;, the dilaton ¢, the RR 0-form Cj, 2-form, éﬂﬁ
and self-dual 4-form éﬂl)ﬁa—. We split the coordinates as X# = (X*,Y*). We decompose
the metric as in (2.4) with Q = ¢~/7. In the convention that o = 1 is an RR field index
and o = 2 is an NSNS field index (this is the opposite to what is stated explicitly in [18]
but seems to correspond to the explicit parametrisations used there), the unit determinant
part of the generalised metric can be written as

1 Co
wg = €% . 2.31
Hap = <0003+e—2w> (2:31)
We have
Mos =% Mg =¢""Hag, M =pt6/T38, (2.32)

Finally, the one-form components are

A=A, A% =0~ (2.33)

IIB particles: the pq string. Take py; = (¢q,0), then

S = / dr (—\/ —qaHBqepb/7g,, XXV + anusaX“> . (2.34)

This matches the action for the dimensional reduction of a pq string, equation (2.15) of [6]
(excluding the Scherk-Schwarz term). We discuss the quantisation of the charges below.

IIB particles: pp wave. Take pys = (0,p), then

S = |p| /dT <—¢_1/2\/—¢_1/7QHVX“XV + AMXN> ’ (2.35)
which is a pp wave for the same reasons as above.

2.4 Interpretation from double and exceptional field theory

We have seen that the action (2.2) describes n-dimensional particles obtained by reducing
particle, string and brane actions from 10 or 11 dimensions. The masses of these particles
are encoded in terms of the constants py;, which we saw should be taken to be quantised in
units of inverse radii - with the radii appearing being both the physical radii that we have
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reduced on and also dual radii. In this section, we will encode these radii in the generalised
metric Mysn. Of course, this is all in accordance with standard duality relationships.
We want to emphasise in this section how this emerges from the geometry of double and
exceptional field theory, given the action (2.1), so we will take the time to spell things out
quite explicitly.

The action (2.1) involves what looks like the pull-back to the worldline of a “generalised
line element”

“ds?” = g, dX*dX" + Myn(dYM +axrA,M)(ayN +dx7AN). (2.36)

The Lagrange multiplier A then suggests to think of this action as describing massless
particle-like states in an extended geometry.

Let us focus on the particular case where the directions Y™ parametrise a torus. We
can write My nydYMdyN = (R(M)/l)QéMNdYMdYN, where the dimensionful quantity [
can be taken as either the string length or the 11-dimensional Planck length. We denote
the radius of the Y™ direction by R(pr). As usual, momenta in these directions should be
quantised as Py = kpr/ R( M) where kj; € Z. Such momentum states will have mass, as
measured using the metric g,,, equal to /MNPy Py.3

Let us note one can really see these standard results by applying simple particle quan-
tum mecahnics to the action (2.1). The Hamiltonian is (setting A, = 0 for simplicity
here) H = ¢g""P,P, + MMN Py Py, which in quantum mechanics should vanish acting
on physical states. This gives an n-dimensional mass-shell condition P? + M? = 0 with
M? = MMN Py Py, and the usual results about quantisation of Py, apply.

In this set-up, picking a solution to the section condition means selecting which D
of the Y™ to consider as the physical coordinates. Momenta in dual directions gives rise
to particles in n dimensions which we would interpret ordinarily as arising from branes
wrapped on the physical torus. In the action (2.1), we describe all such states as particles
on the extended torus. These particles are all massless in double or exceptional field theory,
as is implied by the Lagrange multiplier A in the action (2.1). This is consistent with the
point of view of [56-58], which argued that the supergravity solutions corresponding to
such totally wrapped branes appear as waves in the extended space.

We emphasise that our appproach in this paper is to take the generalised line ele-
ment (3.16) to be only relevant as a part of a worldline (or worldvolume) action like (2.1).
We will not think of it as corresponding to a genuine line element on the extended space
(though see the paper [64] which defines a metric on doubled space of DFT using an extra
gauge field which can be integrated out using a path integral approach. We will meet this
gauge field in the next section). Yet because it appears in the worldline action we can use
it as proxy for inferring how point particle — or fully wrapped brane — states perceive
the background of the doubled or exceptional geometry.

Let us confirm the generalised momenta coming from the double field theory generalised
line element are what we expect. On a doubled torus we have (writing only the part of (3.16)

3This is the same as / MMN Py, Py with Py = kar/ls. Where convenient, we will in this way go back
and forward between having the radii appear explicitly in the metric, or in the ranges of the coordinates.
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corresponding solely to the Y™ directions)

“ds® = (R /1s)?6,5dY dY7 + (Is/ R(;))*6 dY;dY; (237
= (R/ls)%05dY dY7 + (R [15)?6" dY;dY; '
so we see that this involves both the physical radii R(;) for the directions Y* and the dual
radii R(i) =12/ R;y for the directions Y;. The momenta appearing in the action (2.2) are
then Py = knr/Riapy where ky € Z and Ry = (R, R(;))- This is exactly what we saw
in section 2.2 (where to be fully consistent we should there write ¢;; = 0;; while absorbing
the radii into the definition of the coordinates Y € [0, 27 R(yy)]).

Now let us turn to exceptional field theory. There is a subtlety related to the fact that a
conformal factor 2 appears in the dictionary relating the EFT fields to the decomposition of
the 10 or 11 dimensional metric (2.4), with g, = Q71g, +.... We mentioned already that
the inverse generalised metric has components M% = Q¢¥; similarly one will generically
have that M;; = Q_lgbij 4+ .... This means that on an extended torus one has

MundYMay™ = (R /1)260ndY M dYN = Q7 (R /1)?6andYMdyN  (2.38)

where R( M are the radii that would be seen using the 11 /10 dimensional metric. These
differ from the radii R(,;) that seem to be encoded in the generalised metric, which are
those seen by the metric g,,. In fact, one has in general that, picking some subset Y* as
the physical coordinates,

“ds®” = Q7 (Qgud X dXY + ¢ijdY'dYT +...)

o o (2.39)
_Q (gﬂﬁdXMde...) ,
where the dots denote extra terms involving both the Y? and dual coordinates. We see
here the appearance of the 10/11-dimensional metric §;;.

The masses measured using the metric g,, would be y/ SMN Py Py with Py =
kM/R(M) as before. We can define momenta Py; = Q2P instead: the mass

V/6MN Py Py then corresponds to what would be measured using -

This can be viewed as a choice of redefinition of the Lagrange multiplier A\. The
freedom to redefine A is equivalent to rescaling both g,,, and My;n by a conformal factor.
On choosing a parametrisation of M,y corresponding to a particular 10/11 dimensional
theory, one can choose this conformal factor so that whatever radii appear correspond to
those seen by the 10 or 11 dimensional metric g;5. In particular, we would define a new
Lagrange multiplier A = A2"L. Note that as the generalised line element is meant to only
carry meaning on the worldline action, the generalised momenta defined from the action
are actually unchanged:

Py o= AMuyn YN = oM yn Y. (2.40)

Setting A = 1 in the action (2.1) corresponds to the standard results for the masses as seen
in the usual 10/11 dimensional theory. This also leads to the momenta that we wrote down
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in section (2.3). Ultimately, this is only really a matter of convention: we are choosing to
express the masses not in terms of the n-dimensional metric g,,, but in a more familiar way.

We will now show how to use this to extract all the expected masses for particles in
9d from the SL(2) x RT EFT. The results will of course be consistent with the standard
duality relationships between the branes of M-theory, ITA and IIB.

In the below we drop the external metric, and write “ds®” = MyndYMdY"N only.
On choosing a section, we explicitly extract the prefactor Q~! which will cancel against
the AQ in (2.40). For ITA, we write

“dSZn — ¢1/7€74(1>/7 (62<I>(dyl +ngy2)2 +¢(dY2)2 +¢1(dY8)2) ’ (241)

showing the prefactor Q=1 = ¢/ 7 4®/7T The quantity inside the large brackets then
provides what we call the “effective radii”. We suppose that ¢ = (R2/ls)?, and the dilaton
is constant and equal to the ITA string coupling, e® = gSA. Then we have

“ds? = <Rz/zs>2/7<gf>4/7(wﬁzs/zs)?(le+ngY2>2+<R2/zs>2<dY2>2+<ls/Rg>2<dYS>2).
(2.42)

The “effective radii” are

- 2

Rs = —, Rl - lsgs s RQ = Ry (243)
Ry

The momenta pyr = kps/ R( ) gives exactly the tensions/masses for the fundamental string
wrapped on Y2, the DO brane and the pp-wave with momentum in the Y2 direction.
For IIB, we have

“ds?” = /7 <¢(dYS)2 + ¢ e’ ((dY' + CodY?)? + e 22(dY?)?) ) : (2.44)

Note that here ¢ = g~ for the Einstein frame metric. We therefore have a few extra steps
to obtain results for the momenta that correspond to the masses that would be measured
in the IIB string frame (we do this simply because the string frame expressions are more
familiar). Letting ¢ = (RF/I1,)? and e® = g7, we have

A5 = (RE P ((RE LY+ (1 RE PGP (@Y + Cody®) + (62)2ayP?) )

(2.45)
We have the relationship gﬁ; = e ¥/ 2{]@ for the 10-dimensional string frame g;p. Thus,
(RE)? = (¢B)~1/2(R,)?. In terms of string frame quantities, we therefore have?

A7 = (R 1 )T (LAY (0 R (@Y 4 Cody® 4 (@) ).
(2.46)

“Notice that the prefactor in both (2.42) and (2.46) corresponds to the T-duality invariant dilation,
e 24 = ¢72?,/det ¢, to the power of 2/7.

— 14 —



The “effective radii” are

Ri—R.,. R-b% g _ K (2.47)
s — 1Lls, 1= Rs’ 2_Rs .

The momenta pyr = kar/ R( M) gives exactly the tensions/masses for the pp-wave with
momentum in the Y2 direction, the D1 brane wrapped on Y* and the fundamental string
wrapped on Y®.

3 Generalised diffeomorphism covariant particle action in extended di-
mensions

We have already seen how the background (g, A,™, Myn) and coordinates (X*,Y )
appearing in the action (2.1) can be interpreted in terms of the fields and coordinates of
double or exceptional field theory. So far we just considered the dictionary relating these
fields to the (toroidal) reductions of brane actions to n dimensions. In this section, we
want to really interpret the action (2.1) in the full DFT/EFT framework.

3.1 Local symmetries of double and exceptional field theory

The generalised Lie derivative. The local symmetry transformations of these theories
include “external diffeomorphisms”, parametrised by vectors £#(X,Y), and “generalised
diffeomorphisms”, parametrised by generalised vectors, AM (X,Y). The latter realise a
local infinitesimal G transformation, where G = O(D, D) or Ep p. Putting DFT or EFT
on a torus, global transformations of the group G become the standard duality group of
n-dimensional supergravity.

The definition of generalised diffeomorphisms dp (equivalently, of the generalised Lie
derivative £) acting on a generalised vector VM is [17, 44]:

SAVM = LAVM = ANoN VM VNN AM L YMN oo APV 4+ (\y +w)on ANV (3.1)

Here Ay denotes the weight of the vector V', while we also have a sort of inherent weight
w. In DFT, w = 0, while in EFT we have w = —ﬁ. The tensor YMNPQ is constructed
using invariants of the group G, and its presence ensures that the generalised Lie derivative
preserves these invariants. For this to happen, the form of the Y-tensor is restricted and
can be worked out group by group [17]. For G = O(D, D), for instance, it is YN pgy =
n™Nnpg (note that in general it does not factorise in this way), while for SL(2) x R, where
the index M = (o, s), the non-vanishing components are Y%, = 5}2‘ and those related by
symmetry (it is symmetric on upper and lower indices except for the case of Er).

The gauge parameters themselves are taken to have weight Ay = —w. The closure of
the algebra of such transformations,

1
‘CAl EAQ - £A2£A1 - ﬁ[Al,AQ]E 9 [Ala AQ]E - 5 (£A1A2 - £A2A1) 9 (32)

is not guaranteed. Consistency conditions must be imposed. The simplest such condition
is the section condition:
YMNanM ®Rdy =0, (3.3)
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whose solutions reduce the coordinate dependence of DFT to at most 10 dimensions and
that of EFT to at most 11 or 10 dimensions (there are distinct solutions giving maximal
supergravity in 11 and type IIB in 10 dimensions [22, 65]). The section condition effec-
tively kills all dependence on the dual coordinates. Alternatively, by requiring all fields
factorise in a Scherk-Schwarz (twisted) ansatz, one can find weaker conditions in which
some dependence on the dual coordinates gives rise to interesting gaugings of supergravity.
The fields (g, AHM , Murn) that appear in our wordline action transform as follows
under generalised diffeomorphisms. The external metric g, is a scalar of weight —2w. The
generalised metric M s is a tensor of zero weight. The vector field AMM actually can be
thought of as a gauge field for these transformations. Its transformation is given by

oA AM =D AM = 9, — L4, AM . (3.4)

We take AMM to have weight —w. The derivative D, = 9, — L4, is a covariantisation of the
partial derivative 0, with respect to generalised diffeomorphisms. It is used in writing the
action and in defining external diffeomorphisms: these are given by the usual Lie derivative
with respect to parameters {#, but with 9, replaced by D,,.

The field strength for A, is defined as follows:

Fur™ =205, A0 — [A A ™ + (0B (3.5)

in which a new two-form gauge field B, appears. This field transforms in a representation
of G which we denote by Rsz. (Recall that generalised vectors, and the gauge field AMM
transform in what we call R;.) The derivative d: Ry — Ry is a nilpotent operator [63, 66],
constructed using group invariants and the derivatives dps, which maps from Ro to Rj.
The representation Rs is contained in the symmetric part of the tensor product Ry ® Ry
and generally we can take

(0Bu)™ = Y MY podn B, P9 (3.6)

The gauge field BW(M N) has gauge transformations parametrised by one-forms )\M(P Q),
under which
5/\A;LM = (é)\,u)M = YMNPQaNAﬂ(PQ) . (37)

One can go on to construct a field strength for B,,,, which necessitates the introduction of
a further form field C,,,,,, and so on leading to a “tensor hierarchy” (note that not all the
fields that appear in this hierarchy are actually needed in the action: the point at which
this occurs depends on the duality group - in E; and Fg the 3-form is not used). We will
not need these intricate details.

Local symmetries including twists. In order to be as general as possible in specifying
a particle action invariant under generalised diffeomorphisms, let us also include deforma-
tions. This partially pre-empts some of section 4. There, we will describe how to write down
a generalised Scherk-Schwarz ansatz of DFT or EFT. Such an ansatz involves a factori-
sation of the fields in terms of Y™-dependent twists, which appear in the transformation

P

rules of the fields only in certain combinations. We call these combinations © ;5" and
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fys: they must obey various consistency constraints, the first of which is that they must
be constant. These then amount to deformations of generalised diffeomorphisms. (The
spacetime interpretation is that they provide gaugings turning supergravity into gauged
supergravity - © is the embedding tensor, and 6 is a trombone gauging.)

The precise definitions in terms of twist matrices of the Scherk-Schwarz ansatz are (4.8)
and (4.11). For now, we will simply specify how they end up appearing in the symmetry
transformations of our fields. First, define a combination of these which appears natu-
rally by

P_ g, P D—-2/ .p _vPQ
TMN =0Oun" + D_1 (25[M9N} Y MN9Q> . (3.8)

The deformed generalised Lie derivative acting on a vector VM of weight Ay is:
SAVM = LAVM = ANoN VM — VNN AM + YMN by ATV + Ny + w)on AN VM
A
e MANYE VTWQNANVM . (3.9)

The additional gauge transformation of AuM given in (3.7) can also be twisted, leading to
ON)M =YYV poan A FD — 275 p) MNP (3.10)

3.2 The action

The result. We now want to use the above information to think about how to write
down a worldline action for a particle state coupled to the background (g, AMM s Murn),
which respects the invariance under generalised diffeomorphisms described above. To do
so, we need to follow [27, 28, 31, 67] and introduce an auxiliary worldline vector field AM,
transforming in the R representation of global G' (subject to the restrictions which we will
come to below). The action we find is

1 . ) ) ) )
§=3 / dr) (gWX“X”+ My (YM+ AM+X“AMM> (YN+ AN 4 X”AVN» . (3.11)
where under generalised diffeomorphisms (3.9) including twists we will require

SAAM = APop AM — APOpAM 4 YMP 1 nap A (Y@ + AQ)

3.12
—TNPMAN(dYP+AP), ( )

and also that the Lagrange multiplier A transform as a scalar with weight +2w. (This
follows from the fact that the quantity in bracket naturally transforms with weight —2w,
as is clear from the fact g,, itself does. This transformation of the Lagrange multiplier
seems reminiscent of, and is perhaps ultimately inherited from, the transformation of the
worldvolume metric of the M2 under duality transformations as mentioned in [49]. Note
that for G = O(D, D), w =0.)

The reasons. It is convenient to phrase the discussion in terms of the generalised line
element:

“ds®” = g dX"dX" + Myn(dYM +axrA,Myay N +axvA,M). (3.13)
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Again, we do not propose to treat this as a true metric on some extended spacetime
transforming under generalised diffeomorphisms. We shall see that — as pointed out for
double field theory in [30] — this quantity does not transform correctly under generalised
diffeomorphisms. To remedy this, the additional field AM was then introduced in [31].

A second motivation for introducing this gauge field is the observation [30] that the
section condition leads to an identification of coordinates: the points Y™ and

v M Ly MN Lo A\FQ) = vy M ()M (3.14)

(where A(P@) lives in the Ry representation) may be viewed as equivalent® and then the
gauge field AM is introduced for this redundancy. This is akin to the gauging of [27, 28],
where a shift symmetry in dual directions is gauged, which is what is captured by the above
equivalence.

Our interpretation in this paper will be to treat the gauge field AM as an auxiliary
worldline (or worldvolume) variable, which appears when writing particle (or brane) actions
for DF'T or EFT backgrounds. So we view the above “line element” as only having meaning
on the worldline of a particle (or other brane). We mention again that one can make use
of the introduction of A to define a metric on the doubled space as in [64].

The field AM is restricted to obey [31]

AMoy =0, (3.15)

which is preserved by the gauge shifts 5, AM = (3)\)M . This means after solving the
section condition, it only has components in the dual directions. As nothing depends on
these directions, they are a sort of “special isometry” direction. Any brane in the extended
space could be thought of as having such directions in addition to its usual worldvolume,
transverse and special isometry directions in the physical section. Then the appearance
of this vector is similar to the introducing auxiliary worldvolume vectors to gauge special
isometry directions for brane action.

Possible further restrictions on AM will be discussed below.

The details. We now come to the details leading to the result (3.12) for the transforma-
tion of A. We will consider the gauged generalised line element

Mun(X, V) (@Y™ + AM 1 axrAM)(ay N + AN +dxvAN), (3.16)

and ask how AM must transform for this to behave covariantly under generalised diffeo-
morphisms. For convenience, we will continue to write everything in terms of differentials
dYM with the understanding that we really only want to consider such quantities within a
worldline (or worldvolume) action, where we will replace them with worldline derivatives,
ayM — y M,

®There is also an equivalence of generalised diffeomorphism parameters A and AM 4y MY pQ(?N)\(P L2
due to the section condition, which is a manifestation of the reducibility of p-form gauge transformations.
The motivation for the coordinate identification is to consider some function f(Y™ + (ONM) = f(YM) +
ONMapf(Y) + - = f(YM) after Taylor expanding and using the section condition.
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Suppose we start with transformed background fields and coordinates:

MI]\/[N(X/,Y,)(dY/M +A/M +dX/MAu/M)(dY/N +A/N + dX/VA,,/N), (317)
where Y =Y — A, X' = X.
We have
Myn(X,Y = A) = My (X, Y) = APop My (X,Y) (3.18)
:MMN(X,Y)—I—ﬁAMMN(X,Y)—ApapMMN(X,Y), .
where we always work to first order in A. In addition,
AMX Y -AN)=AMX)Y)-A0pAM(X)Y) (3.19)

=AM + DA — APOpAM + (ON)M
allowing for the possibility of an extra gauge transformation which we will specify below,

AMX,Y —A) = AM(X,Y) = APop AM(X,Y)

= AM(X,Y) + 60 A(X,Y) — APopAM(X,Y), (3.20)
and also
dY'M = qyM — ayTopAM — axro,AM . (3.21)
Note that we define the transformation under generalised diffeomorphisms by
WT(Y)=T'(Y)-T(Y), (3.22)

which differs by the transport term ANOyT(Y) from the total transformation 6y =
(YY" —-T().

We would like, ideally, to show that the transformed expression (3.17) equals the
unprimed one (3.16). Expanding (3.17) gives

/MN(X/a Y’)(dY/M + A/M + dX,“AM/M)(dY/N + A/N + dX/uAV/N)
= MunDYMDYN + (LAMuyn — AP Op My n) DY MDY N

+ QMMNDYN< —dYPopAM — dxF9AM 4 5 AM — AT 9pAM (3:23)
+ dXP(DAM — APOpAM + (ON)M )) .

Here we abbreviated DYM = dYM 4+ AM 4 X “AMM . Now, let us specify the generalised
Lie derivative. We use the general form, including twists, given in (3.9). Then, using
Am =0, A = —w, we have

LAMun—A"OpMarn = 200 A" Myp — 2Y P9 e 0,00 A My p — 2w00p AY My

+27p( P A Mg + 20p A My (3.24)
D AM = 9, AM — A NONAM + ANONAM — Y MY ooy AT A9
+TPQMAuPAQ ) (3.25)
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In addition, we have the gauge transformation (3.10) of ANM . Requiring
UNDYMDY'™N = MynDYMDY?H is then equivalent to asking the following terms
vanish:
SAAM — AP Op AM 1+ AP9p AM — YMP 10 9p AE (dY 9 4 A9)
+ 1pM AP (dY? + A9) + (0p — wip) AT DY M
—YMN poan (AP A,DVdXH 4 2rpM AP A, D dxH
+ YMN oo A PDXH — 273y py MNP dx

(3.26)

Taking /\M(M N) = AWM AMN ) we can kill off the last two lines. We will absorb much of the
remaining terms into our definition of the transformation 6,.AM. However, before we do
so let us note that there is an issue with the weights. Setting the Y-tensor, twists, A,
and A to zero, we should recover ordinary differential geometry. However, in this case
the unwanted terms (3.26) do not all vanish: an anomalous +wdpAPdY™M term will still
appear. This reflects the fact that the following quantity:

(x/@)agijdmid:cj , (3.27)

where « is any non-zero number, is not an invariant line element. The issue is that the
generalised Lie derivative is defined such that M,y carries an intrinsic weight, while the
external metric g,, has weight —2w. This means that we have to relax our requirement
that the quantity

Gud X dXY + Myn(dYM + AM + A, Max) @y + AN + A,NdXY) (3.28)

be invariant under generalised diffeomorphisms. Instead, it transforms as a density, pro-
vided we take the transformation

SAAM = APOp AM — AP9pAM + YMP 0 0p AR (dY @ + A9) (3.20)
— TNPMAN(dYP + .AP) , '
which on the worldline is (3.12). We note that term here involving the Y-tensor is consistent
with the transformation given in [67] (note they specify the transformation § and have used
the condition A9y, = 0 which we have kept only in the back of our heads throughout
the above calculation). We also note that this means A™ should also be taken to have the
special weight —w under generalised diffeomorphisms.
If all we are interested in is the action (2.1), then the lack of invariance can be com-
pensated for using the Lagrange multiplier ), leading to the action (3.11).

3.3 Reduction to massless particles in 10/11 dimensions

We now study reductions of the action (3.11) corresponding to standard solutions of the
section condition YMN PQOp ®0g = 0 (this means that the extra twists munt and 0y can
be set to zero for the remainder of this section of the paper — they will reappear naturally
in the Scherk-Schwarz reduction of section 4).
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In obtaining the action (2.2) from (2.1), we assumed that the fields were independent
of all the extended directions Y. Now that we have figured out how to allow for field
dependence on all these coordinates, subject to the section condition, we can ask what
happens if we allow the fields to depend on a physical subset Y?? Then the remaining
coordinates — let us call them Y4 — are cyclic and can easily be integrated out. The
condition AMdy; = 0 implies that we only have A4 # 0.

To do so, we write (3.11) in the form

S = / dT§A<gWX~XV + (M — Mia(Mag) " Mp,) (Vi+ A XMV + A,7X7)
FMap(YA + A 4 AAXF + (Mac) "M (Y + AP XH)) x
x(VB 4+ AB 4+ A,BXY + (Mpp) "Mp, (V7 + AVJ'XV))) . (3.30)

We consider the momenta conjugate to Y4, and use the same Routhian procedure as before.
Another result from DFT and EFT is that

Mij = Mia(Map) ™' Mp; = Q7 ¢y, (3.31)

while the component Aui is identified with the vector appearing the decomposition (2.4)
of the 10- or 11-dimensional metric gzy. As a result, with A = QL)

1/, wows Q71 _
S = /d7'2 (/\gﬂpX“XV — ——(Mun) 1PAPB>
A (3.32)
—I—pA/dT (.AA + X“AHA + (MAB)_IMBi(Yi + Xuij)> .

Naively, we might then integrate out ) to find the action for a particle in 10 or 11 dimensions
of “mass”
M? = Q' (Map) 'paps (3.33)

where the constant p 4, arising as the constant value of the momenta
Py = Muap(YB + AP + A, BPXF 4 (Mpo) " Mai(Y + AT XM), (3.34)

appears to correspond to there being non-zero momenta in a dual direction, which one
might attempt to interpret as arising from a brane winding. However, we’ve not made any
assumptions about compact directions here, and furthermore we must not forget about the
gauge field A4, Tts equation of motion set pa = 0. Then in fact the action (3.32) becomes
just that of a massless particle in 10 or 11 dimensions:

1. .
S = / dr 5 Mg XF X7 (3.35)

The redefinition of the Lagrange multiplier is crucial here in order to match with the
usual 10- or 11-dimensional metric. This redefinition of course corresponds exactly to the
discussion in section 3.2.

We could have also integrated out A4, or the combination Y4 + A4, directly, getting
the same result. This is the procedure adopted in [31] for a doubled string action and [67]
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for particles (where they actually start explicitly with a massive particle in the doubled
space. We prefer to begin with a massless particle in order to obtain the particle and
wrapped brane states of string theory).

3.4 Reduction to massive particles in n dimensions

We would also like to reobtain the n-dimensional action (2.2) from the generalised dif-
feomorphism invariant action (3.11). Assume our background is independent of all the
extended coordinates Y™, so that we can integrate these out entirely. The condition
AM9yr = 0 does not restrict the worldline vector AM at all. Then after integrating out
we will obtain a term f drpyr AM | and the equation of motion of AM then implies that
py = 0, so that we can only obtain in this way a massless particle in n dimensions.

We would prefer to be able to use the action (2.2) with arbitrary pys. However, we see
that the role of AM in n dimensions is to kill generalised momenta in the directions in which
AM has non-zero components. It is possible that there are some extra ingredients that allow
us to avoid being led to pys = 0. Firstly, we should note that we have not considered a
supersymmetric form of the action (3.11). Secondly, we could consider restricting A
in different ways, by formulating constraints on AM, which may either replace, imply or
live alongside the condition A9y, = 0. This includes the possibility that in certain
backgrounds it may be consistent to choose AM = 0, i.e. not introduce the gauge field at
all. We note that in general different choices of which components of AM are non-zero
should correspond to what set of wrapped branes would exist in 10/11 dimensions, and
so additional restrictions on AM may contain information about what branes are present.
This may pertain also to topological or global information about the extended spacetime.
Let us now discuss these possibilities.

Supersymmetry. The actions that we are studying have been solely bosonic. It is pos-
sible that the supersymmetric versions of (3.11) will include couplings of AM to fermions,
so that the equation of motion of the AM would be modified to py; # 0. Something
similar happens in the case of the DO brane in massive ITA, for which the bosonic action
includes an extra vector field (which in section 4 we will see is actually a component of AM)
whose equation of motion appears to set the Romans mass to zero. Including fermions is
consistent with non-zero Romans mass [47].

Restrictions on AM. Let us discuss possible restrictions on AM in more detail.
In [64, 67], the gauge field AM does not just obey AM 9y, = 0, but also is required to be null
with respect to nasn, the O(D, D) structure: ny v AM AN = 0. The motivation is that AM
is the gauge field for what [30] called the “coordinate gauge symmetry” YM ~ Y M 4 AM
with AM = ¢ nMN 9y ¢y, and the gauge field is supposed to have the same behaviour as the
gauge generator AM which evidently satisfies nyynAMAN = 0 by the section condition.
Suppose we imposed this in the action (3.11) by a Lagrange multiplier, ¢, including a term

S o /dr (;tpnMNAMAN> : (3.36)
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Integrating out first Y leads to

S5 / dr <pMAM + ;«MMNAMAN> , (3.37)

and then the equation of motion for AM leads to

1
SO —/dTQQOUMNpMpN. (3.38)

The Lagrange multiplier ¢ now restricts pys to be null with respect to 7.

Recall that in section 2.2, we found that the generalised momenta arising from
the direct dimensional reduction of the Nambu-Goto string action obeyed the condition
nMNpypy = 0 that we impose here. The particle action (2.1) was that for a massless or
null particle in the doubled or extended space. If the generalised momenta are restricted
to also obey the section condition, which in DFT is that they are null with respect to the
O(D, D) structure, we find that our actions are in a sense “doubly null”.

This is interesting. Does it generalise to EFT? There, we have AM =
¢1YMNPQ8N¢§PQ) and it is not generally true that YMNPQAPAQ = 0. We note that
in the case of DF'T, the number of dual directions equals the number of physical directions.
It is therefore something of an accident that one can have AM be null with respect to nasn
and find this is compatible with enforcing the momenta also be null with respect to nasn.
In EFT, the condition Y MY pQ.AP A® = 0 would impose that there are the same number of
non-zero components of AM as 0ys: but this number will be less than the number of dual
coordinates on picking the section 9; # 0, and so be more restrictive than (and generally
incompatible with) AM 9y, = 0.

yMN pQ.AP A% = 0 can be viewed as a “purity condition” on the R;

The condition
valued tensor AM (we will explain below the reason for the terminology). (In the language
of the generalised Cartan calculus [63, 66] it is that the product .Ae A € Ry vanishes.) One
can develop a general notion of pure G tensors to describe branes in DFT/EFT [68-70]:
given AM restricted as above one can formulate a differential condition defining a brane
whose spatial components are wholly wrapped in the physical section. It is possible that
requiring such a condition on this AM, or on some other pure object with which AM must
be appropriately compatible, relates to this idea.

An approach which is similar in spirit is to use linear constraints to implement the
condition AM@3y; = 0. This is based on [17], which shows how to reformulate the section
condition (a quadratic condition) as a linear condition using an auxiliary “pure” tensor.
This auxiliary object A transforms in some representation of G and obeys a purity condition
A ® Alp = 0, where |p denotes the restriction to a particular representation (or set of
representations) P of G. The section condition can be imposed via A ® |y = 0, where N
is again some particular representation of G.

In DFT, the section condition can be formulated in this way using a pure spinor A
of O(D, D) (hence the terminology “pure” in general), satisfying Ay™A = 0 for v the
gamma matrices of O(D, D). The section condition is equivalent to Y Apy; = 0. We note
that, as we can use the O(D, D) structure to raise and lower indices, that we can also
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require AM be null with respect to n by imposing effectively the same linear constraint:
Y AAM = 0. Suppose we impose this in the action (3.11) using a Lagrange multiplier ¢
which is an O(D, D) spinor. After integrating out Y™, one has the terms

SD /dT (pMAM +<p7MA.AM) . (3.39)

The equation of motion for AM implies that py; = —@yyrA. This obeys nMVpyrpy = 0
using a Fierz identity and the fact A is pure; one can also show similarly that v Apy; = 0.

In appendix A, we show how to implement similar linear constraints for the EFT
groups G = SL(2) x RT and G = SL(5).

We note that the section condition on momenta is closely related to the BPS condition,
and this may account for why it appears in this way. A particle in n dimensions with
arbitrary momenta py; could not be thought of as arising from the reduction of a single
(BPS) brane in higher dimensions - rather, it could have momenta corresponding to e.g.
M2 winding and M5 winding simultaneously. This is one physical interpretation of the
condition that the generalised momenta obey the section condition. Again, everything we
are doing is bosonic and it would be interesting to construct the supersymmetric version
of the particle action (3.11) to learn more about these ideas.

Setting AM = 0. Finally, let us consider what it means in general to be able to choose
AM = 0 (which is of course one solution to the above constraints). We are interested in
backgrounds in which we can take dy; = 0. We can think of this as the most simple and
extreme solution to the section condition. If so, following the general philosophy of solving
the section condition means we should be applying 0y = 0 not only to our fields but also to
our gauge parameters. Evidently, this is very restrictive. If the parameters of generalised
diffeomorphisms are indeed restricted to be independent of the coordinates Y™, then the
action (2.2) is already invariant under such transformations (which are now acting only as
X-dependent shifts of Y™ and standard gauge transformations of AMM , (5AMM = 8MAM ).
So we could argue there is no need to introduce AM at all.

Let us also offer a thought about how to formalise this. Consider the map d: Ry — Ry.
If B € Ry, then (5B)M8M = 0 by the section condition. We required AM 9y, = 0. We can
define a map from Ry to the trivial representation 0 : Ry — 1 by VM — VM9,,. Evidently
the image of § is the kernel of the latter. One could perhaps require AM to be trivial in
the sense that AM = (OB)M for some B € Ry.

Then, when the section is 9; # 0, 4 = 0, we only have components A4 as before.
However, in the section dy; = 0 in fact AM is zero. The action (3.11) is then identical
to (2.1). More generally, one could also conceive of restricting solely to AM which are
(equivalent to) zero in this “cohomology”. This may have something to do with the global
or topological structure of the extended space.

The gauge field AM was originally introduced in DFT in order to gauge the equivalence
between Y™ and YM 4 ¢1n™MNOn¢ps due to the section condition. For d; # 0, we have
an equivalence (Yi,ﬁ + ¢10;¢2) for arbitrary functions ¢, 2 of the physical coordinates
Y. Then one can identify all points (Y?,Y;) and (Y?,Y; 4 ¢;) for arbitrary constant ¢; as
belonging to the same gauge orbit.

— 24 —



This identification of coordinates is a lot more severe than what you would want to
have some notion of a genuine doubled torus (the most acceptable version of a genuinely
doubled space), for which we would require only the periodic identification (Yi,ﬁ) ~

One might suppose that introducing A = (0, flz) is what one does when one needs to
gauge away entirely the dual coordinates, as perhaps would be the case when the physical
spacetime is non-compact. To describe a flat doubled torus, which is a simple background
in which 0y = 0, one does not introduce this gauge identification. However, to understand
fully what is going on presumably requires a better understanding of the global properties
of DFT/EFT.

To illustrate the above points, consider the case of SL(2) x R*. We are interested
in “reducing” the 943 dimensional extended space with coordinates (X*, Y% Y*®) to 11
or 10 dimensions. (The below discussion is somewhat similar to the situation suggested
presciently in [71].)

We claim that the section choice 9, # 0 corresponds to a “reduction” on R? x {0}.
The gauge field component A° is non-zero and is used to gauge away the apparent dual
coordinate for the (non-existent) Y® direction, equivalently, its equation of motion coming
from the action (3.11) enforces that there is no momentum in this direction. Conversely, in
the section choice 9 # 0, our extended spacetime is {0} x R. The gauge field components
A% are non-zero, and play the same role for the dual coordinates Y¢.

On the other, the choice dy;y = 0 in which we depend on none of our coordinates can
be associated to an extended space T? x S' (with the area of the [M-theory] torus related
to the radius of the [IIB] circle). We now have AM = 0. Our particle action now captures
momentum states in all directions of the extended space. There is no standard geometrical
description, meaning that there is no decompactification limit in which all three directions
become non-compact. In the limit where the area of the torus goes to zero, the radius of the
circle becomes infinite. The states with momentum in the circle direction can be regarded
as the momentum modes of the non-compact IIB direction, while those with momentum
in the torus directions become infinitely massive. The converse statements apply when the
radius of the circle becomes zero, which leads to an 11-dimensional theory.

4 Romans supergravity as EFT on a twisted torus and the DO brane
action

In this final section, we will consider the effects of relaxing the section condition in order to
allow some (controlled) dependence on the dual coordinates. After crossing this Rubicon,
we will arrive at the Romans supergravity [33]. This is a 10-dimensional deformation of
type ITA supergravity, with deformation parameter m known as the Romans mass. This
appears directly in the action as a sort of cosmological constant term:

1
Skomans 2 — [ 40/ fjim? (1)

and appears in the gauge transformations of the form fields. Under a gauge-transformation
of the B-field, By = d\;, we have also massive gauge transformations 6C7 = —mAq,
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6C5 = —mByA);. The gauge invariant field strengths appearing in the action are modified
due to this, with FQ = dél + mBQ and F4 = dég — ﬁg VAN Al + %Bg AN BQ.

The Romans supergravity is interesting within string theory, as it appears not to have
a standard 11-dimensional origin. One may view it as the low energy limit of a massive
ITA theory which applies in the presence of D8 branes. The Romans mass is essentially
the dual of the 10-form field strength of the 9-form RR gauge field coupling to the DS.
One can formulate a notion of “massive T-duality” [72] to relate Romans supergravity on
a circle to type IIB supergravity, while also one can think of it as being related via duality
to a particular compactification of M-theory on a twisted torus [73].

In DFT, one can obtain the massive IIA by deforming the Ramond-Ramond sector [34],
introducing a linear dependence on a dual coordinate. In EFT or generalised geometry,
this deformation can be viewed as a deformation of the generalised Lie derivative [35, 46],
which in turn can be obtained as a Scherk-Schwarz reduction of exceptional field theory on
a twisted torus. The latter in particular suggests that EFT provides a higher-dimensional
origin of the Romans supergravity. What is interesting is the role played by the dual
coordinates in this framework.

4.1 Romans supergravity as a Scherk-Schwarz reduction

Scherk-Schwarz reductions of EFT. We will largely follow [35, 40]. The procedure
is to specify a Scherk-Schwarz or twisted ansatz for all fields of the theory. The Scherk-
Schwarz twists depend on some of the coordinates Y™ subject to various consistency
constraints, and the fields that appear in the particle action factorise as follows:

Muyn(X,Y) = Uy UMY )My (X,Y), (4.2)

where we have written the ansatz for the vielbein of the external metric, g, = eaﬂebynab.
We also assume that gauge parameters for generalised diffeomorphisms factorise similarly:

A (X,Y) = p (VO™ (VAL (X,Y). (4.5)

This can be extended to the other gauge fields of the EFT, however we will not really need
these. We denote the fields that will appear in the Scherk-Schwarz reduced theory with
bars on both the fields and their indices. We are being as general as possible and allowing
them to still depend on some of the extended coordinates. To do so, we have to require

P YU N (V)ONV(X,Y) = oV (X, Y), (4.6)

i.e. the twist is trivial in directions on which the barred fields depend.
The generalised fluxes can be extracted from the transformation rules of the fields of
the reduced theory. For instance, one has

a _— —2\5_=a
6/\6 N:p 6/\6 o

- . . A7
= p 2 (AMoye®, + Moy AMe?, + AMoye,) o
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where

Oar = ﬁp—zx (0™ = (D = 1)UV Orr ) (4.8)

If UM and VM carry the specific weight A, then

LoVM = p2A U ML VL (4.9)
= AU )M (OXoN VAL VNo T 4 YMN o0 TPV — rpgM L)
where D_o
rpg™ = OpgM + T (00 — 35 0p — YN poly ) . (4.10)
with

Opg™ = p~ 2 (UM(U )N on (U ) " — UkM(U ) e On (U )"

— YN pUM(U )@ %N (U " (4.11)
1 M _ M _ _
— 5 (o (U™ = 0 on (U = YN poin (U1)x™) )
This is the embedding tensor.
For this ansatz to make sense, various consistency conditions follow [35, 40]. These
replace, and are weaker than, the section condition. For instance, we have the quadratic
constraints

27 g™ + TR M TP = 0 (4.12)

and constraints like
TMBaEV =0, YMNPQE)M(U“)QQ(?NV =0. (4.13)

In addition, the section condition should still hold on the derivatives 0y acting on the
fields of the reduced theory.

SL(2) x Rt EFT on a twisted torus and Romans supergravity. The example we
will consider is to take the SL(2) x RT EFT and reduce it on a twisted torus. Recall that
the R; representation of this EFT was the reducible 271 & 1_1, and that the generalised
metric My consisted of two blocks M,z and Mg,. The unit determinant part of the
former was Hqp = (Mas)?/ M. We can generically write this in terms of a complex

1 (1 n
Hog = — , 4.14
af - (7_1 ’T’2> ( )

which we will interpret as the complex structure of the torus (in the IIB section, this is

scalar 7 = 1 + 179,

the complex axio-dilaton, in the M-theory section on a torus, it would genuinely be the
complex structure of a physical torus). We could therefore write the internal “line element”
MuyndYMaynN as

1
“ds?” = (Myg) 3/ (72 (dY' +7dY?)? + Tg(dY2)2> + M3/ (dY#)2. (4.15)
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The gauging which gives us the Romans supergravity is:

10 .
UL (Y M) = (mYS 1) , Us=1, p(YM)y=1. (4.16)

We thus have

Mag (X, YM) = UaQ(YS)Uﬁé(YS)MgB (X,Y%),  Ms(X, YM) = 58§58§ME(X7 Ye).
- (4.17)
The effect of the gauging is to set 71 (X, YM) = 7 (X, Y?) + mY*.
The EFT background on which we are reducing can be seen to be a twisted torus by
“freezing out” the fields of the reduced theory, i.e. setting Mpsn to the identity. Then we
see that this gauging comes from

“ds® = (dY' +mY*dY?)? + (dV?)? + (dY*)?, (4.18)

which one would like to think of as a twisted torus (where owing to the restrictions on
the generalised metric, there should be some relationship between the radius of the Y*
direction, viewed as an S' base, and the area of the Y* directions, viewed as a T? fibre).
For Y = Y*+2r, Y — Y! —27mY?. This is the usual coordinate patching for a twisted
torus. When we carry out the Scherk-Schwarz reduction, we end up with a theory that
no longer sees the Y?® direction. Thus the twisted torus is only there from the point of
view of the full EFT. Note that the appearance of the twisted torus here is analogous to
its appearance in [73].

We stress that the gauging (4.16) depends on the IIB coordinate Y*. We will inter-
pret the effective fields and gauge parameters of our reduced theory as depending on the
coordinates Y¢ of the M-theory section. In fact, from U ]\_/[lN ONV = Oy V we see that fields
and gauge parameters in the reduced theory should be taken to be independent of Y.

The above gauging induces a single non-vanishing component of the generalised fluxes:

Tsat =659t =m. (4.19)

The constraints are satisfied, assuming the fields do not depend on Y.

The appendix contains the explicit details of the action and deformations of the SL(2) x
R* EFT. Here, let us just explain a few points. The EFT action contains a “scalar
potential” term

S D /d9Xd3Y\/g\V(M,g), (4.20)
which contains all terms involving just the generalised metric, external metric and their
derivatives with respect to the extended coordinates. The full expression is (B.21). One
can show that inserting the Scherk-Schwarz ansatz for the Romans theory leads to

/d9Xd3Y\/@V(M,g) = /d9Xd3Y\/y§ (V(M,g) — ;\/mm2(ﬁn)2/\?t%> (4.21)

5This is assuming the validity of giving such a precise geometric interpretation to the extended space of
the EFT. At the very least though, we argue that from the point of view of the actions we are considering,
particle states do “see” a twisted torus.

— 28 —



(where the bars again mean that these are the fields of the effective Scherk-Schwarz reduced
theory). Using the relationship between the EFT fields and those of ITA, it is easy to see
that new term proportional to m? is actually

1 =
— S Vllm?, (4.22)

where ¢ here denotes the 10-dimensional string frame metric. This is exactly the Romans
mass term.

Meanwhile, the EFT gauge fields are also deformed. This is described in the appendix,
and is equivalent to making the replacements

Fﬂ,; — Fﬂl? + mBﬂf, s Fﬂﬁp& — Fﬂppa + 3mB[ﬂ,;Bﬁ&] . (423)
These are exactly the modified field strengths of the Romans theory. Using these deforma-
tions together with the fact that we know the SL(2) x R reduces to the action of ITA in
10 dimensions, we immediately see that this gauging indeed provides a reduction from the
12-dimensional SL(2) x RT EFT to the 10-dimensional massive deformation of ITA. One
can also check for instance that the massive gauge transformations of the Romans theory
are reproduced.

4.2 11-dimensional interpretation of the Romans twist

In the above procedure we let all our fields be independent of the “M-theory direction” Y'!
and interpreted our theory in the IIA section. However, at least in principle we should be
able to study the deformed theory directly in 11 dimensions, with the restriction that the
Y! direction must be an isometry.

The dictionary between the metric g;; of 11-dimensional supergravity and the fields
of the SL(2) x RT EFT is contained in [18]. We split the coordinates X# = (X*,Y%). The
EFT generalised metric is given by

’Haﬁ = ¢_1/2¢aﬂ 5 Mss = ¢_6/7 . (424)

Here ¢,3 denotes the “internal” components of the 11-dimensional metric, ¢og = Gag as
usual.

Now, the Scherk-Schwarz consistency conditions tell us that our fields must be inde-
pendent of Y. Let k = % be the vector field associated to this isometry. The norm of
this vector is k> = ¢1;. Then translating the Romans mass term appearing in (4.21) to
M-theory variables, we find that it is:

1
— 5Vl m?|k?[?. (4.25)

One can also check that the field strength of the three-form éﬂ[,p is replaced according to
Fanps — Foops + 3mél[ﬂﬁéﬁcﬂ1 : (4.26)

These deformations are identical to those used in [47] (up to a numerical factor in the
definition of m), where an 11-dimensional uplift of Romans supergravity was constructed.
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This uplift is not the usual 11-dimensional supergravity, which is well known not to reduce
to Romans supergravity. The crucial feature is the presence of the Killing vector k: it is a
theory with a built in isometry. This isometry allows the construction of the “cosmological
constant” term (4.25) which does reduce to the Romans mass term in 10 dimensions. We
see here that the EFT description of Romans supergravity naturally includes its uplift to
this variant of 11-dimensional supergravity. It was perhaps inevitable that this had to be
true, as the 11-dimensional section was still available to us (with the restriction 0; = 0),
and it would be surprising if there was some other 11-dimensional uplift of the Romans
supergravity — however it is of interest to see that this works explicitly.

4.3 Massive ITA particles

We start with the action (3.11) and specialise to the SL(2) x RT EFT, imposing the Scherk-
Schwarz ansatz with the gauging (4.16) that leads to massive ITA. The action can be written
(omitting bars from the indices)

1 . _ ) _ . ) _ .
5= 2/dm (G XX+ Mgy (VY AM 4 X2, (VY 4+ AN + X A,N))
(4.27)
Here g,., My N and flﬂM only depend on the coordinate Y2. We have defined

YM 4 AM = UM (v N 4 AN). (4.28)

(So note that we would identify in general YM = 5%YM .) For the components, we
explicitly have A% = A°, A% = A? and

A = AL £ mYy s (Y24 A?). (4.29)

We have kept all the components of the gauge fields here, however the condition AM9y; = 0
(acting on barred quantities) implies that in fact A? = 0.

The transformation rule of AM follows now from the analysis of section 3.2, where we
included the twists in the generalised Lie derivative. Alternatively, we may note that yM 4
AM transforms covariantly under generalised diffeomorphisms, and so the usual twisting
process applied to it leads to the correct expression (3.12) for the transformation of AM

The action (4.27) depends only on Y* and not Y¥, and so we can easily proceed to
integrate out this coordinate as before. We can either use our previous results, or just
do the calculation which is especially simple for SL(2) x R*. We find after Legendre
transforming that

S = / dr <YSP5 + %A(QWX“X" + MupD, YD, YP) — %MSSPSPS - PS(AS+X“AMS)> ,
(4.30)
where P, = )\/\;ISS(YS + A#SX“) is the momentum in the Y* direction, and D,Y?® =
Ve + A + XA, (but recall A2 = 0).
We now note that P; is constant by the Y* equation of motion, and zero by the 4%
equation of motion. The action simplifies to

S = / dT% (gWX“X” + ./\;lagDTYO‘DTYB> , (4.31)
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which describes a massless particle. What is this particle? We can actually interpret it in
eleven dimensions. We can use the identification (4.24) relating the generalised metric of
the SL(2) x RT™ EFT to the metric components of 11-dimensional supergravity, together
with the identification of the one-form doublet A, with the Kaluza-Klein vector of the
M-theory metric as in (2.4). The caveat is that as we have carried out a Scherk-Schwarz
twisting, we are not really dealing with 11-dimensional supergravity but the deformed
version which reduces to massive ITA. Still, the dictionary works. Defining A= )\Ml/ 7 we
find the action

S = / drA§po D XP D, X7 (4.32)

where g;p is the 11l-dimensional metric, the coordinates are Xt = (X* Y1 Y?) and
D XP = XP 4+ AP with D, X" = X*, D, Y'=Y!14+ A', D,.Y? =Y?2

This is the action for the “massive M0O-brane” i.e. a massless momentum mode in the
11-dimensional deformation of supergravity which reduces to the Romans supergravity,
described in [47], where we are using adapted coordinates such that the Killing vector k
is just 9/0Y!. To confirm this, consider the part of the transformation of the worldline
vector A involving the twists, which can be read off from (3.12):

SAAY = —mASY? (4.33)

Now, in our 11-dimensional theory we have also a three-form C‘ﬂl;f, transforming under
gauge transformations with two-form parameter ;. The one- and zero- form components
of these appear in the SL(2) x RT™ EFT as A = Aulg and A® = ¥19. Define the vector
j\ﬂ = —kﬁ)z'[“). Then 5\2 = Y12. We thus have

Sp AL = —m, (4.34)

under massive gauge transformations. This is the transformation of the worldline vec-
tor of [47].

The dimensional reduction of the massive MO-brane then leads to the action for a
massive DO in massive IIA:

SmDO - TDO / dr <_eq> \/ _gﬂﬁXﬂXﬁ + Xﬂéﬂ -+ mV’r) 3 (435)

after defining mV, = A; following [47]. We see that the vector A' becomes an additional
worldline vector. The string theory interpretation is that this arises from the endpoints of
strings stretching from the DO to the background D8 brane. (The equation of motion of V;
appears to set m = 0, but this is only because this is just the bosonic part of the action.)

We have therefore established that our action (3.11) for point particle states in the
extended spacetime of EFT leads to the correct action for a DO brane in massive ITA, on
making use of the Scherk-Schwarz ansatz. Crucially, this would not have been possible
without the extra worldline vector field AM, whose appearance was originally due to the
generalised diffeomorphism symmetry of EFT. After deforming these symmetries to obtain
the massive gauge transformations of Romans supergravity, a component of the gauge field
remains in the setting of the latter theory.
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5 Discussion

5.1 A brief recap

We investigated a higher-dimensional oxidation of a particle action (2.2), which described
a multiplet of particle states in n dimensions transforming under a duality group G. This
uplift led to the actions (2.1) and (3.11), in which one naturally saw structures from
double and exceptional field theory appearing. In particular, the action (2.1) could be
interpreted as a masslessness, or null, condition on a particle state in an extended spacetime.
The action (3.11) showed that in order to have invariance under the local generalised
diffeomorphism symmetries of DFT/EFT, one had to introduce an auxiliary vector field
on the worldline, as argued in [31] for a doubled string action: effectively, this auxiliary
vector field is used to gauge away the dual directions [27, 28]. Our line of thinking offers
a perspective on how to describe a subset of wrapped brane states in DFT/EFT. It was
interesting to see in section 4 that the extra worldline field, which ordinarily would not be
present in a particle or brane action, could be shown to become the extra worldline vector
field that appears on a D0 brane in massive ITA [47]. This made use of EFT as a higher-
dimensional origin for massive ITA, by Scherk-Schwarz reducing the SL(2) x RT EFT on a
twisted torus to obtain the necessary deformations to describe massive IIA as in [35, 46].

5.2 What about branes?

We had two types of particle actions. The action (2.2) corresponded directly to a massive
particle in n dimensions, with mass encoded in charges py;. The other, the action (2.1),
used extended coordinates Y™ to encode the charges, and could be interpreted as the action
for massless particle states in the extended spacetime of double field theory or exceptional
field theory.

It would be interesting to extend these approaches to strings and branes. Indeed, the
gauge vector AM was introduced in [31] in order to construct an action for a string in the
doubled geometry of DFT.

The generalisation to EFT should be considered. In fact, the analogue of the ac-
tion (2.2) in n dimensions can be worked out fairly easily for the case of the SL(2) x R*
EFT. This can be done simply by reducing brane actions to 9 dimensions and using the
EFT dictionary to rewrite these in terms of natural SL(2) x R covariant quantities. (A
useful guide for what sort of action to expect is [7].)

For instance, there is an SL(2) doublet of strings. Let us think about this in terms of
(somewhat unnaturally, maybe) IIA quantities. This doublet combines the direct dimen-
sional reduction of the D2 brane and the transverse dimensional reduction of the F1. We
can find an action for this doublet by carrying out these reductions (we also integrate out
the worldvolume gauge field of the D2, and dualise the worldvolume scalar on the F1 that
corresponds to the coordinate Y2 on which we reduce). Here, we simply state the result
(a,b are worldsheet indices):

5= / P0 (= [P0 MO M/~ Qe + ManFo Fi)

(5.1)

56 pas(B WA AY — Aaa]:bs)> )
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where F,° = 0,Y* + A,%, with Y* an auxiliary worldsheet scalar which corresponds to the
singlet coordinate of the SL(2) x R* EFT, and the one- and two-form fields that appear are
the pullbacks of the fields of the SL(2) x R* EFT to the worldsheet. The D2 corresponds
to p1s # 0 and the F1 to pos # 0. The tensions are encoded in these charges as before.

Similarly, one check that the transverse reduction of the M2 action (equivalently, the
D2) to 9 dimensions gives (a, b, ¢ are worldvolume indices):

1
S =- / d3a\/ FPaps MOTMIMEpys5, \/ — det(gap + MapFaFpP) (5.2)
1
+ / d3aﬁpa536abc (cabcaﬁs + 24, AP A3 + 6(Byp™ + A2 A FP + 6Aast0‘Fc°‘>

where pags = Ps€ag, Fu® = 0,Y + A%, with the Y appearing as auxiliary worldvolume
scalars which can be viewed as the doublet coordinates of the SL(2) x RT EFT, and the
other fields are those of the EFT. No dualisations were carried out.

The challenge now would be to lift these to actions describing strings and 2-branes in
the 943 dimensional extended space of the SL(2) x RT™ EFT. Inspired by [1-5], and using
the massive to massless particle analogy, the approach may perhaps involve searching for
some notion of a tensionless brane in DF'T or EFT.

5.3 Other directions

We saw that one could determine the masses and tensions of wrapped brane states from
a simple Kaluza-Klein analysis of the “generalised line element” of DFT or EFT, remem-
bering that we should only really interpret this as such as part of the worldline theory of a
particle state. We only considered simple toroidal reductions here. Then, in section 4, we
analysed a twisted torus reduction of EFT leading to Romans supergravity. We are cur-
rently investigating what this means in terms of the spectrum of massive ITA [74]. To move
further away from tori, one might want to consider for instance the description of EFT
on more complicated backgrounds (such as K3 as in [75]) to see whether our approach
captures the description of branes totally wrapping some internal manifold leading to a
duality group other than the G associated to toroidal reduction. With a more complete
understanding of not just particles but brane actions one could go on to study physics in
non-geometric backgrounds which may be more naturally described using the DFT/EFT
formalisms, for instance exotic branes [76] and their electric duals [77].

There was a slightly puzzle about how to treat the gauge field AM on reducing the
generalised diffeomorphism invariant particle action (3.11) to the n-dimensional particle
action (2.2). One could argue that choosing dyy = 0 as a solution of the section condition
of DFT/EFT meant that one need not introduce A at all: in this case the n-dimensional
particle could have arbitrary generalised momenta pj;. Alternatively, by imposing certain
linear constraints on AM, we found that the generalised momenta pj; had to obey the
section condition itself. This restriction on the allowed momenta may be interpreted as a
statement about the origin of the n-dimensional particle from a single brane in higher di-
mensions, and be essentially a BPS condition. We saw that this condition also arose coming
from the worldsheet of the fundamental string, where it is also related to level-matching.

— 33 —



It would be interesting to further explore these relations, in particular to understand what
an uplifted brane configuration whose reduction leads to generalised momenta violating
the section condition would look like from the point of view of DFT/EFT. We should also
explore the relationship to the work of [68-70] where linear constraints are used to identify
branes in DFT/EFT and construct actions for such objects. This may further clarify the
properties and role of AM.

Evidently it would be beneficial to have not just bosonic actions, as presented
here, but fully supersymmetric versions. Doubled string actions can be supersym-
metrised [28, 78-81], and one could explore such an extension for the particle action (3.11).
This may help clarify the general restrictions on the extra gauge field AM and how they
relate to restrictions (especially the imposition of the section condition) on the generalised
momenta pys. Here there could be a link with the superparticle models of [54, 55].
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A Linear constraints on A in EFT

Following [17, 68], we show to impose linear constraints on A in the cases of G = SL(2) x
R and G = SL(5) which have the effect of restricting the allowed generalised momenta
pas to obey the section condition.

We start with the SL(2) x Rt EFT. Following the prescription in [17] (in which G =
SL(2) x RT was not considered) we take A € Rj, which is the representation 1_;. The
index structure is Aps with af antisymmetric. We require A ® d|g, = 0, where R, = 1,.
This condition is Aypsds = 0. The condition on AM is that A ® Alg, =0, or 1\0[55,4ﬁ =0.
This implies that A% = 0. In the action, this leads after integrating out YM to

S > / dr ((po‘AagsA'B + paA” + pSAS) : (A1)

from which we find p; = 0 and p, = —@BABQS # 0.

Evidently, this imposes that we have no momenta in the IIB direction, Y*. Equiv-
alently, the linear condition used here only enforces the solution 05 = 0 of the section
condition. It turns out that in EFT one needs a different linear constraint to give the I11B
section Js # 0, as was explained in [68]. The pure object A must now be taken to belong to
the Ry representation. For SL(2) x R, this is the 21 @ 1_1. The purity condition is that
we only have components in the 39 @& 1_5 representation in the tensor product Ri ® Rj.
This means A* = 0 and A® # 0. One can take A' = 1 and A? = 0 as a representative.
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Then we impose the condition A ® J,4; = 0. The projection into the adjoint here means
that we require A*03 — %5%/&787 = 0. For A% £ 0 this implies d,, = 0. We then also require
A ® A|lr, = 0, which is A®A%* + A AY = A® A% = 0. This means that A° = 0. This is in
accord with the IIB section, s # 0. The Lagrange multiplier terms in the action then give

) / A7 (PasA®A® + pa A + pyA®) | (A.2)

This gives po, = 0 and ps = —asA® # 0.

Let’s take another example, this time G = SL(5). The coordinate representation R;
is the 10. We let a be a five-dimensional index in the fundamental representation, so that
we can write AM = A% with ab antisymmetric. The other representations relevant to us
are Ry =5, R3 =5 and Ry = 10.

The linear constraint for the section condition solution corresponding to 11-dimensional
supergravity is [17] A 0 = 0. Here A, € R3 = 5. No purity condition is required. We
also impose ApA% = 0. Taking only A; # 0, for example, gives d;5 # 0, 9;; = 0 for
i,j =1,2,3,4, and also corresponds to A% # 0, A® = 0, as we expect. In the reduction of
the action (3.11), we find

SO / dr <%Abmb + ;pab/lab> : (A.3)
which implies pap, = —2p[,Ay), so that Apy = 0 and hence gabede
section condition for this EFT [16].

Meanwhile, the linear constraint relevant to the IIB section solution is [68] A%y, = 0
for A% € Ry obeying Al?PAcd = 0. We also require Al A% = 0. A representative
solution is A% # 0, which means only 0;2, 013, J23 are non-zero, which is the IIB section

PabPed = 0, which is the

solution [65]. This also implies that A2, A and A?? are zero and the rest non-zero, as
necessary. In the action we find

1 1
SO /dT <4gpe€eabchab’ACd + 2pab-/4ab> . (A4)

This gives pg, = —%goeeeabchCd, which implies A%py. = 0 and hence €®“%pp.q = 0.

We therefore see that one can formulate certain constraints on the gauge field AM,
which correspond to imposing the section condition on the generalised momenta which
appear as charges in the n-dimensional action (2.2). In this case, with dy; = 0, one has
access to the duality symmetry G which allows one to transform any particular generalised

momenta into any other in its orbit.

B Further details of the Scherk-Schwarz reduction of the SL(2) x R™
EFT

We record in this appendix some general expressions for the Scherk-Schwarz reduction of
the SL(2) x R* EFT, which were worked out in a prior incarnation of this paper, and which
may prove to have some use.
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B.1 The action

The bosonic fields of the SL(2) x RT EFT that we encountered in the main body of this
paper were the external metric, g,,, the one-form AMM and the generalised metric My .
The extended coordinates Y were in the 2; @ 1_; of SL(2) x R*. In addition, there are
other form fields in the tensor hierarchy. We have an SL(2) doublet of two-forms, B, **,
with field strength H,,,,*%, a singlet three-form quaﬁs (the indices af are antisymmetric)

SS

with field strength jwpgaﬁs, a singlet four-form, prgaﬂss with field strength ICWP(,AC”B ,

aBss  The precise

and a doublet of five-forms, E“l,pg,\,ﬂ’aﬁss with field strength £, 007"
definitions of these field strengths, and the gauge transformations of the gauge fields, can
be found in [18].

From the point of view of supergravity, these gauge fields encode the degrees of freedom
of the various supergravity gauge fields plus their duals (so in the M-theory case, just the
three-form field and its six-form dual). Hence they do not all represent independent degrees
of freedom: in the SL(2) xR* EFT, one only has kinetic terms for A, B,,,** and C),,,*%*.

The action is
1
S = /ngdg'Y\/]g (R— —g"' D, In MgsD,, In M5 + g“ D, HapD,HP
1
MaBMssHuypas,Huupﬁs

o (B.1)
MSSMO"}’Mﬁ(Spr[) [ /B]SJMV,DU ~6]s

2. QIMMN]:“”M]:WN

2. 2‘4'
+ V(MMN,Q) + \/glﬁtop)

where V(M N, g) denotes the would-be scalar potential (we correct here a numerical error
in the coefficients of [18])

1
= ZMSS (837{&5837-[&,3 + 059" 0s gy + 0510 g0, In g) (B.2)

1
+ ?%MSS@S In Mys0sIn Mg — 5/\/185(93 In M;50sIng

1 1
+ M3 [4H‘w OaMH 05 H 5 — 57{%8&%7‘5@7‘15/3 + 0,105 In (9 WM?‘&)
1 ap pv 1 0
+ ZH 8&9 8,39#1’ + Oq lngﬁlg lng+ Zaa 1nMssa,8 In Mg + 580& lngaIB In M, ’

and the topological term may be defined most conveniently as an integral over one dimen-
sion higher as [ d'%2d*Y L with

. 1 1 1 ses B 5
Lrop = %‘gul"'moleaﬁfvé [5aslcm...msOéﬁsslcuammo7 T 5‘7:#1;&SJusmueOC’BSJALT--AHO7 °
20 as Bs vds
+§/Hu1...u3 HN4~~-N6 j;w...plo . (BB)
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B.2 Scherk-Schwarz reduction

Let us now consider Scherk-Schwarz reductions of the SL(2) x R™ exceptional field theory.
Owing to the reducibility of the extended coordinate representation, the twist matrix Up2L
in this case consists of doublet and singlet pieces, Uy® and Ug2. Here U, is not an SL(2)
element, its determinant is related to Ugs® by

det(Uy®) = (U,2)3/2. (B.4)

In order to simplify the notation, we will henceforth frequently drop the underlines from
the indices (they can always be reintroduced by checking whether the matrix involved is
U or U™Y). We will also call u = U,®.

It is straightforward to evaluate the components of the embedding tensor and trombone
gauging from the general expressions in section 4.1. One finds for the embedding tensor
proper the components:

POy~ = —zagasu—l —u U, 0,(UY)57, (B.5)

P20, = —%&Y(U_l)cﬂ (U 95 (B.6)

PO = +U(U1), 0(UY)" = Us* (U™ 0(U),°
—%55&;@‘1)75 + éa;*aa(U—l)ﬁé. (B.7)

In fact, the latter two are not independent: one can show that

05, = 30%40,,°. (B.8)

s

We will denote ©, = ©,,°. One also has ©,,7 = 0. Hence the embedding tensor compo-
nents correspond to a 3 and 2 of SL(2).

In addition, the trombone gaugings are

70200 = 0,(U1)o —8(U 1), 70, In p** | (B.9)
7p2)‘03 = O~ —8u 9, In pQ’\. (B.10)

These give a further 2 and 1.

The components of the generalised torsion built using the above are

PP 7as = =0, (U™ — (U ) PosInu + 2071, 95 p* (B.11)
PP 7s® = —uT UL 0,(U )57 — 650,u™" + 265u 9, In p** (B.12)
P75, = Us™ (U™, 0:(U )" = Us* (U 0(U),°

—05(U 1,205 In p** + 62 (U ") 5° 05 In p** . (B.13)
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The fields strengths are deformed in the following manner:

_ - - _ 7
Fu® = Fu® + 75,24, P A7 + T “ AT AT + B,."* (49553 — @sﬁa> , (B.14)
_ - _ 7
Fu® = Fu® + Tas® A" A" + B (4% - @a> , (B.15)
H,pras N ﬁwjpocs + 3Tw5aA[MWBVp] 0s + 37_870414[“83”{)]’78 + 3TWSSA[M7BW?]O[S
~Tys A A Ay — T ARCAS AL
_ 21 1

jul/poaﬁs - jﬂvmaﬂs"‘él " 2756 [al‘i[uwéwa](m]s+4'2787[(1'14[#80”00]7'6}5+47788A[u7a/m} o
o o _ 7 _
« d « s « s [a « s
—6 (+2@5[ (A, A)° + 27 A A% + By, [4935/3 -0, D By
+DO‘BSS%95 , (B.17)

while we also have

DyMyg — DM/\;laﬁ — 21‘1“6@5(017/\;15)7 — 21‘1“5@5(&7/\;15)7
_7
8

- 12 - 2 (B.18)
<29(QA,ﬂM/3M — 0. Ay Mag + 79714#7/\/1@5) :

7

_ _ - 16 - . - 12 0~ . -
D#Mss % D/,LMSS - QA#,YGVMSS - g (79314#8./\/133 - 70’YAAL’YMSS> . (B.lg)

If the trombone gaugings 6 are zero, one can define an action for the reduced theory, after
integrating out the coordinates on which the twist matrices depend, i.e.

S = /ngd?’Y\/gE(g,M,A,...) = /d3Yp_14Ad9X\/§£(g,M,A,...). (B.20)

The Lagrangian £ takes the same form as that of the original EFT, but with the field
strengths modified as above and the scalar potential modified as follows: the reduction of
the scalar potential gives new terms involving the gaugings (up to total derivatives):

VM) = V(M)

_ J 1 (P09 H
+ M5 < — 57—[&77{55@sa6@s«/5 - i@wa@saﬁ - @sﬁa’}-[ﬁ‘;f)s?-la(s) (B.21)

- 3. - o= -
+ M3 <Qaaﬂa5@ﬁ — gﬁaﬁaa In M,,05 — 2@aeﬁ> :
If the trombone is non-zero, then one must work just with the equations of motion.

B.3 IIA section

We now describe some details of the dictionary relating the SL(2) x RT™ EFT described
above to (massive) ITA.
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Ordinary ITA. The action of IIA supergravity in string frame is:

[ 1. )

SIIA :/dloX\/m<€ 2@ [R— ﬁHﬂ,}ﬁH“ ”+48ﬂ<1>6“<1>]
. ) : (B.22)

Fuags 7 4 VT s )

1
U 48" APPA

TEnF7

with field strengths E[ﬂ,}ﬁ = 3a[ﬂ39ﬁ], Fﬂp = 28['&@,9} and F[u?ﬁ}\ = 48[,;6'9,55\] + 4é[ﬂﬁﬁﬁ5\}’
In order to match with the 9 + 3 split of the SL(2) x RT™ EFT, we must impose a 9 + 1
coordinate split such that X# = (X*, X?), where we will match X° = Y2,

The 10-dimensional string frame metric gy is decomposed as in (2.4) with Q =
¢~ V7e*®/T (where ¢ = §og), and the RR 1-form decomposed as (2.19). The EFT de-
grees of freedom can then be decomposed in terms of the fields of ITA supergravity. The
generalised metric components encode the dilaton ®, metric scalar ¢ and one-form scalar
Cy as in (2.20) and (2.21). The components of the one-form A,™ are as in (2.22). The

remaining form fields encoding the physical degrees of freedom are

Cuvo — C, B
e ”]9> : (B.23)
! <_B;w — A By

and

Cuvp>® = Cyup — 3A,Cyp9 — 3C|, B,y — 4C, AL By - (B.24)

vp]

The field strengths of the ITA supergravity appear in those of the SL(2) x RT EFT via

a (FMV + QA[},LFIJ]Q — Cgfw,
Fu” =

Fuw > , ]:“”S = —Hup, (B.25)

(here F,, = 20,A4,) — 2A(,004,) is the field strength of the Kaluza-Klein vector)

Hyp™® = Fuupy + Co(Hpuwp — 3A1Hy ) (B.26)
—Hywp + 3ApH, 5o
juupams = F,prcr + 4A[uFupa]9 + 4C9A[;LHupa] ) (B27)
as well as in
Do D/L(¢71/26<I>) ¢71/26<I>F}19+09D#(¢71/26<I>)
pitap ¢71/26¢F#9+CQD#(¢71/26¢‘) D#(¢1/267<I>)+209¢71/26<I>F#9+(C9)2D#(¢71/26<I>) .
(B.28)

Massive ITA. We give here the full deformations relevant to checking how the field
strengths are modified. The twist matrix is

U (v My = (mly ?) L USYMY =1, p(YMy=1. (B.29)
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The non-trivial twistings of the field strengths in the tensor hierarchy are, using (B.14)
to (B.17),

.7:/“,1 — ]:—w,l + mA[HSAV]Q — mbﬂS , (B.30)
/Huypls N ﬁuupls 4 3m[1[,u,sBup}28 ’ (B31)
Tuvpo 2> = Tuvpe 2 + 3B, * B> — 6mA,°A,°B,n™ (B.32)

while one also has from (B.18) and (B.19)

DMH12 — Duﬁ12 — mleus']:[n s DHHQQ — Du'}':[zz — mezlusfz':[zl . (B.33)
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